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Abstract. The notion of k-symplectic structures was introduced by A. Awane in his
dissertation in 1984 ([2], [14]). Here we are interested by the classification of Lie
algebrasprovided with such astructure. Weintroduce al so thenotion of affinestructure
associated to a k-symplectic structure on a Lie algebra.
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1. INTRODUCTION AND DEFINITIONS

Let GbeaLiegroup of dimensionn(k+1). A leftinvariant k-symplectic structure (6%,
..., 8% E), isgiven by anintegrablel eft-invariant n-codimensional subbundle E of TG and
0, ..., 6 left-invariant closed 2-forms on G vanishing on the cross sections of E with
transversal characteristic spaces [6]. The left-invariance conditions show that we can
define a such structure on the corresponding Lie algebras.

DeriniTion 1.1. Let Gbean(k + 1)-dimensional Liealgebraover K (K=R or C), 6%,
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..., 0¢closed 2-forms of A?(G) and H aLie subalgebraof G of codimensionn. Werecall
that (6%, ..., 65 H) isak-symplectic structureon G if thefollowing conditionsaresatisfied:
1. The system (6%, ..., 6%) is non degenerated, that is

ABY n ... n A(BY =(0)
where A(BP) is the associated space to 6°:
A(BP) ={X O G suchthati (X) 6° =0}

2. H isatotally isotropic subspace of G relative to the system {64, ..., 6}, that is,
or(x,y) =0fordl x,yOHandp=1, ..., k

Werecall also, that Gisan exact k-symplectic Liealgebraif inaddition, thefollowing
properties are satisfied:
(i) Hisanidea of G,
(ii) the 2-forms defining the k-symplectic structure are exact: 6 = dw?, ..., 6= dw,
where w, ..., are independent linear forms onthe Lie algebra G,
(i) G=H+ (ker w'n ... n ker o).

In this paper we complete the study presented in[2] on the k-symplectic Liealgebras
and onegivessomeproperties, existencetheoremsand classifi cationsof thek-symplectic
Lie algebrasin 1-codimensional case.

In the second part of this work, we introduce and studie the left symmetric k-
symplectic Lie algebras that is k-symplectic Lie algebras provided with an associated
affine structure.

L et usremind herethat theintroduction of k-sympl ectic structureswasled by thelocal
study of Pfaffian systems and Nambu’'s statistical mechanics [2] and [6]. By the
Heisenberg group of rank kin the sense of Goze-Haraguchi ([4] and [9]), we seethat the
k-symplectic geometry isrelated to the k-contact systemsin anal ogy with thewell known
relationship between symplectic and contact structures. Let us note also that Kostant-
Souriau’ s geometric prequantization is obtained in the context of these structures [14].
Also, werecall that theleft symmetrica gebrasappearedfor thefirsttime, intheliterature,
intheworks of E. Cartan, they were used in the bounded homogeneous domainsby J.L.
Koszul and in the convex homogeneous domains by E.B. Vinberg. The left symmetric
algebras were the object of thethesis of D. Burde ([7], and M. Goze and E. Remm [11],
[15]) studied these algebras with the operads point of view.

2. (k+ 1)-DIMENSIONAL k-SYMPLECTIC LIE ALGEBRAS
Wewill call aLiea gebraG provided with ak-symplectic structureak-symplecticLie
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algebra. The general classification of k-symplectic Liealgebrasin agiven dimensionis
still hard (the simplest case corresponding to k = 1 isnot completely solved [8] or [12]).

Weproposeinthissectionto classify real or complex k-symplectic Liealgebraswhen
thedimension isequal to k + 1. Thusthe codimension of the subalgebraH isequal to 1.

2.1. Case H abedlian

Let G bean(k + 1)-dimensional Lieagebraover K(IK=R or C), 6%, ..., 6% closed 2-
forms of A%(G) and H a Lie subalgebra of G of codimension n.

THeorem 2.1. Let Gbea(k+1)-dimensional Lieal gebraprovided with ak-symplectic
structure (64, ..., 8 H) withdimH =k. If H isabelianthen Gisan extension by derivation
of ak-abelian Lie agebra.

Proof. Let (X), ..., beabasisof G and (w),_,_,,, itsdual basis. We suppose that
the subalgebra H is defined by the equation w*** = 0. In these conditions the Maurer-
Cartan equations of G are written:

k k
doy = (zapq of) Ot (1< p<k) and dot*! = ( quw) O,
q=1 q=1
Asthe forms 6?, ..., 8¢ vanish on H, then

k
e=(> AW 0 p=1, ..k
g=1

Theexterior system{ 0, ..., 6} isnondegenerated whichimpliesthat the determinant
det (qu) isnon zero. Asthe 2-forms of the system are closed, we have
k
(z A o) det =0, for p=1,... k.
q=1

1<p,q<k

But det (AP )
. g/1<p,qsk
equationsof G are

# 0impliesthat dw**=0. We have proved that the Maurer-Cartan

k
(*) dwp= (z @ of) Dw*, 1< p<k duk=0
=1

and the k-symplectic structureis given by
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k
GP:(ZAPQ)“)DQ)"“ 1<ps<k, with det (A7) 20

1<p, q<k
g=1

and H = ker w***. This proves that adX,,, acts as an external derivation on H. [

CoroLLARY 2.1. With the previous hypothesis, the subalgebra H is an abelian idea
of G.

Let f beaderivationof H of matrix A= (alj). Thenthe structural constantsof theLie
algebra G defined asa 1-dimensional extension of H by thederivation f aregivenin (*).
On the algebra M, (I<) of matrices of order k we define the equivalence relation:

ARB - @ OK*, OP0GL(K) |B=aPAPZ, A, B M(K).

For A0 M, (<) we note by G, the Lie algebra defined by the structural equations:

0
q
EU(A)J'D Eb)lﬂ +1D Dzaq&) D
c 00 o D0w*Mand dw*= 0.

@iwg Q» Dwk”@ @aqmq

ProposiTion 2.1. If AR B then the Lie algebras G, and G, are isomorphic.

Proof. It is clear that if B = aA with a 0 K*, then G, and G, are isomorphic. It is
sufficient to consider the change of basis: X - X (1<i<kKand X ,, —aX . 1fB=
PAP, with P = (p”.) 0 GL (), then the isomorphism whose matrix is

1<ij<k

P 0O
B 1
isan isomorphism of Lie algebras between G, and G,. [J

Thefollowing proposition, whichisthe converse of theorem 2.1, endsthedescription
of thisfamily of k-symplectic Lie algebras.

ProrosiTion 2.2. Every one-dimensional extension by derivation of ak-dimensional
abelian Lie algebra H
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0O-H-G-K-0
is provided with a k-symplectic structure.

Proof. Let f bein Der(H) and G the corresponding extension of H . The Maurer-
Cartan equations are given by (*). For every regular matix M = (m ), the exterior
2-forms given by

k
=( ) Da, p=1.k
=1

andH = ker «X** define ak-symplectic structure on G associated to H . In particular, if
A, the matrix of f is nondegenerated we take M = A and in this case the k-symplectic
structure constructed on G is exact. [J

REMARKS
1. TheLieagebraG isnilpotent if and only if the matrix A is nilpotent. In fact, the
matrix Aisthematrix of the derivation associated to the one dimensional extension of the
abelian lie algebra. The extension is nilpotent if and only if the derivation is nilpotent.
2. The classification of the (k +1)-dimensional k-symplectic abelian Lie algebrasis
reduced to the classification of the endomorphisms of K"

2.2. Case H non-abelian

Let usbegin by an example. Let G bethe 4-dimensional Lie algebrawhose Maurer-
Cartan equations are:

Ceo! = 0,
Edwp:wlmoa”, = 2.3
Epm“ =-w 0o

From the previous calculus, this Lie algebra admits a 3-symplectic structure, the
corresponding subalgebraH being abelianand generated by X,, X,, X,. A suchLiealgebra
admits also another 3-symplectic structure givenby 8, == w' w?, 8,==w?[Ww * 6,=
=wdw'andH =X, X,, X,. In this case the subalgebra H is nonabelian. We will see
that this example is generic.

Lemma 2.1. Thereexistsabasis w',...,w¢** of G* such that:
1. Thek-symplectic structure of G isgiven by:
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k
o= (z A o) Do, 1<psk
q=1
with det (A7) #0 andH = ker o*™.

1<pgs<k

2. The Maurer-Cartan equations of G are:

K k
wp:(—ZQkkﬁw‘)Dw"+ (zc,gﬂas)u ok g ok
1=1 =1

k
= (y Ciaw) D™
=1

I o

with

(a) zki =1,i#p Ck+lik+1 Cijk+1: 0 if J %P,
(byC*t C —C*l C =0if izpanddZp.

ik+1 jk+1 ik+1 ik+1

Proof. Let (X),_, ..., beabasisof Gand let (W), _, _, ,, bethedual basis.
We suppose that the subalgebraH isdefined by the equation w** = 0. Then we have

k k
dur=— Cwlw-— cr ., o) Owk*?
K;Sk ij ( ; ik+1 )

forl<p<kand

k
dodul = _( zlck+1ik+l w) D(,l.)k+1.
1=

AsH isinthe kernel of the 2-forms 6° and as the exterior system 6%,...,6 is non-
degenerated, we have:

k
Op:(z qu(;oq)ljd’fl' 1Sp5k, and det(APq) £0
=1

1< p,g<k :

Atlastlet usprovethat C!, =0if | #iand | #jand C|, = C**

jk+1
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k
The 2-forms 6° = ( ZAPi ) Dw** are closed, then for al p we have:
1=1

k
P == 3 (G AG)HACE -ACED 00D o 0
I<i<j<k [=

1
which implies:

A Clij M Api(Ciij _Ck+ljk+1 to Apj(cjij Ot AR Ckij =0

forall 1<i <j<k Butdet (A) #0. ThusC!, = 0if | #i,1 #] and C| = C***

jk+1°

Theserelations give:

k k
wP =~} Clae) D= (§ Cha b)) o™
=1 1=1

1=
k
0t = —(Z Cklw) oo™
=1

I o

The Jacobi relations imply:

k - .
@ (Zi¢pcill(<:llcj!k+1) + C]!(k++llcgk+1 =0if j #p,
i=1
ktl~p _k¥le~p  —(nifs .
(b) Cik+iCjks1 ~ CikaCiksa =0if i # pand j # p.

AsCr, ., =C" ., =0, wehave proved thelemma [J
Consequences

1. The subalgebraH is solvable (D?(H) = {0}). If it is non-abelian then it is non
nilpotent.
2. H isanided if and only if it is abelian.

In fact, from the previous lemma, we have:
[X,X]=C  X-=C X, forall 1<i<j<k
i’ ik+l "7

jk+1 i

and H is solvable. Moreover the equations



8 A. AWANE, A.CHKIRIBA, M.GOZE

[Xr' [Xi' XJ]] = Ck+t [Xr' Xi] —Ck#

jk+1 [X., XJ] =-C [X, XJ]

ik+1 rk +1!

show that H is not nilpotent. [

THeoReM 2.2. Let G be areal or complex (k +1)-dimensional Lie algebra provided
with ak-symplectic structure (6%, ..., 6% H) whereH isanon abelian subalgebra. Then
Gisisomorphicto sl(2) or isaone dimensional extension by derivation of an abelian k-
dimensional Liealgebra. Inthislast case, it admits another nonisomorphic k-symplectic
structure whose associated subalgebra H, is abelian.

Proof. From the lemmathere existsabasis{ X,...., X ,,} of G satisfying:

1%, X1= CllcaX ~Cilix;, 1si<j <k
k

Bxi Kl = z ChaaXj + Gl X, 1<i <k,

0 =1

Letusputa = C<**
0. If we note

andb, =Cl. . AsH isnon-abelian, we can suppose that a, #

ik+1

le—ﬁanin =X +aY, 2<icsk,
&

then, inthebasisY,..., Y,, X

e k+l}’

the brackets of G are given by

[Y,Y]=Y, 2<i<k

[Y, X J=obY +. . +a¥Y -X

[Y, X, ] =0l +. . +akY +a X , 2<i<k

k+1?

The matrix of ale iswritten:

0 0 ap,0
0 4 O
O O
. o O
O 1 gt

O
D o0 anf

Let Y, ,, beanonzero eigenvector of ale associated to the eigenvalue— 1. We have:
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[Y,Y]=Y, 2<i<k
[Y ! Yk+1] :_Yk+1

1

and the Jacobi identitiesgive[Y, Y, ] =a,Y,, 2<i<k. If thedimension of Gisequal to
3, thenwe havethetwo possibilities a,# 0 or a,= 0. Thefirst casecorrespondstosl(2).
If the dimension is greater than 3, then the Jacobi conditions imply that the constants a
arenull, then G contains a 1-codimension abelian ideal and H isan abelian subalgebra.

Thiscaseconcernsthefirst part of thisstudy. But theassociated k-sympl ectic structure

is not isomorphic to the given one. [

ReEmMARK: a 2-symplectic structure on sl(2)
We have proved that sl(2) admits a 2-symplectic structure. We describe briefly this
structure. Let { X, X,, X;} the classical basis of §l(2), that is satisfying

[Xp X == 2%, [X), X] = 2%, [X, X =X,

Let w, w, w, thedua basis. The two-forms
6,=w, 0w, 0,=w, 0w,

are closed and define a 2-symplectic structure with H generated by X, X, whichisnot
abelian.

2.3. Classification in dimension 3

Let G beareal or complex 3-dimensional 2-symplectic Lie algebraand let (6%, 6%
H) be its 2-symplectic structure. If H is an abelian subalgebra then, from the previous
results, it is an abelian ideal and G is solvable. But every 3-dimensional solvable Lie
algebraadmits asuch ideal. Then every 3-dimensional solvable Lie algebra admitsa 2-
symplectic structure. If H is not abelian, from the previous theorem G isisomorphic to
s(2).

ProposiTion 2.3. Every 3-dimensional complex Lie algebra admits a 2-symplectic
structure. Every 3-dimensional real Liealgebranonisomorphicto so(3) isprovided with
a 2-symplectic structure.

We can note that it does not exist classical symplectic structure on semi-simple Lie
algebra. On other hand dl(2, R) isprovided with a2-symplectic structurebut itistheonly
one which is n-dimensional and endowed to a (n — 1)-symplectic structure.

2.4. Classification in dimension 4
If a4-dimensional Lie algebrais provided with a 3-symplectic structure then G is



10 A. AWANE, A.CHKIRIBA, M.GOZE

solvable. From the classification of Levy-Nahas ([18]), such an algebraisisomorphic to
one of the following one:

. (G)*the abelian algebra

. (G)?*x G, defined by: [X,, X ] = X,

G, x G, defined by: [X,, X]] = X,

G, x G,, (a) defined by: [X,, X;] =X, and [X,, X,] =a X, with|a|=1

G, x G, defined by: [X,, X]] = X, + X, and [X,, X,] =X,

G, x G, (o) defined by: [X,, X )] = a X,—X, and [X,, X,] =X, + a X, witha =0

G,, defined by: [X,, X]] = X, and [X, X] = X,,

. G, , defined by: [X, X] =X;and [X, X,] =X,

. G,(a, P) defined by: [X,, X]] = X,, [X,, X] = a X, and [X, X,] =B X,, with
—l<as<B<0or(-1<a<0and0<PBs<slor(0<a<Ps<l

10. G, (o) defined by: [X,, X,] =a X,, [X,, X]] = X;+ X, and [X, X,] =X, witha #0

11. G, defined by: [X,, X]] = X, + X, [X,, X]] =X+ X, and [X,, X] = X,.

12. G, (0, B) defined by: [X, X)] = a X, [X,, X = B X, =X, and [X, X,] =X+ B X,

with o > 0.

©CENDUAWN PR

We have seen that every (k +1)-dimensional Lie algebrawhich hasa 1-codimension
abelian ideal admits a k-symplectic structure. From the above classification we can
deduce:

ProrosiTioN 2.4. A 4-dimensiona real Lie algebra G which has a k-symplectic
structureisisomorphic to one of the following: (G))*, (G))* x G,, G, x G, , G, x G, (a),
G,xG,,, G, xG,,(0),G,,,G,, G,,(a,P),G, (), G,,and G, (a, B).

31
33’ 4,3

3.LEFT-SYMMETRIC k-SYMPLECTIC LIE ALGEBRAS
3.1. Affinestructureson Lie algebras

Let A beavector spaceonthefield K(IK =R or C). A bilinear mapping : (X, Y) —
0,Y = XY, of A x A with valuesinto A is called left-symmetric product if it satisfies:

X-Y)-Z=X-(Y-2)=(Y-X) - Z=Y-(X-2),

foral X, Y, ZOA. Inthiscase (A, 0) is caled aleft-symmetric algebra or a Vinberg
algebra

If O isaleft-symmetric product then the bracket [X, Y] = X - Y=Y - X, satisfies the
identities of Jacobi, that is (A,[,]) is a Lie algebra subordinated to the left-symmetric
algebra (A, 0O).

Let usconsider aLieagebraG. We say that G isendowed with an affine structure if
there exists on the underlying vector space of G aleft-symmetric product [ such that (G,
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[.]) istheLiealgebrasubordinated to the Vinberg algebra (G, [).

3.2. Affine structures associated to a k-symplectic structure

Let usrecal that if G isasymplectic Lie algebra, then there always exists an affine
structure associated to the symplectic form:

B(Y.\[X, Z]) =-6(0,Y, 2).
Here we study the anal ogous existence problem for the k-symplectic case.
Let G be an(k +1)-dimensional Lie algebra on [, provided with a k-symplectic
structure (6%, ..., 65 H).

DeriniTion 3.1. We say that an affine structure (I on the k-symplectic Lie algebra G
is compatible with the k-symplectic structure %, ..., 6% H) if it satisfies the following

property:
0°(0, Y, 2) = —6~(Y, [X, 2])
fordlp=1,...,kand X Y,ZOG.
We denote by j the mapping of G with valuesin Hom(G, K¥) given by:
i@ =26 ...,i(2)8Y.
Let bef, . [JHom (G, K¥) defined by:
f, (@ ==O Y, [X.2]), ... 0Y,[X,2])) OX, YO Gand ZO G.

Asthek-symplectic systemisanondegenerated exterior system, themapjisinjective.
Thus the following properties are equivalent:

1. O is compatible with the k-symplectic structure (6%, ..., 6% H),
2.j([O =1, fordl X, YOG,

THeorem 3.1. Let G bean(k+1)-dimensional k-symplectic Liealgebra. We suppose
that thereexistson G an affine structure compatiblewith thek-symplectic structure. Then
if k=2, we have the following properties:

1. Hisan abelian ideal for the Lie algebra structure of G.

2. Hisanided of the Vinberg algebra (G, 0).

3. 0H =0.
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Proof. Let us suppose that [ is an affine structure compatible with the k-symplectic

structure (6%, ..., 6% H). From the classification theorem [6] there exists a basis
(epi, el)lspsk,lsisn of G, called the k-symplectic basis, such that

n
#= D @ 0, (p=1,...K
1=1

and
H=kerw'n ... n ker o,

where (0, w) , isthe dual basis of (e, ) O

l<psk1<is< lsps<kl<isn’

Lemma 3.1. If k= 2 then the subalgebra H is abelian.

Proof of thelemma. Foral p=1,..., k letH o be the subspace of G generated by the
vectors(epi)lsisn. AsH :Dpprecanshowthat[Hp, Hq] ={0} forall p,g. Astheaffine
structure is adapted to the k-symplectic structure we have for al p and for al r £ p:

oL, e.e)=0=—6e, [g,e]).
Then wX[g, e ] =O0forall li andrswithr # p. Thisisequivalent to
[H, H] ={0}
withp#gand
[H, HIOH,
Now consider e, JH ande, [IH .Wehave
(-)(I]epi € eqj) =0=- (-)F’(Deqj € epi).
Thus [, g 0 Hand
eq(Deqj € eqs) =0=-6%e, [eqj, eqs]).
As [eqj, eqs] OH, the previous identity shows that [eqj, eqs] =0and
[H, HJ] ={0}.

Lemma 3.2. Thefollowing properties are equivalent:
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1. Hisanideal for the structure of Lie algebra of G.
2. 2Hp pisaleftideal forthestructureof Vinbergalgebra(G, 0).
3. Oistrivia on H.

Proof. Let us suppose that H is an ideal for the Lie algebra structure and let h, h' [
H, x 0 G. We have 6°(x.h, h") =—6P (h, [x, h']) = 0. This shows that x.h O H, that isH
isaleft ideal for the Vinberg structure.

Conversely if H isaleft idea for the Vinberg structure given by [, then 6°(h.h', X)
=—0°(h, [ h,x]) =6r, [x h]) =6r(x.h', h) =0, foral h,h 0 H, and x 0 G. Thus
0,H=0.

Now if we suppose that [Jisnull on H, thus 6°(h.h', x) =—6r(h', [h, X]) =0, for al h,
h"OHandxOG, thatis[h, X] O H.

We prove by similar arguments:

Lemma 3.3. The following properties are equivalent:
1. HisalLie abelian subalgebra.
2. Hisaright ideal for the Vinberg structure.

Let ustake again the proof of the theorem. Using the previous lemmas, it is enough
to prove that H is an abelian ideal for the Lie structure. As H is an abelian Lie
subalgebra, let us prove that C'pi’j =0. But for p#q, wehave 0= Gq(ej.eql, epi) =— eq(eql,
[e.e,)=C-O

RemARK. Thecasek = 1.

In the theorem we consider k> 2. This hypothesisisfundamental and the theoremis
false for k= 1. For example let us consider the 2n-dimensional solvable Lie algebra G
given by the Maurer-Cartan equations:

Edwlzwlﬂof,
o™ = o O™,
%:koizo for iZ1 and n+1,

and H the Lie subalgbera of G defined by theequationsw'*=...= =0, {w},..., W}
being abasis of G*. We verify that the pair (6 ,H), where 8 = w00+ ... + W' O™
is a 1-symplectic structure. Then G admits an affine structure compatible with the
symplectic structure and H is not abelian.

ExXAMPLE
1. Let G be the solvable 6-dimensional Lie algebra given by the Maurer-Cartan
equations:
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o' = o' D+ IO &
Epwzzwzmu?+ S0 &
Blw® =’ 0w
Egco4=oo4Du?
EHQ)S:O

Fw® =0,

{wt,..., «f} being abasis of G*. Let us consider

B'=dw' = O+ 3O &
B =de? =R O+ 0 &

and H = ker o’ n ker «. Then (6%, 62, H) is a 2-symplectic structure on G. It isaso
provided with a compatible affine structure defined by:

Xy Xs = X
E[xz-xs =X,
[X3. X5 = Xg

3 X6 =%

4 X5 =%y
9<4'X6 =X,
Ks- X5 = Xs
%(S'XG = Xe
X6 Xs = %o

where{X,..., X.} isthe basis of G whose dual basisis{w",..., w°. We can note that G
isnot asymplectic Lie algebra.

3.3. Affine structures on (k +1)-dimensional k-symplectic Lie algebras

Suppose that G is a (k +1)-dimensional Lie algebra provided with a k-symplectic
structure (64,..., 65 H). If thereisan affine structure adapted to the k-symplectic structure
then H is an abelian ideal. From the description of these Lie algebras proposed in the
previous section, G isaone dimensional extension by derivationof H. Let (e,..., g ,,) @
basis of G such that H isgenerated by (e,,..., 8). Let (w,,..., w, ,,) thedual basis. Then,
if weput 8= w O, ,,), the system



k-SYMPLECTIC AFFINE LIE ALGEBRAS 15
(6%,...,65G)
isak-symplectic system on G. Let us put

|ee=0 1<i,j<k

&'%ﬂ:HﬁMLlsz
Bre=0, 1<i<k

FBc1 ® B = A8y
This product satisfies
eloej_ejoelz[ei,ej]_

If we denote by (X, v, 2) the associator of the product  concerning the vectorsx, y, z,
we have

(el’ ej’ ek+1) = (el’ ek+1’ ej) = (ek+1’ ej’ ei) =0

fordl i, j < k. Moreover

(e..6.,.e=(@€,.ee,)=0

forali<k,and

(el’ ek+1’ ek+l = a[el’ ek+l] _[[el’ ek+1]’ ek+l]'

If the product « is left symmetric, we can have a = 0 and ad(e, ,,)*= 0 or ad(e, ,,)*=

a ad(e,,,).
Inthelast case, if a # 0, then ad(e, ,,) isdiagonalizableand o = 1 or — 1.
Then asuch LiealgebraG is provided with an affine structure. Moreover

ep(el ¢ ek+1’ ek+1) = ep([el’ ek+1]’ ek+1) = _ep(ek+1’ [el’ ek+1])
and
ep(el<+1 ® el’ ek+1) = 0 == ep(el’ |:el<+1’ ek+1])'

At last
ep(el<+1 ® ek+1’ ep) = ep(ep’ aek+1) =a=- ep(ek +1! [ep’ el<+1])'
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Then the affine structure is associated to the k-symplectic structure.

THeorem 3.2. Every (k +1)-dimensional k-symplectic Lie algebrawhich admits an
affine structure associated to the k-symplectic structure if it is isomorphic to a one
dimensional extension by derivation of ak-dimensional abelian Lieagebrasuch that the
derivation is nilpotent and it is not nilpotent and satisfiesf = Id.

Proof. Let (6%, ..., 6 H) the k-symplectic structure on G. If H is abelian, we have
construct above the corresponding affine structure. If H is not abelian, if G is not
isomorphictosl(2), thenitisaonedimensional extension of anabelianideal and G admits
another k-symplectic structure (9,..., 9% H") with H' abelian. In this case e find again
thefirst case. [J
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