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H. Kudo defined the notion of approximate sufficiency in his paper ([4], [6])
and proved some interesting results. In this paper we obtain some characteri-
zations for it.

1. Notations and definitions

Let (X, _A) be a sample space consisting of a set X and a g-algebra 1 of
subsets of X. The reader should understand by the word ‘‘o-algebra” and
““algebra” a sub-o-algebra and subalgebra of 4, respectively. Given a o-algebra
B and a finite measure A on A, E,\(f|B) denotes the conditional expectation of
a n-integrable function f over X given B with respect to \: i.e., E\(f| B)is a

B-measurable function such that S fax =S E\(f|B)dn for every Be 4.
B B
When a probability measure P on ./ is absolutely continuous with respect to A

(we write PK\), Z—I; denotes the Radon-Nikodym derivative. It is clear that

EA(QL@) coincides with the Radon-Nikodym derivative dP| ¢ P[B with
dn dxra

respect to A/B, where P/B and N/PB are the contractions of P and N to B
respectively.
For a finite signed measure m, ||m||5 denotes the value sup |m(B)].
Be3

.. 1 dm

When m < and m(X)=0, it I k that =_S aml | g

en m and m(X) it is well known that ||m||4 5 xldx_cgl

( =LS 1Ex(‘1ﬂ|££)|d7\>. Here and hereafter the integration without any
2J)x dxn

assignment of its domain should be understood as that extended over the whole
space X.

Let {<4,} be an increasing sequence of o-algebras and {3,} a sequence of
o-algebras satisfying B,C A,. According to Kudo ([4], [6]), {B,} is said to be
approximately sufficient for a pair {P, Q} of probability measures on i, if
for each n there is a pair of probability measures {P,, Q,} on .4, such that
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'!iIZ}”P,,—P” J,‘:yq}llQﬂ—QH 1, and that 3, is sufficient for {P,, Q,} on A,

for every n. We shall consider this notion in the case of an arbitrary family of
probability measures.

REMARK. A slight errata in Kudo’s definition of approximate sufficiency
in [4] is corrected in [6].

Let P={P,|0=Q} be a family of probabuility measures defined on /1,
where ) is a parameter space. A sequence {%,} of o-algebras is said to be
approximately sufficient for & if for each n there is a family of probability
measures P,={P, ,|0=Q} on A, such that }irBHP,,,,,— "“Jln:O for all Q)

and that 3, is sufficient for &, on A, for every n. Throughout this paper we
assume

(A 1 ) {} (_)qnz L)q 3y
=1
where V .4, denotes the o-algebra generated by {.1,}, and assume that
n=1

(A2) 2 is dominated by a finite measure A on A.
(A3) A is countably generated.
Let L'(X, A, \) be the space of all A-integrable, real valued, ./-measurable

functions defined on X with the metric p,(f, g)zSI f—gldx. The distance

between f(eL'(X, A, \)) and A (CL'(X, A, \)) is defined by p(f, 4)=
};relft pA(f, g). Let Ly(B) denote the set of all B-measurable elements, which is a
subspace of L'(X, A, \).

Let {B,} be a sequence of a-algebras. The subfamily of .4 consisting of
B (€ ) for which there are B, %, such that M(BAB,)—>0 (n—o0) is called
the lower limit of {$,} and denoted as A-liminf %,. Here BAB, means
symmetric difference of B and B,. A-liminf 3, is a o-algebra ([5] Theorem 3.2).

Since & is domianted and A is countably generated, there exists Q*=
{8,, 0, -~} of Q such that P*={P,|0=Q*} is dense in P ([1]). Let
Mzix B:i Py, (B:>0, ﬁ B;<=). Then it is easy to see that ), is equivalent

= = P,

to P (we write A, ~2P). We write foz%.
0

2. Some characterizations for approximate sufficiency
Theorem 1. Under Assumptions (A1)~ (A3) in §1, the following four asser-

tions are all equivalent.

(a) {B,} is approximately sufficient for P.
(b)  Pr(for Lay(Bn))— 0 (n—>00) for every Q.
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(©)  pa(fos Exy(fo] Ba))—0 (n—>oc0) for every 0= Q.
(d) By=n\,-liminf B, is sufficient for P.

Proof. (a)=(b). Since \?Jl,,=Jl by assumption in §1 we have

(1) pr(Brgfol An)s o) = Pr(Ero(fol An)s Er(fol A)) = 0 (n —o0)

for every 00 ([7]).
Since {B,} is approximately sufficient for P, there exist P,= {P, .| =Q}
(n=1, 2, --*) on A, such that lim||P, ,— o”uq”=0 for every 6 () and that B,

is sufficient for P,. Define )unzf‘_, BiP,, »on A, with §,€Q*. Hence we have
i1
(2) PRolly, =0 (n—>o0).

0;,n

d
Putting f,, ,= N for every 7, we have

(3) Wfon@N—Poll g, = forn@No—For.n@Nall g, +11fo;.n@Na—Po |y,
= forn@No—Fo, n@Nall_g,+11Po;,n—Po,ll 4. -

The first term of the right hand side of (3) tends to 0 as n—>oco from Jon(®)=B7*
for all x and (2) and by assumption the second term tends also to 0 as n—oo.
So we have

(4) ”fo,,nd)\‘o_Po,“J"—’O (n-——>00)
for every 7. It follows from (1), (4) and the A,-maesurability of f,_, that
(5) Prg(fosm f6.) = Pao(formy Eno(fo; “’Zl“))—l_PAo(EAo(fo; [ Au)s for)

dPo‘. :
= S |f9i»”_d—)\; A, | d7\‘0+P’\o(E>\o(f0i | L/Zn)’ fo.‘)

éZIlfo,-,ndxo-—Po,-]|,_,q”+p«\o(E)\o(f0,' | ’*’qﬂ)) fo.‘)

for every 7. fp,  is not only _/,-measurable but also $,-measurable since B, is

sufficient for &, ([3] Theorem 1). The B,-measurability of f,, , and (5) imply
(6) Pro(fors Lng(Ba)) =0 (n—>00).

As P* is dense in P, it follows from (6) that g, (fy, Li,(B))—0 (n—>c0) for
every §€Q.

(b)=>(c). Since pr(fs) La(Bn))—>0 (n—>c0) by assumption, there exist B,-
measurable g, ,=0 (=1, 2, ---; Q) such that

(7) Profor 8o.0) >0 (n—>00)
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for every Q. Since g, , and E, (fy| B,) are B,-measurable, we have by (7)

(8) Pr(&o.mr Eno(fo| Bu))=2l|86,ndN—Ex(fol —@n)‘/b"o”_g,I
=2l[gndre—fod Nl g,
§2||go,nd7\o—fod7\'o|ld
=200 (8w f) >0 (n—o0)

for every 0 Q. It follows from (7), (8) that

Prfor Ex(fol Bu)) = Pro(fos 8o.m)FPro(8o.m Eno(fol Ba)) =0 (n—>0)

for every Q. This establishes (c).

(c)=(d). It suffices to prove the B,-measurability of f, ([13] Theorem 1).
For this purpose it is sufficient to prove {f,=a} & B, for a real number ain a
dense set 4 of the real line. Since 4,={a|N\,({f,=a})=0} is dense, we shall
prove {fy=a} € B, for ac 4,. Writing g, ,—=E, (fy| B.), we have p, (fy, Zo,n)—>0
(n— o) by assumption. We prove A({fy=a}A{gss=a})—>0 (n— o) for
ac A,. Let & be a given positive number. Then

M({fozal D{gonzal)=N({fo=4a, g5, <a})+N({fs<a, go,a24a})
Sh({fo2a+6, gon<a})+r({a< fo<a+te})
+A({fo<a—&, gon=a})+N({a—E= fo<a})
Sh({] go.n—So| > €N No({| fo—al <€})
= N({| fo—al =€}) as n—oo.

Since & is arbitrary and A\,({f,=a})=0 by assumption, we have im x\,({f,=a} A

{go.n=a})=0. From {g,,=a} =B, and the definition of B, it follows that
{fo=a} €3,

(d)=>(a). At first we shall prove that for a given >0, there exist n,
and non-negative $,-measurable g, , for n =mn, such that p, (fy, £.,) <€ and
E),(80,s)>0. Perhaps n, may depend on §. Since 3, is sufficient by assump-
tion, f, is B,-measurable. Hence there exists a non-negative B,-measurable

ko
function h,,:Z ao,ila,, with B,-measurable sets A, ; such that p, (f, h9)<%,

where I, is the defining function of 4. Consequently there exists an n, such
that for each n=n, we can choose C,,, C,,, -+, C, s, from B, satisfying

Moo, :i NG, 0) < €

We note that n,, C, ; may depend on 4.
Zko max (Olo,n R aa.ko)

kg
8o.n=21,:Ic, ,is B,-measurable and we have for n=n,
i=1 ’
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)
(9) Pao(tte £o,n) = ,-=21 A, S |IA9,'-_IC,M~Id7\'0
kg
= Z;; ao.s‘ko(Ao.iACn.i)
&
<§— .

Pag(fos ) < % and (9) yield p,(fo, go.n) <€ for n=n,. Thus we have proved

that, for a given £>0, there exist n, and B,-measurable g, , for n=n, such that

8o.420, Ex(go,w)>0 and p,(fo, go.n) <E.

Let a B,-measurable %, , be such that &y ,=0, E) (%,,)>0 and p,(fo, s,s)
—0 (n—>oc0). From what we have just proved, it is easy to see that such 4, ,
exist. Define hf,=E, (ho,n) "Po,ny Q0 n=h§ nd N\, and Py ,=Qp ./ A, is clearly a
probability measure on A,. Noting E, (kg .)—E, (fe)=1 (n—c0), we obtain

(10) “Po_Po,n”uq” = ”Po*Qa.n”,_}l = Pxo(f;h h;'fn)
é PM(ﬁh ho.n)+PAo(ho.na Eko(ho,n)_lho,n)
= pa(for ho.n)+ 11— Ex(ho,n)™" | Ex(hto, )

for every 0 Q.
The B,-measurability of A, implies sufficiency of B, for {P,,.|0€Q}.
This, together with (10), implies that {3,} is approximately sufficient for 2.

Corollary 1. Suppose that {B,} is approximately sufficient for P. If
Pr(Exr(fol Ba)y Exy(fol B))— 0 (n—o0) for every 0, B is sufficient for P.

Proof. By Theorem 1, we have p, (E, (fo| Ba), fo) =0 (n—0) and there-
fore fy;=E, (fo| B)[No]. This shows that B is sufficient for 2.

Corollary 2. Suppose that {B,} is approximately sufficient. Then there exist
probability measures Py , on A (0€Q, n=1, 2, ---) having the following properties.

(1) B, is sufficient for {P, ,|0Q}.

(ii) IIPO_PO,n”J_)O (n—>o0)

(iii) ”Po_Po,n”_cB”:O (n=1, 2, ---).

Proof. Define dPy ,=E, (fo| Ba)dN,. Since p,(fo, Er(fol Bu))—0 (n—0)
by Theorem 1, we have [|Py—P, ,|| J—>O (n—>o0). (i) and (iii) are clear from
the definition of P, ,.

Corollary 3. Suppose that {B,} is approximately sufficient for P. If A,-
biminf B, No-liminf C,, {Ca} is also approximately sufficient for P.
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Proof. This corollary is clear from (a) < (d) in Theorem 1 and we omit the
proof.

ReMARK 1. In [5] A,-liminf B, is characterized as the o-algebra B, having
the following properties.
(i) B, satisfies

A) tim inf { | Bxg(£1 Ba)l e 2 [ 1 Bou(f1 B0 Inod,

for every bounded ./-measurable f, and

(if) any o-algebra @ satisfying (A) is contained in B,. A -limsup B, is
also defined there. A g-algebra B is denoted by A\,-limsup B, if

(iy B satisfies

®) timsup |1 E(F1 80| = (1 B(71 D)1

for every bounded _/-measurable f, and

(iiy any o-algebra B satisfying (B) contains 3.

It is proved that, if {$B,} is approximately sufficient for P, A,-limsup B,
is sufficient for & ([4] Theorem 1). Since \,-liminf B,CN,-limsup B, ([5]
Theorem 3.4), our result (a)=(d) in Theorem 1 is an improvement though the
assumption (A3) is necessary.

Remark 2. From Theorem 1 the following question will naturally arise.
If there exists {P,,|0Q} on A, (n=1, 2, ---) such that |Po—Po,ull_43,—>0
(n—>o0) for every 6 and that B, is minimal sufficient for {P,,|0€Q}, is \,-
liminf 4, minimal sufficient? The answer to this question is negative as
shown by a very simple counterexample: X=[0, 1], .A4: Borel field on [0, 1],
v: Lebesgue measure on A, B,=A,=A (n=1, 2, -+), P,=P,=v. We define

fl_,,(x).—_%x+1—i,f;,n(x)=—_1ll—x+l+2i’z. Clearly we have ||f, . dv—P| ;

=0, [|f;.ndv—P,| 5 —0 and v=%f1,,,dv —l—%fz,ndv. It is easy to see that the

smallest g-algebra with respect to which f, ,, f, . are measurable is A itself.
Hence B, (=A) is minimal sufficient for {f, ,dv, f, ,dv}. But B={X, ¢} is

sufficient for {P,, P,}. So v-liminf B,=.J is not minimal sufficient.

3. Pairwise approximate sufficiency

In this section we shall give an alternative characterization of approximate
sufficiency by pairwise approximate sufficiency.

Theorem 2. Under the same condition as in Theorem 1, if {B,} is approxi-
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mately sufficient for any pair of two P,, P, in P, then {B,} is approximately
sufficient for P

Proof. We divide the proof into the several steps.
The first step. We shall show that it suffices to prove approximate suffi-
ciency of {B,} for P*, the dense subset of P. If {B,} is approximately

sufficient for P*, we have ﬁxo(d—P, L,, (,99,,)) —0 (n— o) for every P& P*.

ax,
As we have stated in the proof of (¢)=(b) in Theorem 1, we have
ﬁxo( gf—, L,, (_@,,)) —0 (n— o) for every P . Hence, by (b)=(a) in Theorem
0
1, {8B,} is approximately sufficient for .

The second step. We shall prove that {3,} is approximately sufficient for
any finite subset {P,, P,, --*, P,,} of *. For this purpose we use the mathema-
tical induction with respect to m. Under the assumption that, for [ <k, {3B,}
is approximately sufficient for any {P,, P,, ---, P,} in P*, we prove that {B,}

is approximately sufficient for any {P,, P,, ---, P;,,} in P*. Let u= EP By

(a)=(b) in Theorem 1, it suffices to show ﬁp(dp “(_CB,‘))—>0 (n—»oo) for

every 1=1, 2, .-, k41, and in particular to show p,L< ipl L,L(_@,,))—ﬂ) (n—>c0)
W

since the proof of the case =1 is quite analogous. Put MZE P, u,=P, 4P,
i=1

and f,= dp. L= 351 By assumption we have . (f;, Lu,(Bs))—>0 (n—o0) and

Pu,(for Lu(Bn))—0 (n—>o<>) So there exist {g,} and {4,} such that g, L, (38,),
ha€ L. (B,) and pu(f, g4)—0, pu,(f, ks)—0. Since 0=f,, f,=1, we can take

Zns Bnsuch that 0<g,, h,<1. Define g,,zmax{g,,, %}, h,—max {h,,, %—} It

is clear that p,(f;, g,)—0 and p.(f;, k,)—0. Hence there exists a monotone
increasing sequence {n;} of positive integers such that g, —f, (a.e. p,) and

B, — 1, (a.e. w,).

We have
dPl_ flfz lfff>0
dp  fitfo=fife o
=0 if =0 and f,=0
([12] p. 136). Without loss of generality we _c_letermine fu f, such that {f,>0,
,=0}={f,=0, £,>0}=¢. Put 4, &k, . is well-defined because
[:=0}={£=0, /,>0}=¢ Ao =y A

0<Z,, h,<1. Noting p=~pu,, p~u, on {f,f,>0}, we have

(11) VY, = Py e w on {f,f,>0}.
dp



668 T. Kusama

For x& {g, /., —0}, it is easy to see yr,(x)—0 (n—oc0). We have therefore
P
(12) Vn®) = L)
o

for all x€ {g,, /,,— 0} N {f,=0 and f,=0}.
Since pul{Zn, 0} N {£,=0 and £,=0}=0 (i=1, 2),

(13) w[{gn a0} N {f;=0and f,=0}]=0

It follows from (11)~(13) that w,,ie‘;P ! (ace. ). Since |y, —4E 11 by
o

Lebesgue’s bounded convergence theorem we have pﬁ(‘;—P‘, x{r,,i) — 0 (1 —00).
7

Since +r,, is B,-measurable and bounded, we have v, € Lu(3B,). So
Pu (%Ii L.(3, )>—>O By quite a similar to given above, we can prove that,
for alfly subsequence {m,} of {n}, there exists {/}C{m;} such that
P,L(ZP ,(.99,,.))—»0 (i—c0). This shows p(?, L{B,))->0 (1->e). Thus
{B,} lilas been shown to be approximately sufﬁcic/;nt for any finite subset of P*.

The third step. As the final step we shall prove that {3,} is approximately

suﬁiCient for @*:{Pl: Pz: '“}' Put 7\‘m__—,ﬁﬁt‘})ﬁ 7\0—:218:‘}):'(:8;>0,
ﬁﬁi<°°). [Mm—Noll ;=0 (as m— o) is clear. Zi’ exists for n=17 and
=1

n

dP; dP; dP X
~an, (n—oc0) (a.e. \,) for every fixed 7 ([2] p. 136). From this and 5~ ar, =B7

an,
(n=0, 7, i+1, --+), we get
dP; dP;
(1 Pr\dn, dn, (=)

for every 7. Since {$,} is approximately sufficient for {P,, -+, P,} we have
Pa, (dxi L, (.@k))—>0 (kR—>o0) for every 7, n with n=i. Hence there exists

{ht n.:} such that

(15) hgon,: € Ly (Br), PA"<(1P‘£» hk,n,i) -0 (k—>o0).

dan,

Since P <,8 , we can assume 0<%, , ;< @B;' and hence %, ;E L, (By).

Let € be a positive number. We choose 7, such that [\, —2X[| ;<& and
(42, 4.
VAN, AN,

)<<‘:‘. It follows from (15) that there exists k, such that
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dP,
pMo(Kno’ hk,no,i><8 for kgko_

dP; dP;
(16) p)"‘°<d7u hk.no,z> P (dx hk,no.i)
|, dP; dP
= | t—h 7o, d?&,, —S —h 7y, 7 d
§1 s —nasl @1 % il o

= 287 M=ol 3 <2677

Hence we have for k=4,

dP; dP; dP; dP;
h z) ’) —+ < )
p‘°( ko P*"(dxo dxn,,>+PA" dx > P

70
dP; dP; dP;
ab; dp; by, ) 2871
“°<dx,, dxn())JrP%(dx b )26
<&E+&+2B71€.

Consequently we have pM(Z—f", Rt >—>O (k—> o) for every fixed 7, which

shows pM(Zi‘, L, ,(By) >—>0 (k—>c0) for every i. By (a)=(d) in Theorem 1

we see that {3,} is approximately sufficient for *. Thus the proof has been
completed.
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