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Abstract.

The problem of effective coding for the Rayleigh fading channel is addressed.
A signal transmitted over the Rayleigh fading channel experiences quasi-periodic
deep fades in the signal amplitude, and random phase shifts. The fades in signal
amplitude are the cause of error events and limit the bit error rate of an uncoded
system to about 107% at a signal-to-noise ratio of 30 dB. For applications where a
lower error rate is desired, more sophisticated methods of transmission and detection
are required. We present an extensive generalised analysis of the probability of
error of maximum likelihood sequence estimation techniques for the Rayleigh fading
channel.

This analysis provides the criteria for good code design for the Rayleigh fading
channel and we extend the recently developed area of geometrically uniform (GU)
codes for the AWGN channel, to the Rayleigh fading channel, and present the results
of searches for good GU trellis codes.

The concept of geometric uniformity is extended to set of points to form geomet-
rically uniform partitions of signal sets. The GU partitions readily allow powerful
multi-level codes to be defined with good distance properties. Multi-level codes
have the advantage of outperforming trellis codes in terms of decoding complexity
at the cost of greater decoding delay. Good mﬁlti—level codes over GU partitions are
presented and compared with similarly performing trellis codes. |

Finally a system is presented which combines the techniques of multiple symbol
differential detection (MSDD) with multi-level coding to obtain a good probability
of error performance without assuming coherent detection, or ideal channel state

information.
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Preface.

Communication is fundamental to human existence and nothing is more indica-
tive of this need than the phenomenal growth of The Internet and the World Wide
Web. For any form of communication we need a medium or channel for the propa-
gation of information. The most common modern medium is the telephone channel
which traditionally carried audio signals in analogue form. With the advent of com-
puters and digital techniques, most information traffic is now digital and this has
opened the need for research into a new area of difficult and interesting engineering
problems. The number of applications of digital traffic is limited only by the imag-
ination, but we can readily divide it into two classes. The first class can tolerate a
relatively high error rate (from 1072 to 107*) and examples of this class are digitised
voice and video images. The occasional incorrectness of the data does in general
not affect the quality of communications significantly. On the other hand, the 2nd
class of traffic ideally requires perfect integrity of data (in practice an error rate
of about 107°), and an example is computer information. In this thesis we study
the communications channel, known as the Rayleigh fading channel. With a sim-
ple uncoded modulation format, digital data transmitted across the Rayleigh fading
channel typically, as a result of the gquasi-periodic deep fades experienced by the sig-
nal, experiences an error rate of about 10™* and therefore is only suited for the class
of applications discussed that can tolerate a high error rate. With the technique of
coding it is possible, at the expense of complexity, to vastly improve on the error
rate without sacrificing the data rate, increasing the bandwidth or increasing the

power.

The work reported in this thesis is specifically concerned with trellis coding and
multi-level coding techniques based on the concept of geometric uniformity of the
code sequence set. The property of geometric uniformity implies the code perfor-
mance may be evaluated by considering only one codeword and therefore reducing

search evaluation complexity significantly.

The first chapter describes the nature of the fading channel and a bound on its
capacity. The capacity bound shows that it should be possible to achieve a perfor-
mance much better than uncoded modulation. Chapter two describes and analyses

the technique of maximum likelihood sequence estimation (MLSE) to improve upon
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uncoded modulation. These results supply the necessary conditions for good codes
for the Rayleigh fading channel. Chapter three introduces the concepts of signal
space coding and decoding. In chapter four we extend the definition of geomet-
ric uniformity and apply this definition to discover GU good trellis codes for the
Rayleigh fading channel. Chapter five extends the concept of geometric uniformity
to a set of points to form geometrically uniform partitions, which are applied to
construct multi-level codes in chapter six. Multi-level codes trade off performance
for decoding complexity, such that for a given level of decoding complexity they
still outperform maximum likelihood trellis codes. Chapter seven combines multiple
symbol differential detection (MSDD) with multi-level codes into a system that can
tolerate a high speed of fading compared to conventional differential detection, while
still maintaining a low error rate. The conclusions are presented in chapter eight.
The contributions considered original are those of chapters two, four, five, six and

seven.

The work reported in this thesis was performed during the period of February
1993 to February 1996 and the following papers have been published, presented, or

are in preparation.
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Chapter 1

The Rayleigh fading channel

1.1 The fading channel model.

An RF signal of carrier frequency f, that is transmitted from a base station to a
mobile unit in a typical urban or rural environment exhibits extreme variation in
both phase and amplitude. These effects are due to the motion of the vehicle and
the scattering of the signal by interfering objects such as trees, poles and buildings.
Three components in the received faded signal can be identified at the mobile an-
tenna: the direct line-of-sight component, the specular component and the diffuse
component. The combined direct and specular components are usually referred to
as the coherent received component and the diffuse component referred to as the
noncoherent received component. In this study of the terrestrial mobile channel, it is
assumed that the received coherent component is totally blocked, i.e. there are no
line of sight or specular components. If a received coherent component does exist
then the channel is referred to as Rician. The channel is modelled as shown in figure

1.1. The mobile is travelling at a velocity v, and at any point in time receives N

incoming signals

Figure 1.1: Travelling mobile.
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incoming multipath signals each with a different incidence angle «,,. This received
signal can be represented by a linear superposition of waves of random phase each
of whose frequencies is affected by a Doppler shift f,, of the carrier frequency. This
shift is a function of the mobile velocity, carrier frequency and angle of incidence to
the antenna and can be expressed as

fo= -K—cos ey, (1.1)

where a, is the incidence angle of the mobile to the n'* incoming wave, v is the

velocity of the mobile and A is the wavelength of the transmitted carrier frequency.
The maximum Doppler shift occurs when the incoming wave heads straight for the

mobile (v, = 0) and is defined as

v
= -, 1.
fo=5 (1.2)
The received signal e(t) is written as the sum of N incident waves,
N
e(t) = E > encos(2m fet + bn), (1.3)
n=1
where
0, = 27 fult + &n, (1.4)

and the ¢,, are random phase angles uniformly distributed from 0 to 27, The e, are
zero mean and normalised such that the ensemble average E[>N | €2] = 1. Therefore
E?/2 represents the mobile’s average received signal power.

To analyse the statistics of the received signal, equation (1.3) is expressed in

bandpass form

e(t) = T,(t) cos 27 fot — Ts(t) sin 27 fot, (1.5)
where
N
T.(t) = E > e,cos(2m fut + ¢n), (1.6)
=]
N
Ts(t) = E D ensin(27 fut + ¢n), (1.7)

n=1
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For large N, the central limit theorem states that T,(¢) and 7,(¢) become Gaussian
random processes. Denoting T,(¢) and T5(t) by T, and T} respectively for fixed ¢,

the random variables T, and T have zero mean and equal variance of

_ = (1.8)

where the expectation is taken over the random variables «,, ¢, and e,. T, and T,

are also uncorrelated i.e.
E[T.Ti]=0. (1.9)

The probability density functions of the Gaussian variables T, and T are of the form

1 6——972/211
2

p(z) = , —00 < ¥ <00 (1.10)

g

where h = E? /2 is the mean power, and = = T, or T;. It can be shown that the

probability density function for fixed ¢ of the envelope,

w= T2+ T2 (1.11)

of e(t) is given by

(1.12)

Le=u/2 4 >
p(u) ={ ’

0, u < 0

which is the Rayleigh distribution [51]. The probability density of the phase

1
== {8 -1 s
¢ = tan T (1.13)
of e(¢) is uniform and is given by
p(¢) =5, 0< ¢ <2m (1.14)

The autocorrelation function of u(t), assuming isotropic scattering, can be shown to
be [43] |
B2
Eu@)u(t+1)] = -2—J0(27rfm') (1.15)
where Jy(+) is the zero-order Bessel function.
By normalising the maximum Doppler frequency fp to the symbol rate 1/7" the
figure fpT' (called the normalised Doppler frequency) indicates the rate of fading
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u(t) (dB)

-15

200 400 600 800 1000 1200 1400 1600 1800 2000

Symbol number

Figure 1.2: Simulated faded carrier amplitude u(t) for fpT = 0.01.

and the number of symbols which are significantly correlated. Values of fpT" ranging
from 0.001 to 0.1 are understood to mean very slow to very fast fading respectively.
Figures 1.2 and 1.3 show simulated fading envelopes u(t) for values of fp7" of 0.01
and 0.1 respectively. The typical behaviour of the amplitude of the Rayleigh fading
process is an oscillatory motion with sudden rapid deep fades occurring at almost
regular intervals. The depth of the fades can easily be as much as 20 dB and these
are the cause of most error events in a communication system. The analysis of the
travelling mobile shows that the phase and amplitude of the received carrier signal
varies with time. The electronics of the front end receiver contributes a thermal
noise component to the received signal. We may write the overall system in complex
baseband form such that if c(¢) is the transmitted complex baseband signal then the
received baseband signal 7(t) after passing through the channel is modelled by the

equation
r(t) = u(t)c(t) + n(t) (1.16)

where u(t) is now the complex baseband equivalent of the fading process, i.e. a
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u(t) (dB)

200 400 600 800 1000 1200 1400 1600 1800 2000
Symbol number

Figure 1.3: Simulated faded carrier amplitude u(t) for fpT = 0.1.

complex Gaussian random variable, and n(t) represent complex additive Gaussian
noise. Equation (1.16) is the channel model used for the remainder of this work.
The effect of u(¢) is that it randomly rotates the phase and scales the amplitude of
the received signal ¢(¢). The instantaneous value of u(t) is referred to as the channel
state. Clearly the receiver requires information about the channel state for successful
detection. Channel state information (CSl) may be obtained through pilot tones,
pilot symbols and differential detection. Often for the purpose of analysis ideal CSI
is assumed, and represents the best we can hope for in practice. More about channel

state estimation is presented in chapters 2 and 7.

1.2 Channel capacity.

In 1948 Shannon derived the now famous bound on the capacity of the additive
white Gaussian noise (AWGN) channel [66]. This bound relates the capacity C of a
bandlimited Gaussian channel to the bandwidth and the SNR of the system and is
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given by
C = Blog,(1+ 1) bits/second (1.17)

where B is the channel bandwidth and I' = E;/N is the signal-to-noise ratio of the
system. This equation tells us the absolute best that the system can provide given
the channel parameters I' and B. It shows that the channel has infinite capacity as
' approaches infinity, and that the channel capacity does not become infinite when
the bandwidth B becomes infinite because the noise power increases with increasing
bandwidth. If N = NgB, where Ny is the noise power per Hertz, then in the limit

as B tends towards infinity equation (1.17) becomes :

1 E E,
i = — =~ 1.44—. .
B}};%O ¢ ].Oge 2 jVQ NQ (1 18)

This defines the Shannon limit of —1.6 dB below which error free communication is

10 T T T T T

6i_ ............... .......... G aussiancapaclty .............. ............... -

: _ Ra,yleighé capacity
gl e AR A ST N SRR B

Normalised capacity %

2 ........................................................................................... —
'i ............................................................................................ ]
. ; ; ; L
0 5 10 15 20 25 30
E,/N

Figure 1.4: Channel capacity in the Gaussian and Rayleigh fading channels.

not possible at any bandwidth. The Rayleigh fading channel may be thought of as a

conventional AWGN channel with a time varying signal-to-noise ratio (SNR) that is
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Rayleigh distributed. A capacity on the Rayleigh fading channel may be obtained by
averaging the instantaneous AWGN capacity over the Rayleigh distribution. W.C.Y.
Lee performed this derivation resulting in the following average capacity of the
Rayleigh fading channel for I" > 2 [46]:

C = Blogye e V' (—y+InT + %)

(1.19)

where «y is Euler’s constant given by v = 0.5772.... In figure 1.4 we have plotted the
normalised channel capacity bounds of equations (1.17) and (1.19) of the AWGN
and Rayleigh fading channels respectively, We see that the SNR required on the
Rayleigh fading channel to achieve the same normalised capacity as the Gaussian
channel is only about 2.5 dB higher for large SNR. For an unlimited bandwidth B
the capacity of the Rayleigh fading channel is

. A E; E;
ég&@ = log, N ~ 1.44F0 (1.20)

and is the same as that for the Gaussian channel.

1.3 Uncoded performance.

We will compute here the probability of error of uncoded BPSK transmitted across
the Rayleigh fading channel. This is a one-dimensional modulation and the two

signal points with average energy E, are drawn in the IQ plane in figure 1.5. By

Q

Decision boundary

=) e

0
-
—"’Es

Figure 1.5: A BPSK signal constellation in the IQ plane.
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symmetry the decision boundary is at r = 0. If we assume coherent detection then

the received point 7 is given by
r=u+mn (1.21)

where u is the transmitted point multiplied by the Rayleigh fading process random
variable and n is additive white Gaussian noise with variance Ng/2. The probability

density function of u is given by
flu) = -Eu—e'ug"m, u>0 (1.22)

and the pdf of n is

f(n) = L_ /Mo (1.23)

The probability density function of r is the convolution of the pdf’s of u and n and

is given by

flr) = / u(z)n(r — z)dz
E o0 2 2
s e /28s o—2*[No g 1.24
= /0 ze e x (1.24)

\/ﬁ'Ng

The probability of confusing the signal point 0 for signal point 1 is the probability

that » < 0 and is

plr<0) = [iof(fr)dr

B, 0 © a?/2B, 2/No
= ge TR gm0 dpdy
\{?TN() [oo/()
1 gy . . .
= / ge % /Bs — werf( * )e"xzflesdx
0

2F, VN
1+ 2E,/No — \/2E5/Ny + 4(E,/Ny)?
N 2+ 4E, /Ny
1
< 1.25
= 4E,/N, (1.29)

which shows that the probability of error of an uncoded binary PSK system is
inversely proportional to the SNR of the system. In comparison with the AWGN
transmitting BPSK the probability of error is given by [31]

E,
I %erfc ( Nﬂj (1.26)
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and decreases exponentially with increasing SNR. In figure 1.6 we have plotted the
probability of error curves of coherent BPSK operating on the AWGN channel and
Rayleigh fading channel. Drawn also are the capacity limits for error-free transmis-
sion of 1 bit/symbol/Hertz for one-dimensional modulation obtained from equations
(1.17) and (1.19) for the AWGN and Rayleigh fading channels respectively. Note
that equations (1.17) and (1.19) need to be halved for a one-dimensional modulation.

From figure 1.6, uncoded BPSK operating on the Rayleigh fading channel performs

+ Rayleigh ;

Probability of error

S+ (Gaussian

0 5 10 15 20 25 30
ES/NO

Figure 1.6: Probabilities of error of uncoded coherent BPSK on the Gaussian and Rayleigh

fading channels. The dashed lines show the capacity of each channel.

extremely poorly compared to the theoretical channel capacity bound. At an error
rate of 107* the uncoded performance is over 22 dB away from the capacity com-
pared to about 4 dB for the Gaussian channel. It has now been well established that
capacity can almost be achieved for the Gaussian channel by the trellis coding tech-

niques pioneered by Ungerboeck [75]. Clearly the potential for coding techniques
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for the Rayleigh fading channel is enormous.

1.4 Summary.

We have presented the model of the Rayleigh fading channel. Rayleigh fading is a
multiplicative interference characterised by quasi-periodic deep fades in the strength
of the received signal. The speed of variation of the process is a function of the speed
of the mobile and is normalised to the symbol rate to give the normalised fade rate
parameter fpT'. The work by W.C.Y. Lee derives the capacity of the Rayleigh fading
channel and we have shown that simple uncoded modulation performs extremely
poorly compared to the theoretical capacity of the channel. This result justifies the

need for investigation into superior methods of signal transmission and detection.



Chapter 2

Maximum likelihood sequence

estimation.

In section 1.3 of chapter 1 we discussed the performance of an uncoded system op-
erating on the Rayleigh fading channel making symbol by symbol decisions. The
difference between the performances of coherently detected PSK and the theoretical
channel capacity is not only large, but also rapidly diverging with increasing SNR.
Clearly more sophisticated methods of decoding need to be considered. Maximum
likelihood sequence estimation (MLSE) is a technique which makes a decision based
on as much of the information available at the receiver as possible. This informa-
tion typically consists of the received signal, the statistics of the random processes
affecting it, and the set of possible transmitted sequernces (the code). Generally it is
assumed the codeword a prior: probability of transmission is equiprobable. Divsalar
and Simon [22] first derived a ML decoder for the Rayleigh fading channel assum-
ing ideal channel state information (CSI), and infinite interleaving and provided an
upperbound on the pairwise error performance of the decoder. The work by Cavers
and Ho [13] extended the ML decoder to include a channel state estimate, but still
assumed infinite interleaving. Their derivation resulted in an exact expression for the
pairwise probability of error of the system. Ho and Fung considered the effect of fi-
nite interleaving combined with differential detection to establish a channel estimate
[32]. Other authors considered other special cases, some of which in combination
with trellis coding [15],[18],[25], [27],{70]. In this chapter we derive a generalised
form of a MLSE decoder for the Rayleigh fading channel. The model takes into ac-

11
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count the amplitude and correlation statistics of the multiplicative Rayleigh fading
process as described in chapter 1, the additive white Gaussian noise (AWGN), and
assumes an unbiased, noisy channel state estimate is available at the receiver. We
then derive an exact analytical expression on the pairwise probability of error and
analyse this expression further to derive tight upperbounds on the error performance

for a number of special cases.

2.1 System model.

The block diagram of the system model used in this study is shown in figure 2.1.
The input to the system is a sequence of binary digits to be transmitted, denoted
a = (ay,as,...,a0,), where each a; € {0,1}. For the purposes of the model it is
assumed that the binary stream is independent and identically distributed. This
means the probabilities of a 0 or 1 occurring are the same and the outcome is
uncorrelated with the previous input history. Real world data typically is correlated
and the redundancy may be removed by an appropriate compression algorithm such
as Huffman coding [34]. The encoder maps the sequernce a to a sequence s; of symbols
drawn from a signal constellation S. The constellation S may be multi-dimensional.
The sequence s; is mapped onto a sequence of channel symbols ¢; = (i1, o, . . . , ¢i1),
where each c¢; is a point in the complex plane and is normalised such that the
expectation £ E[|cy|?] over all codewords equals 1. The normalisation ensures the
average energy of the channel symbols is unity and allows for fair comparison of
the distance properties of the underlying signal constellation. Typical encoding
schemes are trellis codes, block codes, and multi-level codes. Special forms of trellis
and multi-level coding appropriate for the Rayleigh fading channel are discussed in
chapters 4, 6 and 7. The sequence of baseband symbols ¢; is modulated onto the
carrier frequency to give the base band equivalent time-domain signal
. ,
c(t) = ) cap(t — kT) (2.1)
k=1

where 7' is the symbol period and p(t) is the complex impulse response of a pulse
shaping filter that satisfies the Nyquist criterion for zero inter-symbol-interference

(ISI). The energy of the pulse is normalised such that

[ ipe) e = 1. (2.2)
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% | encoder ik .| modulator c(t)__ channel r(t)
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af | decoder
U, channel
SR ) e
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Figure 2.1: System model block diagram.
The received signal

r(t) = e(t)u(t) + n(t) (2.3)

is described by the channel model of chapter 1 and is passed through a filter matched
to the pulse p(t) and sampled every T' seconds to produce the output sequence
r = (r1,72,...,75). Details of optimal pulse shaping and filtering techniques are
subjects in themselves and are not considered. Each sample 7 can be described in

terms of the corresponding transmitted symbol ¢ by
T = CGrUp + . (24)

The ny’s are statistically independent identically distributed complex Gaussian vari-
ables with a variance,

i
op = ‘fszan\Q] = Ny, (2.5)

the one-sided power spectral density of the additive white Gaussian noise. The 1,’s
are a sequence of correlated, zero mean, complex Gaussian random variables and
represent the fading process experienced by the transmitted sequence. The variance

of the u;’s is
-
ou = 5 Bllwl’] = B, (2.6)

The ratio F/Np represents the average signal-to-noise ratio (SNR) of the signal.
As described in chapter 1 the amplitude of the complex Gaussian variables wy is

Rayleigh distributed and the autocorrelation of the ug’s is

p(m) = %E[ukuz+m] — B, Jy(2nmfoT), (2.7)
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where fp is the maximum Doppler frequency, T is the symbol period, and Jy(e) is
the zero order Bessel function. The quantity fpT is called the normalised Doppler
frequency and is a measure of the ratio of the maximum Doppler shift fp experienced
by the mobile’s carrier frequency to the symbol rate. The channel estimator of figure
2.1 extracts information about the complex gain vy, of the channel from the received
signal 7(¢). The output of the estimator is assumed to be a sequence of zero mean
complex Gaussian random variables, v = (vy,vq,... ,vy), which estimate the true
channel state sequence u = (uy,us,...,ur). No attempt is made in the present
analysis to specify a method of channel estimation. This allows the analysis to be
used for a broad class of channel estimators.

The received signal sequence, r = (ry,73,... ,71), and the channel state estimate,
v = (vy,vs,...,vr), are input to a maximum likelihood decoder which selects the
most probable estimate c; of the transmitted sequence c;. The metric for such a

decoder is derived in the following section.

2.2 The maximum likelihood decoder.

Let the set of all possible codewords of the encoding scheme be denoted by

{ei = (e, ¢y cin) ) (2.8)

A maximum likelihood decoder will select the code sequence c; for which the a
posteriori probability P(c;|r,v) is the largest, i.e. given the received signal sequence
r and the channel state estimate sequence v, the decoder chooses the sequence c;
which is the most likely to have been transmitted. This is equivalent to choosing

the codeword c; with the largest conditional probability density function,
p(r, vic;). (29)
To proceed, we write the received vector r in matrix form as
R=C,U+ N, (2.10)
where the L x 1 matrix

R=(r1,79,... ,70)7, (2.11)
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now represents the received sequence (the symbol T is the matrix transpose opera-

tor). The transmitted sequence is represented by the L x L matrix
C;= _ , (2.12)

where the ofi-diagonal entries are zero. The channel state vector u, the channel state
estimate vector v, and the noise vector n are similarly represented by the matrices

U, V and N respectively.

U= (u19u27 v e?}'L)Ta (213)

V= (v, vq,... )T, (2.14)
and

N = (ny,ng,...,n)" (2.15)

The length L vectors, U, V and N, of zero mean complex Gaussian variables have
associated with them the auto-correlation and cross-correlation matrices, @y, ® yy,
@y, and Pyy, @y respectively. The matrices vy, @y, and Sy are dependent
on the method of channel estimation and are derived for the cases of ideal CSI in
section 2.4.1, and pilot tone aided detection in section 2.7. The matrices ®yy; and
Dy do not depend on the method of channel state estimation. The element in the
it" row and j® column of ®yy represents the autocorrelation of the channel’s fading

process. These values are found from equation (2.7) to give the real Toeplitz matrix

p(0) p(l) - p(L—1)
By = p(:l) 9(10) : p(} :— 21 (2.16)
p(L—=1) p(L=2) - p(0)

The additive noise terms ny, of equation (2.4) are assumed to be statistically indepen-
dent and identically distributed complex Gaussian variables with the autocorrelation

matrix

Dy = Nol (2.17)
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where [ is the L x L identity matrix, and Nj is the variance of n, as defined in
equation (2.5). We want to find the joint conditional probability density function
p(R, V]c;), of R and V. This is equivalent to finding the probability density function
(pdf) of the vector of 2L random variables

R &
W= ( v ) (2.18)

From equation (2.10), for fixed ¢;, R is a vector of zero-mean Gaussian variables. By
assumption the channel estimate V' is a zero mean Gaussian variable and therefore
W is a vector of zero-mean Gaussian variables. The general form of a zero-mean
multi-variate complex Gaussian probability density function is [51]

e sWIE W

p(Wics) = 2.1
P( [c’?) (27&')21' det(@ww le) ’ ( 9)
where t denotes the Hermitian transpose. The matrix
Prrlc; Pryvic;
Pywlc; = ! ’ (2.20)
@VR[C;:' @Vylcj:
is the autocorrelation of W, The autocorrelation of R is
1 t
(I)RR\Cj . ‘iE[RR J
1 ;
= -iE[(OjU + N)Y(C,U + N1
= Cj@g{;c;: + Pyn (2.21)
since U and N are uncorrelated. The cross correlation of R and V is
@Rylcj' - %E[RI[JF]
1
= §E[(CjU + N)VT]
= qu)UVICj -+ (I?NVIC;E (2.22)

A maximum likelihood receiver is one which selects the codeword ¢; which maximises
the conditional density of equation (2.19) for the received vector R and channel esti-
mate vector V. Using the property that the exponential function of equation (2.19)
decreases monotonically, we can take the natural log, and arrive at an equivalent

decoding metric

ﬂffd(cj) = WJ?(I)%}WICJW + 2 In det(‘i)wwl(lj). (223)
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The maximum likelihood decoder selects the codeword c; for which the metric of

equation (2.23) is a minimum.

2.3 The pairwise error event probability.

Let the transmitted codeword be ¢;. The decoder will pick the erroneous codeword
Cj lf
Md(c‘,,‘) < Md(ci)) (224)
or equivalently if
W*(I)(,I}ijW +21In det(@wwle) < I/VT@;‘}WIC%’W’? + 2 lndet(@wwlci)

(2.25)
where M; is the decoding metric of equation (2.23). The probability of an error
event can be written as

P(D < 6) (2.26)
where the decision vaﬁable D is

D =WHeylyle; — Cuwle)W (2.27)

The parameter § is defined as
det(@ww|ci)
det(q)wwl(}j) ’

and corresponds to a decision threshold. We can write the decision variable D as

§=2In (2.28)

the quadratic form
D=WFW (2.29)
where
F = Qyyle; — Pywle (2.30)

Note that @y |c; and @34y |c; are Hermitian matrices and F' is Hermitian also.
The result of [63, Appendix B] can now be applied to express the two sided Laplace

transform characteristic function of the decision variable D as

1
det(I -+ QS@leCiF)
1

- det (I + 2s(@wwlc; Py lc; — 1)) (2.31)

@D(S) =
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where @y |c; and @y |c; are found from equation (2.20). The pairwise event prob-
ability can be found by the appropriate integration of the inverse Laplace transform
of ®p(s) (which gives the probability density function of D). However, following

[13] it is simpler to calculate

— 3 Residue [EJS(I)D(S)/S]R , 0<0

P(c; — ¢;) = Frotes 2.32)
? > Residue [e%®p(s)/s] (

, 0>0
LPpoles

instead. The notation RFPpes and LPples Tefers to the right hand plane poles and
left hand plane poles of ®p(s) respectively. To calculate (2.32) it is useful to note
that the 2L poles p;, of equation (2.31), are related to the eigenvalues A; of @y F
by

-1

p=p 239)
and equation (2.31) can be written as
Bo(s) = [] 2. (2.34)
i1 5P
If A; =0 then
- __p;i =1 (2.35)

and the number of poles of @p(s) is reduced accordingly.

2.4 Channel estimation methods.

In chapter 1 we explained the need for the acquisition of channel state information
for the purpose of decoding the incoming signal. In section 2.4.1 we analyse the
performance of the system on the assumption that ideal channel state information
is available, i.e. the receiver knows the exact state of the channel at any time.
Although this is an unrealistic assumption, it is useful for determining a limit on
the performance of the system to which practical techniques may be compared. The
common techniques used for estimating the channel state in practice are pilot tones,
pilot symbols and differential detection. Pilot tones are analysed in section 2.7 while
chapter 7 is devoted to the analysis of differential detection. Pilot symbols have been

shown to perform similarly to pilot tones and are not considered here [15].
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2.4.1 Ideal channel state information (CSI).

The assumption of ideal channel state information allows many simplifications of
the general decoding metric for the Rayleigh fading channel derived in section 2.2.

The generalised metric reproduced from equation (2.23) is
Ma(c;) = Wozhy ;W + 2Indet(@wwlcy). (2.36)
With ideal CSI the receiver has perfect knowledge of the channel, and hence
V=U (2.37)

In this case, the correlation matrices dependent on the method of channel estimation

are simply

Dyyic; = Pyu, (2.38)
dyvic; = Py, (2.39)
Pyylc; =0 (2.40)

With these values, the autocorrelation matrix of W required for the decoding metric

reduces to

o 1C B Oj@UUC; + Oy Cj@g{; (2 41)
wwle = .
Y DyyC) Py

and the complexity of the decoding metric of equation (2.36) reduces significantly.

Simplifying the second term:

Oy Cl Quu

C, I ) 0 cf 1\
=9Inddet| det | 7Y det | 7
I 0 0 dyy I 0

(2.42)

C;dyyCl + Oy C;@
Elndet(QWW[cj)—Zlndet( IEOU v ! UU)

but

det ( ¢ 1 ) = —1 (2.43)
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and
® 0
det | Y = NE det dyy (2.44)
0 Pwyn
hence
2 In det Pyyw|c; = 2L In(Ny* det @) (2.45)

which is independent of ¢; and the term 2 Indet(®ww]|c;) may be omitted. The first

term of the metric reduces as

WiaghleW = (R V1) (

_ ( &t v’r> Py —®ynC;
~Clenly 25t +Ci@nC]

where the inverse has been found using the matrix identity described in appendix

-1
Oj@UUC; +(I)NN Cj@UU
Oy C] Qyu

< W N X

(2.46)

A. Expanding the matrix product gives

Wio e, W = NLQ(RTR ~ Rfe;v —VICIR +ViCiowv) + viey, v
1

, (R— GV (R—-CV) +Vioy,V (2.47)

N
the decoding metric for ideal CSI:

The last term and the factor lo are independent of ¢; and may be discarded to give

My(cj) = (R—C;V)I(R—CyV)
L
=3 |rk — mel, (2.48)
k=1 .

i.e. simply a Euclidean distance metric which is independent of fp7" and is suitable
for use with the Viterbi decoding algorithm. Note that with ideal channel state
information, the knowledge of the correlation of the channel does not aid in the

decision process,

Ideal CSI error performance.

We examine the variation of the error performance of an ideal CSI system as a

function of the sequence of symbols, SNR and the fade rate fp7". Equation (2.32) for
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the evaluation of the pairwise probability of error simplifies. The decision threshold
parameter & equals zero since the determinants of @y |c; and @lecj are equal as
shown by equation (2.45). The matrix F' of equation (2.30) reduces to
0 O (C — C;
F= b o=l 1NN§ 3—)1 f (2.49)
(Cf = CHoyy Ci®ynC) — G0y G
and the matrix ®wyy|c; is as described by equation (2.41). The pairwise probability

of error is given by

P(c; = ¢;) = — ) Residue [0p(s)/s]pp, (2.50)

oles

where the poles of ®p(s) are related to the eigenvalues of ®@wyy|c;F by equation
(2.33). From equation (2.48) it is clear that if ¢z = ¢z, no contribution is made
towards the decision variable D of equation (2.27). This means for every c; = cj,
®ww F has a pair of zero eigenvalues and the number of poles of equation (2.50) is
reduced by two. Hence the number of pairs of poles of ®p(s) is equal to the number
of symbols different between the sequences ¢; and c¢;. This number is simply the
Hamming distance between ¢; and ¢; and is denoted by the symbol . We define n

to be the set of indices & such that ¢z # cji, 1€
n={k:cy#cpm1<k<L} (2.51)
and the order of 7 is
nl = 1. (2.52)

As an example of the behaviour of the pairwise error probability with ideal CSI,
consider two message sequences drawn from a 4-PSK constellation, the all-zeroes

sequence
s; = {0,0,...,0} : (2.53)
and a sequence of the following form
s; = {s1,0,...,0,51} (2.54)

i.e. the sequence consists of a non-zero start symbol $;, followed by L — 2 zeroes and

a non-zero end symbol s;. The 4-PSK sequences s; and s; map onto the channel



22 CHAPTER 2. MAXIMUM LIKELIHOOD SEQUENCE ESTIMATION.

symbol sequences ¢; and c; respectively as

Cif, = € 72 (255)
dwagy,
Cik — 6-_5& (2.56)

As discussed, if ¢;; = ¢;3, then no contribution is made towards the decoding metric,
and the dimensionality of the problem is reduced accordingly. The matrices from

which the probability of error may be derived are the message sequence matrices

1 0
01
o 0
c;i=| " (2.58)
0 CjL
and the channel correlation matrix;
1
Syy = E, P (2.59)
pp 1

The parameter ps is the correlation between the fading experienced by the symbols

cio and ¢;r, and is related to L and fpT by

pp = Jo(2nBfpT) (2.60)

where § = L — 1, the distance between non-equal symbols in the sequences. Figure
2.2 1s a plot of the probability of the decoder confusing the sequence ¢; for the
sequence c¢; as a function of the SNR for pg = 1.0, py = 0.99, pg = 0.95 and
pp = 0.0. A number of important observations can be made. For a value of pg = 1.0
(i.e. the fading is completely correlated), the probability of error of the system
decreases at a rate proportional to the inverse of the SNR, the same at that of an
uncoded system (see section 1.3). This case is analysed in detail in section 2.4.1.
For a value of pg = 0 (i.e. there is no correlation between the fading affecting the
symbols), the performance improves and, as we show in section 2.4.1, the probability
of error now falls off inversely with the square of the SNR. For the two values of
pp between 0.0 and 1.0 the asymptotic behaviour (i.e. the slope of the curve) with
increasing SNR is the same as pg = 0.0, however there is significant loss with‘respect

to pg = 0.0. Section 2.5 quantifies this loss analytically.
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Pairwise probability of error

2 pg=0.99
3 py=0.95
4 pg=10.0

E;/Ng

Figure 2.2: Pairwise probability of error versus SNR, for a two symbol sequence, with varying

symbol correlation values of pg.

To study the transitional behaviour as pg varies from 0.0 to 1.0, figure 2.3 plots
the probability of error as a function of pg for a fixed SNR of 20 dB. Clearly the
error probability is minimised for ps = 0.0 and maximised for pg = 1.0. Significant
improvements are realised for only small deviations away from pg = 1.0 as is evident
in figure 2.2. Alternatively the probability of error may be plotted as a function of
BfpT (see figure 2.4), which is related to pg by equation (2.60). The system operates
at the two distinct error levels. For values of SfpT > 3 x 107! the performance is
determined by the inverse of the square of the SNR and for values of 8fpT < 102
the performance is only inversely proportional to the SNR. Clearly it is advantageous
to operate the system at high values of SfpT. For reasons such as increased ISI,
carrier synchronisation problems, and channel state recovery, it is difficult to operate
a practical system at high values of fpT (fast fading). The alternative is to increase
the value of 3 by interleaving as described in section 2.6. The trade-off is an increase

in the overall transmission delay of the system. In the next sections we analyse the
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Pairwise Probability of Error

Figure 2.3. Pairwise probability of error as a function of pg of a two symbol sequence.

E,/No=20 dB.

ideal CSI system for the cases of highly correlated fading, uncorrelated fading, and
partial fading.

Completely correlated fading with ideal CSI.

If the fading is completely correlated, the channel, at any instant, looks like a
Gaussian channel where the SNR is drawn from a Rayleigh distribution. We analyse
this limiting case in detail, assuming the receiver has ideal CSI. For such a system,

the channel correlation matrix ®yy is

—_
p—

1
Qou=E,{ . |- (2.61)
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Pairwise probability of error

BfpT

Figure 2.4: Pairwise probability of error as a function of 8fpT of a two symbol sequence.

i.e. the fading affects all symbols equally. This is equivalent to a very slowly fading
channel where fpT — 0. Since we are assuming ideal CSI, the ML decoding metric is
the Euclidean distance as defined by equation (2.48). To determine the probability
of error we examine equation (2.50). After some manipulation we can show that

there are only two non-zero eigenvalues of the matrix @ywF. They are given by

B2 5 /8 #ewuw)
)\]2—

(2.62)

where d? = Zé’:l cir — cjk|?, the squared Euclidean distance between codewords c;
and c;, and E;/N, is the average signal-to-noise ratio of the system. The remaining
elgenvalues are zero, do not contribute to ®p(s), as shown by equation (2.35), and
are discarded. Substituting the eigenvalues into equation (2.50) and noting that
only p; = ﬁ lies in the right hand plane, results in the exact expression for the

pairwise probability of error for ideal CSI and correlated fading.

2

A+ Bed? 4 dy[(52)2d? + 422

Plc; = ¢;) = (2.63)
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For a high SNR we can tightly upper bound the probability of error by

1

2 Hs
d A

P(Ci -7 C§) < (264)

which agrees exactly with the upper bound given by Divsalar and Simon [22, equa-
tion (34)] for K = 0 and C = 1. We see that for very highly correlated fading,
the pairwise error event probability only decreases inversely with the signal-to-noise
ratio independently of the length of the codewords. The inverse decrease in error
probability with increasing SNR is the same as the behaviour of an uncoded system

as shown in chapter 1. Next we examine the uncorrelated fading case.

Uncorrelated fading with ideal CSI.

For an uncorrelated fading system, the channel autocorrelation matrix is

01 -+ 0
Sy =E,| . ] (2.65)
00 1

i.e. the fading affecting any pair of transmitted symbols is independent. The max-

imum likelihood decoding metric is Euclidean distance. To calculate the pairwise

probability of error we need the eigenvalues of ®yw F. With some manipulation we

can show that the [ pairs of non-zero eigenvalues of @y F' are given by

E Es E

ﬁ;d%’ + dk\/(No)2d32€ + 4N§
2

Ay Akt = , ken (2.66)

where d? = |eix — ¢ji|?. The remaining eigenvalues for k ¢ 7 are zero and are
discarded. From equation (2.33) the poles of ®p(s) are

1
Es g2 E:\o 2 B’ k
Bod? & dy[(5r)2d} + 422

Di, Pt L = €7 (2.67)

Clearly pp lies in the right hand plane and pp, lies in the left hand plane. The
pairwise probability of error may be written from equation (2.50) as
p(ci — ¢;) = =5 ] prprsr (2.68)
ken

where

ST:E}LIIP}iS—péH 1

2.69
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is the sum of the residues of the poles in the right hand plane. The product of the

pair of poles pr and py.z is simply

1
PeDe+L = —TET (2.70)
+ 4=q2
and now
-1
plei = ¢;) = =5[] Y (2.71)
k€n Ny k

For high SNR, p, — %, and pryr — —0, and as shown in appendix B, S, for these
limits is upper bounded by
(—4)}2l - 1)!
& el
S S A=)
where | = |n|. Combining equations (2.71) and (2.72) gives an upperbound on the

(2.72)

pairwise probability of error of a sequence transmitted over an uncorrelated Rayleigh

fading channel with perfect CSI as

p(c; — ¢;) < % H _& (2.73)
' kEy N

The pairwise error probability is inversely proportional to the SNR raised to the
power of the Hamming distance [, and inversely proportional to the product distance
defined by

=1l 4 (2.74)

ken
This is a significant improvement over both the cases of uncoded modulation and
completely correlated fading. Note that the upperbound by Divsalar and Simon
[22], for the identical system, is
1

ple; — ;) <4 I Lp (2.75)
ken Ng :

Using quite a different technique to the one presented here, Dingman [18] derives an

upperbound, again for the same system as

1 r% 4
ple; — ¢;) < — | " sin?(p)do T] = 2.76)
Vo ./0 kl;[n —%d% (

He did not show however that the closed form expression for the integral is

ei-nr .
_/ sin 4331(2 Y (2.77)
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which when combined with equation (2.76) gives the same bound as equation (2.73).

The bound of equation (2.73) is tighter than that of equation (2.75) which can be
(2i-1)!

e < 4* we will show that b;,; < 4+

shown by induction. Assuming b; =

< 4
— 1 .
(2% l) < 4?,
G-t =
Y (o
(2% 1)! " 21(2@ +1) < £ix 22(.21 + 1)
-1 (G+1) (i + 1)
: 2
i <4 -
bH—l = 4 X (4 ix 1)
b5+1 § 4@+1 (2'78)

And for ¢ = 1, b; = 1 < 4 hence the inequality is true for all ¢ > 1 and the
bound is tighter than that of equation (2.75). To demonstrate the tightness of
the upperbound of equation (2.73) consider 3 pairs of sequences using antipodal

signalling, with increasing Hamming distance.

ci = {1}, ¢; ={-1} (2.79)
Cé :{1:1}} ? { 17_1} (2.80)
¢ ={1,1,1}, ¢ ={-1,-1,-1} (2.81)

In figure 2.5 we have plotted the exact pairwise probability of error and the cor-
responding upperbound for the pairs of sequences ¢ and ci. The solid lines show
the exact pairwise probability for the three pairs of symbol sequences and the cor-
responding bounds of equation (2.73) are shown in dashed lines. At high SNR the
bounds almost precisely match the exact calculations. The case of n = 1 represents
uncoded BPSK transmission, which has a diversity of one. Clearly higher diversity
symbol sequences vastly improve the performance of the system, especially at lower
error rates. It must be kept in mind that such gains in performance are only pos-
sible by ensuring that the fading affecting the symbols in the transmitted sequence
is uncorrelated. The next section analyses the relative loss in performance of the

system due to non-zero correlation in the channel.
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Figure 2.5: Exact pairwise probability of error in solid lines and corresponding upperbounds

in dashed lines. Curves 1, 2 and 3 are length 1, ’2 and 3 sequences respectively.
2.5 Partially correlated fading with ideal CSI.

In the example of section 2.4.1 we observed that the asymptotic behaviour of a
system with some channel correlation is the same as that of an uncorrelated system,
but with some loss in performance. We now show that this is indeed the case and
quantify this loss analytically for an ideal CSI system. The channel correlation

matrix is given by equation (2.16) and reproduced here for convenience:

p(0) p(l) - p(L —1)
By = p(:l) p(.O) p(L - 2) (2.82)
p(L—=1) p(L—-2) - p(0)

The correlation parameters p(n) are defined by equation (2.7). The maximum like-
lihood decision metric is Euclidean distance. For arbitrary SNR, the exact prob-

ability of error can only be computed by summing the residues of the right hand
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plane poles of @y as defined by equation (2.50). For high SNR however, this
expression simplifies significantly. Equation (2.50) is written in the form used in the
previous section, i.e.

plei = ¢;) = =S, [ prpess (2.83)
ken

The product of the poles is, as shown in appendix C, is given by

1

PrPr+L =
,g T 4l det (@ FY)

(2.84)

where @y and F' correspond to @ww and F respectively with the rows and
columns ¢ and 7 + L deleted for 1 < 4 < L, 4 ¢ n. From equation (2.49) the

determinant of F" is

1
det F' = (T\,ng)- I lew — eal? (2.85)
ken

and from equation (2.45) the determinant of ®fy is.
det @iy = (NoEs) det @, (2.86)
where
¢, = Qyy/Es. (2.87)

For high SNR, the poles of ®p(s) tend toward py — 1 and py._, — —0 and combining
the equation with the result from appendix B, the probability of error for correlated
fading and ideal CSI is bounded by

L (=Dt
| L 2.88
plei = ¢;) < det @, U1(0 — 1)! ?»IEI%; %di -

which is identical to that of uncorrelated fading divided by det ®,. Figure 2.6 shows
the application of the bound to the example of section 2.4.1, figure 2.2. The solid
lines are the exact calculations, and the dashed lines are the upper bound of equation
(2.88).

The loss in performance 6,, measured in dB of SNR, relative to uncorrelated

fading is

A, = —10{""log)g det @, (2.89)
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Figure 2.6: The illustration of a tight upperbound on the pairwise probability of error over a
correlated Rayleigh fading channel assuming ideal CSI. The sequences have Hamming distance of

two.

For example, in section 2.4.1, figure 2.2, we plotted the performance of an ideal
CSI system transmitting two possible symbol sequences as a function of SNR. The

matrix @, for this example is

1
®, = Pe (2.90)
pg 1
and the determinant is
det®, =1 — pj (2.91)
The asymptotic loss for pg = 0.99 is
10

Aplpg:{).gg = _"_és 10310(1 - 0.992)

~ 8.51dB (2.92)
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and for pg = 0.95 is

10 .
Aplﬂﬂ=0-9d -y logyo(1 — 0.95%)
~ 5.05dB (2.93)

which agree with the losses observed in figure 2.2. In figure 2.7 we have plotted a
family of curves describing the loss in dB as a function of gfpT for I = 2,1 =3
and [ = 4. Note that the loss experienced by longer sequences is greater than

shorter sequences. Again these curves emphasise the need for independently faded

80 H H [ A T T T

Performance loss (dB)

Figure 2.7: Performance loss, measured in dB of SNR, of a correlated system compared to an

uncorrelated system as a function of gfpT. Ideal CSI assumed.

symbols. The next section explains the technique of interleaving and deinterleaving

to effectively achieve this objective.

2.6 Interleaving

The analysis of the pairwise probability of error of an ideal CSI system shows that the
fading affecting the symbols in the message sequence must be independent to realise

the full potential of coding. The correlation of the fading affecting two symbols in
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a sequence is given by
1
§E[U}'ku}:k+g} = Jg (QﬁﬂfDT) (2.94)

where  is the distance, in symbols, between the two symbols. As shown by the
example in section 2.4.1, values of BfpT > 3 x 107! are sufficiently high for the

fading affecting the symbols to be regarded as uncorrelated. Therefore we require

BfpT >3 x 107" (2.95)
or equivalently
3 x 107t
> ——— 2.96
p> (2.96)

For example, for a maximum fpT of 0.01, 8 must be greater than 30. This im-
plies that for the fading affecting the symbols in the transmitted sequence to be
uncorrelated, there needs to be a spacing in time between the symbols of at least 30
symbols. We describe the technique of block interleaving to achieve this objective. A
block interleaver consists of a buffer with « rows and 3 columns as shown in figure

2.8. The symbols ¢, fill the interleaver row by row, while the output sequence of

i ‘B .

symbols in = s «

HEREEE

symbols out
Figure 2.8: An a x g block interleaver.
the interleaver is obtained by reading out the buffer’s content column by column.

Therefore a sequence of length o has all of it’s symbols spaced by f symbols at

the output. At the receiver there is a corresponding deinterleaver which inverts the
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interleaving process. A deinterleaver is implemented in the same manner as an in-
terleaver but with o and g reversed. Figure 2.9 illustrates the mapping between the

input sequence and output sequence of a block interleaver for « = 3 and f = 4.

tapui \ [\ 1/
7
_— AN VIV N
3 3 i y 4 ;

Figure 2.9: Mapping between input and output of a block interleaver for @ = 4, and § = 3.

2.6.1 Interleaver delay

The necessity for interleaving and deinterleaving to achieve optimal coding gains in-
troduces a delay in the overall transmission time of the system. To fill and empty the
interleaver and deinterleaving buffers takes 2o/ symbols. Therefore the minimum
transmission delay measured in symbols associated with an interleaver deinterleaver
pair to achieve uncorrelated fading for coding is

6 x 1071
= TRT

For example, for [ = 4 and fpT = 0.01, the minimum delay is 240 symbols.

J symbols (2.97)

2.7 Pilot tone aided detection.

The assumption in the previous sections of ideal CSI is useful for establishing lower
bounds on the performance of the communications system, but is not necessarily
indicative of how a real system will perform. As discussed in section 2.1, we need
to know the state of the fading process in order to recover the transmitted data.

One method used in practice to obtain an estimate of the channel’s fading process
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is to transmit a known pilot tone along with the data bearing signal. Such a pilot
tone is inserted into a spectral null of the power spectrum of the data bearing signal
and is extracted using a narrowband filter with a frequency response wide enough
to allow the fading process to pass through undistorted. The receiver therefore has
an estimate at each point in time of the fading process, assuming the fading is flat
across the frequency band of the transmitted signal. The tradeoff of this technique
is that some of ﬁhe total power is taken up by the pilot tone. With a pilot tone, the

sampled baseband representation of the system is
?’; = A(Ck + pt)uk + T (2,98)

where ¢, is the data symbol, p; is the pilot tone and A is a constant to normalise to
unit transmission energy. If we define <y to be the ratio of the pilot tone energy to

the total energy F transmitted per symbol then

D=7 (2.99)

and

1
NoES

The received signal is filtered into two components, namely the data bearing com-

A=

(2.100)

ponent

Ck
vy +1

and the pilot tone component which provides the channel estimate

e

8l
.= U + - 2.102
Vg \/7 14k T T ( )

B, is the bandwidth of the frequency response function H(f) of the pilot tone zonal
filter |

1 -B,<f<B,
H(f) = ? 2.103
(F) 0 elsewhere ( )

To allow all of the fading process to pass through the filter we have

BP Z fDmax (2104)
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where fp, . is the maximum Doppler frequency experienced by the mobile. The

variance of the noise component of the channel state estimate is related to Ny by
L

With a pilot tone the system covariance matrices differ. The autocorrelation of the

I'e(’,eived Sa.mples Tk now reﬂeCtS (;he reduced energ}’
RE ,_y ‘ ] §xUU K NN .

The covariance matrix of the fading process ux and the pilot tone aided channel

estimate vy, is

Pyvc; = Dy (2.107)

v+1
and the covariance between r, and vy is

Al

- . 2.
(I)vac‘? r}i T 1@{]{; ( 108)
The autocorrelation matrix ®yy equals
7oy +1

where ®,, is the covariance matrix of the additive estimation noise of equation
(2.102). Note that the n;'s represent bandpass filtered white Gaussian noise sampled
at a rate of 1/T and are not independent. The ith row and jth column of the

covariance matrix equals
@, (1, 7) = BT Nesine((i — 7) B,T) (2.110)

where sinc(z) = %%“—’)« The covariance matrix ®yy|c;, between the channel esti-
mate v, and the additive white Gaussian noise 7y is zero because 7, and ny are
samples of output noise processes of two filters whose frequency responses do not
overlap.

The generalised decoding metric does not simplify for pilot aided detection as it
does for ideal channel information and the combination of equations (2.32), (2.106),
(2.107) and (2.109) may be used to compute the pairwise probability of error of a

pilot tone assisted system.
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Ideal interleaving with pilot tone aided detection.

We have shown that interleaving is required to take full advantage of the gains
offered by coding. We now analyse the case of ideally interleaved pilot tone aided
decoding. With ideal interleaving the fading affecting the symbols in the message

sequence is uncorrelated and the channel correlation matrix is simply

10 -+ 0

01 -+ 0
(I)UU = Es ] . (2111)

Loo,-- 1

The process of interleaving and deinterleaving also decorrelates the additive white

noise affecting the channel state estimate sequence and
), = BT Nol (2.112)

With these parameters, the matrices ®gglc;, Prv|c; and @y |c; reduce to diagonal

forms
Belel 4 Ny 0 e 0
0 Eslcﬂiz + N{] N D
Prrlc; = RS , )
‘ 2.113)
Esle; 2 (
0 0 Zeleiek 4 N,
357E30j1 0 0
v+
0o B . 0
@va(:j = ’H:l . s (2114)
vEsec;
0 0 e
and
Lo+ fpT'No 0 o 0
0 ey TNy - 0
(PVVICj e . 7+l . . 5
o (2.115)
0 0 o 2B fRTN,

and combine to form @y w|c;. The inverse of Sy wc; is required for the generalised

decoding metric of equation (2.23) and is found by applying the matrix inverse
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identity of appendix A:

ay O "‘bl O
0 ar, 0 -bL
Orwles = (2.116)
ww |Cj b 0 o 0
0 —bi 0 Cr, /
where the elements ay, by and ¢, equal
T
ur VB No t 0T+ f 2117
i
2 B IN,
b, — ik Es/No (2.118)
Ix
] il 1
o = Zo/Nolege" + 7+ (2.119)
fr
and
ES 9
0
The determinant of ®ywlc; is
b Jr
det @leCj = H (2.121)

i NE(y+1)
Substituting equations (2.116) and (2.121) into the generalised decoding metric of
equation (2.23) gives

L
* * % fk
Md(Cj) == };akh‘k’z - bk‘f’k’l}k - 1) TV -+ Ck]’L)k|2 -+ anm
L 2
b 9 b | 9 Jr
=3 aglr— — B N I 3 et L—
gaa{T£ ak’b’kl + (e o Jwel* + nN&(fy+1)

1
M{L—UN’UHQ +2Infy — 2In NZ(y + 1)
k

L b},: 5
ZZCLkITk—Q—k’U}gl —l‘(
F= (2.122)

The terms Mg:“—ll and 21n N3(y + 1) are independent of ¢;;, and may be discarded.
The maximum likelihood decoding metric for ideally interleaved pilot tone aided

detection is

L b
My(cy) = > aglry — i“klg +21In f} (2.123)

k=1
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which is suitable for Viterbi decoding. If the signalling format is PSK then |¢;,|? = 1

and the metric of equation (2.123) reduces to

Ma(es) = 3 e — Lo (2.124)
k=1 Q.
The probability of error for ideally interleaved pilot tone aided decoding may
be derived using equation (2.32). The characteristic polynomial p(z) of the matrix
(I)WwF is

p(a) = [1(ahe® + Vo + ) (2.125)
kcy

where the coeflicients a}, b, and ¢, are
kr Ok k

a = (v + 1)(%(7 + e foT) + foT(y+ 1)) (2.126)

b, = —%%T(l%l? — ey +1) + %’ydi) (2.127)
E, ..

e = — '(m)‘di (2.128)

where d? = |ci — ;2. From the eigenvalues of equation (2.125) the poles of ®p(s)

are

ay

Prs PrL =
bk - Ubi - 40,;36;{;

The pole py lies in the left hand plane and pg .y lies in the right hand plane. The

(2.129)

decision threshold parameter § is in general non-zero and given by
vB 4 fpT (v + £ lewl + 1)

§=2In
;g, R+ Ty + 2 lel? + 1)

(2.130)

and the pairwise probability of error may be computed using these equations.

Ideally interleaved PSK with pilot tone aided detection.

The symbols of a PSK constellation have unit energy and the expressions for the
pairwise probability of error for a pilot tone aided, ideally interleaved system sim-
plify. With |e|* = |cu? = 1, equations (2.127), (2.128) and (2.128) defining the

characteristic polynomial simplify to

a, = (y+1) (%(’Y + o) + foT(y+1)) (2.131)
E

by, = —’}’(M)2di (2.132)

o = —( 2oy (2.133)

No
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and the parameter § equals 0. With these simplifications, the exact pairwise prob-

ability of error may be written as

plei — ;) = =5, [ peprsr (2.134)

ken

where

— Pi 1
=¥ lim — ]

2.135
i€y S key (5 - pk)(s - pk+£) ( )

the sum of the residues of the poles in the right hand plane. The product of the pair

of poles p, and py g is

(v + D)(E(y+ fpT) + foT(y+1))

= — 2.136
PrlPrL 4’7(ES/N0)2d2 ( )
and the exact pairwise probability of error is
(e c) = 5. 1 ~(v + (& (v + foT) + fpT(y +1))
PG j) T O - 4’)/(E3/No)2d%
(2.137)
For high SNR. the poles p; and py,; tend toward
— 1){~ T
e - (v + D{y + fpT) (2.138)
2’7d}c No
1
Prer = 5 (2.139)

Using the bound on S, from equation (2.72) we have the following bound on the
pairwise error probability of a pilot tone aided PSK system with ideal interleaving

20— 1)! 1

By
=D e ernnrmn %o

ple; — ¢y) < (2.140)

The optimal pilot tone ratio.

The upperbound of equation (2.140) on the pairwise probability of error for pilot
tone aided decoding is a function of the parameter v, the ratio of the pilot tone
power to the data signal power. We may optimise this parameter to minimise the
probability of error of the system. From the upperbound expression for the pairwise

probability of error, we need to maximise

_ g
¢(y) = CESV RN (2.141)
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with respect to <. Differentiating and setting the result to zero gives

de(7) T o :
& = Yo foT =0 (2.142)

which gives the optimal value of ~y as

Yopt =/ [DT (2.143)

i.e. at high SNR, with PSK signalling, the optimal pilot tone ratio is only a function
of the fade rate fpT. With the optimal value of y the pairwise probability of error
of ideally interleaved PSK with pilot tone aided detection is

20— 1! o (VToT +1)?
ple; = ¢;) < ] = (2.144)
) t kén k Ng

The loss compared to ideally interleaved ideal channel state information is

= 201logyo(+/ foT + 1) (2.145)

Figure 2.10 shows the loss of pilot tone aided detection as a function of fpT for

the optimal power ratio v. Even at relatively fast fading (fp7 = 0.1) the loss

Performance loss {dB)

T

Figure 2.10: Loss in performance over ideal CSI with pilot tone aided detection as a function

of fDT.
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in performance with the aid of a pilot tone is only about 2.4 dB relative to ideal
channel state information and therefore it is a good method of obtaining a channel

state estimate,

2.8 Summary.

We have presented a new generalised derivation of a maximum likelihood decoder for
signal sequences transmitted on the Rayleigh fading channel. The analysis takes into
account a non-ideal channel state estimate, consisting of the ideal channel state and
a Gaussian distributed error term, and the correlation of the fading process. The
final decoder metric is a maximum likelihood decoding metric of a general form.
We derived an exact analytic expression for the pairwise probability of error for this
decoding metric and discovered a new tight upperbound on the probability of error
for the case of ideal CSI with non-interleaved transmission. The analysis of the
probability of error shows that the correlation of the fading process is detrimental to
the performance of a coded system and that interleaving is essential to optimise code
performance fully. With interleaving the pairwise probability of error is inversely
proportional to the signal-to-noise ratio to the power of the Hamming distance and
inverse proportional to the squared product distance as shown by Divsalar and
Simon [22]. This means that the optimal codes are those with the greatest Hamming
distance and squared product distance in contrast to maximum FEuclidean distance
as is the case for the Gaussian channel. The need for interleaving means there is a
fixed transmission delay proportional to the rate of fading and the diversity of the

code.



Chapter 3

Introduction to Coding.

This chapter introduces the technique of coding in the context of chapters 4, 6 and
7 on geometrically uniform codes, multilevel codes and codes designed for multiple
symbol differential detection respectively. We review the definition of signal space
codes, the maximum likelihood decoding thereof, the performance evaluation meth-
ods and the consequent design criteria. In section 3.5 we introduce trellis codes as
a special case of signal space coding and the discussion includes the performance
evaluation, the decoding by the Viterbi algorithm and a bound on the maximum at-
tainable Hamming distance (the desired maximised code parameter for the Rayleigh

fading channel) of a trellis encoder over a multi-dimensional signal constellation.

3.1 Introduction.

In chapter 2 we analysed in detail the pairwise performance of maximum likelihood
(ML) decoded symbol sequences transmitted across the Rayleigh fading channel. It
has been established that the asymptotic behaviour of the probability of confusing

sequence ¢; for the sequence ¢; (the pairwise probability of error) is bounded by

1
?(Ci‘_}cj)SKH&

Ty 3.1
ken No |eir — cikl? ( )

where the constant K is a function of the channel correlation and the method of
obtaining channel state information. The set 1 contains the indices for which ¢;, #
cjr and has order [/, the Hamming distance between the sequences ¢; and ¢;. The

probability of error decreases inversely with the signal-to-noise ratio (SNR) E,/N,,

43
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raised to the power of [ and inversely with the product distance
d2 = 11 lewn — cinl*. (3.2)
ken
For sufficiently high SNR, an increase in [ reduces the probability of error faster
than an increase in d;. To minimise the probability of error, we want to maximise
the minimum Hamming distance ¢ of the sequences first, and the squared product
distance d? second.

A first order approach to increase the Hamming distance is simply to lengthen
the sequences by symbol repetition. For example for uncoded 4-PSK, instead of
transmitting one of the symbols 0, 1, 2, or 3, corresponding to the binary inputs 00,
01, 11 or 10, we transmit one of the repetition sequences (0,0), (1,1), (2,2), or (3,3).
The Hamming distance between these sequences is two and the error probability is
reduced by a factor of the SNR. Clearly the drawback of this method is that the data
rate of the system is halved, and is reduced even further for symbol repetitions of a
higher order. To restore or maintain the original data rate, the signalling rate would
have to be increased, leading to an increase in the bandwidth of the system and
this may not be desirable. An alternative which does not require this tradeoff is the
technique of coding. Coding aims to reduce the probability of error by constructing
sets of symbol sequences with increased distance (relative to uncoded signalling)
without sacrificing the data rate, or increasing the bandwidth of the system. The

cost is an increase in complexity.

3.2 Hard and Soft decision Coding Systems.

The literature on coding and decoding techniques is vast and only be touched upon
in any one body of work. We will distinguish two types of coding on the manner
by which they are decoded, namely hard decision decodi'ngb and soft decision de-
coding. In a hard decoding system, the processes of demodulation and decoding
are performed independently as illustrated in figure 3.1. A vector a of £ bits to be
transmitted is input to a binary encoder C. The encoder C is such that it outputs a
unique codeword ¢ of length n bits corresponding to each a. The set of all codewords
¢ is denoted C, and the order of € is 2%, the number of possible input vectors. The

code C has a Hamming distance d and as such can correct up to ¢ = d/2 — 1 random
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a Binary ¢!
Encoder :

Modulator U Channel |- Demodulator Decoder

Tncoded Transmission

Figure 3.1: The block diagram of a hard-decision decoding system.

bit errors [30]. Such a code is an (n,k,d) block or convolutional code. The stream of
codewords ¢ is mapped to a signal constellation S, such as 4-PSK, and transmitted
across the channel. The receiver demodulates the signal, corrupted by the channel,
and makes a decision on the received symbols on a symbol by symbol basis. These
symbols are mapped back to binary and assembled into output codewords ¢’. The
binary codewords have effectively passed through an uncoded system and contain
random bit errors introduced by the channel. The decoder exploits the redundancy
inherent in the code to correct up to # random bit errors caused by the channel and
outputs the binary k-tuple most likely to have been transmitted. If more than £ bit
errors occurred then the decoder will make an incorrect decision and the output will
not correctly reflect the transmitted data. The advantage of a hard decision tech-
nique is that the problems of coding and modulation are separated and the systems
may be designed individually. The fact that block codes may be defined algebraically
over finite fields means that many very efficient algebraic decoding algorithms and
techniques may be used for decoding [7],[16],[47],[48]. Convolutional codes are an-
other hard decision scheme, similar to block codes, except that the codewords are
of infinite length. Much work on convolutional encoding and decoding techniques is
in the literature [1],[14],[40],[38],[36],[37],[55].

The disadvantage of a hard-decision technique is that a loss of performance is
incurred due to decision information being lost in the hard decision process in the

demodulator.

In contrast to a hard decision system, a soft decision decoding system is one
which combines the processes of demodulation and decoding as illustrated in figure
3.2. The binary input data a is mapped directly onto a set of channel symbols S,
such as a PSK constellation, and the resultant code C is treated as a set of points

in a real Euclidean space in contrast to a set of vectors over a binary field as is the
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a_%_A'Signal Space| o Modulater <4 Channel r(l)i Demedulator < Soft Decoder—wé 2
: Encoder 5 :
Combined Coding and Modulation Combined Demodulation and Decoding

Figure 3.2: The block diagram of a soft-decision decoding system.

case in a hard decision system. Such a code C is called a signal space code. The
stream of signal space codewords is modulated onto the carrier to give ¢(¢) and is
transmitted across the channel. The receiver demodulates the received signal r(t),
corrupted by the channel, and outputs a stream of points in Euclidean space. This
stream of points is decoded, not by making a symbol by symbol decision, but by
making a decision on a sequence of symbols, as introduced in chapter 2. Such a
decision is made by computing a metric (which is a function of the channel) between
the received point and the set of all possible points that may have been transmitted.
The codeword ¢ € C which minimises the metric to the received point r is the output
of the decoder. The soft-decision process does not discard any decision information
as occurs in the demodulator of a hard decision system. By computing a metric,
individual symbols in a codeword are weighted by a “reliability” or “confidence”
factor which increases the decision accuracy. Our continuing discnssion will focus
on signal space codes only. Section 3.3 is a discussion on signal space constellations
leading up to the definition of signal space codes in section 3.4. Sections 3.4.1, 3.4.2,
'3.4.3 discuss decoding, error evaluation and design criteria respectively. Trellis codes

are a special case of signal space codes and are the topic of section 3.5.

3.3 Signal space constellations.

In a conventional uncoded digital communications system we transmit points (sym-
bols) from a two-dimensional constellation S across the channel on a symbol by sym-
bol basis. Two dimensions are transmitted per symbol because the carrier frequency
has two degrees of freedom, namely phase and amplitude, or alternatively in-phase
and quadrature components corresponding to a polar and rectangular representation

respectively. The two-dimensional points to be transmitted are drawn from a two-
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dimensional constellation such as M-PSK, or QAM. We may relabel such a system
by taking the L-fold product of a two-dimensional constellations S and calling it a
multi-dimensional constellation S¥, an example of which is L x M-PSK. Clearly S
is a set of |S|F points in 2L dimensional space. The communication system may
alternatively be represented as one which transmits a sequence of 2L-dimensional
points in contrast to transmitting a sequence of two-dimensional points. The con-

trast is shown in figure 3.3. The advantage of considering constellations of higher

k bits Point selector s€8 kL bits Point selector s e St
from S from S
(a) Selector from S, (b) Equivalent selector from S¥.

Figure 3.3: A system transmitting points from a two-dimensional constellation S is represented

equivalently by a system transmitting points from a multi-dimensional constellation S¥.

dimensionality is that it is possible to design constellations in higher dimensions with
better distance properties than those in lower dimensions. An informative exam-
ple [29] illustrating the concept of higher dimensional constructions is based on the

S =16-QAM constellation shown in figure 3.4. With the coordinate system labelled

© a 73 e @
-] a 1 o @
3 1 1 3
@ e -] C e s
e * 3 B °

Figure 3.4: 16-QAM constellation.

on the axes, the minimum Euclidean distance between points is 2. The two-fold

product 5% of S is a four dimensional constellation consisting of 256 points with the
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same distance properties as the underlying 16-QAM constellation. However, unlike
two-dimensional 16-QAM, it is possible to add points to this four-dimensional con-
stellation without changing the minimum distance. For example if a point is added
to the origin, i.e. at (0,0,0,0) then the distance to one of its nearest neighbours,

say (1,1,1,1) is v/12 + 12 + 12 + 12 == 2 which is the same the minimum distance of

16-QAM. Similarly points may be added at all positions with even coordinates in
the range of —2...2 to give a 625 point constellation. By selecting the 256 point
subset of this constellation shown in table 3.1 we have a four dimensional constella-
tion S’ with the same number of po.nts as the square of 16-QAM, but with better

distance properties after the normalisation of the constellations to unit energy. The

Generator | Number of permutations

1| (1,1,1,1) 16
2| (2,0,0,0) 8
31 (2,2,0,0) 24
41 (2,2,2,0) 32
51 (2,2,2,2) 16
6| (3,1,1,1) 64
71 (3,3,1,1) 96

total 256

Table 3.1: 256 signal points generated by taking all sign and coordinate permutation of each of

the seven generators.

constellation S’ is a subset of the densest known lattice in four dimensions, namely
the Schafli or D, lattice [17]. Notice that S’ cannot be written as a product of two
lower dimensional constellations. This is true in general for a higher dimensional
constellation, however they can alwavs be represented as a subset of an L-fold prod-
uct of a lower dimensional constellation. To show this consider a constellation .S in
L x N dimensions. We wish to write S as a subset of an L-fold product of an N

dimensional constellation Sy. To do s0, we may write S as a set of L-tuples over N
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dimensions.
S = {(311,312,---,31L),

8215 822y - - » 5y S2L),
(521, S22 2L) (3.3)

(Snl, Sn2y .- aSnL)v Sij € RN}

where n = |S|, the number of points in S. A projection P;(S) of S is defined as the

set

The underlying N-dimensional constellation Sp, such that S C S¥ is
L
So = U B(8), (3.5)
j=1

the union of all projections of S. For example, the projections P;(S’), and P(S’)
of ', where S’ is defined in the previous example, are shown in figure 3.5. We have
P (S") = Py(S'), Sp = Pi(S') U Py(S') and S' C S x S, hence S’ has been written

as a subset of a power of a lower d.mensional constellation S.

. ¢« 3 . . . e 3 . .
. . . .

. o 1 . . . o 1 . .

3 1 1 3 -3 1 1 3

. o -1 . « . o -1 . .
. . . .

. e -3 . . . o -3 . .

Figure 3.5: Projections P;(S’) and P,(S’) of S’ respectively.

3.4 Signal space Codes.

In the previous section we have shown that all multi-dimensional signal space con-

stellations may be written as a subset of a power of lower dimensional constellations.
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from a simple example it was shown that gains can be made by carefully selecting
such a subset. The technique of systematically generating good subsets of products
of lower dimensional constellations is called signal space coding. Depending upon
the encoding technique used to generate the signal space code it may be convenient
to define the underlying constellation as multi-dimensional (see chapter 4, however
such a constellation may again be reduced to a subset of a power of lower dimen-
sional constellations. Traditionally the lowest number of dimensions considered is
two, the degrees of freedom of the carrier. Definition 1 formally defines a signal

space code.

Definition 1 Consider a signal constellation S in the real L dimensional space R¥.
The N-fold Cartesian product of S, written as S¥, is the set of all possible length

N sequences over S:
SY = {(s1,89,--- ,5Nn),5 € S} (3.6)

SN may be viewed as a set of |S|V points in NL dimensional space. Any subset C

of SN is a signal space code.

Definition 1 is general and does not make any assertions as to how to construct
good signal space codes or how to decode them. The block diagram of a signal space

encoder is drawn in figure 3.6. A vector a of k bits is input to the encoder. The

a Signal Space C
Encoder

Figure 3.6: A sigual-space encoder.

output is a unique sequence ¢ € C of points in Kuclidean space. The order of C is
c| = 2* (3.7)
We may write the one-to-one mapping between a and c as

c = C(a) (3.8)
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And the inverse mapping as a = C7!(c). The rate 7 of the signal space code C in
bits per two-dimensional symbol is

2k

TSIN

(3.9)

3.4.1 Decoding of Signal Space Codes.

A signal space code € is decoded using a decoding metric m(r, c). The metric m(r, c)
measures the “distance” between the received vector r and the postulated codeword
c € C. The decoder selects the codeword ¢ € € which minimises the metric m(r, c),

le.
€ = min ¢ec m(r, €) (3.10)

Typically m(r,c) is derived for a particular channel such that the output of the
decoder is the maximum likelihood estimate of the transmitted codeword. It has
been shown by Divsalar and Simon [22] and in chapter 2 that the ML decoding metric
for the Rayleigh fading channel, assuming ideal interleaving and ideal CSI, is the
squared Euclidean distance metric, i.e. m(r,c) = ||v — ¢||?. The Euclidean distance
is also the maximum likelihood decoding metric for the additive white Gaussian noise
(AWGN) channel [38]. Associated with each codeword in the code C is a region of
space called the Voronoi region. The Voronoi region V(c) of a codeword c is the

region of space containing all points closer to ¢ than to any other codeword in C, i.e.
V(C) - {ra min = m(r? C) = m(r, C)} (3.11)

The Voronoi region of a codeword c¢ is also known as the decision region of ¢, that
is, if the received vector r is in V'(c) then the decoder decides on ¢ as its output.
Figure 3.7 shows the Voronoi region of a code point ¢ in two-dimensional space, with
m(r,c) = ||r—c|[?. For arbitrary positioning of the code points in space, the Voronoi
regions are not easily computed and the complexity increases quickly with increased
dimensionality of the problem. For an arbitrary signal space code the decoding
algorithm is to compute the decoding metric from the received point v to every
codeword ¢ € C and to output that codeword which produces a minimum. Clearly
such an exhaustive method is very computationally intensive and the complexity

increases exponentially with the dimensionality of the code. Much more efficient
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Figure 3.7: Voronoi region of a code point ¢ in two dimensions. The decoding metric is the

Euclidean distance.

methods are available for specific encoding techniques, such as trellis codes. These

are discussed in section 3.5.

3.4.2 Error evaluation of Signal Space Codes.

If the codeword c; was transmitted, and the decoder selects the codeword c; # c;
as its output then an error event is said to have occurred. Associated with an error
event are a number of bit errors which are the number of bits different between the
corresponding binary input words of ¢; and c;. Clearly it is of interest to determine
the probability of an error event occurring, and if possible the average probability
of a bit error. To do this we consider the probability density function (pdf) p(r|c;)
of the received vector r conditioned on the transmitted codeword c¢;. Assuming the
a priori probability of transmission p(c;) to be equiprobable, then the probability of
making a correct decision, is the probability of the received vector r occurring in the
Voronoi region V(c;) of ¢;. This probability may be found by integrating the pdf of
r conditioned on c; over V(c;) and is written as
Peorrct(©5) = [ o PlEle)dV (3.12)
The probability of making an error when c; is transmitted is simply pe.(c;) =
1 — Peorrect (€;) and this probability may be averaged over all codewords to give the
average probability of error pe.(C) of the code
Perc(C) = l_(lf—l > Per(ci) (3.13)

c; EC
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To compute the bit error rate (BER) of the system, we must take into account the
number of bits different between the codeword actually transmitted and an error
word. The expression for the BER is

1
BER = el S5 w(c?;?cj)/

e, 6C e €C v
ey

o, PV (3.14)

where w(c;, ¢;) is the weight or the Hamming distance between the corresponding
binary inputs of codewords ¢; and c;. Although equations (3.13) and (3.14) are
exact, they are, with the exception of trivial examples, very difficult to compute
in practice. In general, for good codes, the Voronoi regions are multi-dimensional
polytopes making the integration over the probability density function difficult. A
useful upperbound on the probability of error pe.(c;) of a codeword ¢; is the union
bound given by
Pere(€i) < ) ples = ¢5) (3.15)
cjEc
c;#e;
where p(e; — ¢;) is the pairwise probability of confusing the codeword ¢; for c;.
For the Rayleigh fading channel, p(c; — ¢;) has been evaluated exactly for different
system configurations in chapter 2. Figure 3.8 shows the application of the union
bound to calculate the probability of error of a two-dimensional codeword. The
areas on the other side of the lines bounding c; have been integrated. The darker
areas show the overlap regions and generally the union bound is a loose bound,
particularly at low signal to noise ratios. As the SNR increases, the bulk of the area
of the conditional pdf of the received vector is within the Voronoi region and the
union bound tightens. The union bound on the overall probability of error of the
system ig
Porc(c) < 757 3 30 ples > ¢) (3.16)
€l 2 2 _
Fa
and similarly the union bound on the overall BER is
BER < = 3 57 w(e; ¢;)p(e; = ) (3.17)
Cl 22 22
ejF#e
A special case on the probability of error of the system exists if the code has what is

known as a uniform error property (UEP). This property means that the probability
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Figure 3.8: Example of application of the union bounding technique.

of error pe.(c;), when c; is transmitted, is constant independently of ¢; and the
evaluation of the probability of error of the code greatly simplified because only the
error probability for one codeword needs to be considered. Typically the codeword
considered is the all zeroes codeword written as cg, that is the codeword generated
when a stream of all zeroes is transmitted. With this condition and assuming an

equiprobable a priori transmission, the exact probability of error of a code C is given
by

Pec(C) =1 [ plrlea)dV (3.18)
V(co) v
and the union bound is
perr(c) < Z p(CO — Cj) (319)
c;eC
Cj];Co

It is desirable to construct codes with a uniform error property as it greatly simplifies
the code search effort. The geometrically uniform trellis codes constructed in chapter

4 by design have the UEP property.

3.4.3 Signal space code design criteria.

In the previous section we examined the probability of error of signal space codes.
This probability of error calculation should be used as a guide to designing good
signal space codes for the channel of interest by designing the code such that the

probability of error is minimised for a specified level of system complexity. The
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union bound of equation (3.19) on the probability of error of the system is in terms
of the pairwise probability of error p(c; — c¢;). By substituting the appropriate
pairwise probability of error expression for the channel we can determine the code
properties necessary to minimise the probability of error. We briefly examine the
design criteria for the classical additive white Gaussian noise (AWGN) channel and
compare it to the channel of interest to us, the Rayleigh fading channel. We will see

that the design criteria for these channels are quite different.

AWGN channel.

The pairwise probability of error for the AWGN channel is bounded by
E,
plc; = ¢;) <Q ﬁd(ci, <)) (3.20)
0

where d(c;, ¢;) is the Euclidean distance between the codewprds ¢; and ¢;, and Q()

is the Gaussian error-probability function defined by

Q(z) = \/—Z_; [ty (3.21)

Substituting equation (3.20) into the union bound of equation 3.19 gives

Perr(C) < % Q (\/%d(ffo,%)) (3.22)

€j7co
which is dominated by the codewords c; with the smallest Euclidean distance to

the codeword cy. Clearly the code performance is optimised when the minimum

Euclidean distance of the code d.. is maximised.

Rayleigh fading channel.

The channel of interest to us is the Rayleigh fading channel. The union bound of
equation (3.19) is in terms of the pairwise probability of error which has been found
exactly in chapter 2 and a tight upperbound at high SNR is given by [22]

4
plei—c) < [T &

e 3.23
AP (8.23)

The product in equation (3.23) is taken over the set n of k for which ¢ # ¢ The
average probability, P (C), of a ML decoded GU code C; assuming the transmission
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of each code word to be equally probable, is bounded by the union bound
perr(c) S Z p(CO — Cj) (324)
c;eC
The minimum Hamming distance ly, between any two codewords, is referred to as
the diversity of the code. By combining the contribution of the codewords with

equal Hamming distance, equation (3.24) can be written to give

Perr(C) < im (EjNJl (3.25)

=1,
where

1

oty Hren ook — cinl®

oL = (326)

The set C; is the set of codewords at a Hamming distance of [ from the all zero
codeword Cy. Effectively p; is a weighted “multiplicity” [75] term of the dominant
error event. We denote the term (p,) " as the weighted product distance d,, and it

is defined by

-1

1
a2 = . 3.27
ne (X ) >

At high SNR, the pairwise error performance of the code is dominated by the terms
of equation (3.25) that have a Hamming distance equal to the diversity /. Therefore
the code design criteria for the Rayleigh fading channel are

1. To find the set of codes with maximum diversity .
2. To select from this set, the code that maximises the weighted product distance
2,
Note that the design criteria for the Gaussian channel is to maximise the minimum

Euclidean distance while for the Rayleigh fading channel we want to maximise the

minimum Hamming distance.

3.5 Trellis codes.

Trellis coding is a method for generating a signal space code with good distance prop-
erties for which an efficient decoding algorithm exists. Trellis codes were first intro-

duced by Ungerboeck [75] for the AWGN channel and many papers have since been
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published on the topic [4],[6],[11],[12],[19],]26],[28],[39],[49],[53],[54],[59],[73],[74],[83].

The general form of a trellis encoder is shown in figure 3.9. The encoder consists

ktbim ; State n bits
b =k + v input bits Machinc :>

: > Qutput Symbols

Signal Point
Mapper

% uncoded bits

Figure 3.9: General form of a trellis encoder.

of a binary finite state machine with v memory elements and a mapper onto an L
dimensional signal constellation S. At time step 7, b bits to be transmitted enter
the encoder. Of the b bits, k are passed to the state machine and the remaining
u = b— k bits, referred to as the uncoded bits are passed directly to the signal point
mapper. The rate of the state machine is k/n to give a total of u + n bits entering
the signal point mapper. The signal mapper maps the u + n bits one-to-one onto
the constellation §. Clearly the order of S is |S| = 2*™™. The rate of the overall

signal space code in bits per two-dimensional channel symbol is

2b
=T (3.28)

Figure 3.10 shows an example of a trellis encoder from the paper by Ungerboeck [75].

The encoder consists of a two delay element encoder, giving a total of 22 = 4 states.

A A

Output Symbols

2 inpus bits

8-PSK
Mapper

1 wncoded bit

Figure 3.10: A 4-state rate 2/3 trellis encoder.

Of the two input bits, one is uncoded and one is encoded to give two output bits.
The three bits are combined and mapped onto an 8-PSK constellation using the

mapping shown in table 3.2. This mapping has been obtained by using the method
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of set partitioning [75]. The structure of a trellis code may be conveniently drawn on

apaias | PSK symbol
000 0

001 4

010 2

011 6

100 1

5

3

7

101
110
111

Table 3.2: The mapping from the encoder output bits to an 8-PSK constellation.

a trellis diagram. A trellis diagram consists of the states of the state machine drawn
as points vertically and repeated horizontally to represent transitions with time. An
input to the encoder causes a state transition and an output symbol drawn from the
constellation S . The state transition is represented by a line connecting the initial
state at time j and the state at time 5 4+ 1. Drawn on the line is the corresponding
output symbol. Figure 3.11 shows the state transition diagram of the trellis encoder

of figure 3.10.

Figure 3.11: State diagram of the trellis encoder of figure 3.10.
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3.5.1 Decoding of trellis codes.

Trellis codes are a special case of signal space codes and as such are decoded by
computing a metric m(r, ¢) between the received sequence r and every sequence in
the code C. Comnsider a code sequence ¢ and a received sequence r. Let the notation
r[i] denote the i*" element of the vector r and the notation x[7, j] the subsequence of

r from elements 4 to 7 inclusive. If the metric m(x, c) can be written in the form
m(r,c) = > m(rfi, c[i]) (3.29)

then a trellis code can be efficiently decoded using the Viterbi algorithm [38]. Exam-
ining equation (3.29) we see that the Euclidean distance metric m(r, c) = |jr — ¢||?,
used for decoding codes on the AWGN and Rayleigh fading channels may be writ-
ten in this form. The Viterbi algorithm is described by the algorithm in table 3.3.

Suboptimal techniques for the decoding of trellis codes are also exist but are not

1. Starting at time unit j = 0, compute the metric for the single path entering
each state of the encoder. Store the survivor path and its metric for each

state.

2. Increment the time 7 by one. Compute the metric for all paths entering each
state by adding the metric of the incoming branches to the metric of the
connecting survivor from the previous time unit. For each state identify the
path with the lowest metric as the survivor of step 2. Store the survivor and

1ts metric.

3. If all survivor paths have a common starting path to a state at time % then
that is the maximum likelihood decision and is the decoder output. Repeat

starting at step 2.

Table 3.3: The Viterbi algorithm for the maximum likelihood (ML) decoding of trellis codes.

discussed here [56].
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3.5.2 Ewvaluation of Trellis codes.

If we assume the trellis code has a uniform error property, then the performance
of a code is dominated by the shortest distance codeword to the all-zero codeword,
where shortest distance for the Rayleigh fading channel is measured by the Hamming
distance and product distance. To compute the shortest distance codeword we need
to find a path through the trellis starting and ending in the zero state which has
the minimum distance properties. In contrast to the Gaussian channel where the
only distance measure of interest is the Euclidean distance, for the Rayleigh fading
channel there are two distances of interest, namely the Hamming distance and the
squared product distance and minimising the Hamming distance has priority over
minimising the product distance. We therefore define a combined distance measure
between sequences two sequences c; and c¢; consisting of the Hamming distance and

product distance combined in a two element vector d,
d(ci,¢5) = (du(ci, 5), dy(es c5) (3.30)

where dg(ci, ¢;) and di(c;, ¢;) are the Hamming distance and squared product dis-
tance between c¢; and c; respectively. We define the operation & of adding two
distance metrics dy = (dp,,d2) and dy = (dn,, d2,) by

died, = (d}{l -+ de, d;";l X d;z) (3.31)
and the logical “less-than” comparison operator < by

d1 <L dg ifdﬂl < de or dHl = de and d1271 < dﬁz (3.32)

The algorithm to compute the minimum distance measure is shown in table 3.4.
The explanation of the algorithm to compute the minimum distance of a trellis code
is as follows. Step 1 initialises the time variable £. Step 2 initialises the metric
variables m(s, ) at time ¢t = 0 by computing the minimum distance from the zero
state to each state s = 0...N — 1. Steps 3 and 4 update the distance metrics into
each state at time ¢ + 1. At step 5, if the distance measure for the path remerging
with the zero state is less than the minimum distance measure to any other state

then the algorithm has found the smallest measure path and terminates.
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Definitions
b(s1,52) : The set of branch symbols connecting states s; and s,.
m(s, 1) : The minimum distance metric entering state s at time 2.
Co : The output symbol on the zero state branch.
Input . The number of states /V.
The b(sq,52) for 0 < 57 < N, 0 < 59 < N defining the trellis.
Output : The minimum distance measure d ;.
1. t=0

2. m(s,t) = min.ey e, d(cg, ¢), 0 < s < N.

efep

3. t=t+1

4. m(s,t) =min ey {d(co,c) Dm(s,t - 1)}, 0<s <N
ceb(s',8)

5. if mingesen m(s,t) > m(0,t) then goto 3

6. output m(0, ?)

Table 3.4: The algorithm to compute the minimum Hamming distance and associated minimum

product distance of a trellis code.
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3.5.3 Bounds on the Hamming distance of trellis codes.

Before any code searches are performed it is useful to establish an upper bound on
the diversity that can be achieved by a multiple symbol per trellis branch encoder
for a given number of states and spectral efficiency (measured in bits transmitted

per symbol).

Theorem 1 The diversity I, of an N = 2V state trellis code transmitting L symbols
per branch and r bits per symbol is upperbounded by

l<L><Lv

< —l+L (3.33)

where the notation |e| rounds its argument to the nearest lowest integer.

Proof:
The number of bits transmitted per state transition in the trellis is rL and hence

the number of branches, b, leaving each state is
b=2L (3.34)

Consider the branches starting from a common state s. There must exist two re-
merging paths after at most k steps through the trellis when 5*~! > N. Since L
symbols are transmitted per branch the greatest diversity of such a path is kL, lead-
ing to equation (3.33). In figure 3.12 we illustrate the argument behind the bound.

We have a 4 state trellis transmitting L = 2 symbols per branch at a rate of % bit per

Figure 3.12: An example trellis illustrating the bound on the maximum Hamming distance of

a trellis code. L =2 and r = %.

symbol. The number of branches leaving a state is therefore b = 21 = 2. Starting
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from the zero state, two states can be reached after one step, then after two steps
four states can be reached, and after three steps, eight states can be reached. How-
ever the trellis only has four states and therefore there must be a path remerging
with the zero state. This path is in bold face. Therefore £ = 3 and the maximum
diversity ! is bounded to be less than or equal to 6.

A necessary condition for meeting equation (3.33) with equality is that the num-

ber of points in the underlying constellation is at least
M >t (3.35)

This is due to 2" branches leaving any state and to achieve the bound there must
be at least that many symbols in our alphabet. Table 3.5 lists the results of the
application of equation (3.33) for bit rates of r = 1,2,3 and values of L from 1 to
4. There are a number of trends to be noted from table 3.5 and equation (3.33).

L=1 L=2 L=3 L=4
v | bits/symbol || bits/symbol | bits/symbol || bits/symbol
2 3 112 2 3 12

O 3 O v A W N e
W 0 ~I O U A W |
L I S U U \CR O
ORI IC R ORI R NCUR NC R Sy
o o O O A A N
= SN U G SO ORI N
NN CI I CRE U Ol o
© O O O O O W w |-
D O O W W W W
W W W W W W w W
co oo GO GO W R A
o R R R R R R
N N Y Y N O U S O

10 12

Table 3.5: Maximum attainable diversity of multiple symbol per branch trellis codes.

For larger L, there is a potential for greater diversity for a low number of states. To
take advantage of the greater diversity offered by codes using a higher L requires a
move to a far greater number of states. For example for an L = 4 code transmitting
2 bits/symbol can achieve a diversity of 4 easily for a low number of states but no
improvement can be made until the number of states is increased to 256. Careful

study of table 3.5 shows that there are potentially a number of particularly good
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codes. For example, L =2, r =2andwv =4; L =3, r =2 and v =6; or L = 4,
r=1and v =4
The attainable squared product distance for PSK based codes is bounded by

2 <4l (3.36)

Pmaxr —

where [ is the diversity of the code. The upper bound of equation (3.36) is a result
of the greatest squared Euclidean distance between two signal points in a PSK

constellation equalling 4.

3.6 Summary.

In this chapter we have reviewed the technique of signal space coding with maximum
likelihood decoding in context of the chapter 4, 6 and 7. Signal space codes have
the advantage over hard decision coding schemes of making use of the reliability
information of the symbols available at the receiver. We have examined the signal
space code design criteria for the Rayleigh fading channel and compared them to
those of the AWGN channel. An upperbound on the maximum Hamming distance

of trellis codes has been derived.



Chapter 4

Geometrically Uniform Codes

The paper by Forney [41] describes the concept of geometric uniformity of a set
points in Euclidean space. Geometric uniformity means the constellation (or code)
looks the same when viewed from any signal point (or codeword), relative to an
associated distance measure and implies that the error performance of the code
may be completely characterised by considering only one codeword. The work by
Benedetto et al. [2],[3], applies the theory of GU codes to construct good codes for
the additive white Gaussian noise (AWGN) channel. Forney’s definition of geometric
uniformity is based on the squared Euclidean distance measure between points in
signal space, which is the most important coding parameter for codes operating on
the Gaussian channel, because the error performance of the code is an exponentially
decreasing function with increasing minimum Euclidean distance [75], and under
ideal conditions, Euclidean distance is also the metric for ML decoding. However,
channels, such as the Rayleigh fading channel or Rician fading channel, have other
distance measures associated with them. For the Rayleigh fading channel the error
performance is inversely proportional to the signal-to-noise ratio (SNR) raised to the
power of the Hamming distance of the code and inversely proportional to the squared
product distance of the code [22]. However, the maximum likelihood soft decoding
metric for coherent detection and ideal CSI is Euclidean distance. Therefore, for a
code to be considered GU for the Rayleigh fading channel it must not only look the
same from every codeword with respect to Euclidean distance, but also with respect
to Hamming and squared product distance. For this reason we extend the definition

of the geometric uniformity of a signal constellation such that the constellation is

65
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geometrically uniform with respect to sets of distance measures, which allows the
error performance of the code to be evaluated in a similar manner to the AWGN
channel, i.e. by considering only the all-zero codeword. We begin by discussing

distance measures between points in RY.

4.1 Distance measures.

Definition 2 Consider two points x and y in the space RY. A distance measure

D(x,y) is defined as a function of x and y such that

D(x,y) = D(y,x) (4.1)

and

Distance measures are very useful in the context of communication systems. Typi-
cally they are used as a parameter or set of parameters characterising the expected
performance of the system. For example the minimum squared Euclidean distance
determines the performance of a coded system operating on the Gaussian channel,
while squared product distance and Hamming distance characterise the error per-
formance of the Rayleigh fading channel. Distance measures are also useful in the
context of decoding, where with some additional properties to those of equations
(4.1) and (4.2) they are referred to as metrics. A decoder computes the metric, ap-
propriate to the channel and method of detection, between the received vector and
each postulated codeword, and selects that codeword which minimises or maximises
the metric. The form of a distance measure or metric D(x,y) is generally dependent
on the problem for which it is derived. In the context of communication systems,
and particularly coded systems, a useful general form for distance measures is as

follows. First we write the vectors x and y as L-tuples of subvectors of length I:

x = (%X,%X3...,X1), X% € R (4.3)

y = (y17YZ7--- )YL)a Vi € Rl (44)
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and define a distance measure D;(x;,y;) over the subspace R!. We then write the
general form of a distance measure D(x,y) as

D(Xsy):f(dlyd%“' ?dl)? (45)

&‘ggﬂ?

i.e. D(x,y) is a function of the distance measures d; given by:
di _ Dl (Xi, yi). (4.6)
Equation (4.5) is general. Four special cases of interest are

1. Squared Euclidean distance: Denoted by d*(x,y). Here I = 1, Dy(z,y) =
|z — y|? and the function f(d;,ds,...,dy) is given by

L
f(dlad?, adL):Zdz (47)
i=1
Hence &*(x,y) = Liy o — vl

2. Generalised product distance: Denoted by d,,(x,y). Here [ and D, are
arbitrary and f(dy,dy, ... ,dy) is defined by:

L
fldi,dy,. .. dp) = [T Di(xi, i) (4.8)
=1

XiFYi

Note that the product is only over the 2 such that x; # y;.

3. Squared product distance: Denoted by d’(x,y). This is a special case of
the generalised product distance where | = 2 and D; = |x; — y:|? = d(x;, y:).

Hence

di(x,y)= JI Ixi—wl” (4.9)

=1

KiFYi
4. Hamming distance: Denoted by dy(x,y). Here { is arbitrary but in our

context usually equal to two. The distance measure D(x;,y;) is

1 x4y

and f(dy,dy, ... ,dy) = ©&, d;. Hence Hamming distance is defined by

Di(%s,y:) = { vy (4.10)

dH(x,y):i: 0 ==y (4.11)

=1 | 1 x#y:
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Squared Euclidean distance is the most common distance measure occurring in com-
munication systems. It characterises the performance of a coded system operating
on the Gaussian channel and is also the ML decoding metric for both the coher-
ently detected Gaussian channel, and as shown in chapter 2, the metric for decoding
sequences transmitted over the Rayleigh fading channel assuming ideal CSI.

Special cases of the generalised product distance occur in the characterisation of
the error performance of codes operating on the Rayleigh fading channel. For exam-
ple the pairwise probability of error is inversely proportional to the squared product
distance between code sequences. In chapter 7 on multiple symbol differential de-
tection we present a special case of the generalised product distance important for
differential detection.

The Hamming distance as defined by equation (4.11) is a measure of the number
of subvectors different between two vectors. It is generally useful only when mea-
sured between vectors of elements drawn from a common finite alphabet. Hamming
distance determines the asymptotic slope of the probability of error characteristic of
codes operating on the Rayleigh fading channel. Stemming from this discussion we

make the following definitions:

Definition 3 We define the set D to denote a set of distance measures over RV,

i.e.
D e {D}, Dg, e ,Dn} (412)
Note that each D; is defined over the same number of dimensions NN,

Definition 4 We will denote the set of distance measures pertinent to the additive
white Gaussian noise (AWGN) channel by

Dy = {d%} . (4.13)
and the set of distance measures pertinent to the Rayleigh fading channel by
Dy = {d?,d2,dg}. (4.14)

Now that distance measures are understood we continue the discussion with map-

pings that are invariant under a distance measure or set of distance measures.
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4.2 Isometries.

Consider a real N-dimensional space RY with an associated set of distance measures
D(x,y) = {D1(x,¥), Da(x,¥),. .-, Du(x,¥)} for x € RN, y € RY, where each

distance measure D;(x,y) is as defined by definition 2.

Definition 5 An isometry relative to the set of distance measures

D ={Di(xy), D2(x,¥), ..., Dn(x,¥)} (4.15)

is a mapping u : RY — RN such that, given any two points x € RN, y € RV,
Di(u(x),u(y)) = Di(x,y) for all D; € D, i.e. the mapping is distance invariant

under each distance measure D; in the set D.

This definition is a generalisation of the definition of an isometry used by Forney
[41], which is defined as an invariant mapping under Euclidean distance. The two

are equivalent for D = {d*(x,y)}.

Definition 6 We denote the set U(D) to be the set of isometries in the space RY
relative to the distance measure D, and U(D) to be the set of isometries relative to

D.

Note that the size of U(D) is a function of the number of dimensions N over which
D is defined.

Theorem 2 Let D be a set of n distance measures, D = {Dy, Dy, ... D,}. The set

of isometries relative to the set of distance measures D is

U(D) = U(Dy) (4.16)

Proof: From set theory and definition 5 it is clear that U (D) must be the intersections
of U(D;). |

4.2.1 Isometries under Fuclidean distance.

First we will discuss isometry mappings under the distance measure of Euclidean
distance, i.e. D(x,y) = {d*(x,y)}. From the study of geometry, two classes of

isometries for squared Euclidean distance are:
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1. Translations: t(x) = x+7, for 7 € RV,

2. Orthogonal transformations: 7(x) = Ax, where A is an orthogonal matriz; i.e.,
A is an N x N matrix such that ATA = I, the identity matrix. It follows
from the orthogonality of A that detA = +1. If detA = +1, then r is a pure
rotation; if detA = —1, then r is a rotation with reflection and if detA = —1

and A? = I then r is a pure reflection.

It can be shown that any isometry u of RY can be uniquely expressed as the com-

position of an orthogonal transformation A with a translation ¢:
u(x) = Ax+ 7, (4.17)

where A is an orthogonal matrix and 7 is an element of RY. Figure 4.1 illustrates

a translation, a pure rotation, and a pure reflection. For example, in the space R?,

B c</
g <

(a) (b)

N\

D

© (d)

Figure 4.1: Isometry mappings of a figure ABCD in R*. (a) The original. (b) A translation.
(¢} A pure anti-clockwise rotation of 90° about the origin. (d) A pure reflection about the vertical

axis.

the orthonormal transformation matrices can be shown to be one of the two forms:
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. Pure rotation: Denoted by the matrix 4 and given by

cos¢ —sin
Ry = ¢ ¢ (4.18)
sin¢g cos¢
and represents an anti-clockwise rotation about the origin by the angle ¢. It is
a pure rotation because the determinant of R, is det R, = cos® ¢ +sin® ¢ = 1.
For example the 90° anti-clockwise rotation about the origin of figure 4.1(c) is
represented by the matrix
0 -1

1’8900 = B (4.19)
1 0

. Pure reflection: Denoted by the matrix V,

cos 2 sin 2
Vg = ¢ ¢ (4.20)

sin2¢ —cos2¢
and represents a reflection about the line passing through the origin and
meeting the horizontal at angle ¢. It is a pure reflection because detV; =
—cos? ¢ —sin® ¢ = —1 and (V,)? = I. For example the reflection about the
vertical axis of figure 4.1(d) is represented by the matrix

-1 0

0 1

4.2.2 Isometries under generalised product distance.

Given two vectors, written as a concatenation of length [ subvectors, x = {x;, %y,

oo Xt ¥y ={y1, ¥2, ...,y } and a distance measure D; over R!, the generalised

product distance from equation (4.8) is defined by

L
dgp(%,¥) = H Dy(xi,y:) (4.22)

g

XiEYs

From this definition we may readily define three classes of isometries relative to dgy:

1. Permutation mappings p over the subvectors of x;. Clearly if the subvectors

of x and y are permuted in the same manner, then the distance measure d,
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is invariant by the commutative property of the multiplications in equation

(4.22). A permutation mapping may be written as
p(x) = Ayx (4.23)

where A, is a permutation matrix. From combinatorics, the number of distinct
permutation mappings is L!. An example of a permutation matrix A, for L = 3

and [ = 2 is

010
Ap=| T 00 (4.24)
00 I
10 -
where I = . This instance of A, swaps the first two elements of the
01
vector it operates on.
. The mapping u of x = {x;, %3, ... ,x} of the form
u(x) = {uy(x1),u2(xa), ... ,ur(xg)} (4.25)

where each wu;(x;) is an isometry relative to the distance measure Dy, i.e.

Dy(ui(x;)) = Dy(x;). The mapping v is an isometry because
L
dgp(u(x)yu(y)) = 1T Dilwi(x), wilys)

=1
wi (3 )£ (y3)

- H Di(xs,y:)

i=1

XAV

= dg(x,y). (4.26)

3. Compositions of permutation mapping p and the mappings v defined by equa-

tion (4.25). If both p and u are distance invariant relative to dg, then the maps

p(u(x)) and u(p(x)) are invariant also.

4.2.3 Isometries under squared product distance.

Squared product distance is a special case of the generalised product distance and

is defined by:

L
dx,y) = I Ix -l (4.27)

X FYi
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which implies Dy(x;,y;) = d?(x;,y;), the squared Euclidean distance measure, and
[ is typically equal to two. We may combine the results of sections 4.2.1 and 4.2.2

to define the three classes of isometries of the distance measure d2(x,y).
1. Permutations of the length I subvectors of x;. We write this isometry as
p(x) = Ayx (4.28)
where A, is a permutation matrix.

2. From section 4.2.1 we know that the isometries of squared Fuclidean distance
are of the form u = Ax + 7, where A is an orthonormal matrix, hence from

equation (4.25) a second class of isometries of df,(x, y) may be written as

u(x) = Apx+ 7 (4.29)
where
Ay
A
Ay = ‘ (4.30)
Ag
and
T
.
T = 2 : (4.31)
TL

Each A; is an [ x | orthonormal matrix, and each 7; is a length [ vector.
3. The composition of permutations and wu:
w(x) = A,(Aux+71)

== APAMX “+ APT
— Ax —}— ’?J (4.32)

which is of the form of equation (4.17), the isometries under Euclidean distance.

The isometries relative to squared product distance are a subset of the isometries
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relative to squared Euclidean distance because det A = det A, det Ay = £1, and A

is orthonormal because AT A = (A, Ay )T ApApr = I. Hence we have the relationship:
V(&) C U@), (133

which states that the isometries relative to squared product distance are a subset of
the isometries relative to squared Euclidean distance. Equality of equation (4.33) is

met for | = L, i.e. then we have d? = d®.

4.2.4 Isometries under Hamming distance.

Hamming distance is defined by

L

dH(Xa Y) - Z

=1 | 1 X #Yyi

0 xi=y;
ey (4.34)

And similarly to the generalised product distance of section 4.2.2 there are three
classes of isometries given by
1. Permutations over the subvectors x;.

2. The mapping u of x = {x1,Xs, ... ,x1} of the form

uw(x) = {u1(x1),u2(x2), ... ,ur(xr)} (4.35)

where each u;(x;) is an isometry relative to the distance measure Dy, i.e.

Dy (ui(x;)) = Dy (x;), which implies u; is such that

3. The compositions p(u(x)) and u(p(x)) of permutation mapping p and the

mappings u.

An example of an isometry mapping of the form of equation (4.35) and satisfying

equation (4.36) is u; = d*. In general we have
U(d2) C U(dn). (4.37)

i.e. the isometries relative to squared product distance are a subset of the isometries

relative to Hamming distance.
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4.2.5 Isometries under Dg.

The set of distance measures denoted by the symbol Dy is defined in section 4.1 and

contains the elements
Dr = {de‘g’ cfé, dy} (4.38)

and is important for the analysis of the performance of a coherent communication
system operating on the Rayleigh fading channel. From theorem 2 of section 4.2 the

set of isometries relative to Dy are

U(Dr) = UW)nU(E) N U(dx)
= U(®) (4.39)

where the result has been obtained from the application of equations (4.33) and
(4.37), i.e. the isometries relative to Dy are the isometries relative to the distance

measure d?,,

4.3 Symmetries of constellations.

So far we have discussed mappings over a continuous space that are invariant over
a distance measure or a set of distance measures. Now we apply these mappings to

a signal constellation S, a set of discrete points in R, and define a symmetry of S:

Definition 7 Let S be a signal constellation in a real N-dimensional space RY. An
isometry under the set of distance measures D(x,y) which maps a constellation S

to itself is called a symmetry of S relative to the set of distance measures D(x,y).

In general, the set of symmetries of S forms a group under the composition of
mappings, called the symmetry group I'(S, D) of S, relative to the distance measures
D. When the set D is clear, or not relevant from the context of the discussion, we
simply write I'(S) to denote the group of symmetries of S. Clearly I'(S,D) C
U(s, D).

The class of conventional balanced M-PSK constellations defined in two dimen-
sions, hence [ = 2 and L = 1, is an example of a set of highly symmetrical signal
constellations. A member of this class is S = 8- PSK shown in figure 4.2. The

symmetries of S relative to the set Dg are discrete rotations and reflections about
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Figure 4.2: Two example symmetries of an 8-PSK constellation.

the origin. Equation (4.18) gives the general form of a rotation in R? and the set
of rotation symmetries of 8-PSK are the matrices Ry,, where ¢; = {f- radians, for
i=0,1,...,7. Similarly equation (4.20) gives the general form of a reflection in R?
and the set of reflection symmetries of 8-PSK are the matrices Vy,, where ¢; = %
radians, for ¢ = 0,1,...,7. A shorthand notation to denote these symmetries are
the symbols rg,71,...,77 to represent the corresponding eight rotation symmetries
and vg, vy,... , vy to represent the corresponding eight reflection symmetries. These

sixteen symmetries form the symmetry group of S = 8-PSK:

F(SS—PSK) = {7‘0, T1,72,73,7T4,75,Te6, 77, V0, V1, U2,U3,U4,U5,U6,U7}

(4.40)

which is isomorphic to the dihedral group Dg (see appendix D reviewing the funda-

mentals of group theory).

4.3.1 Symmetries of M-PSK.

In general the symmetries of M-PSK relative to the set of distance measures Dy is

the set of orthogonal transformations

['(Sam—psk, Pr) = { Ry, Vi, } (4.41)

where 1 =0,1,... , M — 1, the matrices Ry, and V,, are defined by equations (4.18)

and (4.20) respectively, and ¢; = 2—1\7}1 The symmetry group is isomorphic to Dj,.
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4.3.2 Symmetries of L x M-PSK constellations.

The L-fold Cartesian product of an M-PSK constellation &' is a multi-dimensional
constellation existing in R?F and is written as S¥. If ['(9) is the symmetry group of
S, then [['(S)]F is certainly a group of symmetries of S* but it is not the complete
symmetry group of S, Benedetto et al. [3] have shown that the symmetry group of
an I x M-PSK constellation relative to the distance measure set D, is isomorphic

to:

D(SE) ~ { Pa o (22 M =4 (4.42)

P e (Dy)Y M even and M > 4

where P, is the symmetric permutation group on a set of n elements, and the
operator e represents a direct product. The case for M = 4 is special due to the
additional symmetry resulting from the ability to write a 4-PSK constellation as the

square of the 1-dimensional GU constellation {—1,1}. The number of elements in
I'(SL) is given by

QLML Af =4
N IR (.43
LY(2M)Y M even and M > 4

Theorem 3 The symmetries of L x M-PSK relative to the set Dy are the same as
the symmetries of L x M-PSK relative to Dy for M > 4, while for M = 4, they are

a subset of Dy. i.e.

D(SE,Dg) cT(SH,Dy) M =4 (4.44)
T(SE, Dg) =1(5%Da) M >4 (4.45)

Proof: Since U(Dg) C U(D4) we must have

(S, Dr) C I(S, Da). (4.46)
We have shown that the isometries of Dg are of the form

u(x) = A,(Ayx +7) (4.47)

Clearly translations need not be considered as symmetries of L x M-PSK and 7 = 0.

Equation (4.47) then reduces to the linear transformation

u(x) = ApAux (4.48)
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where A, is a permutation matrix over L elements of dimension [, and A, is of the
form of equation (4.30). For u to be an element of I'(S¥, Dg), each 2 x 2 submatrix
A; of Ay must represent a symmetry of M-PSK given by equation (4.41). Hence
the number of elements of I'(S%, D) is |4,||Au| = L x (2M)". For M > 4 we have
ID(SE, Dr)| = TS, D,4)|, and T'(SE, Dr) CT(S,Dy), and therefore

0(SY, Dg) =T(S*,Dy), M >4 (4.49)
For M = 4 we have [['(S¥, Dg)| = L! x 4% # |I'(S%, D4)| except for L =1, and

D(SE, D) =T(S%,Ds), M=4, L=1 (4.50)
N(SY, Dp) CT(SH,Dy), M=4, L>1, (4.51)

completing the proof.
The composition of two symmetries u;(x) = Ap, Ap, and us(x) = Ap, App, may

be written as

U (UQ(X)) = AP}_AMLAPzAMzX
- (Am Azjzl) (ApzAML Apz AMz)x

which is a matrix in the form of equation (4.48) and equation (4.52) may be used

to define the operation table of the symmetry group of L x M-PSK.

4.3.3 Notation for symmetries of L x M-PSK.

The codes presented in this chapter are based on L x M-PSK constellations and the
description of the code generators are in terms of vectors of elements of the symmetry
group of the underlying constellation. We have shown that the symmetries of L x M-

PSK relative to Dp are of the form
u(x) = A, Apyx (4.53)

where A, is a permutation matrix over L elements and Ay is a matrix of the
form of equation (4.30), where each submatrix A; corresponds to a symmetry of
M-PSK. A shorthand notation is to write a symmetry » as a concatenation of

two shorthand notations corresponding to A, and Ay respectively. The matrix
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A, represents a permutation over L elements and can be written from the group
algebra of permutation groups as the resultant vector of the permutation operating
on the vector (1,2,...,L). For example the permutation represented by the matrix

of equation (4.24) may be written as
p=1(2,1,3) (4.54)
or using a cycle notation [60] as
p=(1,2) (4.55)

The matrix Ay can be described by a vector m of L elements, where each element
represents a matrix A;. From equation (4.41) we can represent each A; by an el-
ement from the set {rg,m,... ,7p—1,%, V1, .. ,Un—1}. Hence we write u as the

concatenation of p and m.
1 = pm, (4.56)
An example 1s
u=(1,2)(rg,ry,vs). (4.57)

If permutation symmetries are not considered then u is written simply as a vector

over elements of I'(Syspsx)-

4.4 Geometrically uniform signal sets.

The comprehensive work by Forney [41] defines the conditions for geometric unifor-
mity of a signal set S in terms of the symmetry mappings of S. Now we extend the
Forney’s definition of the geometrical uniformity of a signal set to the geometrical

uniformity of a signal set relative to a set of distance meagures D:

Definition 8 Let S be a signal set and D(x,y) a set of distance measures. The
signal set S is geometrically uniform relative to D(x,y), if for any two points s and
s in S, there exists a symmetry u relative to D(x,y) of S that maps s to s', while

leaving S invariant, i.c.

u(s) = ¢, (4.58)
u(S) = S. (4.59)
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For example consider the constellation S = 8-PSK shown in figure 4.2, and the set
of distance measures Dg. The symmetry group relative to Dg is given by equation
(4.40). By inspection there exists a symmetry that maps any point in S to any other

point in S and therefore 8-PSK is GU with relative to Dg.

4.4.1 Symmetry properties of GU signal sets.

Here we reproduce, in the context of our definitions, two of the main results by
Forney [41] on the symmetry properties of GU signals sets. Essentially geometric

uniformity of S implies that S looks the same when viewed from any of its points.

Decision regions.

Given a decoding metric D(x,y), the decision region Ry (s) associated with a point
s of a signal constellation S is
Ry(s) ={x € RY : D(x,s) = minyes D(x,5)}, (4.60)

i.e. the set of points x in RY where the metric D(x, s) is less than or equal to the
metric D(x, s') measured between x and any other point ' € S. If D(x,y) = d*

then the decision region of s is referred to as the Voronoi region of s.

Theorem 4 If S is a geometrically uniform signal set relative to the distance mea-
sure set D, and s and s’ are points in S, then
uw(Ry(s)) = Rv(s") (4.61)

where u is a symmetry mapping s to s'.
Proof: By definition, x € RY is in Ry (s) if and only if

D(x,s) = min D(x, s") (4.62)

s"eS

If s’ is another point in S, then there exists a symmetry u such that u(s) = ¢', and

u(S) = S. If w is such a symmetry and x is in Ry(s) then u(x) is in Ry (s') because

D(u(x),s) = D), u(s))
= D(xs)
= PPk
= min D(u(x), u(s"))
= min D(u(x),s") (4.63)

st GS
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where as s” ranges through 5, so does 5" = u(s").

Distance profiles.

The distances seen by a point in a constellation & to the other points in § charac-

terises the error probability of that point.

Definition @ The global distance profile associated with any point s € S and a

distance measure D is the set of distances to all points in S measured by D:
DP(s,D)={D(s,s),s € S} (4.64)

Theorem 5 Let S be a geometrically uniform constellation relative to the set of
distance measures D. If D € D then all points s € S have the same global distance
profile DP(s, D).

Proof: Let s and ¢' be two points in § and u a symmetry of S mapping s to s'. The

distance profile of s equals

DP(s,D) = {D(s,5"),s" € S}
= {D(u(s),u(s")),s" € S}
= {D(s',u(s"),s" € S}
= {D(s"y),y€ S}
DP(s', D) (4.65)

where as s ranges through S so does y = u(s").

In the context of communications, the importance of theorem 4 is that all decoder
decision regions have the same shape (assuming equiprobable signal point transmis-
sion). Theorem 5 implies the probability of error is identical for each transmitted
signal point, and hence the probability of error of the system can be calculated by

considering only one (arbitrary) signal point.

4.5 Generating groups.

The symmetry properties of geometrically uniform constellations have been char-
acterised, and we may induce group properties on the constellation by defining a

mapping between S and a group. Such groups are generating groups [41].
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Definition 10 Let S be a geometrically uniform constellation with symmetry group
I'(S). A generating group G(S) of S is a subgroup of I'(S) sufficient to generate S

from any single point in S, i.e.
Vsp € 5 {g(s0),9 € G(S)} =15 (4.66)

The map from G(S) to S induces a group structure on S that is isomorphic to
G(S). In general a GU constellation has multiple generating groups. For example

the constellation S = 8-PSK has exactly two generating groups given by
G1(8-PSK) = {7’0,7;1,7‘2, T3,T4,T5,T6, 7} (4.67)
and
G2 (8-PSK) = {ro, 72, 74,76, V1, Us, Us, U } (4.68)

These two groups have a different group structure. The group G, is isomorphic to
the abelian group Zs, while G4 is isomorphic to the non-abelian group D;.
Benedetto et al. [3] have shown that a necessary and sufficient condition for a

subgroup G of I'(S, D), such that |G| = | S|, to be a generating group of S is:

VgeG,g#e

4.69
As; € S such that g(s;) = sy, ( )

i.e. no element of G can leave unchanged an element of the constellation S. This
definition may be used to help construct the generating groups of S as will be shown
in section 4.8.3.

In general there are exactly two generating groups of an M-PSK constellation.

One isomorphic to Zj; and one isomorphic to Das/s.

4.6 Geometrically uniform constructions.

A very useful property of geometrically uniform constellations is the ability to con-
struct more geometrically uniform structures starting from a GU constellation [41].

The two main constructions are:

1. Powers of GU constellations: If S is a GU constellation then S% is also a

GU constellation. If G(S) is a generating group of S then G(S) is a generating
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group of SL. If I'(S) is the symmetry group of S then in general we have
[D(S)] € Py e [D(S)]F S T(ST) (4.70)

where Py, is the symmetric permutation group of L elements. Equation (4.70)
implies that the complete symmetry group of S is not simply the L-fold direct

product of the symmetry group of S and also includes other symmetries.

2. Subgroups of generating groups: If S is a GU constellation and G(9) is a
generating group of S then a normal subgroup G’ of 7 induces a partitioning
of S into S’ and its cosets. The set S’ is geometrically uniform and has G’ as

a generating group.

The proofs of these constructions are in Forney’s paper [41]. The power of construc-
tions 1 and 2 is that they can be applied recursively. Starting from a simple GU
constellation S with a generating group G, we may apply construction 1 to create
a GU constellation with L times the dimensionality. From construction 2, the sub-
groups of G define a large set of new geometrically uniform constellations. The
creation of geometrically uniform trellis codes is based on the application of these

constructions.

4.7 Geometrically uniform trellis codes.

Now that the properties of geometrically uniform signal sets have been established
we are interested in systematically constructing signal space codes with the same
properties as a GU constellation. From section 3.3 of chapter 3 we have shown that
any signal space code may be written as a subset of a power of an underlying signal

constellation, i.e.
cc sy (4.71)

A connection may readily be made with geometrically uniform constellations. We
have seen from section 4.5 that a geometrically uniform constellation has associated
with it a generating group G(S). The direct powers GV (S) of G(S) are generating
groups for the geometrically uniform constellation S¥. Any subgroup H of GV(S)

therefore defines a subset of SV and forms a signal space code. From construction
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2 of section 4.6 this set of points is geometrically uniform and forms a group code
[69]. The comprehensive work by Forney and Trott [42] shows how to construct a
minimal encoder for any group code based on the decomposition into elementary
constituents, called granules. This decomposition is very general, and includes time-
varying codes. We will reiterate some of the results by Forney and Trott in context

of our discussion to explain the construction of the codes presented.

4.7.1 Linear codes over groups.

Definition 11 A code C is a set of sequences C = {cg, k € I}, defined on a discrete

index I. The symbols ci, are drawn from groups Gy, k € I.

The code C is linear if the code sequences form a group under component-wise group
operation. In the context of the codes defined in this chapter the code symbols are

drawn from a generating group G, i.e. Gy = G and C is called a linear code over G.

Definition 12 Given a subset J C I, the projection Py : W — W is the map that
sends a sequence g € W to the sequence h € W defined by
, ifked
h =4 90 Y (4.72)
0, ifkegJ
It can be shown that the image of C under the projection Pj is a subgroup of C
denoted P;(C). The subset J is typically an interval. For example, Py, ) denotes
the projection onto the interval J = [m,n). In the notation for intervals, a square
bracket is inclusive and a round bracket is exclusive. Therefore for the example

interval J = [m,n) we have m € J, while n & J.

Definition 13 If a linear code C is generated by all code sequences ¢ € C of length

v+ 1 or less then C is referred to as v-controllable.
The sequences that generate a code are called the code generators.

Definition 14 The j-controllable subcode of a linear code C is defined as the code
C; generated by the sequences in C of length j +1 or less:

Cj =1 Cwprsr (4.73)
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In general we have for a v-controllable code C that
COQC1§ﬂ°v_C_CU:C (474)

which forms a normal series. There is a one-to-one correspondence with the chain

coset, decomposition
C & C() X (Cl/CO) Xooeo X (Cv/Cv_l). (475)

Given that a linear group code may be decomposed in the manner described by
equations (4.73) and (4.75) we may construct a group code by appropriately defining
the subcodes C;. We use the form of a general feed-forward convolutional encoder

to define the codes C; as described in the next section.

4,7.2 Encoder structure.

The general structure of a trellis encoder for the codes of our interest is shown in
figure 4.3. The encoder consists of & binary tapped delay lines. The number of delay
elements in the i** line is I; and ranges from 0 to v. The delay lines are drawn
in order of increasing length from the top of the diagram downwards. Each tap of
each delay line is weighted by an element g;; from the group G. If a segment of the
delay line is active (i.e. contains a 1) the corresponding weight contributes to the
current output by addition using the group operator. We may observe that if the
encoder is in the zero-state and a one is entered into the i input at time k then

the contribution to the output starting at time & is the sequence

{gi07 g1, - - )gili} (476)

These sequences are called the code generators. We define the set S; to contain the

generators of the encoder of length 4, and denote the elements of 5; by
S; = {81, 52,..-} | (4.77)

The purpose of a code search is to select the weights g € G of the tapped delay line
such that the encoder structure of figure 4.3 forms a linear group code and hence a
geometrically uniform code over G. We may do so by applying the results of Forney
and Trott given in section 4.7.1 to figure 4.3. We know from equation (4.74) that a

group code can be decomposed into chain of subgroups. The i group in the chain
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Figure 4.3: General structure of a convolutional encoder for the generation of trellis codes.

is composed of all the length 7 sequences in C. From equation (4.73) it is clear that
the group C; cannot contain the elements of the set .S; for 5 > 4. Therefore the
subcode () is generated by the elements from the set Sy and we must select Sy such
that it forms a group. The group C; contains the group Cy which is generated by
the elements from S;. Since the elements from S5 and above cannot be in C; we
know that C; must be formed from the union of Cy and its cosets, where the coset
representatives are the elements generated from S;. Hence S; expands Cy to Ch.
Similarly S5 expands C; to Cy etc. up to S, expanding C,_; to C, = C. The code
construction strategy is therefore to first select the elements of Sy such that (Sp)
forms a subgroup of G. We then have Cy = (Sp)¥. The next step is to select the
elements of S such that C; = (Cy, S;) forms a group etc. until all generators are

defined.

An example trellis encoder is shown in figure 4.4. The figure is drawn using a

shorthand notation of the general encoder of figure 4.3 where the generators have
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(v1,72)

(TO‘J Ul) _ z{}i ((L’Ba* ’U}_)

v

Ui

(v3,72) | A (7"’0,’03),

Figure 4.4: An example trellis encoder of a code transmitting 1.5 bits/symbol using S = 2 x 4-
PSK.

been written directly on the tapped delay lines instead of as multipliers of the lines.
The generators are elements from the generating group G of 2 x 4-PSK isomorphic

to (D,)? and given by

G = {(ra,70), (v1,70), (To,72), (ro, v1)) (4.78)
A notation for the encoder is to describe it by the encoder matrix

(’2)1, 7’2) (7’0, ?’0)
Ge=1 (ro,v1) (vs,1y) (4.79)

X ('U33 7‘2) (rO) 'US)

and a more compact notation is to write down the generators separated by semi-

colons.

G, = {(v1,79); (ro,v1), (vs,v1); (v3,72), (10, v3) } (4.80)

The encoder consists of three tapped delay lines, one of length zero, and two of

length one. The sets Sy and ) are
So = {{(v1,72)}} | (4.81)
and

St = {{(ro, v1), (vs, v1) }, {(v3, 72), (r0,vs) } }- (4.82)

From figure 4.3 we observe that the tapped delay lines of length zero do not encode

the incoming bits, and these are referred to as the uncoded input bits. Of the b bits
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entering the encoder, the number of uncoded bits is denoted b, and the remaining
b, bits are the coded bits. The number of uncoded bits determines the number of
parallel branches in the trellis diagram of the encoder. The set of parallel branches
forms a group called the parallel transition group P of the code. The parallel group
is related to Sy by

P = (5) (4.83)
The order of P is
|P| = 2% (4.84)

In general if the encoder of figure 4.3 is constructed over an L-dimensional constel-
lation and b input bits are accepted per trellis interval then the spectral efficiency r

of the code in bits per two-dimensional symbol is

v=3"14 (4.86)

4.7.3 Decoding complexity.

The most efficient method of maximum likelihood decoding of trellis codes is the
Viterbi algorithm [38] described in section 3.5.1 of chapter 3. The core of the al-
gorithm consists of computing the minimum cumulative metric entering each state.
This is done by extending the branch metrics of all branches entering a state and
retaining the minimum. If the trellis has parallel branches then the branch metric
is the minimum metric from the parallel set to the received vector. The nowﬂalz’sed
decoding complezity has been defined by Wei [77] and others [73] as the number
of distinct trellis transitions to be dealt with by the decoder per two dimensional
symbol received. If v is the constraint length of the encoder, b, is the number of
coded bits and L is the number of two dimensional symbols per branch then the
normalised trellis complexity of a code C is defined by

2’U+bc

&r(C) = —— (4.87)
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We will refer to &7(C) as the normalised trellis complezity or simply the trellis com-
plexity of the code C. This definition ignores parallel branches in the trellis which
are not very significant when their numbers are small (e.g. two or four). However
geometrically uniform trellis codes over multidimensional constellations can often
have large parallel groups and these need to be accounted for when considering the

decoding complexity. The number of cosets of the parallel group in the code is
N, = min(|G|/|P], 2°*") (4.88)

where G is the generating group, and we define the normalised parallel group de-
coding complexity by
P
e(c) = M) (4.89)
L
where NN, is the number of cosets of P in the code, and {(P) is the decoding com-

plexity of P. We define the modified normalised decoding complexity of a trellis
code by

¢(C) = £r(C) +£p(C) (4.90)

i.e. the sum of the trellis complexity and the parallel group complexity.

4.7.4 Computation of ¢(P).

To decode the parallel group P, we need to compute the metric between each element
in P and the received vector r. However since P is a sub§r0up of GG it forms a linear
subcode and is written as a trellis. In general this trellis is time-varying and starts
and ends in the zero state. If at time & the trellis has T}, states and B branches

then the decoding complexity of the trellis is

E(P) =) BTy (4.91)
P
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For example if P is the subset of points from a 6 x 4-PSK constellation generated

by the nine generators

P = ((ry,72,72,72,70,70),

To,T2,7T0,7T2,70,7T0

)

r, ", 7T1,71,70,70),

( 7o)
( 7o)
(ra,71,72,71,70,T0),
(T0,70,T0, 70, T2, T2)
( T
( T
( T

(4.92)

Y

2

)

0
To:T0,T0, 70,70, )
To,To,To, To, 1, 1)7
To,T0, 70,70, T2, 1)

)

To,T0,T2,T2,T2, TZ))

then there are a total of 512 points. Clearly an exhaustive comparison to find
the minimum distance element is computationally expensive. Alternatively we may
construct an equivalent trellis representation of P. To do so we need to find the
minimal representation as described in the paper by Forney and Trott [42]. For the
example set of generators of equation (4.92), the minimal representation is described

by the set of generators given by

P = <(T27 T2)T27T27T0)T0)7

0

)
0);
)

T2,72,70,70, 70,
T, T0,71,70, 70,

To,T1,72,7T0,70,70),

)

(4.93)

T0,7T0,T1,71,T0,70),

T0,T0,70,70,71,T0

3

( 7
( T
( T
(r0, 72,71, 72,70, T0
( 7
( T
( T
( 7

)
)
0);
)
)

0
0
To,T0,70,70,72,
0
0

To,To,70,70,70,72),

T0,7T0,7T0,70,70,7T1 >

The skeleton of the corresponding trellis diagram of the group P is shown in figure
4.5 and the minimum squared Euclidean distance to the set P may now be found by
applying the VA to this trellis. The number of metric computations and comparisons
now required is reduced to £(P) =4+ 16+ 16 + 4 +4 -+ 4 = 48, which is a factor of

about 11 less complex than the direct implementation. A coset of P may be written
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Figure 4.5: The trellis structure for the set P.

as P’ = ¢P and its trellis is identical to that of P, with each branch modified by the
coset representative g, hence £(P') = £(P). In general a reduction in complexity is
possible only if |P] is large.

The next section describes the algorithms used to construct generating groups

and to search for good geometrically uniform codes for the Rayleigh fading channel.

4.8 Code construction algorithms.

We have presented how the code generators must be chosen such that the convolu-
tional encoder of figure 4.3 generates a geometrically uniform trellis code. In this
section we present algorithms that efficiently implement the code search. There are

three main steps:

1. The construction of the generating groups of the underlying geometrically uni-

form constellation. The trellis code search is based on the generating groups.

2. The expansion of each generating group G(S) into a subgroup tree. This step

is a precomputation for the code search algorithm.
3. The trellis code search over the group G(S5).

Each of the the three construction steps relies on the construction of subgroups

of a group. We first present a method of constructing subgroups of a group by the
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technique of cyclic extension, and then discuss each of the above three steps in detail

in sections 4.8.3, 4.8.2, 4.8.4 respectively.

4.8.1 Subgroup construction by cyclic extension.

A computationally efficient technique for constructing subgroups of a group is by
the method of cyclic eztension [9]. This is a general method that constructs a new
subgroup by starting with a known subgroup and adding a well-chosen generator. In
the code constructions we are concerned only with subgroups with orders that are
powers of two, and only use expansions that double the size of the starting group.

This construction is as follows:

Definition 15 Doubling construction: If G is a group and H is a subgroup of G,
then the set H' = {H,hH} forms a group of order 2|H| provided h satisfies the three

conditions:
h ¢ H (4.94)
K € H (4.95)
and
hH = Hh (4.96)

From the last condition we need only consider those elements h € G that normalise

H. The set of elements that normalises H forms a group [60].
Definition 16 The normalising group N(H,G) of a subgroup H of G is defined as
N(H,G)={geG:gH = Hg} (4.97)

If N(H,G) = G then H is a normal subgroup of G.

The doubling construction can be used recursively to construct all subgroups of
a group that are an order of a power of 2. A starting subgroup always exists, namely
the trivial subgroup H = {e}. The recursive construction forms a subgroup tree of a

group G.
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4.8.2 Subgroup trees.

The application of the doubling construction to the trivial group H = {e} forms
subgroups of order two. The application of the doubling construction to these groups
produces subgroups of order four etc. The resulting groups may conveniently be
drawn in a tree structure, where the i* level of the tree contains those subgroups of
order 2' and the branches connecting the levels represent the generators expanding
the group from level 4 to 1+ 1. The algorithm of table 4.1 which is a specialisation of
the cyclic extension method constructs the subgroup tree of a group G of order 2™
[9]. The algorithm works top down by expanding each subgroup at level ¢ using the
doubling construction of definition 15 and placing the resulting subgroups at level
1+ 1. The set A contains the candidate generators for the group at level i under

consideration and elements of A are eliminated under the following conditions:
" 1. The elements not in the normalising group N(U;, G).

2. If Uy; is a subgroup of a group U 1), on level i+ 1 then the elements of U1y,

are eliminated from A thus avoiding the construction of identical groups.

The algorithm begins with Uy = {{e}} and works down to level n, ending with
U, ={G}.

An example of a binary subgroup tree of GG is shown in figure 4.6, where the
group G = {rg, 1,73, 73, v, V1, U2, U3}, the symmetries of 4-PSK. Note that the i™*
level contains those subgroups of order 2¢ and that a path from level 0 to level n

defines a subgroup chain of G.

4.8.3 Construction of generating groups.

The generating groups of s constellation S are those subgroups of the symmetry
group v(S) with the properties given by equation (4.66). To find these generating
groups we may simply scan the appropriate level of the binary subgroup tree of
the symmetry group. However this is inefficient because the size of a subgroup tree
grows exponentially with the size of the symmetry group of the constellation. A more
efficient technique is to use a modification of the binary subgroup tree generation
algorithm of table 4.1 that only generates those subgroups satisfying the criteria

of a generating group. Another reduction in complexity is possible because we are
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Input : G, a group of order 2"

Output : The binary subgroup tree of (7, described by the set U of sets of

subgroups U; at level i, where 2° is the order of the subgroups in U.

begin
Set Up = {{e}}
for1=0tondo
for each subgroup U;; in U; do
A=NUy;,G) = Uy
for each subgroup Uiy, in Uiy do
if Uy C Uiy, then A= A — Uiy, end if
end for
while |A] > 0 do
choose g € A
if g* € U;; then
Uis1 = Upa + (Uij, 9)

A=A—- (U, 9)
else
Ai=A—yg
end while
end for
end for
Outpwt Y ={U; :1=0,1,...,n}

end.

Table 4.1: Algorithm for constructing a binary subgroup tree.

interested in the generating groups only for the construction of codes. Clearly if two
generating groups are such that they have the same group structure and distance

properties then they will produce codes with the same distance properties and hence
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Figure 4.6: An example binary subgroup tree of the group G = {ro, 1,72, 73, v, V1, V2,v3}.
only one of the two generating groups needs to be considered. The following theorem
identifies such groups.

Theorem 6 Two generating groups G1(S) and G5(S) of a signal set S have 1)
the same group structure and 2) the same distance structure if for some element

v e I'(9):

G1(S) = v 'Ga(S)v (4.98)

Proof. 1) The mapping a(z) = vy 'z is an isomorphism hence G; and G are
isomorphic and have the same group structure. 2) The element v is a symmetry of
S and hence the distance structure of Gy is the same as that of GGy, (74 and G are
said to be congruent.

For example consider two generating groups of the 2 x4-PSK signal constellation,
Gl = ((T% 7"0)3 (Th TO)? (T07 7"2), (7”03@1» =~ Z4 X DQ (499)
and

Ga = {(ra,10), (v1,70), (ro,72), (ro,71)) = Dy X Zy. (4.100)
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Clearly G4 and G5 have the same structure and distance properties and can be con-
sidered equivalent for code generation purposes. The isomorphism is G; = vy Gy,
for v = (1,2), i.e. the swapping of coordinates. The algorithm we have used to
construct the generating groups of a constellation is based on the subgroup tree
algorithm and is a modification of that used by Benedetto ef al. [3], to include the-
orem 6 such that no congruent generating groups are constructed. The algorithm is
shown in table 4.2 In general the number of generating groups constructed by the
algorithm of table 4.2 is too large to be practical for an exhaustive code search and
the number considered in practice needs to be reduced. Typically this is done by
considering only specific classes of generating groups. The classes considered for the

code search results we present are discussed on a case by case basis in section 4.9.
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Input : I'(S), the symmetry group of the signal constellation S.
Output : A set of generating groups § = {G1,G,... }.

begin
Eliminate from I'(S) all the symretries different from the identity which
leave unchanged at least one symbol of §. Call the resulting subset ().
Set Up = {{e}}
for: =0ton do
for each subgroup U;; in U; do
A= [N (U, T(8)) — U] NT'(S)
for each subgroup U 1y, in Ujyq do
if Ui C Ugiqyk then A= A~ Uy,
if dyU;; C 7“15’{”1)&7 then A == A — 'y’lU(éH};(y
end for;
while |A] > 0 do
choose g € A
if g> € U;; then
Uip1 = U + (Uij, 9)
A=A~ (Uy,9)
else
A=A-{g}
end if
end while
end for
end for
Output ¢ =U,

end,

Table 4.2: An algorithm to construct the generating groups of a constellation S from the

symmetry ['(S}.
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4.8.4 Code Search Algorithm.

We have described the necessary properties of the code generators such that the
encoder forms a group code. Before these can be applied we need to decide on the
exact structure of the encoder, i.e. the number of input bits & and the lengths of
the tapped delay lines [;. The best configuration of the encoder to give codes with
a high Hamming distance is to have the lengths of the delay lines as nearly equal
as possible. To satisfy this constraint we have in general for a 2¥ state code and b

input bits, a set of tapped delay lines with the following lengths:

number length

(4.101)
b—wv mod b |v/b]
v mod b lv/b] +1

e.g. for b = 2 and v = 5 we have one line with two delay elements and one line
with three delay elements. The parameter b is selected such as to give the desired
spectral efficiency, as given by equation (4.85). For example if we desire a spectral
efficiency of r = 2 bits/symbol and we have L = 2, then a value of b = 4 is
needed. The parameter v is selected based on two opposing trade-offs of coding gain
versus decoding complexity. In general the decoding complexity doubles with each
increase in constraint length v, while coding gain has a diminishing return. Table
4.3 shows the outline of the code search algorithm used for the generation of the

codes presented in section 4.9,

4.8.5 Code evaluation criteria.

The performance of a code on the Rayleigh fading channel is a function of several pa-
rameters. The slope of the probability of error curve is determined by the Hamming
distance, while the product distance dg varies the vertical positioning of the curve.
In chapter 3 we showed that the probability of error of a code may be bounded by
the union bound given by

Perr(C) = z p(co — ¢;) (4.102)

¢, €C

where p(cy — ¢;) is the probability of confusing codeword ¢; for codeword c¢g and

that this equation at high SNR is dominated by the term with the lowest Hamming
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Input :G(S5), a generating group of 5,
a list of values for |S;], 1 <j <wv.

Output : A set of code generators 5;, 1 <j <w.

begin
A = {e};
for j=1tov do
A = Apj-gpug
for i =1 to logy |5;| do
e choose an element a € G¥(S),a ¢ A,a” € A;
A=A+aA
if the distance properties of subcode A are worse than the best found goto e
S;j=58+a
end for
end for

end.

Table 4.3: Trellis code search algorithm.

distance. To compare codes we compute the minimum Hamming distance, and the
associated weighted product distance defined by equation (3.27) of chapter 3. If
there is a tie we use equation (4.102) to select the better code. Equation (4.102)
effectively makes a decision on the higher diversity terms, i.e. on the sequences that
have a Hamming distance greater than the minimum Hamming distance from the

all-zero codeword.

4.9 Results.

In this section we present codes discovered by the application of the algorithm of the
section 4.8.4, We have investigated codes with spectral efficiencies of 1 bit/symbol
and 2 bits/symbol. For each case we describe the generating groups searched. The

code tables list the properties of the best code discovered for each encoding scheme.
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The generators corresponding to the codes listed have been placed in appendix E.

4.9.1 Codes transmitting 1 bit/symbol.

We first investigate codes transmitting 1 bit/symbol. These codes are of interest
as they may be mapped onto 2 bit/symbol 16-QAM codes with distance properties
better than that of equivalent complexity 2 bit/symbol encoders. Table 4.4 presents
the codes over the constellation S = 1 x 4-PSK with the best distance properties,
for v = 1 to v = 8. These codes do not have parallel transitions and are constructed
over the generating group isomorphic to D2, Note that the Hamming distance of the
codes meet the bound of equation (3.33) of chapter 3 on the maximum attainable
Hamming distance for a given value of L and constraint length v, for up to v = 7.
The minimum squared product distance is high and typically doubles with each
increase in constraint length. The weighted squared product distance of the codes
is on average less than the minimum squared product distance, except for v = 1

and v = 2, and implies a degree of multiplicity. As an interesting aside, in table

1 bit/symbol 1 x 4-PSK
vidg | d | d2, | €&p(C) | &r(C) | €(C) | plot
11 2 8 8.00 0 4 4 -
21 3 32 32.00 0 8 8 -
31 4 64 | 42.67 0 16 16 -
41 5 | 128 51.2 0 32 32 -
51 6 | 256 | 64.0 0 64 64 -
6| 7 | bl2 | 157.54 0 128 | 128 -
71 8 | 1024 273 0 256 | 256 -
81 8 | 8192 | 4096 0 512 | 512 -

Table 4.4: Properties of 1 x 4-PSK codes transmitting 1 bit/symbol.

4.5 we have listed the properties of codes also transmitting 1 bit/symbol but using
the constellation S = 1 x 8-PSK, i.e. a double of size, relative to 4-PSK. Although
we may intuitively expect that an increase in size of the underlying alphabet of the

code allows for a greater Hamming distance for a given constraint length, this is not
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true. The maximum Hamming distance is bounded by equation (3.33) in terms of
v and L, and not M. As table 4.5 shows, all of the Hamming distances achieved
using 8-PSK are the same as for 4-PSK, however a significant improvement in the
minimum squared product distance of the codes is attained. It is interesting to note
that all of the 1 X 8-PSK codes have a multiplicity of one. The decoding complexity
does not change from 1 x 4-PSK to 1 x 8-PSK. The next set of results are also codes

1 bit/symbol 1 x 8-PSK

vlde | & [ &, [e©]a@]e0)] oot

1] 2 | 13.66 | 13.66 0 4 4 -

21 3 | 54.6 | 54.6 0 8 8 -

31 4 | 1865 | 186.5 0 16 16 -

415 637 637 0 32 32 -

51 6 | 2174 | 2174 0 64 64 | fig. 4.7, curve 5
6| 7 | 8696 | 8696 0 128 | 128 -

71 8 1 5094 | 5094 0 256 | 256 | fig. 4.7, curve 7
81 9 | 20380 | 20380 0 512 | 512 | fig. 4.7, curve 8

Table 4.5: Properties of 1 x 8-PSK codes transmitting 1 bit/symbol.

transmitting 1 bit/symbol but over the constellation S = 2 x 4-PSK, i.e. now we
have L = 2. With a change in L we can expect a change in the maximum attainable
Hamming distance of the code. From table 3.5 of chapter 3 we observe that for
even values of v, the maxiroum attainable Hamming distance improves over L = 1
codes by one, while remaining the same for odd values of v. The codes discovered
and listed in table 4.6 indeed reflect this fact. We observe that the 2 x 4-PSK codes
improve over 1 X 4-PSK codes in two ways. For even values of v the codes over
2 x 4-PSK have a Hamming distance 1 higher than codes over 1 x 4-PSK, while for
odd v the Hamming distances are the same, but the squared product is imnproved
by a factor of two. Note that the decoding complexities are the same for 1 x 4-
PSK as they are are for 2 x 4-PSK for the same values of constraint length v. The
codes searches were performed over all generating groups of 2 x 4-PSK constructed
by the algorithm of table 4.2, and also over (Z,)? and (D,)? individually. It was

found that all of the best codes are over the generating group isomorphic to (Dy)?.
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Although we have not listed the codes, the case of transmitting 1 bit/symbol using
the constellation § = 2 x 8-PSK, similar to going from 1 x 4-PSK to 1 x 8PSK
improves the squared product distance of the codes further, but not the Hamming
distance,

The last set of codes are over the constellation S = 3 x 4-PSK. Again an increase
in L changes the maximum attainable Hamming distance of the codes as listed in
table 3.5. However unlike moving from L = 1 to L = 2, moving from L =2 to L = 3
1s not necessarily an advantage for all values of v. For v = 1, the expected Hamming
distance is three, which is better than L = 1 and L = 2. For v = 2 the expected
Hamming distance is still three, while for L = 2 it is four and therefore is not an
improvement. However for v = 3, the expected Hamming distance is six which does
improve over L = 2. Table 4.7 lists the codes discovered over S = 3 x 4-PSK. We
observe that not all of the codes over 3 x 4-PSK meet the bound of equation (3.33).
For values of v = 1, v = 2, v = 4 and v = 5 the bound is met, while for values
of v =3, v = 6 and v = 7 the codes are one short of the bound. Consequently
the only improvement over the codes discussed so far is for the case of v = 1,
where a Hamming distance of three is attained. Note also that the average decoding
complexity for a given number of states is now greater than for L =1 and L = 2.

In figure 4.7 we have plotted the upperbounds on the pairwise probability of
error of the best codes at each constraint length. The curves have been computed

using the union bound equation (3.25) of chapter 3 combined with the exact pairwise

1 bit/symbol 2 x 4-PSK

vidg | & | 42, |&p(C) | &r(C) | E(C) plot

12 { 16 | 16.00 4 2 6 -

214 32 | 12.80 0 8 8 | fig. 4.7, curve 2
31 4 | 128 | 128.00 0 16 16 | -

41 6 | 256 | 36.57 0 32 32 | fig. 4.7, curve 4
51 6 | 1024 | 512.00 0 64 64 -

6| 8 | 512 64.5 0 128 | 128 | fig. 4.7, curve 6
71 8 | 4096 | 819.2 0 256 | 256 -

81 9 | 1024 | 334 0 256 | 256 -

Table 4.6: Properties of 2 x 4-PSK codes transmitting 1 bit/symbol.
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1 bit/symbol 3 x 4-PSK

vl|dg | & | &, | &(©C) | &(C) | &) plot

1y 3 16 533 | 5.33 | 1.33 | 6.66 | fig. 4.7, curve 1
213 64 | 64.00 | 10.67 | 5.33 16 -

31 5 64 | 9.06 0 21.33 | 21.33 | fig. 4.7, curve 3
4] 6 | 256 | 22.8 0 42.66 | 42.66 -

51 6 | 2048 | 2048 0 85.3 | 8.3 -

6| 7 | 256 46 0 170.7 | 170.7 -

7 8 | 1024 | 146 0 341.3 | 341.3 -

81 9 | 2048 | 188 0 682.6 | 682.6 -

Table 4.7: Properties of 3 x 4-PSK codes transmitting 1 bit/symbol.

probability of error term derived in chapter 2 assuming ideal interleaving and ideal
CSI. As we have shown for optimal performance, sufficient interleaving is required
such that the fading affecting the code symbols is independent from symbol to
symbol, Ideal CSI is justified for the comparison of codes, as any non-ideal estimate
of the channel state information leads only to a loss of a few dB in performance
(except for differential detection, which is discussed in chapter 7). Clearly each
increase in constraint length of the code leads to a diminishing increase in coding

gain. The amount of coding gain is a function of the the BER considered.

4.9.2 Codes transmitting 2 bits/symbol.

Now we examine the codes found transmitting at the most conventional rate of 2
bits/symbol. The increase in spectral efficiency implies a lower attainable Hamming
distance of the codes. First we examine the conventional form of trellis codes,
transmitting one symbol per branch. Table 4.8 lists the properties of the codes
discovered. All of the codes meet the bound of equation (3.33) on the maximum
attainable Hamming distance for L = 2 and a rate of 2 bits/symbol. Similar code
searches over 1 x 8-PSK have been performed by Schlegel and Costello [62] and
Dingman [18], which attain similar distance properties as those of table 4.8. By
expanding the signal constellation to S = 1 x 16-PSK we may improve upon the

squared product distance similarly to the case of transmitting 1 bit per symbol using
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v=1, S =3 x 4-PSK
v=2 9 =2x4PSK
v=3,S =3 x 4-PSK
v=4,S =2 x 4-PSK
v=3 S =1x8PSK
v=6,S =2 x 4-PSK
v=17,8=1x8PSK
v=8,5=1x8PSK

CO =] O Ot i W0 DD =

Probability of error

0 5 10 15 20 '25 30 35
ES/NO (dB)

Figure 4.7: Upperbounds on geometrically uniform trellis codes transmitting 1 bit/symbol over

the Rayleigh fading channel.

2 bits/symbol 1 x 8-PSK
vidyg | d a2, | €p(C) | &r(C) | £(C) | plot
111 4 4 8 4 12 -
2| 2 2 0.67 0 16 16 -
31 2 | 13.66 | 13.66 0 32 32 -
41 3 4686 | 1.12 0 0 64 -
51 3 9373 ] 5.73 0 128 128 -
6 4 | 549 | 1.39 0 256 | 256 -
7T 4 | 375 | 234 0 512 512 -
8| 5 |13.67| 3.43 0 1024 | 1024 | -

Table 4.8: 1 x 8-PSK codes transmitting 2 bit/symbol.
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8-PSK. These codes are listed in table 4.9. Typically the improvement in product

distance is about at least a factor of two. By transmitting more than one symbol

2 bits/symbol 1 x 16-PSK
vidg | d2 | &2, | &p(C) | &r(C) | £(C) | plot
111 4 4 8 4 12 -
212 1341 | 1.14 0 16 16 -
3( 2 | 154 | 154 0 32 32 -
41 3 |9.442 | 2.98 0 64 64 -
51 3 | 616 | 616 0 128 | 128 -
6|1 4 | 169 | 6.73 0 256 | 256 -
7| 4 |170.2 | 170.2 0 512 | 512 -
&1 5 | 389711013 0 512 | 512 -

Table 4.9: 1 x 16-PSK codes transmitting 2 bit/symbol.

per trellis branch we can take advantage of the higher expected Hamming distance
predicted by equation (3.33). Table 4.10 lists the code properties of codes over
2 x 8-PSK. The generating group considered is (D4)?. By using 2 x 8-PSK we have
improved upon the diversities of codes over 1 x 8PSK for the constraint lengths of
v=1, and v = 5. The v = 1 code of table 4.10 is equivalent to the code described
by Divsalar and Simon [23]. For all cases where the 2 x 8-PSK codes have the
same Hamming distance as the 1 x 8-PSK codes, they improve upon the squared
product distance. It must be noted that the decoding complexity of the 2 x 8-PSK
codes for the same constraint length is twice (for v > 3) as high as for codes over
1 x 8 or 1 x 16, unlike the case of 1 X 4 and 2 x 4 transmitting one bit per symbol
which have equal complexity. This means that for a given decoding complexity the
codes over 1 x 8 are in fact better than the codes over 2 x 8-PSK. Table 4.11 lists
the properties of codes over 2 x 16-PSK. These codes all improve upon the squared
product distance compared to the codes over 2 x 8-PSK. Also the code with v =4
now reaches the maximum possible Hamming distance for L = 2, and v = 4, unlike
the codes over 2 x 8PSK. The decoding complexity is the same as for codes over
2 x 8-PSK, and therefore an expansion to 16-PSK represents a good improvement.

In figure 4.8 we have plotted the upperbounds on the probability of error of the
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2 bits/symbol 2 x 8-PSK

olde| @ | &, [&(©)]&a©] e plot
1] 2 2 0.28 16 2 18 -
21 2 4 1.78 32 8 40
3] 2 16 | 16.00| 32 32 64 | fig. 4.8, curve 3
413 8 1.59 0 128 | 128 -
51 4 10687 0.197 0 256 | 256 -
6 4 | 800 | 1.43 0 512 | 512 -
71 4 |159.2] 61.7 0 1024 | 1024 -
81 5 | 160 | 3.5 0 2048 | 2048 -

Table 4.10: 2 x 8-PSK codes transmitting 2 bit/symbol.

2 bits/symbol 2 x 16-PSK

vide | 4 | d5, | £p(C) | &r(C) | £(C) plot
11 2 2 0.39 16 2 | 18 | fig. 4.8, curve 1
21 2 4 1.77 32 8 40 | fig. 4.8, curve 2
31 2 16 | 16.00 | 64 32 96 -
41 4 10893 0.17 0 128 | 128 | fig. 4.8, curve 4
51 4 2 0.457 0 266 | 256 | fig. 4.8, curve 5
61 4 | 244 | 106 0 512 | 512 | fig. 4.8, curve 6
71 4 | 246.3 | 246.3 0 1024 | 1024 | fig. 4.8, curve 7
81 5 | 375 | 13.8 0 2048 | 2048 | fig. 4.8, curve 8

Table 4.11: 2 x 16-PSK codes transmitting 2 bits/symbol.

best codes transmitting 2 bits/symbol for each values of v. These curves have been
computed in the same manner as for the codes transmitting 1 bit per symbol and
assume ideal interleaving. Good coding gains are achieved. These codes improve

upon the codes of [8] and [18].

4.10 Summary.

For the additive white Gaussian noise channel, the measure determining decoding

decisions and error performance is Euclidean distance - the measure over which
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10 r

» 1 v=1,8=2x 16-PSK

10 9 v=2 §=2x16-PSK 3

3 v=3, §=2x8PSK

1072 4 v=4,8=2x16-PSK h
“ 5 v=>5,8=2x 16-PSK |3
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Figure 4.8: Upperbounds on geometrically uniform trellis codes transmitting 2 bits/symbol

over the Rayleigh fading channel.

geometric uniformity has been defined by Forney. For other channels, such as the
Rayleigh fading channel, the performance measure is no longer Euclidean distance,
but rather Hamming distance and product distance. In this chapter we have gener-
alised the definition of geometric uniformity such that the signal sets considered are
geometrically uniform relative to a set of distance measures. With such a definition,
codes can be constructed such that they have the desirable property of uniform error

probability on the Rayleigh fading channel.

We have shown that relative to the set of distance measures Dy important for the
Rayleigh fading channel, the symmetries of L x M-PSK constellations are the same
as those for the Gaussian channel. With these symmetries we have constructed some
good geometrically uniform codes over L x M-PSK constellations for the Rayleigh
fading channel which improve upon codes transmitting one symbol per branch pub-

lished in the current literature [8],[52],[62],[82]. We have found that expanding the
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signal set by more than a factor of two over the size required for uncoded modulation

leads to codes that have significantly better fading channel distance properties.



Chapter 5

Geometrically uniform partitions.

In chapter 4 we applied the theory of geometrically uniform codes to design good
GU trellis codes for the Rayleigh fading channel. The practical use of these codes
is limited by the increase in complexity of maximum likelihood decoding with the
increasing number of code states. One alternative is to use the combination of a
suboptimal decoder that has less complexity than a maximum likelihood encoder,
and a high complexity code. With a careful design it is possible to perform better
(for the same level of complexity) with this combination than a ML decoded code.
The technique of multi-level coding [10],[35],[44],[57],[65],[71] is such an alternative.
In a muiti-level coding scheme, the underlying signal constellation S is partitioned
into an [-level hierarchy or tree of subsets. A set of component codes C;,Cs, ... ,C)
is defined, one on each level such that the code at level [ selects a subset of points
5.1 from the underlying constellation 5;. The encoder at level [ — 1 selects a subset
from S)_; etc. until the encoder at level one selects only a point to be transmitted.
The overall code is not decoded as a whole, as would be done in a ML decoding
scheme, but instead it is decoded in the same manner as it was constructed - in
a hierarchical manner. The top level decoder D), corresporiding to code C) decides
from which subset the received point was transmitted, outputs the corresponding
data bits, and passes the decision information to the next decoder D;_;. The decoder
Dy_1 does likewise, and the process is repeated until the codeword is entirely decoded.
Effectively each decoder is concerned only with selecting which sequence of sets of
points was transmitted by the corresponding encoder. The overall error rate of the

system will be dominated by the worst component code in the hierarchy.

109
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In this chapter we lay the theoretical groundwork for the design of good multi-
level codes based on the extension of the definition of geometric uniformity. We
extend the concept of geometric uniformity to a set of subsets of points of a constel-
lation, such that the distance properties seen from any subset are the same as seen
from any other set. With such a definition each level of the multi-level code has all
of the desirable properties of a GU code and as such the search strategy and the
evaluation of the error performance of each component code may be approached in
the same manner as that of a GU code. Chapter 6 looks at specific multi-level codes

based on GU partitions designed for the Rayleigh fading channel.

5.1 Signal Set Partitions.

Consider a constellation S, not necessarily GU, with the symmetry group I'(S) under

the set of distance measures D, where I'(S) and D are as defined in chapter 4.

Definition 17 A uniform partition Sp of S is a set of disjoint subsets of S written
as Sp = {S0,51,...,5n_1} such that for all i, |S;| = |So|. The order of Sp is
1Sp| = 1S1/]5].

For example, figure 5.1 shows two different partitions of an 8-PSK constellation.
The partition of figure 5.1(a) is written as Sp, = {{0,4},{1,5},{2,6},{3,7}} and

i
2 )
3@ 2 @ 1
3 1
4 -
N
A A
6
(a) Partition Sp, (b) Partition Sp,

Figure 5.1: Two four-way partitions of an 8-PSK constellation.

the partition of figure 5.1(b) is written as Sp, = {{0,1},{2,3},{4, 5}, {6,7}}. Both
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partitions are four-way and we have |Sp | = |Sp,| = 4. By inspection, the partitions

exhibit symmetry.

Definition 18 We define a symmetry u of Sp as a symmetry of S that maps Sp
onto itself, i.e. u(Sp) = Sp. We write the set of all symmetries of Sp as U(Sp).

For example the set of symmetries of Sp, of figure 5.1(a) are
U(SPl) = {TO) T1,72,73,74,75,Te, 7, Vo, V1, V2, V3, Vs, Us, Vs, U7} (51)

where 7; and v; represent rotation and reflection mappings as introduced in section

4.3 of chapter 4, and the symmetries of Sp, are
U(Sp,) = {ro, 72, 74,76, V1, V3, Vs, U7 }. (5.2)

Note that the mappings such as 7, r3, etc. are not symmetries of Sp, because they
do not map subsets onto subsets. In general, more than one symmetry may exist
that generates the same mapping from Sp to Sp. For example the symmetries r;
and 75 of Sp, both map subsets 0 to 1, 1 to 2, 2 to 3, and 3 to 0 and therefore they

are equivalent.

Definition 19 An equivalence relation = on U(Sp) is
= = {(u,v)|u(Sp)=1v'(Sp)} (5.3)
.e. two symmetries are equivalent if they both generate the same mapping on Sp.

From elementary group theory [60], each symmetry v has an associated equivalence
class [u], defined as the set of elements in U(Sp) that are equivalent under the
equivalence relation defined by equation (5.3). For example the set [}, r5] forms an
equivalence class of U(Sp, ) since 7, and r5 are equivalent symmetries. The symmetry

classes of U(Sp) form a group [60].

Definition 20 The symmetry group ['(Sp) of Sp is the group formed by the set of

all equivalence classes of U(Sp).

For example the symmetry group of Sp, of figure 5.1(a) is

I'(Sp,) = {[ro, 74l, [r1,75), [r2, 6], [73, 7], [vo, va], [v1, V5], [va, ve), [V, v7]}

(5.4)
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The operation table of ['(Sp,) is shown in table 5.1. By inspection I'(Sp,) is isomor-
phic to the dihedral group Ds. The symmetry group of Sp, is

L'(Sp,) = {rol, [r2], [ra); [re], [wa], [vs], [vs], [vr]} (5.5)

and is also isomorphic to Dy.

e || [rosral | [ra,7sl | [ra,me] | [ra,ra] | [vo,va] | [vn,vs] | [wa, v6] | [vs,07]

[7’0,7"4] [7’0,7"4] [7’1,7"5] [7’2,7"6] 7’3,7’7] [00,7)4] [UI;US] [02,7)6] [03,7)7]

[7'1,7"5] [7"1,7"5] [T27T6] [7"3,7"7] 7"0,7"4] [03707] [00,7)4] [7)1,7)5] [Uz,vs]

[7'3,7"7] [7“3,7“7] [7'0,7"4] [7"1,7“5] T27T6] [7)1,7)5] [Uzyva] [03,7)7] [UO>U4]

[UO,U4] [00,01] [01,05] [U2,U6]

[
[
[T2;T6] [7"2,7"6] [r3,77] | [ro,74] [r1, 78] | [v2,vs] | [vs,v7] [UO>U4] [v1, vs]
[
[

vs, V7] | [ro,7a] | [r1,7s] | [r2,76] | [73,77]

[Ul,Us] [7)1,7)5] [7)2;7)6] [03,07] [00,04] [7"3,7"7] [7"0,7"4] [7"1,7"5] [7’2,7’6]

[7)2)7)6] [U277)6] [03,7)7] [00,04] [UhUs] [7"2,7’6] [7"3,7"7] [7“0,7“4] [7“1,7‘5]

[03,07] [03,07] [00,04] [01,05] [U2;UG] [7"1,7"5] [7"2,7"6] [T3>T7] [7"0,7"4]

Table 5.1: Operation table of the group formed by the equivalence classes of the symmetries of
Sp,.

5.1.1 Distance measures to partitions.

Section 4.1 defined a general distance measure D(x,y) between two points in Euclid-
ean space RY. We generalise this definition further. Given a set of points S in RY

we define a distance measure from a point x to the set of points §.

Definition 21 A distance measure D(x,S) between a point x € RN and a set of

points S, where |S| = n, is defined by
D(x,8) = f(D1(x,51), Da(%, 83), ..., Dn(x, 8,)) (5.6)

where each D;(x, s;) is a distance measure between the point x and the point s; € S,

and f(+) is an arbitrary function.

For example the distance measure

£, 8) = 3 el /2o (5.7)
=1
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is used for the soft-decision decoding of transmitted partitions as discussed in section
5.6.1. The distance measures D;(x, s;) for the example of equation (5.7) are therefore

given by
Di(x,5:) = [Jx = sif|” (5.8)

Theorem 7 Consider a distance measure D(x,5) as defined by equation (5.6).
If the mapping u is distance invariant under the set of distance measures D =

{Dy,D,,...,D,} then the measure D(x, S) is distance invariant under u also.

Proof: For D(x, S) to be distance invariant under u we need to show that D(u(x), u(S))
= D(x, 5).

D(u(x),u(S)) = f(Di(u(x),uls1)), Da(ulx), uls2)), ... , Dulu(x), ulsn)))
= f(Di(x,s1), Da(x,52),...,Dn(x,55))
= D(x,9) (5.9)

With this theorem if the set of distance measures D = {Dy, Dy, ..., D,} are invari-
ant under u then all distance measures composed as a function of D are invariant

under u also.

5.2 Geometric uniformity of partitions.

We now define the conditions for the geometric uniformity of a partition Sp, of S.

Definition 22 A partition Sp of S is geometrically uniform relative to the set of
distance measures D if, for any two sets S; € Sp and S; € Sp, there exists a

symmetry ug, s, € ['(Sp) that maps S; to S;, while leaving Sp invariant.

us,s;(Si) = 8j, (5.10)
%Shsj(gp) = Sp o (5-11)

The two example partitions of figure 5.1 are both geometrically uniform. Note that
the definition of geometric uniformity of signal sets as defined by Forney [41] and
again described in section 4.4 of chapter 4, is a special case of geometric uniformity
of signal set partitions, i.e. the case where each subset S; contains only one point of
S. The definition of geometric uniformity of partitions is therefore a generalisation

of geometric uniformity of signal sets.
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5.2.1 Geometric properties of GU partitions.

Analogous to a point in a GU signal constellation S, a GU partition Sp has the
property of looking the same when viewed from any of its elements. We expand
the definitions by Forney [41] of the geometric properties of GU constellations to

geometric properties of GU partitions.

Decision regions.

In a conventional communications system, a soft-decision decoder has associated
with it a decoding measure D(r, s). Given a received vector r, the decoder selects the
point s from the transmission signal constellation S, such that D(r, s) is minimised.
The decision region Ry(s) of a point s is that region in RY such that if r falls in
Ry (s), then s is selected as the output of the decoder. To define a decision region of
a subset S; of a partition Sp, we define the decoding measure for S; to be D(x,5;)
as defined by equation (5.6). The decision region Ry (S;) of a subset S; € Sp is the
region in RY such that if r falls in Ry(S;), then S; is selected as the output of the

decoder. Formally:

Definition 23 The decision region, Ry (S;) associated with a subset S; € Sp is the
set of all points in RN that such that D(x, S;) is a minimum over D(x,5;), S; € Sp:
Ry(S;) = {x € R" : D(x,5;) = min D(x,5;)} (5.12)

SJ‘GSP

A decision region is also known as a Voronoi region for D(x, S;) = d?.

Theorem 8 If the partition Sp of S is geometrically uniform under a set of distance
measures D = {Dy, Dy, ..., D, } and the decision measure D(x,S;) is a function of

the set D only, then all Voronoi regions Ry (S;) have the same shape.
Proof: By definition, x € RY is in Ry(S5;) if and only if
D(x,S;) = min D(x, ;)

If Sj # S; is a subset in Sp, then by the definition of geometrical uniformity there

exists a symmetry u such that u(S;) = S;. If u is such a symmetry then u(x) is in
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Ry (S;) because

D(u(x),5;) = D(u(x),u(S))
= D(x,5;)
= S}flg—‘iglp D(X, Sk)

= mip D(u(x), u(Sk)) (5.13)

where as Sy ranges through Sp, so does u(S;). The fact that the shape of every
Voronoi region of Sp is the same implies the error performance can be computed by

considering only one subset of the partition.

Distance profiles.

Given a partitioning Sp of a signal constellation S we define the following distance

profiles for a distance measure D € D:

Definition 24 The distance profile of a subset S; to a point s is the set of distances

between every point in S; and s:
DP(S” S) = {D(S“ S) D5 € SL} (514)

Definition 25 The distance profile between two subsets S; and S; is the set of dis-

tance profiles between S; and every point in S;:

DP(S,, 8;) = {DP(Si, ;) : 5 € S} (5.15)

Theorem 9 If a symmetry v ezists such that v =u™" and u maps S; onto S; then

DP(S%, Sj) == DP(S;;, 87,)
Proof: From definition 25:

DP(S,5;) = {DP(S,s): s € S}
= {{D(si,s5) 1 s € Si}: 85 € 85}
= {{Du(si),u™'(s5)) : 86 € 85} : 55 € 85}
= {{D(s,s"): &€ 5;}: " €8}
— DP(5,,5)) (5.16)
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Definition 26 The global distance profile associated with eny subset S; € Sp is the
set of all distance profiles of 5; to all subsets in Sp:

DP(S@ Sp) = {DP(S“ Sj) : Sj € Sp} (517)

Definition 27 The minimum distance Dpin(S;,5;) from subset S; € Sp to subset

S; € Sp is the minimum of the distances between any point in S; and any point in

Sj.‘

Dmm(Si, Sj) - min D(Si, Sj) (5.18)

5;€855,8,€8;
In general Dpmin(S;, Sj) = Dmin(S;, Si), since D(x,y) = D(y,x).

Definition 28 The multiplicity N(S;, S;) between a subset S; and subset S; is the

mazimum number of points in S; at the minimum distance from a point in S;.
In general N(Si, Sj) % iV(Sj, S%)

Theorem 10 If the partitioning Sp of S is geometrically uniform under a distance

measure D then the global distance profile DP(S;, Sp) is the same for all S; € Sp.

Proof: From the definition of the global distance profile for the distance measure D:
DP(S;,S,) = {{{D(s,s):s €Si}:s€8;}:85;€5,}
= {{{Du(s),u(s): s € S;}:seS;}:85 €5}
= {{{D(s",u(s)) : 8" € 51} : uls) € u(S;)} : u(S;) € Sp}
= DP(S,S,) (6.19)

where u(s) ranges through u(S;) as s ranges through S;, and 4(S;) ranges through
Sp as S; ranges through Sp.
Mappings of GU partitions.

Consider a geometrically uniform partition Sp = {5y, S1, ... , Sp—1} with symmetry

group I'(Sp), under the set of distance measures D.

Theorem 11 If v is a distance invariant mapping under D then Sp = vSp s a

geometrically uniform partition with symmetry group T'(Sp) = vI'(Sp)vL.
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Proof: For Sy = vSp to be a geometrically uniform partition there must exist
a symmetry w that maps Sj to Si for all S} € Sp and S} € Sp and such that
w(Sp) = Sp. If we write S] = vS; and S; = vS; then the mapping w = vuv™" is
such a symmetry provided a u exists such that u(S;) = S;. Since Sp is GU such a

u exists. To show w(Sp) = Sp, we have

w(Sp) = wvuv 'S
= ’UUSP
= ’L?Sp

= S, (5.20)

Hence S% is GU with the symmetry group vI'(Sp)v™'. The example of figure 5.2
shows the image of a GU partition Sp = {Sy, S1, 59, S3}, mapped through the trans-

formation
v(x) = Ayx + Ty (5.21)
0 1 . . 4
where A, = , a pure rotation of 90 degrees clockwise, and 7, =
-1 0
The partition Sp has
T4
3 2@ (e &3 e
 J
1
®
L]
2
®

Figure 5.2: A GU partition mapped through an isometry is a GU partition.



118 CHAPTER 5. GEOMETRICALLY UNIFORM PARTITIONS.

Se = {(1,1),(1,2)}, (5.22)
S = {(-1,1),(-1,2)}, (5.23)
Sy = {(-1,-1),(-1,-2)}, (5.24)
Sy o= {(1,-1),(1,-2)}, (5.25)

and four symmetries given by u;(x) = A;x where

10 -1 0
01 0 -1
(5.26)
1 0 10
Ay = As =
0 —1 0 1

correspond to the identity, a 180 degree rotation about the origin, a reflection about
the horizontal axis and a reflection about the vertical axis respectively. From theo-

rem 11, the symmetries w; of vSp are given by

wi(x) = vuw X
= AvAi(A;lx - Tq,) + 7y
= A, AAx+ (I - AA T AT, (5.27)

and form the symmetry group I'(vSp).

Geometric uniformity of partitions.

Consider a geometrically uniform partition Sp = {5, 51, ..., Sp_1} with symmetry

group ['(Sp).

Theorem 12 If the subset Sy itself can be written as a GU partition

(o1}
[
oo
Nt

Sop = {51, 502,... } (5.
then all subsets S; € Sp are GU partitions.

Proof: From the definition of the geometric uniformity of the partition Sp, there
must exist for any S; € Sp a mapping u € I'(Sp) such that u(S;) = S;. Theorem
11 shows that a GU partition under a distance invariant mapping is a GU partition,
hence all S; € Sp are GU partitions. For example for the partition Sp, of figure
5.1(a), the subset {0,4} is clearly GU, hence all subsets of Sp, are GU.
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5.3 GU partitions of non-GU constellations.

The definition of geometric uniformity over signal set partitions does not require the
underlying signal constellation to be GU. For example, in figure 5.3 we have parti-
tioned a 16-QAM constellation into four sets of four points. The set of symmetries

of this partition are

U(Sp) = {ro, 71,72, 73, Vo, 1, V2, Vs } (5.29)

where 7;, isnow defined as an anti-clockwise rotation about the origin of 7i/2 radians,
and v; is defined as a reflection about the line passing through the origin and meeting
at an angle of 7i/4 to the horizontal. The equivalence classes contain one element

only and as such the symmetry group of Sp is

F(SP) = {[?'0]1 [Tl]v [TQL [T3}7 [1]0], [Qﬂ]} [UZ]s [U?’]} (5'30)

Writing a non-GU constellation as a GU partition allows, as will be seen, the

] |
1 0 y 0
@ @ ] @
2 3 2 3
[ ] [ ] @ [ ]
1 0 { 0 -
® (] L] &
2 3 2 3
@ ® ® @

Figure 5.3: A four-way partition of a 16-QAM constellation.

construction of good multi-level codes such that each level of the code is GU.

5.4 Geometrically uniform constructions.

We have shown that if a partition Sp is GU then all of its distance properties can
be completely characterised by considering only the distance properties of any one

subset S5; € Sp. Clearly this is a very strong property which vastly reduces the
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complexity of the evaluation of the probability of error of a communications system,
We now look at the techniques available for creating other GU constructions starting

from a GU partition. A key tool is generating groups:

Definition 29 Consider a GU partition Sp, with the symmetry group U'(Sp). A
generating group G(Sp) of Sp is a subgroup of U'(Sp) which is minimally sufficient
to generate Sp starting from an arbitrary initial subset S; of Sp. A necessary and

sufficient condition for G(Sp) to be a generating group of Sp is that:

For all u € G(Sp), where u # e the identity element,
there does not exist a subset S; € Sp such that u(S;) = S;, (5.31)

i.e. no symmetry of G can leave unchanged a subset of the partition Sp.

For example, the generating groups of the partition of figure 5.1(a) are

G1(Sp,) = A{[ro, 74, [r1,75], [r2, 6], [r3, 7]} (5.32)
GQ(SPL) = {[To, 7’4]; [T:z; Ts]; [Ub ’05], [v3, ’07]} (533)

and the generating groups of the partition of figure 5.1(b) are

G1(Sp,) = A{lrols[ra], [ral: [re]} | (5.34)
G2(Sp,) = A{[ral, [ra], [va], [v7]} (5.35)

Notice how the operation of all the elements of either group on any subset S; € Sp,

generates Sp, completely and uniquely.

5.4.1 Subgroups of generating groups.

Consider a generating group G(Sp) of a GU partition Sp. From group algebra, a
normal subgroup G, of (7 partitions G into G, and its cosets. The orbits of any
partition S; in Sp, under (i, and its cosets, are disjoint subsets of Sp whose union
is Sp. Following a similar proof to Forney’s we can show that these subsets, which
form a partitioning of Sp, are geometrically uniform, mutually congruent, and have
(7, as a common generating group [41].

Hence any normal subgroup of a generating group G can be used to construct

a partition which is geometrically uniform. For example the non-trivial normal
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subgroups of the generating group G2(Sp,) of the partition of figure 5.1(a) are

Ga(Sp) = Alro,ra], [r2, 7]} (5.36)
Gon(Sr) = {lro,ra, [vr, ]} (5.37)
G23(SP1) = {[7‘0,7“4],['2}3,1)7]} (5**38)

which partition Sp, into the three GU partitions, namely Sp, = {So, Sz}, Sp, =
{85y, 51}, and Sp,; = {S, S3}. These three partitions Sp,,, Sp, and Sp, of Sp, are
shown in figures 5.4(a), 5.4(b) and 5.4(c) respectively.

2{3 . S
1 3
realll >N o T3 ! O
(a) (b) (c)

Figure 5.4: GU partitions generated by normal subgroups of a generating of Sp,. (a) Partition

Spy, . (b) Partition Sp,,. (c) Partition Sp,,.

5.4.2 GU partition generation algorithm.

The algorithm of table 5.2 generates GU partitions Sp of a GU constellation S,
given a generating group G(S) of S and a normal subgroup G; of G(9). If |G(9)| =
2" and |G| = 2° then the algorithm constructs 2% unique solutions, where k =
i(2"* — 1). The order of Sp is [Sp| = |G;]. For example consider constellation
S = 8-PSK with generating group G(S) = {ro, r1,72,73,74, s, 76, 77} and subgroup
G; = {ro,72,74,76}. We have n =3, 7 = 2 and the number of solutions generated

by the algorithm is 222" *~D = 4. These are shown in figure 5.5.

5.4.3 Quotient groups.

Consider a generating group G(Sp) of a GU partition Sp and a normal subgroup

G, of G. The quotient group G/G,, is a set of elements such that each element is a
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Input : G(9), a generating group of the signal constellation 3.
G; a normal subgroup of G.
Qutput : A GU partition Sp of S.

begin

Set R=G — Gy, Set S; = {e}

while R +#{ do
Select any r € R.
S;=5+r
R=R-rG;

end while

Sp={gS;:g9€ G}

end.

Table 5.2: An algorithm to construct GU partitions from a GU constellation S and a normal

subgroup G; of a generating group G(S) of S.

(@ ®) © (@

Figure 5.5: GU partitions generated by the algorithm of table 5.2.

union of subsets of Sp. Following a similar proof to that by Forney, it may be shown
that the quotient group G/G, forms a GU partition [41]. For example consider
the partition Sp, of an 8-PSK constellation shown in figure 5.1(a) and generating
group G5(Sp,) of equation (5.33). The three normal subgroups of G5(Sp,) are listed
in equations (5.37), (5.38), and (5.38) respectively and the corresponding quotient
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groups are

GQ/GZI — {{[Tﬁr T‘l]? [TQ% TG]}7 {[vl ) U5]7 [?”33 ?)7]}} (5"39)
GafGe = {{lro,rdls [vr, vs]} {[r2, o), [vs, va]}} (5.40)
GE/G% = {{[TO? ’?"4], ["733 U7]}} {[T% Tﬁ]: [Uh 7}5]}}' (5'41)

Figures 5.6(a), 5.6(b), and 5.6(c) show the partitions formed by G2/G31, G2/Gas,
and G3/Gag respectively.

Figure 5.6: GU partitions generated by quotient groups. (a) G2/Ga1. (b) Ga/Gaz. () G2/Gas.

5.4.4 Cartesian products of GU partitions.

Consider two partitions Sp, and Sp;, which are both GU under the set of distance

measures D. The Cartesian product of Sp, and Sp, is:
SP = Spi X Spj = {Sz x Sj . SZ € Spé and Sj € Spj} (5.42)
where the set S; X S; equals:
S; X Sj = {(Si,Sj) : 8 € 5;and 85 & ij} (5‘43)
The order of Sp is |Sp,| x |Sp,| and each subset of Sp contains |Sj| x [S;| points. If
uy € I'(Sp,), the symmetry group of Sp, and us € ['(Sp,), the symmetry group of
Sp,, then (u1,us) is a symmetry of I'(Sp) only if all the distance measures D; € D
are such that
Di((x1,%2), (y1,¥2)) = Di((u1 (1), wa(x2)), (w1 (y1), u2(y2))) (5.44)
If equation (5.44) holds then a group of symmetries of Sp is
F(Sp) == F(Spt) X F(Sp)
= {(%w ’Ulj) DUy € F(Spf_) and Uj & F(SPJ)} (545)
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Note that I'(Sp) is not necessarily the complete symmetry group of Sp. The opera-
tion of a symmetry u € I'(Sp) on an element S € Sp is defined by

where S = S; x S;, and u = (u4, u;).

Theorem 13 If Sp, and Sp, are GU partitions under the set of distance measures
D and every D; € D satisfies equation (5.44), then the partition Sp formed by the
product of Sp, and Sp; as defined by equation (5.42) is geometrically uniform.

Proof: To prove Sp is GU we need to show the following: 1) There exists a u that
maps any subset S; € Sp to any other Sy € Sp. 2) The mapping u is a symmetry
of Sp. Consider any two subsets of Sp, Sy = 5;, X 5, and Sy = 5;, x 5j,. From
equation (5.46), the mapping v = (s, 4,, Uj, j,) Maps S to Sy if w;, 4, (S;,) = Si, and
5, (S5;) = Sj,. Such w4, and wy, ;, exist becanse Sp, and Sp, are GU, and hence
1) is shown. Clearly the mapping « is a symmetry of Sp.

From theorem 13 it follows that powers of GU partitions are GU, provided the

set of distance measures satisfies equation (5.44).

5.4.5 Iterative construction.

Useful GU partitions may be constructed iteratively from a set of GU constellations
combined with an arbitrary constellation. Consider a GU constellation S with the

corresponding symmetry group I'(S) and a constellation Sp.

Theorem 14 If S is a geometrically uniform constellation, s is a point in S, G(S)

is a generating group of S, and Sy is an arbitrary constellation then the partition
defined by:

Sp={9(So+s):g€G(S)}, (5.47)

is geometrically uniform, provided g;(So+s)Ng;j(So+s) =0, gi € G,g; € G, g # y;,

i1.e. the subsets do not intersect,

Proof: For Sp to be a GU partition we require that there exists an isometry w for
any S; € Sp and S; € Sp such that w(S;) = w(S;) and w(Sp) = Sp. If we write
S; = gi(Sy + s) and S; = g;(S + s) then the mapping w = g; 'g; maps S; to S;.
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The operation of w on any element S = g(Sy + s) of Sp is grg; '9,(So + s) and is
an element of Sp, hence w(Sp) = Sp and Sp is GU.

Note that the result of this construction depends on to which point s € S it is
applied. For example, figure 5.7(a) shows a GU 4-PSK constellation S with generat-
ing group G(S) = {rg, 71,73, 73}, and figure 5.7(b) shows a non-GU constellation Sp.
The construction {g(Sy + 5) : g € G(S)} applied to point 0 of S results in a parti-
tioning of 16-QAM as shown in 5.7(c). Note that the application of this construction
to point 1 of S results in the same partitioning but with a different labelling, while

the application to points 2 and 3 causes the subsets to intersect and is therefore not

valid.
@2 ®0 @1 @1
1 0 ®
® ® ®2 @0 ®3 83
®
® ® ®1 @1| @2 @0
2 3 ®
@3 @3 22 @0
®
() (b) (©)

Figure 5.7: A geometrically uniform partition constructed from the constellations S and Sj.
(a) The GU constellation S. (b) The constellation Sy. (c) Result of the iterative construction

applied to point O of 5.

Definition 30 We will denote the iterative construction of theorem 14 by the nota-
tion I.():

Sp=1.(5,5) = {g(So+s0): g€ G(S)}
= {hS: he H(S} (5.48)

The set H(S) contains the mappings h(x) = g(x + sy), g € G(S) and is used to
simplify the notation. The sq is the point in S with the label 0. No generality is
lost by selecting the point sy because S may be relabelled such that sy corresponds

to any point in S.



126 CHAPTER 5. GEOMETRICALLY UNIFORM PARTITIONS.

Definition 31 Given a partition Sp we use the operator A(Sp) to convert Sp to a

constellation S,
A(Sp) ={s: s€ 5, € Sp}. (5.49)

For example A({{0,1},{2,3}}) = {0,1,2,3}. The construction described by theo-
rem 14 can be applied iteratively to a constellation Sy and a set of GU constellations
{51, 52, ..., Sp} with associated generating groups {G1(51), G2(52), ... ,Gn(Sn)} to
form partitions of arbitrary complexity. We may associate with each S;, 7 > 0 a con-

stellation S} constructed iteratively from the constellations S, Sy,..., S
Si = A(1e(Si_1, ) (5.50)
Each S! may also be written in terms of the mappings H(S;) defined above

S: o= {h«ihi_l @ hlSo . hs«g S H(Sz)} (551)

5.5 Partition trees.

Many signal space coding techniques are based on iteratively partitioning a signal
constellation S into a number of smaller sets [75]. The structure of such a partition

can be drawn as a partition tree.

Definition 32 A partition tree of a signal constellation S is an | +1 level partition
structure Sp = {Spy, Spy,- - , Sp }, where each Sp, is a partitioning of S. The top
partition in the structure is the trwial partition Sp, = {S}. Each lower partition
Sp, is constructed from the partition above, Sp,, ., by partitioning each set of Sp,,,
into miyq subsets, each containing |S|/|Sk,,.|/mis1 points. The bottom partition
Sp, is the partitioning of S into single points. We ha’ue({S | = T, m; and m; =

‘Spi l/|SPi71I'

For example, the multi-level partitioning of 8-PSK as shown in figure 5.8 is such
a partition tree structure with ! = 2. The partitioning structure is written as
Sp = {Sp,, Sp,, Sp, }, where Sp, = {{0}, {1}, {2}, {3}, {4}, {5} {6} {7}}, Sp =
{{0,1},{2,3},{4,5},{6,7}}, and Sp, = {{0,1,2,3,4,5,6,7}}. The partition orders

are my; = 2 and my = 4.
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Figure 5.8: A multi-level partitioning of 8-PSK.

The number of sets at level 7 is

1
1Spl = 11 m; (5.52)

j=itl

A set of a partition at level ¢ is labelled by the string ja;_ - - - @;1; where 0 < a; < m;
for i < 5 <[. With this convention, a point in S is labelled ayaq;_ -+ ay. All points
whose label starts with the string aqa; ;- --@; belong to the partition set labelled
a1+ ;. For example the four sets of level 1 of the partition tree of figure 5.8
are labelled 0, 1, 2, and 3 respectively from left to right. The eight points at level
2 of the partition tree of figure 5.8 are labelled 00, 01, 10, 11, 20, 21, 30 and 31
respectively from left to right.

5.5.1 Partition trees of GU constellations.

Geometrically uniform constellations allow a natural partitioning tree based on the
group structure of the underlying generating groups. Consider a GU constellation 5,
and an associated generating group G(S). A normal subgroup chain of length [ + 1
of G is written as Gy < Gy < - -+ < Gy, where Gy = {e}, i.e. the subgroup containing
only the identity element, and G; = G. Each G, is such that it is a normal subgroup
of G;. From the theorems of group algebra, it can be shown that since G; < Gy for
all ¢, we have G; <0 Gy for 0 < j <1 -4, ie. G;is a normal subgroup of every

group above it in the chain. The division of the group G by a normal subgroup G;
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partitions (7 into G; and its cosets. From the definition of a generating group, there
is a one to one mapping between G and S, namely S = G(sp) and correspondingly
G /Gi(so) partitions S into |G|/|G;]| sets.

Definition 33 Given o GU signal constellation S, a generating group G(S) of S,
and a normal subgroup chain Gy < G, <+ -+ < Gy of G, a partition tree Sp of S is

Sp={G/Gi(s0) : 0 <i <} (5.53)
The order of the partition at level © is
m; = |G| /|G - (5.54)

With this definition, the partition branch labels a;, at level ¢ of the partition tree
now correspond to the coset representatives of G;/G;_;, that is each g; is a coset
representative of G;/G; 1. With such a branch labelling scheme, a partition set j

at level 1 may be written as the product

Sij = Q-1 - - i+1Gi(S0), (5.55)

i.e. the sets at level 1 are the cosets of G;(Sh).

Distance properties.

Consider the GU partition Sp formed by the quotient group G/G,, where G is a

generating group of a GU counstellation S and G, is a normal subgroup of G.

Theorem 15 Consider two subsets S; and S; of the partition Sp. The distance
profiles DP(S;,351) and DP(S;, s;2) are equal for any two points s;1 and s;3 in S;.

Proof: The constellation S is GU and therefore there exists an isometry v such that
u(s;1) = u(s;2). Since s;j; and sjp are both elements of a coset of G, u must be
an element of G,. Therefore from the definition of equation (5.14) for the distance

profile

DP(S@ 83‘1) = {D(3i; 33’1) :8; € Si}
= {D(u(s;),u(s;1)) : s; € S;}
= {D(s},s52) 1 5; € S;}
= DP(S;, $52). (5.56)
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This theorem implies we can compute the distance profile between any two partitions
S; and S; of Sp sitply by computing the distance profile from one point in S; to

the points in S;.

5.5.2 Partition trees of iterative constructions.

The iterative construction of a GU partition described in section 5.4.5 has a natural
partition tree associated with it. For a set of GU constellations {5y, 5, ... , S;} and
corresponding sets of mappings {H,, H, ..., H;} as described by definition 30 the

partition tree of the iterative construction may be written as
Sp = {Sp, Spry. .., Sp} (5.57)
where each partition is defined by
Sp, = {lyhi_y ... S} (5.58)

where S! is as defined in equation (5.50).

5.6 Communication utilising partitions.

A conventional uncoded communications system maps k input binary data bits onto
a point of a constellation S of order 2¢. This point is transmitted across the channel
and the decoder decides on the transmitted data by selecting the point most likely to
have been transmitted. Consider the system shown in figure 5.9 as a generalisation

of the basic uncoded communication system. This system, instead of mapping the

k input bits Subset S; Point s
] Selector Selector EEEE——
Si € S}) ERS Sz

Figure 5.9: An uncoded communication system based on the transmission of partitions.

input data to point in a constellation, maps the data to a subset 5; of a partition
Sp, where |Sp| = 2F. From the partition S;, one point s is randomly selected for
transmission by the point selector. The method of selection is not known by the
receiver, however it is assumed that each point is equiprobable. The receiver’s task

is to decide on the &k transmitted data bits.
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5.6.1 ML receiver for a partition transmitter.

A maximum likelihood solution for the receiver is to compute the probability density
function of the received vector conditioned on the transmitted subset S;. With the
assumption that each point s € S; is equiprobable, the pdf may be written as the
sum of the conditional pdf’s of the points in the partition. Thus

p(r|S;) = ,SI 3 pizls) (5.59)

SES5;

The ML decision is the subset S; such that p(r|S;) is a maximum. If the subsets of
the partition contain only one point each, then the system reduces to a conventional
uncoded system. For the Rayleigh fading channel the pdf of the received signal r
conditioned on the transmitted point s and on the receiver obtaining ideal channel

state information v is given by

p(r,v]s) = meﬂﬁ‘ﬁ (5.60)

where L is the length of the received vector r. This may be viewed as the case
identical to the additive white Gaussian noise (AWGN) channel with the SNR. scaled
by the time varying Rayleigh distributed variable |v[2. The ML decoding metric
M(r, S;) for the Rayleigh fading channel, assuming subsets with equal number of

points, therefore is

=}le—vs|}* vasl2
M@E,v,8) =Y & m (5.61)

SES;

and the decoder selects S; € Sp such that M(r, v, S;) is a maximum,

5.6.2 Metric calculation for trellis generated subsets.

The receiver of the system of figure 5.9 has to compute the metric of equation (5.59)
for each possibly selected subset and it chooses the one with the maximum metric. If
the size of the partitions is large (as is possible in a multi-dimensional constellation)
then the computation can be expensive. If it is possible to represent the points
of a subset by the paths through a trellis then the computation may be greatly
simplified by an algorithm similar to the Viterbi algorithm (VA) [38]. Consider a
subset Sy containing |So| points, where each point s can be written as an L-tuple,

={ecy, @), ..., cr;}. Given a received vector r = {ry,73,...,7r1}, and a channel
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state information vector v = {wvy, vs,... ,vr}, the decoding metric for the partition
is
ISO| o ZL d2
M(Sy) =D e 7o &im (5.62)
i=1
where
d?j = |7‘i - 'Uicz'jlz (563)

the squared distance between the i** received symbol and the i* component of the

4% signal point. Equation (5.62) may also be written as

|56 L '
M(So)=>_ 110 (5.64)
j=li=1
where
§i = e~ %/2No (5.65)

The general algorithm to compute the soft decision metric of equation (5.62) is shown
in table 5.3. The number of computations of a term D = e 7" the algorithm
requires is

1
galgorithm = Z NiB, , (566)
t=0

where B, is the number of branches leaving each state at time ¢ and N; is the number
of states at time ¢. The direct computation requires the number of points in the
subset |Sg| multiplied by the number of symbols per sequence. The number of points,

corresponding to the number of paths through the trellis, is
L—1
1So] = II B: - (5.67)
i=0

and hence the number of computations of D terms for a direct implementation is

L—1

Edirect = L H B, (5.68)
te=()

Clearly the metric computation algorithm is more efficient. For example, consider
the trellis of figure 5.10 used to generate a partition Sp,. The trellis generates the

16 points listed in table 5.4. If for convenience we write the notation
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Definitions:
bi(s1, s2) : The set of branch symbols connecting states s, and s at
time t, where 0 <t < L.
m(s,t) : The distance metric of state s at time ¢.
Input : The received vector r = {ry,r9,... ,71}.
The channel estimate vector v = {vy,vq,... ,v1.}.
The N, defining the number of states at time .
The b(sy, s9) defining the trellis of the subset.
Output :  The distance measure M (x, Sp).
1. t=0
2. m(0,£) =0
3.t=1t+1
4. m(s,t) =m(s,t)+m(s, t—1)6_‘”"“tbt(3/’3)|2/2N0, 0<s<N;,0 <8 < Ny
5. ift < L goto 3
6. output M =N (s, L)

Table 5.3: An algorithm to compute the decoding measure of a subset generated by a trellis.

Figure 5.10: Trellis to generate a set of points.

Dic — 8—|7‘i*Uz‘C|2/2N0 (569)
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J | bigbasbaibyy | {crjcajesicaiosi} || 7 | biibajbasba | {cijcajcajesyos;}
0| 0000 00000 8| 1000 12000
1| 0001 00012 9| 1001 12012
2| o010 00120 10| 1010 12120
3| o011 00132 11] 1011 12132
4| 0100 01200 12| 1100 13200
51 0101 01212 13| 1101 13212
6| 0110 01320 14| 1110 13320
71 o111 01332 15| 1111 13332

Table 5.4: Codewords generated by the trellis of figure 5.10.
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to mean the distance measure between the received point r; at time ¢ and the symbol

¢ then the algorithm of table 5.3 generates the following values for the state measures

m(s,t) for the example trellis of figure 5.10.

Note the terms of m(0,5) correspond precisely to the codewords of |Sp| listed in

7 m(s,t)
0] m{0,0= 0
11 m0,1)= Dy
m(1,1) = Dy
2| m(0,2) = DygDaop + D11 Da
m(1,2) = DigDa + D11 Dy
3| m(0,3) =  DyoDowDso + D11 D22 D30 + D10D21 D32 + D11D3a D32
m(1,3) = DigDysDa1 + D11 DasDay + DioDo1 D3z + D11 D32 Das
4| m{0,4) = DygDeuD3oDus + D11 D22 DapDao + DyoDa1 Dsa Dy + D11 D32 Dsa Do+
D19 Do D3y Dag + D11 Das D3y Daa + D10 D21 D33 Dya + D11 D3g DazDig
m(1,4) = DigDaDsoDya + D11Da2Dao Das + D10 Doy Dya Dag + D11 D3y D3a D g+
D19 D0 D3y Dys + D11 Daa D3y Dyg + D19Do1 D3gDag + D11 Das DyzDys
51 m(0,5) = DygDaoD30DyoDso + D11D22Dao Do Dso + D10 D21 DaaDyg Dso+
D11Ds2 D3y DaoDsg + D1oDao D1 Daa Dso -+ D1y Das Dgy Das Dso+
D10D D33 DyaDsg + D11 D32 D33 Do Do + D10Dag D3 Daa Dsa+
D19 DagD31 D43 Dsy + D11 Do D31 Das Disg + DyoD21 Dag Dys Do+
D11 D32 D33 D43 D52 + D11.D22 DapDaz Dsa + Dyo Doy Dag Do Dso+
D11 D32 D32 D42 D2

Table 5.5: Application of metric computation algorithm to the trellis of figure 5.10.
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table 5.4,

5.6.3 Variance of decision regions with SNR.

For the system of figure 5.9, transmitting partitions and applying ML decoding, the
decision regions implied by equation (5.59), are in general a function of the SNR.
For example in figure 5.11 we have plotted the decision regions of two partitions
as a function of SNR. Figure 5.11(a) are the decision regions at a high SNR. As
the SNR decreases the decision regions change as shown in figure 5.11(b), until at

a very low SNR the decision regions become as in figure 5.11(c). Clearly the shape

Figure 5.11: The partition decision regions as a function of SNR. (a) High SNR. (15 dB). (b)
Low SNR (5 dB). {¢) Very low SNR (0 dB).

of the regions change significantly, especially at low SNR, however note they always

remain congruent as guaranteed by theorem 8.

5.6.4 Decision regions at high SNR.

At a high SNR, equation (5.59) is dominated by the largest term p(r|c;) and we
have ‘

P(r]S) |Large snr & max p(rs) (5.70)

The final decision by the decoder is the S; € Sp with the maximum conditional

density function, i.e.

max p(r|5;) (5.71)

Clearly this is equivalent when combined with equation (5.70) to selecting the point

s € A(Sp) such that p(r|s) is a maximum and equates to selecting the point in the
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A(Sp) assuming conventional uncoded modulation. The decision region of 3; for
this case may be written simply as the union of the decision regions of the points in
S;. Thus

Ry (S5;) = Uses, Ry (s) (5.72)

For the Rayleigh fading channel we have

’ —lle—vs])?
p(r]s) = e (5.73)
(@7 No)E

and the decoding strategy is therefore to select the point s € A(Sp) with the mini-
mum Euclidean distance to the received point ¥. The output of the decoder is then

the partition 5; corresponding to s.

5.6.5 Suboptimal decoding of partitions.

The ML decoding metric of equation (5.59) for the decoding of partitions over the
Rayleigh fading process is computationally more complex than finding the point with
the minimum BEuclidean distance to the received point. We have shown in section
5.6.4 that for high SNR on the Rayleigh fading channel, the ML solution tends
towards a minimum Euclidean distance solution. In this section we investigate the
loss in performance due to applying a Euclidean distance metric compared to the ML
metric. In figure 5.12 we have plotted the pairwise probability of error of confusing
one partition of figure 5.11 for the other as a function of the SNR. This result has
been obtained by simulation. The loss in performance is negligible across the range
of SNR depicted. Clearly there is little to be gained by the ML decoding metric

compared to a Huclidean distance metric.

5.6.6 Conditions for invariance of decision regions.

Although we have empirically shown that minimum Euclidean distance decoding of
partitions transmitted across the Rayleigh fading channel performs almost as well as
ML decoding, it is possible to design the code partitions such that the two decoding
techniques are equivalent. This is done by selecting the partitions such that the
decisions boundaries are not a function of SNR. If this is the case then minimum

Euclidean distance decoding is equivalent to ML decoding. The result follows from
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o

Probability of error

E5/No (dB)

Figure 5.12: Simulation of the probability of confusing one partition of figure 5.11 for the other

as a function of SNR, for the ML decoder and the minimum Euclidean distance decoder.
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Figure 5.13: Examples of three partitions with decision boundaries invariant with the SNR.

section 5.6.4 where we have shown that at high SNR the ML decision regions are
determined by the minimum Huclidean distance to the points, and if the decision
regions are invariant to the SNR then the decision regions must be determined by the
minimum Buclidean distance for all values of the SNR. In figure 5.13 we show three
examples of partitions where the decision regions are not a function of the SNR. To
ensure the decision regions of a partition Sp = {Sg, 53, ... , Sp—1} are invariant with

SNR, we must have the ML decision metric M(r, 5;) of equation (5.61) making the
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same decision, independently of the value of Ny. The decision metric M (r, S;) may
be written as a function of the set of the Euclidean distances between r and the

points in S, i.e.
M(x, S;) = f(d*(x, S;), No) (5.74)

Theorem 16 Consider a partition Sp = {S51,52,...,5.} ond a decision metric
f(d*(x,S;)) which is to be written as a function of the Euclidean distance between
x and each point s € S;. There exists a set of hyperplanes P = { P, Py, ... , P},
bounding the decision regions. Fach hyperplane divides the Euclidean space, and
consequently the set of partitions Sp into two. If the reflection about every plane P;

maps Sp to Sp then the decision regions as defined by M(x, S;) are invariant to the
SNR.

Proof: If P; is a high SNR decision boundary between partition sets S; and Sy, and
r lies in P; then by definition f(d*(x,S1)) = f(d?(r,Sy)) for the values of SNR in
question. If Sp reflects onto Sp through the plane F; then S; maps onto Sy and vice
versa and clearly d?(r, S;) = d*(r, Sy) which implies f(d?(r, S;)) equals f(d?(r, S,))
for all values of SNR.. Since Sp maps onto Sp through every decision boundary plane
P;, none of the decision regions are a function of the SNR.

For example, all partitions of figure 5.12 reflect about all the decision boundary
lines to map onto themselves. The example of figure 5.11(a) does not exhibit this
property, and as shown by figures 5.11(b) and 5.11(c) the ML decision regions vary
with the SNR.

5.6.7 Error performance of uncoded transmission over par-

titions.

Given the partition set S; has been selected for transmission, the probability of the
decoder selecting a set S; as the output is given by the average over the probabilities

of error of the points in S; and equals

p(ST; - Sj) = 'lgizl" Zg ?9(5@ - Sj) (5.75)

assuming each s; € S; is equiprobable. The probability p(s; — 5;) is the probability

of selecting the set S; as the output, given the point s; has been transmitted. The
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error performance of equation (5.75) is dominated by the highest term p(s; — S;) in
the sum and corresponds to the point in the set S; with the worst distance properties
to the points in the set S;. For example for the partition set of figure 5.11(a) denoted
by the crosses, the decoder is more likely to make an incorrect decision when the
point in the lower left is transmitted compared to the point in the top right quadrant.
This is because the point in the lower left quadrant has four neighbours, whilst the
point in the top right quadrant only has one neighbour. For the Rayleigh fading
channel we may use the high SNR, union bound of equation (3.25) as a loose bound on

the probability of selecting set S; given signal point s; in the set S5; was transmitted

p(si — Sj) i (E /Noy (5.76)

=lg

where g 1s a weighted multiplicity term given by

1
o= E 42

5;€85; P(S":’ S.?)

(5.77)

The set & is the set of points in S; at a Hamming distance of { away from the point
s;, and dg(si, s4) is the product distance between the points s; and s;. At a high
SNR the probability of equation (5.76) is dominated by the term for [ = [;. We will
associate a performance measure between two partitions S; and S consisting of two
parameters; a minimmum Hamming distance

du(S;, S;) = Siegl’glgsj dur(sq, 85) (5.78)
and a weighted multiplicity term

Sw S Z d2

53€8) p(éu (s, 55)

(5.79)

where [ = dy(S;, S;). These two parameters combined characterise the error perfor-

mance of the pair of sets S; and S;.

5.7 Codes over GU partitions.

Consider a partition Sp and an associated generating group G(Sp). A group code
[69] C over G is a set of sequences, drawn from the group G, on a discrete index /

which forms a group under component-wise group operation. The code is a subgroup
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of I and therefore, from theorem 13 forms a geometrically uniform partition. The
properties of the code may therefore be evaluated by considering only one code

sequence.

5.7.1 Transmission of codes over partitions.

The code as defined above is a set of sequences, the elements of which are partitions
of a signal constellation, where each partition contains a set of points. In analogy to
an uncoded partition, we define our coded transmission system as depicted in figure
5.14. From an input bit stream, the partition encoder generates the code C over the
set Sp, and passes the output code set S; to the signal point selector. The signal

point selector randomly selects a point from S;, to transmit across the channel.

k input bits Encoder S; € Sp Point s
™ over Sp > Selgcjcsg)r >
8 )

Figure 5.14: The encoder structure for a code over partitions.

5.7.2 Code distance properties.

In section 5.6.7 we developed the distance properties determining the probability of
error of uncoded transmission of sets of points. We extend these properties to codes
over partitions by simply viewing the code as a large uncoded system. Consider a
group code C defined over a group G(Sp). Each code word may be written as a
sequence of symbols drawn from G. From the property of geometric uniformity we
need only consider the error performance of one codeword. We will use the “all-
zero” codeword cg, the codeword corresponding to the identity element of | i.e.

the sequence of identity elements from G.

Co — {So, Soy ey S(}} (5.80)

L

where S; is a partition set from Sp. The codeword cg is a sequence of L sets of
points Sy and may also be written as S, a set of |Sy|V
E

points. Similarly every code

sequence c; of C' maps to a set of |Sp|" points and the entire code C can be viewed
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simply as a larger partition C(Sp) and the performance properties can be analysed
identically to that of an uncoded system. To determine the properties of C(Sp) in

terms of the group code C and the properties of Sp, consider another codeword c;

inC .
Ci-_—{SbUSbZ)oM . 7SbL} (581)

where by are indices of the codeword. It is straight-forward to show that the Ham-

ing di ce ween nd c¢; is given
ming distance between ¢y and c¢; is given b

L
d}g(Cg, Ci) = Z d};(SQ, Sbk) (582)

k=1

and the weighted squared product distance by

L
d%up(C(),Ci) = H dfap(SO}Sf)&) (5.83)
b0

5.7.3 Decoding of codes over partitions.

Codes defined over partitions may be decoded using the ML decoding metric defined
in section 5.6.1 or simply a minimum Euclidean distance metric. If the code is
defined as a trellis code, it can be decoded using the Viterbi algorithm [38]. Since
each branch label of the trellis code represents a set of a partition, it is necessary to
compute the minimum distance to each set of the partition. For partitions with few
elements this is best achieved exhaustively, while for large partitions it is better to
apply the algorithm of section 5.6.2 for each partition set. More will be said on this

subject in chapter 6 on multi-level codes based on GU partitions.

5.8 Summary.

Conventional codes are defined over points in signal space. With a different ap-
proach, the technique of multi-level coding, a signal set written as a hierarchy of
subsets and codes are defined over sets of points. The error performance of each
code of the scheme is now not only determined by the distance properties of the
code, but also by the properties of the sets of points over which it is defined. We

have extended the definitions of geometric uniformity introduced in chapter 4, to
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sets of points. The sets of points when viewed as units can be constructed to exhibit
the same types of properties as GU constellations. Therefore the error evaluation
of communication systems based on the transmission of a point selected from a
set of points can be calculated by considering only the distance properties of one
set of points. These definitions form the foundation for the construction of good

multi-level codes which are discussed in chapter 6.
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Chapter 6

Multi-level Codes.

Multi-level codes are a means of constructing higher complexity signal-space codes
with good distance properties. The technique is based on partitioning a signal
constellation into a multi-level hierarchy and defining codes over each level. The
advantage of this technique lies in the ability to construct a staged deccdex with a
complexity far less than a ML decoder but with a similar asymptotic probability of
error performance. In the work on multi-level codes by Imai and Hirakawa [35] and
Sayegh [61], the signal set is partitioned into a binary chain and binary codes are
defined over each level. Tanner [72] formally related the minimum Hamming dis-
tance of the component codes to the minimum Euclidean distance of the multi-level
scheme. Pottie and Taylor [67] generalised the concept of multi-level constructions to
include non-binary partitions of multi-dimensional signal constellations and placed
no restrictions on the type of component codes. Indeed the component codes may
again be multi-level codes. Calderbank’s paper shows how to calculate minimum
squared distances and path multiplicities in terms of the norms and multiplicities
of the different cosets [10]. All of these works and others [44],[76],[71],[79] are for
the Gaussian channel where the code performance criteria is the minimum squared
Euclidean distance of the code. Subsequent papers describe multi-level codes de-
signed specifically for the Rayleigh fading channel, where the Hamming distance of
the code is the most important [64],[65], [80].

In this chapter we construct multi-level codes for the Rayleigh fading channel
based on the geometrically uniform partitions developed in chapter 5. Each compo-

nent code is defined as a group code over the generating group of a GU partition

143
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and consequently it has all the desirable properties of a GU code, including reduced
decoding complexity at each code level. Recently related work has been published in
the literature [5],[68]. We begin by describing the general structure of a multi-level

encoder.

6.1 General multi-level code structure.

In a generalised multi-level construction, a signal constellation .5; is partitioned into a
partition chain written as S;/S;_1/ -+ /So. Each S;..; is a subset of the set S; directly
above it in the chain such that it divides S; exactly into S;_; and its cosubsets. The
order of the partitioning at level 4 is m; = |S;|/|Si—1]. The elements of the set
formed by the partitioning of S; into S;_; and its cosubsets may be labelled by a set
of labels A;, and we write S;/S;_; —+ A;, that is S;_; and its cosubsets map onto the
elements of A;. The set A; of labels are elements of a discrete alphabet over which
-a component code C; can be defined. If we define a code C; over every label set A;.
of the partition chain, then the combined hierarchy consisting of the partition chain
S1/81_1/+++ /Sy, the label sets Ay, A, ..., A, and the set of codes Cy,Cy, ..., C

forms a multi-level code. The general structure is shown in figure 6.1. Each code

v C o St/Si1
) Y
=l | Oy o S1-1/S1-9
Input bits : . - I
'
bl———m Cq - 51/ So I

Figure 6.1: General encoder structure for a multi-level code.

C; accepts b; input bits and outputs [S;|/|S; 1| bits. The output of the encoder
generating code C) selects a cosubset of S;/S;_1. The next encoder C;_; similarly
selects a cosubset of S;_1/S;-2 etc. until finally the code C; selects a single point

for transmission. We may associate an overall code C with the [-level construction
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of figure 6.1 written as
C=C+Cyx...x(C (6.1)

This code is referred to as the multi-level code associated with the partition chain
S1/Si—1/ + -+ /So and the component codes C1,Cy, ... ,C.

6.1.1 Decoding of multi-level codes over GU partitions.

Multi-level codes are most easily decoded by a staged decoder as shown in figure
6.2. Each decoder [J; in the figure corresponds to the component code C;. The
staged decoder operates in a sequential manner. First the decoder D; makes a
decision on the code C; and outputs the corresponding b, data bits and passes the
coset decision information to D;_;. The decoder D;_; operates in a similar manner
and the process continues down the chain until the received sequence is completely

decoded. Since every decoder in the staged decoder requires the decision information

r Dy "‘bl
A D{_l 91-1
! Output Bits
* Delays o,
A D,

Figure 6.2: General structure of a staged decoder for a multi-level code.

from the previous decoder in the hierarchy, there is a decoding delay proportional
to the number of decoding stages. If A(D;) is the average delay associated with
decoder D; and the decoding delays are statistically independent then the average
delay of the staged decoder D is given by
!
A(D) = Y ADy) (6.2
=1

The fact that each decoder depends on the correctness of the decision information
of the previous decoder can cause error propagation in the decoding process. Tech-

nigues such as an intralevel interleaver and iterative decoding may be employed to
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combat these effects [65]. We will not address these issues and simply assume that
the overall probability of error of the multi-level code is dominated by the worst

code in the hierarchy.

6.2 Design of multi-level codes.

The design of good multi-level codes is not a straight-forward exhaustive code search
as 1s typical for trellis codes where the onl}\f””bajraiﬁé%e’r varied is the number of code
states. For multi-level codes the designer has the freedom to select the underlying
constellation, the partition chain, the number of levels in the chain, and the most
suitable codes an’d code rates for each level. Clearly‘the ilumber of coding parameters
that may be varied is large and this allows for a great number of possible design
trade-offs. Typically the main tradeoff of interest when designing multi-level codes
(}is the coding gain versus the decoding complexity. For the trellis codes of chapter
4 designed fdr’fhe“f{ayleigh fading cgh;mhei,uéach increase in decoder memory led to
a doubling in decoding complexity and provided a diminishing increase in coding
gain. In the next sections we examine a class of multi-level codes based on the \;
combination of geometrically uniform partitions and geometrically uniform trellis

codes. This class of multi-level codes have a decoding complexity far less than that

of similarly performing trellis codes.

6.3 Multi-level codes over GU partitions.

We now define the structure of the multi-level codes of our study. Chapter 5 in-
troduced the concept of geometric uniformity over partitions. We defined a general
partition tree in section 5.5 and showed that the partitions over each level can be
made geometrically uniform by one of two constructions, namely a construction
over a normal subgroup chain of a generating group of a geometrically uniform
constellations as described in section 5.5.1, and by an iterative construction over
geometrically uniform constellations as described in section 5.5.2. In section 5.7 we
defined the concept of uncoded transmission over partitions and extended this trans-
mission format to geometrically uniform codes over partitions. We showed that the

distance properties controlling the error performance, namely the Hamming distance
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and product distance, are determined by the code itself and the minimum distance
properties between partitions. We define a multi-level code based on a GU partition

tree as follows.

Definition 34 Given a GU partition tree Sp as defined in section 5.5 and written

as the chain 5;/S)_1/ -+ - | So with associated generating groups ); such that
S; ={@:5i-1 1 ¢ € Qs} (6.3)

then a multi-level code is constructed by defining a group code C; over the elements

of Q.

The code C; may be any group code, such as a linear block code, or a trellis code. In
our code designs we have selected each C; to be a multi-dimensional trellis code over
Q;. The general structure of the multi-level coding scheme of our study is shown in

figure 6.3. At every time step, each encoder C; accepts b; bits and outputs a symbol

by e o
b1 -1
. - G | Qg1 - . . q1(s0)
Input bits | =
b e a1

Figure 6.3: General encoder structure for a multi-level code over GU partitions.

g; from the generating group @; of the partition. The mappings are combined by

the summer and operate on the signal point sy to produce the output signal point

Qg1 'QI(SO)'

6.3.1 The component codes.

Although a component code may be any group code over the label group A;, we
have chosen to use a trellis code on each level. This selection was made to make use
of the GU trellis codes already discovered in chapter 4. In practice it may be better

to use short block codes to reduce the overall decoding delay associated with trellis
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codes. The trellis codes are designed in a manner similar to the GU trellis codes of
chapter 4. In analogy to a generating group G of a constellation S, the group A;
through its isomorphic mapping corresponds to a generating group of the underlying
partition. In general we construct code generators over the group (A;)?, where p; is
an integer exponent. The general encoder structure of a trellis code C; over (A;)%
is identical to that shown in figure 4.3 of chapter 4, except that the code generator
elements are selected from the label group A; instead of a generating group (7. Each
encoder accepts b; bits and outputs a sequence of length Lp; corresponding to a

branch sequence. The rate of the code C; in bits per two-dimensional symbol is

given by
b;
i = 6.4
' Lp; (6.4
The ratio 1%; is limited by the size of the label group A4; to
b; .
bi

The rate r of the multi-level code C, composed of the component codes Cy, Oy, ..., Cy,

in bits per two dimensions is

1 &b
re=—_>) — 6.6
7 ; p (6.6)
The distance properties of the component codes are determined by the distance prop-
erties of code C; and the label group 4; over which it is defined. This relationship

has been defined in section 5.7.2 of chapter 5.

6.3.2 Decoding of component codes.

The component codes of our multi-level construction are GU trellis codes. We have
shown in section 5.6.5 of chapter 5 that minimum squared Euclidean distance is a
sufficient metric for the decoding of codes over partitions. The Viterbi algorithm
(VA) [38] is an efficient algorithm for the decoding of trellis codes, however before
the VA can be applied to a trellis code over partitions we must first compute the
minimum distance metric to each element of the label group A4;. For example,
consider decoding the code described by the trellis of figure 6.4. This simple code

consists of two states, each of which is connected to every other by a pair of parallel
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Figure 6.4: An example trellis diagram to illustrate the decoding of partition sets.

branches. Each branch has associated with it a sequence of three symbols from the
label group A;. The label group contains two elements Ay and A, each representing
a set of points. To extend the branch metric entering state 0 from state 0 we must
first compute the minimum squared Euclidean distance to each of the elements Ay
and A; at each of the three time slots. Once these distances have been computed
and stored, we may compute the metric for each branch by summing the three
appropriate pre-computed distance metrics and proceeding in the normal manner.
To compute the metric to Ay (or 4;) we must calculate the distance from the received

vector r to every element in Ay, i.e.
m(r, Ag) = min ||r — al|? (6.7)
aEAp

For a large |Ay| an exhaustive comparison calculation is expensive. Since 4y is a
linear group code, we may apply the same technique used for the reduced complexity
decoding of the parallel group as presented in section 4.7.3, i.e. we write Ay as a
trellis, and decode with the VA,

6.3.3 Decoding complexity.

To compare the performance of multi-level codes to conventional trellis codes we
need a decoding complexity measure. In chapter 4 we modified the normalised
branch complezity introduced by Wei and others to include parallel transitions to
measure the decoding complexity of geometrically uniform trellis codes [77]. The
normalised branch complexity calculates the average number of metric computations
and comparisons required per decoded two-dimensional symbol. A component code

C; of the multi-level code C is defined over the label group 4; and as such an extra
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decoding step is required. This step is to compute the minimum distance to each
element of the label group A; as illustrated by example in section 6.3.2. Therefore

the three steps in decoding a component trellis code are:

1. Compute the distance metric of the received vector to each element of A; and

retain the minimum distance. The normalised complexity of this step is given
by

o/

EA(Cs) = |Ail€(Ay)/ L (6.8)

where £(A;,) is the complexity of computing the minimum distance to one

element in A;, and |.A;| is the number of elements in A;.
2. Compute the distance to the parallel group F; and its cosets of the trellis.
£p(Ci) = |PilE(B:)/ Lps (6.9)

where £(P;) is the complexity of computing the minimum distance to the par-

allel group P;, and |P;] is the number of cosets of F;.
3. Compute the trellis branch metrics.
Er(Ci) = 2% [ Lp; (6.10)

where 2% is the number of states of the trellis and b,; is the number of coded

bits.

The total normalised decoding complexity of the code component code C; per symbol

is the sum of the decoding complexities of the above three steps. Thus
£(Ci) = £a(Cs) + &p(Ci) + & (Ch). (6.11)

The decoding complexity of the multi-level code C is the sum of the complexities of

the | component codes

£0) = Eg(cﬁ;). (6.12)

This measure of decoding complexity is only a guide to the true complexity required
for decoding. It does not take into account the decoder memory requirements,
possible intra-level interleaving, or any iterative decoding. However it is useful as a

relative indication of complexity for the comparison of code alternatives.
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6.3.4 Design steps.

The steps of the design process of multi-level codes over GU partitions can be split
into two parts. First we need to select a partition chain of a multi-dimensional
signal constellation. If we construct a partition chain based on the technique of
constructing a normal subgroup chain of a generating group of L x M-PSK as

described in section 5.5.1 of chapter 4 then the following steps are necessary.
1. Select the parameters L and M for the L x M-PSK constellation S.
2. Select a generating group G(S5) of S.

3. Construct a normal subgroup chain Gg <0 Gy <0 -+- <1 G of G with desirable

distance properties. The orders of the partitioning need to be selected.

4. Compute the quotient groups ; = G;/G;_1, and define an isomorphism map-

ping Q; to A;.

Given the set of label groups A4; and the associated distance properties we need to

design the component codes ;.
1. For the component code C; over ¢J); select an exponent p;.
2. Construet the group (A;)".

3. Select the number of input bits b; to the component trellis encoders such that

1yl

the sum 7 = ¢+ 3,

" §*‘f gives the desired overall data rate .

4. Select the number of code states v; for each encoder to give the design minimum

Hamming distance.
5. Select the code generators of the trellis code.

With the large number of design decisions and possibilities, none of which are clearly
easy to make, the design of multi-level codes is somewhat of an ad-hoc procedure.
In the next section we examine in detail two case studies of multi-level code designs

to familiarise the reader more with the material presented so far.
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6.4 Case studies.

To clarify the previcus sections on the decoding of multi-level codes over geomet-
rically uniform partitions we will examine some case studies and analyse them in
detail.

6.4.1 Study 1: A multi-level code over 8-PSK.

In this example we consider a simple multi-level code over the constellation 1 x 8-
PSK. The case of a three level partitioning has previously been studied by Seshadri
and Sundberg [65] for the Rayleigh fading channel. As an alternative we consider a
two level partitioning scheme. The code will be designed for a spectral efficiency of 2
bits/symbol to allow for the easy comparison with the trellis codes of chapter 4 over
8-PSK constellations. We will construct a partitioning of S = 8-PSK by selecting a

normal subgroup chain of a generating group of 8-PSK. We consider the generating

group
G(S) = {r0,72,74, 75,1, V3, Vs, V7 } (6.13)

isomorphic to D,;. The normal subgroup chain Gy < Gy < Gy, where Gy = {7},
Gy = {re,r4} and G5 = G partitions S into the tree shown in figure 6.5. The orders

2
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Figure 6.5: The partition tree of 8-PSK generated by the chain Gy < G| < Gs.

of the partition are my = |G1]/|Go| and me = |Gs|/|G41| = 4. The quotient groups
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over which the component codes are defined are

QLZGI/GO = {{?"0};{7"4}} (6'14)
Qy = Go/Gy = {{ro,ra}, {ro,m6}, {v1, v5}, {vs, v7}} (6.15)

The group @ is isomorphic to Z, and @ is isomorphic to (Z,)%. We define the label
group A; as A; = {0,1} and associate the following mappings between Q; and A;:

{ro} = 0O (6.16)
{ra} = 1 (6.17)

We define the label group A, as Ay = {00,01, 10,11} and associate the mappings
between (J5 and Aj:

{ro,ra} — 00 (6.18)
{ra,m6} — 01 (6.19)
{vi,v5} — 10 (6.20)
{vg, 07} — 11 (6.21)

From theorem 15 of chapter 5 the distance properties of a GU partition are char-
acterised by the distance properties between any element (say the identity element)
and the other elements in the group. The group A4; is of order two and we need
only the distance properties between the elements 0 and 1. Note that the symbols
0 and 1 are labels of 4, corresponding to the elements in (J; and the corresponding
symbols from (J; need to be used to compute the correct distance properties. We
have for A;:

dH(O: 1) = dH({T0}> {T‘L}) = 13 (622)
dﬁ(ﬁs 1) = d;({ro}: {7"4}) = 4.0 (623)

and
N(0,1) = N({ro}, {ra}) = 1 (6.24)

For the group A, there are four elements each containing two points. We need to

know the distance from the identity element to the other three elements:

dg(00,01) = dy({ro, ra}, {ra,m6}) = 1 (6.25)
dy(00,10) = dg({re,ma}, {v1,vs}) = 1 (6.26)
dH(OO, ll) = dH({’I’O, 7‘4}, {?)3, ?}7}) = 1, (627)
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d2(00,01) = d2({ro, 74}, {ra,76}) = 2.0 (6.28)
d2(00,10) = d2({ro, 74}, {v1,v5}) = 0.587 (6.29)
d2(00,11) = d2({ro, 74}, {vs,v7}) = 0.587 (6.30)

and
N(OD,Ol) :-"V({TGJTzL}:{TZ:TG}) = 2 (631)
N(00,10) = N({rg,ra}, {v1,v5}) = 1 (6.32)
N(00,11) = N({ro, 74}, {vs,v7}) = 1 (6.33)

We have summarised the partition chain distance properties in table 6.1. Note that

Partition I of 1 x 8-PSK
i | Gi/Giq | my | Coset | Map to A; | dg | di | N
1 Ly | 2 T4 1 1 4.0 1
ol (2)? | 4| 01 1] 202
U1 10 1 1058711
vy 11 1| 0587 1

Table 6.1: Summary of the distance properties of the partitioning of 8-PSK corresponding to

the chain Gy < G1 < Go.

the distance properties of the partition of level one are better than those of level
two. Now that the partition chain has been established we need to construct codes
over the label groups 4; and A4;. We desire an overall data rate of 2 bits/symbol

hence

S N (6.34)
P P2

and from equation (6.5) we must have f—i < log, |A;|, hence by selecting b; = 2,
p = 3, by = 4 and py = 3, we achieve the desired data rate. The selected encoder
for the code ) over A; is shown in figure 6.6. It is a rate 2/3 encoder with two
memory elements, hence v; = 2. The trellis diagram corresponding to the encoder
of figure 6.6 is shown in figure 6.7. The code C; over (,41)3 of figure 6.7 has a
minimum Hamming distance of 3, the path of which has been highlighted. Mapping

A; through the isomorphism back to ¢} gives the following distance properties for



6.4. CASE STUDIES. 155

(1,1,0) (1,1,1)

001 | | -

Figure 6.6: Binary trellis encoder over (A;)%.

(0,0,0) . (0,0,0)

(0‘ 07 0)7 (l! '1) O)) (03 1) 1’)) (17 O) l)

(1,1,1),(0,0,1},(1,0,0), (0, 1,0)

(0,0,1),(1,1,1),(0,1,0), (1,0,0)

(1> L, 0}: {01 0, 0)7 (1707 l)a (07 1, l) &

Figure 6.7: Trellis diagram corresponding to the encoder of figure 6.6.

dy(C) = 3 (6.35)
d2(Ch) = 4.0° =64.00 (6.36)
NG = 1 (6.37)

The decoding complexity of code (' is as follows, The elements of the label group .4,
correspond to single points and no distance computation to a subset is required hence
£4(Cy1) = 0. The encoder over A; does not have parallel paths, hence &p(C)) = 0.
The trellis encoder for code C; consists of 4 states, each with 4 transitions giving

a trellis complexity from equation (6.10) of &p(Cy) = 16/3. The total normalised
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complexity of decoder C is therefore given by
§C) = &lC) +£Ep(Ch) +&r(Ch)
= 040-16/3
= 16/3 (6.38)
Now we consider a code over A,. The group A, is of order four and is isomorphic

to (Z,)?. We have constructed an eight-state trellis code over (A3)®. The encoder

is shown in figure 6.8. The trellis diagram corresponding to the encoder of code Cy

(11,11,11)

10,01, 10 10,01,01

( R N )

11,01,01 11,10,01

( oA | ) E .
11,10, 00 00,11, 01

(11, IR N N )

Figure 6.8: Trellis encoder for code C over the label group (A2)®.

of figure 6.8 is shown in figure 6.9. The encoder accepts four bits for transmission,
three of which are encoded and one is uncoded. Therefore there are two parallel
transitions in the trellis diagram corresponding to the uncoded bit of the system.
The code C, of figure 6.9 has a minimum Hamming distance of 3, corresponding to
the parallel branches. Mapping .4, through the isomorphism back to ()5 gives the

following distance properties for Cs:

du(C2) = 3 (6.39)
d2(Cy) = 2.0° =8.00 (6.40)
N(Cy) = 2°=38 (6.41)

The decoding complexity of code 5 is as follows. The partition group () consists

of four sets containing two point each. Hence 4 X 2 = 8 distance computations are
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(00, 00, 00), (10,01, 10), (11,01, 01), (01,00,11)
(11,10,00), (01,11, 10), (00, 11, 01), (10,10, 11) °

(10,01,01), (00,00, 11), (01,00, 00), (11,01,10) _
(01,11,01), (11,10, 11}, (10,10, 00), (00, 11,10) K

(11,10,01), (01,11, 11), (00, 11, 00), (10, 10, 10)
(00,00, 01), (10,01, 11), (11,01, 00), (01, 00, 10)

(01, 11,00), (11,10, 10), (10, 10, 01), (00, 11, 11)

(10,01, 00), (00,00, 10), (01,00, 01), (11,01, 11) (00,00, 00)

(00, 11,01), (10, 10, 11), (11, 10, 00), (01, 11, 10) (11,11,11)

(11,01,01), (01,00, 11), (00, 00, 00), (10,01, 10)

ALY \1: X
LA 288 S
OISR

)
K

(10,10, 00), (00, 11, 10), (01, 11,01), (11, 10, 11) / 25T 9 \‘{‘?\& )
(01, 00,00), (11,01, 10), (10, 01,01}, (00,00,11) ~ FLH B? XXX

(11,01,00), (01,00, 10), (00, 00,01), (10,01,11) £
(00, 11,00), (10, 10, 10), (11, 10,01), (01, 11, 11)

(01,00,01), (11,01, 11), (10,01, 00), (00, 00, 10) £
(10,10, 01), (00, 11, 11), (01, 11, 00), (11,10,10)

Figure 6.9: Trellis diagram corresponding to the encoder of code C; of figure 6.8.

required to compute the minimum distance to each subset and we have £4(C;) = 8.
The encoder over 4, has two parallel paths, and there are 31 distinct cosets of the
parallel group. Hence £p(Cy) = (2x32)/3 =~ 21.3. The trellis C, consists of 8 states,
each with 8 transitions and the trellis complexity is given by &7(Cy) = (8 x 8)/3.

The total normalised complexity of decoder C is therefore given by

£(Co) = €4(Co) +Ep(Cr) + Er(Cy)
8 +64/3 + 64/3
50.7 (6.42)

Q

The total decoding complexity of the code C = C; % Cy is

£(C) = &(C1) +¢(Cy)
= 56 (6.43)

Table 6.2 is a summary of the multi-level code construction. The error performance
of the multi-level code C' is dominated by the worst code in the construction. Clearly
this is the component code Cy which has a product distance of 8 and multiplicity 8,

compared the product distance of 64 and multiplicity 1 of code C;. In figure 6.10 we
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Code over S = 8-PSK, partition [

ilm | A [ bi | o (v | de | d | N | Ea(CH) | Ep(Ch) | &(C) | E(Ch)

172 Z, |32 2 |2]3]|640]|1 0 0 16/3 | 16/3

214 (Z)* 3|4 % (3|3 |80]38 8 64/3 | 64/3 | 50.7
bits/symbol= | 2.0 Total complexity | 56

Table 6.2: Summary of the properties of the multi-level code of case 1.

have plotted the error curves of the two component codes (), and Cy as well as that
of a multi-dimensional geometrically uniform trellis code ¢’ with v = 4 described in
table 4.10 of chapter 4. The trellis encoder has 16 states and is over the constellation
S = 2 x 8PSK. It has a Hamming distance of 3, a minimum product distance of
d?, = 8, and a weighted product distance of d%w = 1.59. The code properties are
similar to those of code Cy. However the normalised complexity of the trellis code

from table 4.10 is higher,

£(C") =128 (6.44)

and is about 2.5 times more complex to decode than the multi-level code. We see
that the multi-level code operates at a similar performance to the trellis code but

with a decoding complexity that is significantly lower.

6.4.2 Study 2: A multi-level code over 2 x 8PSK.

For this case we study a multi-level code over the constellation 2 X 8-PSK. This
constellation is more interesting in that the number of design possibilities and trade-
offs are far greater. The constellation may be partitioned to give different Hamming
distances at different levels. Therefore the code rate at the higher levels can be
increased, while the code rate at the lower levels is decreased, making it possible
to compensate for the reduced distance properties. In this example we partition
the constellation S = 2 x 8-PSK into three levels. The partitioning is based on
the generating group G(S) =~ (Dg)?. We have selected the normal subgroup chain
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Comﬁonent code 1
A Component code 2 N
10 Trellis code over 2 x 8-PSK |3

—
O‘
ot

!
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Pairwise probability of error.
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Figure 6.10: The performance of the component codes C; and Cy of the multi-level code
of study 1. Plotted for comparison is a multi-dimensional trellis code ¢’ with similar distance

properties,
GoaGi Gy G3, where

Go = {(ro,70)} (
Gy = {(ro,70), (ra,m0), (v7,74), (v3,74) } - Go (6.46
Gz = {{ro,m0), (ra,74), (vs,v2), (v1,v3)} - G (
Gz = {(ro,70), (ra,72), (r0,01), (ra, v3)} - G2 (

This selection of the partition chain partitions S into three four-way partitions, the
distance properties of which are summarised in table 6.3. Fach of the three quotient
groups G;/G;_; is isomorphic to (Z;)? and the isomorphic mappings to the labels
groups A4; are included in table 6.3 in terms of the coset representatives. Note that
the partition levels one and two both have two elements with a Hamming distance of

dig = 2. These higher Hamming distance elements can be exploited by the encoder to
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Partition I of 2 x 8-PSK
i | G;/Gi 1| m; | Cosetrep. | Mapto 4; |dg | df | N
L (Z9)* | 4| (rgro) 01 1 40 |1
(v7,74) 10 2 | 234 | 1
(v3,74) 11 2 | 137 |1
2 (Z)? | 4| (rar) 01 2 10343 | 1
(vs,v7) 10 1 05871
(1, v3) 11 9| 117 | 2
3| (Z)? | 4| (ra,r2) 01 1] 20 |2
(70, v1) 10 10587 1
(74, v3) 11 10587 2

Table 6.3: Summary of the distance properties of a three level partitioning of 2 x 8-PSK.

improve upon the minimum Hamming distance otherwise possible. We have selected
to construct each of the component codes C; over (A4;)?, i.e. p; = 2. To choose a

rate of each encoder, we compute the overall rate of the code in bits per symbol
b b b
b b 5
Lpy  Lp, Lp;s
b by bs
T 22792722
by + by + by

= AT (6.49)

To achieve an overall rate of 2 bits/symbol we need b, +bs + b3 to equal 8, and hence

we select by = 3, b, = 3 and b3 = 2. Note that the lower bit rate of code C3 allows

T ——

us to compensate for the worse distance properties of the underlying partition. We

have selected the codes €7 and Cy to have a constraint length of 3 and the code

(5 to have a constraint length of 4. The encoders are summarised by the generator
matrices

(01,10) (10,01)

G(Cy) = | (10,01) (01,01) (6.50)

(00,11) (01,11)

(00,11) (11, 10)
G(Cy) = | (10,01) (01,10) (6.51)
(01,10) (00,11)
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(10,01) (01,11) (11,11)

Gy = ( (01,10) (10,10) (01,10) ) (6:52)

These trellis generators combined with the partition properties of table 6.3 gives the

following distance properties for each of the three component codes:

dr(Ch) =5 d2(C1)=1280 N(Cy) =1
dg(cg) =} d;(cg) = ().235 JN(OQ) =16 (653)

The decoding complexity of code C; is as follows. The partition group €}, consists
of four sets containing one point each and £4(C;) = 0. The encoder C; has no
parallel paths, hence £p(Cy) = 0. The trellis defining C; has of 8 states, each with
8 transitions and the trellis complexity is given by &p(Ch) = (8 x 8)/4 = 16. The

total normalised complexity of decoder C is therefore given by

E(C) = €a(Ch) +Ep(Ch) + & (Ch)
= 0+0+16

= 16 (6.54)

The partition group )y consists of four sets containing four points each and as such
(4 x 4)/2 = 8 comparisons are required to compute the minimum distance to each
subset. Hence we have £4(Cy) = 8. The encoder C, has no parallel paths, hence
£p(Ca) = 0. The trellis over of Cy has 8 states, each with 8 transitions and the trellis
complexity is given by &7(C3) = (8 x 8)/4 = 16. The total normalised complexity

of decoder (Y is therefore given by

E(Cy) = £alCy) +€p(Co) +6r(Ch)
= 8+0+16 |

= 2 (6.55)

The partition group (J; cousists of four sets of sixteen points each. The number of
comparisons required per symbol is £4(Cs) = (4 % 16)/2 = 32. There are no parallel
paths in the code trellis of C3 and £p(Cs) = 0. The encoder consists of sixteen states,

each with four branches and the trellis complexity is given by &r(C3) = (4x 16)/4 =
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16. The total normalised complexity of decoder Cj is therefore given by

£(Cs) = €a(Ca)+Ep(Ca) + & (C)
= 324+0+16
= 48 (6.56)
and the total complexity of the multi-level code is
£C) = &(C1) +4(C2) +£(Cy)
= 16+24+48
= 88 - (657)

Table 6.4 is a summary of the multi-level code construction. This multi-level code

Code over 5 = 2 x 8PSK, partition T

igmg | A Ip b || de | & N 1 €alGy) | Ep(Ch) | €r(Cr) | E(CY)
1] 4 |(Z)2| 23] 2 |3| 5 |12800] 1 0 0 16 16
21 4 | (Z)*| 23] 2 0.235 | 16 8 0 16 24
314 | (Z)%] 2| 2 % 41 6 0.471 | 136 32 0 16 48
Code rate in bits/symb. | 2.0 Total complexity | 88

Table 6.4: Summary of the properties of the multi-level code of case 2.

has a decoding complexity of only 88. In comparison, from table 4.10 of chapter 4,
for a geometrically uniform trellis code over 2 x 8-PSK transmitting 2 bits/symbol to
achieve a diversity of 5, requires a trellis with 256 states. The normalised complexity
of such a trellis is 2478 /2 = 2048 which is about 23 times more complex. Of course
the trellis code has a much higher minimum product distance and lower multiplicity.
Figure 6.11 shows the pairwise probability curves of each of the three codes Cy, Cs
and C3 and the trellis code C' for comparison. Note that the worst component code
in the multi-level hierarchy is code C,. The asymptotic performance loss relative to
the trellis code C' is about 3 dB.

6.5 Selecting component codes.

As we have seen from the example case studies of section 6.4 the error performance

of the overall multi-level code is dominated by the worst component code in the
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Component code 1
Component code 2
Component code 3
Trellis code over 2 x 8-PSK |

Pairwise probability of error.

1
5 10 15 20 25 30
ES/NO

Figure 6.11: The performance of the component codes Cy, Cq, C3 of the multi-level code of

study 2. Plotted for comparison is the trellis code ¢’ with the same Hamming distance.

hierarchy. Each component code C; is defined as a convolutional group code over a
label subgroup 4;, where each element of A; corresponds to a set of points from the
partition chain. The overall distance properties of C; are determined by the distance
properties of 4; and by those of the convolutional code C; itself. The main design
parameter of interest for the Rayleigh fading channel is the Hamming distance of
the code. Therefore to aid in the design of multi-level codes over geometrically uni-
form partitions we have constructed tables listing the achievable minimum Hamming
distance in terms of the group and distance properties of .A; and in terms of the con-
straint length v; of the convolution code C;. This makes selection of the partition
chain and component code rates easier, since determining the Hamming distance of

the component code becomes a matter of table lookup.
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6.5.1 Component codes over A; ~ 72,

Table 6.5 lists the Hamming distances of codes over (A;)Pi, for p; = 2 to p; = 6,
where A; ~ Z,, the binary group. The label group A; = {4, A;} contains just two
elements and has Hamming distance dg(A;). The Hamming distances of C; listed in
table 6.5 have been normalised to dg(A;). The first column of the table contains the
constraint length v; of C;. The subsequent columns contain the normalised Hamming
distance dg(C;)/dr(A;) for a given code rate b;/p;, where b; is the number of input
bits. The product distance and multiplicity of each code may be computed by the

dg of component codes over (Z,)Fi

v; b /pi

1/2 1 1/3|2/3|2/4|3/4|3/5|4/5|5/6
11 3 5 2 4 2 3 2 2
21 5 8 3 5 31 4| 2 2
31 6 10 4 6 4 5 3 3
417 12 5 7 4 6 4 3
) 8 6 8 5 6 4 4

Table 6.5: Normalised Hamming distance of rate b;/p; component codes over (Z)P:.

following formulas:

dp (Cs)/dpr (As)

Ih
2
I

d2(A;)) (6.58)
N(C) = (N(Ai))dﬂ(ci}fdﬂ(/li)_ (6.59)

Note that the code parameters of table 6.5 correspond simply to binary convolutional

codes.

6.5.2 Component codes over A; ~ (7).

The group A; ~ (Z2)? contains four elements and a greater number of possible
Hamming distance combinations are possible than a group isomorphic to Z;. From
the case study 1 of section 6.4.1 we see that the level two partition label group is
isomorphic to (Z3)? and the Hamming distance profile can be described by the set

DP(A;,dy) = {1,1,1}. This means that every element is at a Hamming distance of
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one from every other element. For case study 2 of section 6.4.2, the label groups for
partition levels one and two are also isomorphic to (Z,)?, however they both have
a Hamming distance profile described by DP(A;, du) = {2,2,1} (see table 6.8).
Therefore a component code over the latter distance profile will generally be better
than a component code over the former. Tables 6.6, 6.7, and 6.8 list the greatest
attainable Hamming distance of the component codes over (Z;)? as a function of
the normalised distance profiles DP(A;, dy) = {1,1,1}, DP(A;, dy) = {1,1,2}, and
DP(A;,dy) = {1,2,2} respectively. The corresponding squared product distance

dg and code multiplicity NV, need to be evaluated on a case by case basis.

dy of component codes over (A4;)%.

A; ~ (Z,)%. DP(A;,dy) ={1,1,1}
] b;/p;

1/111/2 | 2/2|3/2|3/3|4/3|5/3
1] 2 4 2 2 3 2 2
21 3 6 4 2 3 3 2
31 4 8 4 3 5 3 2
41 5 10 6 3 6 4 3

Table 6.6: Normalised Hamming distance of rate b;/p; component codes over (A;)P, for A4; =

(Z2)? with normalised Hamming distance profile DP(A4;,dn) = {1,1,1}.

dy of component codes over (A4;)Pi.
A; = (Z,)2. DP(A;, dir) ={1,1,2}
v b/ p;
1/11/212/2|3/23/3|4/3|5/3
103 | 742|432
21 5 10 ) 3 ) 4 2
31 6 12 6 4 6 4 3
41 7 | 15| 8 4 7 5 4

Table 6.7: dy of rate b;/p; component codes over (A4;)%, for A; ~ (Z,)* with normalised
distance profile DP(A;,dy) = {1,1,2}.
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Normalised Hamming distance of component codes over (A4;)?:.
A; = (Z2)?. DP(A;,dy) = {1,2,2}
Y bi/p;
1/111/2|2/2|3/2|3/3|4/3 5/3

1| 4| 8| 4| 31| 5| 4 2

21 6 |12 6 | 4 | 6 | 5 3

3/ 7|15 8| 5| 8|6 4

41 8 |18 10| 5 |10 | 7 ]

Table 6.8: Normalised Hamming distance of rate b;/p; component codes over (A4;)*, for A; ~

(Z2)? with normalised distance profile DP(A;,di) = {1,2,2}.

We observe, as expected, that the attainable Hamming distance of component
over (Z,)? increases as the distance profile of the underlying partition improves. The
Hamming distances of the component codes over the profile DP{A; dp) = {1, 2,2}
are almost double those over DP(A;, dy) = {1,1,1}.

6.5.3 Component codes over Zj.

The other label group of order four occurring in partition chains is the group iso-
morphic to Z;. Generally component group codes over this group do not échieve the -
same Hamming distances as codes over (Z,)? for the same Hamming distance profile.
This is due to the more constrained algebraic structure of the group Zy compared
to (Z3)%. Tables 6.9 and 6.10 list the attainable Hamming distance of a compo-
nent code constructed over Z, for the Hamming distance profiles dg = {1,1, 1} and
dg = {1,2, 2} respectively. The Hamming distance of one in the latter profile cor-
responds to the element g # e of Z, such that g* = e. The profile di = {1,1,2} is
not considered because it does not occur in any partition chains examined. By in-
spection of tables 6.9 and 6.10, the codes over Z4 do not achieve Hamming distances
nearly as good as those over (Z;)2. In fact the change of Hamming distance profile
of the codes over Zy from DP(A;,dy) = {1,1,1} to DP(A;, dy) = {1,2,2} did
little to improve the achievable Hamming distances of the component codes. This
is due to the Hamming distance of one corresponding to the element g € Z4, such

that ¢> = e and it is this element which with the identity element forms the only
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dg of component codes over (A4;)F:.
A; ~ Z,. DP(A;,dg) ={1,1,1}

v b/ p;

1/22/2 | 3/213/3|4/3|5/3

2
3
4

11 3 2 1 2 1
21 5 3 2 2 2
31 6 3 3 3 2
417 ) 3 4 3

5

Table 6.9: Normalised Hamming distance of rate b;/p; component codes over (A;)?*, for A; o Z,4

with normalised distance profile {1,1,1}.

dg component codes over (A;)F:.
Ai =~ 24, DP(Ais d;{) = {1, 2, 2}
v k/n

1/2 | 2/2 | 3/2 | 3/3 | 4/3 | 5/3
103 l2]1]2]2]1
2l 5 | 3123 |2]2
36| 3|35 | 3]|2
4l 75|35 |53

Table 6.10: Normalised Hamming distance of rate b;/p; component codes over (A;)¥, for

A; =~ Z4 with normalised distance profile {1,2,2}.

non-trivial subgroup of Z,. In general it is therefore preferable to construct codes

over label groups 4; isomorphic to (Z2)? rather than Zj.

6.6 Codes over 1 x 8&PSK.

The paper by Seshadri and Sundberg constructs multi-level codes for the Rayleigh
fading channel over an 8-PSK constellation [65]. Their construction is based on
the conventional Ungerboeck three-level partitioning of 8-PSK [75] and the same
partitioning is also achieved by any normal subgroup chain over a generating group
of 8-PSK. We have summarised the properties of the partition in table 6.11. The

label group of each of the three levels is isomorphic to Zy and a multi-level code is
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Partition Il of 1 x 8-PSK
1| G;/Giq | my | Coset | Map to A; | dg ci?} N
1 o 2 T4 1 1 4.0 |1
2 2 4 Ty 1 1 20 | 2
3 Lo 4 ) 1 1 105871 2

Table 6.11: Summary of the distance properties of a three level partitioning of 8-PSK.

constructed by defining three linear binary codes over Z,. Seshadri and Sundberg
used identical rate 2/3 binary convolutional codes over each level to give an overall
data rate of 2 bits per symbol and achieved the minimum Hamming distances listed
in the column labelled “2/3” of table 6.5 as a function of the constraint lengths of
the convolution encoders. The error performance of this construction is dominated
by the code with the worst distance properties. This is the code defined over the
third level partition which has a minimum product distance of 0.587. In table 6.12
we have listed the minimum distance properties and normalised code complexity
of this code construction as a function of the constraint length of the component

codes. The normalised complexity of the code increases exponentially with the

v | dg | &2 N | €(0)
112|034 4 10
21 31 0.20 24 20
31 4 | 0.12 32 36
41 5 10070 160 68
51 6 |0.041 | 1088 | 132
6| 7 10.024 | 2176 260

Table 6.12: Code parameters of multilevel constructions over 1 x 8-PSK.

increasing constraint length of the component codes. In figure 6.12 we have plotted
the probability of error curves of the component codes of table 6.12. Note that each
unit increase in the component code constraint length leads to a diminishing retuin
in coding gain. The multi-level codes outperform the best trellis codes of chapter 4
also transmitting 2 bits/symbol in terms of code complexity. For example curve 5 of

figure 6.12, corresponding to a multi-level code with v = 5 and dgy = 6, is similar to
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Figure 6.12: The error performance of multi-level codes over partition II of 1 x 8-PSK. The

overall code rate is 2 bits/symbol.

the performance of a trellis code over 2 X 16-PSK with v = 7 and dy = 4 at s BER
of 107Y. However the normalised complexity of the multi-level code is 132 compared
to 1024 of the trellis code, and represents a reduction in complexity of a factor of
about 8.

We may attempt to improve upon the minimum squared product distance of the
partition described by the label group .A; by employing the two-level partitioning
of the 8-PSK constellation used in case study 1 of section 6.4.1, and is illustrated
by figure 6.5. This two-level partitioning is based on the generating group G(S5) =
{ro, 1,79, T3, Vg, V1, Uy, V3 }, iSomorphic to Dy, partitioned using the partition chain
consisting of the normal subgroups Gy = {r, 74} and G5 = G. Of the two levels of
the partition, one is two-way and the other is four-way and the distance properties
are described by table 6.1 of section 6.4.1. Note that the four-way partition contains
one element with a product distance of dg = 2.0 which can be exploited by the
component code to produce a better overall product distance. In table 6.13 we have

listed the properties of 4 multi-level code designs. The component codes for C; are
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over (A4;)* and have 2 input bits each. The component codes for Cy are over (A;)?
and have 4 input bits each to give an overall rate of 2 bits per symbol for each code.

Although we have improved upon the minimum product distance {(and multiplicity)

Design Crbi=2,rn=4% Cybo=4,10=1% C,r=20
v |dg | 2 | N |EC) | v |du| di | N|EGC) ¢(C)
1 112 (16011 4 1| 2 [ 1172 6 | 44/3 18.7
2 21316403 |16/3 2| 3 |0689] 6 | 88/3 34.7
3 3141266 |2]32/3( 4|4 (0402| 6 |264/3 98.7
4 415 | 1024 | b | 64/3 || 5| 5 |0.236| 18 | 520/3 194.7

Table 6.13: Four multi-level code designs over partition I of 1 x 8-PSK.

for a given Hamming distance by using a two-level partitioning, it has been at the
cost of an increase in decoding complexity. This is consistent, as effectively the
design is “closer” to a conventional trellis code over 8-PSK, relative to a three level
multi-level code design. In general, the more levels in the multi-level encoder, the

lower the decoder complexity for the code distances achieved.

6.7 Codes over 2 x 8-PSK.

Multi-level codes over partitions of 2 X 8-PSK are more interesting because they
allow for much more design flexibility and design trade-offs than multi-level codes
over 1 X 8-PSK, The partition chain can be selected such that some of the levels have
a Hamming distance of two allowing the data rates of the component codes to be
varied to give better coding gains. The number of possible partitions of 2 x 8-PSK
is large and we will only examine one of the more interesting ones. First we need to
decide on the number of partition levels, from 1 to 6, as well as the orders of each
partition. For example, in the case study 2 of section 6.4.2 we partitioned 2 x 8-PSK
into three levels, each of order 4. Alternatively we may partition the constellation
into six levels of order two each. Consider the six level binary partitioning of 2 x 8-
PSK based on the generating group G(S) ~ (Zg)*. Table 6.14 summarises the
properties of the the partition chain we have selected. Each level is isomorphic to

the binary group Z,. Note that the first three levels of the partition have a minimum



6.7. CODES OVER 2 x 8-PSK. 171

Hamming distance of two, while the remaining three levels have a Hamming distance
of one. We may take advantage of the difference in Hamming distances of the levels
by increasing the data rate of the top three levels and reducing the data rate of the
lower three levels. By doing so we can make the distance properties of the component

codes at each level similar. Each label group is the same and equals A; = {0,1}. By

partition I of 2 x 8-PSK
i | Gi/Gioy | m; | Coset | dy | d2 | N
1l z | 2| (| 2| 160 1
ol Z | 2 | (rare) | 2| 40 | 2
3 Zs 2 (r,ms) | 2] 20 | 4
4 Zy 2 | (ro,7re) | 1 | 40 | 2
5 Zo 2 | (ra,m2) | 1 20 | 4
6| Z | 2 |(rars)| 1 |0586 4

Table 6.14: Summary of the distauce properties of a six level binary partition of 2 x 8-PSK.

raising each label group to the power of six, we can elect to transmit five bits per
level for the top three levels, and three bits per level on the lower three levels. This
choice, while making good use of the higher level distance properties, maintains an

overall data rate of two bits per symbol:

L& b
Y P

Li:lpi

1,5 65 &6 3 3 3
=536 s et 5 e

= 2.0 bits/symbol (6.60)

To select the component codes we utilise table 6.5 which lists the minimum distances
of codes over (Z;)%:. For a minimal complexity design, we select v; = 1 for each level,
and conveniently this choice gives a minimum Hamming distance for every level of
four. The properties of each component code are summarised in table 6.15. The
complexity of this code is about 40% higher than the code of table 6.12 over 1 x &-
PSK with equal minimum Hamming distance. Clearly it is better to utilise the the
code over 1 x 8-PSK to achieve a Hamming distance of four. However if we desire to

design codes with a higher Hamming distance then a code over 2 x 8-PSK can have
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Code over S = 2 x 8-PSK, partition 11

ilms [ A pi|ni | i fv [ da | di | N | Ea(Gh) | £p(Ch) | €r(Cy) || €(Ci)
112 | Z|6]5] 5 |1]4]|2560] 10 0 16/3 | 1/3 5.7
202 | Z| 6|5 5|1 4160 |40 2 16/3 1/3 7.7
312 [ Z |65 | 5|1 4| 40 |160] 4 16/3 | 1/3 || 9.7
412 | Z| 6|3 & | 1| 4 |2560) 48 8 4/3 1/3 || 9.7
512 | Z (6|35 |1] 4] 160 |768 8 4/3 1/3 9.7
6|2 |Z|6|3 |5 |1| 4012|768 8 4/3 1/3 9.7

Code rate = | 2.0 Total complexity | 52

Table 6.15: Summary of the properties of a multi-level code design over partition IT of 2 x 8-PSK.

Design distance dy = 4.

less complexity. By selecting each component code to have a constraint length of

v; = 3 we achieve a Hamming distance of dy = 6 and the properties of this design

are summarised in table 6.16. This multi-level code has a minimum squared
Code over S = 2 x 8-PSK, partition II

ilmi | A i e | o | v da | d2 | N EA(G) | Ep(Ch) | &r(Ch) || E(CY)

112 (2|65 |5 |3|6 |49 6 0 5.3 53 | 107

212 |Z| 6|5 5|36 | 64 | 48 2 5.3 53 | 127

312 (26|55 |3]|6 8 384 4 5.3 5.3 14.7

412 25121 i 3| 6 | 4096 | 64 3 0 4 12

502 |Zy| 21| 1 |3]6 | 64 |4096| 8 0 4 12

6 2 | Zo 211 %1 3| 6 | 0.04 | 4096 3 0 4 12
Code rate = | 2.0 Total complexity | 74

Table 6.16: Summary of the properties of a multi-level code over partition II of 2 x 8-PSK.

Design distance dy = 6.

product distance of d?, = 0.04, the same as the v = 5 code over 1 x 8PSK of table
6.12 however the multiplicity is approximately a factor of two greater. The decoding
complexity of the code is only 74 while for the code over 1 x 8-PSK it is 132 and
represents a saving of 46%. By increasing the constraint lengths of the component

codes to v; = 5 we achieve a Hamming distance of dy = 8 for a squared product
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distance of d;f = 0.014 as shown in table 6.17. The decoding complexity for this

Code over § = 2 x 8-PSK, partition IL

ijmg | Al pe{me | i | u | da | & N | €alCy) | £p(Ca) | £x(Ch) || E(CY)
il 2 12,65 ]% 51 8 | 65536 16 0 0 85.3 85.3
2012 |Z [ 6)5| 5|8 8| 256 | 256 2 0 85.3 | 87.3
312 |Z 65| %F|5(8 | 16 | 4096 4 0 85.3 || 89.3
41 2 12,1211 % 5| 8 | 65536 256 8 0 16 24
512 12,121 % 5 8 256 | 65536 8 0 16 24
6| 2 12|21 |58 |001465536| 8 0 16 24

Code rate = | 2.0 Total complexity | 334

Table 6.17: Summary of the properties of a multi-level code over partition I of 2 x 8-PSK.

Design distance dy = 8.

code design is 334 and is a significant increase relative to the dg = 6 code, however

it still represents a 35% reduction in complexity relative to a multi-level code over
1 x 8-PSK from table 6.12. In figure 6.13 we have plotted the union bound on the
probability of error of the three multi-level code designs of tables 6.15, 6.16 and 6.17.
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Figure 6.13: The error performance of multi-level codes over partition II of 2 x 8-PSK. The

overall code rate is 2 bits/symbol.
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6.8 Codes over 16-QQAM.

The constellation 16-QAM is not a GU constellation. However as shown in section
5.3 of chapter b it is possible to write 16-QAM as a GU partition tree. The conven-
tional four-way GU partitioning is shown in figure 6.14. This partition of 16-QAM

1 0 1 0
@ e ® @
2 3 2 3
® @ @ ®

P
@
oo
@

Figure 6.14: The conventional 4-way partitioning of 16-QAM.

divides the constellation into four subsets of four points each and is written as

SP = {SPM SPN SPza SPa}
= {{(3?3)1(_173)3(_13_1)9 (3:_1)}3
{"37 _3): (L 3)? (1‘) ”1): (_33 "1),}7 (6'61)

{=3,-3),(1,-3),(1,1), (=3, )},
{(3,-3),(=1,-3), (-L,1), 3, }}.
The four subsets form a GU partition with a symmetry group identical to the sym-
metry group of a 4-PSK constellation, that is the partition has the same set of
symmetries. The distance properties of this partition, after the normalisation to
unit energy of the constellation, are listed in table 6.18. The table lists the distance
properties from the subset Sp, to each of the other three subsets, Sp, Sp, and 5p,.
Note that in order to calculate the minimum distance properties between Sp, and
another subset Sp, we must consider every point Sp, and determine the point with
the worst distance properties to the points in Sp,. If the partition was based on a GU
constellation then only one point would need to be considered as shown in section
5.5.1 of chapter 5, Each subset of the partition is a GU constellation and is identical

to 4-PSK with a shifted origin. Clearly the subsets also have a symmetry group
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dy | 2 | N
Sp | 1|04 2
Sp, | 1|08 4
Sp | 1042

Table 6.18: Minimum distance properties from subset Sp, to each other subset.

isomorphic to that of 4-PSK. The distance properties of the subset Sp, are listed in

table 6.19. This partitioning gives two levels with quite different distance properties.

dg | &2 | N
1111161
2111321
311 116} 1

Table 6.19: Minimum distance properties of the subset Sp,. Distances from the point 0 to each

other point are listed.

The level with the lower squared product distances also has a higher multiplicity.
Since a multi-level code is dominated by the worst code in the hierarchy, there is lit-
tle point in having two levels with quite different distance properties. In fact we are

better off with the partitioning shown in figure 6.15. This method of partitioning has

A
1 1 0 0
@ ® @ @
1 1 0 ]
® ® @ ®
N
A

Figure 6.15: A 4-way partitioning of 16-QAM more suitable for multi-level coding.

the advantage of giving exactly the same distance properties on each level. These
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are summarised in table 6.20. To define a multi-level code over this partitioning of

Partition I of 16-QAM
i| A |ms|Coset | Map to A; | dy | d2 | N
1 (Z)2 | 4 | 01 1]04]1
V1 10 1 1081
Uz 11 11041
o1 (Z)2 ] 4 | 01 1]04]1
3 10 1710811
Vg 11 1 1041

Table 6.20: Summary of the distance properties of an alternate partitioning of 16-QAM.

16-QAM we may simply use two rate 1 bit/symbol GU codes over 4-PSK listed in
the code tables of chapter 4. Two 1 bit/symbol encoders in the multi-level structure
will give a total rate of two bits/symbol. The distance properties (except for the
Hamming distance) of this code will be different from the corresponding code over
4-PSK due to the underlying partition properties. In table 6.21 we have listed three
codes with Hamming distance of 4, 6 and 8 respectively, based on this construction.
The three code designs of table 6.21 all exhibit a good Hamming distance versus
decoder complexity trade-off. The first code has a Hamming distance of four and
normalised decoding complexity of 24. In comparison to the multi-level code over
1 x 8-PSK of table 6.12 with the same Hamming distance, the code over 16-QAM
has approximately a 33% lower decoding complexity, however its product distance
is a factor of two worse. The second multi-level code over 16-QAM has a Hamming
distance of six, and a normalised decoding complexity of 72. Again this code im-
proves over the same Hamming distance code over 1 x 8-PSK of table 6.12 in terms
of decoding complexity by about 456%, but has a worse squared product distance
by about a factor of five, However it does not improve on the multi-level code over
2 x 8PSK of table 6.16 which also has a Hamming distance of six, a comparable
decoder complexity, but a better product distance. Finally the third code of table
6.21 has a Hamming distance of eight and decoding complexity of 264. This code
also improves over the code with the same Hamming distance of table 6.12 in terms

of decoding complexity by a factor of two, at the cost of a reduced squared product
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Code 1 over S = 16-QAM, partition I.

ilmi | A | pi|bi| T |vi]dn d2 N | €a(C) | €p(Cy) | Er(Cs) || &(Cy)

14 @222z ]2]4]saxw02]2] o 0 8 8

ol a |2 |2]2]2|2] 4 [51x02]2] s 0 8 24
Rate = | 2.0 Total complexity | 24 |

Code 2 over S = 16-QAM, partition I

i mi | A [pi b | T | vi| dn d2 N | €a(Cy) | €p(Cy) | &r(Cs) || €(CY)

1] 4 (2202212146 [82x1073] 2 0 0 32 32

2|4 [(Z)2|2]2] 2|46 [82x1073] 2 8 0 32 40
Rate = | 2.0 Total complexity 72

Code 3 over S = 16-QAM, partition I

ilm; | A | pi | b | mi | v | dl d2 N | €a(Cy) | €p(Cs) | &r(C) || €(Cs)

1|4 [(Z)?|2]2] 2 8 |13x10°3| 1 0 0 128 128

2| 4 [ (22?222 |6 8 [13x103]1 8 0 128 136
Rate= | 2.0 | Total complexity | 264 |

Table 6.21: Summary of the properties of three multi-level code designs over partition I of
16-QAM.

distance by a factor of 10.

6.8.1 Four level partitions of 16-QAM.

We may improve upon the distance properties of the multi-level code over 16-QAM
of the previous section by partition each of the two partition levels into two again,
resulting in a four level binary partition, the properties of which are listed in table
6.22. Each level of this four-level partition is isomorphic to Z, and we may use any
binary code to code over the sublevels. From table 6.5, column one, we see that
rate 1/2 binary codes achieve a Hamming distance of six and eight with an encoder
constraint length of three and five respectively. The code properties of the multi-
level code construction over the partition of table 6.22 and the binary convolutional
codes of table 6.5 are listed in table 6.23. The first code attains a Hamming distance
of dif = 4 at a complexity of 40. This is not as good as the dg = 4 code of table 6.21.

However the codes with dy = 6 and dy = 8 both improve over the codes of table
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Partition II of 16-QAM
i | A | my | Coset | Map to A; | dp | &2 | N
112 2| r 1 1 (08]|1
2| 4y | 2 [ 1 1 104 2
3|z, 2| r 1 1081
412y | 2 v 1 1 104 2

Table 6.22: Summary of the distance properties of a four-level binary partition of 16-QAM.

Code 1 over S = 16-QAM, partition IT

il mi | Ai|pi | bi| mi | vi|du 4 N | €a(C) | €p(CY) | &r(Cy) || €(Cy)
11 2 |2, 4] 2 % 1 4 0.41 5 0 2 1 3
212 |Z|4]2]2|1] 4 0.026 | 80 4 2 1 7
3| 2|2, |42 214 0.41 5 8 2 1 11
412 |Z|4|2] 2|14 0026 | 80 | 16 2 1 19
Rate = | 2.0 Total complexity | 40

Code 2 over S = 16-QAM, partition II

i |m; | Ai[pi|bi| 7 | vi| du d2 N | €4(Cy) | €p(Cy) | &(Ch) || &(C)
1|12 | 2221 % 3 6 0.26 1 0 0 8 8
2|2 |Z 21|31 |3|6 |41x103| 64| 4 0 8 12
32| Z|2|1] L |3]6|41x10%]| 1 8 0 8 16
41 2 [ Z2 ] 2 |1 % 3 6 0.0041 64 16 0 8 24
Rate = | 2.0 Total complexity | 60
Code 3 over S = 16-QAM, partition II
i|mi | Ai | pi|bi| i |vi|dn d2 N | €a(Cy) | €p(Cy) | &x(Cy) || €(CY)
122|213 ]|5]s8 0.16 1 0 0 32 32
2| 2 [Z 2|1 4|5 8 |66x107*]| 256 4 0 32 36
31 22| 2]|1 % 5 8 0.16 1 8 0 32 40
41 2 | 2| 2|1 2 |5] 8 [66x107*|256| 16 0 32 48
Rate = | 2.0 Total complexity [ 156

Table 6.23: Summary of the properties of three multi-level code designs over partition IT of
16-QAM.

6.21 in terms of decoding complexity, however at the cost of the minimum squared

product distance. In figure 6.16 we have plotted the probability of error curves of
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the three 16-QAM multi-level codes of table 6.23.

Probability of error

-10f L i ! I
5 10 15 20 25 30
ES/N(] (dB)

Figure 6.16: The performance curves of three 16-QAM multi-level code designs.

6.9 Complexity versus coding gain.

We have shown that the technique of multi-level coding combined with staged decod-
ing reduces the decoding complexity for a given code minimum Hamming distance.
This reduction in complexity however is in general at the cost of the minimum
squared product distance and code multiplicity, which in turn affects the coding
gain. The interplay and tradeoffs between the various parameters makes it difficult
to judge which code is best. In a practical system we are interested in achieving a
given probability of error at the minimum possible signal power, while maintaining
an affordable level of complexity. To better judge the efficiency of the presented
codes, both the trellis codes of chapter 4 and the multi-level codes of this chap-
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ter, we have plotted, for a given probability of error, the required SNR. versus the
code complexity. In figure 6.17 we have plotted this relationship for some of the

codes presented for a probability of error level of 107?. The closer to the origin
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Figure 6.17: Comparison of SNR, at a probability of error of 107 versus decoding complexity

for different coding schemes.

the code point lies, the greater the code efficiency. The TCM schemes of chapter 4
are as expected the least efficient. Multi-level codes over 1 x 8-PSK are a signifi-
cant improvement, and multi-level codes over multi-dimensional constellation such

as 2 x 8-PSK improve the code efficiency further.

6.10 Summary.

We have investigated some of the design trade-offs of multi-level codes over GU

partitions. The fact that each component code is defined over a GU partition implies
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the error properties of that code may be completely characterised by considering only
the all-zero codeword. In general this does not imply that the overall multi-level
code is GU. We have found that multi-level codes can achieve the same probability
of error as GU trellis codes for a lower decoding complexity. This reduction in
decoding complexity is most pronounced for higher Hamming distance codes, for
which the complexity of trellis codes is large. We have by no means exhausted the
code design possibilities and we believe that multi-level codes over multi-dimensional
constellations with L > 4 can achieve extremely good performance with modest

complexity.



Chapter 7

Multiple symbol differential

detection.

In this chapter we combine the results and techniques from chapters 2, 4, 5 and 6 into
one system. For the code search results presented in chapters 4 and 6 we evaluated
the code performance assuming ideal channel state information, however in practice
a real channel state estimate is required. In section 2.4 of chapter 2 we showed that
the method of pilot tone aided detection performs at a penalty of a few dB relative
to ideal channel state information. Pilot tone aided detection has its drawbacks,
such as the difficulty of passing the signal through a non-linear amplifier, and as an
alternative we examine differential detection as a means of obtaining a channel state
estimate, In a conventional differentially detected system, the data is encoded in the
difference between the phases of adjacent symbols and this means that an absolute
phase reference is not required at the receiver. For the Rayleigh fading channel
differential encoding implies that a channel state estimate for the current symbol is
obtained from the previously received symbol. However because of the time varying
nature of the channel, the accuracy of the estimate is a function of the rate of
change of the channel state as determined by the normalised fade rate parameter
fpT'. 1f the channel state varies slowly with time then the estimate of it will be quite
accurate. However, as the speed of variation increases, the accuracy of the estimate
decreases. The inaccuracy of the channel state estimate leads to an error floor in the
performance of conventional differential detection on the Rayleigh fading channel.

I'igure 7.1 illustrates this phenomena. We have plotted the probability of error, as a

183
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function of SNR, of an uncoded conventional differentially encoded system operating

on the Rayleigh fading channel. Curves for fpT = 0.1, fpT = 0.03, fpT = 0.01,

Probability of error

fpT = 0.03
3 foT =0.01
4 fpT = 0.003

Ideal CSI

Figure 7.1: Performance curves of a conventional differentially detected 4-PSK system operating

on the Rayleigh fading channel.

fpT = 0.003 and ideal channel state information have been plotted. At fast fading
(curve 1, fpT = 0.1) the error floor bottoms out at a probability of error of about
9 x 1072, As the rate of fading is reduced, the error floor is lowered, until at
very slow fading the channel looks Gaussian and differential detection perfofms at
a penalty of 3 dB relative to coherent detection. Clearly conventional differential
detection is not well suited for operation on the Rayleigh fading channel. Divsalar
and Simon developed the technique of multiple symbol differential detection for the
AWGN channel [21],[24] and extended it, as did Ho and Fung, to the Rayleigh fading
channel [20],[32],[67]. MSDD improves significantly upon conventional differential
detection [25],[33],[68],[78], [81]. In this technique a decision is made on blocks of
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L symbols combined with a phase reference symbol. This method is very effective
and reduces the error floor dramatically even for relatively fast fading (fp7 =2 0.1).
The technique exploits the correlation of the fading process to estimate the channel
state more accurately. In this chapter we use MSDD and combine it with multilevel
coding to further improve the performance of the system.

We know from section 2.5 of chapter 2 that for coding to be effective, the code
symbols in the sequence must be independently faded. This is normally achieved by
symbol interleaving. On the other hand, for multiple symbol differential detection
to be effective we require the differentially encoded symbols to be highly correlated.
This is a conflict in requirements. Our proposal to solve this problem is to interleave
symbols in blocks of L symbols, rather than on a symbol by symbol basis. Each block
is differentially encoded, and decoded using multiple symbol differential detection.
We define a code over the blocks, treating the blocks as symbols from a larger
alphabet, The interleaving/deinterleaving process ensures that the fading affecting
each block is independent from block to block and code diversity is obtained by
the appropriate definition of the code. The code will be a multi-level construction
based on geometrically uniform (where geometric uniformity will be defined relative
to MSDD) partitions of L x M-PSK constellations. First we present and analyse

the model of this system.

7.1 System Model.

The block diagram of the system model is shown in figure 7.2. A sequence of vectors

ay Multi-level [ ‘L-symbol Calk) Differcutial Zia (k) Modulator
encoder interleaver ercoder
2(t}
a), Staged vg L‘-symbo] o Tots) Demodulator | 7(t) Fading
deecoder de-interleaver channel

Figure 7.2: Block diagram of a multiple symbol differentially detected system, with a multi-level

code.

of b bits, & = (a), ay, ...

,ax), where ap = (agy, age, .

.y axp), and ag; = {0, 1}, enters
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the multi-level encoder. The output is the code sequence € = (¢y, €y, ... , cx) where
each symbol ¢y is a block of L unit energy M-PSK symbols cx = (cr1, ks, - - - 5 CL)-
‘The rate of the encoder is r = % bits per two dimensional symbol. The sequence €
is passed through an ideal interleaver which interleaves the blocks ¢, as units. The
output of the interleaver is the sequence of blocks & = (ca(1), Ca2), - - - , Ca(k)), Where
a(k) is the inverse input/output map of the interleaver. Each block of L PSK sym-
bols €4y is encoded differentially into the block z,u) = (Za(k)l; Za(k)2s -+ 5 Za(k)D)s
where

N B (7.0

Za(k)(i-1)Cak)i 2 <1< L

In other words each code symbol is encoded as the phase advance relative to the
previously transmitted M-PSK symbol. The sequence z = (za(l},za(g): o Zo(K))
is transmitted across the flat fading Rayleigh channel with the same assumption as
made in chapter 2, i.e. that there is no or negligible inter-symbol interference (ISI).
The sampled demodulator output is ¥ = (re@1), Fa(2), - - - > La(x)). The deinterleaver
performs the inverse process of the interleaver and its output is ¥ = (ry,r9,... ,rk).
The deinterleaver is such that it retains the phase reference sample r1 of the block
ry. This is the last sample of the previously received block prior to deinterleaving,
ie. T = rak-1z. Each received sample ry; is related to the differentially encoded

symbol z; by
Thi = Zkillki + Tk (7.2)

The ny,’s are statistically independent identically distributed complex Gaussian vari-

ables with a variance
on = 5Bl = No, (7.3)

the one-sided power spectral density of the additive white Gaussian noise. The ;s
are a sequence of correlated, zero-mean, complex Gaussian random variables and
represent, the fading process experienced by the transmitted sequence. The variance

of the uy;'s is

02 = =Bl = B.. (7.4
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The ratio F,/N, represents the average signal-to-noise ratio (SNR) of the signal.
The amplitude |u;], of the complex Gaussian variables uy; is Rayleigh distributed

[61]. The autocorrelation of the wuy;’s is [43]

1
gE[UMUZ(Hmﬂ = p(m) = EsJo(2rmfpT), 0<i+m <L (7.5)

where fp is the maximum Doppler frequency, T is the symbol period, and Jy(e)
is the zero order Bessel function. We assume a slow rate of fading (fp7 < 0.1)
such that the differential detection process is effective in producing a channel state
estimate. The received signal sequence T, is passed to the decoder which produces
an estimate a’ of the transmitted binary sequence. The decoder and its performance

analysis are described in the next sections.

7.2 The Maximum Likelihood (ML) Decoder.

The input to the decoder is the sequence of received L-sample blocks
r= (I‘;,I’g.},o” ,'T']()? (76)

and the corresponding phase reference samples 14y = r4k—1)z- The ideal inter-
leaver /deinterleaver pair ensures that the effect of fading is independent from block

to block. For the purpose of analysis we combine ry and 7o into the matrix Ry

ko

.,
Re=| " (7.7)

TkL
and the entire received sequence is represented by
Ry
Ry
R= ) . (7.8)
Ry

If the set of possible codewords of the encoding scheme is denoted by

C={¢=(c1,Cq...,cN)} (7.9)
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where each ¢, = (¢, Ch2, .- 5 Ckr), @ sequence of L x M-PSK symbols, then corre-

sponding to each ¢y is the differentially encoded matrix

2k

Z 0 , (7.10)

ZEL

where 2i; = z-1)cri, 1 <4 < L, and 230 is an arbitrary phase reference which we
set to 1 for the purpose of code construction. With 2y, set to one, each length L
differential sequence (zx1, zre, ... , zxz) uniquely corresponds to the code sequence
(ck1, Ck2, - -+ k). The complete differentially encoded sequence is represented by

the square matrix

Z
Zy
Z = v , (7.11)
Zx

Note that Z1Z = ZZt = I. A maximum likelihood decoder will select the differential
code sequence Z for which the probability P(Z|R) is the largest, i.e. given the
received sample sequence R, the decoder selects the code sequence Z most likely
to have been transmitted. This is equivalent to choosing the sequence Z with the

largest conditional probability density function,
p(R|Z). (7.12)

To determine the probability density function (pdf) of p(R|Z), we write the received

vector from equation (7.2) in matrix form

R=ZU+N ‘ (7.13)
where
Uy
U,
U= _ (7.14)
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and Uy = (ugo, Ug1, . - - , Ugs,) T, the samples of the fading process. The additive white

(Gaussian noise is

N
N,
N=1| " (7.15)
Nk
with Ny = (g, 71, -+ - > 7))’ For a fixed Z, R is the sum of two vectors of zero-

mean complex Gaussian variables, each of length K(L + 1), and is Gaussian also.

The pdf of p(R|Z) is the general form of a zero-mean complex multi-variate Gaussian

distribution:
e'%RT‘I’EﬁR .
PURIZ) = GRERD dot (@) (7.16)
where ®pp is the autocorrelation matrix of K:
Ppr = ZOypZt + Oy (7.17)
The inverse of gy is
Onh = (ZOyyZt+ ony)7!
= Z(®yy + Nol) ' 2"
= zZuZ! (7.18)
where ¥ = (®yy + NoI)™!, and equals
vy
Wy
¥ = ' (7.19)

Uy
with ¥y, = (®y,p, + Nol)™!. The determinant of ®gp is
det®pp = det(Z®yyZ + Pyn)

= det Z det(Qyy + Nol) det Z1
= det(¥7) (7.20)
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and is independent of Z. The autocorrelation of the fading process U is

Sp,u,

Sy,u,

@UU - ) (721)

(I)UKUK
where the off-diagonal terms are zero due to the block independence introduced by

the interleaving and deinterleaving processes. The fading process correlation across
the k% block is

pe(0)  pe(l) o (L)
bu0, = pk:(l) pk:(O) pk(L:— 1) (7.22)
pr(L) pr(L — 1 - p(0)

where the function pg(m) is as defined in equation (7.5). Note that pp(m) is a
function of the Doppler frequency fp at time k£ and is assumed to be nearly constant
over the block interval. The additive noise terms ny;, of equation (7.2), are assumed
to be statistically independent and identically distributed with variance Nj, and

therefore
Oy = Nol (7.23)

A maximum likelihood decoder selects the codeword Z that maximises equation

(7.16). This is equivalent to minimising the measure

M(R,Z) = R'OZLR
= RIZUZ'R
K
= Y RIZWZLR,

k=1

= i My(Ry, Zx) (7.24)

k=1
The term from equation (7.16) containing det(®gg) is dropped because it is indepen-
dent of Z as shown by equation (7.20) and therefore does not affect the decision. The
distance measure M (R, Z) is in an additive form suitable for use with the Viterbi
algorithm (VA). Note that the choices of zio do not affect the value of the metric

and are arbitrary. We may show that the decoding metric of equation (7.24) is a

general form of the result derived by Ho and Fung [32].
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7.3 The pairwise probability of error.

We investigate the probability of the ML decoder of the previous section making an
incorrect decision. Let the transmitted codeword be Z. The decoder will pick the

erroneous codeword Z’ if

M(R,Z") < M(R, Z), (7.25)
or equivalently if
K K
SSRIZWZTR, < STRLZULZIR, (7.26)
k=1 k=1

where M (R, Z) is the decoding measure of equation (7.24). The probability of an

error event can be written as

P(D < 0) (7.27)
where the decision variable D is
K
D = S RUZ'WZ' - ZU,Z)R,

k=1
K

= ST RIFR, (7.28)
k=1

which is a sum of independent quadratic forms for the Hermitian matrices Fj
F, = 22" - 20,2 (7.29)

The two sided Laplace transform characteristic function of the decision variable D

is the product of the characteristic functions of the random variable R};FkRk:

K
Op(s) = T du(s) (7.30)
b1
where ¢(s) is the result from [63, Appendix B
1
%) = T T 2s0m ) (7.31)

The pairwise event probability can be found by the appropriate integration of
the inverse Laplace transform of ®p(s) (which gives the probability density function

of D). However, following [13] it is simpler to calculate

P(Z — Z') = = _ Residue {@D(s)/s}RPP (7.32)

ales
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instead. The notation RF,qes refers to the right hand plane poles of ®p(s). To
calculate (7.32) it is useful that the 2(L + 1) poles py,, of (7.31) are related to the

eigenvalues Ay, of ®p, g £y by

-1
L= e 7.33
and equation (7.30) can be written as
K 2L+1)

op(s) = JT —2- (7.34)

el im1 S Py
In the next section we examine the behaviour of the pairwise error probability as a

function of the normalised fade rate fpT" of the system.

7.4 Pairwise error behaviour.

The equations of section 7.3 analytically describe the pairwise probability of error of
codewords encoded differentially and transmitted across the Rayleigh fading channel.
Unfortunately they do not give a clear insight, by inspection, into the behaviour of
the probability of error as a function of the parameters fp7, SNR, L, and code
sequences Z and Z'. Therefore we will illustrate the behavioural trends empirically.
First we examine the error probability as a function of the number of symbols L
over which the differential detection is applied. In figure 7.3 we have plotted the
pairwise probability of error as a function of the SNR of sequences of length L =
1 (conventional differential detection), L = 2, L = 3, L = 5, L = 10 and for

comparison the case of coherent detection. The sequences are of the form

¢ = {0,0,...,0} (7.35)
& = {1,0,...,0} (7.36)

and have a Hamming distance of one. The code symbols are drawn from a 4-PSK
constellation. The parameter K = 1, i.e. we are considering the behaviour of
just one block of symbols, and the fade rate is fpT = 0.03 for all curves. The
conventional differential detection case (L = 1) quickly reaches an error floor at a
probability of error of about 9 x 107%. By increasing the length of the multiple
symbol differential detection to L = 2, the error floor drops significantly to about

8 x 107°, For larger values of L the error floor is eliminated for practical values of
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Figure 7.3: Performance curves of a multiple symbol differentially detected system operating

on the Rayleigh fading channel with fpT = 0.03.

SNR (there will be an error floor at sufficiently high SNR). As L is increased the
error curves tend toward but at a loss compared to coherent detection. The loss
is a function of the fade rate parameter fp1'. Clearly multiple symbol differential
detection eliminates the problem of the error floor, for low values of fpT. Next we
examine the behaviour of the probability of error as a function of the fade rate fpT.
In figure 7.4 we have plotted the probability of error of the same pairs of sequences
as a function of the fade rate fp7 at a SNR of 30 dB. We see that for each case the
probability of error is a monotonically increasing function with fpT. At low fpT
each curve reaches a steady state probability of error. The undulation of the curves

is due to the oscillatory nature of the correlation function.

In figure 7.5 we consider sequences of the same lengths but with Hamming dis-
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Probability of error

Figure 7.4: Performance curves of a multiple symbol differentially detected system operating

on the Rayleigh fading channel with E, /Ny = 30 dB.

tance two, and of the form:

& = {0,0,...,0,0} (7.37)
¢ = {1,0,...,0,1} (7.38)

i.e. sequences beginning and ending in a non-zero symbol. The behaviour of the
curves for L > 2 is now quite different. As fp7T increases, the probability of error
actually decreases until about fpT = 0.03, after which it again rapidly increases.
The reduction in error with increasing fpT is due to the diversity of the codewords
starting to play a part. As fpT increases the correlation between the fading affecting
the symbols in the codeword decreases (the placement of the non-zero symbols on
the ends of the codewords minimises the correlation) and the effect of diversity
takes place. However counteracting this phenomena is the decrease in channel state
accuracy with increasing fpT until at sufficiently fast fading the probability of error

increases again. Clearly communication becomes essentially impossible for fpT >
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Probability of error

Figure 7.5: Performance curves of a multiple symbol differentially detected system operating

on the Rayleigh fading channel with E; /N = 30 dB and sequences with Hamming distance of two.

0.5.

7.4.1 Error performance for slow fading.

From inspection of the curves of figure 7.4 and 7.5 it is not easy to relate the
properties of the code sequences to the probability of error of a differentially detected
system. We can derive such a relationship however for the case of slow fading. In

the limit of fp7" — 0, equation (7.31) equals

_ Dk Pks
%) = o) (s — ) (7.39)

i.e. there are just two finite poles. The product py, py, is

— Eo/No(L+1)+1
k kz - 7
‘ (Bs/No)*b%,

(7.40)
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where F /N, is the SNR of the system, and the term 5§k is given by:

Z E ]z’m’ékm z&nzt’smF (741)

Combining equations (7.30) and (7.39) and assuming high SNR, the characteristic

function, ®p(s) is approximated by

1
IIciE/Mﬂs~me—mQ

Zk#Z’

(7.42)

where d? = 2 “. Using equation (B.7) of appendix B for high SNR, the pairwise
probability, P(Z — Z') is tightly bounded by

2l -1 K 1
P(Z— 2" < _—_—z(v(z — 1; ,E ——(Es/No)dgk (7.43)
27,

where [ is the number of code blocks Zy and Z] different between Z and Z'. Note
the analogy between equation (7.43) and equation (2.73) of chapter 2 describing the
probability of error of an infinitely interleaved system with ideal CSI. If 7 is the set
of k such that Z # Z; then we define the differential squared product distance as
=11, (7.44)
ken
A good code design aims to maximise the Hamming distance [ = || and the differ-

ential product distance d?,z.

Uncoded transmission.

Consider now the special case of uncoded transmission in a very slowly fading chan-
nel. In general the probability of error is given by equation (7.43). In an uncoded
system the probability of error is dominated by the sequence with the smallest dif-
ferential squared product distance relative to the all-zero codeword. For AM/-PSK

these are the sequences with one non-zero symbol, i.e.

¢ = {0,0,...,0} (7.45)
¢ = {1,0,...,0} (7.46)
and the pairwise probability of error is

1

o~ ~; <
p(c — c) = “E'S /‘N“““‘O d?,z
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where the squared differential distance between € and ¢’ is

Ld?
di = o1 (7.48)

where L is the length of the sequences, and d? is the squared Euclidean distance
between the symbols 0 and 1. In comparison to coherent detection, the pairwise
probability of error from chapter 2 is

1

P =€) < FoN

(7.49)

where d? is the squared Euclidean distance between the sequences ¢ and €. From
equation (7.48) the performance of MSDD for large L tends towards coherent de-
tection. The loss relative to coherent detection is ‘

L+1
=10 10g10(—%—) dB (7.50)

and shows that as L — oo, MSDD performs identically to coherent detection.

7.5 Geometrically uniform code design.

We desire to design codes for the differentially detected Rayleigh fading channel with
the property of geometric uniformity. To start we need to determine the relevant

distance measures for the system and the associated isometries.

7.5.1 Distance measures and isometries for MSDD.

From equation (7.24) the decoding measure between the received vector R and the
postulated codeword Z is
K
M(R,2Z) = Y Rizv,.zIR,

k=1
K

= My(Ry, %) (7.51)
k=1

where M (X,Y) = X'V ¥, YTX, a distance measure between X and Y (X is a vector
and Y a diagonal matrix). Using the same argument as used for general product
distance, the isometries of M(R, Z) are the permutations of the elements R and

Zr, and the mappings (X)) of the form

U(z‘() = {’Lbl(Xl),‘EL2(X2), NN ,’U,K(XK)} (752)
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where each wy, is an isometry mapping relative to M. Consider the mapping uy =
AX with A such that

ATA = AAY =T (7.53)
i.e., a unitary matrix. The distance measure M. is invariant under uy because

My (ue(X),us (V) = (AXTAY ¥ (AY)TAX
= XTATAY U, YTATAX
= X'Yu,vix
Miy(X,Y) (7.54)

i

Hence u,(X) = AX is an isometry relative to the decoding distance measure Mj.
The probability of confusing codeword Z' for Z is completely described by the

characteristic function of the decision variable D

1
] -+ 23@RkRth)

1
(I + 2s(Zp U Z 200, 21T — 1))

®p(s) = H
K
= 15

(7.55)
From which we may deduce a performance distance measure polynomial to be
Pl Zi, Z,8) = det(I + 2s( 2,V ' Z} 2w, 21T — 1)) (7.56)

We can show that this distance measure is invariant under the mapping u,(X) = AX

also

Po(AZy, AZ,,s) = det(I +2s(AZy Y (AZ)TAZLYL(AZ)T - 1))

= det(I + 2sA(Z,¥; ' Z} ZL W,z 1 — 1) A

= det(A) det(I + 2s(Z,¥; ZI Z, 0, 2,1 — 1)) det(A)

= det(I +2s(Z V7 2 20, 2L — 1))

= Py(Zy, 2}, 5) (7.57)

Therefore both the decoding measure and the error performance measures are in-

variant under the mapping described by equation (7.52).
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7.5.2 Symmetries of L x M-PSK relative to MSDD.

In the previous section we have shown that the isometries of an L+1 symbol sequence
Zy, for differential encoding and decoding are of the form u(Z;) = AZ;, where A is
a unitary matrix. Each sequence Z; of length L -+ 1 has z arbitrarily set to 1 and
therefore each each Zi corresponds uniquely to a length L sequence c;. Our code
design will be over the length L sequences z; which map to the corresponding code
sequences ¢ by
Zhi 1=1
Cpy — ' ) (758)
zm-z;(i_l) P> 2
The symmetries of a constellation S is the set of isometries which maps S to itself.

From equation (7.53) we deduce that the symmetries of S are
1. Rotations.
2. Permutations.
3. Compositions of rotations and permutations.

Note that reflections are not symmetries under MSDD.

7.6 Multi-level codes.

We have selected multi-level codes as a method of constructing diversity between
the sequences Z and Z’. The multi-level codes are based on binary partitions of
L x M-PSK constellations and as such all of the results of chapter § on geometri-
cally uniform partitions hold. The binary partitions are based on generating groups
constructed only from rotation symmetries (not the permutation symmetries) of the
underlying constellation. The properties of the partition are not very important
to the code performance because the inherent diversity in the partition cannot be
exploited, and the code is dominated by the bottom level partition. Note that the
codes are constructed over the sequences z; and not over ¢;. The final encoder needs

to be mapped to ¢ using the mapping of equation (7.58).
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8§ =2 x 8-PSK, Partition I
i | GifGi—1 | m; | Coset dﬁz N
1 Ty 2 | (ra,rq) | 2671 1
2 7y 2 | (ro,me) | 2.67 | 2
S| Z | 2| (re,ra) | 133 2
A 2z |2 | (r,rs) | 106 2
5| Zy | 2 | (ram)|039] 2
6 Zy 2 | (rg,73) | 039 | 4

Table 7.1: Binary partitions of 2 x 8PSK.

7.6.1 2 x8PSK ML codes.

Table 7.1 shows a partitioning of § = 2 x 8-PSK. It is a six level binary partition
and the distance properties of dgz and multiplicity NV are listed in the fifth and
sixth columns regpectively. As is typical of partition chains, the distance properties
decrease at the lower level partitions. We investigate using identical rate 2/3 binary
encoders over each level to improve upon the code properties. This selection ensures
that the diversity of each level is identical, and gives an overall spectral efficiency of 2

bits per symbol. In table 7.2 we have listed the code properties of the six component

codes for a selection of v = 3. In figure 7.6 we have plotted the union bound
Constellation S = 2 x 8-PSK. Partition I.

i fmg | A | pe | na | o [ de | & | N | EalG) | €p(Cy) | En(Ci) | €(CY)
12| Z 3|22 |3|4]506| 2 0 0 16 16
212 24,13 2 % 314 | 506 | 32 2 0 16 18
312 |Z 3|22 |3|4/|316]32]| 4 0 16 20
41 2 | Zy | 3| 2 % 314 | 126 | 32 8 0 16 24
51 2 | Zy| 3|2 % 31 4 10023 32 8 0 16 24
612 |2 |3|2|2|3|4]0023|512| 8 0 16 24
Code rate = | 2.0 Total complexity | 126

Table 7.2: Summary of the properties of a multi-level code design over partition I of 2 x &-PSK.

Design distance dp = 4.
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on the pairwise error probability of each of six component codes of table 7.2. The

o

Probability of error

-10 ; ; ; ;

5 10 15 20 25 30

Figure 7.6: Performance curves of the component codes of a six level multi-level code over

2 x 8-PSK using six rate 2/3 binary convolutional encoders each with v = 3. fpT = 0.01.

overall multi-level code is dominated by the bottom level component code. The fact
that the component codes over levels i = 1 and ¢ = 2 perform much better than the
compounent code over level 4 = 6 means that the constraint length of the component
codes over 4 = 1 and ¢« = 2 may be reduced to v = 2 while still outperforming
the level i = 6 component code. In practice short-length linear binary block codes
may be more desirable as a means of minimising the decoding delay associaﬁed with

convolutional codes.

The performance of the multi-level codes can be improved by increasing the con-
straint lengths of the component codes. In figure 7.6 we have plotted the probability
of error of the level 4 = 6 component code of the multi-level construction over 2 x 8-
PSK as a function of the constraint length of the encoder, for a fade rate of 0.01.

Each increase in encoder constraint length produces a diminishing increase in coding
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Probability of error

Figure 7.7: Performance curves of the dominant component code of a six level multi-level code

over 2 X 8-PSK as a function of the constraint length v of the encoder. fpT = 0.01.

gain. The gains over uncoded MSDD are easily over 20 dB at a PER of 10~* and
much larger at a PER of 1072, To determine the performance penalty relative to
coherent detection we compare the differential squared product distance with the
squared product distance d? of the 2 x8-PSK partitions of chapter 6. For the bottom
level partition the squared differential product distance is dﬁz = 0.39 in comparison
to d2 = 0.587 for the same partition, a factor of 3 different. From equation (7.50)

this means the loss in dB relative to coherent detection for slow fading is
3
1010g10(§) ~ 1.77dB (7.59)

For faster fading the loss is far larger. To quantify the loss we have plotted the
performance of the level 4 = 6 component code of table 7.2 as a function of fpT in
figure 7.8. For comparison the performance with coherent detection is also plotted.
The performance at fade rates up to fpT = 0.003 is good. Although for fpT = 0.01,

there is no error floor, the error performance is deteriorating at high SNR. For
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Figure 7.8: Performance curves of the dominant error component code of a six level multi-level

code over 2 x 8PSK as a function of fpT. v=3.

fpT = 0.1 an error floor is appearing and the error performance is poor relative
to slower fading. We may improve upon the performance at higher fade rates by

increasing the number of symbols over which MSDD detection is applied.
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S = 3 x 8-PSK, Partition I
i | Gif/Gioy | My Coset df)z N
1 Zy 2 | (rgyrq,70) | 4.00 | 1
2 Zy 2 | (rq,7re,74) | 4.00 | 2
3 Zy 2 | (ry,r7,7m6) | 2229 2
4 Zy 2 | (ro,74,70) | 2.29 | 2
5| Z | 2| (rayre,m) | 2,00 2
6 Za 2 | (ra,ra,m4) | 1.09 | 2
7 Z 2 | (ra,73,76) | 0.44 | 2
8 Zy 2 | (rqyrs,m0) | 0.44 | 2
9 Z, 2 | (ra,7,75) | 0,44 | 4

Table 7.3: A binary partition of 3 x 8-PSK.

7.6.2 3 x 8PSK ML codes.

We can improve upon to the tolerance of the system to faster fading by increas-
ing L, the number of symbols over which MSDD is applied. In table 7.3 we have
listed a nine level partitioning of 3 x 8-PSK and the associated distance properties
of the partitions. Note that the bottom level partition has a slightly higher differen-
tial squared product distance compared to 2-PSK. As mentioned only the distance
properties of the bottom partition are of importance and if we construct a multi-
level code with nine binary rate 2/3 encoders then the performance will be only
slightly better than 2 x 8-PSK at low fade rates because the distance properties of
the bottom partition are almost identical and the performance curves as a function
of v, the constraint length of the component codes will be similar to those of figure
7.7. However at faster fade rates the multiple symbol differential detection is more
effective over three symbols than over two and this is illustrated in figure 7.9 where
we have plotted the error performance as a function of the fade rate fpT in a similar
manner to figure 7.8 for 2 x 8-PSK codes. We see that the codes over 3 x 8-PSK
easily cope with fade rates up to fpZ = 0.03 and only lose about 2.5 dB at the very
fast fading rate of fpT = 0.1. Beyond a rate of fading of fp7T = 0.1 the performance

deteriorates quickly and error floors become apparent. For slow fading (fpT < 0.3)
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Figure 7.9: Performance curves of the dominant component code of a six level multi-level code

over 3 x 8-PSK as a function of the fade rate fpT. v = 3.

the loss relative to coherent detection is only

1010g10(-§) ~ 1.25 dB (7.60)

7.7 Summary.

We have investigated the combination of multiple symbol differential detection and
multi-level coding as a means of attaining a channel state estimate in practice while
still achieving a good error performance. MSDD very effectively eliminates the
error floor associated with conventional differential detection by making a decision
on a block of L symbols. The need for maintaining the symbols in blocks for the
purpose of detection means the interleaving required for coding cannot be on a
symbol by symbol basis and instead we interleave over the blocks of L symbols.

The counstruction of a multi-level code over the blocks gives the coding gain we
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require to improve performance. The same flexibility in the multi-level code design
is not available for MSDD compared to coherent detection of chapter 6 because the
Hamming distance within the partition levels does not count toward coding gain.
We have therefore only investigated multi-level codes with binary component codes
over 2 x 8 and 3 x 8-PSK constellations for the purpose of illustrating the behaviour

of the error performance as a function of the system parameters.



Chapter 8

Conclusions and future work.

In this chapter we discuss the main conclusions of the work presented and consider

some future work issues.

8.1 Conclusions.

The first chapter introduced the aetiology of the Rayleigh fading channel model. We
presented the channel capacity bound derived by W.C.Y. Lee [46] on the Rayleigh
fading channel and showed that uncoded modulation, even with ideal channel state
information, performs very poorly relative to the capacity of the channel. This is
due to the probability of error of uncoded modulation decreasing only linearly with
the SNR, compared to decreasing exponentially for the case of the classical AWGN
channel. Quantitively it means uncoded modulation performs 22 dB away from
capacity at an error probability of only 107%, and about 72 dB at the probability of
the need for more sophisticated signalling transmission and decoding techniques.
The analysis of chapter 2 shows that through the technique of maximum likeli-
hood sequence estimation (MLSE), where a decision is made on a sequence of symbols
rather than on a symbol by symbol basis, the probability of error drops inversely to
the SNR raised to the power of the Hamming distance of the code sequences. This
effect is referred to as code diversity. Therefore we may control the slope of the prob-
ability of error curve through the application of a high Hamming distance code and

the corresponding ML decoder. Paramount to the success of such a code however is
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the process of interleaving. It has been found that the fading affecting the symbols
in the code sequences must be independent in order for coding to be effective. One
method of meeting this requirement is through the process of sequence interleaving
at the transmitter and the through applying the inverse operation of deinterleaving
at the receiver. The consequence of the interleaving and deinterleaving process is
the introduction of an irreducible transmission delay proportional to the minimum
fade rate of the system and the diversity of the code. The only method of reducing
this delay is by introducing forms of diversity, such as space or frequency diversity,

that are not dependent on time.

The technique we examined for the construction of codes for the Rayleigh fading
channel was multi-dimensional trellis coding. With such a coding scheme, a multiple
number of symbols, typically from two to four, are transmitted per trellis branch.
At a spectral efficiency of 2 bits per symbol the resulting trellis typically has a large
number of parallel branches, the dominant error event usually contained therein.
The upperbound on the attainable Hamming distance of multiple-symbol-per-branch
derived in chapter 3 shows the maximum Hamming distance as a function of the
rate 7 in bits per symbol, L the number of symbols per branch and v the constraint
length of the code. This function shows that the upperbound on Hamming distance
does not necessarily increase with increasing L or v and that there are a number of

tradeoffs available to the code designer.

A class of multi-dimensional trellis codes are geometrically uniform trellis codes.
These codes are defined over L x M-PSK constellations and have the desirable
property of uniform error probability (UEP) which implies the code properties may
be entirely characterised by considering only one code word. This property leads to
reduced code search efforts and reduced complexity decoding structures. The multi-
dimensional codes discovered appear to be superior to those reported in the literature
for the same number of code states. However when the decoding complexity is
taken into account this is not necessarily the case. Most of the codes discovered
meet the bound on Hamming distance of chapter 3 with equality. It was found
that expanding the signal set by more than a factor of two relative to that required
for uncoded modulation reaps rewards in terms of the resulting minimum squared
product distance, and in some cases in terms of the minimum Hamming distance

of the codes. This is in contrast to the AWGN channel, for which Ungerboeck [75]
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showed that most of the coding gain is achieved expanding the signal set by a factor

of two.

The extension of the theory of the properties of geometric uniformity from points
to partitions of signal constellations allows for less constrained structures to be
considered. We may now define geometric uniformity of the partitions of non-
geometrically uniform constellations such as 16-QAM. The definition of geometrical
uniformity of partitions allows for a convenient construction of multi-level codes
such that each code over each partition has the uniform error property. The overall
code however is not necessarily GU. The advantage of multi-level codes is the ability
to decode them in a staged manner. Although staged decoding is not maximum
likelihood, it does represent a significant reduction in decoding complexity. To mea-
sure the decoding complexity we d§ﬁn¢d a njormaﬁsed decoding complexity measure
that takes into account the need for the decoding of the partition sets, the parallel
branches of the code and the trellis code itself. We have presented multi-level codes
over partitions of multi-dimensional constellations, which outperform trellis codes in
terms decoding complexity. High diversity codes are easily obtained with multi-level

coding at a moderate complexity.

The work on trellis codes and multi-level codes has assumed ideal channel state
information for the purpose of code performance comparison. A real-world method of
obtaining channel state information is through differential detection. Conventional
differential detection is known to perform poorly on the Rayleigh fading channel due
to the fluctuation of the channel state with time. The works by Ho and Fung [32] and
Divsalar and Simon introduce the method of multiple symbol differential detection
(MSDD), a technique where a decision is made on a sequence of symbols, rather
than on a per symbol basis. MSDD vastly improves performance over conventional
differential detection even when decoding over just a few symbols, by exploiting
knowledgé of the correlation of the fading process. MSDD works best when the
channel fading is highly correlated - a contradicting requirement to diversity. We
circumvent this problem by interleaving blocks of symbols over which the MSDD is
computed, and constructing a multi-level code over these blocks of symbols. The
resulting multi-level codes achieve high coding gains and can perform very well in

relatively fast fading environments, that is, values of fp1" as high as 0.1.
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8.2 Future work.

There are many areas in which further work is required. Some of the areas and ideas

we have envisaged are:

1. The derivation of an upperbound on the pairwise probability of error of pilot
aided detection including channel correlation. This case was not derived in
chapter 2, however both the cases of pilot tone aided detection assuming ideal
interleaving, and channel correlation assuming ideal CSI have been presented.

We imagine the amalgamation of the two should be possible.

2. Further refinement of the upperbound on the obtainable Hamming distance
of multi-dimensional trellis codes. The bound presented in chapter 3 makes
certain assumptions on the number of symbols in the underlying constellation.

The question is how does this number affect the validity of the bound?

3. It was found in chapter 4 that the code search effort generally increases very
rapidly with increasing number of states and symbols per trellis branch. An
area of research that needs to addressed is the reduction of code search effort.
In the code search algorithms used, the symmetries of the underlying constel-
lations were exploited to reduce the code search effort, however the symmetries
inherent in the encoder itself were not. This is an area that can potentially

yield a few orders of magnitude of reduction in code search effort.

4. In chapter 5 we examined some of the decision region issues of geometrically
uniform partitions. An open topic is to establish the conditions on partitions
of geometrically partitions such that their decision regions are invariant to the
SNR of the system. The invariance of the decision regions to SNR means the

decoder does not require knowledge of the current value of SNR.

5. For the construction of multi-level codes over L x M-PSK constellations we
needed to partition the multi-dimensional constellation into a partition chain.
For small constellations good partitions can be discovered through a brute force
search approach. However for values of L and M larger than about four and
eight respectively, the search space becomes prohibitively large. It is envisaged
that good partition chains may be constructed through the application of block

code type constructions and further investigation is required in this area.
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. From chapter 6 it is clear that the reduced complexity coding technique of

multi-level codes can easily outperform trellis codes in terms of probability
of error for the same level of decoder complexity. We feel that other reduced
complexity techniques, such as turbo codes, have the potential to perform even

better and we would suggest such an investigation.

. Finally, the gains obtained on the Rayleigh fading channel are obtained through

the exploitation of time diversity through coding. The penalty for this gain
is an irreducible time delay in the transmission of the data. An alternative
source of diversity is frequency diversity, characteristic of the wide band mobile
channel. The exploitation of frequency diversity in the mobile radio channel
through the techniques of coding can lead to a low délay and low error rate

communication system.
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Appendix A

Matrix inverse identity.

A very useful identity for the inverse of a partitioned matrix

P
A= @ (A.1)
R S
i, if P is non-singular,
X —P7tQw
A= ? (A.2)
~-WRP™! 1%

where W = (S — RP7'Q)™' and X = P~! + PIQWRP !, If S is non-singular

then the inverse of A is also given by

| X —XxQ8! |
-1 __
47 = ( ~S5'RX W ) (4-3)

where now W = 87! + STI1RXQS™! and X = (P -~ QS 'R)™!. If both # and 5

are non-singular then
(S—RP'Q)1=85"1+S1RXQS! (A.4)
and |
(P—-QST'Ry' =P '+ PIQWRP™. (A.5)

The proofs of these identities is from the text by Noble and Daniel [50].
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Appendix B

Residue calculation.

We want to find the closed form expression for 5, defined by

D |
S, = 3 Residue] S)}Rppm (B.1)

for the case of

1
&) = —— 2
&) =557 (B.2)
where p > 0 and [ is an integer. The poles of ®(s) in the right-half plane are s = p
of order /. The residue 7 of an I order pole p of a function f(s) is given by [45]

) i dl—l
T Dl

(s —n)'f(s) (B3)

Applying this result, equation (B.1) may be written as

1 471

S5 = Ll—{% (I — 1)l dst—1 gttt (B4)
(21 — 1)1(~1)" ]
—sop (I - 1)l (B.5)
(20 - 1)!
(1= DU(—p?) (B.6)
For p = § we have
B (—4) (21 — 1)! ,
S T VT] (81
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Appendix C

Pole product calculation.

We have the equation for the characteristic function ®p(s) of the decision variable
D.

1 DePr+L
Dp(s) = = C.1
o(s) det I +2s®yy I o0 (8 — pe)(s — Prrr) (©.1)

We want to determine the product of the poles of ®p(s). The poles p; are related

to the eigenvalues A; of &y wF by

-1
= — C.2
e =gy (C.2)
From the characteristic polynomial of ®f;y F'
det (R wF' — zl) = [[(# — M) (& — Apsr) (C.3)
ken
and setting x to zero gives
det (I)’WWF, = H AApaL (04)
ken
Combining equations (C.2) and (C.4) gives the product of the poles as
H pepesr = - vl, - (C.5)
ren 4t det (Pl F)
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Appendix D

Group algebra revision.

Much of the theory of geometrically uniform construction is based on group algebra,
We will revise the basic group algebra concepts [60] to define the notation used in

chapters 4 and 5, in the context of our requirements.

D.1 Preliminaries.
Definition 35 If S is a set, then a function
x: 5 x5 =98

is called @ binary operation on S.

An element from S x S may be written as (a,b) where a € S and b € S. The
operation of the function * on (a,b) is *((a, b)) which using infix notation is written
as a*b, an element of 5. For example the function of addition, conventionally written
as +, is a binary operation on the set R of real numbers. Other commonly known

examples of binary operators are multiplication on K, and matrix multiplication on
Néx%

Definition 36 An algebraic system (S, %) is a set S together with a binary operation
* defined on it.

For example, the real numbers R with the operation of addition is the algebraic

system (R, +).
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Definition 37 An algebraic system (S, *) is associative if (z*y) % z = z * (y * 2)

forallz, y, and z in S.

Definition 38 In an algebraic system (S, *) an element e € S is anidentity element
if for any s in S

Skeg=—¢ex*x§=8,

For example the number 0 is the identity element in the system (R, +).

Definition 39 If (S, %) is an algebraic system with identity e, and s € S, then an

element t in S is said to be an inverse for s of
s*xt=1%8=e.
The inverse for s is denoted by s™1, i.e. t =571,

For example in (R, +), the inverse of 2 is —2 since 2+ —2 = —2+2 = 0, the identity.

D.2 Definition of a group.

Definition 40 If G is a set and * is a binary operation on G, then the system (G, *)
s a group if it satisfies all of the following properties:

1. (G, ) is associative, i.e. T (y*2z) = (x*y)*z for all z, y and z in G.

2. G has an identity element e, i.e. there is an element e € G with the property

exzx=zxe=2zx for all z in G.

1

3. Buvery element x in G has an inverse x " in G, i.e. for every element x in G

1

there is an element x=' in G with the property © x x

For example consider the system (R, +). Addition is associative so property 1 holds.
There exists an identity element, namely 0 which has the property 0+2z = 240 = z,
and finally for every x there is an inverse —z such that z + —z = —z +z = 0.

Therefore (R, +) is a group.

Definition 41 If (G, ) is a group and G has an infinite number of elements, then
(G, *) is said to be a group of infinite order. If G has a finite number of elements,

then the order of G is the number of elements in G, written as |G|.



D.2. DEFINITION OF A GROUP. 221

Definition 42 A group (G, %) is called an abelian group if
THY=Y*T
forallz, y € G.

That is the group G is commutative.
An example of a finite group important to our study is based on the symmetries
of 2 4-PSK constellation. Consider a 4-PSK constellation with the points labelled as

shown in figure D.1. A symmetry is a mapping such that the constellation maps onto

1

I

Figure D.1: A 4-PSK constellation.

itself. For example a 90 degree rotation about the origin, or a reflection about the
horizontal axis are symmetries. By inspection there are a total of eight symmetries,
namely four rotation symmetries and four reflection symmetries. The four rotation
symmetries are shown in figure D.2 and are labelled g, 7y, r9, and 73 corresponding
to anti-clockwise rotations of 0, 90, 180 and 270 degrees about the origin respectively.
The four reflection symmetries are shown in figure D.3 and are labelled vy, v1, v3 and
vz corresponding to reflections about the line passing through the origin meeting the
horizontal at 0, 45, 90, and 135 degrees respectively. Consider the set of symmetries
G = {rg, 71,79, 73, V0, V1, Vg, V3 }. A binary operation o is defined on G by considering
the result when one mapping of (7 is followed by another mapping &, as shown in the
example of figure D.4. Here the original 4-PSK constellation is mapped through the
symmetry v, followed by the symmetry r;. The result is the same as the mapping
of the symmetry vs, hence we have vg o 71 = vz. The complete set of operations,
listed in table D.1 is found by conSidering the results of the operation of all pairs of

elements. The system (G, o) is a group since the operation of any two elements of
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Figure D.3: The four reflection symmetries of a 4-PSK constellation.
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Figure D.4: Example of two operations.
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e TolT1 | T | T3 |V | V1| Vg Vs

To | 7o | T1 | Tg T3 VUp | V1| V2| Vs

TL | Te [ T2 (73] To Vs | Ug | U |V

To W72 | T3 | Tog | T1 V2| Vs | Vgt

Ts | Ta | Ta | T1 {T2 | V1| V2| Vs | U

Vg | Vo | V1 | Ve | Vs |To | Ty | T2 | T3

Vi V1 |V | V3|V | Ta | Tog | T1]| T2

Vg | Ve | V3 Vg V1 | T2 | T3 | To | T

V3 Vg (Vo | | Vg2 | T1 T2 T3 | To

Table D.1: Complete 4-PSK symmetry operation table.

(7 is in (G, there exists an identity element, namely ry, each element has an inverse,
and the system is associative. The group (G, o} is called the dihedral group D,. In
general, a dihedral group (D,, o) consists of all symmetries of a regular polygon with

n sides. Note that Dy is not an abelian group.

D.3 Subgroups.
Definition 43 If (G, o) is a group, and of H C G, then (H, o) is called a subgroup

of (G, 0) if (H,o0) is a group. If H is a subgroup of G, we write H < G.

Basically, a subgroup of a group is a subset which forms a group with the same
operation. For example the set of even integers with the operation + is a subgroup
of the set of integers Z. By inspection the subset {rg,71,79,73} of the group D, of
table D.1 is a group and therefore a subgroup of Djy.

D.4 Cosets.

Consider a group (¢ and a subgroup H of G, H < (5.

Definition 44 For g € G, the set Hog = {hog|lh € H} is called the right coset of
the subgroup H in G determined by g.

Definition 45 For g € G, the set Ho g = {gohlh € H} is called the left coset of
the subgroup H in (i determined by g.
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Note that every element ¢ in G has a right coset H o g and a left coset go H. The
right and left cosets need not equal if the group G is not abelian. It can be shown
[60] that two right cosets (the same result holds for left cosets) H o g and H o ¢
are either disjoint or equal. There can be no overlap between two right cosets of a
subgroup in a group unless the cosets are the same. It can also be shown that G is
the union of all right or left cosets. For example consider the group G = Dy, and

* the subgroup H = {rg,v;}. The right cosets are

Horg=Howv = {ry,v} (D.1)
Hori=Houwu={r,vn} (D.2)
Hory=Howy={ryvs} (D.3)
Horg=Howvy = {r3,0} (D.4)
while the left cosets are
roo H=w;0H = {rg,v1} (D.5)
rmoH =wvgo H = {r;,v} (D.6)
TQOH:’UEOH:{T'Q,’U;;} (D?)
rso H=wvy0 H = {rs, v} (D.8)

Note that the union of the left or right cosets equals G and the left and right cosets

do not necessarily equal.

D.5 Normal subgroups.

Definition 46 If G is a group and N is a subgroup of G such that for every g € G,
Nog=goN, we call N a normal subgroup of G and write N < G.

This definition states that the left and right cosets of the subgroup N determined
by any element of G' must be equal. In the previous example we showed that the
left and right cosets of the subgroup H = {r¢,v:} do not equal and therefore H is

not a normal subgroup of ¢ = Dy. If instead we consider the subgroup N = {rg, 7}
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of (7 its right cosets are

Norg=Nory={rg,re} (D.9)
Nory=Nory={r,,r} (D.10)
Nowy= Nowvy = {uvg,a} (D.11)
Now; = Nows={v,us} (D.12)

while the left cosets are

roo N =130 N = {rg,r2} (D.13)
rroN =r30N = {r,r3} - (D.14)
voN =wvoN = {v,v} (D.15)
vyoN =wv30N = {uv,vs} (D.16)

Clearly the left and right cosets are equal and N is a normal subgroup of G.

D.6 Quotient groups.

Definition 47 If N < G, then let G|N = the set of all cosets of N in G.

From the previous example N = {ry, 72}, a normal subgroup of G and G|N is
G|N = {{ro, 2}, {r1, 3}, {vo, va}, {1, vs} } (D.17)
the set of cosets. In general the order of G|N is |G|/|N]|.

Definition 48 If G is a group and N <1 G, then the sysiem (G|N,o) where o is
defined by ’

(NWog)o(Negy)=Nol(gog) (D.18)
15 o group, called the quotient group.

The proof is straightforward [60]. From the previous example we have constructed
the operation table of the quotient group G|N, for N = {rg, 2}, as shown in table
D.6.
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o | {ro,m2} {7'1,?‘3} {”Uo,’UQ} {v1,v3}
{To}?"z} {7‘0,7”2} {T1;T3} {UO,UQ} {?J1,’£33}
{rura} | {rnra} | {ros 2} | {vr,vs} | {vo, va}
{vo,va} || {vo, v} | {vi,vs} | {ro,m2} | {r1,73}
{vi,vs} || {v, vs} | {vo, v} | {r1, s} | {ro, T2}

D.7 Isomorphisms.

Definition 49 Let G and H be any groups and let o : G — H be a bijection (1-1
and onto mapping) between the elements of G and the elements of H such that for

allz,y in G
a(z oy) = afz) o afy) (D.19)

Then « is called an isomorphism of G onto H and G and H are said to be isomorphic.



Appendix E
Code generators.

This appendix lists the geometrically uniform code generators of chapter 4.

1 bit/symbol 1 x 4-PSK

generators

V3, Tg

T2,V3, 79

T9,V3,7T2, 72

T2,V1,Us3,V3, T2

Vi,V3,72,VU3,72,T2

T2, V1, Vs, 79, T, U3, Ty

Tg,U3,Vy, V3,79, 7o, V3,73

Co = | Ut oI ||«

Tg,V3,T0,72y,7T2, V1,72, V3,72

Table E.1: Generators of 1 x 4-PSK codes transmitting 1 bit /symbol.
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1 bit/symbol 1 x 8-PSK
v | generators
1| 74,03
2| rg,v3,74
3| V3,74, V5,74
4| 7r4,v5,v3, 74, V3
8 | T4, Vs, Vs, Vs, T4, V3
6 | vs, V3, T4, Vs, Vs, Vs, T4
7 | Va,Vq, T4, Vs, Vs, T4, Us, Ty
8 | T4, V3, V5, T4, V1, V3, T4y Vs, T4
Table E.2: Generators of 1 x 8-PSK codes transmitting 1 bit/symbol.
1 bit/symbol 2 x 4-PSK
v | generators
1| (raym2); (1, va), (v1,72)
2 | (ra,v3), (ro, m); (v1, 1), (11, 72)
3| (2, m2), (r2,m1); (v, 0a), (1, 72), (v1,72)
4 | (vs,v3), (r2,v3), (r2,v1); (v1,72), (v1, 1), (v1,72)
5 | (r2,72), (ra, vs), (r2, v1); (v1, vs), (vi,72), (ro, v1), (v1, v3)
6 | (v1,7), (12, v1), (79, v3), (o, v1); (w3, v1), (v1, v3), (v1,79), (v, v3)
7| (0, v3), (79, 7m3), (v3,01), (7, 12); (V3,73), (10, 72), (v1,73), (ro, 72), (v1, v3)
8 | (ra,v3), (v1,70), (2, v3), (T2, 72), (ra,72); (v1, 72), (v3,72), (v1,72), (o, T9), (w1, v1)

Table E.3: Generators of 2 x 4-PSK codes transmitting 1 bit/symbol.
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1 bit/symbol 3 x 4-PSK

v | Generators

1| (ro,vs,v3); (v, v1,79); (v1,v3,v1), (V1,v3,70)

2 | (ry, 79, 7); (1, V3, v3), (V1, T2, 72); (7o, 72, 1), (10, T2, U3)

3 | (rg,79,70), (ro, 72, 72); (v1, 3, 79), (V1, 79, va); (v1, 79, v1), (T, Vs, V1)

4| (vs,v3,v1), (19,79, 03); (1, T2, V3), (V1, Vs, 72); (7o, v3,72), (v1,v3,7g),
(v1,79,70)

5| (72,72, v3), (T2, 72,72); (V1, V1, T0)s (019@’3,?‘2), (v1,72,s); (’Ulﬂisﬂ’l)a
(7o, 72,01), (To, U3, U3)

6 | (rg,79,v3), (rg, 72, 72), (T2, 79, 72); (v1, 3, v1), (v1, s, va), (1,72, T2);
(ro,T2,72), (v1,72,v1), (70, U3, U1)

7| (r2,vs,v3), (T2, 72, 72), (2, T2, 72); (01, v1, 01), (V1, 03, v3), (v1, T2, v3);
(v1,v3,73), (v1,v3,v1), (7o, v1, 1), (7o, V3, 72)

8 | (vs, v3,vs), (ra, ma,72), (2, 2, 72); (V1, 72, 73), (10, 70, 7o), (1,72, T2),
(v1,79,72); (To, U1, Ta), (U1, 72, v3), (o, T2, v1), (To, V1, U3)

Table E.4: Generators of 3 x 4-PSK codes transmitting 1 bit/symbol.

2 bits/symbol 1 x 8-PSK

v | generators
L ry;ma,vs
2| vs,u7;U1, T4

Ty4,U3;Ug, Uy, T4

V1,74, T4; Vs, V3,01

Vs, V3, Va; V1,70, T4, T4

T4, T4, Uy, U3, U3, V1, T4, Us

T4, T4, Vy,T4; U3, V1, U3, V3, U1

CO =3 | w2

Vs, U3, V1, V1, T4; V1, Vr, Vs, Vs, U3

Table E.5: Generators of 1 x 8-PSK codes transmitting 2 bits/symbol.
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2 bits/symbol 1 x 16-PSK

generators

Tg; V7, T4

V13, 78; V5, U3

Vg, T'g; V1, Vs, U3

- S B R e

T8, U3, Us, Us, V11, V13

T8, Vg, T'g; U3, Vs, Us, U7

T8, V3, V13, V11; Vs, V11, U5, V3

T8, Vg, V11, T8y V3, Us, Uz, V7, Us

oo | =1 | O | Ot

U3, V11, T8, V13, V11, Us, V3, V7, Us, Us

Table E.6: Generators of 1 x 16-PSK codes transmitting 2 bits/symbol.

2 bits/symbol 2 x 8-PSK

generators
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Table E.7: 2 x 8-PSK codes transmitting 2 bit/symbol.
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2 bits/symbol 2 x 16-PSK

Y | generators

1| (rs,78); (r12, T12); (76, T14); (v13, Vis), (i3, v7)

2 | (rs,Ts); (7‘437'4);(?"2,7‘2) (7”2;7‘10) (’01,?113) (v1,v15)

3| (rs,78); (12, 7a), (V13, vis); (ro, 78), (T12, 74); (v1,v7), (70, T8)

4 | (vg,vs), (v15, v13); (v1, v13), (vr, s); (s, Vs), (va, v1); (vs, vs), (v1,v7)

5 (Uls,’b‘g) (7‘8,7’8);(?}7,@1) (Us,Uls) (’03,’03) (Ul}Ug);(?:’l,UIs),(U3»Un),(?}33’011)

6 (Ula,U13) (’?‘8;7‘8)3(?}5,"“8) (@5,‘113) (Toavs) (Ul,w) (qu?) (’01,7"8) (?139’013)3
(vs, vs)

7| (r8,ve), (rs,7s); (T0,78), (vs,7s), (v7, v15); (s, 113), (ro, Ts), (U3, v3); (To, Vs),
(vr, v5), (v1, v13)

8| (

7”8,’111a) (?“8,”'8) (7"8 Ts) (1’5;7”8) (’U?'a’vs) (’Uhﬂla) (?”e ‘?“8) (Ua,’U7) (‘Ug,"vg);
)

(vs,v11), (v1, Vo), (v1, v7)

Table E.8: 2 x 16-PSK codes transmitting 2 bits/symbol.
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