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1. Introduction

The present paper is concerned with the following initial value
problem for linear parabolic differential equations of higher order in the
time variable in some Banach space X:

U™ () + A, _ " V@) + -+ A () + Aqu(t) =f(t), 0<t<T< 0,

®) { u®0)=u,, k=0,---,n—1.

There is an extensive literature on this subject and many authors
have defined and studied some types of parabolicity for the problem (P).
We want to quote M.K. Balaev [3], A Favini & E. Obrecht [9], A. Favini
& H. Tanabe [10], S.G. Krein [12], E. Obrecht [15],[16],[17], H. Tanabe
[22], S. Ya. Yakubov [24],[25] and the references in [9].

There are also at least two recent monographs to be mentioned on
polynomial operator pencils and their applications, that is A.S. Markus
[14] and L. Rodman [18, pp. 83-88].

In [24] Yakubov devised a method of transforming a second order
equation to a first order system so that the new system is of parabolic
type and known results on parabolic evolution equations are applicable
to it (see also Krein [12], Chapter III, Theorem 3.3). In [3] Balaev,
using a method analogous to the one introduced by Yakubov [24], has
given some conditions on the operators 4;j=0,1,---,n—1, so that after
an introduction of suitable new unknown functions the problem (P)
produces a first order system of parabolic type.

In this paper using a device similar to the one described in [3], to
be compred with the methods discussed in [18] for n-order differential
equations with coefficients of bounded linear operators, we transform (P)
to a first order system of parabolic type in the product space
XxXx--xX. To this new system we apply the existence, uniqueness
and maximal regularity theorems established in many papers. In this way
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we extend the results of [3] in several directions, namely we allow 4; to
have a non dense domain, make weaker assumptions on the links between
the operators A4; (no fractional power are used), and discuss regularity
properties for the solution. As references we indicate [1],[2],[19] since
they contain a rather complete and definitive description of these results.
Their affirmations are translated in our situation and involve the
introduction of the real interpolation spaces.

We note here that Balaev [3] treats also nonlinear equations. He
relies on a perturbation argument, and the essential role is played by the
linear part.

On the other hand we show that also another approach works, i.e.
we adapt the technique in [9] to deal with the problem (P) directly

without reducing it to a first order system. In fact we prove that under
n

our basic assumptions the operator pencil P(2)= Z szj, z a complex
j=0

variable, 4,=1= the identity operator in X, is parabolic in the sense of
[9],[15],[16]. In this manner we extend some results in [9] on second
order equations to equations of arbitrary order using the method of
[15],[16] relative to classical or strict solutions of (P). In the particular
case n=2, we show that even a weaker assumption on the domains of
A;, j=0,1, implies the parabolicity of the pencil, provided that 4, is
multiplied by a sufficiently large number p.

We show in section 2 the existence, uniqueness and regularity of
solutions of the problem (P) by transforming it to a first order system. In
section 3 we show the parabolicity of the associated operator pencil P(2)
so that we may solve (P) directly.

Section 4 contains a number of examples and applications to partial
differential equations, both in L? spaces and in spaces of continuous
functions. In this second case, we use the well known results by H.B.
Stewart [20], G.Da Prato and P. Grisvard [6] and others.

We are also able to treat in the space LP, p#2, some problems for
second order equations of the type considered by S. Chen and R.
Triaggiani [4],[5]. Further, we indicate by means of a simple example
how to solve some initial-boundary-value problems, more general than
those treated by [4],[5] in the setup of continuous functions.

To finish with, we mention that in the paper [10] the case n=3 is
studied even with operators suitably depending on ¢ too, and some
different applications are given.

Notation. We denote by ||.; X|| the norm in the Banach space X. If
Z is a linear subspace of X, Z° denotes its closure in X. If Y is another
Banach space Z(X,Y) is the space of all bounded linear operators from
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X into Y and we use Z(X) for (X, X).

For a compact interval I of R, €(I; X), ¢°(I; X), 0<o<1, €"(; X),
me N, denote respectively the space of all X-valued functions on I which
are continuous, which are g-Holder continuous, and which are m-times
continuously differentiable.

%'°(I; X), 0<o<1, is the space of all continuously differentiable
X-valued functions on I whose derivative belongs to °(I; X). Further,

for T>0, €°(0,T]; X)= ﬂ € ([e,T]; X) and €'°((0,T]; X) is

0<ex<T
analogously defined. For T>0, B(0,T; X) denotes the space of all
bounded and strongly measurable functions from (0,77 into X.

For the definition and the main properties of the real interpolation
spaces (X,Y)y ,, 0<0<1, we refer to [23]. In particular, we shall be
interested in the space (X,2(A4))g,, =D_ 4(0,00), when — A generates an
analytic semigroup in X with its domain 2(A4) not necessarily everywhere
dense in X.

2. Reduction to a first order equation.

In the sequel we shall always suppose that 4;,7=0,---,n—1, are closed
linear operators in the complex Banach space X, with domain 2(4)),
uj, j=0,---,n—1, are given elements of X and f is a continuous function
from [0,7T] into X.

We then specify what we mean by a solution to (P) and we give the
definitions as follows.

DEerFINITION 1. We say that ue%([0,T]; X) is a classical solution to
problem (P) if ue%"((0,T]; X), u‘”(t)e@(Aj), 7=0,---n—1, 0<t<T,
uP e €((0,TT; 2(A))) j=0,---,n—1, and (P) is satisfied.

DEerFiNITION 2. A function u€%4([0,T]; X) is a strict solution to (P)
if ue®([0,T); X), v (t)e2(4), j=0,--n—1, 0<t<T, uPe%([0,T];
2(4;)), j=0,---,n—1 and (P) is true in the sense

n—1 .
W)+ Y A;u)=f1) 0<t<T,

i=0

u‘j)(0)=uj, 7=0,1,---,n—1.

We transform (P) into the first order Cauchy problem
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) {V’(t)=MV(t)+F(t), 0<t<T,
V)=V,

in the Banach space E=Xx---xX, n times, V=%v¢,v1,"",05_1),
V0=t(u0)ul)“')un—-1)’ F(t)=t(0,0,,0,f(t)),

( 0 1 0 -eeee 0 ]
0O o0 1 eeeeee 0
oA =
0O 0 0 - 1
—Ay—A,—Ay----- —A,_,

As it is well known, the operator &/ not necessarily generates an analytic
semigroup in E or even a €, semigroup.

We are interested in the first case and we shall use a trick similar
to the one in [3]; see [12,24] for n=2. It consists in observing that if
we formally apply the operator K, defined by

to the equation (1), we obtain the new problem

2 {KV’(:)=K‘€V(t)+KF(t), 0<t<T,
KV(0)=KV,.

Call KV(t)=Z(t), and assume that K have a bounded inverse. This
hypothesis is not restrictive and is ensured by the existence of 4;~ le #(X),
7=0,1,---.n—1, as we shall always suppose. Then (2) becomes

3) {Z’(t)=K.91K‘1Z(t)+KF(t), 0<t<T,
Z(0)=KV,.
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Our goal is to have some conditions on the operators 4; so that Ko/ K -t
generates an analytic semigroup in E and thus we can apply to (3) known
existence and maximal regularity results to be translated to problem (P)
by means of V=K 'Z.

The conditions on A; read as follows.

HyporHesis (H): There are n closed linear operators B;, j=1,---,n,
in the space X such that
Ak=Bn—k'“B2Bl’ k=0,1,"',n—1.

Hyportuesis (K): — By for k=1,--- ,n, generates an analytic semigroup
in X, 92(B)=2(By+1), k=1,---,n—1, and there are a, C>0 such that

IBis1(Be+2)"Y LX) <Clzl™? k=1, ,n—1,

for all ze X ={z€ C; Rez> —ao|Imz|}, where a, is another positive constant.
It is easily verified that Ko/K~! coincides with &/, +.o/,, where
DA )=D(B) X D(B,-1) X+ X D(By), DA 3)=XXD(B,)X - xD(By),

and

[—B, © 0 0  -oeeee 0
—-B,—B,_, 0 0  -oeee- 0O o0
‘R{l_ _Bn_Bn—l—Bn—Z 0 - 0 ’
—B,—B,_y—B, ;=B 3 —B,—-B,
[0 B, 0 0 - 00 |
0B,B,_; 0 - 00

0B,B, B, ,— B, 0
0 Bn Bn—an—2 """ B3B2

Assume (H),(K) and let 2€ C, Rez>0, |z| large. Then the equation



230 A. FavINI and H. TANABE
(—L +2)x=F,

where x="(x,"-*,x,), F='(f;,*-,f,) €E, has the unique solution x for any
fi€e X, with x; given by

k-1

X = — Z zk—l_j(Bn—k+l +z)-1(B,._k+2+2)_1~~(B,,_k+k_j+z)_1
j=1

B, i 1(By-j+1 +2)_1fj+
+Bopr1+2)

furthermore,

la; Ell < Clz| ™ IAEN.

On the other hand, KA K '—z=of | —2+A,=(I—oA ,(z—A)"})
(«/;—=2) and then all is reduced to show that &7, is &/;-bounded, with
& -bound equal to zero, so that perturbation theory can be invoked
[11]. Now this follows using some lengthy calculations from the fact
that all the entries in the matrix &/,(z—.2/,)”! are sums of

By 1(Bi+2) 1 (Biy 1 +2) 1 (Bi j+2) By jr1(Bisje +2) 7

We then apply our hypotheses (H) and (K) to check that the norm of
this term in the space £ (X) is bounded by C|z| ™%, |2| sufficiently large.
We have proved

Theorem 1. Under (H), (K), the operator Ko/ K~ generates an
analytic semigroup in the space E, with (possibly non dense) domain

D(B,)x D(B,_ )% - x D(B,).

REMARK 1. In view of [7], the assumptions (H), (K) are fulfilled if
A,-;=B", where k€N, —B generates a bounded analytic semigroup
of angle n/2 in the Banach space X, and A,,_j=Bk‘+"'+"f with k;eN,
O<k,<k,_ <:-<k;.

ReMARK 2. Assumption (K) can be weakened to suppose By, to
be B,;-bounded and to have zero as its B;-bound.

We refer to [8].
We now describe some consequences of Theorem 1 relative to the
solvability of problem (P).
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Theorem 2. Assume (H), (K) andlet0<o<1. IffeC’((0,T]; X)
NC([0,T]; X) and w € D(Ay+1)=D (B, -B,By), with B, ;_Byu
(=4ys 1w )ED(B, )", then (P) has a unique classial solution u such that

u”eC?((0,T]; X).

Proof. We apply [1, Theorem 4.1, p.40] to problem [3]. We then
know that if KV e 2(Ko/ K ')* and KFe C°((0,T], E)nC([0,T]; E), then
(3) has a unique classical solution Ze C1?((0,T]; E). Since K™ 'e Z(E)
and V=K !'Z, V is differentiable and KV'=(KV)=Z. Recall that
V="(uu, - u® V), V=" u?, - u™).

One also observes that (KA K™ !)*=9(B,)" x --- x D(B,)*,

n—1 n—1
.t
KVo="'( Y, Apj_ g +u,_,, Y Apj_ vy g, Ay Uy g+t g1, y),
ji=1 i=2

KF(@t)="(f(t),"--.f(t)),

and the conditions above give u,_€2(B)*'=2(4,-1)",Biu,_,+u,_,€
Q(BZ)a""’Azul+A3u2+”'+An—lun—2+un—1€9(Bn—l)a) A1u0+A2ul+
-~-+A”_1un_2+un_1E@(Bn)a, that iS, un_IE@(Bl)a, Blun_ZG@(Bz)",
B,Bu,_3€D(B3)",--+,B,_3--ByBjuy €9(B, )", By_B,_5--B;Bjug€
2(B,)" .4

Theorem 3. Assume Hypotheses (H), (K) and let 0<o<1. If
feC([0,T]; X) and uje 2(A)), j=0,1,---,n—1, with
k
f(O)_ ZAjUjE@(B"_k)a, k=0)1)“"n~1)
j=0

then problem (P) has a unique strict solution u such that u™ e C°((0,T]; X).

Proof. We consider problem [3] and apply [1, Theorem 5.1, p.42].
In this case their condition

KF0)+ KA K 'KVye D(KAK™ 1)

translates into u;€ 2(4;) and f(0)—Ayuo€ 2(B,)", f(0)—Aouo—Au €
n—1

PD(B,_,)",,f(0)— Z Au, € 2(B,)% and this is precisely our assumption. #
k=0

Corollary 1. Under (H), (K), if D(B)) is everywhere dense in X,
then problem (P) has one strict solution u with u™ e C°((0,T); X), provided
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that f®e C°([0,T]; X) and u;€ 2(A)=2(B,-;-B,By).

Theorem 4. If the assumptions (H), (K) hold, feC°([0,T]; X),
0<U<1, and uje@(Aj)=.@(Bn_j"'B2B1), with

k
f(O)- Z AjujGD_Bn_k(O',OO) = (X,Q(Bn—k))a,oo)

j=0

then the corresponding solution u to problem (P) has the maximal regularity

property u™e C°([0,T]; X).

Proof. In view of [19, Proposition 1.15], since (KA K )=
D(B,) X -+ X D(B)=D(HA ), where & is defined by

MO(t(xl’.“’xn)) =t('—an1)-Bn—le)"')_len))) x=t(x1)"'xn)e‘@(d0):

the space Dy k-1(0,00) and D (g,00) coincide.

By Theorem 5.3 in [1,p.45], the derivative Z' of the solution Z to
problem (3) belongs to C?([0,T];E) if and only if

KF0)+ K« K 'KVyeD,,(0,00)=D_g (6,00)XxD_g _(6,00)X -
xD_pg (0,0).

Now V=K 'Z and hence V' ='(u/,u'?,---u™)e C?([0,T]; E) if the above
condition is verified. On the other hand, this is equivalent to what we
have established, as one can easily see.#

Next theorems shall study what happens when the data are more
regular with respect to the ‘“‘space’.

Theorem 5. Under assumptions (H), (K), if fe¥([0,7]; X)n
B(O,T,D_BI(O',OO)), O<O'<1, and Aj+1uj=Bn_j_1"'B2B1uj€@(Bn_j)a,
then there is one classical solution u to (P).

Proof. In view of Sinestrari’s paper [19, Theorem 5.4, p. 59], if
KFe¥([0,T); EYnB(0,T;Dg 4x-1(6,0)) and KV, e2P(B,)" x -+ X D(B,)",
problem (3) has a unique classical solution Z. Hence '=K ~1Z satisfies
(2) and (1), too. The condition on KV gives u,_,€2(B)* u,_{+
Ay Uy 2€D(By)" 1+ Ay _ty—p +---+Auge 2(B,)", that are pre-
cisely the hypotheses that we have done on the initial values.#

Theorem 6. Under hypotheses (H), (K), if feC([0,T]; X)n
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k
B(0,T,D _g,(0,0)),0<0<1, and ujeD(A)=2(B,_-B,B,), with Y
j=0

B,_j-B,Byu;e 2(B,_,)", then problem (P) has one strict solution.
Proof. In view of [19, Theorem 5.5, p.60], we need only repeat

the same argument as in Theorem 5, becasue Ko/ Ve 2(B,)" x -+ X D(B,)*
if

n—1
AouOGQ(B,,)", A0u0+A1uIE@(Bn_1)“,---, Z Akuke@(Bl)a.#
k=0

Theorem 7. Suppose (H), (K) and 0<o<1, if feC(0,T]; X)n
k
B(0,T; D_g,(0,00)) and ZB,,_j---BzBlujeD_Bn_k(a',oo), k=0,1,--n—1,
j=0
then the strict solution u to (P) has the regularity
Aqu)ecd([O)n; X)’ j=0)1)”"n—1)
Aju(j)eB((),T;D—Bn-j»,1(a»w))’ j=1,"',n,
k

(where A,=1I), and ), AuPeB(0,T;D_g, ,(0,0)), k=0,1,---,;n—1.

j=0
Proof. According to [19, Theorem 5.5], our assumptions imply that
(KV)Y eB(0,T;Dg yx-1(0,0)) and Ko/ Ve C’([0,T]; E)n
B(O’T’ DKdK"(a)w))'

Theorem 7 then translates this statement in the present situation.#

3. A direct approach to problem (P).

In recent years some authors have studied higher order abstract
differential equations of parabolic type by a direct approach, without any
reduction to a system. We quote here mainly the papers [9,15,16,17].

We recall that according to these authors, the operator pencil P
defined by

n—1 n
P: 9(P)(= ﬂo 2(4))-X, P(z)x= Z ziij, xeP(P), A,=1,
I =0

J

is parabolic if
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a) there exist Ke R* 0e(n/2,n), such that
I={z2€C; |2|=K, |argz| <0y} < p(P),
where p(P)={we C;3P(w) e Z(X)}.
b) [24;P(z)" 1 L(X)| <M, for all 2€X,j=0,1,---n,

where M is a suitable positive constant.

In what follows we shall show that if A;=B,_;---B,B,, j=0,---,n—1, and

Hypotheses (H), (K) hold, then the operator pencil szj, A,=1, is in
j=o
fact parabolic, that is,

Theorem 8. If Hypotheses (H), (K) are satisfied, then the pencil

Z szj) Ai=Bn—j"'BZB11 j=0)1y"')n_1) An=I>

j=0
is parabolic.

Proof. We observe that for all ze€C,
P(z)=2"+2""'B,+2""*B,B,+--+B,B,_,--B,B,=
=2"+(2""'+2""*B,+--+B,B,_,--B,)B; =
=" '+2""2B,+--+B,B,_,- B,)(z+B,)—=2(2""2+2""3B;+--
+B,B,_1---B3)B,.
Let us define
P2)=2'+2""'B,_;j .+ ?B,_i_1)+1Bu_-1y+ ¥ By js3Bu_ji2
B, _ji1t+ - +ByB, 1By ji1, J=2,005m,
so that
P(2)=P,(2)=P,_(2)I—2P,_(2)"'P,_5(2)By(2+B;)~ ')(B; +2),
and, in this same way, provided that the inverses exist,
P, (2)'=(By+2) "I —2P,_5(2) 'P,_3(2)B3(B,+2)~ 1)~
Pn—z(z)_l
implies that
P,(2)=P,_;(2)I—2(B;+2) " '(I—2P,_,(2) 'P,_3(2)B3(B;+2)" ')}
B,(B, +2)"Y)(B, +=2).
Consider
I—2P,_5(2) 'P,_3(2)B3(B,+2) "' =
=1—2(B; +z)_I(I—an-—3(z)_an—4(z)B4(B3 +z)—l)_lBa(Bz+z)_l-
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If we continue this process, we verify that all is reduced to check the
invertibility of
[—2Py(3) ' Py(2)B,_5(B,_3+2)" ..
Now,
Py(2)= Py (:)(I —3P3(2) "'+ BB, 1(B,2+2) " )(B,_1+3)
and
Py(2)=(2+B,)(I—2(z+B,) " 'B,(B,- 1 +2)"')(z+B,_,).
In view of (H) and (K), P,(2) is in fact invertible for all z€ Z, |z| sufficiently
large. Futhermore, there exists P5(z) !e #(X) and
Py(2) '=(B,_,+2) " 'I—2(2+B,_;) '(I—=2(2+B""*
B,(24+B,_1) ) 'B,_(B,_,+2) )T 'Py2)" .
By induction, we obtain
P,(2) ' =(B;+2) 'R(2)P,_,(2)"",
where
R(z)=(I—2P,_;(2)"'P,_,(2)B,(B;+2) "),
and also
1P.(2)~ 1 L(X)<Cl2|7", z€X, |2| large,
1B Pu(2) ™" LX) <Clz|~*Y, 2€X, |2| large.
On the other hand, if
Qj(z)=zj+zj_lBl +zj_2BzBi+~--+Bij_1-~Bl, Jj=1,---\n,
then
P (2)=20,-41(2)+B,B,--B; =
=(2+B,—2B,(2" *+2" B+ +B,_5B)0y-1(2) "0y 1(2)
=(2+B,)(I—2(z+B,) 'B,0,_3(2)0,_1(2) )0, 1(2).
We deduce that
0,-1(x)=(z+B,-)I—2(z+B,_1) " 'B,_10,-3(2)Qu-2(2) "0y —2(2)
and at last
03(2)=(z+B3)I—z(z+ B3) "' B;0,(2)Q,(2) 1) Q,(2).
Now,
0,(2)=(2+B,)(+B;)—2B,
=(I—2B,(z+B,) " '(z+B,) " )(z+ B,)(2+ B,)
and hence
0,(2)Q02(2) ' =(2+B,) " '(I—-2B,(2+B;) " '(z+By) ")},
Q3(2)=(2+ B3)I—2(z+ B;) "'B3(2+B;) " '(I—2By(z+B,) ™"
(z+B3) ™)™ H0:(2).
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Assumptions (H), (K) ensure that Q,(2) and Q,(2) have bounded inverses
for any 2€ X, |z| large, and

1B2B,Q,(2)™"; L(X)| <Const, [2°05(2)7"; L(X)|| <Const,

”BaBzB1Q3(2)_ 1§ Z(X)|| <Const, ”szB1Qa(z)_l; ZL(X)|| <Const,
2€Z, |2|=>K,.

By induction on ne N, we see that
P(z)"'=0,_(z) 'H(2)(z+B,) ",

where
H(z)=(I—2(z+B,) "' B,0,_3(2)0,_1(2) ") 7"
and || H(2);Z(X)| <Const.

Hence, since Q;(z) has the same structure as P(z), we conclude that
|2B,_ B P(2)~ ;. £(X)| <Const, [|2*B,_,---B;P(z)"}; L(X)I
<Const,---,
2"~ 2B,B P(2)" 1, Z(X)| = 22" *B,B,Q,- 1(2) ' H(2)(z+ B,) ™!
Z(X)||< Const, z€X, |z| sufficiently large.

The estimate

|B,B,_ B, P(z)" ;. 2(X)| <Const
follows by the preceding ones and Ay P(z) !=1— Z szjP(z)_l.
j=1

Alternatively, we could prove by induction that
1Bj+201(2)Q;41(2) "L LX) <Cl2| ™% j=1,-,n=2, if 2€Z, |2| large,

noting that

Qj(z)Qj+ 1(2)—1
=(I_z(z+Bj+l)_1Bj+1Qj—1(z)Qj(z)—l)_1(z+Bj+1)—1
=(Z+Bj+1)~l +z(z+Bj+ 1)_lBj+1Qj—1(3)Qj(z)_ij(z)Qj+ 1(2)—1»

where we used the equality (I—S) !=I+S(I—S)"!. Hence, we have
for zeX, |2| large,

Qj+1(z)—l=Qj(z)—I(I—z(z+Bj+1)—lBj+1Qj—1(z)Qj(z)_l)_l(z+Bj+l)—l'
With the aid of this we can show by induction
|57 4By B, Q=) S LX) <C, k=0,-j, if 2€3, 2l large, j=1,n.

In particular,
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[2""*B,---B,P(2) "1, 2(X)|<C, k=0,---,n, if z€X, |z| large. #

If we carefully watch out the demonstration given above to Theorem
8, we realize that, at least in the case n=2, the strong connetion between
the domains of B, and B, contained in the assumptions (H), (K) can
be weakened to 2(B;)=2(B,), on condition that B, is multiplied by a
sufficiently large constant p.

Notice that S. Chen and R. Triggiani [4,5] have studied, via reduction
to a first order system in a suitable product space, parabolicity of (P),
with n=2 and in a Hibert space, when 4, is a positive selfadjoint operator
A and A, is comparable to A2

We have

Theorem 9. Let — B,, i=1,2 be the generator of an analytic semigroup
in X, with 2(B)=2(B,). If p>0 1is sufficiently large, then the
operator pencil P, (2) =z%+2pB, + B,B, is parabolic.

Proof. We write
P,(2)=(2+p 'By)(z+pB))—zp~ 'By=(z+p ' B)Q(2)(z +pBy),
where
O@)=I—zp Y (z+p 'B,) " !B,y(z+pB;) " !, zeX.
On the other hand, if z€X and |2|>py>0 suitably chosen,
I(z+pBy) ™Y LXI<Miz|™", I(z+p7'By) ™Y LX) <Mlz|™?,
IB2(z+pBy) ™! LX) <Mp~*.

The conclusion is then obvious.#

4. Applications and examples

AppLICATION 1. We want to recall some basic results for which we
refer to [23, pp. 333-334]. Let Q be a bounded C* domain in RY, ge N,
and let

ADyu= Y ¢,D%, c,eC,

la|=2m

me N, be a differential operator. We are also given a normal system
{B;, j=1,---m} of boundary operators complemented with respect to A(D)
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so that Theorem 4.9.1 in [23, p. 334] is satisfied. Notice that then

Bu(x)= Y. b,(x)Du(x), b€ C*(dQ),

laf <k;

Jj=1,--mand 0<k, <k,<---<k,<2m. (Inparticular, these assumptions

k+j—1
hold when Bfu:%"ﬂ'——?’ j=1,---,m, where ke{0,1,---,m} is fixed).

A remarkable result by R. Seeley characterizes the complex
interpolation spaces between LP(QQ), 1 <p< o0, and
H?’,’?')) = {u EHIZ’m(Q); Bju | aﬂ=0, j= 1 I 'm}.

Precisely, [23, p. 321], if there does not exist a number k;, j=1,---m, suh
that 2m0—1/p=*k;, then
[LP(Q), H}lg (Q)]y=H}75,(Q)
={ueH,2,"‘0(Q); Bjul| =0 for k;<2mO—1/p}.

Furthermore, the operator — A4, where
D(A)=H}Tg,(Q), (Au)(x)=A(D)u(x),

generates an analytic semigroup in L?(Q) and the imaginary powers A"
of A, t real, are bounded linear operators in LP(Q) such that ||A4%
LLP(Q))|| <Ce™, for certain C>0 and y>0, [23, p. 334]. Therefore,
if 2mO@=h is a positive integer <2m, in view of [23, p. 103],

[LP(Q), Higy(Q)lhjzm={ue HyQ)=W"?(Q); Bju|sq=0 for
k;<h—1/p}=2(4"*™).

(It is not too restrictive to suppose A to be a positive operator in LP(Q2)).
These results indicate a possible choice of the operators B,,---,B,

appearing in assumptions (H), (K) above. We start with B;=A4 and

take as B, another operator of the same type as 4, of lower order and

such that 2(B,)22(A"?™). 'Then we repeat this procedure to Bj,--+,B,.
To clarify the idea, let n=2,

@(Bl)={uer,(Q);ulm=?‘ =0}, Byu=A%u, ue 2(B)),
v|an

D(B,) = {ue HXQ); %’f
Vv

=O} ,B2u= ‘—Au, ue.@(Bz).
o
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Since — B;,— B, generate analytic semigroups in LP(Q), 1<p< oo and

0
[LP(Q),2(B))]y), = {ue HXQ); ulm=a—'j =0} 2By,

we deduce that (H) and (K) hold and thus we can treat the problem

2
Q+Aza—u—A3u=f(t,x), 0<t<T, xe€Q,
ot? ot

u(0,x) =uo(x), %(O,x) =u,(x), x€Q,

%i:(t, Ve D(By), u(t,") € D(B,)NH(Q),

0A2u(t,)

=0, t>0.
ov o0

Of course, one could perturb the differential operators by means of
derivatives of lower order and to this purpose we refer to [9]. Henceforth
we describe other examples that could be generalized in various directions,
too.

ExampPLE 1. Referring to Remark 1, let B be the operator in
LP(Q)=X, 1<p<o0, defined by

D(B)=W*P(Q)"WEP(Q), Bu= —Au, ue 2(B).

Then — B generates an analytic semigroup in X satisfying the spectral
properties in [7], so that for all ge N the operator —B, given by

@(Bq)={u€ W2aP(Q); “IaQ=A“|ao="‘=Aq_1“|ao=0}, Bi=(—A)

generates a holomorphic semigroup in X, too and one can apply Remark
1. This allows to treat the corresponding initial-boundary-value problem
relative to the equation

o"u 0" lu
P +c, (=AY —

st e A = f(1, ),

where ¢;>0 and ¢, >¢,>--->¢q,>0.
In our results the initial conditions %; shall belong to some interpolation
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spaces that have been characterized in several papers by A. Lunardi [13],
P. Acquistapace and B. Terreni [1,2] and others.

On the other hand, also the spaces (X,%2(B;))y, 1<g<o0, have a
complete description ([23]) and (X,2(B))),,<(X,2(B}))s,- In this way
we have a wide class of initial values to which our results apply directly.

ExampLE 2. Let Q be a bounded domain in R?, ge N, with a smooth
boundary 0Q, T>0, £=(0,T] x0Q. Consider the problem

Uy + A% u,— A3u=f(x,t), 0<t<T, x€Q,

4) u(0,x) =uy(x), u(0,x)=u(x), x€Q,
ou ou 0A*u
uly ovlz uls or uly vl Ov |z

This time we take X =L%(Q),

0
D(By)={ue HQ); ulsp=75

=0}, Bju=A%u, ue 2(B,),
o0

D(B,)={ue H*(Q); ul,q=0} or {ue H*(Q); ?‘)ﬁ
v o0

=0},

B,u= —Au, ue 2(B,).

Then 2(B,)> 2(Bi?)=[X,2(B,)] 12 = H3(Q), and therefore all our general
results can be applied.

Of course, different exponents in the powers of the laplacian occuring
in (4) are possible, provided that the assumptions (H) and (K) remain
satisfied.

ExamMpPLE 3. We take the same equation as in (4) but with other
boundary conditions. Precisely, we assume X=LP(Q0), 1<p<oo,

D(B,) ={ue W*?(Q); u|,m=gE =0}, Byu=A%u, ue2(B,),
vV |og

D(B,) = WP Q) \WhP(Q), Byu=—Au.

Since 2(B1?)=W3P(Q)<=P(B,), the moment inequality (or interpolation
theory) guarantees that

IB(z+By)~ " LI <M|z|""2, zep(—By).
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ExampLE 4. Let agy,a;,a,>0. Consider in the space X=LF(Q),
1<p<o0, the equation

g—i?—azA3@—alAS%§+aoA6u=f(t,x), 0<t<T, xeQ.
Let us define the operator B, by
D(B,)=WSP(Q)NWIP(Q), Bju= —a,A%u, ue 2(B,), 1<p< o,
so that
0*u

o0 O0v?

2B} = [X,2(B)]z)3= {ue WP (Q); uls0= %

=0}.
ov }

o

Let us choose B, with
D(B,)29(Bi?), Byu=(a,/a,)A’u, ue 2(B,),

such that — B, generates an analytic semigroup in X (e.g., 2(B,)=
W4P(Q) N W3P(Q), or else). Finally define B; so that we have

D(BY*) = D(B3) = W>H(Q), Byu=—(ao/a;)Au, ue 2(Bs),

and — B, generates an analytic semigroup in X.
Of course, if 2(B,)=W*P(Q)"WiP(Q), then D(BL/?)={ue W*?(Q);

u |09=—gﬁ|aﬂ=0} = W3?(Q), and hence the elements of 2(B,) could satisfy
v

either Dirichlet or Neumann boundary conditions.

ExamMPLE 5. Consider the initial-boundary-value problem

Uy — pAu,+ A u=f=f(tx), 0<t<T, x€Q,
u(0,x) =ugy(x), u,(0,x)=u,(x), x€Q,

u(t,) laa=u(t,")1p=0, 0<t<T,
Au(t,")|,0=0, 0<t<T,

(%)

where Q is a bounded domain in R? ge N, with a smooth boundary
0Q. Now we take X=L?(Q), 1 <p< oo, and define B,,B, by

D(B,)= W*P(Q)(\WP(Q), Bju= —Au,ue D(B,), 1 <p<c0, B,=B,.

Then Theorem 9 permits to handle (5) in the space X for any p>0
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sufficiently large. In this way we extend to pe(1,00) the treatment in
L*(Q) given in the paper [5]. Notice that other boundary conditions
can be associated to the laplacian to generate well posed problems.

AprpLICATION 2. Let Q be a bounded open subset of R?, ge N, whose
boundary 0Q is sufficiently smooth (see [20]), even if one could also treat
the case Q unbounded without too many changes. Let

o%...0
A(x,D,)= a,(x)D*, D*=—+——— | a=(0y, -,0,),
x |a|;2m a 6x§‘---6x:4 ( 1 q)
be a uniformly strongly elliptic operator satisfying the roots condition,
a, being a real-valued continuous function on Q. %(Q) shall denote the

space of all complex-valued functions continuous on €. If one defines
the operator A by means of

D(A)={ueb Q) \Wim(Q); A(:,D)ue¥(Q), D’u=0 on IQ, 0<|f|<m},

where A(-,D)u is intended in the sense of distributions, Au=A(-,D)u,
ue P(A), with s> g, then ([20, p. 152]) — A4 generates an analytic semigroup
in 4(Q), with non dense domain.

Further, it is known [20] that there exist M >0, 1,>0, £>0 such that

lu; I+ Y, 2172 DPu; @) <Mzl I(A+2)u; €I,

0<|fT<2m
for all complex numbers 2, |2|> 4o, largz|<n/2+¢&. For sake of brevity,
let (Q)=X. Then we infer that
I1DPu; X|| < Miz|~" 2™ ) Au; X+ M'|2|#V2"|u; X))
and hence, taking M|z|~*~1f2m —y " there is C(y) such that
| DPu; X || <nl| Au; X)) + C(p)llw; X ||, 0<B<2m, for any ue D(A).

It follows that a differential operator of order <2m and with its coefficients
continuous on Q defines an operator A-bounded and with A-bound equal
to 0.

We continue observing that if ke N, 0 <k<m, and by(-) is continuous
on Q, |B| <2k, then the operator B given by

P(B)={ue X; ue Wk*Q); B(-,D)ue X, DPu=0 on 0Q, 0<|B| <k},

Bu= Y b(-)D’u, ue 9(B),
18] <k
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has properties analogous to the ones of A4, and it is A-bounded; moreover
its A-bound is zero. These remarks indicate how it is possible to treat
by our methods the problem

u, + A(x,Dyu,+ B(x,D)u=f(t,x), 0<t<T, x€Q,
u(O) ')=u0) ut(os ) =u1)
+ boundary conditions

in the space of continuous functions, as well as its generalization to
equations of order n in time.

ExampLe 6. If k is a positive integer, let us denote by
%*([0,1])={ue®([0,1]); u is k-times continuously differentiable on
[0,1]}. We also recall the following results by [2].

Let 0,,8;>0, o;+§;>0, i=0,1, a,b,ce4([0,1]; R), inf a(x)>0.

xe[0,1]

Define an operator K by

D(K) = {u e 62([0,1]); %u(0) — ot (0) = ayu(1) + By (1) =0},
Ku=a()u"+b(")u' +c(-)u—wou, wy€R, ue 2(K).

If wy>max |c(x)|, then the spectrum of K is contained into (—00,0) and
X

K generates an analytic semigroup in X=%([0,1]), endowed with the
sup-norm; of course, 2(K)*#X. Furthermore, if 0<h<1, 0#1/2, the
real interpolation space (X,2(K)), ., is characterized by

€2([0,1]), if 0<0<1/2,

(X, 2(K))p..o =1 {f€ €2 1([0,1]), 00 f(0)—Bof (0) =0, f(1) + B, f'(1) =0},
if 1/2<0<1

([2, p. 205]), where the space ¥°([0,1])=%¥°([0,1];C), O0<o<1.

This being stated, let p>0 fixed and consider the operator K
previously introduced, with a(-)=1, b(:)=c(:)=0=w,.

Let us introduce another operator H by

2(H)=2(K), (Hu)(x)=a(x)u"(x), ue 2(H), 0<x<1,

where ae%((0,1);R), inf a(x)>0.
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Our general statements allow to handle in the space ¢([0,1]) the mixed
problem

0*u 0u 0*u

o2 Poxtor a+()5"4

w(0,%) = ug(x), —(o,x)=u1<x), 0<x<l,

=f(t,x), 0<t<T, 0<x<1,

oot(t,0)— /30 (:0) alu(t1)+ﬂ1 (tl) 0, 0<t<T,

a 3
“05—2‘(1,0)—/30?(%0)=0‘1 (t 1)+ﬂ1 (t 1)=0, 0<t<T,
x x

provided that p is sufficiently large

Since the interpolation spaces (X,2(K)), ,, are well-characteriazed, it
should be a simple matter to translate the conditions given by Theorems
1-7 into precise regularity properties and compatibility relations to ask
for the initial and non homogeneous data.

ExampLe 7. To begin with, we recall that if —A generates an
analytic semigroup in X, with non dense domain 2(4), then the operator
— A, defined in X,=2(A4)* (=closure of 2(4) in X) by

D(Ay)={uePD(A); AueX,}, Aou=Au, ueD(4,),

does generate a bounded analytic semigroup in X, that is strongly
continuous in ¢>0. Further, by [19, Proposition 1.6],

(X,D(A))g, 0o =(X0,2(A0))p,c00 0<0<1.

In particular, if Q is a bounded domain in R? ¢>1, with a smooth
boundary 0Q,

X=%(Q), €@ ={ueX; uln=0},
and A4 is given by
D(A)={ueb,(Q); u(Q)}, Au= —Au, ue 2(4),
where A is understood in the sense of distributions on Q, then
DAY =%,(Q), D(A°) = {ucb(Q); Aucb(Q)}, Agu= —Au, ue D(A,).

It is also well known that A, satisfies the spectral assumptions of
[7], so that —Ay*, ke N, do generate analytic semigroups in X,.
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Now, the space (X,2(A4))y,,,=(X0,2(A40))g,0» 0<O0<1, 0#1/2, has
been characterized by means of Holder-continuous functions on Q and,
on the other hand, by [23, p. 93],

(X0, D(AT)o, o0 ={u€ D(A5); Apue (€(Q).D(A))pm- 5,00
where s=[0m] is the integer part of Om and me N.

Hence we could consider some mixed problems connected with the
equation

"u " u

+¢,(—A)"

o 71 ot (— ATy = f(1x), 0<t<T, xeQ,

with ¢y, ,¢,>0, ¢;>¢,>->¢,>1, g;eN, taking X=%,(Q), B;=c,
(—A)%, according to the definitions above mentioned, as well as other
equations obtained by the preceding one with the help of suitable perturba-
tions that do not change the type of equation.
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