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It is well known that over a left Notherian ring any direct sum of injecive
modules is again injective, and every injective module is a direct sum of inde-
composable modules. Faith [6] introduced Z-injective modules as modules M
such that all direct sums of copies of M are injective. Cailleau [2] showed that a
S-injective module is a direct sum of indecomposable modules. The concept
of Z-injective modules had several intersting developments and applications
(see e.g. Faith [7]). Also, some generalizations of S-injective modules, such
as Z-quasi-injective modules (Cailleau-Renault [3]), or =-M-injecitve modules
(Albu-Nastasescu [1]), were studied. Of special interest are S-pure-injective
modules which were introduced and investigated extensively by W. Zimmermann
and B. Zimmermann-Huisgen [22, 23, 24, 25]. These modules include, be-
sides Z-injective modules, also IT-projective modules (i.e., modules M such that
all direct products of copies of M are projective).

Harada [12] studies Z-injectivity in the context of Grothendieck categories
and used it to characterize QF-categories. In this paper we continue the study
of S-injectivity in the general categorical setting. One of our motivations
comes from the fact that, by using the functor ring techniques of Gruson and
Jensen [10, 11], serveral decomposition properties of (3-) pure-injective modules
(over a ring with identity) can be obtained rather easily from the correspond-
ing properties of injective obejcts in a Grothendieck category.

In Section 1 we will work in a Grothendieck category 4 with a family of
finitely generated generators {G,/a€Q}. Our purpose is to study the basic
properties of Z-injective objects, but sometimes we require just some weakened
forms of the injectivity. An object M & is called CS [4] (or extending
[16, 17]) if every subobject of M is essential in a direct summand. Extending
Okado [16], we show that if M &1 is a CS object such that for each a€Q, G,
has ACC on the subobjects {Ker f/feHom (G, M)}, then M is a direct sum of
indecomposable objects (Proposition 1.5). Consequently, any CS subobject of
a S-injective object in A is a direct sum of indecomposable objects (Corollary
1.6). Further, generalizing a result of Lawrence [14] on self-injective rings, we
show that if 4 and M are objects of { and M is A-injective, and R is an in-
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finite cardianl such that |Hom(4, M)| <R, then any well-ordered ascending
chain of the subobjects of 4 of the form N ;cx kerf with K CHom (A4, M) has
cardinality <X. In particular, if M is injective in A and |Hom(G,, M)| <R,
for each ¢ €Q, then M is S-injective (Corollary 1.9). Next, we give a criterion
of Z-injectivity, inspired by Faith-Walker [8], that an injective object ME
is S-injective if and only if there exists an infinite cardinal m such that the in-
jective envelope of any direct sum of copies of M is a direct sum of m-generated
objects (Theorem 1.12). Finally, an application of this criterion is given for -
CS objects.

In Section 2, we are concerned with S-pure-injective modules over rings
with identity. By using the functor ring techniques of Gruson and Jensen
[10, 11] (cf. Wisbauer [21]) and the results of Section 1, we are able to recover
(and extend) several known properties of Z-pure-injective modules which were
obtained in [22, 23, 24] by different methods.

1. Injective and CS objects in Grothendieck catgeories.

In this section, we will always assume that .7 is a locally finitely generated
Grothendieck category, with a family of finitely generated generators {G,/aEQ}.
For the basic definitions and properties concerning Grothendieck categories we
refer to [19].

An injective object M in /4 is called S-injective if all direct sums of copies
of M are injective. Let 4 and M bz any objects in A, then a subobject
B of A4 is called an M-annihilator if B= N scx Kerf for some subset K of
Hom(A4, M). M is called A-injective if every morphism from a subobject of
A to M can be extended to a morphism from 4 to M. The injective envelope
of an object M is denoted by E(M).

The following result was proved by Harada [12, Theorem 1] and gen-
eralizes the characterization of 3-injective modules of Faith [6].

Lemma 1.1. Let M be an injective object in A ; then the following conditions
are equivalent :

a) M is S-injective ;

b)y MW is injective ;

¢) For each aEQ, G, has ACC on M-annihilator subobjects.

A short exact sequence 0—-A—>B—C—0 in A will be called a pure se-
quence when the induced morphism Hom (F, B)—Hom(F, C) is an epimor-
phism for every finitely presented object F of A. In this case 4 is called a pure
subobject of B. An object M &/ is called FP-injective if it has the injecti-
vity property with respect to any short exact sequence 0—A—>B—C—0 with
C finitely presented. We observe the following simple fact.
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Lemma 1.2. Let N be a subobject of an FP-injective object M in A. Then
N is pure in M if and only if N is FP-injective.

Proof. See e.g. Wisbauer [21, 35.1].

For the next two result we require that 4 be a locally finitely presented
Grothendieck category. In particular, the following proposition extends the
equivalence (a)<(c) of [21,28.7], while its proof follows partially the ideas in
[21, 28.4].

Proposition 1.3. Suppose that A has a family of finitely presented gen-
erators {G,/asQ} and that M is an FP-injective object of A. Then M is 3-
injective if and only if for each aEQ, G, has ACC on M-annihilator subobjects.

Proof. The necessity follows from Lemma 1.1. For the converse, by
Lemma 1.1 it is enough to show that M is injective, or equivalently, M is G-
injective for each a€Q (see [12, Lemma 1]).

Let Q. We want to show that any morphism f: A—M with ACG,
can be extended to g: G,—~M. First, the same argument of [21, 28.3 (i)] allows
us to deduce that there exists a finitely generated subobject ZS A4 such that for
any h: G,—M, we have that Z C Ker . implies AC Ker h.  Let us denote by %:
Z—A and w: A—G,, the canonical inclusions, and consider the morphism fou:
Z—>M. Since G,/Z is finitely presented and M is FP-injective, we have that
there is g: G,—M such that gowou=fou, that is, Ker (gew—f)2Z. We are
going to show that gow=f, so that g extends f.

Suppose on the contrary that gow= f. Then there is some finitely generat-
ed subobject Y S A4 such that (gew—f) (Y)=+0. Clearly we may assume that
ZCY. Now, since Y is finitely generated and M is FP-injective, there is some
h: G,—M such that YCKer (how—f). If we now consider the morphism
g—h: G,—~M, we see that ZC Ker (g—h). By the above remark it follows that
AcKer(g—h), that is, goo=how. But then Y CKer(gow—f), a contradiction
which completes the proof.

Corollary 1.4. Suppose that A has a family of finitely presented generators
{G,JacsQ}, and let N be a pure subobject of a S-injective object M in A. Then
N is S-injective.

Proof. By Lemma 1.2, N is FP-injective. By Lemma 1.1, for each a€Q,
G, has ACC on M-annihilator subobjects. But each N-annihilator subobject
of G, is also an M-annihilator, thus G, has ACC on N-annihilator subobjects.
It follows by Proposition 1.3 that [N is Z-injective.

An object M will be called CS if every subobject of M is essential in
a direct summand. This is the terminology of [4], while modules with this



98 J.L. Garcia anp N.V. Dunc

property are also called extending modules by many authors (e.g. [13, 16, 17]).
A family {X;/i€I} of subobjects of an object M & is called a local direct
summand of M if Z;c; X; is direct and ;o X; is a direct summand of M for
any finite subset FCI. In the case that 3,c; X; is a direct summand of M, we
say that the local direct summand is a direct summand.
The next result extends a theorem of Okado [16], and our proof uses a
modified version of his arguments.

Proposition 1.5. Let M be a CS object in A, and assume that for each
a€Q, G, has ACC on the sudobjects {Ker f|f eHom(G,, M)}. Then every local
direct summand of M is a direct summand, and M is a direct sum of indecomposa-
ble objects.

Proof. Let X=@,c; X; be a local direct summand of M. Since direct
summands of CS objects are also CS, we may assume without loss of generality
that X is essential in M.

Suppose that X+=M. Let & M—M]|X b= the canonical projection, then
there is some a€Q and a morphism g: G,—~M such that Eog==0. By the hy-
pothesis, the set of kernels of the morphisms {g: G,—»M/gog==0} has a max-
imal element, say Ker f.

Take any X'=®@;cr X; with F finite. We claim that X' N Im f=0. Let
p: M—M|X' and =: M/X'—M|X b= the canonical projections. It is clear that
mop==E& and p splits, say pow=1. Hence Eowop=rnopowop=nop=E, and if we
put k: G,—M as h=wopof, then Ker f CKer h and Eoh=_Eowopof=Eof #0, so
that Ker f=Kerh. But Kerh=f"(Ker(wop))=f"X’), so f}(X')=Kerf.
Thus clearly X’ N Im f=0.

But X is the sum of all the summands of the form ;e X; with F finite.
Therefore we have X N Im f=0 which contradicts the fact that X is essential
in M. Thus we have X=M.

Now we use the just proved fact to show that M is a direct sum of inde-
composable objects. First we show that every nonzero direct summand D of
M contains a nonzero indecomposable direct summand. Without loss of gen-
erality we may assume that D=M. Let X be any nonzero finitely generated
subobject of M. By Zorn’s lemma, there exists a local direct summand
{4;/j€ J} maximal with respect to the property that @;c; 4; does not contain
X. Put A=P,c; 4;, then M=APN for some subobject N. Suppose that
N is not indecomposable, then N=N,PN,, N, and N, are nonzero. Now the
maximality of {4;/j€ J} implies that X CN,PA and XS N,PA, hence XS 4,
a contradiction. Now, again by Zorn’s lemma, there exists a maximal local
direct summand consisting of indecomposable objects {U,/AE A}, and clearly
M= @)\EA U)"

Ovur following corollary extends Cailleau [2].
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Corollary 1.6. Let M be a S-injective object in A and N a CS subobject
of M. Then N is a direct sum of indecomposable objects. In particular, M is a
direct sum of indecomposable objects.

Proof. By Lemma 1.1, G, has ACC on M-annihilator subobjects, for each
a€Q. Thus each G, has ACC on the subobjects {Ker f/[f €Hom(G,, N)}.
Then apply Proposition 1.5.

For the next corollary we need to recall some definitions. An object
A€ A is said to have finite rank if there are no infinite independent families of
subobjects of A (see e.g. [19, p. 126]). An object M &4 is called nonsingular
if for any object NE A and any nonzero morphism f: N—M, Ker f is not
essential in N. M is called singular if there exists an epimorphism g: N—M
with Ker g essential in N. o

Corollary 1.7. Let M be a nonsingular CS object in A and suppose that
G, has finite rank for each a€Q. Then M is a direct sum of indecomposable 0b-
jects.

Proof. Consider any morphism f: G,—~M, and we claim that Kerf is
essentially closed in G,, i.e. Kerf has no proper essential extensions in G,.
Suppose it is not so, then Kerf is essential in a subobject A of G, with
A=+Kerf. Then there exists G,, AEQ, and a morphism g: G,—4 such that
f(Img)=0. Let e be the inclusion of 4 in G,, and put h=foeog, h: G,—M.
Then clearly A0 and Ker £ is essential in G,, which contradicts the nonsingu-
larity of M. Hence Ker f is essentially closed in G,,.

Suppose that there exists an infinite strictly ascending chain

Ker ficKer f,c---CKerf,C -

where f;: G,—~M. Then for each z, there is a nonzero subobject C, of Ker f,,
such that C,NKer f,=0. It is clear that the family {C,/n=1,2, ---} is inde-
pendent which is a contradiction because G, has finite rank. Now it follows by
Proposition 1.5 that M is a direct sum of indecomposable objects.

Our next theorem generalizes a result of Lawrence [14] about the length
of well-ordered ascending chains of left annihilators in a left self-injective ring.
The proof below essentially follows Lawrence’s idea, but our arguments allow
to drop the regularity hypothesis of the cardinal which was in fact needed
for Lawrence’s proof of [14, Theorem 4] (see [15, Remark, p.9]).

If X is a set, then | X| denotes the cardinality of X.

Theorem 1.8. Let A and M be any objects in A such that M is A-injective,
and let R be an infinite cardinal such that |Hom (A, M)| <R. Then any well-
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ordered ascending chain of M-annihilator subobjects of A has cardinality less than
N.

Proof. We may assume without loss of generality that Hom (4, M)=
{ps/8 E A}, where A is an infinite ordinal and |A|=NR. Suppose now that there
exists a well-ordered strictly ascending chain {L;/§€A} of M-annihilator
subobjects L; of 4.

Let X;={f€Hom(4, M)/[L;<Kerf}. Then for each §, Ly= sexs
Ker f, and clearly {X;/8= A} forms a strictly descending chain of subgroups of
Hom (4, M). Now we claim that for each ordinal & A, there exists a morphism
fs€Hom (A4, M) satisfying the following properties

(1) If B<S, then Loy SKer(fs—f5);

(2) Ly, is not contained in Ker (f;— @s).

We shall prove our claim by transfinite induction. For §=0, we know that
X, cannot be included in @,+Xj;, and hence we may choose f,€ X, such that

Jo—@oE X, thus f; satisfies (1) and (2). Now suppose that we have proved our
claim for all ordinals less than §, for some §&EA. Define K= U ges Lg1S L.
For each 8<3, let us denote by f, the restriction of f; to Lg,,. Since the Ly’s
from a direct system and f: Lg,;—M is a system of compatible morphisms, there
exists a morphism f’: K—M which extends all the f; with <8 (note that if &
is a successor ordinal, say §=9+1, then K=L; and f’ coincides with f; on L;).
Now, by the A-injectivity of M, f’ can be extended to a morphism f: A—M.
Since X,/ X510, we have that Xj is not included in (@s—f )+ X541, so there
exists g& X; such that g&(ps—f)+ X1, hence g+ f—qse Xyn.  If we put
fs=g+7, then (fs—@s) (Ls+1) +0 which shows condition (2) of the claim. Since
g(Ls)=9, f5 coincides with f on L, and therefore with f; on L,y for any 8<$8
(in particular, if =71, f; coincides with fy on L;). 'Thus f; satisfies condition
(1), which proves our claim.

Let B=Uscp Ls. As alove, we can define a morphism A’: B—M such
that 2’ coincides with f; on Lg,, for every BEA. Since M is A-injective, h’
can be extended to a morphism 4: A—M. But we have h=g; for some SEA.
Since % coincides with f5 on L;y,, it follows that (f;—@;) (Lsy;)=0 which is a
contradiction. This completes our proof.

Corollary 1.9. Let M be an injective object in A, and suppose that
|Hom (Gg, M) | <R, for each a=Q. Then M is S-injective.

Proof. It follows by Theorem 1.8 that G, has ACC on M-annihilator
subobjects for each Q. Thus M is S-injective by Lemma 1.1.

Recall that an object M & A is called a cogenerator of J if every object
A of A can be embedded into a product of copies of M. It is easy to see that
if M and K are objects of A and L is a subobject of K, then K/L is embedded
into a product of copies of M iff L is an M-annihilator subobject of K.
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Corollary 1.10. Suppose that A has an injective cogenerator M such that
|Hom(G,, M)| <N, for each a Q. Then A is locally Noetheran.

Proof. By theorem 1.8, G, has ACC on M-annihilator subobjects. Since
M is a cogenerator, each subobject of G, is an M-annihilator, so G, is Noetherian
for each Q. Thus A is locally Noetherian.

Now we are going to prove a criterion of S-injectivity which is essentially
motivated by Faith-Walker [8]. We first give a categorical definition of m-
gensrated objects, for an infinite cardinal m. Let M be an object of 4 and
m an infinite cardinal, then we say that M is m-generated if there exists an
exact sequence P;e; A,—M—D0, where each 4, is finitely generated and | 1| <m.
Osofsky [18] defined the concept of m-generated objects for any Abelian category
with exact direct limits, and it is easy to ckeck that her definition coincides
with the above definition in the case of locally finitely generated Grothendieck
categories.

We obszrve some elementary properties of m-generated objects.

Lemma 1.11. Let m be an infinite cardinal, then the following hold :

1) If M is m-generated in A and M < P,c; N;, then there exists I' C I with
[ I'| <m such that M S P, N;.

2) There exists a cardinal c¢ (depending on m) such that for any m-generated
object M of A, the set of all the subobjects of M has cardinality <c.

Proof. 1) Straighforward.

2) Let G=@,eq G,, then G is a generator of 4. If M is any m-generat-
ed object of (4, then there is an exact sequence G™—>M—0. Let ¢ be the car-
dinality of the set of all the subobjects of G™, then it is clear that the set of
all the subobjects of M has cardinality <c.

We are now able to prove the following result.

Tneorem 1.12. Let M be an injective object ir. A. Then M is S-injective
if and only if there exists an infinite cardinal m such that the injective envelope of
any direct sum of copies of M is a direct sum of m-generated objects.

Proof. Suppose first that M is Z-injective. By Corollary 1.6, M and
hence all direct sums of copies of M are direct sums of indecomposable injective
objects. But an indecomposable injective object L is the injective envelope of
any nonzero finitely generated subobject of L. Thus the class of all indecompos-
able injective objects of A is a set. Therefore there exists a cardinal m such
that each indecomposable injective object in 4 is m-generated which proves the
necessity.

For the converse, by Lemma 1.1 it is enough to show that M™ is injective.
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Without loss of generality, we may assume that M is m-generated. By Lemma
1.11, there is a cardinal ¢ such that the set of all the subobjects of any m-
generated object in 4 has cardinality <c. Let M;=M for alli€l, |I|=2">c,
and let E=E(®;c; M;). By the hypothesis, we have E=®,c; E;, where each
E; is m-generated. Take any 4 &1 and consider M;. By Lemma 1.11, there
exists J;C J with | Ji| <m such that M; C@®,;c;, E;. Then clearly ®;c;, E; is
m-generated, so D e;, E; has <c¢ subobjects. Suppose that M; N (Dje;, E;)+0
for all /€1, then @;e/, E; must contain 2° independent subobjects, a contradic-
tion. Thus there is 4,&1 such that M;, N (De;, E;)=0. Then M,, is isomor-
phic to a subobject M, of @;en;, E;. Repeating the above argument, we have
M, C@jes, E; with J,C J\J1and | J,| <m. Similarly, there exists ;&I with
M0 (Djernur, E;)=0.

By induction, we get an infinite sequence J;, J,, -**, J,, =+ of subsets of J
such that [, N J,=0 for m=n, and @,;, E; contains an isomorphic copy of M.
Thus M is isomorphic to a direct summand of @ E;, where K=],U J,U
..+, hence M'™ is injective, so M is S-injective.

We proceed now with an application of Theorem 1.12. Since CS objects
generalize injective objects, it is natural to introduce the following concept.

DErFINITION. An object M of A is called 3-CS if all direct sums of copies
of M are CS.

There are some reasons which motivate our interest towards the Z-CS
concept. Goodearl [9] studied the left nonsingular rings whose nonsingular
left modules are projective, and it is easily seen that these are precisely the
left nonsingular rings R such that xR is 3-CS (in fact these are Artinian serial
hereditary rings). Arbitrary 3-CS rings were studied by Oshiro (e.g. [17]), and
they form an interesting class of Artinian rings (they are also called Harada
rings). However, very little seems to be known about the structure of =-CS
objects (or =-CS modules) in the general case. The next result relates -
CS objects to S-injectivity in some particular cases.

Proposition 1.13. Let M be a 5-CS object in A. Suppose that M satis-
fies one of the following conditions :

a) M is nonsingular and M generates the injective envelope of any direct
sum of copies of M.

b)y M is projective and M generates the injective envelope of any direct
sum of copies of M.

Then E(M) is S-injective and M is a direct sum of indecomposable objects.

Proof. a) We observe that the class of all the nonsingular objects of A
is closed under taking essential extensions and direct sums. Suppose that M
is m-generated, for some infinite cardinal m. Let N be the injective envelope
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of a direct sum of copies of E(M), then N is nonsingular, Also, it is clear that
N is the injective envelope of a direct sum of copies of M, so N is generated
by M by [21, 17.9(2)]. 'Thus there is a short exact sequence

0_>A'—)®,'EIM,"_)N_)O

where M;=M for all i€l. But @;c;M; is CS, so A is essential in a direct
summand D of @;c;M;. Thus D/A is isomorphic to a subobject of N which
implies that D/A=0, i.e. D=A. Thus N is isomorphic to a direct summand of
D;e;M;. By the generalized Kaplansky’s theorem, N is a direct sum of m-
generated objects. Thus by Theorem 1.12, E(M) is S-injective. By Coro-
llary 1.6, M is a direct sum of indecomposable objects.

b) Similarly as in the proof of (a), it is enough to show that if L is a direct
sum of copies of M, and N=E (L), then N is a direct summand of a direct sum
of copies of M. Again by [21, 17.9(2)], there is a short exact sequence

0_)A—)®,’E[Mi'_>N—_>O

with M;=~M for all i€1. Then N=N,@B, where N, is a direct summand of
@P;er M; and B is singular. Let z: N;@B—N, be the canonical projection. Let
7 be the restriction of # to L. Since L is CS, Ker 7 is essential in a direct
summand of L, hence L=L,C such that Ker 7 is essential in C. Then
7(L)=n(L,)®n(C), and =(C) is singular. It follows that C=#(C)®B. But C
is projective and z(C)@B is singular, so clearly C=0, hence Ker z=0. But L

is essential in N, so it implies that Ker #=0, i.e. B=0 which proves (b).

We end this section by the following open question which arises naturally
in view of Corollary 1.6 and Proposition 1.13.

QuestioN. Let M be any =-CS object of A. Is M a direct sum of inde-
composable objects?

2. Z-pure-injective modules.

Throughout this section, unless otherwise stated, we consider associative
rings with identity and unitary left modules.

For a ring R, pure exact sequences are defined as in Section 1. A module
M is called pure-injective if for any module 4 and any pure submodule B of
A, any homomorphism f: B—>M extends to a homomorphism g: A—-M. If
N is a pure submodule of M, then M is a pure-essential extension of IV if there
are no nonzero submodules XM with XN N=0 and (N+X)/X pure in
M/|X. A module M is a pure-injective envelope of NV if N is a pure submodule
of M, N is pure-essential in M and M is pure-injective. By [20, Proposition
6], pure-injective envelopes exist and are unique up to isomorphism. We
denotes the pure-injective envelope of M by PE(M).
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A module M is called S-pure-injective if all direct sums of copies of M
are pure-injective. Z-pure-injective modules were studied by W. Zimmer-
mann and B. Zimmermann-Huisgen ([22, 23, 24, 25]), by using the equivalence
of pure-injectivity and algebraic compactness (see [20, Theorem 2]) and matrix
subgroup techniques. In this section, by applying Gruson and Jensen [10, 11]
and the results in Section 1, we are able to recover and extend several decom-
position properties of 3-pure-injective modules which were obtained in the
above-mentioned works.

Let us recall briefly the functor ring techniques of Gruson and Jensen
[10, 11]. Let R be a ring and {U,/AEA} a set containing one isomorphic
copy of each finitely presented right R-module. Set Up=,c, U, and define

S={f: Uzg—Ug[f(U,)=0 for all but a finite number of AEA}.

Then S is a ring with enough idempotents, i.e. there is a set of orthogonal
idempotents {e;/iI} in S such that S=@P;c;Se;= D, ¢; S.

Let S-Mod be the category of all the unitary left S-modules (note that
sM is unitary iff for every x& M there exists e=e’€ .S such that x=ex). Then
sS is a projective generator of S-Mod, and clearly S-Mod is a locally finitely
presented Grothendieck category.

Since U is a End (Upg)-R-bimodule, if ;M is any left R-module then UQ M
is a left End(Ug)-module and hence a unitary S-module. Thus we have a
functor

U®zr—: R-Mod — S-Mod
which has a right adjoint
Homg(U, —): S-Mod — R-Mod.

We collect in the following lemma some basic properties of these functors
(for more details see e.g. Wisbauer [21]).

Lemma 2.1. Let R be a ring. With the above notations, the following
statements hold :

a) For any zM&ER-Mod, M is pure-injective if and only if UQzM is
injective in S-Mod.

b) UQg- and Homg(U, —) preserve direct sums.

¢) UQg- preserves pure short exact sequences.

d) If yqMER-Mod, then M is indecomposable if and only if URQyM is
indecomposable in S-Mod.

e) Let xM be m-generated for some cardinal m>R,. Then UQyM is m-
generated in S-Mod.

f) For any ;M & R-Mod, UR;PE(M)=E(UQ;M).

Proof. a)and d) are [21, 52.3 (6) and 52.3 (7)], while c) follows also from
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[21, 52.3 (3)].

b) is clear, because sU is finitely generated and projective; in fact, U=<Se
for an idempotent eES.

e) Clearly, if ;M is m-generated, there exists an epimorphism of S-Mod
U™—->UQR®M. Since ;U is finitely generated, U®j M is m-generated.

f) follows from [5, p. 385].

Corollary 2.2. (W. Zimmermann [22]). Let R be a ring and M a left
R-module. Then M is Z-pure-injective if and only if M is pure-injective.
In this case, M is a direct sum of indecomposable modules and every pure submodule
of M is also Z-pure-injective.

Proof. By Lemma 2.1, M is S-pure-injective iff UQ M is S-injective in
S-Mod. Thus, the first assertion follows from Lemma 1.1. That M is a direct
sum of indecomposable modules follows by Corollary 1.6 and Lemma 2.1.
Now, suppose that M is Z-pure-injective and NV is a pure submodule of M. By
Lemma 2.1, U®; N is a pure subobject of U®, M, and U®, M is Z-injective.
It follows by Corollary 1.4 that U®;N is Z-injective in S-Mod, hence N is 3-
pure-injective.

Corollary 2.3. (W. Zimmermann [23, Proposition 3]). Let R be any ring
and M a countable pure-injective left R-module. Then M is 3-pure-injective.

Proof. As above, let {U,/AE A} be a set of representatives of the isomor-
phism classes of finitely presented right R-modules, U=@,c, U,, and let e,
denote the canonical projection of U onto U,,e,&S. Then {Se,/AEA} is a
family of finitely presented generators of the category S-Mod. Now, we have
for each €A an epimorphism of Mod-R R"—U,, and an epimorphism
of abelian groups M"—U,®;M. Since M is countable, we deduce that
|U,Q@x M| <R, Consider now, for any a€A, the set A,:=Homg(Se,,
U®pM). We have isomorphisms of abelian groups A,=~e,(U®; M)=P,cx
e,(U,®zM). Butfor A =+a, e, annihilates U, and so we have 4,=<¢,(U,Qz M),
from which it follows that |4,|<|U,Q®;M| <R, Therefore, each 4, is at
most countable, and by Corollary 1.9, UQ ;M is Z-injective in S-Mod. By
Lemma 2.1, ;M is Z-pure-injective.

Tneorem 2.4. Let R be a ring and M a pure-injective left R-module. Then
M is S-pure-injective if and only if there exists an infinite cardinal m such that the
pure-injective envelope of any direct sum of copies of M is a direct sum of m-
generated modules.

Proof. Suppose first that M is 3-pure-injective. By Corollary 2.2, M and

hence all direct sums of copies of M are direct sums of indecomposable pure-
injective modules. Let L bz any indecomposable pure-injective left R-module.
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By Lemma 2.1, U®;L is indecomposable injective in S-Mod. Also, if
URrL=UQL’ for some left R-module L', then L=~HomgU, UQyL)=
Homg(U, UQ;L")=L’. Since the isomorphism classes of indecomposable in-
jective objects in S-Mod constitute a set, we have that the indecomposable pure-
injective left R-modules form also a set. Thus, there exists a cardinal m>R,
such that each indecomposable pure-injective left R-module is m-generated.

Conversely, let us put A:=U®;M. Then A is injective in S-Mod by
Lemma 2.1. Let I be any index set and 4;=A4, M;=~M, for all i€ 1. By the
hypothesis, PE(®;c; M;)=®D,c; N;, where each N; is m-generated. Now, by
Lemma 2.1 we have E(®;e;4;)=U®z PE(D;e; M) =UQx(PcsN;)=Djes
(U®grN;). By Lemma 2.1 (e), UQ,N; is m-generated in S-Mod. Thus, by
Theorem 1.12, A is S-injective in S-Mod, which implies that M is S-pure-
injective in R-Mod.

Corollary 2.5. (Zimmermann-Huisgen [24, Corollary 1]). Let R be a ring
and M a pure-injective left R-module. Then M is S-pure-injective if and only
if any direct product of copies of M is a direct sum of indecomposable modules.

Proof. Suppose that M is 3-pure-injective. Then, any direct product of
copies of M is again 3-pure-injective, so the condition follows from Corollary
2.2. Conversely, let I be any index set and take M;=M for all ;. It is
well-known that @;,c; M; is a pure submodule of IT;c; M; (see, e.g. [2], 33.9]), so
by [20, Proposition 6] PE(;c;M;) is isomorphic to a direct summand of
II,c; M;. Since the class of indecomposable pure-injective modules -up to
isomorphism- is a set, there exists an infinite cardinal 7z (not depending on 1)
such that II;c;M; is a direct sum of m-generated modules. By Kaplansky’s
theorem, PE(P;c; M) is a direct sum of m-generated modules. It follows from
Theorem 2.4 that M is S-pure-injective.

It is clear that, for a ring R, every projective left R-module is pure-
injective if and only if xR is Z-pure-injective. These rings are semiprimary
with ACC on left annihilators; we refer to [22, 23, 24, 25] for more informa-
tions. As an application of Theorem 2.4, we prove the following result.

Corollary 2.6. Let R be a ring such that the pure-injective envelope of
every projective left R-module is projective. Then PE(zR) is 3-pure-injective and
R has ACC on left annihilators.

Proof. Since PE(RR) is projective, any direct sum of copies of PE(zR)
is also projective, so that its pure-injective envelope is again projective by the
hypothesis. By Kaplansky’s theorem, every projective module is a direct sum
of countably generated modules. Thus PE(;R) is Z-pure-injective by Theorem
2.4. The latter assertion follows by [22, Satz 6.2].

Remarks. (1) Similar arguments to those used in the proofs of Theorems
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1.12 and 2.4 yield the following generalization of Theorem 2.4: Let {M;/icI}
be a family of pure-injective modules. Then M=@,c,;M; is S-pure-injective
if and only if there exists an infinite cardinal m such that the pure-injective
envelope of any direct sum of copies of M is a direct sum of m-generated
modules.

(2) Corollaries 2.2 and 2.5 were crucial for Zimmermann-Huisgen’s proof
in [24] of the important fact that if all the left R-modules are direct sums of
indecomposable modules then all left R-modules are pure-injective (or, equi-
valently, all left R-modules are direct sums of finitely generated modules).
Indeed, let M be any left R-module; then M is isomorphic to a pure submodule
of some pure-injective module N (see [20, Corollary 6]). By Corollary 2.5 and
the hypothesis, N must be S-pure-injective; thus it follows from Corollary 2.2
that M is pure-injective.
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Note added in proof.

After having completed this paper, Professor R. Wisbauer pointed out to us that a
stronger form of Proposition 1.13 does hold. Namely, one would have the following
result:

Let M be a 3-CS objectin 4. Suppose that M satisfies one of the following conditions:
a) M is nonsingular in the category ¢ [M] of all the objects of the category 4 which are
subgenerated by M; or

b) M is projective in g [M].

Then the injective envelope of M in the category ¢ [M] is X-injective, and M is a direct
sum of indecomposable objects.

In particular, if M is a %-CS object which is either nonsingular or projective, then M is
a direct sum of indecomposable objects.
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