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1. Introduction and results

This paper is concerned with the construction of acyclic affine surfaces
from plane algebraic curves.

Surfaces will always be connected, non-singular, quasi-projective, alge-
braic surfaces over the complex numbers. Let R be a subring of the rational
numbers. A surface V is called R-homology plane if H (V; R)=0 for i>0.
In the case R=Z we simply refer to this as a homology plane.

We investigate homology planes via their compactifications. The com-
pactifications give rise to an algorithmic construction of surfaces from curves
in the projective plane P?. If X is a projective surface and CC X a curve we
call (X, C) or X a compactification of any surface V which is isomorphic to the
complement X\C.

Ramanujam produced the first example of a homology plane. (See RaAMANU-
jaM [1971]). His homology plane was in fact contractible and produced a
counterexample to the conjecture that a smooth contractible affine surface over
the complex numbers was the standard plane. Any smooth affine variety (over
the reals) is the interior of a smooth manifold with boundary. In the case of a
homology plane, it follows that the boundary is a homology sphere. When the
homology plane is contractible, this observation gives homology planes bounding
contractible manifolds—a point of interest in topology. It wasn’t until 1987 that
other homology planes were found. Gurjar-Miyanishi (see GURJAR— MIYANISHI
[1987]) produced all homology planes of logarithmic Xodaira dimension 1. In
this paper they ask whether there are an infinite number of contractible homology
planes of Kodaira dimension 2. We announced the first affirmative solution to
this problem in ToM DIiEck—PETRIE [1989]. Among the results of this paper
are the details of the announcement. Infinite families of homology planes of
Kodaira dimension 2 result from the main theorems A and B here. See (3.20)
and (3.21).

Another application of the main results here is the production of homo-
logy planes which have non trivial finite order automorphisms. These planes
and finite order automorphisms produce counterexamples to the conjecture that
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non trivial homology planes have no finite order automorphisms. This conjec-
ture appears in PETRIE [1989] where it is also shown that the contractible homo-
logy planes of Kodaira dimension 1 have no finite order automorphisms. See
ToM DIEcK [1990a] and MiyaNisHI-SUGIE [1991], [1991a] for the construction
of homology planes with automorphisms.

There is recent interest in the higher dimensional analogs of homology
planes, i.e. acyclic affine varieties of arbitrary dimension. Some are obtained as
products of homology planes with C*, see ZAIDENBERG [1991]. Others are pro-
duced as hypersurfaces in C" in ToMm Dieck—PEeTRIE [1990]. See also PETRIE
[1992], Tom Dieck [1992a], [1992b], Dimca [1990], Karivman [1991]. These
analogs are related to the Abhyankar-Moh Problem: Is any hypersurface in C"
which is isomorphic to C*~! actually ambiently isomorphic to C*~!? The point is
that it is possible to produce acyclic hypersurfaces in C” but the question remains
whether they are isomorphic to C*~! and therefore potential negative responses to
the problem. One related question is: For which homology planes X can X X C*
be a hypersurface in C"? See ToMm DIECK—PETRIE [1990] for the case n=3.
Perhaps the explicit homology planes produced from Theorems A and B will
yield answers to these problems.

In this paper we give a construction of all homology planes. This is the
content of Theorem A. The construction produces other affine surfaces as well.
Theorem B and Theorem 3.13 tell which among these are homology planes and
the Determinant Algorithm 4.27 gives an effective method of applying Theorems
B and 3.13. The results of the first 4 sections deal with the existence of homo-
logy planes. The constructions begin with a curve in a minimal projective
surface (which can be the projective plane). If there is one homology plane
associated to such a curve, there are infinitely many distinct homology planes as-
sociated with the same curve. It can even happen that the same homology
plane can be associated with different curves. Any classification of homology
planes must take this into account. In subsequent notes we illustrate this point
by using e.g. the group of birational automorphisms of the projective plane to
produce isomorphisms between some of the homology planes constructed here
and elsewhere.

Our first theorem explains the construction of homology planes from
curves. In order to state it we need some notation.

By an expansion p: X—Y of Y we mean a composition

P X=X Lo X, x, 2 x, = v,

where each morphism p; blows up a single point. Blowing up a single point is
also called a o-process. An expansion p: X—Y of Y is called a contraction of
X. The exceptional set of any expansion p: X—Y is
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2, = 2(p) = {y€Y|pY() is not a point} .

"The exceptional divisors of p are the components of p~Y(x) for x€3,. Let &=
&(p) denote the set of exceptional divisors.

We now explain the basic setting for the whole paper. Let D=D,U---U
D,CY be a curve in a minimal rational projective surface Y such that the D;
are rational and the (irreducible) components of D. There is a unique minimal
expansion z: X—Y such that z7}(D)=C has normal crossings (embedded
resolution of singularities). Minimal means that any other expansion with this
property factors over z.

Choose a partition E=&,]1 &, and define d: £—{0, 1} by d~(7)=&;. Let
D’=p# D denote the proper transform of D. Consider the curve (=reduced
effective divisor, additive notation) D(d) in X
(.Y Dd):=D'+ 3 ECcp(D)=D'+ N E.

Ec€é&, Ee&
Then D(d) is a normal crossing curve and has a dual graph T'D(d) with vertex
set Ty D(d) and edge set I', D(d). If T is a graph we set s(I')=1—X(T),
where X denotes the Euler characteristic. If I" is connected, then s(T") is the
number of its (independent) cycles. We refer to the beginning of section 2
for our terminology relating to graphs. In the case of I'=T D(d) we set

(1.2) s(d) = 1-X(T D)), r(d)=|&l .

The function d: £—{0,1} is called a selection function for D, if the following
holds:
(1) T D(d) is connected )
(1.3) (b, = second Betti number) .
2) r(d)+s(d) = n—by¥)
Affine varieties have a connected compactification divisor (1.3.1). The equality
(1.3.2) is basic for varieties of general type. This fact will be explained in the
proof of Proposition (2.3). The term ‘selection function’ simply refers to the
fact that one has in general a choice for such a function.
We want to cut the cycles of I' D(d). We call ®CT', D(d) a cutting set for
(D, d) if the subgraph with vertex set Ty D(d) and edge set T, D(d)\® is a tree.
(Thus |®|=s(d), provided (1.3.1) holds. 'The case &=} is not excluded.)
Given (D, d, ®) we let B1(D, d, @) denote the set (of isomorphism classes)
of expansions p: Z(p)—X with the following properties (1.4). According to
our terminology in section 2, the set @ is a set of points in X, so that the state-
ment (1.4.1) makes sense.

1 z,=a.
(2) For each x=® the graph of A'(x) UB'(x)U p~*(x) is a linear
(1.4) tree. Here A(x) and B(x) are the curves which intersect in x.
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(3) Each curve p~!(x), x®, contains a unique component Eq(x)
with self-intersection —1 (called (—1)-curve).

Expansions with these properties are referred to as standard. Later in this
paper these expansions are called subdivisional. This terminology is taken from

Fujita [1982], (3.4) . Let

(1.5) B(p) = p7(D(d)— X Eo(*) < Z(p) -
The family of surfaces

(1.6) V(p) = Z(p)\B(p), p<BI(D,d, D)

is called the tower of surfaces belonging to (D, d, ®). If ® is empty, the tower
consists of the single element X\D(d). Open surfaces V' have a logarithmic
Kodaira dimension z(V)&{—c0,0,1,2}. It is known that homology planes
V #C? with (V)€ {— oo, 0} don’t exist.

Theorem A. Let V be a homology plane of general type. Then there exists
a rational curve D in some minimal rational surface Y, a selection function d for
D and a cutting set ® for (D,d) such that V is isomorphic to V(p) for some
pEBI(D, d, D).

In fact, Y can always be chosen to be P%.  But for some copsiderations other
minimal surfaces Y are more appropriate.

The homology planes with z=1 have been described by GURjAR—MI1YAN-
1sHI [1987]. Therefore we concentrate on surfaces with z=2, called of general
type.

General considerations suggest that an algorithm like Theorem A exists for
construction of homology planes. By compactification, a homology plane V is
Z\B where (Z, B) is a compactification of V. The exceptional divisors lying on
B can be contracted giving a new surface X and a curve Y such that V=X\Y.
Further considerations show in fact X can be a minimal rational surface and ¥
rational. Still given a rational minimal surface X and a rational curve YCJX,
it is not at all obvious if one can reverse this process and produce a homology
plane. Theorem A and its companions Theorems B and 4.27 give an effective
algorithm for deciding this.

By Poincaré duality the irreducible components of D or D(d) define elements
in H(Y) or H¥X). This is explained in the beginning of section 3. Using
this fact we state:

Addendum to Theorem A. Under the hypothesis of Theorem A the
irreducible components of D (resp. of D(d)) generate H*(Y) (resp. H¥(X)).
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The next theorem tells us which surfaces V(p) in a tower are homology
planes. Suppose the edge xE® is an intersection of the components 4(x), B(x)
of D(d), denoted 8(x)={A(x), B(x)}. Let m,(A(x)) denote the multiplicity of
E(x) in the total transform p*A(x) (pullback of A(x) as Cartier divisor, compare
Definition (3.6)). Then m,(A(x)) and m,(B(x)) are coprime positive integers.
Let Z(0x) denote the free abelian group with basis {4(x), B(x)}. Let

m,& © Z(0x)

be the element with x-component m,(A4(x)) A(x)+m,(B(x)) B(x). More gener-
ally a multiplicity function m for (D, d, ®) assings to each x&® a pair of coprime
integers (m(A(x)), m(B(x)). We also denote by m the corresponding element in
Dico Z(0x).

Theorem B. Let D be a curve with rational components in a minimal ra-
tional projective surface Y. Let d be a selection function for D such that the com-
ponents of D(d) generate H((X). Let ®=+0Q be a cutting set for (D,d). Then
there exists a multilinear function

A= AD,d, D): @ Z(0x) > Z

such that:
(1) W(p), pEBLD, d, D), is a Q-homology plane if and only if A(m,)=0.
(2) V(p)is a Z-homology plane if and only if A(m,)=--1.
(3) If A(m,)==0, then |H (V(p); Z)|=|H\(V(p); Z)|=|A(m,)|.

The function A(D, d, ®) will be called the discriminant of (D, d, ®). The dis-
criminant is defined up to sign.

The multiplicity functions can be used to parametrize elements in
B1(D, d, ®). Using the notation set up so far we can state:

(1.7) Proposition. The assignment pr—m, sets up a bijection between B1(D, d, ®)
and the set Mul(D, d, @) of multiplicity functions for (D, d, ).

The following elementary algebraic remarks use (1.7). By linearity, The-
orem B determines |A(m)| for each me®Z(dx). Two bilinear maps A, and
A, which have the same absolute value | A,(m)|=]|A,(m)| for all arguments m
are equal up to sign. Therefore there exists up to sign at most one bilinear map
A which has the properties stated in Theorem B.

By elementary algebra we see that if A assumes the value 1, then it does
so for infinitely many arguments. Therefore if a tower contains homology
planes at all, then it contains an infinite family.

The proof of Theorem B will show that the discriminants is effectively com-
putable. We do not claim that members of a tower are always surfaces of gen-
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eral type. There are usually some degenerate cases in a tower. We shall see
examples later. Different towers may contain isomorphic varieties.

Theorem A is proved in section 2; Theorem B is proved in section 3. In
section 4 we prove the Addendum to Theorem A and Proposition (1.7). For an
annoucement and further information see ToM Di1ECK—PETRIE [1989].

2. Towers of surfaces

This section is devoted to the proof of Theorem A.

We begin by introducing some terminology. A graph I'=(T%, IT';) consists
of two sets T\, the set of vertices, and T7, the set of edges, and a map 0 which
assigns to each x€T'; a non empty set 9xC T, of at most two elements. The
geometric realization of T" is a one-dimensional CW-complex with 0-skeleton T,
and with a 1-simplex corresponding to each ¥ €T\, attached to 0x in the obvious
manner. We do not distinguish notationally between I" and its geometric re-
alization and apply a geometric terminology to T, like: cycle, subdivision, Euler
characteristic, the edge x connects the points in dx etc.

A curve CCX is said to have normal crossings if its irreducible compo-
nents are non-singular, two components intersect in at most one point and such
a point is a transverse intersection, and there are no triple points. A normal
crossing curve C has a weighted dual graph (I'C, w). 'The graph T'C=(T,C, I',C)
has as vertex set T',C the set of irreducible components of C and as edge set
T',C the set of double points. An edge connects the vertices which intersect in
it, i.e. if A NB={x}, then 9(x)={4, B}. Therefore I',C is also a set of points
in X, but the I'-notation always refers to the graph. The weight function w:
T,C'— Z associates to AT C its self-intersection 4-4 in X. The intersection
matrix is I/CXT,C—Z, (4, B)—>A+-B and its determinant is denoted
det (T'C, w).

(2.1) Proposition. Suppose C is a normal crossing curve in the rational pro-
jective surface X. Then the following are equivalent:

(1) V=X\C is a Q-homology plane.

(2) The components of C are rational curves and T'C is a tree. The in-
clusion C C X induces an isomorphism H,(C; Q)—H,(X; Q).

Proof. We use co-homology with coefficients in @. From the homologi-
cal structure of topological surfaces one deduces easily: H,(C)=0 if and only
if the components of C are 2-spheres and I'C is a tree.

We combine the exact homology sequence of (X, C) with Poincaré duality
H*{(X, C)=xHyV') and H*(A)=<H4(A) for the aprpopriate spaces 4.

(1)=>(2) By hypothesis Hy(X, C)=H*(V)=0 for 0<7<3. The exact
sequence of (X, C) and H\(X)=<0 implies H,(C)=<0 and the isomorphism H,(C)
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= H,(X).

(2)=(1) From the hypothesis and the remark at the beginning H,(C)=0
and Hy(X)=<0. The isomorphism H,(C)==H,(X) and the exact sequence of
(X, C) imply Hy(X, C)=<HyX, C)=0 and hence H,(V)=H,(V)=<0. Since C
is connected we obtain HyV)=H,(V)=<0 from the exact sequence. O

Let V be a homology plane of general type. By the rationality theorem of
GURJAR— SHASTRI [1989], there exists a rational projective surface X, and a curve
D,c X, such that V is isomorphic to X;\D;. By embedded resolution of sin-
gularities (BARTH—PETERS— VAN DE VEN [1984], II(7.2)) we can assume that D,
has normal crossings. Let p,: X;—Y be a contraction to a minimal rational
surface and set D=p,(D;). We can expand further by p,: Z—X, such that
(p122)7* D has normal crossings. Let z#=z,: X=X),—Y denote the minimal
expansion such that z~}(D)=C has normal crossings. By minimality of = we
have a factorization p, p,==p with an expansion p: Z—X. Let B=p;'(D,). We
have V'=<Z\B by construction. We collect some properties of (p, B). For the
convenience of the reader we display the data above in the following diagram.

/\
\/

D

(2.2) Proposition. Let V be a Q-homology plane. The pair (p, B) has the fol-
lowing properties:

(1) =p(B)=

(2) Z(zp)cD.

(3) TBis atree.

(4) |To(zp)™ D|— Ty B|=|T, D| —5(Y).

Proof. The equality (1) holds by construction.

(2) If x&Z(zp)\D, then p~Y(x) CZ\B=V and at least one component of
p7Y(x) is a (—1)-curve E. Contract E to obtain V’. Then HXV)=ZDH V')
contradicting H%(V'; @)=0.

(3) is given by (2.1).

(4) We have |Ty(zp) D|—|TyD|=b,Z)—b,Y) as a general property
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of expansions and |T, B| =b,(Z) by (2.1). This yields the result. O

The curve p(B) is contained in z~}(D) but may be different from it. There
is a function d: &(x)—{0, 1} such that p(B)=D(d), see (1.1).

(2.3) Proposition. d is a selection function for D.

Proof. We bave to verify (1.3). Since V' is a @-homology plane, T'B is a
tree, so the curve B is connected ; hence so is p(B)=D(d) and therefore its weight-
ed dual graph T" D(d).

In order to verify (1.3.2) we have to analyze in detail the passage from X
to Z.

We write p as a composition of g-processes

p:Z2=Z 2z oz, 2z — %
The p-process p; blows up a point x; to E(x;).
Let D,C Z; denote the total transform of D(d)=: D, and B;CZ, the image
of B. Then B;CD,. The graphs I'D; and T'D,, are related in either one of
the following ways:

(24) The process p; blows up a double point x; of D; to E(x;). ThenT'D,,,
is obtained from T D; by subdividing the edge x,ET, D;. This p; is called
subdivisional expansion.

Xj
...... P = - P :B
PD- % I‘D".‘.l

(2.5) The process p; blows up a regular point x; of D, in the component 4.
Then T' D, is obtained from I'D; by attaching a new edge to I'D; at the
vertex AET,D;. This p, is called a sprouting expansion.

E(x;)

i . A
D, = D,
The graphs T'B; and I'B,,, are related in either one of the following ways:

(2.6) B4, is the total transform of B;. In this case T'B,,, arises from T'B,
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either by subdividing as in (2.4) or by sprouting as in (2.5).

(2.7)  Bj4, is the proper transform of B;. If p; is subdivisional, then I'B;,, is
obtained from I'B; by removing the edge x,€T,B;. If p; is sprouting, then
T'B; and T' By, are combinatorially isomorphic.

Of course, passage from B, to Bj,, changes the weights.

The geometric effect in (2.7) is the following. If p; in (2.7) is subdivisional,
then the edge ;T\ B; must be contained in a cycle, for otherwise I'B,,, and
hence I"'B would not be connected. Therefore in this case s(I'B;;,)=s(I'B))
—1, i.e. the number of cycles decreases by one (see the notation introduced be-
fore (1.2)). If p; in (2.7) is sprouting, then T'B_,, and I"B; are homeomorphic.
This shows:

Since T'D(d) has s(d) cycles and I'B is a tree there are exactly s(d) subdivi-
sional expansions (2.7).

The total number w=|T,p~* D(d)| — |T\B| of expansions (2.7) is counted
as follows.

|Ty(zp)™ D| —|ToB| =
|To(zp)™ D|—|Top™ D(d)| +|Top™ D(d)| — Ty B| =
|Ton™ D|—|TyD(d)| + | Top~ D(d)| — |ToB| =
r(d)+w.

This uses the definition of 7(d) in (1.2). From this string of equalities, (2.2.4)
and the previous paragraph we obtain

ITyD|—b,(Y) = r(d)+w = r(d)+s(d).

This is half of (1.3.2)

In order to prove equality we have to use the assumption that ¥ is a surface
of general type. For if we would not have equality, then a sprouting expansion
p; would occur in (2.7). In that case E(x;) intersects B, in a single point and
E,=E(x;)\E(x;)NBj4, is a carve in Z j+1\Bj4+1 which is isomorphic to the affine
line C. The proper transform of this curve in V'=2\B is also isomorphic to C.
This contradicts a result of ZAIDENBERG [1988] and of MrivaNIsHI—'TsuNoDA
[1990], which asserts that a homology plane of general type does not contain
such a curve. 0

We use the discussion in the proof of (2.3) to state another fact. We call
the expansion p: Z—X minimal if the following holds. Let p,: Z,—X be an
expansion and B;C Z, a curve such that (2.2) holds for (p,, B,) in place of (p, B).
Suppose moreover that w: Z—>Z; is an expansion such that »~}(B;)=B and
pro=p. If in any such situation o is an isomorphism, then (p, B) is called
minimal.
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(2.8) Proposition. If p: Z—X is minimal there are no sprouting expansions
(2.6) and (2.7).

Proof. In the proof of (2.3), by verifying (1.3.2), we have already seen that
there are no sprouting expansions (2.7). Suppose p; is a sprouting expansion
(2.6). Then E(x;)CB,,, is a (—1)-curve. It represents a vertex in I'\Bj,,
which is not a branch point, i.e. is contained in at most two edges, and which
is not contained in a cycle. One now shows by induction that I'B, for r>j+1
contains a vertex with weight —1 which is not a branch point and which is not
contained in a cycle. The fact that B,,;=B contains such a curve shows that
p: Z—X is not minimal. O

Using (2.8) it is now easy to verify by induction on j:

(2.9) Proposition. If p: Z—X is minimal, then T'D; is a subdivision of T'D;,
1<j, and T'B; is a subcomplex of T'D;.

Proof of Thoerem A. Let ¥ be a homology plane of general type. In the
preceding discussion we have already obtained the following data: A minimal
rational surface Y, a rational curve D in Y, a selection function 4 for D, an
expansion p: Z—X and a curve BCZ such that V=Z\B.

If (p, B) were not minimal we could pass to a minimal situation by suitable
contractions. So let us assume that (p, B) is minimal. This is then perhaps no
longer the expansion which appears in the diagram before (2.2), but (2.2) and
(2.3) still hold and therefore also (2.8) and (2.9).

We claim that =, is a cutting set for (D, d) and satisfies (1.4).

Property (1.4.2): This follows from (2.8).

Property (1.4.3): In geometric terms 3,CT',D(d) is precisely the set of
those edges which are subdivided when we pass from I'D(d) to T'D,,,. By
minimality of (p, B), the curve B does not contain the (—1)-curves in p~(x),
x€3,. If p~Y(x) contains more than one (—1)-curve, then I' B would not be
connected ; the proof is similar to the proof of (2.8). Therefore (1.4.3) holds.

Property (1.4.1): The edge x;ET, B, of a subdivisional expansion (2.7) is
contained in an edge of I'D(d) and this edge is contained in a cycle of I"D(d).
Conversely, each edge in 3,CT,D(d) contains exactly one edge belonging to a
sudivisional expansion (2.7). Since I'B is a tree, 3, must be a cutting set. []

A detailed description of expansions together with their weighted dual
graphs will be given in section 4.

We add the following remark. Let P={p,|j & J(x)} be the set of expan-
sions whose exceptional divisor is mapped to ¥€X,,. There is a unique expan-
sion of type (2.7) in P and this is p; with maximal j& J(x).
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3. The discriminant

This section is devoted to the proof of Theorem B. We need a computa-
tion of H%V) in terms of multiplicities. Cohomology with integral coefficients
will be used. We think of V" as being one of the surfaces in a tower.

We begin by recalling some general facts. A curve 4 in a projective surface
X defines an element {A>eH*X). There are two ways of explaining this fact.
Firstly, if Ac X is an irreducible curve, then 4 is the continuous image under
f: A—=X of an oriented closed 2-manifold 4. The fundamental class of 4 has
an image 2, H,(X) and <{4> & H*(X) corresponds to z, under Poincar¢ duality.
Secondly, the divisor A defines an element in the Picard group Pic(X) and <4
is its image under the first Chern class homomorphism Pic(X)—H?*X).

If £ is a set of irreducible curves in X we let Z(€) denote the free abelian
group on the elements of £&. We thus have a homomorphism

(3.1) «(€): Z(€) — HY(X)
which maps A€ & to <4).

The following Proposition collects some general facts about expansions.

(3.2) Proposition. Let p: X— Y be an expansion with set of exceptional divisors
&,. Then the following holds :

(1) If BCY is any curve and B’ —p#B denotes its proper transform, then
PB>—{B">=a(&,) (y) for a unique element m(B): =y Z(&,).

(2) The element m(B), written as a linear combination of the basis elements
E €&, has non-negative coefficients.

(3) The homomorphism

<%, a&p)>: H(YV)BZ(E) - H(X), (x,9)+ p*(x)+a(y)
is an isomorphism.

Proof. Suppose p is a o-process. Then (3) follows from the Mayer-Vie-
toris sequence in cohomology by using the fact that a o-process is the connected
sum with a projective plane. Using this, (1) and (2) follow from HARTSHORNE
[1977], V(3.6). The general case is now a straightforward induction on the
number of o-processes involved in the expansion. O

By linear extension the elements m(B) in (3.2.1) yield a homomorphism
(3.3) m: Z(T,D) - Z(&,)

for any curve DCY and any expansion p: X—Y. We also use the elements
m(A) in the next definition.

(3.4) Definition. If AT D and m(4)= 3 m(4, E)E, then m(4,E)e Z

Eeé&,
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is called the multiplicity of E in the total transform p*{A4) of A.

(3.5) Proposition. Let p: X—Y be an expansion with set of exceptional divi-
sors &,. Let ACY be an irreducible curve. The multiplicity m(A, E), EEE,,
is non-zero if and only if p(E)CA.

Proof. This follows by induction on the number of o-processes from
HarTtsHORNE [1977], V(3.5.2), (3.6). O

After this recollection we turn to the cohomological study of complements
of curves.

(3.6) Assumptions. Let C be a curve in the rational projective surface X
with the following properties:

(1) The components of C are rational.

(2) Hy(C)=0.

(3) H,(C) is free abelian. A basis is given by the fundamental classes of

the components of C.

(4) |T,C|=b(X). (T,C=set of components).

We do not assume that C has normal crossings.

(3.7) Proposition. Suppose (X, C) satisfies (3.6). Let j: V=X\C—X denote
the inclusion. Then the following holds :
(1)  The sequence

*

(o) HY(X) I H V) —> 0

24
Z(T,C)

1s exact.
(2) Visa Z- (resp. Q-) homology plane if and only if H¥V) is zero (resp.
finite).

Proof. Consider the diagram

j*
HY(V) <~ B(X)
| P P,
H{(C) «— Hy(X, C) «— HyX) < Hy(C).

The maps P are Poincaré duality isomorphisms. The bottom row shows part
of the homology sequence of (X, C). By (3.6.3) we can identify H,(C)=2Z(T,C)
and then P~'of, becomes a(I,C). Thus (3.7.1) follows.

The exact homology sequence of the pair (X, C), the assumptions (3.6) and
the fact that H)(X)=<H,(X)=<0 for a rational projective surface imply: The
groups Hy(X, C) are zero for 0<7<3 if and only if H,(C)—H,(X) is an isomor-
phism. By Poincaré duality this implies: H*(V)=0 if and only if Hy(C)—
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H,(X) is an isomorphism. This holds for integral or rational coefficients.
Since H,(C) and H,(X) have the same rank (3.6.4), the assertions of the
last paragraph are easily translated into the statment (3.7.2). O
We set L(C)=image a(T',C) and obtain under the hypothesis of (3.7) an
isomorphism H%(V)=H* X)/L(C).
We consider a pair (X, C) that arises from (Y, D) in a particular way:
(3.8) Data and assumptions on (p: X—Y, D, C).
(1) p: X—Y is an expansion.
(2) DCY is a curve with rational components.
(3) =,cD.
4) &:=E(p)=&E,U &, disjoint union.

(5) C=D'}Sipeq,E. (D'—ptD)

(6) C satisfies (3.6).

(7) «a(T,yD) is surjective and has kernel R.

(8) my: Z(T'y,D)—>Z(E,) is the composition of m in (3.3) with the canonical
projection Z(&)—Z(&,).

(3.9) Proposition. Suppose data and assumptions (3.8) are given. Then
H¥(V) = HYX)|L(C) = Z(&,)/myR) .
Proof. Diagram chasing in the following commutative diagram.

HY(X) = L(C)

[<o% aE)>
H(Y)DZ(E) a(TyD'U &)
| a(ro(D)@id
Z(TD)®Z(€) «—  Z([TWD)DZ(&)
:
The map & is defined as §(x', y)=(x, y—m(x)).

We express (3.9) more explicitly for the cases of interest. Let Ry, -+, R,
be a basis for R=kernel a(T,D), called relation basis. 'Then

k= |ToD|—b(Y), b(Y)+|E] =by(X)= |T,C| = |ToD|+|&l,

whence k=|&,|. Consider the elements of T,D as a basis for Z(T,D). Then
R; is an integral linear combination

(3.10) Ry= 3 c(A)4, ¢(AeZ.
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For AT, D the element my(A4), see (3.8.8), is an integral linear combination
(3.11) my(A) = >3 m(A4,E)E.
Ee&,
From (3.10) and (3.11) we obtain an equality of the following type
(3.12) m(R;)= 3 M, E)E, \Nj,E)EZ.
EEé’o

The coefficients a(j, E) constitute a (&, k)-matrix A=(\(j, E)), called multi-
plicity relation matrix, or MR-matrix for short.
Now (3.9) can be reformulated as follows.

(3.13) Theorem. Suppose data and assumptions (3.8) are given. Then V=
X\C is a Q-homology plane if and only if the MR-matrix A=(\(j, E)) has non-
zero determinant. If det A==0, then |H*(V)|=|det A|. The surface V is a
homology plane if and only if |det A|=1. O

Proof of Theorem B. We apply (3.13) to (p: Z(p)—X, D(d), B(p)) for
pEBI(D, d, ®) in place of (p: X—Y, D, C). We have to check (3.8). We have
assumed that a(T',D(d)) is surjective. It only remains to check that B(p) satis-
fies (3.6). Part (3.6.1) holds by construction; (3.6.2) and (3.6.3) follow from
(3.6.1) and because T'B(p) is a tree.

In order to verify |T'yB(p)| =b,(Z) we note:

b(X)—by(Y) = |Ton~ D| —|ToD|
= |TsD(d)| + 147 (0)| — | ToD|
and the definition of s(d) imply
b(X) = |ToD(d)| —s(d) -
Moreover we have
b(Z)—by(X) = |Top™ D(d)| — | T, D(d)|
= |ToB(p)| +|®| =T D(d)|
= |ToB(p)| +5(d)— T D(d)] -
The two relations imply the desired equality.

The MR-matrix is again computed from (3.10) and (3.11) which reads in
this case

Ri= > ¢4)4

4etobea
and
my(4) = E"‘(A’ Eo(x)) Eo(x) -
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The MR-matrix therefore has the entries

(3.14) Mi®) =, 3 cd)md, Ef=).
By (3.5) and (1.4.1) there are exactly two AT\ D(d) with m(4, E,(x)) =0, name-
ly the elements called A(x) and B(x) before the statement of Theorem B. Thus
my(A(x))=m(A(x), Eq(x)) and similarly for B(x). From (3.14) we see now that
the x-column of the MR-matrix A is a vector of the form

(¢;(A(x)) myA(x)4-c (B(x)) m,B(x)) -
Since the ¢,(4) only depend on the choice of the relation basis they are inde-
pendent of p. The discriminant A(D, p, ®) is now defined to be the determi-

nant of A, viewed formally as a function in the variables (m,A(x), m,B(x)), xE®.
Statements (1)—(3) in Theorem B are finally a restatement of (3.13). O

Theorem (3.13) is more general than Theorem B and allows calculation of
the discriminant without passing to a normal crossing curve. An example of
this type is given in (3.15).

(3.15) The Ramanujam tower. The first non-trivial example of a contract-
ible homology plane was published by Ramanujam [1971]. The starting point
was a curve D=RUS in P? It consists of a cuspidal cubic RCP? and a
regular quadric S C P? with intersection pattern R-S=P--50. Let p: Z(p)—
P? be a standard expansion (1.4) with 3,={P}. We consider the tower con-
sisting of surfaces V(p)=2Z(p)\B(p). Then (Z(p), B(p)) satisfies (3.6) and
(p: Z(p)— P?, D, B(p)) satisfies (3.8) with &, the (—1)-curve E in p~(P). We
have H)(P?)=Z and «(T,D): aR+bS+>3a—2b is surjective with relation
basis given by Rj=2R—3S. The expansion p is determined by the multiplici-
ties m(R, E), m(S, E) and my(R,)=(2m(R, E)—3m(S, E)) E. Hence 2m(R, E)—
3m(S, E) is the value of the discriminant. The case m(R, E)=m(S, E)=1 was
the example given by Ramanujam. The surface with m(R, E)=2, m(S, E)=1
can be shown to be isomorphic to an example in GURJAR— MI1vaNisHI [1987].

In the systematic treatment (i.e. in the tower algorithm of Theorem B) we
would first pass to the minimal resolution z: X—P? of D. The weighted dual
graph of z7Y(D)=Cis

-3 —1
SI

(@) )
R ’

2 —1 2 () -1 -2 —2 -2 —2

It has a single cycle. A selection function must have constant value one. There
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are three cutting sets, consisting of the edges (a), (), or (c).
The (—1)-curve S’ can be contracted giving z’: X'— P? and (z') "% D) has
weighted dual graph

-3

(8)

(Dual graphs can obviously be defined, more generally, when all singularities are
ordinary double points.) Because of symmetry of the graph one expects that the
cutting sets («) and (B) lead to isomorphic towers. This is indeed the case be-
cause one can show that the situation carries an involution which interchanges
(o) and (B). The tower of the last graph contains surfaces which are not con-
tained in the Ramanujam tower, e.g. cut the cycle at & or 8 with multiplicities
(1, 1). The resulting tree is not minimal and can be contracted to

—3
-2 —1 3
It belongs to a surface with z=—occ. By contraction of the part with negative

weights we see that the surface is isomorphic to the complement of a cuspidal
cubic in P2

(3.16) Four Lines in general position. Let L,, L,, L,, L,C P? be four lines
in general position. Then D=L,UL,UL;UL, is already a normal crossing
curve. The dual graph T'(D) is the 1-skeleton of a 3-simplex. Up to symmetry
there are two cutting sets @ and ¥, as indicated in the next figure.

® = {a, b, c} ¥ = {a, b, d}
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The discriminant in case ¥ is computed in ToM DIECK—PETRIE [1989], (2.10).
We illustrate the computation in terms of the present algorthm. Since <L,>
is a generator of H?(P?) a relation basis is

(3.17) Rl == LI_LZ) .Rz - Ll—"L3, R3 == LI_L4 .
The indexing of the lines is chosen so that with respect to the figures above

0a = {L,, L} 0b= {L,, L}

(318) d¢ = {Lb Lz} 0d = {Ll, L3} .

We use the following notation for the multiplicities: m(L;, E(x))=x;. The
values (3.14) are then by (3.17)

A1, x) = x—x,
M2, x) = x,—x,
A3, %) = x—x, .

In case ® only ay, a,, b,, b,, ¢, ¢, are non-zero. Therefore in this case ®

a —b ¢—c
(3.19) A=| aq 0 o
a,—a, —b, G

=b,c,a,+b,a,c,.

Since the multiplicities are positive integers we see that the discriminant never
has the value one. The tower does not contain homology planes. The simplest
element in this tower arises when all multiplicities are 1. This amounts to blow-
ing up the points a, b, ¢ once. The resulting tree has 4 vertices, a central one
with weight 1 and three edges attached to it with terminal weights —1. By con-
tracting the three (—1)-curves one arrives at a single curve with weight 4 in P?.
This must be a quadric.
A similar computation in case ¥ yields the discriminant

(3.20) A - (bz—‘b4) d3 al—l"(dl_da) bz a4 .

This tower contains infinitely many homology planes. They are actually con-
tractible: The next Proposition shows that they are simply-connected, and a
simply-connected acyclic manifold is contractible by the Whitehead-Theorem of
algebraic topology.

(3.21) Proposition. Surfaces in the towers of the Four Lines arrangement have
abelian fundamental group.

Proof. The fundamental group of any surface V in the tower is a quotient
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of the fundamental group of P\ UL,=W, since W is obtained from V by re-
moving a submanifold of real codimension two. It is well known that the fun-
damental group of W is abelian. d

In many interesting cases the selection function must have constant value
one. In this case we can state:

(3.22) Proposition. If a(T,D) is surjective, then a(T,D(d)) is surjective.

Proof. 'The proof will also show how to obtain a relation basis for a(T',D(d))
from a relation basis for @(TyD). We have

Dd)=C=='D)=D'U{E|EE€&,} .
We construct a commutative diagram with horizontal isomorphisms

HYY)DZ(E,) KAL)

] a(TyD)Did ] a(T,C)
Z(T.D)BZ(E) —— Z(T,C).

From (3.4) we have #*(D ;>={D/>+a(&) (y,) for suitable y,€Z(&,). In or-
der to make the diagram commutative we have to define o by o (D;)=(D},y;)
and o(E)=FE for E€&,. The map o sends a relation basis to a relation
basis. O

HY(X)

4. The weighted graph

A basic invariant of a homology plane or any other variety in a tower is
the weighted dual graph. This section collects some facts about graphs and
trees which are related to the tower algorithm:

1. The computation of the weighted dual tree from multiplicities and vice

versa.

2. The computation of the discriminant from the weighted trees.
Weighted graphs and trees are convenient for practical computations. They
can be used to illustrate the theory. Finally they are useful as a heuristic tool.

Many of the results of this section are known, but there seems to be no con-
venient reference for our purposes.

The weighted graphs of standard expansions are obtained from the multi-
plicities by a continued fraction algorithm. Therefore we recall some facts
about continued fractions. The symbol [¢,, -+, ¢,] for a continued fraction is
defined inductivley by [¢,]=¢, and

(4.1) [er, =, 6] = e;—[ep, -+, 6,]72 .

If 1<g<p are coprime integers, there is a unique ontinued fraction expansion
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4.2) L e,y
q

with integers ¢;>2. The determinant of the (,7)-matrix (a;;) with a;=¢;
and g;;=—1 if |i—j|=1 is denoted D(c,, :--,¢c,). The intersection matrix of
the weighted tree

— —, —c,

is the negative of the matrix just considered. Expanding the determinant with
respect to the first row yields for >3

(4.3) D(cyy +++y¢,) = ¢, D(cyy +++y ¢,)—D(c3 +++y ¢,) -
We compare this with (4.1) and obtaio by induction on r>2
D(c e C )
4.4 Ly ] =\ T G
( ) [CI C] D(CZ: % L‘,)
The relation (4.3) can be used to prove by induction on r>3 the following
identity
(4.5) D(eyy +++y ¢,-1) D(cyy ++y ¢,)—DAcyy »++y ¢,) D(cgy »++y €)= 1.
This relation shows that the right hand side of (4.4) is a quotient of coprime
integers. It also shows what happens, if continued fractions are turned around.
Namely:
pr/q = [clx T L‘,], Q’Q*El mOdP) and lgq*<1’ ’

(4.6) then.p/q* = [L‘,, AR Cl] .

Our aim is to characterize standard expansions by weights and multiplicities.
We use the following notation. Let My(4-) and My(A,) be a pair of coprime
integers. We set

My(A-)+My(A4,) —
My(4.)
MyA)+M(A) _ ¢
MyA-)
Associated to these data and to two further integers a-, a, is the following weight-
ed linear tree.

[a—n T a—l]

(4.7)

sy **°y al] .

a+ta.,—1 a_-y a-, 1 a4, a,+a,—1
(4.8) —  e-------- — o —0--- -
AL E ., E., E E E._ A’

Suppose A and A, are irreducible curves in a projective surface X and x€ AN B |
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is a regular point of transverse intersection of 4 and B (=an ordinary double
point of AU B). Although it is not necessary to assume at this point that 4_ and
A, belong to a normal crossing curve, we use the graph notation and illustrate
this situation by (4.9).

a_

A. A,

Here —a,.=A4,-A, are the weights. We may think of (4.9) as being an edge
in some larger weighted graph. An expansion p: Z—X with exceptional set
{x} is called standard if it has the following properties (compare (1.4)).

(4.10)
(1) The dual graph of p~Y(x) is a linear tree.
(2) p7Y(x) contains a unique (—1)-curve E,.
(3) If p~%(x)=E,, then p~'(x) has two terminal components. One of them
intersects A_ transversely and is disjoint from A4, and the other one
intersects A, transversely and is disjoint from 4 _.

We denote, in accordince with (4.8), the exceptional divisors of a standard
expansion p by E;, —r<j<s, and assume that E;NE;+@ if and only if
|i—j| <1. Finally let AL denote the proper transform of 4. and assume that
A’ NE_,-p+0and 4, NE,.,+=0. Forgetting about points in 4 N B which dif-
fer from «, the intersection pattern of AZ U p~Y(x) U 4% is codified by a weighted
graph of the shape (4.8), called the ngraph of A U p~Y(x)U A,. More generally
the ngraph of a normal crossing curve is the weighted graph obtained from the
weighted dual graph by changing the signs of the weights. That the weights
are actually given by a continued fraction algorithm (4.7) is the partial content
of the next Theorem.

(4.11) Theorem. Let p: Z—X be a standard expansion with exceptioanl set
{x} CANB and use the notation introduced above. Let MA.) denote the mul-
tiplicity of E,in p*(A.). Then the following holds:

(1) MO(A+) = D(a—(r—l)’ *tty a—l)
MO(A—) = D(as—l’ R al)-
If r=1 or s=1, then the corresponding multiplicities are 1.
(2) The multiplicities My(A_-) and M(A.) are coprime integers and the ngraph of
AL U p~Y(x) U AL is (4.8) with weights determined by (4.7).
Given the curves A. and x, the standard expansion with exceptional set x is uniquely
determined by the pair (My(A-), M\(4.,)) and any pair of coprime positive integers
arises from some such standard expansion.
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Proof. We already know from (3.2) that there exists a relation of the tpye
$=1
(+.12) PHA) = At S MAE;.

(We let E; denote the cohomology class determined by this curve. One can also
read (4.12) as an equality of Cartier divisors.) By induction over the number of
a-processes involved in p one shows:

(4'13) Ms—l(A") = 1’ M—(r—l)(A+) =1.

In order to simplify the exposition we assume r>2, s>2 and leave the cases
r=1 or s=1 to the reader.

Denote the intersection pairing by {—, —>. For any expansion p: Z—X
the relation {p*C, D>=<C, p4 D) holds for diviso1ts C in X and D in Z (see
HarTtsHORNE [1977], V(3.2)). In cohomological terms, py, is the Hopf Umkehr
homomorphism associated to p. This relation implies in our case

(4.14) {p*(44), E>=0.
Let
G =j=:2(’_l)M,.(A+) E;.
From (4.14) we conclude
4.15) Lo, E.Dp=—My(A4,), {a,E>=0 for —r<j<—2.

This can be viewed as a linear system for the unknown M (44), —r<j<O0.
With the help of Cramer’s rule we compute

(4.16) My(A,) = M_(-i(Ay) D(a-(gop, =+, a-y) .

Thus (4.13) and (4.16) yield the first assertion of (4.11.1).

We intend to show (4.11.2) by induction on the number of o-processes in
p. We leave it to the reader to check that the induction starts correctly. Giv-
en the expansion p, a further o-process has to blow up either E,NE, or E,NE_,.
This follows from the fact that we only allow standard expansions. Let us treat
the case that E,N E, is blown up. Denote the new multiplicities by the letter N.
Then we have

(4.17) Ny(A4z) = My(A.)+M(4.) .
For the induction step we have to show
NO(A]-'\%&JE(A_) = [a.n sy Ay, a1+1]

No(A)+N(A-) _ 14 ... 0, 2].
Ny4.) S

(4.18)
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We use the identity
(4.19) My(A.) M(A-)—My(A-) My(4,) = —1.

This identity is shown by induction on the number of o-processes by using
(4.17). Instead of verifying the first identity in (4.18) we use (4.6) and verify
(With Ni:-— O(Ai) etC.)

NoAN. _ o M+ M.
(4.20) e

From (4.17) and (4.19) we calculate
(My+M-) N.—(N,+N_) M- — —1

and this implies easily using (4.6) and (4.17)
(4.21) Mﬁ = M1++M1_ = Nﬁ .
Then (4.17) and (4.21) yield (4.20). The second identity in (4.18) requires the

verification of

NN _,  M%
N* M,+M,’

it uses (M+M_)N,—(N4+N_)M,=1 and N¥=M,+M_, M¥=M,—M,,
+M_—M,_. This finishes the inductive proof of (4.11.2).

Once we know the multiplicities M,(A4.) of the expansion p we know by
(4.11.2) the weigths. The weights, on the other hand, determine uniquely the
inverse contraction, because p, being a standard expansion, has a unique (—1)-
curve at every step in the iteration of o-processes (proof by induction). Hence
p is uniquely determined by the weights.

Finally, we show by induction that any pair of coprime positive integers
arises as the pair of multiplicities for some standard expansion. Given such in-
tegers My(A-) and My(A,) we can formally write donw the ngraph (4.8). By
properties of continued fractions, either a_,=2, a,>2 or a_,>2, a;=2. Sup-
pose @,=2. Then we can formally contract the (—1)-curve and arrive at a tree
with weights

a_, a,—1 1 a, a,

4.22) e . . . . -

These weights arise again from a continued fraction expansion. Namely, if

U—-;J—I/_ = [2; bl) R br]) _U—-Itp:— = [cl’ ) (3,] ’

then
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‘l]_[_]_—V = [bb AR b,], % = [cl—l’ Cyy **y C,] .
Now turn the continued fractions around (4.6). By induction we know that
(4.22) is realizable. This finishes the proof of (4.11). O

For completeness, we determine all multiplicities in terms of weights.

(4.23) Proposition. Under the hypothesis of (4.11) the multiplicities M;(4.)
in (4.12) are given as follows:

(1) MJ(A+) = D(as_I’ Ag-15 *** a(j+1))) O<]<S .

(2) M,(A+) = D(a—(r—l)’ ) a—(j+1)); '_r<]SO .
(3) MI(A_) = D(d_'-—l, Q(r-1)s ***» a—j), —1‘<]<0 .
“) M;(A—) = D(a,-y, -+, aj+l)’ 0<j<s.

Proof. The proofs for (2) and (4) are similar to the proof in the case j=0.
Let us prove (1) by downward induction on j. We have

—a, =<4, 4> =p* 4, 4>
= (4%, AD+M,_((A4) <44, By
= _a+_as+1+M:—1(A+) .
This starts the induction. 'The induction step follows from
0=<p*A4,, E)= M,-+1(A+)—Mj(A+) a,-+M,-—1(A+)

by using (4.3), with M ,,(4,) replaced by 1 in case j=s—1.

We mention the special case that one of the multiplicities My(4.) equals
1. This case was left to the reader in (4.11) and (4.23). If M(A,)=1 and
My(A_-)=n, then (4.8) has the form (4.24).

a_+n 1 2 2 a,+1
(4.24) .- . I
A’ E, E, E,, A,

Our next task is the computation of the discriminant in terms of weights.

(4.25) Theorem. Let p: Z(p)—X, B(p) be an object in a tower (1.6), pE
BI(D, d, ®). Denote by D(p) the determinant det(T'yB(p), w) of the weighted dual
graph B(p) (see section 2) and by A the discriminant of the tower (see Theorem B).
Then | D(p)| =] A(m,)|*.

The proof of this Theorem is based on some general topological facts which
we recall first.

(4.26) Lemma. Let B be a compact, connected, oriented 4-manifold with
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boundary S=0B. Suppose H,(B; Q=0. Then S is a Q-homology 3-sphere,
Hy(S; Z)=0 and

|H\(S; Z)| = |kernel i: H(B; Z) — H(B, S; Z)|*.

Proof. By Poincaré duality Hy(B, S; Q)=H?*B;Q)=0. The exact ho-
mology sequence of (B, S) yields Hy(S;Q)=0. Since Hy(S, Z) is a torsion
group we obtain from duality and universal coefficients

Hy(S) = HY(S) = Hom (Hy(S), Z) = 0.

For similar reasons we have a commutative diagram

H(B) —— H¥B,S) —> Ext(Hy(B, S), Z)
T bit
H,(B,S)—> H¥B) — Ext(HyB), Z).

By algebra, cokernel i*=<kernel . The exact sequence
0 — coki* — H|(S; Z) — keri — 0
yields the last assertion of (4.26).

Proof of (4.25). We apply the preceding Lemma in the following situation.
Let D be a normal crossing curve in the projective surface Z. Let UCZ be a
closed tubular neighbourhood of D in Z, diffeomorphic to the manifold which
is obtained by plumbing the normal disk bundles of the components of D. Then
the interior of B=X\U? is diffeomorphic to V" and B is a manifold with bounda-
ry 0B=S. If V=Z\D is a @-homology plane in a rational projective surface
Z, then the exact homology sequence of (Z, D) implies Hy(Z, D)=0. because
H\(Z)=0 and D is connected. By excision and the homotopy equivalence
D=U we obtain H,(B, S)=H\(Z, U)=H,(Z, D)=0. Therefore (4.26) yields in
this case

|H\(S, Z)|=|H\(V; Z)|*.

We know already that |H,(V, Z)|=|A(m,)| for V=Z(p)\B(p). It remains
to be shown that |H,(S, Z)|=|D(p)|. This uses the fact that S=8U. Since
H,(S)=0, H(U)=0 we have an exact sequence

0 — HyU) -2 H(U, 8) — H(S)—> 0

and by duality and universal coefficients, Hy(U, S)=H*U)=Hom (Hy(U), Z),
the map p is transformed into the adjoint Hy(U)—Hom (H,(U), Z) of the inter-
section pairing H,(U)X H,(U)—Z. By the very construction of U this inter-
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section pairing is specified by the intersection matrix of T,B. Hence |Hy(S)|=
|cok p| is the absolute value of the determinant of the intersection matrix. [

(4.27) The Determinant Algorithm.

We use (4.25) to derive an algorithm which yields a computation of the dis-
criminant as a multilinear function from the data (D, d, ®) which specify a tower.
Suppose x is an edge in the weighted dual graph of D(d) which belongs to x& ®.
Then the ngraph of D(d) looks like: '

Q\
) “a. x a;
(4.28) S
AL A,
L

(The dots illustrate the fact that x is part of a larger graph.) We have to “cut
the cycle at x””. The first step in the algorithm removes the edge x and replaces
the adjacent weights in (4.28) formally by

‘\
s N &- a‘l‘
(4.29) » A
A4 A+
«

The weights o, are now formal expressions

_ My(A,)+M(A4-)
a, =a,+1— +
= My(Az)

in indeterminates My(A.), called multiplicity variables. Having applied this
process successively to all edges x & ® we obtain a tree where some of the weights
are no longer integers but rational functions in the multiplicity variables. Nev-
ertheless, we still have the determinant of ithe weighted tree. Multiply the
resulting determinant by the product of all multiplicity variables.

(4.30) Proposition. The rational function, resulting from the preceding algo-
rithm, is (up to sign) the square of the discriminant A(D, d, ®).

Proof. The proof is a generalization of the continued fraction algorithm
(4.4) for the computation of the determinant of a linear tree. Namely, consider
the determinants of the weighted trees T and T which are related in the follow-
ing manner: There is an edge in T with weights b and ¢ at its boundary ver-
tices. The vertex with weight 4 is a terminal vertex of 7. Remove this edge
and replace the weight ¢ by c—b7" and call the resulting weighted tree 7’. Then
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(4.31) det(T) = b det(T").

The proof is the same as for (4.3). The ngraph of B(p) is obtained by replacing
an edge (4.9) by (4.8) and then removing the vertex E, and the adjacent edges.
The wighted dual graph is obtained by reversing signs of weights in the ngraph.
Now use (4.31) and induction on the length 7, s of the continued fractions.  [J

(4.32) Example. We apply (4.27), (4.30) to find the weighted dual graph
D(d) for the D and ¥ in (3.16). We obtain the following weighted dual graph:

(1)

(1):3_ﬂ_m
a v
o | e @=
u,v) *(a,b
c B (3) =22+t
. 2 .
‘ . ( ) : (4)23__@_{_&2

(4) (3)
((1)-(4) show the actual weights and not their negatives. The labeled dotted

lines indicate the “cuts” and their multiplicity variables.) The reader may wish
to compute the determinant and check the result against (3.20).

(4.33) Remark. The algorithm (4.27) can be applied to each connected
weighted graph and leads to a rather curious combinatorial problem. Cutting
cycles always yields a quadratic form in the multiplicity variables. In the geo-
metric case this form is the square of a linear form. Simple examples show
that this is not always the case. Which graphs have the property, that all pos-
sible cycle cuttings yields squares of linear forms?

Proof of the Addendum to Theorem A. If V(p)=2Z(p)\B(p) is a homology
plane, then by (3.7.1) the map a(T,B(p)) is surjective. There is a commutative
diagram

(T (B(2))

Z(T,B(p)) . B2 (p))
l q l Dx
2w,@) - 2TPE) ik,
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where ¢ maps a component L of B(p) to py(L); this is either a component of
D(d) or zero. Since p, is surjective too, so is a(T,D(d)). O

5. Birational maps

A fixed homology plane ¥ can be contained in towers arising from different
pairs (Y, D), D a curve in the minimal rational surface Y. We want to study
this ambiguity more closely. This section only indicates some examples. A
systematic investigation will be published elsewhere.

We call D a plane divisor of V in case Y=P? and otherwise a minimal di-
visor of V. Plane divisors which are arrangements of lines are classified in ToM
Dieck [1990].

If D is a plane or minimal divisor of a homology plane in a tower, it is the
plane or minimal divisor of every homology plane in the tower: so it is a function
of the tower. It generally happens that some homology planes in a tower with
plane or minimal divisor D are isomorphic to homology planes with another
plane or minimal divisor.

Suppose the surfaces X;\C, and X,\C, are isomorphic. An isomorphism is
a birational map ¢: X,— X, which can be written as a, ai! with expansions «;:
Z—X; having their exceptional sets 3(e;) in C;. Then C=a7*(C;) and ¢; in-
duces an isomorphism Z\C=X,\C,.

Let p=a, ar!: Y, ﬁl—Z %, Y, be a birational isomorphism and let D,C Y,
be a curve such that 5(a,)CD,. Let p;: X;—Y, be a contraction, C,C X, a
curve and D,=p,(C;). Then there exist expansions f, p, and p, such that the
following diagram is commutative

x, L, X,

P lP jpl
Y,z Xy

Let C,=f"Y(C,), so that f induces an isomorphism X,\C,=X,\C, and set
D =p,(C,). Then D,Ca,ai(D,), but equality does not hold in general. In
particular, if Y, and Y, are minimal rational surfaces and X;\C, is a homology
plane with minimal divisor D,, then the same homology plane has minimal divisor
D,. In order to deal with this in practice one has to understand the way in
which D, differs from a, ai(D;.)

We will use the following notation: If p: Z— Y is an expansion and PEZ,,
then E(P) denotes the exceptional divisor in the first blow up of P occuring in
the expansion p.

To see how D, differs from «, ar!(D) in genearl it suffices to see what hap-
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pens in two simple cases: p=ar! or p=a, and «; is a single o-process. The
case @=a, is trivial, because then D,=a,(D,).

Let o, blow up the point x&D,. There are two cases: xEZ(p;) or
xEZ(py).

If x5 (p,) we have a diagram

x, L x,

l» |2

a
Z —5 Y,
and f blows up the “same” point as a; does. In this case pf (C))=ar(D,).
If x=3(p,) we have a factorization p,=a, p

X, — X,

l» |n

a
Z — Y,
and the exceptional curve E(x)=ai'(x) may or may not be contained in
P(Cy)=p(C,), so that D, is either the total or the proper transform of D,. There-
fore this case depends on the properties of (p, C;).
Now we consider a quadratic transformation

2(S) = ay(S) ay(S)™': P?— P2,

It is specified by 3 points S= {x,, x,, ¥;} CD,C P? which are not collinear:
The points are blown up, a(S): Z—P?, and the proper transforms of their
connecting lines are contracted, a,(S): Z— P?, see HARTSHORNE [1977], V (4.2.3).

(5.1) Proposition. If @(S) is a birational map of this type, then the compo-
nents of D, are given as follows:

(1) The @(S) images of those components of D, which are different from the
connecting lines of S (if present in D).

(2) The a)(S) images of those exceptional curves E(x;) of the comtraction
a,y(S) which are components of p(C,).

Thus D, may have more or fewer components than D,.

Proof. This follows immediately from the discussion of the special situa-
tions above. ]

(5.2) Five Lines. Let DC P?be a configurations of five lines L, L,, L,, L,, L,,
where the L; are in general position and L passes through two double points P
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and Q of Ui., L;.

Blow up the points P and Q and contract teh proper transform of L. Then
one arrives at a configuration of 6 lines in P'X P!, up to isomorphism
P'x {0,1, o} U {0, 1, oo} X P*. For further information about this confgu-
ration see MI1vANISHI-SUGIE [1991] and ZAIDENBERG [1991]. This configuration
has to be used if the proper transform of the exceptional curves E(P) and E(Q)
are contained in the compactification divisor of the homology plane having
LUL,U UL, as plane divisor.

If this is not the case, say E(P) is missing, apply the quadratic transforma-
tion with S={P, O, R}, where R is a further double point of Ui.;L;. The
resulting curve has the form M,UM,U M,U M,, where M;C P? are lines, and
M,, M,, M, have a common point. This arrangement has been used (essentially)
by GURJAR-Mi1vaNisHI [1987] to construct homology planes with z=1.

Homology planes which are in towers of Four Lines (3.16) are contained
in towers of Five Lines. In order to see this apply again a quadratic trans-
formation with S={P, O, R}. But this time assume that the curve E(R) is not
contained in the compactification divisor. Then, by applying (5.1), we see that
Four Lines result.

(5.3) Contractible surfaces with z=1. In ToM DiEck-PETRIE [1990] a sim-
ple construction of contractible homology planes with z=1 was given. We
showed indirectly that our surfaces were isomorphic to those of GURJAR-
MivanisHr [1987]. Here is a direct proof by birational maps. Let C(n, b)C P?
denote the curve given by x"=y® 2"~%, (n, b) coprime positive integers. Let L,
be the line 2=0. Blow up a regular point of C(n, b) and let ¥ (n, b) denote the
complement of the proper transform C'(n, b)UL;. This was the way we defin-
ed the homology planes V' (n,b). Now add the lines L,, ¥=0, and L,, y=0
and consider D=C(n,b)UL,UL,UL, Resolve singularities and get a normal
crossing curve with weighted dual graph (see ToM DIECK-PETRIE [1990], (2.7) for
the computation)

—w(—7) —-ziz(—l) —1 —'wfl) —w(s)+1
L.¢—1 ¢0 —1eL,
—a(s) ——z;(l) —1 —wz—l) —w(—r+1)

using the continued fraction expansions

nlb = [w(s), -+, w(1)], nla=[w(—7), -, w(-1)]

with a=n—b&, 2a>n. It is now easy to see that this graph can be contracted
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to the Gurjar-Miyanishi configuration of four lines: Begin the contraction
with the left and right most (—1)-curves.

(5.4) An arrangement of Miyanishi-Sugie [1988]. They have considered
the follgwing curve D,UD,C P?: The curve D, has degree # and a single sin-
gularity (cup) of multiplicity n—1; the curve D, is a line which intersects D,
in two regular points P, Q with multiplicities D,-D,=(n—m)P+mQ. They
show that such arrangements lead to homology planes and, for m=1, to contract-
ible surfaces. We demonstrate that their surfaces arise from Five Lines (4.2).
This shows, incidentally, that they are contractible.

Resolving the singularities of the Miyanishi-Sugie curve gives the following
graph (in brackets: the number of (—2)-curves in a string).

—n —1 —2 (n—1)

:h"k[\)

C

—2 (m—1) —2 — —1 =2 (1—m—-1) —2

Add (formally) connection of type ——e—— between AE, BC and BD. Then
the resulting graph can be (formally) contracted to the graph of the six lines in
P'X P' (5.2). Now reverse the procedure to show existence and our claim si-
multaneously. The three (—1)-curves which are used to cut the cycles cor-
respond after contraction to three lines which have to be added to the Miyanishi-
Sugie curve. We leave it as a small exercise for the reader to figure out the
position of these lines.
We finally mention without proof:

(5.5) The Ramanujam tower. The tower (3.15) is contained in towers aris-
ing from a quadric with three tangents. The Ramanujam surface itself is con-
tained in a tower of Five Lines.
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