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1. Introduction

In this paper we study necessary conditions for the well-posednes of the Cauchy
problem for a class of first order differential systems with multiple characteristics.

For a scalar operator it is well known that the correctness of the Cauchy prob-
lem, in the case of multiple characteristics, yields some conditions on the lower
order terms of the operator, except for a few remarkable cases (see e.g. [7]). Hence
it is very natural to expect Levi conditions in the case of systems, even though the
nature of the symplectic invariants involved seems fairly misterious.

Pushing the parallel with the scalar case further, much more is known for systems
with double characteristics than for systems with characteristics of higher multiplic-
ity. Namely in [9] T. Nishitani proved that if the Cauchy problem is well-posed for
the N x N operator L = L; + Lo where h = det L; has double characteristics and
is not effectively hyperbolic, then if rank L; = N — 1 at a multiple point one must
impose some Levi conditions on the lower order terms.

On the other hand in [10], [8] and in [2] it has been proved that if h is hyper-
bolic, the set of all double points, ¥, is a smooth manifold, rank Hess L; = codim
Y and either h is effectively hyperbolic or rank L; < N — 2 at a point p € ¥, then
L is strongly hyperbolic, i.e. the Cauchy problem is well-posed with no conditions
on the lower order terms.

Turning to the case of multiplicity higher than two, in [10] it has been proved
that if L, has real analytic coefficients and p is a characteristic point of h = detL,
of order r, L is strongly hyperbolic implies that d/ “°L;(p) =0, j <r — 2.

The case we are concerned with in the present paper deals with characteristics
of multiplicity 3, whereas the rank of L, at a triple point is N — 1. Due to the series
of the above mentioned results, one expects Levi conditions in this case. If (the
localization of) h can be factorized as a product of a linear form times a hyperbolic
quadratic form (see below for a more precise statement of the assumptions), we know
exactly the necessary conditions for the Cauchy problem for h to be well-posed. It
turns out that in the vector case too we can isolate a scalar quantity, playing the role
of a sort of subprincipal symbol (see e.g. Theorem 4.1 below), on which the Levi
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conditions are to be imposed. This fact is essentially due to the rank assumption
for L, at triple points.

The proof of the theorem is carried out according to the ideas of Héormander
[4] and using the results of [3].

Let us say a word about our notations. Dy, = i'lc’)xj, ji=0,...,n If p =
Pm + Pm—1+ - is a polyhomogeneous symbol, p; being homogeneous of degree j,
we write Hy,  the Hamilton field of P, defined by H,_ (z,€) = (O¢pm, —0zpm)(x, ).
The subprincipal symbol, which is invariantly defined at double characteristic points,
is given by

pfn—l(zag) = pm—l(x7f) + %<ax>a§>pm($a 5)7

where (0;,0¢) = 37_(0%/9z;0¢;). If p is hyperbolic w.r.t. the & direction,
we denote by I', the hyperbolicity cone of p, i.e. the component of (0,e9) of
{(z,8)lpm(z,§) # 0}, and by T'J the polar of I', w.rt. the symplectic form
o = d§ ANdx = dw. If p is a double characteristic point of p,,, F,(p) denotes the
fundamental matrix of p,, at p, i.e. dH,, (p). Furthermore Tr" Fp(p) = > 1i(p)s
where ip;(p) are the eigenvalues of Fy,(p) lying on the positive imaginary axis.

Finally it is a pleasure for the authors to thank E. Bernardi for helpful conver-
sations and encouragement.

2. Notations and Statement of the Result

Let Q denote an open subset of R"**, 0 € ; we call z = (2¢,2') = (x0, -, Zn)
the generic point of Q. Let L(x, D) be a differential operator defined on C>(2; CV),
where N is a positive integer. We shall consider the Cauchy problem for L(z, D) with
respect to the surfaces o = const., which we shall assume to be non—characteristic
for L:

Q.1 {L(%D)u=f , To S0,

u|:l:0=0 = g(xl) ’

feD(Q), g e DN {zy = 0}). We say that the Cauchy problem (2.1) is well—
posed in QN {zo < 0} if
(a) for every f € (C§(R))VN there is a u € (£'(R))Y such that L(z,D)u = f in
Qn {«'170 § O}
(b) forevery u € (£/())" such that L(x, D)u = 0 in QN {zo S 0}, we have u = 0
in QN {zo < 0}.
We are interested in necessary conditions for the well-posedness of the Cauchy
problem (2.1).
We make the following assumptions:
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(H1) Denote by Lq(z,&) the principal symbol of L, i.e. the part homogeneous of
degree 1 with respect to £ € R™™! = R, x R¢:. Then Ly(x,£) is assumed to
be hyperbolic in the following sense: denote by h(z,{) = det L;(z,§); h is a
polynomial in £ of degree N. Then

h(z, &) is hyperbolic with respect to &g.

(H2) The characteristic roots of the polynomial &, — h(z,&o,&’) have multiplicity
of order at most 3.
(H3) Let p be a triple characteristic point of h(z,£) and denote by T,(T*Q) >
6z — h,(6z) the localization of h at p; h, is then a third order polynomial
hyperbolic with respect to (0,eg) on which we shall require the following:
(i) hp(6z) = (66o—41(6z,6¢"))Q2(62), £, being a real linear form in (6z, 6¢”)
and

(ii)) Q2(62) is a real hyperbolic quadratic form such that:
(a) ker F3, (p) Nran F3_(p) = {0}.
(b) If

Vi= @ ker(Fou(p) — iAD),
iAESP(FQ, ()
A>0

then Vv # 0, v € V', (1/i)o(v,v) > 0.

(c)  sp(Fo,(p)) CiR.
(H4) Let p be a triple point of h(z, &) then

rank Li(p) = N — 1.
Since L is a differential operator then
2.2) L(z,D) = Ly(z, D) + B(z),

where B € C*°(Q; Mn(C)) and

n

(2.3) Li(z,§) = Y _ Aj(x)&;,

=0

where A; € C*(2; My(C)) and Ay is non—singular, since the surfaces xo = const.
are non characteristic.
Put

. n 8L
(24) Lo(2,8) = B@)+ 5 3 50 (:6)
j=0 THiYes
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and define
@5) £(w,) = L'(5,6) “La(2,6) = £ {L1, *La}(z,),

where

L, 8Ly AL, 8°°L
(2.6) {L1, ©L1}(z,€) = (Zﬁ;ﬁj‘l _ ?91'_]1» 5 1) (x,€).

=0

The following definition will be also useful throughout the paper:

DeriNITION 2.1. Let A(z, &) € S™(Q; My (C)) and p a point in T*Q. We write:
A(‘/Evé) =0 atp,

iff the matrix symbol A(z,£) vanishes of order k at p, i.e. its entries are symbols
vanishing at least of order k at p.

We are now in a position to state our main result:

Theorem 2.1. Assume that the differential operator L given by (2.2) satisfies
(H1)—(H4) and assume that the Cauchy problem (2.1) for L is correctly posed. Let
p be a triple characteristic point for h = det L, and suppose that

2.7 Ha(p) € TG, (p) Nker Fo,(p),

where both A(z,&) = & — l1(z,€') and Q2 are defined in Assumption (H3)(i);
then there exists a smooth matrix a(x) = [or()]k,r=1,....N, Which can be explicitly
computed (see Section 3 below and Theorem 4.1), defined in a suitable neighborhood
of the origin in R™**, such that if

N N
(2.8) Cl@,8) = Y aw(@) Y (“L)rLler =Tr (‘a*LiL)
k,r=1 s=1
we have
(2.9) Im C =,0, atp;
(2.10) Re C =, 0, atp;
and furthermore
(2.11) Tr* Fo, (p)Ha(p) £ Hre c(p) € T} (p).

Before stating the proof of Theorem 2.1 some comments are in order.
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° The Levi conditions (2.9), (2.10) contain the condition
L(p) =0 in Hom(C",C")/L;(p)Hom(CN,C"),

given by T. Nishitani [9] at a characteristic point p of multiplicity greater than
2.

° It is a known fact in the theory of first order hyperbolic systems with multiple
characteristics that even if the terms of order 0 are missing and the determinant
of the principal symbol is a bona fide hyperbolic polynomial with multiple
characteristics, Levi conditions may not be satisfied. In other words the mere
principal symbol gives rise to an ill-posed Cauchy problem. This is reflected
by conditions (2.9)—(2.11), as can be seen from the following model operator

—60 fn 0 0 ]
&2 —&o §n — &2 a(z2)é2
Ll(xv ):
roby —Eo + 23, —bo+ & +x2bn  —a(z2)é2
[ &2 0 0 —&o + a(z2)én |
near p = (0, e,,), where we chose a(z3) = 1+ z5.
° Assumption (H3)(ii)(b) is not strictly required. An analogous statement holds
and a parallel proof can be carried out if Trt F,(p) = 0.
. Assumption (H3)(ii)(a) means that the fundamental matrix of Q2 at p has

no Jordan blocks of size 4 in its canonical form. A statement analogous to
Theorem 1.1 holds if (H3)(ii)(a) is replaced by

ker F3,(p) N ranFg, (p) # {0}.

) Since the Levi conditions (2.9)—(2.11) are scalar in nature it is not a priori
evident that they are invariant under canonical transformations leaving the
initial data hypersurface invariant. Actually there is a close link between
conditions (2.9), (2.10) and conditions —evidently invariant with respect to
canonical transformations— of Nishitani type [9].

Both to shed light onto this fact and to follow a more pedagogical path, we
postpone the discussion until Section 3 below (see also the Appendix).

. The case of characteristics of constant multiplicity with maximal rank N — 1
over a multiple point has been studied by V. Petkov, [12], constructing a
parametrix and proving also a propagation of singularities result.

3. Preparations

Let Aj(z), B(z), j = 1,...,n, be N x N (complex) matrices with entries be-
longing to C*(f2), 2 open subset of R?*! = R, x R”; consider the following
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differential operator:

n

(3.1) L(z,D) =Y _ A;(z)D; + B(z).

=0

Due to our assumption (H1), (H2) we may suppose that Ag(z) is non singular;
hence without loss of generality we may assume that Ag(z) = —Iy —the N x N
identity matrix:

(3.2) L(z,D) = —IyDo + Y _ A;(z)D; + B(x).

j=1

We denote by L;(z,§) the principal symbol of L, i.e. —In& + 2?21 A;(z)€;, and
by Lo the zero order part of L, i.e. Lo(xz) = B(z). Put h(z,£) = det Ly(z,&). By
Assumption (H3), h(z,£) is a hyperbolic polynomial with respect to & admitting
roots of multiplicity at most 3.

Let p a triple characteristic point for h(z,£); without loss of generality we may
suppose (possibly using a symplectic transformation — actually a linear coordinate
change) that p = (0, e,), where e, = (0,...,0,1). Hence

which, by our assumptions, turns out to be a degenerate matrix of rank N — 1, with
the zero eigenvalue of multiplicity 3. As a consequence we may find a N x N non
singular matrix U(z) with smooth (i.e. C* near the origin) entries such that

(3.3)  U(z) 'An(z)U(z) = diag(An(z), G(z)) + O(|z|¥), as =z — 0,
where k is a suitably large positive integer, G(z) is a non singular (N —3) x (N —3)

matrix with smooth entries and A, (z) is a 3 x 3 matrix with smooth entries. Since
Ap(0) has rank N — 1, from (3.3) we obtain that

An(0) =

010

00 1| =4Js,
(3.4) 000

0.

det G(0) #

Applying Arnold’s results (see e.g. [1]) we may find a 3 x 3 smooth matrix [J'(m)
such that

0
(3.5) Uz) A(@)T@)=| 0 0 1 |+0(z),
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as x — 0, k a suitably large positive integer; here the a;(z)’s are smooth functions
such that

(3.6) aj(z) = O(|z)") asz—0, j=1,2,3.

Defining I}(x) = diag(U(z), In_3), we have

(3.7) [:J(fv) diag(A,(2), G(2))U (x) = diag(A(=), G(x)) + O(Ja[*),
as & — 0, where
0o 1 0
(3.8) Az)=| 0o o 1 |,
as(z) az(z) a1(z)

and G(z) has been defined in (3.3). From now on we shall assume that A,(z) is
given by the right hand side of Equation (3.7). The following notation will be useful
for our purposes:

n All(x’ 6/) A12($’ él)
(3.9) Az, &) =) Aj()g =
j=1 Az (z,€') Ax(x, )

A1y (z, &) = Ay (2,€") + A(z)&n + O(||F)&y,
(3.10) Aoz (z, &) = Aly(x,€") + G(z)€n + O(|2|*)En,

Aij(l"gl) = A;;(ZE, 6//) + O(Imlk)éru { # .7,7',.7 € {172}

n

(3.11) An(z,¢) = [akr(xafl)]k,rzm 3= Z [akr ]k 12 353‘-

Thus from (3.7), (3.8) and (3.11) we obtain that

ag(z) = O(|z|*) if (s,r) # (1,2), (2,3), s <3,

ag.(x) =1+ 0(|z*) if (s,r) = (1,2), (2,3),

ag.(z) = O(|z[>~"*1), r =1,2,3.
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Here we denote by & the vector £’ = (£1,...,&q—1)- As a result we shall work near
p = (0,e,) with the first order system

L(z,D) = —DyIy + A(z,D’) + B(z),

with A(z, D’) satisfying (3.9)—(3.11).
First of all we want to deduce some conditions on the matrices A;(z) implied
by Assumption (H2). Let p be a triple characteristic point for h(z,£); then

(3.12) h=30, atop.
Since h is a polynomial of order N in the &, variable, (3.12) is equivalent to
(3.13) Eea(z, &) + &ocr(2,€) + co(x,&) =30 at p.
We have
co(x, &) = det Az, &)

N
¢ (z, &) = Zdet Ay (z, &),

j=1

N
ca(@, &) = ) det Agj)(x,¢),
=
where A(;) denotes the matrix A when its j—th row has been replaced by the j—th
row of —Iy (the identity matrix in CV) and A(j k) denotes the matrix obtained
when both the j—th and k—th row of A have been replaced by the j—th and k—th
row of —Iy; (3.13) becomes then

(3.14) =30, ¢1=20, ¢c2=10 atop.

Let us first consider co. We start assuming that both j, k are different from 3. Then
det A(; ) vanishes at p since the third row of A vanishes at p. Assume now that
J = 3. If k # 1 then the first column of A3 ) vanishes at p, so that the only non
trivial case is obtained for j = 3, k = 1. Then the second column of A3 ;) vanishes
at p. Thus we always have

c2(p) = 0.

Let us now consider cy; since ci(z,§') = Tr(“Li(z,£))|g o, then the second
condition in (3.14) is equivalent to

(3.15) Tr(°A(z,£')) =20, atp.
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We shall explicit (3.15) later in this section. Finally consider co; by definition we
have

co(@,¢) = det(An(2)én + A" (2,€")).

thus cg can be regarded as an N-th order polynomial with respect to &,. Hence the
coefficient of ¢V =7 is the sum of the determinants of all the matrices obtained from
A, (z) replacing j rows with the corresponding j rows of A”(z,£"). co =3 0 at p is
then equivalent to

(3.16) EN det A, (z) 4+ €N IZdetA 5 (z, &)

7=1

N
+ &Y det Ay (jxy(@,€") =50,
J k=1
i#k

at p. Here A,(;), An(j,x) means that the j—th and/or the k—th row of A, (z) have
been replaced by the j—th and/or the k—th row of A”(x,£"). (3.16) then implies

(3.17) det A,(z) =3 0, at p.
N
(3.18) > det Ay (z,€") =5 0, at p.
j=1
N
(3.19) Z det Apn(j k) (2, &) =3 0, at p.
jik=1
itk

By a direct calculation we have:
(3.20) det A,(z) = a3, (z)det G(z) =30, at z =0,

by (3.3), (3.6). Exploiting (3.20), (3.18) can be rewritten as

N
(3.21) Z Ay (2, €")

= Angp(z,8")

Jj=1
a11 ays a13 0 1 0
= ( 0 0 1 |+ |aY a3, ays
L a3y a3y a3 | az, ag; agy
[0 1 0 ]
+] 0 0 1 det G(z).
L a3, a3, a%; |
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Neglecting the terms vanishing of order 3 at p in (3.21) we obtain

(3.22) ay;, —ay a8, =30, atp.

As a consequence of (3.22) we get the following, which we state for future reference:

(3.23) a3, =2 0, atp;
(324) az; =2 0, at p.

Let us now deal with (3.19). It is feadily verified that if both k£ and j are different
from 3 then the matrix A, x)(x,£") has 3 rows with entries vanishing at p. Thus
(3.19) is equivalent to the following condition

N
Z det An(B,j) (xa 5”)

j=1

J#3
afy ajy affs 0 1 0
=det| 0 0 1 |detG(z)+det|al; ay, ah; | det G(zx)
a3, agy ags ag, agp agz.
001 00 ..oooviiiniin.. 0 ]
0 0 1 0 .. 0
31 A32 A33 | A34 <« vvvvvennnnnans asnN
0O 0 O
N oo
+ det =30, atp.
jz:; 0 0 0
aj1 aj2 a3 G
0 0 O
| 0 0 o0 |

In the above formula G ;) stands for the matrix obtained from G(z) by replacing the
(j —3)—-rd row with the corresponding row of A%,(z,£”). By means of cumbersome
algebra and neglecting the terms vanishing of order at least 3 at p we find that (3.19)
is equivalent to the following condition

N
(3.25) —(af a3, + a3,a3;) det G(z) — z asy(°G(z))e-3 j-3a}, =3 0, at p.

J.e=4
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We summarize what has been done in the following
Proposition 3.1. Assume (H1), (H2) and (H4) and let p be a triple characte-

ristic point of h(x,&) = det L,(z, ). Then the following conditions are equivalent.
1.

h =30, atop.
2. (i)
Tr(°A(z,¢')) =20, atp.
(i1)
az —azazz =30, atp.
(iii)

N
no_n " CO [/ —
(af a4, + ab, as3) det G(z) + E az3e(“°G(x))e—3 j-3a}, =3 0, at p.
J,=4

In particular 2(ii) implies that a3, =, 0, at p.

The remaining part of the present section is devoted to the study of the
matrix—symbol (°°L;)(z, £), which plays a crucial r6le in the Levi conditions. Using
the same block—form notation as in (3.9) we write

Ly Lyp

(3.26) Ly(z,€) = (,8).
Loy Lao

We have:
Lemma 3.1. Let Ly be a N x N matrix—symbol as in (3.26). Then we have:.

(@)  (°L1)ij(x,€) = (°L11)ij(x,€) det Lys(z, &) + O(|(&0,€")1?), 1 < 4,5 < 3.
(b)  (°°Ly1)ij(=,§) = O(lz] + [(0,€")]), 4 < i,5 < N.

Proof. (a) By definition of cofactor matrix we have:
(3.27) (COLl)ij = (—1)i+j det(Ty + 1),

where

(L) ©
Tl = )
0 Ly
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0 (L12);
T2 = N
(Lay)t O
here M]’ stands for the matrix obtained from M deleting the i—th column and the
j—th row. Then the determinant in (3.27) is the sum of the determinants of all the
matrices obtained replacing k rows of 77 with the corresponding k rows of T%,
k =1,...,N. Since all the entries of the matrix 75 vanish of order at least 1 at p,
(3.27) can be written as

N
(3.28)  (°La)yy = (—1)"* (det T+ Zdet(Tl)k) +0 (I(60, €M)

k=1

Now the matrix (T} ) is block—triangular and it can be easily seen that det(T} ), = 0,
for every k = 1,..., N. The above equation then becomes:

(“°L1)i = (=1)"*7(det Th) + O (|(&0,€")1%),
which is assertion (a).

(b) Using the same kind of argument as in the proof of the preceding assertion
we may write:

N Lu 0 0 (L)'
(°Ly)ij = (—1)"*7 det +
0 (L22)iT} (La1)j—s O
= (=1)"* det(T} + T)

= (=1)""7 | det Ly, det(La2)'5 + Zdet (T)x | + O( (&0, €M)
= (=1)""7 det Ly det(La2);75 + (I(£o,€")| )-
And assertion (b) follows keeping in mind that det Ly, (z, &) = O((|z| + [€))?). O
Corollary 3.1. We have
(3.29) (“°L1)s1 — (“°Li1)s1det Ly =30, at p.
Proof. Going back to (3.28) we remark that det(T} ), = 0. Hence the remain-

der term is generated replacing two rows of 77 with the corresponding two rows of
Ty, let’s say the k—th and ¢—th row, k < £. Then k € {2,3} and £ € {4,...,N},
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otherwise we get zero. In both cases we obtain a matrix with 3 rows vanishing at p
and this proves the assertion. O

Lemma 3.2. We have
(a) (COLI)U =1 0’ at P» l.f(7’7.7) # (1’3)
(b) (COLl)ij 520, atp, #222,]6{1,2,4,,]\,}

Proof. (a) Easy by inspection.

(b) First assume ¢ € {2,3}, j € {1,2}. Then the assertion follows from Lemma
3.1(a), computing the elements of °L;;. Assume then j € {1,2}, ¢ > 4. Then
(¢°Ly)i; = (—1)"*7 det(L1)%. The assertion follows noting that in (L)} both the
1-st column and either the 2-nd or the 3-rd column vanish at p. If j > 4 and
i € {2,3} we argue in the same way exchanging rows with columns. We are left
with the case 1,5 € {4, ..., N}. We must compute the determinant of a matrix of the
form

>

det

where the j—th row and i—th column have been suppressed. If we compute the above
determinant according to the first column, we see that (C"((Ll)}))l;c vanishes at p if
k # 3;if k = 3 then (“°((L1)%))13 # O at p, but by (3.24) (L1)31 =2 0, at p, and this
ends the proof of the lemma. O

Corollary 3.2. Condition 2.(i) of Proposition 3.1 is equivalent to
azz + a1 =2 0.
Proof. It suffices to use Lemma 3.1 and Lemma 3.2 noting that the vanishing
pattern of the entries of the matrix “°A is the same as that of the matrix “°L. ]

In the remaining part of the section we list some results which will be useful in
the next section.
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Lemma 3.3.
Q41
(3.30) (COLl)jl 53 (—1)2+ja23a32 det . (L22)] 5 ] Z 4
a4N
Proof. By a calculation:
(*°Lui)j1 =3 (1) agsdet((L1)])3
[0 a3 0o - 0
a4 ag2 agq — & - a4N
=3 (—1)1+ja23 det )
lan1 an2  ana - anN —&o ]
which yields the conclusion. O
Lemma 3.4.
(3.31) (°°L1)31 =3 (°°L11)31 det Los.

Proof. We have (“°L;)3; = det(L;)3. Arguing as in the proof of Lemma 3.1(a)
we see that det(L;)} is obtained computing the determinant of a block—diagonal
matrix in which one line at least has been replaced by the corresponding line of a
block—anti—diagonal matrix. It is easy to see that if only one line is replaced we get
zero; thus we must replace at least two lines, one in the upper part of the matrix
and the other in the lower part. So ( °°L;)s3; is given, modulo terms vanishing of
the fourth order at p, by a sum whose typical representative is



ON A CLASs OF HYPERBOLIC SYSTEMS

I az1 a2 0 0 T
0 0 A34  ceee e asnN
0 0 Q44 — 60 ................ a4N
det 0 0 Ql—14 v eeeennnnenanenn ar—1 N
ar1 a2 0 0
0 0 Qpt14 covvennnennanens ak+1 N
L 0 0 QAN e veeieniiaaaa aAaNN — {0 _
which is =3 0 at p. This ends the proof of the Lemma.
Lemma 3.5.
N
(3.32)  (°°Ly)32 =3 (“°L11)s2det Loy — a1 Z azean1( “°L22)e—3 h—3.
£,h=4
Proof. We have
(°°L1)32
=3 — [(a11 — &o) det((L1)3)] — arzdet((L1)3)3]
=3 —(a11 — &o)asz det Loy + aj2a3; det Loy
" dus -
N
—(au — f()) Z (—l)z_lage det (L22)£—3
=4
L AN2 |
a41
N
+ai2 Z (—1)2_10136 det (L22)e_3
=4
an1

N
= (“Lu)szdet Loz + a1z ) (~1)"*Pageas det(L2), 75,
£,s=4

which proves the assertion.

327
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Lemma 3.6. Letj > 4, then

N
(°°L1)j2 =3 a12(asz — &) Z ag1(“°La2)j—3e-3.
=4

Proof.  Analogous to the proof of Lemma 3.3. O

Lemma 3.7. Letj > 4, then

N
(°L1)1; =2 —a12a23 Z a3s( “°L22)s—3 j—3.

s=4
Proof. It’s again a calculation analogous to the proof of Lemma 3.3. ]
Lemma 3.8. Letj >4, then
N
(°°L1)3; =3 ai2a21 Zash( “Lo2)h-3j-3.
h=1
Lemma 3.9. Letj > 4, then
N
(“°Ly1)j3 =2 —aizazs Z ae1 (“°G);_3 43 S
£=4

We need also to compute the first terms in the asymptotic development of a
cofactor matrix:

Lemma 3.10. Let A(z,£) € S (Q, My (C)), B(z,€) € S° (2, MN(C)). Then
(3.33) ©(A+B)~ ©A+Ts+C,
where Tg € SN2 (Q, Mn(C)), C € SN=3 (92, My (C)) and furthermore
(3.34) ATp =Tr (B“°A)I, — B A.

Proof.  Suppose that A is an non-singular matrix symbol; then (3.34) is a
consequence of the formula

Tg=Tr (B®A)A™!' — ®ABA™L.

The general case can be recovered by a density argument. O
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4. The Levi Condition

In this Section we want to study conditions (2.9), (2.10), establishing a link
with those introduced by T. Nishitani [9]. As a by—product we show that the scalar
quantity C defined in (2.8) is the subprincipal symbol of a certain scalar operator,
which will allow us to complete the proof of Theorem 2.1 in the next section.

First of all we remark that due to the result of Appendix A and performing the
change of u—variables in CV of Section 3, we want actually to prove the following
theorem:

Theorem 4.1. Assume that the differential operator L, given by (2.2) satisfies
(H1)-(H4) and assume that the Cauchy problem (2.1) for L is correctly posed. Let
p be a triple characteristic point for h = det L, and suppose that (2.7) is satisfied.

Then defining

N

(4.1) C(z,€) =Y (PL1)1sLas(, ),
s=1

we have

4.2) Im C =, 0, at p;

4.3) Re C =, 0, at p,

and furthermore

(4.4) Tr' Fo,(p)Ha(p) £ Hre c(p) € T%(p)-

Actually Theorem 4.1 implies Theorem 2.1 in the coordinates of Section 3.
Moreover it becomes evident what the choice of the coefficients ak.(z), k,r =
1,..., N, means. From now on we shall argue in the coordinate framework of
Theorem 4.1.

We start with the following

Proposition 4.1. Using the same notation as in the preceding section, the
following assertions are equivalent
(a) There exists a N x N (complex) symbol-matrix T (z,£) such that

(4.5) L— LT =0,

modulo terms vanishing of order 2 at p.
(b) The symbol-matrices L and L, satisfy the ‘compatibility’’ conditions
N
(4.6) > (°Ly)1eLek =0, Vk=1,...,N.

s=1
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modulo terms vanishing of order 2 at p.

Proof. We shall argue on each column of T'. Let us consider the {~th column
of equation (4.5); we have
N
4.7) Ljp— Z LTy =20, atp,
k=1
where for sake of brevity, we wrote L for the principal symbol L;; this will cause
no misunderstanding and will be used only in this argument.
Due to the particular structure of L (see e.g. Section 3), we may isolate the
following system of N — 1 equations:

N
ZijTke = Ljo— Lj1The, j=1,2
k=2

(4.8) N
ZijTke =9 Ljs— Lj1Ti, j=4,...,N,
k=2

at p. When /¢ is fixed between 1 and N and Ty, is for the moment regarded as
a “parameter”, we may think of (4.8) as though it were a linear system with a
coefficient matrix of the form

*

*

where the notation L} has been defined in the proof of assertion (a) of Lemma 3.1,
x means a symbol elliptic at p and all the off-diagonal terms vanish at p. Hence
det L3 is an elliptic symbol and we may write

N
(4.9) Tie = (det L3) ™" Y (°(L3))k-16 (Lot = L1 Tie),

s#3
where k =2,...,N and for s € {1,2,4,..., N}, s* is defined by
s, ifs=1,2

s—1, ifs=4,...,N.
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We would like to point out that even though formula (4.9) is not a polynomial with
respect to the & variable, the term (det L1)~!(z, £) differs from (det L3)~*(z,0,¢)
for terms vanishing at p. Furthermore since both Ly, s = 1,2,4,...,N, and L
vanish at p (see T. Nishitani [9]), we get error terms vanishing of order at least 2 at p.
We shall keep writing (det L})~! and, since there is no danger of misundertanding,
we shall not bother in specifying the dependence on the variables (z,0,¢’).

Let us now turn to the third equation in (4.7); it reads, modulo terms vanishing
of order 2 at p:

N
(4.10) Z L3k Tye = L3,
k=2
and this becomes
N N
(4.11) (det L3) ™" > > " Lak(*°(L3))k-1 - Lse =2 Lae, at p.
k=2 23
Now we have, if s > 4,
N
(4.12) > Lan(°(L3)) k1 o

k=2

Lak(=1)** 1 det((L3)e7)

I
Mz

>
I|

2

(=1)F*3 7 Lok (—1)° 1 det((L3)5:)

I
Mz

2
)s *+1 det Ll
— _( COL)ls-

Il
/'\ =
I

The same result is easily seen to hold if s = 1,2. Hence from (4.11), (4.12) we may
rewrite the third equation of (4.7) as

N
—(det L3)™! Z (°L)1sLse = L3¢, at p,
ot
ie.
N
(4.13) > (L)1sLu =20, atp, £=1,...,N.

s=1

and this proves the Proposition. O
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Our next goal is to show that if our assumptions are satisfied then most of the
conditions (4.13) — actually all of them but the one corresponding to £ = 3 — are
also verified.

Lemma 4.1. Condition (4.6) for k = 1 holds true if Assumptions (H1)—(H4)
are satisfied.

Proof. Due to Proposition 4.1 we shall actually show that we can find the first
column of the matrix 7" in such a way that the first column of the matrix £ — L;T
in (4.5) vanishes of order 2 at p. Now this implies that

a ass —
(4.14) . o L21 =2 L31 — (L12G(z) 7€, L21)31.
a)2 a23

Here the inner couple of indices denotes the block, as in (3.26), while the outer pair
labels the place in the resulting matrix. Let us first compute £,;, the 1,1-entry of
L, defined in (2.4), (2.5). We have

N . .
(4.15) L1 =) (blj( “Li)j + %((875,85)&)1}-( “Li)jn — %{(Ll)lj, ( °°L1)j1}>-

=1

Since az; =; 0 at p, we may neglect in (4.15) every term vanishing at p; thus, by
Lemma 3.2, (4.15) becomes

(4.16) L1 = =5 {(La)u, (CLo)uh,

modulo terms vanishing at p. By (3.10) the r.h.s. of (4.16) is equal to

—%<6£(L1)11,3z(C°L1)11>
modulo terms vanishing at p. By Lemma 3.1(a) we get that
0z(“°L11)11 =1 (02(°°L1)11) det Log =1 0z(—agsasz) det Lay =1 0,
by (3.10). Hence
(4.17) L11 =1 0.
The same argument yields

(4.18) [.:21 =1 0.
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Consider then the second term in the r.h.s. of (4.14); since, by (3.10), L12 =, 0 at p,
again we may neglect the terms in L£5; vanishing at p. We have that

N

(4.19) Lj = Z [b k(°L1)k1 + = (<3z,35>L1)Jk( L)k
k=1

7
~§{(L1)jk,(°°L1)k1}] =0,
if 7 > 4, by Lemma 3.4. We are left with

(4.20) L3

N .
= 3 [ L0+ (080 Lidas( L = H{(La)as, (L)}

|:(3z,35)¢131 Li)u — Z{ L1)sj, (€ Ll)jl}} )

where, to obtain the last equality we used Lemma 3.2 and the result of Lemma 1.1
in [9]. Furthermore if j > 4 {(L1)3;,(“°L1)j1} =2 0, by Lemma 3.4 and Lemma
3.5 ((Be(L1)35, 0z ( °L1)j1) =2 0 if j > 4, due to Lemma 3.3 and (3.6)). Hence we
obtain that

7
(421) L3 = §detL22 I:(ama8€>a31 (“°L11)11

3
+ Y ((8zas;, 0 ( *°Li1)j1) — (B (as; — €ob3;), Bz (“Lr)jn))
i=1

= %d et Lo [(Oz, O¢)az1(—az3asz) + (0231, O¢(—azs3asz))
<3xa33,3£(021632)> - (35032, 3z(<131‘123 - a21a33))] ,
due to (3.6), (3.10). Finally (4.21) can be rewritten as
(4.22) L3
= %det Loa [—(0z, O¢)az1a32&n + (0za3s, Ocayy )aszaén
—(0za%y, Oeaga)ln + (Ozak3, O¢asa)ay &n

—(O¢asa, dzaz, — Ozagzay; )n]
=2 O’

because of Proposition 3.1. This ends the proof of the Lemma. ]
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The next result is concerned with the second column of the matrix T" in (4.5):

Lemma 4.2. Condition (4.6) for k = 2 holds true if Assumptions (H1)—(H4)
are satisfied.

Proof. = We shall argue along the same lines of the proof of the preceding
Lemma. The analog of Equation (4.14) is now

a _
(4.23) ﬁ'4:12 +2 = 0 Loz =3 L3z — (L12G(x) ¢, La1)32,

with the same convention on the inner and outer pairs of indices.
Since

N .
=3 [ (L2 + 502100 L5 (<L) = (L (“La)a)

by Lemma 3.4 we obtain

asza 1 a3
424 232 g =g —2 222 cf,
(4.24) e, 2= "o, {(L1)11, (*°L1)12},
and analogously
aszz — &o _ dazsz—& o
(4.25) ——— L9y =9 —= ——{(L1)21, (“°L1)12},
ag3 2 as3

. N

(4.26) L3z =2 ((31,39 1)31(“°L1)12 — %Z{(Ll)Ska(coLl)m}»
k=1

(4.27) (L12G( )—15—1.621)32

=2 _§det L22 Z (Ll 3h+3 L22)hs{(L1)s+3 17(C0L1)12}’

where in (4.27) (det Ly2)~! = (det Las(z,0,£'))~! =; (det G(z))~ & ™™ and
where we used the fact that

Ltz =1 ——{( )i+31, (“°L1)12}-

In what follows the quantity (det Lyo)~! will always mean (det Lao(x,0,£")) 7 .
Assembling (4.24)—(4.27) and using Lemma 3.5, 3.6, we find that condition
(4.23) becomes:
ia 1 a3z —
——ﬁ{([q)u, (°°Li1)12}det Loo — = = g(){(L1)21,(COI/11)12} det Loz
2 ajy 2 ags
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((az,3£>L1)31( Li1)12det Lag — ';'{(Ll)Sl, (“°L11)12} det Lay

N .

(4.28) —={(L1)32,(“L11)22} det Loy

N .

N | .

N
{(Ll)as, (“°Lyi1)3zdet Lag — ay2 Z a3¢an1( “°Lag)e—3 h—S}
th=4

[\DlN.

N N
_;_ (L1)3k, a12(ass — &) E ap1( “°Lo2)k—34-3

k=4 =4

N
Z (L1)3n(“°La2)h-3 s-3{(L1)s1, (“°L11)12}-

Mls.

Using (3.10), from (4.28) we obtain:

(4.29) —2agz{a11 — &, a3} det Lay — (ass — &o){az1, ass} det Lo

- Z 833k a’3c1 (a33 - €0)£n det Lo + 2£n {(131, a33 — Eo} det Log
k=1
—2{as2,a33 — &o}(a11 — &o) det Lag
N
+2¢, Z (“°La2)e—3 h—3 [{ass — &0, aze}an1 + {ass — o, an1}ase] =2 0.
£h—4

Here we used the notation
N

(4.30) a;j(z, &) = Zafj (z)&,
=1

(see e.g. (3.11)). The expression in the L.h.s of (4.29) is actually a first order poly-
nomial w.r.t. the variable & (recall that here det Lyz = det Lo (x,0,£’)). In order to
show that Equation (4.29) holds we first show that coefficient of £y&,, det Log is zero
modulo terms vanishing of order 1 at p. This coefficient is, modulo terms vanishing

of order 1 at p,

N
(4.31) D Oeahy + &7 a1, ass} + 26, {as2, as3 — &0}
k=1

—1 _
a%10z,a%5 — €, ag1, a33} =1 0,

Il
M z

k:

because of relations 2(ii) in Proposition 3.1.
Let us now consider the terms that do not contain &y in (4.29); we have the
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quantity:
n—1 )
(4.32) —2a32(—0z,a336n + Z a},0z;a336n)
j=1
n—1
—as3 Z a0z, a336n
k=1
n n—1 )
=33 0n, 0510358580 + 2600500
Jj=1k=1
n n—1 )
+26n (Za 10z, a338n — Z a’3c3azka§151'>
k=1 k,j=1
n—1
—2(111 Z agzazk ag3€n
k=1
N n—1 n—1
(°°L22)e—3n-3 k &
+2&n Z;‘l TTdetL, M 1; a330z, azp€n — ;;1 30z, 3380

al (“°Lag)¢-3h-3 e =
+260 Y ———————am(z 05300, a71&n — D aF102,0536n |;

det L
£,h=4 22 k=1 k=1

using Proposition 3.1, (4.32) can be rewritten as (modulo terms vanishing of order

2 at p)

n—1 n—1 n n—1
(4.33) -2 Z a3y€s Z ailazj azaén — Z a33és Z aglazk azsén
s=1 7j=1 s=1 j=1
n—1 n-—1

- Z Bz, 05305, Z alaibn + 263 Z a5,0,, a3

k j k
—2&n E :a338-73ka33 E a%lfj -2 E :ailﬁs E :‘1328:6;:‘1;3571
k=1 j=1 s=1 k=1

N ( COLQ )[ N n—1 n—1
2 2)—3 h-3 s k n
-2, Z T detLy, Z ap1€s Z 340z, a33
£,h=4 s=1 k=1
N
9 (“°L2z)e-3h-3
-2, Z;4 det Loy SZ_: a3e€s Z ahlawk azs-

Now this quantity becomes, again by Proposition 3.1,
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(4.34) 26, Z Oz, 33 {au Z a$,&s — a5, Z a3ss + Enagzaly — ads Z a3:¢s

s=1 s=1 s=1

n—1 N ( cof, ) n—1
k 22)0-3h—3 k k
—ag; Z a118s = &n Z ot Lon (ahiase + a3pan1)Es | -
s=1 £,h=4 et L2 s=1

The symbol in square brackets in (4.34) is

E a11a32 +akya5, + afya3; + 033‘121)

s=1

N
Z (°°La2)¢—3h—3

T detLy = (afpag, + aseam)} €s =20,

by condition (iii) of item 2 in Proposition 3.1. This ends the proof of Lemma 4.2.

O

The next lemma takes care of all the remaining conditions but one:

Lemma 4.3. Condition (4.6) for k = 4,..., N holds true if Assumptions (H1)—
(H4) are satisfied.

Proof. Let j € {1,...,N — 3}, then the above mentioned conditions are
equivalent to the following:

a as3 — _
(4.35) -2 (L12)15 + ga3 — &0 (L12)25 =2 (L12 — L12Lgy La2)35,
a2 az3
j=1,...,N — 3. Here we are using the same convention as above on the matrix

indices and on the expression L, . We have

(L12)15 = L1 j43
N

[m( “Li)eses + 5000 Ll ©La)esos
=1

_%{(Ll)lla ( COLl)lj+3}] ,

jeA{l,...,N —3}. Since az; =; 0, at p, it is enough to neglect the terms in the
above expression vanishing of order 1 at p. By Lemma 3.4 we see that in this case
everything is negligible except the term —(i/2){(L1)11, ( °°L1)1 j+3}, corresponding
to £ = 1 in the above summation. Now applying Lemma 3.7 and using (3.10) it is
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easy to see that also the latter term vanishes of order 1 at p. Thus

a
2 (L13)15 =20,
@12

(4.36)

at p, for every j € {1,..., N — 3}.
The same argument applies to the subsequent term, giving

a —
(437) 33_60(£12)2j =92 0,
az3

at p, for every j € {1,..., N — 3}. The last term is then

N-3
(4.38)  (L12 = LizLyy £a2)3; = Lajea — Y (L1)sers(LagesLora jea,
l,s=1
j €{1,...,N — 3}. Furthermore since
N .
cOo ? Cco
L1343 = Z [bs+3 h(°L1)nj+3 + 5(8178§>(L1)s+3 h(°L1)n j+3
h=1

7
~H(Ean (“Lonsaal

by Lemmas 3.4 and 3.9 we obtain that £,43;43 =1 0, Vs,j € {1,..., N —3}. Since,
by (3.10), every term (Lj)3 43, £ € {1,..., N — 3}, vanishes of the first order, we
see that the sum in the r.h.s. of (4.38) is negligible. Thus the only surviving term in
(4.38) is L343, 7 € {1,..., N — 3}. We have:

N

)
(4.39) Lyjus = Y [b3h( “CL)nj+3 + 5(0z, 0e)(L1)sn( “L)n s+
h=1

—%{(Ll)shv (°Ly)nj+3}

7
=2 5 ((Oz,0¢)as1( “°L1)1 j+3 + (0za31,0¢( “°L1)1 j+3)
—(0¢(asz — €0), 0x( “°L1)3 j1+3) + (02033, 0:( “°L1)3 j+3)] ,

by Lemma 3.2 and 3.6. Applying Lemma 3.7 and 3.8 we may write the above
quantity as

L343

. N
i
=2 5 |~((8s, Be)az)&n Y ass(Las)s-3;

s=4
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N
—(0zaz1, &2 Z O¢azs( “Lag)s—3 ;)

s=4
N

+(0,a%5, €2 Z (a3s0¢az1 + a210¢a35)( “°Laz)s—3 ;)
s=4
=9 0,
at p, by Proposition 3.1. This ends the proof of the Lemma. |

The remaining part of this section is devoted to the “true” condition (4.6) for
k = 3. More precisely we want to rewrite the quantity in (4.6) when k = 3 as the
subprincipal symbol of a certain scalar operator.

Define

a12 a13
ag2 — & @23

which is an elliptic symbol near p, and let
1 . .
7;i(z,€) = ;{( “L11)j3,det Lap}, if 1 <5 <3,
(4.41) 4 7(x,€)

N
= —%(detG(w))_l {En Zasl( COG)]'_;; 5_3,det L22} , if 4 S ] S N.
s=4

We need also the following N x N symbol of order N — 1, elliptic near p:

(442 R(z,6) = [rij(z,Olisisy
(L + B+ ’ |

det G o MeN 2

(= °G(La1 + 1’5’21))1'1c]4’~-<=12<~f;V EN=2 | eN-1eo@g

| (L1 + B)ns + 7N
and put

(4.43) K(2,D) = L(z, D)R(z, D) = [ki;(x, D)} 1z<



340 S. BENVENUTI AND A. BOVE

Proposition 4.2. We have

(4.44) k31 (z, &) =2 Z °L1)15Ls3,

where k5, denotes the subprincipal symbol of the (3,1)—entry of K.
Proof. We compute first k3,. We have
(445) k3,
3 N
=2 Z bsj(“°L1)j3 + Z bsj(— °GLy1&Y 7?); 31
—511023032 det Loz — (ass — &o)ai2b21 det Loy

3
1
+za3j “©°GBa1)j-31&0 "2 + ;Zag(Ll):sjaz(le)ja

1 _
+; Zag(Ll)Bjaz(_ ©GLg)j-316N 2
j=4

N N
3:[,35 [Z Lq)s;( :l Z L)3;1;,

where we used Lemma 3.9 and Lemma 3.10.
Let us now turn to condition (4.6) with & = 3. The latter is equivalent to
evaluating modulo terms vanishing of order 2 at p the quantity:

a asz — _ def
(4.46) — B -2 o Lo + L3z — (L12L35 L21)33 = A
a2 az3

Now, due to Lemma 3.9, we have

(4.47) L13 =1 b11(“°Lyy)i3det Log + — (3x,<9§>011( “Ly1)13det Lag
—%{(111 —&o, ( C0Ll)13}

(4.48) Loz =1 ba1(“°Lyq)1sdet Loy + = (3m,3.5)021( €Lq1)13det Lag

(4.49) —-;—{azl, (<°Ly)1s}.

Plugging these results into (4.46) we obtain:

(4.50) A =3 —a3zb11&n det Loy — (a3 — &o)ba1&y, det Log
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3 N
+ Z bs;(“*Ln1)j3 det Log + Y _ baj(— °GLarén )31
j=4
N

+Z — ©GBy1);-316N~

S&)

——((3@ O¢)a11)azey det Ly — %(<8m) O¢)az1)(ass — &o)&n det Lo

0N

+—a32§;1{a11 — &0, (“°Li1)13det Loy}

MISN

(033 — &0)&, a1, (©Li1)13det Lo}

[<3x,35>( 1)35(“°L1);3 — {(L1)3, (“°L1);3}]

~
Il
-

+
.Mw
N| .

[<3za3§>( 1)35( “°L1)j3 — {(L1)35, (“°L1)3}]

+
N .

j=4
_2 Z M ((Bz, Be)ar1)E2 det Laog
hk 4 detL22
N
= {(L1)kss (°°L1)j3} — (Bara, Bz det Lpp)E2 | .
j=4

Using (3.10) A becomes (modulo terms vanishing of order two at p):

N

(4.51) A =3 k3 — Z (L1)3575
i=1
+ia328n (0¢ (a11 — €0), Oz det Lag) + i(ass — £0)én(Ogan, Oz det Lag)

N
Z(L1)3j [6272(= ©°G(0z,0¢) La1)j-31 + &) 2 ((8a (= °G), O¢Lar)) j-31]

J

N .
¢ - ¢ co
+§ E azn(— ©°G(0z,0¢) L1 ) 316N 72 — §(L12<8:z: Loz, 8¢ La1))31€2
h—4

(L12 COL22 detL22<8 (det L22)_1 8§L21>)31£2

<(L12(det Lg2) ™! ©L320¢ a1 )31, 0 det Log)&2,

l\')ls [\)|s

where the scalar product means a summation over the gradient components label
(i.e. ((0zA,0¢B))hx = Z;’:O Zj’zlaszhsaijsk). Furthermore to get (4.51) we
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used the following identities:

i (“°Lag)h-3 k-3
5 azp——F " dot Ly Z{ 1)kjs (©°L1)j3}

j—4
i
5(@12(9 °Lo2,0¢L21))31€2
i
—3 ((L128,(det Lap) ™' det Loy Loz, 0¢ La1))31€2
and
i N ( cor )h k
22)h—3 k—3 2
(4.52) 5 Z a3hTL22_<35(L1)k1’3m det L2)&;,
k=4
i
§<(L12(d€t L23) 7! ©Lg20¢La1)31, 0, det Lag)E2.
Thus
N
(4.53) A=y k3 — > (L1)sT;
j=1
—taga{( °°L11)23,det Lao} — i(azz — &o){( “°L11)33,det Loy}
N
—1 Z agj(det G)—l{—( COGLgl)j_g 1, det L22}£n
=9 kgl?
due to (4.41). This completes the proof of the Proposition. ]

5. Proof of the Theorem

In order to prove Theorem 4.1 we need information on the growth rate of the
elements of the matrix K(z, D,) after the symplectic dilation

5.1 {yj2p5/2xj’ J=0,...,n—-1,

Yn = P°Tn.

and the corresponding contragredient transform for the dual variables; here s, p
denote suitable positive parameters to be chosen later.
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In what follows we denote by o (A) the symbol (positively) homogeneous of
order k of the (pseudo)differential operator A(z, D,). Let us consider first the two
blocks K;2 and Ky5. From the definition of the matrix R we have

on(Ki2)(z,&) = Liu(z,§)on_1(Ri2)(x,§) + Lia(x,&)on_1(Ra2)(z,§)
= Lus(a, &) “G(a)EN .

Hence, performing the symplectic dilation (5.1), we have
Kis(y,D,) = O (p(N—(l/Z))s) .
For the block K45 we obtain

on(K22)(z,€) = Lai(z,§)on-1(R12)(x,§) + Laa(z,§)on—1(Ra2) (2, &)
= (—boIn-3 + A% (2,£") + G(2)&n + O(|2]*)&n) G (z)EN
= det G(z)In_3¢Y + C(z, &) + O(|z|F)D(x, €),

where C(z,€) is a (N — 3) x (N — 3) matrix whose entries are polynomials with
respect to £, homogeneous of degree at most N — 1 in &, and at least 1 in (&,&").
Noting that det G(z) = det (G (p~*/%yo, p™*/%y", p™°yn)) = det G(0) + O (p~*/?),
we may write

Ka(y, D,) = det G(0)Iy_3DNps + 0 (p<N-<1/2>>S) .

Consider now the block Kj;. The principal symbol of a generic element of the
second column of K»; is given by

N

on(ki2)(®,€) = D> (L1)ir(z, §)on-1(rr2) (2, )

k=1

= ai(x, ' )on_1(re)(z,€) + aiz(z, & )on-1(rs2)(z, €)
N
+ 3 (=La2 ©C)i-g k-3(z, E)ara(z, £)EN 72,

k=4

where ¢ =4,...,N.
Recalling (3.10), we easily see that

kiz(y, Dy) = O (p‘”‘”S) . i=4... N
An analogous calculation, repeated for the third column, yields:

kis(y, D,) = O (p<N—1>S) _ i=4....N.
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As far as the first column of the block K»; is concerned, we get that

( ]1)(3:,6) = 0
1 Mg
on-1(kjn)(@,€) = Y =(Oe(Ln)jk, (Be( “L1)ks)) + Y = (Be(Ln)jks Oa( “Ln)iks)
k=1 k=4
3
+ Y (L)jeme + Z (L1)jkTk-
k=1 k=4

The terms in the second and third sum vanish of the first order in the (&,&")-
variables by Lemma 3.9, hence in the coordinates defined by (5.1) they are
O (p(N=(3/2)9); the same holds, by Lemma 3.1(a), for the last two terms of the
first sum. Thus we are left with

N
1
(850,]1, 1)13 + Z a detG 153

s,k=4

X<(6€as1)( COG)k—:x s—3, 0z det Lzz)} (.%77) +0 (P(N_(B/Q))s) .

Computing the term in square brackets we obtain

(O¢aj1, 0 det Las)aizazs

N N
- Z (Ogasi, O, det Laa) Z (@)j-3k-3(G™")k-35-3
= k=4 (y:m)
- 0 (p(N—3/2)s> .
Summing up our results, we have
(5.2) K(y,D,)
~ Kll(y;Dy) O(p(N——(l/Z))s) e

O(p(N—(3/2))s) O(p(N—l)s) O(p(N—l)s)
: : : pNedet G(0)In_3DY

+O(pN-(1/2)5)

Eventually we study the block K1,(y, Dy). Easily we have

(5.3) Ku(y,Dy)
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Io) (p(N—(3/2))s) pNs det G(O)IzDiLV +0 (p(N—(l/Q))s)

k31(y, Dy) 0 (pV-1/2)s)
In fact for the upper right block we have

M(z,€) det G(z) *M (2, )63 ~* = det G(z) det M(z, €)1,
= det G(a)La&y + O(l2™)€x + C(w,€),
where C(z,§) is homogeneous of order at most N — 1 w.r.t. &,. Let us now turn to

(K11)11 and (K11)21. The principal symbol of (Kj;);; is trivially zero, whereas the
terms of order N — 1 are given by

N

N
Z ~(0¢(L1) 15,02 (°Ly) j3) + Z (L1)1575-

=1 j=1

S| =

Now, by Lemma 3.2, (“°L1);3 vanishes of the first order w.r.t. the variables (&g, &)
when j > 1 and (Li1);; vanishes of the first order in the variables (&o,£”) when
j # 2. Hence, performing the symplectic dilation in (5.1), we obtain

on 1 (K1) = 7 [(Oe(ars — &), 8ul ©La)is)
+a12(det G(x)) ™1 (8¢ (“°L1)23, 85 det La2)] (y,m) +O (p(N‘(3/2))s) )

Using Lemma 3.1(a) and replacing ( °°L1;)12, (°°L;1)23 with their expressions we
conclude:

on-1((K11)n) = % [(Be(a11 — &), Bz det Lyg)aizans
—a1223(0¢ (a11 — &), Oy det Lyz)] + O (p(N—(3/2))3>
= 0 (pV- /2.
A quite analogous argument yields that
Ko (y,Dy) = O (p(N—(B/z))s) .

Next, in order to prove our statement we want to construct an asymptotic solu-
tion for the operator L(z, D) depending on the large positive parameter p. Actually
we construct an asymptotic solution for K(z, D,), which amounts to the same thing,
since R(z, D.) is an elliptic operator.

Consider first the differential operator k3; (z, D,.). Using symplectic dilations of
the form

y; = p¥/*Hhig, j=0,1,...,n—1,
(5.4)
Yn = P°Tn,
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and the canonical conjugate in the dual variables, by Lemma 2.1 in [3] we may find
a linear symplectic change of variables leaving the vector (0,e9) € T,7*52 fixed and
leaving invariant the Lagrangean plane z = 0, such that

(5.5) k31(y, Dy) = P(N_(S/z))s{(Do — (AD,yM) — (A@, D)) x
[—D[-; +2D0L1 (yV Dy, DP) + 2Dy Ly (y® D,,, D) + QM (yM D,,, D@))
+Q@ (Y D, D) 4 QO (yW D, DD,y D, D<3>)]
+ (0o + (€, y0) D, + (¢9, D®) 4 (¢, y®) D,y + (¢, D)) D, } DY

+0 (p(N—2)s) ,
where we used the notation

y(l) = (yl,""yd)’ y(2) = (yd+1>""yf)v

y(3) = (yé+1, .. wyn’)» y(4) = (yn'+1,~-->yn+1),

d, £, n’ being suitable positive integers determined in terms of the geometric situation
in T,T7*Q (see e.g. [3]); AV, \?) are suitable vectors, L;, Ly are linear forms,
QM. Q@ are positive definite quadratic forms and Q®, is a real bilinear form on
RY x R2™' 9 We point out that the numbers pj, j =0,1,...,7n—1, and s in (5.4)
can be chosen in such a way that the remainder term in (5.5) be negligible w.r.t. the
principal part. The next step is just a hack in order to straighten things, i.e. put on
the diagonal the important contributions.

Define
. 0 1
A=d1a,g(|t12 0],IN_3);

W, = diag (p*/4,In-1) ;
V, = diag (p~NV=3/23 I,p~Ns In_3p7 V%)
K'(y, Dy) = WPAK(y,Dy)W;YlVP'
Because of (5.2) and (5.3) we obtain

(5.6) K'(y, Dy)
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[ Pl(y7 Dy) O(pa(1’2)_s/4) O(pa(l,S)—s/4) .

O(pa(Z,l)——7s/4) det G(O)D,,I:,I2 O(pa(2,3)—s/2)
— +O(pa(2,2)—s/2) ,

O(pa(S,l)—7s/4) O(pa(3,2)—s) det G(O)D,IXIN_:;
+O(pa(3,3)—s/2)

where P'(y, D,) = p~(N=3/23k3, (y, D) and the a(i, j)’s are integers not depending
on s but only on p = (go,--.,ln—1). In order to prove our conditions we need
another localization of K'(z, D). Following [3] we define the symplectic dilation

Sp (w0, 9@,y ) = (yo/pz,y(”/ps,y(”,y(”/pz,yn/p“)
and then put K" (y, Dy) = (K'(y, Dy) o S,)U,, where
U, = diag(p~“N=9) p=*NIy_,).
Then we have
K”(:U’ Dy)
[ P'(y,Dy)  O(pM2=o/4)  O(p 3 =5/4) ]

O(pa(2,1)—s/4) det G(O)D,IIVIZ O(pa(2,3)—s/2)
= +O(pa(2,2)—-s/2)

O(pa(3,1)—7s/4) O(pa(3,2)—s) detG(O)D,IZ/IN_g
+O(pa(3,3)—s/2)

where
P"(y,D) = {(Do — (AW yMYp=1D, — p=2(A?) D@)))x
[-DZ +2DoLy1(p~*y™M) Dy, p=2DP) + 2Do Ly (y® D,,, D®)
+QW (p~lyM D, p=2D@) + QD (y® D,,, D®)
+Q® (p~ 'y Dn, p=2D®;y*) Dy, D))
+(COD0 + (c(l),p_ly(l))Dn + p_2<c(2), D(2))
+(e,y@) D + (e, DO) Dy } DI 4+ O(p7"),

where k is a suitably large positive integer. In Proposition 4.2 we proved that

C(z,8) =2 k3,(z, &) atp.
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This implies that Hc(p) = Hg;, (p), hence condition (4.2) is equivalent to
(57) Im (COa C? 653)7 ch)) = 0,

where C = (¢, c®).

We want to show that if condition (5.7) (i.e. condition (4.2)) is violated then
there exists a null asymptotic solution u, of K violating the a priori estimate implied
by the well-posedness of the Cauchy problem.

Suppose first that Im (c§3),c§3)) # 0. Let us consider the operator K'(y, D);
using symplectic dilations we may throw away the “involutive variables” (y(l), n(Q)).
Put

y® = (yg+1,y(5)) ) (CES)) =a+if, (05"3)) =o'+
2+1 2+1

here we assume that (3, 3’) # (0,0) and shall actually argue when 8’ > 0. Perform
the symplectic dialation

(yo,ye+1,y(5),yn) b (yo,p‘”yeﬂ,y“),p‘“yn) :

where & is a suitable positive integer. Denoting by K'(y, D) = (K'0S,)(y, Dy)U,SQ),
where U,(,z) = diag(p~ ™ =D% In_1p~V*), we obtain

K'(y, Dy)
P'(y,D,)  O(p"1D=/4)  Op= (1=2/4) ]

p-

O(pa'(2,1)—7s/4) detG(O)D,I:/IQ O(pa'(2,3)—s/2)
= +O(pa,(2,2)—s/2)

O(pa’(s,l)—7s/4) O(pa’(3,2)—s) detG(O)DTI:’IN_3
+O(pa'(3,3)—s/2)

Denote by E, the multiplication by
Inexp (ip*yet1 +i0%yn + ipp(y)),
and consider
_1 oy
Hl = Ep K,EpUtES) = [h’ik] :SSLSS% s
where

U = diag (p‘(?’N_“), p‘3NIN_1) :
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The elements of H'(y, D,) can be written as
hk’t(vay)NZp_]h‘}m(yﬁDy% Z7k= 17,N7
7=0

where, by the definition of K', we have

hi =1+ 0(p™1), i=2,...,N;
(58) hij = O(p® GD=5/4), a"(i,5) €Z, i #j, i,j=1...,N

hi1 = pE;1P'E, + O(p™+).
Proceeding as in [3] we have
Y = qoy, + o +if,
5.9)
1
hgl) = q(DU + <py090ye+1)7

where ¢ = Q(®)(1,0;0,0) is a positive real number. Moreover the integers a” (3, 5)
do not depend on s and we can choose s in such a way that

(5.10) p>1, Y =h) =0, ifi#j

ij

We now want to construct an asymptotic solution for H' in the form
oo
—d
u~ Y ua(y),
d=0

where
N

ua(y) = Y ot ®)e;,

Jj=1

e; being basis vectors in C" and the o4 being smooth scalar functions. We introduce
the following notation:

54 = (0d,... ,o%),

7 d d
h@ = (9, ... KR),
7 d d
A = (AP, B,

H® = [h{)]szisn, d>0.
=i
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From (5.8) and (5.10) we have

(5.11) R® =pM =0, h® =hW =0, HO = Iy_,.
In order to solve the equation

(5.12) H'(y,D) > p~%ua(y) ~ 0,
d=0

we annihilate the coefficient of p~™, m = 0,1,... in the left hand side of (5.12).
Thus (5.12) is equivalent to the set of equations

(5.13) S T Pel + S hmPar = o,
p=0 p=0
m . m
(5.14) SO himrlgb 4 S HOmPgr — o,
p=0 p=0

for m =0,1,... Equations (5.13), (5.14) can be reduced to a family of equations in
the unknown functions 0‘11. Let us consider the first m equations in (5.14); they can
be written in the form

a° bo
ot b1
(5.15) HI . |=].1]>
om bm
where b; = —Y°_ hi=P)o? and
[ 70 0 0O -+ 0 |
HL HO 0 e 0
H— | H® HO HO ... ¢

Hm) fm=1) fm-2) ... f©)
ie. Hisa (m+1)(N —1) x (m+ 1)(N — 1) matrix which is non singular since
det’H = 1. As a consequence

a° bo

ot b
. — COH

o™ bm
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Let °H = [Cij]ogiém, where C;j isa (N —1) x (N —1) block V4,5 =0,...,m. We
0<j<m
want to compute °“°H; we have “°“HH = I, 1)(nv—1), Which can be rewritten as

m
(5.16) > HUPC = 65Ty, i,5=0,...,m.
k=0

We make the convention that H(™) =0 if m < 0.
Let i =1 in (5.16); we obtain

HOCy =In_1, HOCou =0, k>0,
hence
(5.17) Coo = In—1, Cor =0 Vk>0.
Let now j > i; then (5.16) becomes
m i
0=> HOMC,; =3 HOMC,,;.
k=0 k=0

If Cij = 0 for k < i, then C;; = 0; thus, by an inductive argument, (5.17) implies
(5.18) CijZO Yij=0,...,m, i>j.

Let now j = ¢; then

m
(5.19) I =) HOMC,=Cy, i=0,...,m.
k=0

Finally if j < ¢ (5.16) yields

0= Xm:H“-k)ckj = iH“-k)ij
k=j

k=0
i . -1
= z H(z—k)ij = H(O)Cij + Z H("’“)C’kj,
k=j k=j
so that
-1
(5.20) Cij ==Y HUMCy, j<i

k=j
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Lemma 5.1. The following relations holds:

(5.21) Cij =Cit1j41, 4,j=0,...,m—1.

Proof. By (5.18), (5.19) we have that (5.21) is true if j > 4. It then suffices to
prove (5.21) when j < i. From (5.19) we have

i—1
i—k
Cit1j01=— 3 HOPCpiy 4,
k=j

and this allows us to prove the assertion via an inductive argument. O

Solving Equation (5.15), we obtain

k
Cok(= 3 hEP)0?)

M

(5.22) o™
k=0
= Z Z Co(—RF=P) gP),
p=0k=p
whence

Zh(m PGP — Zzzh(m P)Cri(—R*=) g

Jj=0p=j k=j
- (
- ZP "o
=0
The last line of the above equation can be rewritten as
Z P;T)zain_l-
£=0
Actually the operators P( _’¢ do not depend on m: we have

R S

£
= Z Z B(@—p')cm k’+m—2(_il(k,))

p’=0k’'=0
N R
- Z Z RE=P)Cppr (—RFD)
p’=0k’=0

=P



ON A CLASS OF HYPERBOLIC SYSTEMS 353
by (5.21).

Lemma 5.2. One can find a family of differential operators {f’k}kzo, such
that the equations (5.13) and (5.14) are equivalent to the equations

(5.23) Y Piol =0, m=0,1,...,
j=0

where Py = hﬁ), P = hgll), P = hﬁ). More precisely if the functions o, d = 0,1,.. .,
satisfy (5.23), then o and 5% given by (5.22) are solution of (5.13) and (5.14).

Proof. Equation (5.13) can be written as
m m
Zhﬁn_p)gf + ZPNl t=0, m=0,1,...
p=0 £=0

Since from (5.11) P, =0 when £ =m — 2, m — 1, m, define

P =0l ifr=01,2,
Pr=nY 4P, if=34,...

Equation (5.13) then becomes
Z}A)ja;n_j =0, m=0,1,...,
j=0

and this proves the Lemma. O

Recalling (5.9), in order to solve (5.23), we may proceed as in [3] choosing
p(z) = —((o’ +i6')/q)yo +i > j—, y; and then arguing as in Hormander [4].

The cases 3/ < 0 and B < 0 can be handled in essentially the same way and we
refer the reader to [3]. Hence we get Im (c§3), cg?’)) =0, at p.

The remaining cases, i.e. Im (co,C) # 0 and Im (co,C) = 0, Hy3, + Trt Fo,Hy
does not belong to the propagation cone of h are dealt with along the same guide-
lines, starting from the operator K" (y, D,). This completes the proof of Theorem
4.1.

A Appendix

In this Appendix we study the invariance properties of the symbol £ defined
in (2.5) with respect to changes of coordinates in CV depending only on z. More
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precisely denote by U(z), z in a suitable neighborhood of the origin in R™"1, the
matrix of the coordinate change in C". Let L'(z, D) be the transformed operator
of L(z, D):
(A.1) L'(z, —D0+ZU z)U(z) D,

+U_1($)B(-’E)U(w) ~ U™ (z)(DoU)(2)

Z )A;(z)(D;U)(z) = L (z, D) + B'(z).

Denote by £'(z,&) the result of definition (2.5) applied to the operator L’ defined
in (A.1). We have:
(A.2) (UL U) = U L, U,

so that L} = U~1°L,U. From now on we drop the variables = and £ to simplify
the notation when this will cause no misunderstanding. Hence

(A3 L= B+ L(0.,0004 L — HIh, <L)

=UcU + = ZU (8¢,L1)8,,UU °L,U

]_O

’i - — —1 co
+5 > [0s,U10¢, LoU + U0, 118, UJU ™ ©LyU

Now
(A4) 8,,UU = ~U~18,,U,

8sz1 COLI =2 ——Llaz]. CoLl, at P
(A.5)

65].L1 COLI =9 —L18§j COLl, at P

since det L; =3 0, at p. We remark that the second, fourth and fifth term in the
second equality of (A.3) cancel due to (A.4). By (A.5) the third and seventh terms
cancel modulo a symbol vanishing of order 2 at p. Thus (A.3) becomes

(A.6) L' =, U LU
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'Z: n
-1 -1
+5 D U LUU ™0, ©L10;,U
Jj=0

—5 Y U LU0, U0, LU
j=0

Summing up we proved the following

Proposition A.1. Denote by U(x) a smooth N x N non singular matrix defined

in a neighborhood of 0 in R"*1. Then

£ =, U'LU + LT,

for a certain matrix T € SN=2(Q; My (C)).

(2]
(3]

(4]
(5]
(6]

(7]
(8]

(9]
(10]
(1]
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(13]
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