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Three-dimensional (3D) unsteady RANS simulations of a spark-ignited turbulent methane/air jet flame
evolving from ignition to stabilisation are conducted for different jet velocities. A partially premixed com-
bustion model is used involving a correlated joint Probability Density Function (PDF) and both premixed
and non-premixed combustion mode contributions. The 3D simulation results for the temporal evolution of
flame leading edge are compared with previous 2D results and experimental data. The comparison shows
that the final stabilised flame lift-off height is well predicted by both 2D and 3D computations. However,
the transient flame leading edge evolution computed from 3D simulation agrees reasonably well with the
experiment, whereas evident discrepancies were found in the previous 2D study. This difference suggests
that the third physical dimension plays an important role during the flame transient evolution process. The
flame brush leading edge displacement speed resulting from reaction, normal and tangential diffusion pro-
cesses are studied at different typical stages after ignition to further understand the effect of the third physical
dimension. Substantial differences are found for the reaction and normal diffusion components between 2D
and 3D simulations especially in the initial propagation stage. The evolution of reaction progress variable
scalar gradients and its interaction with the flow and mixing field in the 3D physical space have an important
effect on the flame leading edge propagation.

Keywords: partially premixed combustion; flame lift-off height; physical dimension influence; edge flame
propagation; flame displacement speed

1. Introduction

Flame propagation exists in various practical combustion systems involving the transition
from a cold mixing to a stable burning state. This process is crucial for devices such
as IC engines and aero gas turbines because of its important role in flame stabilisation,
combustion instability and pollutant emissions, etc. In these practical applications, the
flame often propagates in an unevenly premixed mixture of fuel and oxidiser involving
many complex physical processes interacting with one another, which therefore introduce
considerable modelling challenges [1].

Turbulent lifted jet flames have received much of the attention due to its simple geom-
etry and richness in physics, especially at the flame base region where the reactants are
partially premixed experiencing a high scalar dissipation rate. Many experimental and nu-
merical studies have been conducted on these flames as reviewed in [2–4]. There are many
complex physical processes, such as premixed flame propagation, non-premixed flamelets
extinction, triple flames, large-scale structures, involved in the flame stabilisation as sum-
marised in [5, 6]. These effects are considered in modelling works involving premixed [7]
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and non-premixed [8] flamelets, G-equation (level-set approach) [9] and Conditional Mo-
ment Closure [10]. Although computed lift-off heights compared well with experimental
data in these calculations, the lift-off height evolution and transient flame propagation
characteristics are seldom addressed.

Amongst these transient characteristics, the flame displacement speed, S d, defined as
the flame propagation speed relative to the flow velocity [1, 11] is particularly of research
interest. Displacement speed has been extensively studied for turbulent premixed flames
using scaling analysis, direct numerical simulation (DNS), large eddy simulation (LES)
and Reynolds-averaged Naiver-Stokes (RANS) methods as reviewed in [1, 12, 13]. How-
ever, the displacement speed behaviour in partially premixed mixture is not fully under-
stood yet. A few two-dimensional (2D) DNS studies have investigated laminar triple or
tribrachial flames propagation [14, 15] and edge flame velocity in the event of turbulent
diffusion flame extinction [16]. These studies have shown that both premixed and non-
premixed combustion modes contribute to the flame edge propagation and their contribu-
tions vary in the flame structure depending on the local mixing conditions. Furthermore,
Im and Chen [14] found that the correlation between displacement speed and scalar dissi-
pation rate can be positive or negative. More recently, Chakraborty and Mastorakos [17]
conducted a further three-dimentional (3D) DNS study on edge flame propagation in tur-
bulent mixing layers and the results show similar behaviours as observed in laminar flame
simulations. However, the behaviours of displacement speed, both overall and its compo-
nents from reaction, normal and tangential diffusion [17], are observed to be nonmono-
tonic with mixture fraction gradient. These complexities further increase the modelling
challenge for flames propagating in turbulent partially premixed mixtures.

The 2D URANS study of Müller et al. [9], extended G-equation approach for par-
tially premixed combustion involving a turbulent burning velocity, ST, p, to capture the
lift-off height and its temporal variation. The ST, p model included three terms accounting
for premixed flame propagation, partial premixing and flamelet quenching respectively,
and showed a quite good agreement with experimental data, despite a large scatter (un-
certainty over 50%) in the measured values. They have also shown that the premixed
flame propagation term dominates in the initial stage of propagation, whereas the flamelet
quenching term controls the final lift-off height as the flame approaches the stabilisation
region. Large-eddy simulation (LES) of the lifted flame ignited at downstream using a
thickened flame model showed a good agreement between measured and computed tran-
sient evolution of the leading edge [18]. Satisfactory comparisons were also obtained
by Jones and Prasad [19] using an LES-pdf approach with Eulerian stochastic fields. In
the present study, the partially premixed combustion modelling framework developed by
Ruan et al. [5] is used to investigate the transient evolution of the lift-off height using
unsteady Reynolds averaged Navier-Stokes (URANS) approach. This combustion sub-
model has shown good capabilites to predict the final lift-off height in 2D steady RANS
simulations of hydrogen [5] and methane [6] flames under various jet velocity and fuel
dilution conditions. The 2D URANS simulations performed in [6] showed a considerable
deviation between computed and measured [20] transient evolution of the most leading
edge from ignition to final stabilisation despite the final lift-off height compared very well
with measured values. It has been suggested in [6] that this difference could result from
the use of axisymmetric configuration restricting the evolution of scalar and its gradient
fields to 2D leading to substantial difference in the propagation speed of the flame brush
leading edge as it evolves towards its final lift-off height. The influence of the physical di-
mension on the leading edge displacement speed was not studied. Hence it is worthwhile
to address this before embarking on LES studies using the partially premixed combustion
modelling used in [5] and [6].

The objective of this paper is to conduct 3D URANS simulations and to compare its
results with previous 2D results in [6] to address the influence of physical dimension
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on the lift-off height transient evolution. This is achieved by analysing the displacement
speeds (both reactive and diffusive components [1]) of the flame brush leading edge at
various stages of flame brush evolution in 2D and 3D simulations.

This paper is organised as follows. The modelling methodology is briefly presented in
Section 2 as elaborate details are available in [5, 6]. The experiments considered for this
study are described in Section 3, followed by the description of computational setup in
Section 4. The results are discussed in Section 5 and the conclusions are summarised in
the final section.

2. Modelling methodology

2.1 Governing Equations

In addition to the Favre-averaged equations for continuity, momentum and total (sensible
+ chemical) enthalpy, five scalar transport equations are solved. These scalars are the first
two moments of mixture fraction, Z̃ and Z̃′′2, and a reaction progress variable, c̃ and c̃′′2,
as well as the covariance, Z̃′′c′′, characterising the statistical dependence between Z and
c. These additional equations are written using common notations as

ρDt Z̃ = ∇ ·
(
ρD∇Z − ρu′′Z′′

)
, (1)

ρDt Z̃′′2 = ∇ ·
(
ρD∇Z′′2 − ρu′′Z′′2

)
− 2 ρ χ̃Z − 2 ρu′′Z′′ · ∇Z̃, (2)

ρDt c̃ = ∇ ·
(
ρD∇c − ρu′′c′′

)
+ ω̇∗c, (3)

ρDt c̃′′2 = ∇ ·
(
ρD∇c′′2 − ρu′′c′′2

)
− 2 ρ χ̃c − 2 ρu′′c′′ · ∇ c̃ + 2 c′′ω̇∗c

′′, (4)

and

ρDt Z̃′′c′′ = ∇·
(
ρD∇Z′′c′′ − ρu′′Z′′c′′

)
− 2 ρ χ̃Zc − 2 ρu′′c′′·∇ Z̃ + ρu′′Z′′·∇ c̃ + 2 Z′′ω̇∗c

′′,
(5)

whereDt ≡ ∂t + Ũ · ∇ is the substantial derivative and D is the molecular diffusivity. The
turbulent scalar fluxes are modelled using the gradient transport approximation follow-
ing [5] and [6]. The Favre-averaged scalar dissipation rate of mixture fraction fluctuation
and cross dissipation rate, χ̃Z and χ̃Zc, are modelled using a turbulence time scale [5, 6],
tf = k̃/ ε̃, written as

ρ χ̃Z ≡ ρD (∇Z′′ · ∇Z′′ ) ' ρ CZ
Z̃′′2

tf
(6)

and

ρ χ̃Zc ≡ ρD (∇Z′′ · ∇c′′ ) ' ρ CZc
Z̃′′c′′

tf
, (7)

where the model coefficients CZ = CZc = 1.0 are used for this study [1, 21]. For the scalar
dissipation rate of progress variable, the algebraic model proposed in [22, 23] is used and
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this model is

ρ χ̃c ≡ ρD (∇c′′ · ∇c′′ ) '
ρ

β′

[2K∗c − τC4
] S 0

L

δ0
L

+ C3
ε̃

k̃

 c̃′′2, (8)

where β′, C3 and C4 are model parameters, which are kept to be the same as in a number
of previous studies [5, 6, 22–27]. The other parameters in Eq. (8), K∗c , τ, S 0

L and δ0
L, vary

within the flammable mixture range depending on the local equivalence ratio, and these
values are obtained from unstrained planar laminar flame calculation as in [5] and [6].

In this present study, the mixture fraction is defined using Bilger’s definition [28], in
which Z = 1 denotes the fuel stream and Z = 0 implies the oxidiser stream. For the
progress variable, the sum of CO and CO2 mass fractions, ψ = YCO + YCO2 , is used as in
an earlier study [6] to obtain an unique mapping for the flamelet table. The normalised
form of progress variable, c = ψ /ψEq(Z), is used so that c is bounded between 0 and 1, and
ψEq(Z) is the equilibrium value of ψ for the local mixture fraction. This definition allows
one to identify individual contributions from premixed and non-premixed combustion
modes as detailed in [6].

For turbulence modelling, the simple but yet adequate two-equation k̃-̃ε model is used
with modified model constants to be detailed in section 4. The reaction source terms in
Eqs. (3)−(5), ω̇∗c, c′′ω̇∗c

′′ and Z′′ω̇∗c
′′, require modelling and the asterisk ∗ signifies the

partially premixed reaction rate detailed in Eq. (9) below. These models are described
next.

2.2 Reaction Rate Modelling

The mean reaction rate, ω̇∗c, in Eq. (3) is written as [5, 6]

ω̇∗c = ω̇c + ρNZZ
c
ψEq

d2ψEq

dZ2︸              ︷︷              ︸
ω̇np

+ 2ρNZc
1
ψEq

dψEq

dZ︸              ︷︷              ︸
ω̇cdr

, (9)

where NZZ ≡ DZ(∇Z · ∇Z) and NZc ≡ DZc(∇Z · ∇c) are the instantaneous mixture fraction
dissipation rate and cross dissipation rate. The terms on the RHS, ω̇c and ω̇np, signify the
contributions of premixed and non-premixed mode combustion respectively. ω̇cdr denotes
contribution arising from the cross dissipation, which is neglected because it is an order
of magnitude smaller than the other two contributions [21].

The premixed mode contribution is modelled as [5, 6]

ω̇c = ρ

∫ 1

0

∫ 1

0

[
ω̇c(ξ, ζ)
ρ(ξ, ζ)

]
P̃(ξ, ζ) dξ dζ, (10)

where ξ and ζ are the sample space variables for Z and c respectively, and the mean
density, ρ, is obtained using the ideal gas equation of state. The flamelet reaction rate and
mixture density, ω̇c(ξ, ζ) and ρ(ξ, ζ), are obtained from laminar flame calculation. The
Favre joint PDF is P̃(ξ, ζ) = P(Z̃, Z̃′′2, c̃, c̃′′2, Z̃′′c′′). Here the statistical independence
between ξ and ζ is not assumed and the Z-c correlation is calculated using the copula
method [5, 23].

A copula describes the dependence between the marginal distribution of variables in a
multivariate probability distribution [29] . The individual PDF shapes of both the mixture
fraction and progress variable can be well represented by the β-distribution [5, 21] and the
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correlated joint PDF is constructed using the copula involving the two marginal β-PDFs
for a given value of Z̃′′c′′. Detailed procedure of this approach is described in [5, 23].
Thus, the correlated joint PDF depends on the local statistics of the mixture fraction (Z̃,
Z̃′′2), progress variable (̃c, c̃′′2) and their covariance (Z̃′′c′′). In the URANS simulations,
these variables are computed through their respective unsteady transport equations ac-
counting for their transient evolution, which is influenced by convective, reactive and
diffusive processes.

The second term in Eq. (9), ω̇np, signifying the non-premixed mode combustion contri-
bution is modelled using an algebraic model written as [5, 6]

ω̇np ' ρ c̃ χ̃Z

∫ 1

0

1
ψEq(ξ)

d2ψEq(ξ)
dξ2 P̃β(ξ) dξ. (11)

where P̃β(ξ) is the marginal PDF of mixture fraction obtained using Beta function.
For the two source terms in Eq. (4) and (5), c′′ω̇∗c

′′ and Z′′ω̇∗c
′′, the approximations used

in [5, 6] are followed here and these terms are modelled as

c′′ω̇∗c
′′ ≈ c′′ω̇′′c ' ρ

∫ 1

0

∫ 1

0

(
ζ − ζ̃

) ω̇c(ξ, ζ)
ρ(ξ, ζ)

P̃(ξ, ζ) dξ dζ (12)

and

Z′′ω̇∗c
′′ ≈ Z′′ω̇′′c ' ρ

∫ 1

0

∫ 1

0

(
ξ − ξ̃

) ω̇c(ξ, ζ)
ρ(ξ, ζ)

P̃(ξ, ζ) dξ dζ. (13)

Other Favre averaged themochemical quantities, such as species mass fractions and
mixture specific heat capacity are calculated as

φ̃ =

∫ 1

0

∫ 1

0
Fφ(ξ, ζ) P̃(ξ, ζ) dξ dζ, (14)

whereFφ(ξ, ζ) is the flamelet value for the quantity φ. Using the mixture averaged specific
heat capacity, cp,mix, and the enthalpy of formation, ∆h0

f ,mix, the Favre mean temperature,

T̃ , is calculated as

T̃ = ( h̃ − ∆h0
f ,mix )/cp,mix + T0, (15)

where T0 = 298.15 K is a reference temperature and the total enthalpy h̃ is computed
using its transport equation as detailed in [5, 6].

These combustion related source terms and themochemical quantities are pre-calculated
and tabulated in a flamelet look-up table for turbulent flame simulations of the experimen-
tal test case described next.

3. Experimental configuration

Ahmed and Mastorakos [20] conducted an extensive experimental study on lifted methane
jet flames for a range of jet velocities and air dilution levels. These lifted flames were
stabilised in the downstream of a pure or air-diluted methane jet surrounded by a co-axial
laminar airflow. The jet nozzle diameter is 5 mm and the airflow has a diameter of 200
mm with a fixed velocity of 0.1 m/s. The final lift-off heights of these flames have been
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computed using 2D RANS simulations [6] and a good agreement with the experiments
was observed. The transient evolution of flame position from its initial spark location to
final stabilisation is of specific interest for this study. This lifted flame was established in
a jet of methane diluted with 30% air by volume. Two bulk mean jet velocities, Uj = 12.5
and 25.5 m/s, were recorded with corresponding Reynolds numbers of 3759 and 7669.

In the experiments [20], the open flame was ignited at two downstream locations of 30
and 40dj on the jet centreline. Both high-speed movies and OH PLIF (planar laser-induced
fluorescence) techniques are used to visualise the flame evolution processes including
from flame kernel growth, expansion, upstream propagation to its final stabilisation at lift-
off height. During these processes, the temporal variation of the flame most leading point
axial position was examined by line-of-sight images at each elapsed time after ignition.
This transient evolution was repeated in 10 experiments for each jet velocity condition and
the axial position of the leading point was then ensemble-averaged using these 10 samples.
A 9% maximum variation of this axial position was measured for a given elapsed time.
It is worth noting here that the line-of-sight image captured by the high-speed movies is
the flame evolution in 3D. Thus, the averaged measurements over 10 samples cannot be
seen as the average in the azimuthal direction as for the 2D simulations. Therefore, a 3D
numerical study is performed to address the objective of this study and the computational
setup is described in the next section.

4. Computational setup

Figure 1 shows a schematic of the numerical setup for the test case. The cylindrical com-
putational domain is 200dj×100dj×2π in the axial, z, radial, r, and azimuthal, θ, directions.
An unstructured grid is used to discretise the computational domain and the mesh in the
near field of the jet exit and flame propagation region are refined to resolve the large spatial
gradients. The smallest grid cell size of 1.2 mm (0.24dj) is chosen for good computational
accuracy and cost based on the study in [6]. As the propagation region (0−15dj in r and
0−40dj in z directions) is considerably large, the 3D numerical grid consists of 3.2 million
tetrahedral cells.

The boundary conditions used in the earlier 2D study [6] are followed for this study
also as marked in Figure 1. The mean axial velocity at the jet inlet is specified using
the 1/7th power law and the turbulent velocity fluctuation is estimated using a Reynolds
correlation [30]. A laminar flow condition is used for the air co-flow with a small velocity
of 0.1 m/s as in the experiments [20]. The same condition with the velocity of 0.01 m/s is
used for the air entrainment. For the side surface and outlet boundaries, far field boundary
condition is used to simulate the open flames. The CFD package ANSYS FLUENT 13.0
is used for the simulations in this study and implementation of the modelling framework
is detailed in [5] and [6].

Following the experiments, the numerical ignition is initiated on the jet axis at the lo-
cation of 40dj downstream of the jet exit for both jet velocities of 12.5 and 25.5 m/s. This
location is chosen because it is further away from the jet nozzle, allowing us to study
a more complete flame propagation process with varying local mixing conditions. The
flame kernel is initialised by setting c̃ = 1 in a spherical sub-domain with a diameter of
2 mm. The equivalent energy contained in this kernel is about 100 mJ as provided by the
electrical spark in the experiments [20]. It was found in [6] that the relative size of the ker-
nel did not affect the final lift-off height and has only marginal influence on the transient
flame leading edge evolution. A sensitivity test showed that there is minor influence only
in the initial downstream convection stage and the overall flame leading edge evolution
remains the same. Refer to [6] for further detail. Note that all the URANS simulations
in this study are initialised using this approach on a fully converged cold flow and scalar
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mixing solution.

5. Results and discussion

5.1 Cold flow results

A cold air jet with a bulk velocity of 21 m/s (Re = 6800) is simulated first to test and val-
idate the turbulence model and numerical setup. To accurately predict the turbulence for
a round jet, the modified constants, Cµ = 0.065, Cε1 = 1.44 and Cε2 = 1.85, used in pre-
vious studies [6, 31] are adopted for this work. Figure 2 shows a comparison of the radial
variation of mean axial velocity and its r.m.s. (root mean square) values obtained from
experiments [20], earlier 2D [6] and the present 3D simulations. The typical results for
few axial locations are presented. Note that the radial profiles from 3D simulations are av-
eraged values in the azimuthal, θ, direction. An excellent agreement with the experimental
data is seen in this figure for both the mean and r.m.s. of axial velocity. The agreement
between 2D and 3D results is also observed in Figure 2 with the 3D simulation showing
slightly closer agreement with the experiment especially for the velocity r.m.s values and
the difference becomes negligible as one moves downstream. Figure 3 shows the axial
velocity variation along the jet centre line. Both 2D and 3D simulations yield good agree-
ment with the empirical relationship established in [32]. These comparisons support the
modified parameters used for the turbulence model and validates the boundary conditions
used for 3D simulations.

Following the previous studies [6, 18], the computed mean mixture fraction field is
compared to an empirical correlation [33] for open jets as shown in Figure 4 and this
correlation is written as [33]

Z̃(ẑ, r̂) = 4.76

√
Rρ

ẑ
exp

(
−59 r̂ 2

ẑ 2

)
, (16)

where Rρ denotes density ratio of the jet fluid to air, ẑ = (z/dj − 3.6) and r̂ = r/dj are nor-
malised axial and radial coordinates. Figure 4 shows a typical comparison of Z̃ contours
obtained from the correlation and computations for the jet velocity of Uj = 25.5 m/s. The
equivalence ratio, φ, is calculated using φ = Z̃(1 − Z̃st)/(Z̃st(1 − Z̃)) and Z̃st is the stoi-
chiometric mixture fraction. The three iso-lines shown represent the stoichiometry, lean
and rich flammability limits respectively for methane-air mixture at 300K. The agreement
shown in Figure 4 is better for the 3D simulations compared to the 2D case. These results
also suggest that the 2D and 3D reacting flow simulations are initiated from an almost
identical cold mixing scenario allowing one to directly investigate the effect of physical
dimension on transient evolution of lifted flames.

5.2 Temporal variation of flame leading edge

The temporal variation of flame leading edge was measured in [20] using high speed
movie techniques and 10 movies covering this transient evolution process from ignition
to stabilisation were recorded for each of the two jet velocities of 12.5 and 25.5 m/s.
The flame leading point was identified using line-of-sight imaging techniques and the 10
recorded movies were averaged frame by frame to obtain the transient evolution of the
leading point of the flame brush. The experimental results for these two velocity cases
ignited at 40dj location are shown in Figure 5 along with the computed results obtained
from 2D [6] and 3D URANS simulations. The error bar corresponds to the maximum
variation of 9% observed in the experiments using limited samples of 10 frames for a
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given instant. The most leading point in the 3D simulations is identified using the axial
coordinate of the most upstream point of the T̃ = 1200 K iso-surface which corresponds
to 5% of the maximum OH concentration as used in [6, 34].

In Figure 5, the y-axis is the axial coordinate normalised using the fuel jet diameter,
and the x-axes are non-dimensional time axes corresponding to the elapsed time after ig-
nition. The time axes, t∗ and t+, are scaled respectively using a jet flow time-scale defined
as (dj/Uj) and a laminar flame time-scale τL ≡ (δ0

L/S
0
L) ' 1.2 × 10−3 s for stoichiomet-

ric methane-air mixture. As shown in this figure, the downstream convection movement
of the initial flame kernel and the flame final lift-off height are captured well by the 3D
computations, similar to that observed in the earlier 2D study. This suggests that the final
lift-off height, as a steady-state flame characteristic, is not influenced by the physical di-
mensions. However, a substantial improvement is seen for the transient flame propagation
process for both Uj = 25.5 and 12.5 m/s cases shown respectively in Figures 5a and 5b.
The flame brush propagation speed given by the slopes of these curves seems to agree
better with the experimental data for the 3D cases compared to 2D results as one shall
see while discussing Figure 6. As has been shown in Figure 13 of [6], after ignition at
far downstream locations the flame first propagates in a fully flammable region before
it encounters non-flammable mixtures from both rich and lean sides. This instant can be
seen at t+ ∼ 450 in Figure 5a and t+ ∼ 250 in Figure 5 (b), where the experimental data
points start to show horizontal bending suggesting a reduction in the propagation speed.
This sub-process is well predicted by 3D simulations showing good agreement for the
“bending point” for both jet velocities. In contrast, this appears much earlier in 2D sim-
ulations, at t+ ∼ 200 and t+ ∼ 100 for Uj = 25.5 and 12.5 m/s respectively. This is due
to a quicker propagation of the flame brush in 2D simulations as seen in Figures 5a and
5b. This is more evident during the initial propagation in which the mixture surrounding
the flame leading edge is within the flammability limits. This process is often referred to
as stratified flame propagation [1, 9] since the premixed combustion with varying equiva-
lence ratios is found to be dominant. The influence of physical dimension observed here
suggests that the third physical dimension plays an important role in flames propagating
in partially premixed mixtures. To shed more light on this, the effect of the third physical
dimension on flame brush propagation speed is studied next.

5.3 Flame brush propagation characteristics

Flame displacement speed is known as the speed at which the flame front moves normal
to its surface, relative to the local flow velocity [1]. Its behaviours in response to various
parameters, such as curvature and stretching effects, can be studied both morphologically
and statistically using DNS approaches as mentioned earlier in this paper. However, it is
rather difficult to accurately identify the flame front in experiments using the existing diag-
nostic techniques. For numerical simulations involving statistical models, namely RANS
and LES, the flame front is theoretically unavailable. Because the flame front is not fully
resolved but averaged as a “flame brush” (RANS) or filtered as a “filtered flame” (LES).
Therefore, the flame brush displacement speed, S d, computed using unsteady RANS is
investigated here.

5.3.1 Net flame propagation speed

In the experimental study of Ahmed and Mastokaros [20], an ensemble averaged net flame
propagation speed, S net, with respect to the laboratory coordinates was calculated using
differentiation of fifth-order polynomial curve fit based on the measured points as shown
in Figure 5. The same curve fitting method is used for the temporal variations obtained
from the 2D and 3D simulations and these results are compared in Figure 6 for both Uj =
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25.5 and 12.5 m/s cases. Note that this propagation speed accounts for the axial component
of the flame brush displacement speed subtracted by the local flow axial velocity written
as

S net = − ( S dn + U ) · k, (17)

where n = −∇ c̃ /|∇ c̃ | is the unit normal vector of the flame brush surface pointing
towards the unburnt gas and k denotes the unit vector in z-direction pointing towards the
downstream of the jet flow. In this figure, the experimental results show that S net for the
low jet velocity (12.5 m/s) case is approximately 2 times of that for high velocity (25.5
m/s) during the entire flame evolution process. This is consistent with the scaling analysis
in [6] showing that the time taken to reach the final lift-off height is proportional to the jet
velocity using the normalised time-scale, t+ = t/τL. τL is the stoichiometric methane-air
flame time-scale and t is the elapsed wall-clock time after ignition. Therefore, it provides
further support to the argument that the premixed flame propagation plays a vital role in
the establishment of lifted flame from an initial flame kernel.

Figure 6 also shows that the 3D simulation results for S net agree quite well with the
experimental data, whereas significant discrepancies are observed for 2D simulations es-
pecially in the early stages (large z/dj values). This is particularly apparent for the axial
positions ranging from the ignition point, z = 40dj to about 20dj for Uj = 25.5 m/s, and
to about 10dj for Uj = 12.5 m/s. These axial positions correspond to the “bending points”
noted while discussing Figure 5. After passing these positions, these three curves tend to
converge towards the final lift-off height.

After the ignition, the flame brush tends to propagate towards the upstream at a nearly
constant S net initially and then slows down after encountering the region where the partial
premixing with non-flammable mixtures starts to affect the leading edge propagation. This
trend is captured reasonably well in 3D simulations as seen in Figure 6, however, the net
propagation speed computed in the 2D simulations shows a constant descending trend
from the ignition to final stabilisation point.

These differences must stem from the influences of physical dimension on the displace-
ment speed, S d, since Ũ is observed to be reasonably similar in 2D and 3D cases (see
Figure 2). These effects are discussed next.

5.3.2 Displacement speed components

The transport equation of c̃ in Eq. (3) can be written in propagative form as

ρ
∂ c̃
∂t

+ ρ (Ũ + S dn) · ∇ c̃ = 0, (18)

where the flame brush displacement speed, S d, is

S d =
∇ · ( µeff∇ c̃ ) + ω̇∗c

ρ |∇ c̃ |
. (19)

The effective dynamic viscosity is given as µeff = µ+ (µt/Sct), where µ and µt are the lam-
inar and turbulent viscosity respectively and Sct ≈ 0.7 is the turbulent Schmidt number.

The displacement speed is decomposed into three components as [1, 35]

S d = S n + S t + S r . (20)
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S n is the normal diffusion component written as

S n =
n · ∇ ( µeff n · ∇ c̃ )

ρ |∇ c̃ |
, (21)

In the jet flame configuration of this paper, n at the leading edge of the flame brush points
towards the upstream in the -z direction.

The tangential diffusion component is given by

S t = −
µeff (∇ · n)

ρ
, (22)

where (∇ · n) is the mean curvature of the flame surface which may also be written as the
sum of the two principle curvatures, (κ1 + κ2), as in previous studies[1, 35].

Finally, S r is the the reaction component written as

S r =
ω̇∗c

ρ |∇ c̃ |
. (23)

The numerical values of these speeds depend on c̃ iso-surface and their values at the
leading edge marked using c̃ = 0.05 are of interest here. As the displacement speed is
defined as the relative flame propagation speed normal to the local flame surface, the
propagation direction of S d and its components vary across the flame brush during the
lifted flame evolution. Figure 7 presents the colour map of the progress variable field and
mixture fraction iso-contours obtained from the 2D and 3D computations at the same axial
position of about 30dj for the flame brush leading edge. This corresponds to a time instant
of t+ = 70 for the 2D and t+ = 150 for the 3D flames as can ben seen in Figure 5. The
leading edge is marked using the iso-surface of c̃ = 0.05 shown as a dashed line in Fig-
ure 7. This value of c̃ = 0.05 has been used in earlier turbulent flame speed studies [36, 37]
and is followed here. The arrows correspond to the local flame normal direction, n, on the
leading edge. Note that both cases are initialised at an axial distance of 40dj with the same
jet velocity of Uj = 25.5 m/s for comparison. From this figure, one can see that the flame
brush has similar shape between the 2D and 3D computations at the same axial position
even with a different evolution in time from the ignition position. It is also shown that the
flame normal direction, n, varies along the leading edge suggesting different propagation
direction locally. Note that n points towards exactly the upstream, (-z) direction, at the
leading point which is located in the lean mixture with Z̃ ' 0.08 experiencing relatively
low flow velocity. The leading edge with the stoichiometric mixture propagates towards
the jet centreline as indicated in Figure 7 and it experiences relatively high flow velocity.
Thus, the leading point always has the highest net propagation speed and remains as the
most upstream point on the leading edge. As a result, the net propagation speed defined in
Eq. (17) at the leading point is determined by the leading point propagation characteris-
tics such as the local flow velocity, displacement speed and their directions. This is further
discussed later while examining S d and its components at the leading point.

The computed contours of S r, S n and S t are shown in Figure 8 for both the 2D and
3D cases at the same axial position as in Figure 7. The mixture fraction contours (solid
lines) correspond to the stoichiometry, Z̃st, and flammability limits for lean, Z̃l, and rich,
Z̃r, methane-air mixtures. A progress variable iso-surface for c̃ = 0.05 (dashed line) rep-
resenting the flame leading edge is also highlighted in this figure.

The reaction contribution to the propagation is concentrated at a downstream location
of about 32 dj as seen in Figures 8a and 8d, where the maximum value is about 6m/s ∼
15S0

L in both the 2D and 3D cases. The value of S r at the leading edge is much smaller,
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which is about 2.5S0
L. Therefore in this process, the diffusion (both laminar and turbulent)

plays a rather important role by bringing the highly reactive radicals and heat from the
downstream to the leading edge. Furthermore, no substantial influence of the physical
dimension is observed at the leading edge between Figures 8a and 8d as one would expect,
however, the region with high S r values in the 2D case seems to be larger than that in the
3D case. Since ω̇∗c does not depend on the physical dimension, the difference in the scalar
gradient magnitude, |∇ c̃ |, between the 2D and 3D is the cause for the differences in S r
(see Eq. (23)).

Figures 8b and 8e show the spatial variation of the normal diffusion component in the
2D and 3D simulations respectively. In both figures, S n varies from positive to negative
values along the stoichiometric iso-line respectively from the upstream to downstream
positions through the flame brush. The change of sign occurs in the middle of the flame
brush at almost c̃ = 0.5. Note that positive value implies a positive contribution to the
propagation towards the unburnt side and vice versa. The positive maximum values of S n
are located around c̃ = 0.05 iso-contour, suggesting that this is an important contribution
to the flame leading edge propagation. These maximum values are around 0.4-0.6 m/s,
which is close to the laminar flame burning velocity.

The tangential diffusion component, S t, is plotted in Figures 8c and 8f for the 2D and
3D cases respectively. Similar variation as for S n is seen, but with the maximum values
of around 0.2 m/s, much smaller than that of S n and S r. The large positive S t values are
located further towards the upstream at approximately c̃ = 0.01 where the flow field starts
to diverge as indicated by the Z̃ contours.

In order to examine the displacement speed at the leading edge more quantitatively,
the profiles of S d components are plotted against the mixture fraction, Z̃, along the dot-
dashed line shown in Figure 8d at different axial positions. These profiles are presented
in Figure 9 for both velocities, Uj =25.5 and 12.5 m/s. The range of Z̃ is shown from
the lean limit, Z̃l = 0.05, to the stoichiometric value, Z̃st = 0.098 and the leading edge
is highlighted using a vertical dashed line. The axial velocity profiles are also presented
to examine the balance between the displacement speed and the flow velocity shown in
Eq. (18). Note that the y-axis is normalised using the laminar flame speed for stoichiomet-
ric methane-air mixture, S 0

L. Moving from the top to bottom in Figure 9, the axial position,
z/dj, reflects the transient evolution of the leading edge propagation starting from the far
downstream position of z/dj=30 towards the upstream and finally stabilises at the lift-off

height position.
As expected from the earlier discussion, it is more evident in this figure that the tangen-

tial diffusion component, S t, is always less than 0.5S 0
L, relatively small compared to the

other two components throughout the flame evolution process for both velocities. Despite
the difference between the 2D and 3D results for S t, the contribution of this component
is too weak to substantially influence the flame propagation speed. The other two dom-
inant components, S r and S n, both have peaks located close to the leading point at all
plotted positions. The values of both S r and S n at the leading point for the 2D cases are
higher compared to that for 3D. For both velocity cases, this difference is substantial in
the early stage of the transient evolution (top two rows in Figure 9), whereas it vanishes
as the leading edge approaches the final lift-off height region. As the local velocity is
similar as shown by the coloured lines, the leading edge propagation speed in the 2D
simulation is higher than that of 3D simulation in the early stage as has already been
shown in Figure 6. However, as the flame brush propagates upstream, the profiles of S r
and S n spread over the mixture fraction space with smaller peak values near the leading
edge and finally become more or less flat at the final lift-off height showing a fine balance
between the flow velocity and the flame displacement speed for both 2D and 3D compu-
tations. The same trend is observed in Figure 9 for both jet velocities. Thus, this change
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of influence of physical dimension during the transient evolution process is interpreted
as that in the early-stage premixed propagation, since the surrounding mixture are fully
flammable, the evolution of spatial gradients of scalars such as ∇ c̃, plays a vital role in the
flame propagation. As this spatial evolution occurs in the 3D physical space, one would
expect 3D simulation for accurate prediction. However, these spatial gradients become
less important to the leading edge propagation in the later edge flame propagation stage,
involving many other physical processes such as strong flame/turbulence interaction, par-
tial premixing with non-flammable mixtures, etc. In this stage, 2D simulation shows a
reasonable prediction in the balance of these processes at the final lift-off height.

Another notable point in Figure 9 is that the peak value of S n is nearly constant around
S 0

L throughout the flame evolution process, namely about 0.5 and 0.3 m/s for Uj = 25.5
and 12.5 m/s respectively. In contrast, the maximum value of S r decreases quite signifi-
cantly as the leading edge propagates towards its final stabilisation height. For both veloc-
ities, it drops from a value of several times of S 0

L to around 0.4 m/s, which is very close
to S 0

L. This is in line with the argument of Müller et al. [9] using a G-equation approach
showing that the premixed flame propagation dominates the early stage propagation pro-
cess and the final stabilisation is controlled by a fine balance between many complex
physical processes.

Finally, to investigate the scalar gradients directly Figure 10 shows the profiles of
|∇ c̃ |δ0

L in the Z̃ space and δ0
L is the laminar flame thickness for stoichiometric methane-air

mixture. It is seen that the value of |∇ c̃ |δ0
L at the leading point for the 3D computation is

higher than that for the 2D case at most axial positions except those close to the final lift-
off height. This is consistent with the previous findings in Figures 8 and 9, where the peak
values of S r = ω̇∗c / ρ |∇ c̃ | at high axial positions, are smaller for the 3D simulation. It
is also seen that for both velocity cases the maximum |∇ c̃ |δ0

L values vary only marginally
throughout the transient evolution process. This suggests that the decrease of peak value
S r shown in Figure 9 is caused by the decrease of maximum reaction rate at the leading
edge, which may be due to the stronger turbulent fluctuations close to the jet nozzle corre-
sponding to higher value of |∇ Z̃ |, which agrees with a previous DNS study [17] showing
that increase of mixture fraction gradient leads to decrease of S r. Furthermore, |∇ c̃ |δ0

L
spreads over a wider range of mixture fraction at the leading edge as the flame propagates
towards the upstream. In the stratified propagation stage (top two rows), the gradient of
c̃ is mostly contained within the flammability limits suggesting that this scalar gradient
is mainly driven by the chemical reactions. However, in the stabilisation stage (bottom
two rows) the gradient covers a wider range beyond the flammability limits. This phe-
nomenon indicates that in the stabilisation region, flame/flow interaction becomes much
stronger and starts to influence the flame leading edge structure.

6. Conclusions

Unsteady RANS simulations of spark ignited turbulent methane/air jet flames are per-
formed using a partially premixed combustion model [5, 6]. An earlier study [6] has
shown that the transient evolution of the lifted flame from ignition to stabilisation can-
not be fully captured by 2D URANS and thus 3D simulations are used in this study. A
diluted jet with 70% CH4 and 30% air by volume, injected into ambient air in the experi-
mental study [20] is tested for two jet bulk velocities, Uj = 25.5 and 12.5 m/s. Following
the experiment and 2D simulation, the jet is ignited at a far downstream axial position of
z/dj = 40 allowing a complete evolution process from initial ignition to final stabilisation.
The 3D computational results are then compared to the experimental and previous 2D
results. The main findings of the present study are summarised as follows.
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• As one would expect, same final lift-off height is obtained from 2D and 3D computa-
tions for both jet velocities showing a good agreement with the experiments [20]. This
suggests that the influence of the third physical dimension on the flame stabilisation is
negligible and hence the axisymmetric assumption is quite reasonable for computation
of steady-state final lift-off height.

• Compared to the previous 2D results [6], the 3D computation shows an evident im-
provement in comparison to the experimental data for the unsteady evolution of the
most upstream point of flame leading edge. The computed 3D net propagation speed
is found to be much closer to the measured value. This is especially evident in the ini-
tial stage after ignition where the premixed flame propagation dominates for mixtures
within the flammability limits. The third physical dimension plays an important role
in this process by allowing the flame to evolve in the three-dimensional space, which
leads to different flame propagation characteristics compared to 2D simulation. This in-
fluence of physical dimension is then found to be less significant after entering a region
close to the final stabilisation height.

• Flame brush displacement speed, S d, at the leading edge is investigated and it is found
that for both 2D and 3D cases, the tangential diffusion component of S d is much smaller
than the reaction, S r, and normal diffusion, S n, components throughout the transient
flame evolution. The values of S r and S n in the 2D simulations are found to be larger
than those of the 3D cases resulting in a higher net propagation speed. This effect of
physical dimension is found to be more evident in the initial stratified flame propagation
stage.

• The progress variable gradient ∇ c̃ at the flame leading point is larger in the 3D cases
compared to that for the 2D cases. From the initial ignition to the final stabilisation, the
maximum value of |∇ c̃ |δ0

L is found to be approximately the same, which implies that
the higher mixture fraction gradient, ∇ Z̃ , resulting in the smaller reaction component
of the displacement speed is responsible for the observed decrease of S r.

Although the three-dimensional unsteady RANS simulation using a partially premixed
combustion model seems to show quite good capabilities of predicting the transient evo-
lution of the flame leading point, the instantaneous features of edge flame propagation
and its interaction with the large structures of the oncoming flow are still to be examined.
The influence of the third physical dimension is seen but still in an averaged manner in
3D URANS. Therefore, instantaneous behaviours of flame leading edge dynamics in the
azimuthal direction remains to be explored and more advanced approaches such as LES
is well suited for this.
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Figure 1. Schematic of numerical setup for the jet burner of the experiments in [20].

Figure 2. Comparison of radial variation of axial mean velocity and r.m.s values obtained from the experiments [20],
2D [6] and 3D computations. The radius is normalised using z. The mean velocity is scaled asU = (Ũ − Uc)/(Ũcl − Uc),
where Uc = 0.1 m/s is the co-flow velocity and Ũcl is the centreline value at the respective z location. The r.m.s. value is
scaled asUrms = urms/(Ũcl − Uc) and urms = (2̃k/3)1/2.
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Figure 3. Axial variation of scaled jet centreline velocity,Ucl = (Ũcl − Uc)/(Uj − Uc). The computed result is compared
with the previous 2D study [6] and an empirical correlation [32].

Figure 4. Comparison of equivalence ratio, φ, contours computed from 2D [6] and 3D RANS simulations and calculated
using a correlation [33] for Uj=25.5 m/s.
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Figure 5. Temporal variation of axial location of flame leading edge, marked using the most upstream point of T̃ = 1200
K contour. Ignition was conducted at the instant t = 0. The error bar corresponds to 9% maximum error reported in [20].

Figure 6. Comparison of net flame propagation speed vs. axial position, calculated from the results shown in Figure 5
using best curve fits.
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Figure 7. Computed 3D (left) and 2D (right) progress variable field at axial position, z/dj=30, for Uj=25.5 m/s. The flame
leading edge is marked using the iso-surface of c̃ = 0.05 shown as a dashed line. The solid lines are mixture fraction
contours with stoichiometry, Z̃st = 0.098, being the thick line. The arrows correspond to local flame normal direction on
the leading edge. Note the 3D contour is obtained from a slice on the middle plane of the domain.

Figure 8. Spatial variation of displacement speed components, S r (reaction), S n (normal diffusion) and S t (tangential
diffusion) obtained from 2D (top row) and 3D (bottom row) simulations. The 3D contour is obtained from a slice on the
middle plane of the domain. Mean mixture fraction iso-contours are shown as black solid lines for stoichiometry (Z̃st), and
flammability limits for lean (Z̃l) and rich (Z̃r) mixtures. The dashed line is the progress variable iso-surface of c̃ = 0.05. The
jet exit velocity is Uj = 25.5 m/s.
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Figure 9. Comparison of computed 2D (open symbol) and 3D (closed symbol) displacement speed components in the
mixture fraction space at different axial positions. The mean axial velocity is shown using blue (2D) and red (3D) solid
lines. The y-axis is normalised using the laminar flame speed for stoichiometric methane-air mixture, S 0

L. Two jet velocities,
Uj = 25.5 m/s (left column) and 12.5 m/s (right column) are considered. The vertical dashed line corresponds to the flame
most leading point marked in Figure 8d.
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Figure 10. Comparison of computed 2D (open symbol) and 3D (closed symbol) profiles of scaled progress variable
gradient magnitude, |∇ c̃ |δ0

L, in the mixture fraction space. δ0
L is the laminar flame thickness for stoichiometric methane-air

mixture. The vertical dashed line corresponds to the flame most leading point marked in Figure 8d.


