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0. Introduction

In this paper we consider the following integrodifferential equation

du

2 0+ ovu+ 6¢>u(t)—{—S: a(t—s) depul(s)ds> f(t, u(t))

(0.1) “
uO0)=a, “LO)=b

in a real Hilbert space H. Here 4 and ¢ are lower semicontinuous proper con-
vex functions from H to [0, o], and 94r and 3¢ are the subdifferentials of ~Jr
and o respectively. The functions a(-) and f(-, +) are continuous from [0, T']
to (— oo, o0) and from [0, T']X H to H.

Our purpose here is to prove the existence of a global solution on [0, T'] of
the initial value problem (0.1). In the case of a(f)=0 K. Maruo [3] proved
the existence of a solution to the above equation under some restrictions. More-
over, we showed that this class of equations contains vibrating string equations
with unilateral constraints which were deeply investigated by M. Schatzman
[4], A. Bamberger and M. Schatzman [1] and C. Citrini and L. Amerio in [5].
We will extend the result ol [3] to the equation containing a delay term
which corresponds to vibrating string with not only a unilateral constraint but
also a memory (see the example of section 4). In a general situation it seems
to be difficult to solve the above initial value problem (0.1). Hence we will seek
a solution which satisfies (0.1) in some generalized sense as in [3].

The outline of the present paper is as follows. In section 1 we list the
notations and state the assumptions and theorem. In section 2 we obtain an
energy estimate to Yosida approximate solutions of the initial value problem
(0.1). In section 3 we prove our theorem. In section 4 we show an example.
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kind and helpful advices.

1. Assumptions, theorem and notations.

We list some notations which will be used throughout the paper. Let X,
X, and V be real Banach spaces and V'* the dual space of V. We use the same
notation ( , ) as the inner product of H to denote the pairings between X;, V
and their corresponding duals. We denote the norm of a Banach space S by
| « |s and use the usual notations L,(0, T'; S), C([0, T']; S) etc. to denote variable
spaces of functions with values in S. By 0g, and @,(-) we denote Yosida ap-
proximations of 9@ and @(+) respectively, i.e dpx=n"'(x—J{x) and @,(*)=
() a—JLx | b+ o(J{x) where J{=(14+A8p)~'. The notations d*u/dt denote
the left and right derivatives of « in H.

Next we state the assumptions and theorem.

The Banach spaces V, X;, H and X, hold the following properties.
(A-1) The following inclusion relations hold:

VcX,cHcX, and X,C {the dual space X}

where each inclusion mapping is continuous. Moreover, X, is separable, the
imbedding mapping V' —X, is compact, and V is reflexive and dense in H.

We introudce the assumptions of Jr(+) (see [2]).

A-2) «r(-) is a lower semicontinuous, convex function from Domain
D(yr)=V to [0, o] and the subdifferential 9+ of () is single valued and
bounded from ¥ to V*. Moreover they satisfy the following conditions.

(1) The function +)r is coercive in the sense that

lim Jr(x)/| %] p=1o0.
131>

(2) Suppose we are given a sequence of functions {u,} CW«(0, T; H)
NL.(0, T; V) such that
u,—u in C([0, T']; H),
u,—>u in the weak star topology of L.(0, T'; V).
Then a subsequence {u,} can be extracted so that 9ru,,—>0yu in
the weak star topology of L..(0, T'; V'¥).

ReEMARK. In view of the coerciveness condition (1) 4 is lower semicon-
tinuous also in the topology of H.

Next we state the assumptions of .
A-3) There exists &V scuh that, for any xE H,

(0@rx, x—2) = C, | 0ax | x,— Co{@a(®)+yr(x)+1}
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where C; and C, are positive constants independent of x and \.

The function f(¢, x) from [0, T]x H to H satisfies the following conditions.
A-4)

(1) For each x€H f(-, x) is continuous in H in [0, T].

(2) The following inequalities hold:

| f(t, )—f(&, )| a<Clx— s,

Lf(t, %) |n < C {1+ x| 4}

for any x, yEH and any t&[0, T] where C is a constant independent
of x,y and ¢.

Let k(t) be the solution of the following integral equation
(1.1) ko) = a* ()~ [ e @ke—9ds,  0<i<T
0

where a*(t)=Max{a(t), 0} and a~(t)=Min{a(t), 0}. As is easliy seen the solu-
tion k(2) exists, is unique and nonnegative.

A-5) The function a(t) is real valued and belongs to C*([0, T']).
Furthermore, we assume the following condition either A-6) or A-7).

A-6) The function a(-) belongs to C*[0, T']) and the following inequali-
ties hold:

Max * {k(t—s) So a*(E)dE—a~(s}ds<1 and S:k(s)ds<l :

o<t<r Jo

In addition to A-3) we assume that
A-7) For any positive € there exists a constant C, such that

[ (0yrx, x—y)| KEY(Y)+Ce(Yr(x)+1) for any x, yEH .

Remark. If ST |a(s)|ds<<1 and a(+)€C¥[0, T']) then the assumption A-6)
0

is satisfied. Indeed, integrating both sides of (1.1) over [0, T'] and noting that
a*(t)=|a(t)| +a"(t) we have

[ ryas< (] tawds+ (] a0)as—{ a0yas [ ke,
which implies
S:k(s)ds<1 .
Therefore
[ tet—9) [, a*@ae—aras<(] la@)lae<1.
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With regard to the type of the initial value problem (0.1) we consider solu-
tions in the following sense.

DerINITION. We say that a function uC([0, T']; X;) N W.(0, T'; H) is the
solution of the initial value problem (0.1) if the following conditions are satisfied:
1) o(u(t))+ |u(t)|y is bounded in [0, T'].
2) There exists a linear functional F on C([0, T']; X) such that
T T
Flo—u)<| a(o)ds— | pu(s)ds
for any v C([0, T']; X;) and
T
F(v(-)—{—g a(s— - )o(s)ds)
T d d T
= %49, 22 sdst | (fGs, ) —dguts), o5))ds
o ds ds 0

d—
(b, 2(0) — (1), o(T))
for any v€C([0, T']; X)) N L0, T; V)N Wi(0, T'; H).
3) The initial conditions are satisfied in the following sense
u(0)=a, b—%:—u(O)EGIKa

where K is the closure of the effective domain of @, I is the indicator
function of K and 01 is the subdifferantial of I,.

Now we state our theorem.
Theorem. Let the initial values a and b be given so that

acsVND(p) and bEH.

Then under the assumptions A-1), A-2), A-3), A-4) and A-6) or A-1), A-2), A-3),
A-4), (A-5) and A-7) we have at least one solution to the initial value problem (0.1).

2. Approximate solutions.

To begin with we prove some lemmas concerning the properties of the
subdifferential 94». Throughout this paper we assume the conditions stated in
our Theorem.

Lemma 1. Let g be a continuous mapping from C([0, T']; H) to Ly0, T'; H)
such that the following inequality holds :

[ 12@ 6 @)@ 15 ds
<cC g; lo(s)—w(s)| & ds



SoLUTIONS TO WAVE INTEGRODIFFERENTIAL EQUATIONS 459

for any v, we C([0, T]; H) and t£[0, T1.
Then there exists a solution uEL.(0,T; V)NWLO, T; HY N Wi, T; V*) of
the following equation

dzu . %
?—I—Gx]ru =gu) on[0, T]xV¥*,
(2.1)

du
0)=a, —(0)=5b.
w0 =a, 20
Moreover the solution satisfies the following energy inequality

2—1I‘2_ju(t)|§1+1]p(u(t))32'1|b|12=1+‘}/‘(a)
(22) :
+§o(g(u)(s), %‘f(s»ds for any t€(0,T).

Proof. We consider the following approximate equation to the inital
value problem (2.1), for any x>0,

2
%uﬂ—k Odruan = g(uw)  on [0, TIX V',

uu(0) = a, EW(O) =b.

Here +Jru is the Yosida approximation of + considered as a convex function on
H which is lower semicontinuous also in the topology of H (Remark after A-2)).
Taking the inner products of both sides of (2.3) with (d/dt)uu(¢) and integrating
the resultant equality over [0, #], we have

27 as0) V() = 27 1Bl +u(a)
+ S:( g(uw)(s), j—sup(s))ds forany t€(0,T).

Using Gronwall’s lemma and the assumptions of the lemma we see that the
functions |(d/dt)uu(t)|y and ru(uu(t)) are uniformly bounded on [0, 7]. Then
using (1) in A-2) we see that | J{uu(t)|, are uniformly bounded on [0, 7']. From
A-1) we know that {J{uu(¢)}u is relatively compact in H for each fixed . Com-
bining the uniform boundedness of |(d/dt)uu(t)| 5 and the above result and using
Ascoli-Arezela’s theorem we obtain that there exists a subsequence of {Jfuu(1)}
such that

lim J¥ () = u(f) in C(0, T; H).

Moreover, since both functions |(d/dt)uu(t)|y; and | Jiuu(t)|, are uniformly
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bounded it follows that u(t)eW. (0, T; H)N L. (0, T; V). Noting the equa-
tion (2.3), (2) in A-2) and the above resultants we know that u belongs to
WZ(0, T; V*). Thus we complete the proof.

We consider the Yosida approximate equations of (0.1) with ¢, in place
of @:

—d—zu,\—l—aq,lpuA—I— 6¢AuA+S a(+—s)0@up(s)ds = f(+, 1),

uA(O) =a, -&?uA(O) =b .

(2.4)

We set
2(0)(2) = —acp;‘u(l)-—S: a(t—s)dqyu(s)ds--1 (2, u(t)) .

From the assumption A-4) and the Lipschitz continuity of 8¢, it follows that
the mapping g satisfies the hypothesis of Lemma 1. Hence we have the fol-
lowing lemma.

Lemma 2. For each \>0 there exists a solution of the equation (2.4)
in V*.  Moreover the following energy inequality holds :

271 L 8) () + @r(0(1)
2.5) sZ“IbIH«Ir(aH%(dHS (5, 1(5), Z(6))ds
-{°f; a(s—E) Or((E)), 2 m(s)dds

for any t&(0, T').

Next we show that the functions |(d*/dt)u,(2)|x, @a(#r()) and yr(u,(t)) are
uniformly bounded in ¢ and A.

For a while we assume the assumtion A-6).

We set

wh(t) = S: @=(t—5) (Oqxnn(s), wr(t)—u(s))ds
(1) = [ —(@)7(t—9)0pun(s), 1(t)—1(5))ds
where (d)(t)=da(t)/dt.

Lemma 3. There exists a constant M such that



SoLuTioNs TOo WAVE INTEGRODIFFERENTIAL EQUATIONS 461

(2.6) w@) 2 =M [ {1-L(6) 5t 14+ 0()) + a(n () s

— | ks)dsy(an)

— [ k=) | a"@)ads-prm(t)
where k(t) is the function in the assumption A-6). Furthermore
) w ()2 [ @ (t—5) lonm () — o)} ds

Proof. Inductively we define functions #,(2) as follows:

(2.8) () = @), ) = || —a @ha(t—s)ds
where n=1,2,3, ---. Then we have
(2.9) 0< Ay (t) <Mt Y(n—1) !

where M=Max |a(s)|.
0<s<T

From (2.8) we know

3 huft) = a* @)+ [, —a () S h—s)ds.
In view of the uniqueness of the solution of the integral equation (1.1) we have
k(t)=37-1h,(t). Moreover {rom (2.8) we see that the functions k(z) and (d/
dt)k(t—s) are uniformly bounded in 0<t<T.
For any natural number n we set

(2.10) w,() = || Ba(t—5) @un(s), () —n(5))ds,
730 = [, Balt—9) (L (5), m(t)— () ds,
£30) = | B(t—5) (—0wn(s), m(e)—m(s))ds,
130 = [ Bt=9) (G5, w6, () —n(5))ds,

fite) = mat—9)(— [ a*(6— 1) Gapwn(1), (210 (1))duds

and
72t = { mat—9)(— [} (6= ) Gepwn(u), () —10(5)) duds.

From (2.4) we see
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2 .
Oty = —gt?ux_a\lfu}\"‘f( *y uA)—So a* (- — p)o@yuN(p)du

— So a=(+ — p)oprur(p)du -

Substituting this in (2.10), noting (2.8) and using Fubini’s theorem we get

w,(t) = 3} £+ Bult—s)oo (o)t t).
In view of (2.9) we see

|w,(t)| <M"T"|n! }\S/Ié)tcsl 1@@%(3), u(t)—ux(s))|.

Thus it follows that

5 oo t

w) =33 f:f(t)+§o B(t—s)wy(s)ds .
oo 5

Set L,.(t)=§f?(t), 1=1,2,3,4,5, and L(¢)=3] L,(t). Solving the above in-
tegral equation we get the following equality
2.11) wi(t) = L(t)—I—S; F(t—s)L(s)ds ,

where 2(t) is a positive continuous function in 0<s<t<T. With the aid of
an integration by parts we get

Ly(2) = k1) (b, () —a)
+ [| ldsyrt—s)(@fdsyun(s), an(e)—m(s))ds

_ So R(t—s)| (d]ds)ux(s) | 3ds .

Noting that
|i(t)—als = | (@ds)un(s)ds]
<27 (14 | (dJasyn(s) | )ds
we obtain
(2.12) LI <C [ (14 w(6) it () —(5) 5+ 1)ds

Using the assumption A-4) and Schwarz’s inequality we see

(2.13) |Lt)| <C S (lta(®) —1n(5) | 2+ |un(s) |+ 1)ds .

t
0
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The definition of the subdifferential yeilds

(2.14) Lt)= [, Bt— 9w u(@)ds— Kt—9)ds-wian(0)
215 L=< [ Kt—9a"6— mo(un(w)duds
—[.§. =" n)duds- or(m(®)
(216 Ltz —{ | H—s)a~(s— wplun(u)duds
+[.§, He—9a = wlm(@)dds .

Combining (2.11), (2.12), (2.13), (2.14), (2.15), (2.16) and the assumption A-6)
we obtain (2.6). The equlity (2.7) is a direct consequence of the difinition of
the subdifferential.

Noting Lemma 3 and using the argument of the proof of Lemma 3 we
can establish the following lemma, where k(Z) is the solution of

k(t) = —(d)‘(t)-{—St —a(s)h(t—s)ds .
0
Lemma 4. There exists a constant M such that

@ (12 =M | {19 15(9) i+ 1+ (1(5) - @a(1a(5) s
- {! Be—syds-w ()
_‘S:’}(t_‘) So a*(§)dEds-pi(t) -

Moreover

(1) > S: (@) (t—3) {on(ta(s) — r(ta(8))} s .

Proposition 5. Under the assumptions A-1), A-2), A-3), A-4) and A-6) the
Sfunciions |(d[dtyu\(t)|u, @A(ur(t)) and (u\(t)) are uniformly bounded in N and t.

Proof. Using Fubini’s theorem and the integration by parts we see
S: So a(s—&) (0paur(£)), %ua(S))dEds
= S:s; a(s—§) (0@a(ur(£)), %(uA(s)—uA(g)))dsdg

— w+(t)—i—w'(t)—|—S: (@* () +-~(s))ds .
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Combining the inequality (2.5), Lemma 3, Lemma 4 and the above equality and
using the assumption A-6) and Gronwall’s inequality we complete the proof.

Proposition 6. Under the assumptions of Proposition 5 there exists a cons-
tant M independent of \ and t such that

T
[, 100515, ds<.

Proof. We set
20) = |, Om((5), m(s)—=)ds

where 2 is the element in the assumption A-3).
In view of (2.4) we get

30 = (2 (5) =D )+ (5, 1), s (5)—2)ds

L &1 (5—E) Opan(£), un(s)—un(£)) d€ds

So @ (s—&) (Bpain(&), ta(s)—(£)) dEds
s: a*(s—§) (Opsur(£), ur(§)—=) d&ds

— .| =8 Coun(®), m(E)—2) deas
= L+ L4141+ 15 .

Using the integration by parts, the definition of the usbdifferential and the as-
sumption A-4) we get

t
L[ 1L 1)+ 1 @)+ oalin(s) s
From the difinition of the subdifferential it follows

t S
141 | 1at—9) o (o) +orm (@) tds
From Proposition 5 it follows I,+I;+1,<Constant. Combining I,=— St w(s)ds,
0

Lemma 3 and Proposition 5 we see I,<Constant.
Using the integration by parts we see

I,= — [ aa—g)y@aas.

Then we get
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y(t)<Const— g: a~(t—s)y(s)ds .

Combining the assumption A-3) and Proposition 5 we know that (y(¢)+N) is
a positive function on [0, T'] where N is some large positive number. Then
using Gronwall’s lemma and the above inequality we get

(»(t)+N)<Const .

Using a similar method to the proof of lemma 3 of [3] and combining the above
inequality and Proposition 5 we complete the proof.

Next we assume the assumption A-5) and A-7).

We define w, (2, £) by

wi(t, ) = | a(s—t)Lu(s)ds and
(2.18) S d ds

Wyt &) = S; —a(s—¢)w,(t, s)ds inductively .
Lemma 7. We have the following inequalities
leea(t, ) | a <A™+ My(2) - (¢—£)" " (n—1) !
— — Max| %
where A—}\S/I‘g la(e)l, L—°1\</{3¥| A a(t)| and

My(t) = (24+TL) Max |1n(s) s

Proof. With the aid of the integation by parts we see
lwy(2, &) | <M\(2) .
The remaing part can be established by induction.

Remark. From Lemma 2 we know w,(2, -)EL.(0, T; V) for each ¢, n=
1,2,3, .
We set, for n=1, 2, 3, -+,
dZ

fusl®) = =, (., 0), (),

f".Z(t) = _S; (wn(t, ‘:)’ a‘\]/'u;‘(z;))dg and
fual) = {6, £, £&, miEN)a

Lemma 8. We get the following equality
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S:S: a(s—&) (0paun(€), %u,‘(s))dgds = g F,(¥)

where F(t)={f, ()1 A2)+f2.52)}

Proof. Using the equation (2.5) and Fubini’s theorem we get
¢
| e, 8), 000 = Fu)+
t
+ [ s, ©), 20t

Noting that
[.[; ats—0) Goun(®), Luys))atas

— [} @i, &), 0puan())ae
and Lemma 7 we can prove this lemma.
Lemma 9. There exists a constant C independent of \ and t such that
[fun®|+ 1 fos) | <
CA(ADin—2) ({10 (s) Pds+-1)
for n=1,2,3, ---, where we set (At)™'/(—1)!=1.
Proof. In view of Lemma 7 and the assumption A-4) we find
(2.19) | fus®)] <Ay~ M,0) [ A+ 1) sl n—1)!
On the other hand there exist a constant K independet of A and ¢ such that
(2:20) WMD), CO+ 1@ ) <K([ 1L y6) |+ 1)ds

The desired result on f, 4(t) follows from (2.19) and (2.20). Using the integra-
tion by parts and noting w,(z, £)=0 we see

t
| fua®) < (e, 0L 8t 16O |-La06) s
t(rt da
- §, 5 B -l |- @) s
Noting Lemma 7, (2.20) and choosing a constant M so large that M >((LT+

A)T+(K+AT)|b|y) we get the required inequality for f;,(f). Noting the
following equalities
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d . td .
zs-wn(t’ S) - a(O)wn—l(t) s)+S‘ ga(g s)wn—l(t) S)dg .
and lemma 7 we have

lgs—w,,(t, )| a<(A(t—s))*2M,(1)/(n—2)!{A+LT}

where n>2.
On the other hand it follows

t
| Fua®) <1t )10t | 1 %008, ) L |- Lot (5) s
o ds ds
Then using Lemma 7, the above two inequalities and (2.20) we know

| faa®)] S (At M (@) (n—2) HAT [0+ (A+LT) 1S9 Lo
<M(ary Y n—2) 1+ 1L )L}

where M is a positive large number independent of A, ¢ and #n. Our required
inequalities for f, ,(¢) are obtained.

Lemma 10. For any £>0, there exists a constant K, independent of n
and t such that

| fo )] < 46(AL)"(n—1) [} dr(an (£))+
KA1 o ()ds-+1}.

Proof. From (2.18) we see that the functions w,(¢, £) are equal to

1 fL o fL e Ba—g) e Eadu(t Eads,

where d8,=d&,_,d&€,_,:+dE, and n=1, 2, ---.
From (2.18) we have the following equality

w(t, E4m1) = alt—Eu-Ji()— a0 (o) — [, dls—Er-ur(s)ds

= at—Eu) ()t Ear))— A6~ Ermd) ()10 Er-)ds
where d=(d/dt)a(t).

Using the above two lemmas and the assumption A-7) and noting

() —(Ea-1) = (a(+)—w(8))+(n(8) —un(Es-1))

we obtain the following inequalities

n
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| (wn(t: E)) a\b'uh(g)) !
<[ L @O+t D)+ Codlin(Eani)+(Cort Chas,

477 [ [ ) H Ot D)+ Codli Eu))+ 255,

Then it follows
[ fuo(t)| SEAL)" 7 (n—1)-yr(un(2))
+(Co+C1+-1) (4t)*24/(n—1)! - S: Yr(y (5))ds+(Ce+Cy) (2 A4)* Y (n—1)!

LAY (n—1)1-2(C,+2) g‘ (10, (5))ds -
0
Therefore the proof of the lemma is complete.

Combining Lemmas 8, 9 and 10 and the inequality (2.5), choosing & suffi-
cently small and using Gronwall’s lemma we get the following proposition.

Proposition 11. Under the assumptions A-1), A-2), A-3), A-4), A-7) the
functions Ig—t—u,‘(t) | &, @A (U\(2)) and r(u\(t)) are uniformly bounded in \ and t.

Noting the above proposition and using a similar argment to the proof of
Proposition 6 we have the following lemma.

Proposition 12. Under the assumptions of Proposition 11 there exists a
constant M independent of \ and t such that

T
So | 0ntin(s) | x,ds <M .

3. Proof of Theorem.

We set
T
Fy(v) = So (Brtns), v(s))ds  for any vEC([0, T]; X1) .
From the definition of F, and Fubini’s theorem we get the following lemma.

Lemma 13. We have the following equality
[, s c—=9 @oun(o), oendsat = Fy([att—-yo(e1a0).

Combining Propositions 5, 6 and lemma 13 or Proposition 11, 12 and
Lemma 13 and using the argument of the proof of Theorem in [3] we obtain
our theorem.
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4. Example. (see the example in [3])

Put H=L,(0, 1), X,=C([0, 1]), X;=L,(0, 1) and V———I-OII(O, 1). Then from
Sobolev’s imbedding theorem the assumption A-1) follows.

We consider the following symmetric sesqulinear form a(u, v) defined on
VxV.

1) a(u, u)>38|ul}
2) la(u,v)| <K |uly|vly

for any u, vEV where 8§ and K are some positive constants. We put r(u)=
a(u,u). Then it is easy to prove that «J(+) satisfies the assumption A-2). More-
over we know that it satisfies the assumption A-7).

Set

K = {f€L,0, 1); f(x)>r(x) aex<[0, 1]}

where r € C([0, 1]) and 7(0), r(1)<1.

Let @=1Ig be the indicator function of K. Then we show that the Yosida ap-
proximation of 9¢ satisfies the assumption A-3). We choose a function &
C'([0, 1]) such that 8(0)=0(1)=0 and 8(x)—r(x)>o>0 for any x€[0, T']. In
the assumption A-3) we define 2, ¢, and ¢, as 8, o and 0 respectively.

Since

0 if f(x)=r(x)
O, f(x) = { A (%) —7(x)) if fx)<r(x),
and f(x)<<r(x) implies

O(x)— f(x)>0(x)—r(x)>0o ,
we have

(Oprf, f—0)=c |0 f| x, -

Therefore we have the assumption A-3).

Now we can consider the term 0pu as a unilateral constraint and the integral
term in the equation (0.1) as a memory term. Then we can regard the initial
value problem (0.1) as the vibrating equations with a unilateral constraint and a
memory term.
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