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A REMARK ON FINITE POINT TRANSITIVE AFFINE

PLANES WITH TWO ORBITS ON L
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In this note for the most part we shall use the notations of [1]. Let S>=
π U /oo be the projective extension of an affine plane and G a collineation group
of 3>. If p is a point of $ and / is a line of <P, then G(p, /) is the subgroup G
consisting of all perspectivities in G with center p and axis /. If m is a line of
IP, then G(m, m) is the subgroup of all elations in G with axis m.

In [3] the author proved the following theorem on Kallaher's conjecture
(See [1]).

Theorem 1. Let π be a finite affine plane of order n with a collineation
group G which is transitive on the affine points of π. Suppose that G has two
orbits of length 2 and n-\ on L. Then π is a translation plane and the group G
contains the group of translations of π, except in the following case:

(*) IG(/oo, L)I = n = T for some m>\, G(plf L) = G(p2ί L) = 1 and
I G(p9 L) I =2 for allp^L— {ρl)p2}) where {pl}p2} is a G-orbie of kngth 2 on L.

The case (*) actually occurs when π is a desarguesian plane of order 2.
Maharjan [2] studied the planes with property (*) under the condition that
n<4. The purpose of this note is to prove the following.

Proposition 2. Assume (*). Then n=2 and G is a cyclic group of order 4.

Maharjan [2] proved the proposition under the condition that n<4.
The proposition, together with Theorem 1, gives the following.

Theorem 3. Let π be a finite affine plane of order n with a collineation
group G which is transitive on the affine points of π. If G has two orbits of length
2 and n— 1 on L, then one of the following statements holds:

(i) The plane π is a tanslation plane and the group G contains the group of
translations of π.

(ii) n=2 and G is a cyclic group of order 4.

In the rest of the note, we prove Proposition 2. Set T= G(/oo, /«>) and L=
GPltP2. Then | G: L \ =2. Let O be an affine point of π. Set l=Pλ O. Sup-
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pose that G, is transitive on the points of /. Since 2\n, there exists an involu-
tion σ in the center of a Sylow 2-subgroup of G/. By Corollary 3.6.1 of [1], σ
is a perspecitivity. Theorfore σ is an elation with the center Plt On the other

hand G/ΠTW. Thus G(P191)*1. This yields P2

G'Φ-P2> a contradiction.
Hence we have the following.

(1) G/ is not transitive on the points on /.
As G leaves {Ply P2} invariant, GPl=L. Hence, by Theorem 4.3 of [1], we have

(2) L is transitive on the lines through Plt

Since | G: L \ — 2, (1) and (2) imply that L has exactly two orbits Ω! and Ωx on
the points of π such that | Ωj | = | Ω21. Hence,

(3) 10,1 = |Ω, I =»2/2.
Therefore Zr/(=G/) has exactly two orbits T1 and Γ2 on the points of /. It fol-
lows from (2) and (3) that Γ^ί^Π/, Γ2=Ω2Π/ and | Γ^ | = | Γ21 =w/2. Also
wegetL0<L,, |G: L0 | = \G: L\ x \L: Lt\ X |L/:Zr 0 | =2 n n/2=n2.

Suppose that n—l=f=l. Let p be a prime such that p\(n—1) and A a p-
Sylow subgroup of L0. Then since n—l=\L—{P1JP^\\\G\ and | G: L0| =
n2=2Zm

y A also is a Sylow ^-subgroup of G and -4Φ1. Since (n—l,n/2)=l,

\Fix(A)Πl\ >2. Assume that NG(A)<L. Then since L<G and A is a ^>-
Sylow subgroup of L, LNG(A)=G and so L—G, a contradiction. Therefore

ΛΓG04)^L. Let τ^NG(A)-L. Then Γ is through P2 Hence there exists a
point ρ on / such that A fixes Q. Since ^4 fixes Λ, O, £>, P2, O

τ and Qτ, A is a
planar collineation group. In particular, Fix(A) (Ί(/oo—Δ)φφ. This yields
that G is not transitive on L—Δ by Theorem 3.6 of [1], a contradiction. Thus
n—l — l and so τz=2.

We may assume that π=PG(2, 2)z-, where L-<(1, 0, 0)> <(0, 1, 0)>. Let
/ 0 1 0 \

P1=<(1, 0, 0)> and P2=<(0, 1, 0)>. Then, by direct computation, G=< 1 Q 0 >.
Clearly | G | =4. Thus Proposition 2 follows. V I 0 I/
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