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Introduction

The structure theory of quasi-projective modules over hereditary Noethe-
rian prime (HNP) rings has been developed by a number of authors, [10], [13],
[16], [17], [18]. A left module M over a ring R is said to be projectίve modulo
its annίhίlator when M considered as a RIIR(M) module is projective where
the left annihilator is defined to be 1R(M)~ {x^R\x M = 0}. In a similar
fashion one may make the same definition for right Λ-modules. The quasi-
projective modules, projective modulo their annihilator generally have a more

manageable structure than those quasi-projectives which fail this condition. For
example, quasi-projectivity is preserved under direct sums of copies of such
modules. In HNP-rings these modules have a comparatively simple structure.
They consist of the projective modules, and those quasi-projectives that are

direct sums of cyclic uniserial modules [3], [17]. Therefore, it is of interest to
determine those rings whose quasi-projectives are projective modulo their annihi-
lator.

It is known that for left perfect rings every left quasi-projective module is
projective modulo its annihilator [6]. Rangaswamy and Vanaja [13] showed
that a commutative Dedekind domain is a complete local Dedekind domain if
and only if its ring of quotients is quasi-projective. This construction gives a
class of Dedekind domains which have quasi-projectives not projective modulo
their annihilator. Implicit in their results is the following proposition: A
commutative Dedekind domain has every quasi-projective module projective
modulo its annihilator if and only if it is semi-local and not a complete local
Dedekind domain.

In this paper we set out to determine the structure of the HNP-rings whose
quasi-projective modules are projective modulo their annihilator. In so doing,
we actually determine the structure of the quasi-projective modules over semi-
local HNP-rings. The following theorem is proved: An HNP-ring has all
quasi-projectives projective modulo their annihilator if and only if it is semi-
local and is not Morita equivalent to a complete, local, Dedekind domain. As
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a consequence of this result, it is shown that hereditary, Noetherian rings with
all quasi-projectives projective modulo their annihilator are ring direct sums of

the above rings and Artinian, hereditary rings.

All rings considered are associative with an identity, and all modules are
unital. All conditions will be assumed to hold on both sides unless otherwise
stated. For example, an HNP-ring is a prime ring which is both left and right
hereditary and left and right Noetherian. However, our rings aie not neces-

sarily commutative so that in our terminology Dedekind domains and principal
ideal domains may be non-commutative.

As an HNP-ring satisfies Goldie's conditions on the right as well as the

left, it has a classical quotient ring which is simple Artinian. For such a ring

any one sided ideal is essential if and only if it contains a regular element [7],
We will use Q(R) to denote the quotient ring, or simply Q when the ring R
is understood. The following notation will be used: For a ring R, J(R) or

simply J when R is understood, will denote the Jacobson radical of R. Given
a module M, Mw will be used to denote a direct sum of A copies of M. For

the basic definitions and properties of torsion and torsion-free modules, regular
elements, and rings of quotients, we refer to [16] and [19]. For the basic pro-
perties of uniserial modules and serial rings, we refer to [3],

This paper is inspired to a large degree by [10], [13], [17], including the
proofs of some of the results.

1. Quasi-projective modules over bounded HNP-rings

An HNP-ring is said to be bounded in case every essential one sided ideal

contains a non-zero two sided ideal. By the results of Lenagan (9), the bounded
HNP-rings are exactly the simple, Artinian rings and those HNP-rings not

primitive. The bounded HNP-rings satisfy the following property which will
be used in some of the proofs of our results: Any essential one sided ideal

contains a product of non-zero prime ideals ([9], Theorem 3.3).

The main object of this section is to show that a quasi-projective module
over a bounded HNP-ring is either torsion or torsion-free. To do this we

will need the concept of purity. A sumbodule K of a module M over a ring

R will be said to be pure if r K=r MΓ\K for all rEΐR. The following pro-
perties hold for pure modules:

(1) If the quotient module by a pure submodule is a direct sum of cyclically
presented modules then the pure submodule is a direct summand.
(2) Any direct summand of a module is pure.

(3) A pure submodule of a pure submodule is pure.
The following result is due to Eisenbud and Robson ([4], Section 3):

Proposition 1. Let R be a boundecd HNP-ring, and M a finitely generated
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module. Then M is a direct sum of torsion cyclic modules and a projective module.

Using a variation of the argument given in ([10], Theorem 3.12) or ([8], The-
orem 5) yields the following proposition.

Proposition 2. Let R be a bounded HNP-ring, and M an R-module and
S a pure submodule of bounded order (That is, there exists o^pr^R such that r S== 0).
Then S is a direct summand of M.

Lemma 1. Let R be a bounded HNP-ring, and M an R-module. If M is

not torsion-free, then any cyclic direct summand of the torsion submodule Mτ of M
is a direct summand of M.

Proof. Let C be a cyclic direct summand of Mτ. We will first show that
for any submodule TV between C and M such that N/C is a direct sum of torsion
cyclics and a projective module implies that C is a direct summand of N. So
NIC=N'(£)P, P projective and N' torsion. Let n be the canonical homomor-

phism from N to P. Then N=Pl®L, P^P, L-ker(τr), C^L. An easy
exercise shows that L is torsion. As Ci s a direct summand of MTJ Cc Z, implies

that C is a direct summand of L. Therefore, C is a direct summand of N.

To show that C is pure, it is sufficient to show that for any system

Σti=\rijXj=ciy (ί'e/), (Cj eC), (r f j e/Z) which is solvable in M also has a solution
in C ([2], Theorem 2.4). Suppose nij (1 <j<t) is a solution in M. Consider the
submodule N generated by C and the m,. Then N/C is finitely generated, so
by Proposition 1, N/C is a direct sum of a projective module and a torsion

module. Therefore N=C®K. So m^c'j+k^c'^C), (k^K\ (l<j^ΐ).
Clearly {cfi is a solution in C. Thus C is pure in M. Applying Proposition 2,
C is a direct summand of M.

A module M is said to be projective relative to a module P if for every factor
module N of P the natural map Horn* (M, P) -> HomΛ (M, N) is epic. The
class of modules to which a given module M is projective is closed under sub-

modules, quotient mdoules, and finite direct sums [14]. An easy consequence
of this fact is the following condition: A module Ml®M2 is quasi-projective
if and only if M{ is projective relative to M; (i,j=l, 2).

In the proof of the next theorem and some of the subsequent results, we
make use of the following observation: Applying ([17], Corollary 4) a module

over a bounded HNP-ring is injective if and only if it is divisible. Thus, for

a bounded HNP-ring a module is reduced (that is, it has no divisible submodules)
if and only if it has no injective submodules.

Theorem 1. Let R be a bounded HNP-ring and M a quasi-projective module.
Then M is torsion or torsion-free.
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Proof. Suppose M is not torsion. Then by ([17], Lemma 14), M is pro-
jective relative to R. If M is not torsion-free, the torsion submodule Mτ is
non-zero. We first show that Mτ is not injective. Suppose Mτ is injective.
Then Mτ would be a direct summand of M and hence quasi-projective. But
this would contradict ([18], Theorem 2.12). Thus we may apply ([17], Theorem
10) to obtain a torsion cyclic direct summand C of Mτ. By Lemma 1, C is
also a direct summand of M. Therefore, C is also project!ve relative to R, a
contradiction. This completes the proof.

2. Torsion-free quasi-projective modules

The HNP-rings which are maximal orders in their rings of quotients are
called Dedekίnd prime rings. Suppose R is a bounded Dedekind prime ring
and P a non-zero prime ideal in R. Let RP be the localization of R with re-

spect to P in the sense of Marubayashi ([10], pages 96-97), and sttJ(RP)=P1.
Observing that R/P^Rp/Pt ([10], page 97) and letting R(P~)= limΛ/P" where

lim R/Pn is the inductive limit cf R/P", the following lemma gives a decomposi-

tion of the torsion divisible module Q/R due originally to Marubayashi ([11],

Lemma 5.1).

Lemma 2. Let Rbea bounded Dedekίnd prime ring. Then Q/R ̂  ΘΣ R(P~)
where P varies over all non-zero prime ideals of R.

For the following propositions we will need some definitions: Two rings R
and S which are orders in a given quotient ring Q are said to be left equivalent if
there exist units a,b£ΞQ such that Ra^Sy Sb^R. A module is said to be
uniform if every non-zero submodule is essential. The injective hull of such a
module is clearly indecomposable. Let R be a Noetherian ring and M a module
over R. Since the injective hull of M is a direct sum of uniform modules, M
has an essential submodule N, which is a direct sum of uniform submodules, say
N=(&^Ni(tGl). The cardinality |/| is called the rank of M. Since
E(M)=E(N)=® Σ E(NS) (te/) by the Krull-Schmidt-Azumaya Theorem, |/|
is uniquely determined by E(M), and hence by M.

Proposition 3. Let R be an HNP-ring which is left equivalent to a bounded
Dedekind prime ring S. Let σ denote the number of distinct prime ideals of S,
and c0 the first infinite cardinal. Then any torsion-free quasi-projective module
over R of rank m>σ c0 is projective.

Proof. Let M be a torsion-free quasi-projective module with m =

rank(M)>σ £0> and E the injective hull of M. Thus M contains an essential
submodule ξ&*ΣRxΛ(a^A) with each RxΛ uniform and \A\=m. By hypo-
thesis R is left equivalent to a bounded Dedekind prime ring S. Since the
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S(P°°) are countably generated over S, Lemma 2 implies that Q(S) has σ c0

generators. An easy application of the definition of left equivalence shows that
Q(R) has at most σ cQ generators. Therefore, the number of generators of M is

also m.

Suppose the rank of RR is n. Consider, 02 (/&,)<*> cM<*>. As each

Rxa is torsion-free, (RxΛ)W contains a copy of R ([17], Lemma 14). Thus M(λl)

contains a copy of (R)(A). Since M(w) is quasi -projective, M(M) and hence M, is
projective relative to R^A\ As M is an epimorphic image of R^A\ M is a direct

summand of R(A\ and so is projective.

Proposition 4. Let R be a semi-local HNP-ring. Then any torsion-free

quasi-projectίve module of infinite rank is projective.

Proof. If 7=0, R is semi-simple and there is nothing to prove. When

/Φθ, by ([15], Theorem 6.4), R is left equivalent to a Dedekind prime ring S
with /(SJΦO. Thus S is bounded ([9], Proposition 3.6). Likewise, using ([15],

Theorem 6.4) again, it is clear that S is also semi-local and has only a finite

number of maximal ideals. Thus the proposition follows from Proposition 3.

A Dedekind domain R which is complete with respect to the /-adic to-

pology is said to be a complete Dedekind domain. The following result due to

Singh will be needed ([16], Theorem 8):

Proposition 5 (Singh). Let R be a bounded HNP-ring. Then Q is quasί-
projectίve if and only if R is Morita equivalent to a complete local Dedekind domain .

We now turn our attention to those torsion-free quasi-projectives of finite

rank. The structure of these modules is virtually known [17]. Using the
results of [16], [17] we obtain,

Proposition 6 (Singh). Let R be a bounded HNP-ring, and M a torsion-

free quasi-projective module of finite rank. Then,

(1) If R is not Morita equivalent to a complete local Dedekind domain, then M
is finitely generated projective.

(2) If R is Morita equivalent to a complete local Dedekind domain, then M— P0£",
P finitely generated projective and E a direct summand of a finite number of copies

Proof. Case 1 follows from ([17], Corollary 4), ([17[, Theorem 18), ([16],
Lemma 1) and Proposition 5. For (2) observe that any injective submodule of M
is a direct summand of M, and therefore is a diiect summand of a finite number

of copies of O ([16], Theorem 5). This implies that M=P®E, E a direct sum-

mand of a finite number of coipes of Q, and P a submodule of M containing
no injective submodules. Another application of ([17], Theorem 18) shows that
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P is finitely generated projective.

We now investigate some of the properties of torsion-free quasi-projective
modules over bounded HNP-rings. The following propositions generalize 5.2
and 5.3 of Rangaswamy and Vanaja [13]. But first some definitions and lem-
mas.

An element xEΞM is said to be uniform in case Rx is a uniform submodule
of M. Let M be a torsion module and x^M a uniform element. The height
of x is defined to be the supremum of the lengths of the composition series of all
uniform submodules of M containing x. A module is said to be uniserial in
case all of its submodules are linearly ordered by inclusion. The socle of a
module M, denoted by Socle (M), is the largest semi-simple submodule of M.

Lemma 3. Let M be a torsion module and R a bounded HNP-ring. If a
uniform element 0 φ x ̂  Socle (M) has infinite height then there exists an injective
submodule of M containing x.

Proof. Consider the set {Ua}Λ€=A of uniform submodules of M containing
x. It suffices to show that at least one of them has infinite length since it will
be injective ([17], Lemma 2). Let E(M) be the injective hull of M and E(Ua)^
E(M) the injective hull of each Ua(a^A). It is clear that E(M) is also tor-
sion. Since R is hereditary, E(UΛ)-}-E(Uβ) is injective for each pair a>β^A,
so applying ([17], Theorem 2), E(UΛ)-\-E(Uβ) is a direct sum of uniserial modules

each with a non-zero essential socle. But the socle of E(C/Λ)+£(ί/β) is just Rx.
Therefore, E(Rx)=E(Ua)=E(Uβ) for all α, β^A. This fact and the fact that
x has infinite height imply that there exists a proper ascending sequence of
uniserial submodules of M containing x. The union of these uniserial sub-
modules is a uniform submodule of M containing x of infinite length which is
injective.

Lemma 4. Let R be a bounded HNP-ring, M a torsion-free R-module, and
E the injective hull of M. Suppose that N is a direct summand of E. Consider
the module K=M Π N of E. Then for all regular elements r^R,r MΠ K=r K.

Proof. Suppose rx&K, r regular (x^M). Then x~ y+z, y^N, z in the
complement of N. Thus rx=ry+rz so that rx=ry. This implies that x^N.

The following properties hold for the module K as defined above, and for
modules L^K, K^S^M and r a regular element of R:

(1) r (KIL)=r (MIL)nK/L.
(2) r.K^r SΓlK.

A module M is said to be torsionless in case there is a monomorphism of
M into a direct product of A copies of R for some indexing set A. This is
clearly equivalent to the following condition: For each OΦ#eM, there exists a
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homomorphism /: M -> R with /(#)ΦO.

Proposition 7. Let R be a bounded HNP-ring which is not Morita equivalent
to a complete local Dedekind domain. Then any torsion-free quasi-projective module
is torsionless.

Proof. Let M be a torsion-free quasi-projective module, and

In order to show that M is torsionless, we will construct an h €Ξ HomΛ (M, R)

Let E be the injective hull of M. Then there exists a direct summand L
of E such that Rx is essential in L. Consider K=M (~]L. Now M is reduced

(That is M has no divisible submodules), otherwise M would have an injective,

quasi-projective direct summand which would imply that the quotient ring Q
is quasi-projective, clearly in violation of our hypothesis and Proposition 5.

Therefore, there exists a regular element r ̂  R such that r K=r RK Φ K. Since

R is bounded, r R contains a product Pl» Pn of non-zero prime ideals. Thus
for some i, there exists a Pt, say P, such that P K^pK.

Let T be the torsion submodule of M/PK. Thus OΦ-K/PKeΓ, since P

necessarily contains a regular element. We will show that there exists a uni-

form element in the socle of K/PK with finite height in Γ. Suppose no such
element exists. Then by Lemma 3, each uniform element in the socle of KjPK

is contained in a torsion injective submodule of Γ. Thus there exists an in-

jective module N/PK such that K/PK^NjPK^T^MjPK. By Lemma 4

and the subsequent remarks d(K/PK)=d(N/PK)Γ(K/PK for each regular ele-

ment d^R. But N/PK is injective, hence is divisible, so that d(N/PK) =
N/PK. Thus d(K/PK)=N/PK Π K/PK=K/PK for each regular element d(=R.

This is a contradiction, since P contains a regular element.
Since there exist uniform elements in Socle (K/PK) of finite height, we

may apply ([17], Theorem 10) and Lemma 1 to find a non-zero cyclic direct

summand C of M/PK such that Socle (K/PK) ΓΊ CΦO. The module C may be

expressed as Ry/(Ry Γ\ PK), for some y^M.

As in the proof of ([13], Lemma 5.2), let*,: M/PK-*Ry/(RyΓ(PK) be the
canonical projection of M/PK to Ry/(RyΓ(PK), and ^:M-+M/PK, π2:M-+

M/(Ry Π PK) be the natural maps. Consider the following diagram:

/M

/ I

M—-> M/(Ry Π PK) >0

By the quasi-projectivity of M, there exists an h: M-+M making the diagram
commute. As π2h(M)^Ryl(RyΓ(PK) so h(M)^Ry. Since Ry is projective, it

suffices to show that h(x) φ 0. Suppose Rx c ker (h) Γ(K. Let 0 Φ a e K. As Rx
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is essential in K, so is ker (h) Π K. Thus Ra Π (ker (h) Π K) is essential in Ra.
Since R is prime Goldie and Ra protective, there exists a regular element bζΞR

such that backer (h)ΓlK. Thus Q=h(ba)=b h(ά). But b regular implies that
h(ά)=Q. Thus ίΓ^ker(Λ), a contradiction. This completes the proof.

Proposition 8. Let R be a bounded HNP-ring which is not Morita equivalent
to a complete local Dedekind domain. Then any torsion-free quasi-projective module
of at most countable rank is projective.

Proof. Applying ([17], Theorem 18), it suffices to consider the countable
infinite case. Let M be a torsion-free, quasi-projective module of countable

infinite rank. Applying Proposition 7 and using an argument similar to the
one given in ([13], Corollary 5.3), one can show that any submodule of finite

rank of M is projective. To show that M is projective, we apply a modifica-
tion of the argument given in ([12], Lemma 8.3). The injective hull of M has
the form E(M)=@ Σ~=ι Eh with each Έ{ indecomposable.

Consider the ascending sequence of finite rank submodules Kn=(φ'^Ei) ΓΊ M.
We show that the sequence Kn has the following properties:

(1) *!££,£»•.
(2) Each Kj is a projective module.
(3) Kj is a direct summand of Kj+1, (j> 1).

(4) M=\jKj.
These four conditions imply that M is projective.

It is clear that conditions (1) and (2) are satisfied. The module Kj+1/Kj
is finitely generated. Using Lemma 4, a simple argument shows that KJ+1/Kj
is torsion-free. By Proposition 1, Kj+1/Kj is projective. Thus Kj is a direct
summand of Kj+ί.

Let a<=M. Then αeθΣ^i for some n. Thus a<=Kn. Therefore,
M=(jKn.

3. Modules projective modulo their annihilator

The following theorem serves to characterize those HNP-rings whose
quasi-projective modules are all projective modulo their annihilator. How-

ever, before giving the proof we make the following observation: A ring is

said to be serial in case it is a direct sum of uniserial modules both as a left
and right module over itself. By a well known theorem of Nakayama ([3], The-
orem 1.2), any module over an Artinian, serial ring is a direct sum of cyclic

uniserial modules. Furthermore, any proper factor ring of an HNP-ring is
an Artinian, serial ring ([3], Corollary 3.2). These results along with ([17], Lem-
ma 9) and ([18], Theorem 2.13) show that any torsion quasi-projective module
over a bounded HNP-ring is a direct sum of cyclic, uniserial modules.
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Theorem 2. Let R be an HNP-ring. Then R has every quasi-projective
module projective modulo its annihilator if and only if

(1) Ris semi-local.

(2) R is not Morita equivalent to a complete local Dedekind domain.

Proof. To prove the necessity of (1), consider {Sa}Λ(ΞA a complete set of

pairwise non-isomorphic simple modules over R. Then T= θ Σ *5α is pro-
jective over R/J. The necessity of (1) now follows from ([5], Corollary 2.2).
The necessity of (2) is a consequence of Proposition 5 and Q not being projective
over R.

Suppose R satisfies (1) and (2). By Theorem 1 any quasi-projective module

is torsion or torsion-free. The torsion-free quasi -projectives are all projective
so we need only examine the torsion case.

Suppose M is a quasi-projective torsion module. Then there exists a set

{Cj ^eΛ of cyclic uniserial modules such that M=@^CΛ. As each CΛ is
uniserial, Artinian, CJJCΛ is simple. Suppose Cγ and Cβ appear in the de-

composition of M with Cγ/JCy^Cβ/JCβ. Consider the following diagram with

τrγ and πβ the natural epimorphisms :

Since Cβ is projective relative to Cγ, there exists a φ: Cβ-+Cγ which is necessarily

epic. Therefore, Cγ is an epimorphic image of Cβ, and since Cy is projective

relative to Cβ, Cγ is isomorphic to a direct summand of Cβ. But Cβ is inde-

composable. Therefore Cβ ̂  CΊ. As R is semi-local, R has only a finite
number of non-isomorphic simple modules. Combining this fact with the

previous observation, we see that M=@ 2*-ι C^A^ with k a positive integer
representing the number of non-isomorphic simples occuring in the decomposi-

tion of MjJM. As K= Cj 0 0 Ck is finitely generated, applying ([16], Lemma 2)

1R(K) Φ 0. But 1R(K) = 1R(M) so 1R(M) Φ 0. This means that RμR(M) is Artinian
([3], Corollary 3.2). By ([6], Theorem 2.3), M is projective over RflR(M).

Combining the proof of Theorem 2 with Proposition 4 and Theorem 1, we

have actually determined the quasi-projective modules over semi-local HNP-

rings.

Proposition 9. Let R be a semi-local HNP-ring. If a module M is quasi-

projective, it has a decomposition of one of the following types :
( 1 ) M is projecίive.

n

(2) M^0ΣCΊUί) where each Cf is cyclic, Artinian, uniserial and

θ Σ (CilJCiYAi\ k a positive integer.
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(3) M^P®E P a finitely generated protective module, E a direct summand
of a finite number of copies of Q. In which case R is Morita equivalent to a com-

plete local Dedekίnd domian.

We make the following observation which is true in any setting: Suppose

R is a ring direct sum of rings R{ (/==!, •••, n) and M a quasi-projective module
over R. Then M— Ml® ®Mn with each M{ quasi-projective over /?,. In

fact, since each R{ = efRei9 with the {e} being a set of central, orthogonal

idempotents, we may take M,— e^M. Now we are ready to prove the following
result:

Theorem 3. Let R be a hereditary Noetherian ring. Then R has every

quasi-projective module projective modulo its annihilator if and only if R is a ring
direct sum of Artinian hereditary rings, and semi-local HNP-rings which are not

Morita equivalent to complete local Dedekind domains.

Proof. By [1] every hereditary Noetherian ring is a ring direct sum of a

finite number of hereditary Artinian rings and HNP-rings. So let R=(£)*ΣίRi

where each Λ, is either a hereditary Artinian ring or an HNP-ring. Let M{ be

a module over JfZ f . Since the R action on M, corresponds to the R{ action, M{

is quasi-projective over R> if and only if it is quasi-projective over R. It then
follows that Mi is projective modulo its annihilator as an R{ module if and

only if it is projective modulo its annihilator as an Λ-module. This observa-
tion and Theorem 2 yield the necessity of the conditions.

For sufficiency, let M be a quasi-projective module over R. Thus M—
M^ QM,, with each M, quasi-projective over /?,-. If R{ is a hereditary,

Artinian ring, M{ is projective modulo its annihilator ([6], Proposition 2.3). If

Ri is an HNP-ring, Mt is projective modulo its annihilator by Theorem 2. Let

7,=/*(M,). Then/χMO==Λιθ θ/,θ θ#w. Therefore, 1R(M)= n/*(M,)=
/iθ θ/n. So R/lR(M)^Rl/I1® ®Rn/In. As each M, is projective modulo
its annihilator, each M, is a direct summand of (Λ,//,-)04*0 (1 <i<n). This shows
that M is a direct summand of a free R/1R(M) module. That is, M is projective

over R/1R(M).
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