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Abstract 
This paper presents an application of two ML models to the analysis of 
residential demand of water: the heterogeneity and the two-error model, 
both apt to model demand in presence of a kinked budget constraint. 
The heterogeneity model is especially suitable when the distribution is 
characterized by a strong clustering around the kinks. Since in practice 
observations can be very close, but not exactly at the kink, its application 
may require the definition of an interval of data around the kink, so that 
the observations falling inside this interval are attributed to the kink. We 
propose a procedure, based upon the estimates obtained from the two-
error model, to define this interval. In this application we find that the 
heterogeneity model allows to obtain more efficient estimates than the 
two-error model for the parameter of principal interest, i.e. the 
coefficient of the price variable.  
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1. Introduction 
 

A substantial stream of research has been devoted in the last decade to 
the problem of analyzing the functional form of the demand of water, in 
order to assess the effect of changes in the supply function. Residential 
consumption competes for this increasingly scarce resource with other 
sectors: agriculture, industry, tourism. An efficient supply allocation 
would require identification of the determinants of the residential 
demand in order to control non necessary uses, i.e. all uses exceeding the 
normal requirements for alimentary and hygienic needs. Market 
instruments may be helpful to control such unessential uses of water, 
and rising blocks schemes are advocated, and currently widely adopted, 
as an effective strategy to accomplish this aim.  
The problem is that the econometric analysis of the demand function in 
presence of a block price is quite complex. The fundamental work of 
Moffitt (1986,1990) has clearly exposited the correct strategy to model 
demand in presence of a piecewise linear budget constraint: demand is 
conditional on the choice of a specific portion of the budget constraint, 
and the two choices (continuous-discrete) should be modeled as a joint 
process. Based upon a seminal paper by Burtless and Hausman (1978), 
Moffitt proposes two alternative Maximum Likelihood models to 
account for non linearity and endogeneity in the price structure for this 
type of setting. Unfortunately, due to non convexities of the likelihood 
function, maximization is often difficult: the procedures often break 
down, multiple local optima can be found, and this requires using several 
starting point vectors to find the global maximum. This has induced 
many researchers to apply alternative models (Instrumental Variables, 
Two-part models), which, although not optimal, can be more easily 
estimated. As Nauges and Thomas (2000) remark: “results on important 
figures such as price and income elasticities are very heterogeneous and 
remain often sensitive to econometric specification”. Finding a robust 
method to ensure reliable estimates is a crucial issue for the current 
research in this field.  
 
This paper presents the application of two Hausman models –as exposed 
by Moffitt (1986)- to the analysis of residential demand of water: the 
heterogeneity and the two-error model. The first application in this 
context is due to Hewitt (1993) and Hewitt and Hanemann (1995). While 
the two error model has been used in other work on residential demand 
of water (Pint, 1999, Rietveld et al., 1997, Olmstead et al., 2005), and on 
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the demand of water for irrigation (Bar-Shira et al., 2005), we are not 
aware of any application of the heterogeneity model to water demand 
subsequent to Hewitt (1993). It will be seen that this model is especially 
apt to fit distributions where a strong clustering around the kinks is 
observed. In practice, many observations might be close to the kink but 
not exactly at the kink: in order to apply this model, an interval of data 
around the kink should be defined (see Moffitt and Nicholson, 1982; 
Friedberg, 2000), and the observations falling inside this interval should 
be attributed to the kink. We propose a procedure, based upon the 
estimates obtained from the two-error model, to define this interval. It 
will be seen that in this application the heterogeneity model allows to 
obtain more efficient estimates than the two-error model for the 
parameter of main interest, i.e. the coefficient of the price variable.  
 
  
 
2. Economics of the Kinked Budget Constraint 
 
The consumer’s problem can be modeled as follows: the utility function 
U(·) is a function of the consumed quantity of the good of interest (in 
our case, drinking water), defined as q1, and all other goods x. The good 
q is assumed to be a normal good. A block structure may be increasing, 
if price blocks are increasing in quantity, or, alternatively, decreasing. 
Since the general trend for utilities like water and energy is to adopt 
increasing block tariff structures, which induce more conservative usage 
of the resource, we restrict attention to this case only. Let us consider for 
simplicity a two block structure, as follows:  
 
 

P(q) = p1 (q ≤ k) 

P(q) = p2 (q > k) 

 

 

where k is the value of q at the kink (block limit); p1 is the first block 
price, p2 is the second block price, and p2 > p1 (increasing blocks). 
Let x be a composite good in the choice set alternative to q1, with price 
normalized at 1. The consumer maximizes U(·) subject to the following 
budget constraint, which is non linear in q1: 
 

min(k,q) p1 + max(q-k,0)p2 + x ≤ y         (1) 
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where y is the consumer’s income. Eq. (1) can also be written as follows:  
 

q p1 + x ≤ y (q ≤ k)                                  (2) 

qp2 + x ≤ y + k(p2 - p1) = yv (q > k) 
 
where yv is defined as the consumer’s virtual income in the region {q>k}, 
i.e. income that would be just about sufficient to buy the bundle q, x at 
the prices p2 and 1. The virtual income is represented in the following 
graph as the intercept of the dashed budget line on the price-axis.  
 
 
price 

 
quantity 

Fig. 1. 
 
 
Let’s define the consumer’s indirect utility function:  
 

V=V(y,P(q)) = U(g(P(q),y) , y-g(P(q),y)),  

 

where g(·) is the standard Hicksian demand function, characterized by 
the following structure: 
 

g(p1,y) if g(p1,y) ≤ k and V(y,p1) > V(yv,p2)        (3) 

g(p2,yv) if g(p2,yv) > k and V(yv,p2) > V(y,p1) 

k otherwise. 
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As Moffitt (1986) shows, (3) easily transforms into the following:  
 

q = d1 g(p1,y) + d2 g(p2,yv) + (1-d1-d2) k        (4) 

d1  is 1 if k> g(p1,y ), 0 otherwise; 

d2 is 1 if  k < g(p2,yv), 0 otherwise. 

 

The demand function (4) is represented in the following two graphs, 
where different possible equilibria are shown.  
 
 
 
 
price 

 
quantity 

Fig. 2 
 
 
 
 
Figure 2 represents a “regular” solution, where the intersection between 
the individual demand function and the price occurs along the first 
segment of the price line. In such a situation (and analogously if this had 
happened in the second segment of the price line) there is a unique 
equilibrium, which is determined by the textbook equivalence condition 
of marginal rate of substitution equal to price ratio.  
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price 

 
quantity 

Fig. 3. 
 
 
In contrast, figure 3 represents a situation where the demand function 
crosses the price curve at the limit of the block price, i.e. at the kink 
point of the budget line in Figure 1. At this point the demand function is 
not defined, and different marginal rates of substitution may be 
compatible with the solution at the kink point. This means that different 
values of income, prices, and other variables argument of the demand 
function are compatible with the same level of water demanded. For 
example, in Figure 1 the same quantity at the kink is compatible with 
both the actual and virtual individual’s income. This has relevant 
implications on the distribution of the demand of water, as the kink 
point results in a mass point, and this has to be properly taken into 
account in the econometric modeling. 
 

 

 

3. Econometrics of the Kinked Budget Constraint 
 
In the previous section we have seen that when tariffs have a block 
structure, demand is a non linear function of income, prices and the 
other relevant variables argument of the demand function. Moreover, it 
is possible that data are clustered round the kinks, since at a kink point 
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different marginal rates of substitution, and hence different levels of the 
variables argument of the demand function, are compatible with that 
level of demand.  
 
A simple econometric specification for the demand equation is the 
following: 

 

q = βX + γpm + δyv + ε          (5) 
 

where X is a vector of explanatory variables other than income and 

prices; β, γ e δ are parameters to be estimated, and ε is the error term. 
The equation is not linear in pm nor in yv , since both are a function of 
the actual level of consumption. Overlooking the non linearity problem, 
and applying the OLS method to estimate the demand equation, leads to 
biased and inconsistent estimates, since pm e yv are correlated with the 

error term ε (as they depend on q). Moreover, in case of increasing 
blocks price structure, the OLS method gives an estimate of the price 
coefficient which is positive, as price is, by construction, positively 
correlated to the demanded quantity. This specific problem may be 
solved applying Instrumental Variables (IV) methods, or Heckman’s 
two-stage sample selection method. However, as discussed in Moffitt 
(1991), these models do not address in a satisfactory way the problem of 
mass point (clusters at kink) estimation. In their seminal work, Burtless 
and Hausman (1978) apply the Maximum Likelihood (ML) approach to a 
selectivity model to take account of both non linearity and discontinuity 
problems.  
 
Moffitt (1986) examines two alternative “Hausman” ML models, and the 
conditions under which either is best suited to fit the data. When the 
data show a strong clustering around the kink points it may be preferable 
to use a model that assumes that individuals are maximizing there, 
assigning observations unambiguously to the kink points or the segments 
where they are found. In this case different locations along each segment 
are explained by some unobservable factor (i.e., unobservable to the 
econometrician, not to the consumer), or, in other words, to some 
heterogeneity of preferences. Conversely, when the empirical distribution 
does not show a strong clustering of data around the kink points, Moffitt 
suggests the use of a model that takes into account the possibility of a 
discrepancy between the point where a consumer intends to maximize, 
and the point where the individual observation is actually found. This 
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may be due to different sources of errors: one possibility is that 
measurement of consumption is not accurate (measurement error); or 
some factor exogenous to the consumer’s decision making (as modeled 
by the demand function) determines a different level of consumption 
from what planned (optimization error); or, last but not least, to some 
specification error made by the econometrician.  
 
Based upon equation (4), the heterogeneous (one error) econometric 
model has the following probabilistic structure:  
 

 

)),(Pr(
1

η+= ypgq                 for observations in segment 1 

)),(Pr(
2

η+= vypgq                 for observations in segment 2 

)),(Pr(*)),(Pr(
21

ηη +=<<+= vypgqqypgq     

                                                                     for observations at the kink 

 

 
A characteristic feature of this model is that the probability of 
consumption at a certain level is computed for each observation 
conditioning on the observed location on a segment or kink: in other 
words, there is sample separation. Alternatively, the two error model 
derives the unconditional probability for each individual to attain a certain 
level of consumption, independently of the level of observed 
consumption. Its probabilistic structure is the following: 
 

 

]}),(*),([],*Pr{[

*)]}),([],),(Pr{[

*]}),([],),(Pr{[

21

22

11

ηηε

ηεη

ηεη

+<<++=

+>+++=

+<+++=

v

vv

ypgqypgqq

qypgypgq

qypgypgq

      (6) 

 

 

Each term in the addition is the joint probability that an observation is 
found in a specific section of the budget (first segment, second segment, 
or kink) and at a certain level of consumption inside that section. The 
probabilities are calculated for every observation in the sample, i.e. there 
is no sample separation in this case.  
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4. Model specification 
 
Estimation of the two models (5) and (6) requires specification in both 
the structural part, i.e. the demand function, and the probability 
distribution of the error terms. As in Hewitt and Hanemann (1995), we 
assume that the consumer maximizes an indirect utility function defined 
as:  

















′+++−= δ

µ

γ
γ

µ
µ zpypypV

111

1
)exp(),(  

 

which implies the demand function:  
 

ypzypg µγδ ++′=
11

),( . 

 

The latter equation differs with respect to (4) in that it contains the term 

δz′ , which refers to socio-economic variables that may be included in 
the model. As discussed in Hewitt (1993, p.79), this implies that the 
socio-economic variables enter as an argument of the utility function: 
whether this is a reasonable assumption depends on the specific set of 
covariates used.  
 
The heterogeneity model is obtained by applying an error term to the 
conditional demands –i.e. conditional to the observed location on the 
budget line: 
 

εµγδ +++′= )(),(
11

k

k

k
ypzypg  

 
where k is the block where demand is observed, and income is real 
income for individuals in the first block, and virtual income for 
individuals in higher blocks of consumption.  
 
Considering now a two blocks tariff structure, which is what we will deal 
with in our application, the likelihood function is:  
 
 

[ ] [ ] [ ]∑∑∑ +Φ−Φ+=
2

212

1

1
)()()(ln)(

BlockKinkBlock

h wttw φφl  
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where φ  and Φ  are, respectively, the Normal density and the 

distribution function, which we assume for the error term, with mean 

zero and variance 
2σ . Although other distributions may be assumed, 

the Normal generally represents a quite convenient choice; a typical 
expedient used to deal with asymmetric distributions is to assume a Log-
normal distribution for the error term, and work with the logarithms of 
the dependent variable, which are distributed as a Normal. The other 
terms are: 
 

[ ]
σ

γµδ k

k

k

pyzq
w

−−′−
=

)(
  

 

[ ]
σ

γµδ k

k

k

pyzq
t

−−′−
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Here the data observed in each section (segment or kink) of the budget 
line enter the likelihood separately from the others.  
 
The two error model is more complex, since it requires computing the 
joint probability for each observation to occur in a particular segment or 
kink, and to realize a specific level of consumption. 
Given the two error stochastic structure, we need to specify a bivariate 
distribution for the joint probabilities of η and ν=η+ε: the Bivariate 
Normal is a natural candidate, and the corresponding log-likelihood 
function derived by Moffitt (1986) is: 
 

[ ] [ ]∑
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In this model there is no sample separation: for each observation there 
exists some probability that it lies in some other section of the budget 
line than that where it was actually observed.  
 
 
 
5. Structural determinants of the demand of water 
 
As said in the previous section, the regression usually contains some 
socioeconomic or “structural” components –other than income and 
prices- entering the demand function of water for residential uses. Most 
obviously the household size affects the level of consumption, and 
incomplete information on this feature would result in a serious omitted 
variable problem, and larger unexplained heterogeneity. Many studies use 
structural characteristics of the house, mostly intended as proxies for the 
household size: number of rooms, number of bathrooms, or the 
dimension of the building. Use of appliances, like laundry machines, 
dishwashers, hot tubs, may in some contexts be relevant to explain 
different levels of consumption. Garden size, the system of irrigation and 
its frequency, climate features (in panel data, or when cross sections 
comprise various climatic areas) are also included as regressors in many 
water demand models: the reader is referred to Arbués et al. (2003) for 
an overview of the covariate specifications found in the literature.  
 
 
 
6. Application of the Hausman ML models to a cross section 
analysis of water demand 
 
In this work we will see an application of the Hausman model to data 
relative to water consumption in Alghero, a marine town in Sardinia, 
Italy, which is characterized by a heavy tourist load during the summer 
months (the population density in the July-August months increases by 
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150%) and an excess demand of water for domestic use, which is 
currently controlled through quantity restrictions. 
 
A survey was taken over a sample of 404 households, drawn from a 
population of residential customers endowed with a single unit metering 
device. The individual consumption data was provided by the municipal 
water company, while the survey was intended to collect information on 
household socioeconomic and demographic characteristics, and on 
structural features of the dwelling. Table 1 in Appendix reports the 
summary statistics of the variables used in the analysis.  
 
The price of water is structured as an increasing block tariff, with a fixed 
access charge, a first block price of €0.62 for annual consumption up to 
160 m3, and €0.92 for higher levels of consumption.  
 

The following figure represents the histogram of the annual water 
consumption per family.  
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For the analysis of these data we apply the two Hausman models 
exposited by Moffitt (1986): the heterogeneity univariate model; and the 
bivariate model, that allows estimation of both heterogeneity and 
measurement errors. As discussed above, the heterogeneity model 
assumes that each consumer selects the block (or kink) based on a 
correct maximization process; along each segment, individuals may 
choose different levels of consumption due to unobservable 
heterogeneity among individuals. This model implies that each consumer 
is found exactly in the portion of the budget constraint that is 
compatible with his/her preferences. Since the kink point is compatible 
with many different preference structures, this model predicts some 
clustering of observations around kink points, hence it is especially apt to 
fit distributions characterized by such clusters. Alternatively, the two-
error model allows some discrepancy between planned and real levels of 
consumption. Such discrepancy may be due to optimization or 
perception errors (for example, because imperfect information on the 
tariff structure), or by measurement errors (for example, because some 
measurement instruments are faulty). If this is the correct scenario, 
individuals who planned to consume at a certain block may be found to 
consume at a different block. This model is better suited to situations 
where observations are spread over the support, and no clusters are 
observed around the kink points.  
 
Our data show two strong clusters: the first at about 100m3, the second, 
with a higher peak, at about 150m3. The heterogeneity model could be 
considered more suitable for this type of data; however, a practical 
problem arises when it comes to define the “kink” observations. If only 
the observations lying exactly at the kink, i.e. 160m3, are modeled as kink 
observations, then in our case only one observation would respond to 
the requisite. Besides being overly restrictive (it is reasonable to concede 
some rounding error around the optimization point even if we are not 
willing to allow for large departures from this point), this strategy leads 
to serious problems in the estimation of the model, as it will be seen 
later.  
 
On the other hand, assigning observations to the kink might be seen as 
an arbitrary manipulation of the data. Friedberg (2000) assigns 
observations to the kink based on some ad hoc judgment; Moffitt and 
Nicholson (1982) use different bandwidths around the kink to group 
observations, and then select the model with the most “plausible” 
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epsilon based on some a priori, and through likelihood ratio tests. While 
using a priori information may be helpful in general, we will see that 
looking at the likelihood values may be misleading if –as happens- the 
likelihood function is not well behaved. 
 
The asymmetric shape of the water consumption distribution suggests 
that a Lognormal specification for the error terms would fit the data 
better than the Normal. The dependent variable is therefore transformed 
into logarithms, and the same transformation is operated on the 
continuous independent variables, which are: marginal price; (virtual) 
income; household size; information; years in the house; house at ground 
floor or upper floors. The first three variables do not require special 
comments; “information” is a category variable signaling if the consumer 
thought he or she was paying less (negative sign) or more (positive sign) 
than what was effectively paid; higher numbers correspond to larger 
differences between the stated amount and the real amount. We expect 
that people who think they pay more than they actually do will be more 
conservative in the use of water (and vice-versa): this implies that we 
expect a negative sign for the coefficient of this variable. The variable 
“years in the house” is a proxy for how old the house and its 
technological equipment is: we could not use the real variable since many 
people were not able to respond to this specific question. We expect that 
the older the house, the higher the consumption (mainly because of old 
flushing systems, and a higher probability of leakages). Finally, the 
variable “low ground” includes all houses, and apartments located at low 
ground, which are often endowed with some open space (backyard or 
patio) and we expect a positive sign for the coefficient.  
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Table 1: Two error and heterogeneity models, original data 

Dep=ln(m3) Two error model Heterogeneity model 

n.obs=385 
Coefficients 
(std errors) 

P-value 
Coefficients 
(std errors) 

P-value 

Constant 
3.474 
(0.293) 

0.000 
5.176 
(0.130) 

0.000 

M. Price 
-0.538 
(0.363) 

0.138 
2.109 
(0.101) 

0.000 

Income 
0.149 
(0.027) 

0.000 
0.043 
(0.016) 

0.007 

HH size 
0.270 
(0.073) 

0.000 
0.084 
(0.042) 

0.045 

Information 
-0.125 
(0.020) 

0.000 
-0.047 
(0.010) 

0.000 

House yrs 
0.094 
(0.042) 

0.026 
0.031 
(0.025) 

0.207 

Low ground 
0.094 
(0.075) 

0.214 
0.076 
(0.044) 

0.085 

ση 
0.501 
(0.053) 

0.000 
0.360 
(0.013) 

0.000 

σε  
0.291 
(0.065) 

0.000 -- -- 

Mean log-lik -0.769  -0.545  
n. log-lik>0 0  131  

 

 
 
The poor performance of the heterogeneity model is apparent from two 
features: first, the price coefficient has a positive sign, which means that 
the model does not succeed in treating the endogeneity of price due to 
the increasing block structure; second, a relevant number of individual 
log-likelihoods is positive, which is an evident sign of problems in the 
likelihood function. In this case, the two-error model does not show any 
problems: a close inspection of the likelihood function at the maximum 
shows that all values are well inside the boundaries. This does not imply, 
though, that the two-error model is in general immune to this type of 
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failure: similar problems for this model have been reported by Herriges 
and King (1994), and by Rietveld et al. (1997). 
 
The two-error fit seems quite satisfactory, since all coefficients have the 
expected sign and most of them show p-values close to zero. Both 
standard errors are significantly different from zero, and this could lead 
to accept the two-error specification. A sensitivity analysis was carried 
out to check the robustness of the estimates to small modifications in 
the sample size and the covariate specification, with positive results. 
However, the price coefficient, i.e. the most important parameter in the 
context of the present study, is not estimated efficiently. Over-
parameterization is recognized to be a problem for the two-error model 
(Moffitt, 1986, p. 326; Heckman and Singer, 1984), which may cause a 
decrease in the precision of some parameter estimates; and this may 
especially be so when the sample size is small as in this case. As 
discussed above, a possible strategy is to apply the heterogeneity model 
to manipulated data, where observations that are close enough to the 
kink are assigned to it. We used the estimated standard error σε  to define 
a bandwidth around the kink: observations in the interval 

)1,0(},)160{ln( ∈⋅± ασα ε , were assigned to the kink, and the 

heterogeneity model was estimated for each value of the grid. The 
punctual estimates from the heterogeneity model get closest to those 
obtained from the two-error model at α=0.35, and all coefficients are 
significant. The number of observations attributed to the kink is 49, lying 
in the interval [145,177]. We do not report all estimates obtained from 
the grid, but just observe that the price coefficient monotonically 
increases with α, reaching the value -1.94 for α=0.9.  
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Table 2: Two error and heterogeneity models, cluster data 
assigned to the kink 

Dep=ln(m3) Two error model Heterogeneity model 

n.obs=385 
Coefficients 
(std errors) 

P-value 
Coefficients 
(std errors) 

P-value 

Constant 
3.469 
(0.291) 

0.000 
3.456 
(0.194) 

0.000 

M. Price 
-0.544 
(0.360) 

0.131 
-0.542 
(0.080) 

0.000 

Income 
0.149 
(0.027) 

0.000 
0.152 
(0.025) 

0.000 

HH size 
0.271 
(0.074) 

0.000 
0.272 
(0.069) 

0.000 

Information 
-0.125 
(0.020) 

0.000 
-0.121 
(0.015) 

0.000 

House yrs 
0.095 
(0.042) 

0.024 
0.097 
(0.041) 

0.017 

Low ground  
0.094 
(0.075) 

0.211 
0.084 
(0.074) 

0.252 

ση 
0.506 
(0.052) 

0.000 
0.597 
(0.024) 

0.000 

σε  
0.285 
(0.067) 

0.000  -- 

Mean log-lik -0.768  -1.097  
n. log-lik>0 0  0  

 
 
 
Our benchmark was the two-error model estimated from the original 
data, but it can be observed that it gives very similar results when 
estimated on the manipulated data. However, for higher values of α this 
does not hold anymore, and the two-error model shows specification 
problems (the routine breaks down; the log-likelihood takes positive 
values for some observations).  
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7. Conclusions 
 
Accurate estimation of the demand of water is essential for a correct 
planning and management of a resource that becomes more and more 
scarce. It is widely recognized that the ML Hausman approach is the 
most appropriate to model a demand function in presence of a kinked 
budget constraint; however, such approach has been adopted in very few 
empirical works. The problem is that estimation may be difficult, because 
the likelihood function is not globally concave: but use of different 
starting values vectors, inspection of the likelihood function in the 
neighborhood of the global maximum, and sensitivity analysis can greatly 
help to select a valid specification. In the present work, the two-error 
model was applied to data on water demand, and, conditional on the 
selected specification, the maximization procedure did not present any 
problems. However, the coefficient of the price variable, which was a 
key parameter in this study, is not estimated efficiently by this model. As 
discussed by Moffitt (1986), when the distribution of the dependent 
variable is characterized by a strong clustering of observations around 
the kink, the heterogeneous model may be a better candidate than the 
two-error model to fit such distribution. Since many observations are 
close to the kink, even though not exactly at the kink, it is necessary to 
attribute a number of observations to the kink in order to apply the 
heterogeneity model. We propose a criterion to classify data as kink 
observations. The heterogeneity model applied to the modified data 
produces efficient estimates for all parameters of major interest.  
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Appendix 
 
Table A.1 

REGRESSORS 
Mean 
(std) 

Description 

HH SIZE 
1.02 
(0.46) 

log(n. of people in the 
house) 

HOUSE YEARS 
2.91 
(0.76) 

log(years in the house) 

INCOME 
4.99 
(1.23) 

log(grocery expenditures / 
n. of people in the house) 

INFORMATION 
0.33 
(2.02) 

Scalar, range [-4,+4]: 
difference between real 
water bill and what 
respondents think they 
paid 

LOW GROUND 
0.23 
(0.42) 

1: low ground; zero: 
otherwise 

M3 
4.93 
(0.60) 

log(cubic meters of water 
consumed by the unit per 
yr) 

log (0.62)  First block (up to 160 mc) 

MARGINAL PRICE 
log (0.92) 

Second block (over 160 
mc) 
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