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Abstract
It is well-known that space-like maximal surfaces and tiike-minimal surfaces
in Lorentz—Minkowski 3-spac&; have singularities in general. They are both char-
acterized as zero mean curvature surfaces. We are intrigsthe case where the
singular set consists of a light-like line, since this caas hot been analyzed before.
As a continuation of a previous work by the authors, we give finst example of
a family of such surfaces which change type across a lightline. As a corollary,

we also obtain a family of zero mean curvature hypersurfa'me!%?+1 that change
type across ann(— 1)-dimensional light-like plane.

Introduction

Many examples of space-like maximal surfaces containingusam curves in the
Lorentz—Minkowski 3-spaceR;t, x, y) of signature £ + +) have been constructed in
[11], [1], [22], [8], [4] and [5].

In this paper, we are interested in the zero mean curvatufaces inRi’ changing
their causal type: Klyachin [10] showed under a sufficiemtlyak regularity assumption
that a zero mean curvature surfaceRf changes its causal type only on the following
two subsets:

e null curves (i.e., regular curves whose velocity vectordeare light-like) which
are non-degenerate (i.e., their projections into theplane are locally convex plane
curves), or

e light-like lines, which are degenerate everywhere.

Given a non-degenerate null curyein RS, there exists a zero mean curvature surface
which changes its causal type across this curve from a dpe@cesaximal surface to
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a time-like minimal surface (cf. [6], [10], [9] and [7]). T&iconstruction can be ac-
complished using the Bjorling formula for the Weierstragse representation formula
of maximal surfaces. (The reference [3] is an expositoriclarbn this subject.) How-
ever, if y is a light-like line, the aforementioned construction daiince the isothermal
coordinates break down at the light-like singular pointscélly, such a surface is the
graph of a functiont = f(x, y) satisfying

(*) (1— fyz) fxx + 2fx fy ny + (1_ f)(z) fyy =0,

where fy = 3 f/0x, fx, = 82f/dydx, etc. We call this and its graph theero mean

curvature equationand azero mean curvature surfaceespectively. Until now, zero
mean curvature surfaces which actually change type acrdgghtdike line were un-

known. As announced in [2], the main purpose of this papeoisdnstruct such an
example. In Section 1, we give a formal power series solubibthe zero mean curva-
ture equation describing all zero mean curvature surfadeishwcontain a light-like

line. Using this, we give the precise statement of our magulteand show how the
statement can be reduced to a proposition (cf. Propositi8h In Section 2, we then
prove it. As a consequence, we obtain the first example of rf@lfaof) zero mean

curvature surfaces which change type across a light-like. li

1. The main theorem

We discuss solutions of the zero mean curvature equatiQnwhich have the
following form

o0

(1.1) f(xy) =bo) + > =

k=1

bk (y) N

where b(y) (k =1, 2,...) are C*®-functions. Whenf contains a singular light-like
line, we may assume without loss of generality that (cf. [2])

(1.2) bo(y) =y, ha(y) =0.

As was pointed out in [2], there exists a real constantalled thecharacteristicof f
such thath,(y) satisfies the following equation

(1.3) by(y) + be(y)? + 1 =0 ("= d/dy).

Now we derive the differential equations satisfied Im(y) for k > 3 assuming
(1.2). If we set

S b/

Z br(y) XK
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and
P:=2(Y fix — fxfxy), Q:=Y2fyx—2f fyY, R:= f2fy,
then, by straightforward calculations, we see that
= 2(k — 1)

4
= —bybl,x? — ébzng?’ — Z(Pk + = boby, + (3 — k)b’zbk)x",
k=4

= —i Qux, R= fj R,
k=4 k=4

where
-1
2k —2m+ 3) ,
P = 2 Kem+ 2 Bmbl_m. 2,
k—2 k—m
3n — k+m 1, .,
(1.4) = Z —————— b, b b_mns2,
m=2 n=2
k— /7
' k— —n+2
m=2 n=2

It is now immediate, by comparing the coefficientsdf from both sides, to see that
eachby (k > 3) satisfies the following ordinary differential equation

(1.5) k(Y) + 2(k — Dba(y)bi(y) + k(3 — K)ba(y)bi(y) = —k(P« + Qi — R,

where P; = Q3 = Ry = 0 and Py, Qx and Ry are as in (1.4) fok > 4. Note thatP,
Qx and R¢ are written in terms ob; (j =1,...,k—1) and their derivatives.

Now, we consider the case that-1f2 — fy2 changes sign across the light-like
line {t =y, x =0}. This case occurs only when the characterigtias in (1.3) of f
vanishes [2]. If we set

b(y) =0 (YeR),

then (1.3) holds fow = 0. So we assume

(1.6) bo(y) =y, ba(y) =0, ba(y) =0, bs(y)=3cy,
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wherec is a non-zero constant. Thef(x, y) in (1.1) can be rewritten as
o ()

1.7 f = X3 —

(1.7) (x,y)=y+cy +§:4 K

In this situation, we will find a solution satisfying
(1.8) b(0)=b, (0)=0 (k> 4).

Then (1.5) reduces to

@9 HY)= KA Q- R) BO-KO -0 €24
L10)  P= Z A D i) (= 9),
k—4 k—m-1 K
(1.11) > Iy (bW ialy) (K= 7),
m=3 n=3

k—

(1.12) R = Z

m=3 n=3

! B (Y)on(Y) b n+2(Y)
K—m-n+2

k=7,

and Qx = R = 0 for 4 < k < 6, where the fact thab,(y) = 0 has been extensively
used. For example,

bo=y, bi=b,=0, by=3cy, bs=-4c?y?, bs=09c",
bs = —24c?y’, by = 70c%y° — 14c3y3, . ...
In this article, we show the following assertion:
Theorem 1.1. For each positive number, the formal power series solution(X, y)
uniquely determined bg1.9), (1.10), (1.11)and (1.12) gives a real analytic zero mean
curvature surface on a neighborhood (@f, y) = (0, 0). In particular, there exists a non-

trivial 1-parameter family of real analytic zero mean curvature ao€els each of which
changes type across a light-like lirjeeeFig. 1).

As a consequence, we get the following:

Corollary 1.2. There exists a family of zero-mean curvature hypersurfaoes
Lorentz—Minkowski spaceRQ+l each of which changes type across &m — 1)-
dimensional light-like plane.

Proof. Letf be as in the theorem. The graph of the function defined by

R" > (Xg, ..., %)) = f(X, %) €R
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Fig. 1. The graph ot = f(x, y) for c = 1/2 and|x|, |y| < 0.8
(The range of the graph is wider than the range used in our-math
ematical estimation. However, this figure still has a sudfitly
small numerical error term in the Taylor expansion.)

gives the desired hypersurface. In this case, the zero maaatare equation
n n n
1= 82 D0 fax + D fux Fafiy =0 (F =0 F/0%, fxx, 1= 02 /0%;0%)
j=1 i=1 ij=1
reduces to £) in the introduction. O

To prove Theorem 1.1, it is sufficient to show that for arbitrpositive constants
c > 0 ands > 0 there exist positive constants, 6y, andC such that

(1.13) bi(Y)| < 60C* (ly| < 8)
holds fork > ng. In fact, if (1.13) holds, then the series (1.7) convergeigoumly over

the rectangle fC~1, C1] x [-$, §].
The key assertion to prove (1.13) is the following
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Proposition 1.3. For each c¢> 0 and § > 0, we set
(1.14) M := 3 max144ct|8|¥/2, v/19X2t},
where t is the positive constant given [fA.3) in the appendixsuch that

1-t du
1.1 t —— < t <1/2).
(1.15) | masapct @<t<12)
Then the functior{b(y)};>3 formally determined by the recursive formulék9)-
(1.12) satisfies the inequalities

(1.16) o/ (y)| < clyl" M3,
o < SV
(1.17) B = =5 M,
3C|y|l*+2 I3
(1.18) lbi(y)l = T+ 2P
for any
(1.19) y € [-$, 8],
where
(1.20) [* = %(I -1)-2 (=3).

Once this proposition is proven, (1.13) follows immedipteh fact, if we set
3 3
6o = E(SM) , C:=4M

andng > 7, then 1<I1*+2 <1 —3 and (1.13) follows from

3C|y|l*+2
(" + 21

M'—3 < g,C'.

2. Proof of Proposition 1.3
We prove the proposition using induction on the number3. If | = 3, then

7/ C %
lb3(y)l = 0= = = cly|* M°,

lyl
cly|* 0
by(y)| = 3c = =X M°,
byl = 3¢ = 27—
3C|y|3*+2
Ibs(y)| = 3cly| = 0

@ +27
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hold, using thatbs(y) = 3cy, M° =1 and 3 = —1. So we prove the assertion for
| > 4. Since (1.17), (1.18) follow from (1.16) by integration,i$ sufficient to show
that (1.16) holds for each> 4. (In fact, the most delicate caselis= 4. In this case
I* = —1/2 and we can use the fact thﬁ}’0 1/./y dy for yo > O converges.)

The inequality (1.16) follows if one shows that, for edch 4

(2.1) [kB(Y)I, kQ(Y)I, [kR(Y)| = :E(,,Iyl"*'\/l"_"5 (lyl =9)

under the assumption that (1.16), (1.17) and (1.18) holdafoB <| <k —1. In fact,
if (2.1) holds, (1.16) fol = k follows immediately. Then by the initial condition (1.9)
(cf. (1.8)), we have (1.17) and (1.18) for= k by integration.

The estimation of |kPx| for k > 4. By (1.10) and using the fact that (1.17),
(1.18) hold forl <k —1, we have for eachy| < § that

k-1
2k|k — 2m + 3 ,
KR <> lk—T—i—ZHbm(y)' [B—m2(Y)!
m=3

Z 2k|k 2m + 3| SCMm—3|y|m*+2 3CMk—m+2—3|y|(k—m+2)*+1
- k—m+2 (m* + 2)2 k—m+2)+42

k—
oMy K 144c|yP2 3 klk — 2m + 3|
M 2 (m—12k—m+1)k—m+2)

k
M3y 144c|5|3/2 i K|k — 2m + 3|
< (M—1P(k—m+ 1)k —m+2)

k-1

. klk —2m + 3|
Mk3 ki ]
vl Z(m 1)2(k —m + 1)2

Here, we used (1.14). Since

rg]ax lk—2m+4 3| = r_naalt(xl|k—2m+3| = max|k — 3|, |-k + 5|},

by settingg = m— 1, we have that

k2 2
k < Mk 3 k* — k 3 k*
kR < lyl Z(m_l)z(k_m 1y 3{ M 2; 2(k 7
Mk 3| |k 1/1 1K < c k 3| |k*
1k u2(l u)2 - 3

where we applied Lemma A.1 and (1.15) at the last step of thienasons. Hence,
we get (2.1) fork R.
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The estimation of [kQy| for k > 7. By (1.11) and the induction assumption, we
have that

—m—

—4 kT 13n — k
|ka|sZ Z [3n - m+nm U oy, )1 16,51 1B m 23]

3
w

1

B - "i k|3n—k+m 1|(3c|v|m—3|y|m*+1)
- m=3 n=3 m*+2
3CMn—3|y|n*+1 3CMk—m—n+2—3|y|(k—m—n+2)*+2
() ez )
L 432 KAkt K|3n—k+m—1
= My = ™A Z Z 2| 2+ | 2
— = (M—212%n—-1¥(Kk—-—m-—n+ 2)

Now we apply the inequalities

max [3n—k+m-1| = max [3n —k+m—1
3<m=<k—4 (m,n)=(3,3),(3k—4),k—4,3)
3<n<k-m-1

= max{|—k + 11|, 4, |2k — 10]} < 2k,

and also
432:2 1
M4 - 361

which follows from (1.14). Settingpp:=m—1, g =n—1, we have that

k—4 k—m-1

22
<_ k-3
kQul = Zg- M Iyl* g g (M—12(n— 12(k—m—n + 22
k—5 k—p-2 K2
Mk 3| |k* —
; q; P?a?(k — p—q)?

Now applying Lemma A.2, we have that

kQil = =

Mk3k 6< Mk3 k*
= & IyI" > 6r = 3 1yl

which proves (2.1) fok Q.
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The estimation of |kRx| for k = 7. As in the case ofkQy|, we have that

b b, o
E ML' r(:]/>_||n+2 2)]

—4 k-m-1 m—3|y,[M*+2
- Z k 3cM™2ly|
- k—m-n+2 (m* 4 2)
(3CMn—3|y|n*+2
X —

(n* 4+ 2)2
k—4 k—m-1 Kk

_ 144C3Mk 7 k*
vl mzs nX; (K—m—n+ 2)(m—17(n— 12

) (C Mk—m—n+2—3| y| (k—m—n+2)*)

2k4km1 k2

5 144c
=cMIy K =2 N N (k—m—n+ 22(m—12(n—1)2°

m=3 n=3

Now we setp =m—1, g =n—1, and using the inequality
3* x 144%t < 3* x 19%%r < M4,

we have that
k=5 k—p-2 k2
k Mk 3 k* - -
KR = 5 M<2ly< 3 3 =D —aF

p=2 q=2

By applying Lemma A.2, we have that

KR < M 3y x b1 < 3Mk’3IYIk*,

=3
which proves (2.1) fok R;. This completes the proof of Proposition 1.3.

Appendix A. Inequalities used in the proof of Theorem 1.1

For a > 0, it holds that

1 1/ a 2 a 2
Al - (s 4
&1 @y é( ot Ta )

Therefore,

a—t _ —
(A2) /t __du =%(M+2|oga7t) 0<t<a/2).

u?(a —u)? tla-—t)
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In particular, one can show that there exists a positive taoms such that

g
(A3) tft uz(l—fu)zsr O<t<1/2).

The following assertion is needed to prove (2.1) kdw(y):

Lemma A.1l. Let p be a non-negative integer and k an integer satisfying k
p + 4. Then the inequality

p-2 K3 a—1/k du
2 k= p- q)szl Pa—up @=17PM

=2 /k

k—

Qo

holds.
Proof. In fact, if we seta :=1— p/k, then (A.1) yields that

K3 1 1

q?k—p—a)2  k(a/k)Xa—q/k)?

_ 111 a 2 1 a 2
= E[E((q/k)z * M) * E((a—q/k)2 * a—q/k)}'

Sincex — (a + 2x)/x? is a monotone decreasing function and the function- (a +
2(a— x))/(a — x)? is monotone increasing on the interval €J2), we have that

k3 1 /Q/k a 2 q /(qH)/k a 2 q
—— < =+ =) du+ g u
g’k—p—q)? ~ a |: (ql)/k(u2 U) a/k ((a —u)? - U) }

which yields that
a—1/k
)du+/ (Lﬁi)du
2/k (a—u) a—u

a—1/k a 2 a—1/k a 2
f/ (—2+—)du+/ (—2+—)du
1/k u u 1/k (a—u) a—u

atkria 2 a 2
< ot e Tag) v
1/k u u (@a—-u a—u

k—p—2

p— a3k3 a—2/k a
< —
2 2k - p—q)? /m (u2

q=2

CII\)

This proves the assertion. ]

The following assertion is needed to prove (2.1) kax(y) and kK R«(y):
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Lemma A.2. For any integer k> 7, the following inequalities holds
k—5 k—p—2

Zk—2<§ lfl/kL<6T
= S pPatk—p-a)? T Ky w(d-upE T

wheret is a constant satisfyingA.3).

Proof. We seta = a(p) := 1 — (p/k). Applying Lemma A.1 and the identity
(A.2), we have that

k=5 k—p—2 2 kST kb2 3
~ X:: p2o2(k — p— q)zzg[W X:: qz(k—p—q)z}

IA

kX:[kpz /l/akl/k uz(adu u)z} - i[ p? a2 (:: ijt + 2'09(12_ 1))}

p:

> [l )< S

where we used the fact that (I&g)/(ka) < 1. By applying Lemma A.1 and by using
the property (A.3) of the constant, it holds that

IA
il 13
01 I\)

k=5 k—p-2 K2 k-5 k-5 K3
L S Z 1 Sy K _
5 = PPAAk—p—a) 5 PPL—p/k? ki pAk—p)
_6 Z kK _6 Y du 6
— —_— <
=k -, PPk—p)? ~ kJix  w2(1-u)? '
which proves the assertion. ]
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