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1. Introduction

Let G be a doubly transitive permutation group on a finite set Q and a<E Q.
By [4], the product of all minimal normal subgroups of G, is the direct product
A XN, where A is an abelian group and N is 1 or a nonabelian simple group.

In this paper we consider the case N=PSL(3,q) with ¢ even and prove the
following:

Theorem. Let G be a doubly transitive permutation group on K of even
degree and let o, B Q (a+B). If G, has a normal subgroup N* isomorphic to
PSL(3,q), q=2", then N® is transitive on Q- {a} and one of the following
holds:

(i) G has a regular normal subgroup E of order ¢*=2%, where n is odd and G,
is isomorphic to a subgroup of T'L(3,q). Moreover there exists an element g in
Sym(Q) such that a*=a, (G,)¢ normalizes E and AT'L(3,9)>(G,)*E>ASL(3,q)
in their natural doubly transitive permutation representation.

(i) [Q|=22, G®=M,, and N*=PSL(3,4).

(i) |Q]|=22, G®*=Aut(My) and N*~=PSL(3,4).

We introduce some notations.
V(n,q) : a vector space of dimension n over GF(q)
TL(n,q) : the group of all semilinear automorphism of V(n,q)
ATL(n,q): the semidirect product of V(n,q) by T'L(n,q) in its natural

action
ASL(n,q): the semidirect product of V(n,q) by SL(n,q) in its natural
action
F(X) : the set of fixed poinis of a nonempty subset X of G
X(A) : the global stabilizer of a subset A (SQ) in X
Xa : the pointwise stabilizer of A in X
X- : the restriction of X on A

Sym(A) : the symmetric group on A



https://core.ac.uk/display/35273558?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

818 Y. HIRAMINE

X# : the set of H-conjugates of X

| X1, : the maximal power of a prime p dividing the order of X
I(X) : the set of involutions contained in X

E, an elementary abelian group of order m

Other notations are standard and taken from [1].

2. Preliminaries

Lemma 2.1 Let G be a doubly transitive permutation group on € of even
degree, a=Q and N® a normal subgroup of G, isomorphic to PSL(2,q), Sz(q) or
PSU(3,q) with q(>2) even. Then N*~=PSL(2,q), N*#4Sz(q), PSU(3,q), N is
transitive on Q— {a} and one of the following holds:

(1) G has a regular normal subgroup E of order ¢, Ng=N"NNP=E, and
G, is isomorphic to a subgroup of T'L(2,9). Moreover there exists an element g
in Sym(Q) such that a®*=a, (G,)* normalizes E and AT'L(2,9)>(G4)*E >ASL(2,q)
in their natural doubly tranmsitive permutation representation.

(i) |Q|=6 and G®=A4; or S,.

Proof. By Theorem 2 of [2], it suffices to consider the case that Ng=
N®NNP=E, and G has a regular normal subgroup of order ¢>. Since |N®:
Ngl=¢"—1, N® is transitive on Q— {a}.

Let E be the regular normal subgroup of G. Then we may assume Q=
E, a=0€E and the semidirect product GL(E)E is a subgroup of Sym(Q).
There is a subgroup H of GL(E) such that H=T'L(2,q) and HE=ATL(2,q).
Let L be the normal subgroup of H isomorphic to SL(Z,q9). Then Lg=E,
for BeQ—{a}. Hence (N*)?~®=L2"* and so there are an automorphism f
from N® to L and g Sym(Q) satisfying a®*=a and (8")¥=(B%)’*® for each B
Q—{a} and x&N® From this, (8%)% ¥ =(B")*=(B*%)"®, so that g lxg=f(x).
Hence g"'N®g=L.

Set S=Lg, X=Sym(Q) N N(L), D=Cy(L) and Y=N,(S). By the proper-
ties of ATL(2,q), L is transitive on Q— {a}, |F(S)|=qg and Y/S=Z _,. Hence
D is semi-regular on Q— {a} and Y7® is regular on F(S)— {a} and so D=
DF®O K YF® because [D, N*]=1. Therefore DS Z,_,. Since X/DL is isomorphic
to a subgroup of the outer automorphism group of SL(2,q), we have |X|<
ITL(2,9)|, while TL(2,g)=H<X. Hence X=H and X normalizes E. There-
fore, as (G,)*=>(N")¥=L, we have (G,)*<H. Thus Lemma 2.1 is proved.

Lemma 2.2 Let G be a doubly transitive permutation group on Q of even
degree and N* a nonabelian simple normal subgroup of G,, acQ. If Co(N®)=*1,
then Ng=N®NNP” for a= B Q and Co(N®) is semi-regular on Q— {a}. More-
over Co(N®)=0(N").

Proof. See Lemma 2.1 of [2].
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Lemma 2.3 Let G be a transitive permutation group on a finite set O, H
a stabilizer of a point of Q4 and M a nonempty subset of G. Then

|F(M)| = |No(M)| x | {M*|M*<H, gcG}|/|H]| .
Proof. See Lemma 2.2 of [2].

Lemma 2.4 Let H be a transitive permutation group on a finite set A and N
a normal subgroup of H. Assume that a subgroup X of N satisfies X¥=X~. Then
(1) IFX)NBY¥|=|FX)NYY| for B, vEA.
(i) |F(X)|=|F(X)NBY|Xr, where r is the number of N-orbits on A.

Proof. By the same argument as in the proof of Lemma 2.4 of [3], we
obtain Lemma 2.4.

2.5 Properties of PSL(3,q), ¢=2".
lab lab
La]W:ﬂqu&={01c1meEGHMWAF=@IOMaJE
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Then |Z|=(3,g—1) and N,=N,/Z is isomorphic to PSL(3,q). Set N=N,,
S=3S,, A=A, and B=B,. Then the following hold.

(i) N is a nonabelian simple group of order ¢*(g—1)*(g+1)(¢°+q¢+1)/
G,qg—1).

1056
() 1SI=¢, §'=®(S)=2(S)= {lexeS}={(g ! g)[beGF(q)}zE.,,

1050 200
Gﬂ@}-&=K86;>bmeGH@}amiZ:KOdONdeGH@,ﬁ:*.

S[S8'=E 2 and S is a Sylow 2-subgroup of N.

(iii) S=<4, B>, ANB=Z(S), I(S)SAUB and each elementary abelian
subgroup of S is contained in 4 or B. Let 2€I(S)—Z(S). Then Cs(z)=
A or B.

(iv) Set M,=A", M,=B". Then M;*+=M, and M,UM, is the set of all
subgroup of N isomorphic to E .

(v) Let 2 be an involution of N. Then I(N)=2" and |Cy(2)|=(¢—1)¢%/
(3,¢—1).

(vi) Let E denote 4 or B. Then |Ny(E)|=(¢g—1)%(g+1)¢*(3,9—1), Ny(E)/
E=Z,xPSL(2,q), where k=(¢—1)/(3,g—1) and Ny(E) is a maximal subgroup
of N.

(vii) Set M=(N,(E))'. If ¢>2, then M=M', M>E, M|[E=PSL(2,q) and
M acts irreducibly on E.

(viii) Set A=E". Then |A|=¢’4g¢+1 and by conjugation N is doubly
transitive on A, which is an usual doubly transitive permuation representation
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of N. If Ce{4,B}—{E},|F(C)|=q+1, C is a Sylow 2-subgroup of Ny,
and C is semi-regular on A—F(C).

Lemma 2.6 ([6]). Let notations be as in (2.5) and set G=Aut(N). Then
the following hold.

(i) There exist in G a diagonal automorphism d, a field automorphism f and
a graph automorphism g and satisfy the following:

G=<g, f,d>N>H,=<f,d>Nt>H,={d>N, H;=PTL(3,q), H,=PGL(3,q)
H,|N=Z,, where r=(3,q—1), G|H,=Z,, H,|H,~Z, and G|Hy~=Z,X Z, .

(ii) M,=A", M,=B" and A*=B.

Lemma 2.7 Let N=PSL(3,q), where g=2". Let R be a cyclic subgroup of
N of order q+1 and Q a nontrivial subgroup of R. Then N y(Q)=Ny(R)=Z,X
Dy(yi1), where k=(q—1)/(3,q—1) and Dy .y is a dihedral group of order 2(qg+-1).

Proof. We consider the group N as a doubly transitive permutation

group on A=PG(2,q) with ¢*+¢-+1 points. By (2.5) (i), R is a cyclic Hall
1

subgroup of N and so we may assume R<N,, where a=(O>EPG(2,q). Since

0

| Nagl =(g—1)%¢%/(3,¢+1) for a= B A and (¢+1,(¢—1)%¢*)=1, R is semiregular
on A—{a}. Hence Ny(Q)<N,. Put E=04(N,). Then N,=Ny(E) by (2.5)
(viii) and Ny(Q)E[E=Z X Dy+y by (2.5) (vi). Since Ny(Q) N E=Cz(Q)=1 by
(2.5) (v). Hence Ny(Q)=Z, X Dyy4p. As R is cyclic, Ny(R)<Ny(Q). Thus
Ny(Q)=Ny(R)=Z X Dy(gsn.

Lemma 2.8 Let N=PSL(3,q), g=2" and let H(=N) be a subgroup of
N of odd index. Then H<N \(E) for an elementary abelian subgroup E of N of
order ¢.

Proof. Let S, A and B be as in (2.5) and let A be as in Lemma 2.7. Since
[N: H| is odd, H contains a Sylow 2-subgroup of N and so we may assume

1 0 0
S<H. Set a=(0>, 3:(1), «y=(o>. Then S<N,=Ny(4), Se=B, Sy=
0 0 1

1a0 )
{(O 1 0) aEGF(q)}qu and hence |a’|=1, |B5|=q and |¥5|=¢.
001

If a?={a}, HXN,=Ny(A4) and the lemma holds. Byv (2.5) (i), (¢*+1,
IN|)=1. Hence a?= {a} U 7%, so that we may assume either a?= {a} U B¥ o1
af=A.

If af={a} UpB%, a?=F(B) and B'is a unique Sylow 2-subgroup of H
by (2.5) (viii). Hence HI>B==F : and the lemma holds.
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If a?=A, by (2.5) (iv), Nyz(A4)F“ is transitive and so |H| is divisible by
g+1. Since (¢*+q+1,¢g+1)=1, |H,]| is divisible by g+1. By (2.5) (vi) and by
the structure of PSL(2,q), Z, X PSL(2,9)=H,JA<Ny(A4)/A, where m is a
divisor of (n—1)/(3,n—1). Therefore |N: H|<g—1. We now consider the
action of N on the coset '=N/H. As |T'|#1 and N is a simple group, N7 is
faithful. But N has a cyclic subgroup of order g+1 and so [T'|>g¢+1, which
implies |N: H| >q+1, a contradiction.

Lemma 2.9 Let N=PSL(3,q), where q=2*" and t a field automorphism
of N of order 2. Let S be a t-invariant Sylow 2-subgroup of N. Then the follow-
ing hold.

(i) Z(KHS)=E;.

(if) If S, is a subgroup of <t)>S isomorphic to S, then S,=S.

Proof. Since Cg(¢) is isomorphic to a Sylow 2-subgroup of PSL(3,/¢q),
Z(Cy(t))=E.; and Z(Cs(t))<Z(S) by (2.5) (ii). Hence Z({t)S)=Z(<t>S)N
<HC(B) NC(Z(S)=Z(<t>S) N Cs(t)=2Z(Cs(t))=E,z. Thus we have (i).

Suppose S,#S. Then {HS=S,S>S, and [{HS: S]=[S;: S,NS]=2.
If Z(S,)£S, we have §;=<2>x(S;:NS) for an involution z in Z(S;)—S. By
(2.5) (ii), 2=®(S;) and so S,=<z, S;NS>=S,NS, a contradiction. Hence
Z(S)<S.

If Z(S))=Z(S), E,~=Z(S)<Z(S,S)=Z({t)S)=E 7 by (i), which is a con-
tradiction. Hence Z(S,)=Z(S).

Let = be an involution in Z(S,)—Z(S). Then Cys(2)=E_ by (2.5) (iii).
On the other hand, S;<C¢ys(2) and [Cps(2): Cs(2)]=1 or 2. From this S,
has an elementary abelian subgroup of index 2. Hence ¢=2, a contradiction.
Thus we have (ii).

3. Proof of the theorem

Throughout the rest of the paper, G® always denote a doubly transitive
permutation group satisfying the hypotheses of the theorem.

Since G,>>N?, | B¥*|=|v¥"| for B, yEQ— {a} and so |Q|=1+7|B""|,
where 7 is the number of N®-orbits on Q—{a}. Hence 7 is odd and Nj is a
proper subgroup of N* of odd index for a+B€Q. Therefore, by Lemma 2.8
N3>A for some elementary abelian subgroup 4 of order ¢>. Let S be a Sylow
2-subgroup of N3. Then, by (2.5) (iii) there exists a unique elementary abelian
2-subgroup B of S such that A==B=E 2 and A=+B. Set M,=A"", M,=B""
and K=G,(M,)=G,(M,). By (2.5) (iv), M;U M, is the set of all elementary
abelian 2-subgroup of N of order ¢* and G, acts on {M,, My}, so that G,/K <
Z,. Hence K is transitive on Q— {a}.

(3.1) Let E=A or B. Then Ng, (E) is transitive on F(E)—{a}.
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Proof. If E*<Kg for some heK, E*<N®NKz=Nj. Since EN*=E¥ and
A=+ BX  E* is conjugate to E in N§. By a Witt’s theorem Ng(F) is transitive
on F(E)—{a}. Thus N,(E) is transitive on F(E)— {a}.

(3.2) 1If g=2, G®is of type (i) of the theorem.

Proof. Assume g=2. We note that PSL(3,2) is isomorphic to PSL(2,7).
It follows from [3] that G has a regular normal subgroup R.
Since K is transitive on Q— {a}, by Lemmas 2.3 and 2.4

N*NNA)| . 24r

\F4)] =141V 0N, 24 g g

“) H NG|

\F(B)| — 1IN ON@B)|ING: N3nN(B)|, . 24r
INgI IN“ﬂN(B)I

Let E=A or B. As Ni(E)=#1, Ny (E)F® is doubly transitive by (3.1). Hence
E<N?® and |F(A4)|=2°, |F(B)|=2" for some integers a,b. From this S=
<4,B><N®”NNPand [Ng: N*NNP| is odd. Hence, if S* <G, SE<NEN N,
where v=a¥f and so S*<N*NNP. Since S and S¢ are Sylow 2-subgroups of
N®N NP, S* is conjugate to S in N*NNP. By a Witt’s theorem Ng(S)F® is a
doubly transitive permutation group with a regular normal subgroup Ng(S).
Hence |F(S)|=2° for an integer ¢. By Lemmas 2.3 and 2.4,

|F(S)| = 143X IN& ST, g o,
|Ngl
Let = be an involution of Z(S) and assume &G, for some g G. Then
€N}, where y=a®. Since |[N3: N'NN?®| is odd, 2¢ is contained in N®. By
(2.5) (v), 2% is conjugate to z in N®. Hence Cg(2) is transitive on F(z) and by
Lemmas 2.3 and 2.4,

8x [I(NB)|,
[Nl

Suppose Ng=S. Then |F(A)|=3r+1=2°=2°+42r and |F(2)|=5r+1.
Hence r=1. Since Ny(4)=Cgr(A)<Cy(2) and Ng(A4)=E,, |F(2)]| is divisible
by 4. But |F(z)|=>5r+1=6. This is a contradiction.

Suppose Ng#+S. Then Ng=Nya(A) as Nya(A)=S,. From this, | F(B)|
=20=2°12r and so r=1. Hence |Q|=1+4|N*: N%=8. Thus |R|=8 and
G,=GL(3,2), hence G=AL(2,3).

|F(z)| = 1+

By (3.2), it suffices to consider the case ¢>2 to prove the theorem. From
now on we assume the following.
Hypothesis (*): ¢=2">4

(3.3) The following hold.
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(i) INE/N®NNP| is odd.
(i) Let yEQ and S, a 2-subgroup of N*. Then F(S;)={8€Q|S,<N%.

Proof. Suppose false and let T be a Sylow 2-subgroup of NEN% such
that T>S. Then T+S. Set S$;=TNNj and S,=TNN*NNP. Then S,
is a Syow 2-subgroup of N%, S,=%S and S,, S, and S are normal subgroups of
T. By Lemma 2.2, S;N®/N® is isomorphic to a subgroup of the outer automor-
phism group of N® It follows from Lemma 2.6 that S;N®/N® is abelian of
2-rank at most 2. Since S;N*/N®°=S,/S, and S,=S, we have S,/S,<E, by
(2.5) (ii).

Let A4;, B, be the subgroups of S, such that 4,=B,=E_; and 4,NS,<
A4,B,NS,;<B. Since 4,/A4,NS;==A4,S,/S,<8,/S:<E, and by the hypothesis
(%), ¢=4, we have |A4;NS,|>¢*/4. Therefore, if 4,NS,<Z(S), then ¢g=4,
A4,NS,=Z(S) and T=4,S and so Z(S)<Z(T), contrary to Lemma 2.9. Hence
A, NS, KLZ(S). Similarly B, N.S,<LZ(S).

LetxeA4,NS,—Z(S). Then x4’ < S for each ye 4, and so 4, normalizes
A. Hence A, normalizes B. Similarly B, normalizes 4 and B. From this T=
{A,, Bp)S™>A, B and so S;N”<K. Hence S;N*/N*=S,/S,~=Z,, so that there
exists a field automorphism # of order 2 such that T=<¢>S>S. Since $,<T
and S,=S, we have ;=S by Lemma 2.9, a contradiction. Thus (i) holds.

Let S€ F(S;)— {v}. Then S,<NJ}. Since NJ>N"NN? and |N}/N'N N?|
is odd by (i), Sy;<N"NN3<N?®. Hence F(S,) S {8€Q|S,<N?®. The converse
implication is clear. Thus (ii) holds.

(3.4) The following hold.
(1) Ne(B)F® is doubly transitive.
(1) If F(A)={a, B}, No(A)F“™ is doubly transitive.

Proof. Let E=4 or B. By (3.3) (i), S is a Sylow 2-subgroup of Nj.
Therefore, by a similar argument as in (3.1), Ng,(E) is transitive on F(E)— {8}.
Suppose N (E)*® is not doubly transitive. Then, F(E)={a, 8} by (3.1)
and (3.3). Since Nye(E) acts on F(E) and fixes {a}, we have Ny«(E)<Nj.
On the other hand Nye(E) is a maximal subgroup of N® by (2.5) (vi). Hence
Ny«(E)=Ng. If E=B, then N4, a contradiction. Thus E=4 and (3.4)
follows.

(3.5) The following hold.
(i) Put M=(Ny«(A))'. Then F(M)=F(4).
(i) Ng=NS for each yeF(A)— {a}.

Proof. Suppose F(M)=F(A). Then M<LNo(A)rn. It follows from (3.4)
that F(4)=* {a, B} and Ng(A)F™ is doubly transitive. Moreover by (2.5) (vii)
N (A)FO>MFN=PSL(2,q) as ¢>2. By Lemma 2.1, r=1 and either (1) g=
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4 and Ny(A)FD =4, or Ss or (2) |F(A)|=¢-

If (1) holds, |F(A)| =1+ |Nya(A4): N§|=142°3-5/|N§| =6 and so | Ng|
=2%3. Hence [Q|=1+]|N®: Ng|=1+25.3%.5.7/25.3=2-53. Let 2 be an
involution of N*NNP. Then, by (2.5) (v) and (3.3), 2°NG,==2%, so that
Ce(2)F® 1is transitive by a Witt’s theorem. On the other hand |F(z)|=1+
'CN“(z)IIZ\;i:I (N8)| _1425.3325.3—10. In particular |Cq(z)| is divisible by
5. LetR ltfe a Sylow 5-subgroup of C4(2). Then |Q|, |G,: N®| and | Ng| are
not divisible by 5 and so F(R)= {y} and R<N" for some YEQ. Therefore {z>
X R<NYby (3.3) (ii). But |Cy¥(2)|=2° by (2.5) (v). This is a contradiction.

If (2) holds, ¢*= | F(4) | =14 | Nya(A4): Ni|, hence | Ng| =(¢—1)¢’/(3,¢—1).
From this |Q|=1+|N" Ng|=1+(7—1) (¢+1) (F+q+1)=q(¢+¢—1).
Hence |G|,=|Q|,;X |G,l;=¢X |G4: K| X |K|,. On the other hand [N4(4)|,
=|F(A)| X | Ng,(4)|,=¢|K |, because K=N;,(A)N®. Therefore ¢!|K|,=
INg(A)]:<|Gl,=q¢X |Gy: K| X |K|[,<2¢|K|, and we obtain ¢g=2, contrary
to the hypothesis (). Thus we have (i).

Let yeF(A)—{a}. By (i) and (3.4) (i), N*>4 and M<N® Since
Nyo(4)/M=Z,, where k=(q—1)/(3,q—1) and |Ng/M|=|N5/M|, we have

8=N3. Thus (ii) holds.

(3.6) B A€ and G,=K.

Proof If B€ A4S, by (3.4) (i), there is an element g& G,p such that B=A4¢.
Hence Ng=g 'Nggl> g 'Ag=B and so M normalizes <4,B>=.S, a contradic-
tion.

(3.7) Set L=(Ny«(B))'. Then r=1, Lpn=B, L*®=L/B=PSL(2,q),
Lg=S and one of the following holds.
(1) Cy(N*)=1, |F(B)| =6, g=4 and Ny(B)"®=A; or S.
(i) Ce(N")<LZ,.,, |F(B)|=¢* and Ny(B)*® has a regular normal subgroup.

Proof. By (3.4) (i), N¢(B)F® is doubly transitive. If L<G,g, then L<
N and so BIL=L'<(N3)'=M. Therefore L=M and M><{4, B>=S, a
contradiction. Hence LG,s. From this N, (B)F®>LF®=PSL(2,q) and
(3.7) follows from Lemmas 2.1 and 2.2.

(3.8) If (i) of (3.7) occurs, then we have (ii) or (iii) of the theorem.

Proof. Since | F(B)|=1+|Nya(B): Nyg(B)| =6 and | N5: Nyg(B)| = | Nj:
Nyg(S)|=5, we have |Ng|=2°.3-5. Hence Ng=Nya(4) and so |Q— {a}|
=|N®: Ng|=21. By (3.6), PSL(3,4)<(G.)* " <PT'L(3,4) in their natural
doubly transitive permutation representation and hence (3.8) follows from Satz
7 of [7].

In the rest of this paper, we consider the case (ii) of (3.7). From now on
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we assume the following.
Hypothesis (%): r=1, ¢=2">2, |F(B)|=¢* and N (B)"® is a doubly
transitive permutation group with a regular normal subgroup.

(3.9) The following hold.

() N3=N°NN‘—M and |N3|—=(g—1) (g+1)¢"
(i1) = s odd.
(i) |F(4)|=g¢.

Proof. Since ¢*=|F(B)|=1+|Nya(B): Ny%(B)| by (3.7), we have
|NW&(B) | = | Npa(B)|/(@—1)=(g—D¢|(B,g—1). As N3=A, Nuz(B)=
Ny3(<4,B>)=Ny%(S). On the other hand, from (2.5) (vi) |Nya(S)|=|Ng:
M| X |Ny(S)|=|Ng: M| x(qg—1)¢®. Therefore (3,—1)=1 and |N5: M|=1.
Hence Ng=M and # is odd. By (3.3) (i) and (2.5) (vii), Ng=N"N NP Hence
F(A)=1+4|Nys(A)|/IN*|=q. Thus we have (3.9).

(3.10) Put m—|G,: N*|. Then the following hold.
(1) mis odd and S is a Sylow 2-subgroup of G,,.
(i) 19]=¢and |G|=¢(¢—1)"(g+1) (¢"+g+1)m.

Proof. Set C*=C4(N"). By (3.6), (3.9) (ii) and Lemma 2.6, |G,/C*N®|
is odd. Since C*NN*=1, m=|G,/C°N®|+|C”| and so m is odd by Lemma
2.2. 'Therefore S is a Sylow 2-subgroup of G, and so (i) holds.

Since [Q|=1+|N": N3|, |Q]|=¢ by (3.9). From this |G|=|Q| X |G,|
=g¢'m|N®| =¢(q—1)*(g+1) (#+¢+1)m. Thus (ii) holds.

(3.11) Let 2 be an involution of G,. Then |F(2)|=q’ In particular B
is semi-regular on Q) — F(B).

Proof. By (3.10) (ii), & is contained in N®. By (2.5) (vii) and (3.9) (ii),
IV | = IN5: Nug(S)] X (f—q)-+d—1=(g+1) (F—g)-+d—1=(g—1) (g-+ 1),
hence |F(2)|=14+¢(q—1)x(¢—1) (¢-+1)*/¢*(g—1) (¢+1)=¢* by Lemma 2.3.
As |F(B)|=¢? B is semi-regular on Q—F(B).

(3.12) Set A=F(B). Then the following hold.
(i) Ga>B and B is a Sylow 2-subgroup of G,.
(i) G(A)=N¢(B) and |No(B)|=¢(g—1)(g+1)m.

Proof. Since Nya(B)<N®(A)£=N* and Nya(B) is a maximal subgroup of
N°®, we have Ny«(B)=N%A). By (3.7), B is a normal Sylow 2-subgroup of
(N®)a and (i) follows immediately from (3.10) (i).

Since G(A)>G, and B is a characteristic subgroup of G, by (i), we have
G(A)<N¢(B). The converse implication is clear. Thus G(A)=N¢(B). By
(3.6), Gu=N;,(B)N® and so | Ng,(B): Nys(B)|=|G,:N®| =m. Hence | N(B)]
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= |F(B)| X | Ngy(B)| =gmx | Nya(B)| =¢°(q—1)%(g-+1)m. Thus we have (ii).

(3.13) Let T, be a Sylow 2-subgroup of N¢(B) and T, a Sylow 2-subgroup
of No(T,). Then T\%T,. Let x be an element of T,— T, and set U=BB*. Then
U=E j and for each y€Q, Uy=E 2, Uy€ B®, v'=F(Uy) and |v"|=¢*. More-
over Uy=Usj for all €Y.

Proof. If BNB*=+1, by (3.11) and (3.12) (i), we have B=B" and so x&
T,, contrary to the choice of x. Hence BNB*=1. As T\>>B and T,=T,">B",
U=BXB" and U=E x.

Let yeQ and put D=U,. Then F(D)2vY as U is abelian. Therefore
|U: D|=|9Y| <¢® by (3.11), while |D| <¢* because D is an elementary abelian
subgroup of N. Hence D=E and |F(D)|=|vY|=¢" By (3.6) and (3.9) (iii),
DeB¢. Since Uy< Uy=E for each §€ Y, we have Uy="Us,.

(3.14) Let U be as in (3.13). Let T'={X,;|1<i<s} be the set of U-orbits
on Q and set B;=U, for yEX; with 1<i<s. Then the following hold.

(1) s=q,.Q=.DlX,~ and | X;|=¢%

(i) B, is semi-regular on Q— X; and B; N\ B;=1 for each i, j with i j.

Proof. By (3.10) (ii) and (3.13), | X,|=¢* and |Q|=¢’ hence s=q. Cleary
.Q.=.QX,-. Thus we have (i).

By (3.13) (ii), B; is conjugate to B for each 7. Hence B; is semi-regular
on Q—X; by (3.11). Therefore, if B;NB;=*1, then X;=F(B;)=F(B,)=X,,
so that 7=j. 'Thus we have (ii).

(3.15) Set Y={B;|1<i<q} and let DEY. Then Ng(D)<NyU) and U
is a unique Sylow 2-subgroup of Cg(D).

Proof. Suppose Ng(D)LN(U). Since [N¢(D), UIKU, there exist g
Ng(D) and B;€ Y— {D} such that (B;)*<{<U. Set D,=(B;)*. Since [D,, D]=
[B;, D]*=1, it follows from (3.10) (i) that F(D,) N F(D)=¢ and so D is regular
on F(D,) by (3.11). Hence F(D,)=v?=v" for yeF(D,). By (3.14), F(D,)=
F(B,) for some B;€Y. By (3.12) (i), D,=B;, so that D,<U, a contradiction.
Thus we have Ng(D)<N(U). Hence U<0,(Cs(D)). Since UL Cy(B), Ce(B)
is transitive on F(B). Hence |C¢(B)|,=|F(B)| X | C,(B)|.:=¢* by (3.10) (i).
Therefore |C¢(D)|,=¢* as DEB® and so U is a unique Sylow 2-subgroup of
Co(D).

(3.16) |No(U)|=¢*(g—1)"(g+1)m.

Proof. Let S; be a Sylow 2-subgroup of Ny (U) and S, be a Sylow 2-
subgroup of Ng(S;). Suppose S;=%S, and let w be an element of S,—S,.
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Set y=a*"". Then (Uy)*€ B by (3.13) and (Uy)"<(Gy)*=G,. Since U and
U” are normal subgroups of S;, <B, (U,)*> is 2-subgroup of G, N S;=S. Hence
B=(Uy,)" by (2.5) (iii) and (3.6). Therefore U, U*<C4(B), so that U=U" by
(3.15) and we S, N N(U)=S,, contrary to the choice of w. Hence S;=.S, and
Sy is a Sylow 2-subgroup of G. It follows from (3.10) that |.S,|=¢".

We now consider the action of Ng(U) on I'={X;|1<i<q}. Set A=F(B).
By (3.12), S)(A)< G(A)=N¢(B) and | Ng(B)|,=¢° and so |.S,: Sy(A)] is divisible
by g. Hence S, is transitive on T" and so N(U) is transitive on I". Therefore
W;la((g)IIS)qu INe(U)NNe(B) | =¢X | No(B) | =¢°(g—1)"(¢+1)m by (3.12) (ii)
and (3.15).

(3.17) Let R be a cyclic subgroup of Ny of order g+1. Then |F(R)|=¢q
and R is semi-regular on Q—F(R).

Proof. Since Ng/A=PSL(2,q), there exists a cyclic subgroup R of Nj
of order g+1. Let Q=1 be a subgroup of R. Then, by Lemma 2.7 |F(Q)|

Nye N%: Nya 2(g—1) (g-+1
! ”(Q)'T]\l,gf L (qz(qlf;’;“ )_g. Thus (3.17) bolds.

(3.18) Let VEUS. If VU, then |F(U) NE(Vy)| =1 or ¢ for yEQ.

Proof. Suppose y=+=8€F(Uy)NF(V,). By (3.13), Uy, VB¢ and so by
(3.3) (it), Uy, Vy<N'NN?. Set H=0,N7). Then, by (3.6) and (3.9) (i), UyH
and VyH are Sylow 2-subgroups of N}. If UyH=V,H, then Uy=Vy and U, V
<C¢(Uy). By (3.15) we have U=V, a contradiction. Therefore UyH =V ,H.
Set X=<Uy, Vy>. Then XH=N} because Nj/H=PSL(2,q), ¢g=2", and
PSL(2,q) is generated by its two distinct Sylow 2-subgroups. Hence Nj>>X N H.
By (2.5) (iii), E,=U,NH <X N H. Since N7 acts irreducibly on H by (2.5) (vii),
XNH=H and hence H<X. From this X=Nj. Thus, by (3.5)(i) and (3.9),
|F(U) NF(Vy)| = | F(X)| = | F(N}) | =q.

(3.19) Let Q be a cyclic subgroup of N ya(B) of order g+1, VEU® and set
P=Ny(V). Then the following hold.

(i) O is semi-regular on Q—F(Q) and |F(Q)|=4.

(it) If P=%1 and V =D& BC, then P normalizes D and |F(P)N\F(D)|=1.

Proof. Since Nya(B)/B=PSL(2,q), there exists a cyclic subgroup Q of
Nya(B) of order ¢+1. Clearly Q is a cyclic Hall subgroup of N? hence Q is
conjugate to R defined in (3.17). By (3.17), O is semi-regular on Q—F(Q)
and |F(Q)|=gq. Thus (i) holds.

Suppose P=1 and let yEF(P). Then, by (3.9) (i), P<N” and hence
P normalizes N'NV. By (3.10) (i) and (3.13), N'N V=V, and VyEBC and so
P<Ny(Vy) and Ng(Vy)FV9=Ny(B)"®. Hence we have F(P)NF(Vy)={v}
by (3.7). As |F(P)|=q by (i), (ii) holds.
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(3.20) Let VeUC—{U} and let Q be a cyclic subgroup of N ya(B) of order
g+1. Then No(V)=1.

Proof. Set P=Ng(V)and assume P%=1. Let y€Q—F(Q) and set B,="U,,
B,=V,. By (3.15), O normalizes U and so by (3.19) O normalizes B,. Similarly
P normalizes B,. Therefore F(B,) NF(B,)>v"+ {7} as P=%1 and P is semi-
regular on Q—F(Q). By (3.18), we have |F(B;) N F(B,)|=q. Since P acts on
F(B))NF(B,) and |P| divides ¢g+1, P fixes at least two points of F(B,) N F(B,),
which contradicts to (3.19).

(3.21) Let T be a Sylow 2-subgroup of No(U). Then, for each Ve U—{U},
| T: N(V)| is divisible by q.

Proof. Suppose |T: Ny(V)|<q and set T1)=Ny(V). Then |T,|>¢° as
|T|=q° by (3.16). Hence ¢>|T\V: Ty|=|V: VNT,| and so |V NT,|>¢
Therefore, for each B,&B¢ such that B,<V,¢> |B(VNT)): VNT,|=|B;:
B,NT,|=|B;: B,NT|. Hence |B,NT|>q. Let yEF(B,NT)and set B,=U,.
Then <B,NT, B)<N'NT. As |B,NT|>qby(2.5) (i), B,NT NB,#1. By
(3.11),<B,NT, B;><Gr,y- By (3.12) (i), we have BN T<B,, so that F(B,)
=F(B,NT)=F(B,). Again, by (3.12) (i), Bi=B, and so U,V <C¢(B;). There-
fore U=V by (3.15), a contradiction.

(3.22) Put W=US®. Then |W|=q¢*+q+1 and G" is doubly transitive.

Proof. Set H=N(U). By (3.10) (ii) and (3.16), | W |=|G: H|=¢+q¢+1.
Let Ve W—{U} and let Q be as defined in (3.20). By (3.15), O<H and by
(3.20), Q acts semi-regularly on W—{U}. Hence |V¥#| is divisible by ¢-+1.
On the other hand, by (3.21), |V#]| is divisible by ¢ and so we have |V#|=
g(g+1). Thus (3.22) holds.

(3.23) GyNU=*L

Proof. Suppose Gy, NU=1. Since GGy and H>U, [Gy, U]<G, NU
=1. Hence G <CyU). By (3.15), U is a unique Sylow 2-subgroup of C¢(U)
and so G <0(G). On the other hand, as |Q] is even and G is doubly transitive
on Q, we have 0(G)=1. Therefore Gy =1 and hence G acts faithfully on W.
Since U is not semi-regular on W—{U}, by [4], PSL(n,,q))<G<PTL(n,q,)
for some n,>3 and ¢, with ¢, even. As |W|=¢+q+1=¢" 4+ +q+1,
¢(g+1)=aq(q""?+---+1) and so g=gq, and n,=3. Therefore PSL(3,q)<G<
PT'L(3,q9). But |PTL(3,9)|,=¢’ by (3.9) (ii) and Lemma 2.6. Hence ¢*=¢® by
(3.10) (ii). This is a contradiction. Thus G, NU=*1.

(3.24) G*® has a regular normal subgroup.
Proof. Since Gy <Ng(U), Gy NU is a normal subgroup of G. As Gy N
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U<0,(Gy) and G=>Gy, 0,(Gy) is a normal subgroup of G. Let E be a minimal
normal subgroup of G contained in 0,(Gy). Then E is an elementary abelian
2-subgroup of G and acts regularly on Q.

(3.25) If (ii) of (3.7) occurs, we have (i) of the theorem.

Proof. By (3.9), (3.10) and (3.24), G has a regular normal lsubgroup E
of order ¢°, where ¢=2" and n=1 (mod 2) and N® is transitive on Q— {a}.
Moreover G=G,E and G, is isomorphic to a subgroup of GL(E). Asin the
proof of Lemma 2.1, we may assume Q=E, a=0€E and GL(E)E<Sym(Q).
There exists a subgroup H of GL(E) such that H=TL(3,q) and HE=ATL(3,9).
Let L be a normal subgroup of H isomorphic to SL(3,q). Since g=2" and
n=1 (mod 2), L is isomorphic to PSL(3,q).

By (3.9) (i) and by the structure of AT'L(3,¢), there exist an automorphism
f from N® to L and g&Sym(Q) such that af=qa and (B%)¥=(B°)’* for each
BEQ— {a} and x&N®. From this (8%)¢ '*¢=(B*)=(B%)"* for each B Q—
{a} and so g7'xg=f(x). Hence g"'N®g=L.

Set X=N(L) N Sym(Q) and D=Cy(L). Then D is semi-regular on Q— {a}
as L is transitive on Q— {a}. Put T=f(4). Then N (T)"™=Z,_, and it is
semi-regular on F(T)— {a} by (3.5) (i) and (3.9) (i), (iii). It follows that D<
Z, .. Since X/DL is isomorphic to a subgroup of the outer automorphism
group of PSL(3,q) and f(4) and f(B) are not conjugate in Sym({) by the hy-
pothesis (**) and (3.9) (ii), it follows from Lemma 2.6 (i) that |X/DL|<n.
Hence | X | <n(¢g—1)|L|=|TL(3,9)|. On the other hand T'L(3,q)=H<X and
so X=H. Therefore g7'G,g>g 'N®¢=L and g7'G,<X=H. Thus we have
(3.25).

The conclusion of the theorem now follows immediately from steps (3.2),
(3.7), (3.8) and (3.25). '
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