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whereRs = rs — r and the integral$;, I., andl, are given by Polynomial Approximations to Bessel Functions
1
k 35k 3 R. P. Millane and J. L. Eads

. 2 . Abstract—A polynomial approximation to Bessel functions that arises
I = / h <k_ _ % _ i) d (28) from an electromagnetic scattering problem is examined. The approx-
imation is extended to Bessel functions of any integer order, and the
relationship to the Taylor series is derived. Numerical calculations show
that the polynomial approximation and the Taylor series truncated to the

1
Iy = / h <lk — L) dr (29) same order have similar accuracies.
Index Terms—Approximation, Bessel functions, polynomial.

with f = f(7) = TR — Rs| andh = h(7) = exp(—jk(7R + f)).
The results of the analytical evaluations of these integrals are given in

[7, (51), (56), (61)]. Inserting these expressions for the integrals into - INTRODUCTION
(26), the final expression in (14) is obtained. Bessel functions appear in numerous physical problems, and play an
important role in many electromagnetic scattering problems. There is
REFERENCES no closed form expression for Bessel functions so that approximations

. N . .. _suitable for numerical evaluation are necessary in applications. Gross
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1964, p. 635. that occurs in the expression for the current density on a conducting

[10] G. ChambersA Course in Vector Analysis London, U.K.: Chapman Strip grating illuminated by a plane electromagnetic wave [2]. The in-
& Hall, 1969. tegral is evaluated as [1]

[11] S. ArslanagdicP. Meincke, E. Jgrgensen, and O. Breinbjerg, “An exact
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where
n(—=1 7n+n('2n —m-=1 !22n—27n
brn = ( ) - . )2 (4)
m! ((2n — 2m)!!)
and(2n)!! = 2-4-6---2n. Making the substitution: = wé in (1)
gives

1
Fon(sin 8) = 2/ cos(dw) cos(2ndw) Sduw 5)

™
0

sin? § — sin?(6w)
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Fig. 1. Bessel functiong, (x)(

20.0
n + p and for orderse™ as shown.

X
), the polynomial approximations®-" (x)(- - -), and the truncated Taylor seri¢§ " (z)(- - -), on the interval < = <

and taking the limit — 0 on the left- and right-hand sides of (5) andthe approximation improving with increasimg Using (3) and (4), (7)
using (2) shows that for large

1
fon(6) ~ 2 [ Co3@nbw)

provides a polynomial approximation (). Note that the domain

on which the approximation (7) is defined increases with increasing

w. (6) Using (7) and the properties of Bessel functions also gives the approx-
TSVI—w? imation

Using the integral form of the Bessel functions [3] then shows that

Jo(@) =~ fon (i)

2;1’ 0<x<2n

(7) Ti(2) = —d—]f ()
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on the same domain. Numerical evaluation of (7) and (82for= 10  Referring to (14) and (17) shows that (18) is equivalent to

and 20, and & = <5, shows that they are substantially more accurate

than the first term of the Taylor series for the Bessel functions [1]. lim e -1 (19)
Cpnm —

n— oo

where

1. A PPROXIMATIONS FORANY BESSELORDER d, nip
€pnm = ——

. (20)
The approach described above can be extended to any Bessel order tpm—p

as follows. Substituting (3) into (7), rearranging the summation, and ) ) )
using (4) allows the approximation (7) it to be written as Using, (13) and (16), changing the factorials to gamma functions and
simplifying, shows that

Jo(a) ~ Z Crma™™, 0<a2<2n 9) . _ 22" +p)' 72T (M2 4 m)
R G R

(1)

m=0
where
(=)™ 2" (n +m — 1)!
22m(p — m)l(m!)?

Cnm = (10)  using (21) and the relationship [3im. oo ['(x + a) = D(x)z"
for + € R shows thate,,. satisfies (19), confirming (18). The
polynomial approximation therefore approaches the Taylor series, on a

Applying the relationship [3] term-by-term basis.

o,
Jpy1(x) = —at Ir (27" Tp(2)) (11)
€T V. NUMERICAL COMPARISONWITH THE TAYLOR SERIES

recursively to (9) gives The polynomial and truncated Taylor series approximations of the
same order were calculated, on the domain for which the former is de-
n fined, using (14) and (17), respectively, and compared with the actual
Jp(x) ~ Z dpnom™™ 7P, 0<z<2n (12) values of the Bessel functions. All of the approximations were evalu-
m=p ated numerically using Horner’'s method [4]. The results of these cal-
where culations are presented in Fig. 1 for Bessel functions of grdei0, 1,
(=1)ptmop=2mpl=2m iy 4y — 1)} (13) 4, and 5, and for two different ordensof the approximations that cor-
(m — p)l(n — m)!m! respond to 4 and 6 terms in the series. Inspection of the figure shows
consistent behavior in the relative accuracies of the two approxima-
We denote by () the approximation (12) for which the highesttions. The truncated Taylor series approximatith” () is slightly
order isz", i.e. more accurate than the polynomial approximatifn™ () in the re-
gion0 < = =< n/2. The Taylor series diverges rapidly from the true
value of J,(x) for x = n/2. The polynomial approximation is more
accurate than the Taylor series fof2 < r < n, although it is prob-
ably not usefully accurate in this region. For= » the polynomial
approximation also diverges rapidly from the Bessel function.

dp nm —

ntp
2

TN = Yy e AT 0<a Sty (19)

m=p

VI. CONCLUSION
IV. RELATIONSHIP TO THETAYLOR SERIES

The polynomial approximations [1] have been extended to Bessel
functions of any integer order, and they approach the Taylor series ex-
- pansion as the order of the polynomial increases. Although the poly-

N 2m+4p nomial approximation [1] has integer coefficients, both the polynomial
Tp(x) = tyma (15) aPE _ . -
approximation and the Taylor series have good numerical stability if

The Taylor series fod, () is [3]

m=0
where they are evaluated using standard numerical methods. Comparison of
(-1)™ the accuracies of the two approximations (of identical orders) shows
tpm = 22m+p ! (m + p)! (16)  that the polynomial approximation has no practical advantage over the

Taylor series, and that such approximations must be used with caution.

We denote the Taylor series truncated to ordéby JPT*”(,r) and, to
ease comparison with (14), write it as REFERENCES
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