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A Hopf surface is a compact complex surface whose universal covering is C*> —
(0, 0). Hopf surfaces with infinite cyclic fundamental groups are called primary and the
others secondary. The holomorphic automorphism groups of primary Hopf surfaces are
determined by Namba [5] and Wehler [7]. In this paper we give an explicit description
of the covering transformations of secondary Hopf surfaces based on the result of Kato
{21, [3] and calculate all the holomorphic automorphism groups. The method of proof
is to expand any automorphism into Taylor series at the origin and check the compat-
ibility with the covering transformations.

1. The covering transformation groups of Hopf surfaces

Let G denote the fundamental group of a given secondary Hopf surface. As Kato
[2, p. 231] showed, we may assume G C GL(2, C) except the case that
(0) G is isomorphic to Z®Z,,, m > 2, and generated by g(z1, z2) = (@"z1 +12}, @22)
and h(zy, 22) = (@"z1,az2) where a, A € C, 0 < |a| < 1, a = a primitive m-th root of
1, (m,n)=1 and n > 2.

Due to Kato [2, Prop. 8; 3, Prop. 8’] and the classification of the finite subgroups
of U(2) which operate freely on S3, we shall give an explicit classification of the cov-
ering transformation groups G in GL(2, C) modulo conjugate as follows.

We put H = {g € G;|detg| =1}, K = {g € G;detg = 1}. Kato classified them
according to the type of K but we prefer to divide them into decomposable and inde-
composable cases. Note that the following sequence

l1>-H->GC->Z->1

is exact and G is decomposable if the sequence splits and indecomposable otherwise.
We may assume moreover that H is a finite subgroup of U(2).
We take hereafter ¢ = exp(wi/4), € = exp(2mwi/5), p, = exp(wi/n), a = a primitive
m-th root of 1 and «, B,y € C with 0 < ||, |81, ly]| < 1.
(1) The case when G is decomposable and abelian: G is isomorphic to Z @ Z,, with
m > 2. A generator g of Z and a generator h of Z, are simultaneously conjugate to
(A) g(z1,22) = (@z1, Bz2) and h(zy, 22) = (az1, a"z2) where (m,n) =1, or
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(B) g(z1, 22) = (az) + 22, @22) and h(zy, 22) = (azi, az2).
(2) The case when G is decomposable and not abelian: G = Z x H where Z is gen-

erated by g(zi, 22) = (yz1, ¥22), i.e.,

. 1 0
= (yI) with I-(O 1),

and H = H; is a finite subgroup of U(2) which operates freely on S> classified by
Hopf and Threlfall-Seifert (Cf. Orlik [6, Th.1, p. 111] or Brieskorn[1, p. 347]). In fact
we have the following 6 cases where we give a sytem of generators very explicitly.
Here a is still a primitive m-th root of 1 and we denote by (g) the subgroup generated
by g.

(Cl) G = (ylI) x Hy where H, = (al) x sz(zm) and K = Ajyze+1) With

(2*Q@¢+1),m)=1,20+1> 3 and k > 3. Note that By, = ((g S(_),) : (2 g))

where s and d? have finite order 2¢ + 1 and 2*~! and that Ajpe) = ((—Os —.(v)")>

is the cyclic group of order 2(2¢ + 1). Note also that n2 = 1 (mod p’) implies
n = =1 (mod p/) for odd prime p. We may consider Bj,,,,, = By for k = 2.

(C2) G = ({ylI) x H, where H, = (al) x B, and K = B, with (m,4n) = 1 and
n > 2. Note that B, = <((z) (l)) , (’3’ p(z‘)) is the binary dihedral group of order
4n. "

(C3) G=(ylI)x H; where H; = (al) x C and K = C with (m, 6) = 1. Note that

(i oY 4 (& 2. .

C= < ( 0 —i) 7 ( : is the binary tetrahedral group of order 24.

(C4) G = (yI) x Hy where Hy = (al) x Cz/mk and K = B, with (m,6) =1 and

; 3,3

k > 1. Note that Cg ,, = <<(l) _Ol) , % (i_ E{)) is a group of order 8 - 3* where
w is a primitive 3*-th root of 1. Note also that C;, is abstractly isomorphic to C but
not conjugate.

(C5) G = (yI) x Hs where H5 = (al

)
binary octahedral group D = < ( ) %
(C6) G = (yI) x Hg where H6 = (al)

D a
3
C
X = E with (m,30) = 1 and
4 2 _ 3
. . _[f€ , (€' —€ € —¢€
the binary icosahedral group E = (( ) ( ) 7 (62 R )) of
order 120.

(3) The case when G is indecomposable: In the following cases from (D1) to (D6)

K = D with (m,6) =1 and the

X nd
_g_- )) of order 48.

G =GoUgGy, Go=(y*I)x H and g = yu



HOPF SURFACES 419

and in the case (D7)

G =GoUgGoUg®Gy, Go=(y*I) x H and g = yu.

‘ -1
Dl) H = ((g ag)),K = <((s) s(‘)')) and u = ((t) 10‘) where s has the

finite order mx > 3 with n % n2 = 1 (mod m). Let m = 25(2¢ + 1) and b = a2*!.
Then we note that any solution of n % n? = 1 (mod 2¥) gives one of b" =b~!, —b or
—b~!. Note also that t € C* and the conjugacy class is independent of the value of ¢.
-1
D2) H =<(g _?a)), K={xI}and u= ((t) to ) with m =2(2¢£+1) > 6 and
t € C*. Note that we may assume ¢ = 1 in the conjugate class.

-1
(D3) H=H, asin (Cl) and u = ((t) ) where 2 = (—s)* for some integer k

0
and ¢ # 1. This condition not mentioned in [2] is necessary.

(D4) H =H, as in (C2) and u = (pz,. 91) with n > 3.
0 p2n

_ 0 i i 0 . _ (¢ O
(D5S) H ={(al) x ((z 0) , (O —i>> with (m,2)=1 and u = (0 ;“)' Note
that H = H, with n = 2.

(D6) H =Hj as in (C3) and u = (f) ;“9‘)'

3,3
. . _ 1 ¢ ¢
(D7) H is the same as in the case (D5S) and u = 7 (; _;_).

2. Automorphism groups of secondary Hopf surfaces

According to the above classification we will prove the following theorem.

Theorem 1. The holomorphic automorphism group Aut(X) = &It(X )/G of each
secondary Hopf surface X = {C? — (0,0)}/G is described as follows.
(0) The case G is not conjugate to any subgroup of GL(2, C):
Aut(X) = {f(z1, 22) = (@"z1 + bz}, az2);a € C*, b € C} with n > 2.
(1) The case G is contained in GL(2, C) and abelian:
The case (A) is divided into the following S families.
(Al) In the case when ¢ =B and n =1 (mod m),
Aut(X) = GL(2, C).
(A2) In the case when a =B and n # n?> =1 (mod m),

Aut(X) = {(g 2) , (2 f)) ca,b,c,d e c*].

(A3) In the case when a* = B for some integer k > 2 and k = n (mod m),
Aut(X) = {f(z1, 22) = (azy, czt + bzy);a,b € C*, c € C).
(A4) In the case when a = B¢ for some integer £ > 2 and nf = 1 (mod m),
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Aut(X) = {f(z1, 22) = (az + 24, bza);a, b € C*, ¢ € C}.
(A5) In the other cases than (Al), (A2), (A3) and (A4),

Aut(X) = [(g 2) ca,be C*}.

(B) Aut(X)= [(g Z) aeCbe c}.
(2) The case G is decomposable and not abelian:
(Cl) Auy(X)= c*1<(’; ,0_1) , (2 ‘é)) = C*I - Byesry with £ > 1.

0

(C2) AuXx)=C*I )) C*I - By, ifn>3, and

-~ o
S~
o —r
~—
°§‘
S1

Aut(X) = C*I

(C3) Au(X)=C*I

owow

/\
/'\/\/\A

(C5) Aut(X)=C*I

o v
Wy
1o
N—
Si-
/\/’\/\/\
| v
w e

(C4) Au(X)=C*I (

o

vy
_O

\_/
Si-

3 _ 3
(C6) Aut(X)=C*I<(0 6) ((1) )% < 7S 2_54))=C‘I~E.

(3) The case G is indecomposable:
5172 0 0 ¢!
(D1) Aut(X) = C*1<( 0 1/2) ( 0 )) = C*I - B, with mg > 3.

s t

~ a b\, 2 12
(D2) AUt(X)_[(ﬂ:bt +a ;a,beC and a* - b #0}

is 0
0 —is!

1 P2n 0 —C*7T. .
0 ,(0 p;))—Cl By, with n > 3.

()G e n
o~ 3 3
(D6) Aut(X)=C*I (f) {‘jl),%(i f;))=c*1-o.

~ . 3 .3
(D7) Aut(X):C*I(((’) _Ol)%(i EC)>=C*1-C.

3. Automorphism groups for the decomposable cases

(D3) Aut(X) = C*I(( , (2 g)) = C*I - Byosry with £ > 1.
(D4) Aut(X) = C*I (?

(D5) Aut(X) = C*1<

When G is torsion free, that is, in the case of the primary Hopf surface, the holo-
morphic automorphism group Aut(X) is calculated in Namba [S, §2] except for the
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case (0) and Wehler [7, p. 24] for the cases including the case (0).

In the case (0) all the generators of the automorphism group given by Wheler are
compatible with the torsion elements of G and we get the result.

In the case (1)(A) or (B) all the generators of the automorphism group are given
by Namba and we have only to check the compatibility with the torsion elements of
G and get the result. Note that (‘z)
the case (A).

In the other cases any automorphism ¢ not only should have the form

¥(z1,22) = (Z aijzy23, Z bijZilZé)

i,j=0 i.j=0

2) is contained in H if and only if a = a” in

by Hartogs theorem, but also should satisfy

o loylop=yI

because dp~! o yI odg = y1. Hence

o(yz1,Y22) = (Z aij(vz1) (vzo), Z bij()’Zl)i()’u)j)

i.j=0 i,j>0

(Z a,‘j}/iﬁZ'iZ;, Z b,'j)/“jZ‘iZé)

i,j>0 i,j>0

(z vageiel, ybr,-zf,z;) .

i.j=0 i,j=0

As 0 < |y| < 1, we have

{arbitrary ifi+j=1 arbitrary if i +j =1
a,-,- =

and b,‘j={

0 otherwise 0 otherwise.

In particular ¢ € GL(2,C). So ﬂt(X) is the normalizer NgL.c)(G) of G in
GL(2,C). Moreover, since any element of G whose absolute value of determinent is
one should be contained in H, we see that ¢ is contained in Ngp.c)(H).

In the case (2) we see that C*I x H C Aut(X) = Ngre.c)(H) C Nora.c(K). Kato
[2, Lemma 5; 3, p. 222] determined NgL.c)(K) as follows.

a 0 b 0 _ 0 ¢!
Let A, =<(0 a“))' We put g, = (O b") and g, = (c 0 ) Then,

NgrLo.c)(Am) = {egy, f8.;b,c,e, f € C*} (m = 3),
NgLe,c)(Bn) =C*I - By, (n > 3),
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Ngr@.c)(B2) = NoLe,c)(C) = Ngra,c)(D) = C*I - D and
Ngro.c(E)=C*I - E.

So, we have only to prove in the cases (C1) and (C4).

In the case (C1) where K = Aj2¢41) We have Ngro.c)(K) = {egp, f8.:b,c,e, f €
C*}. Each element of the group By, ,,,, = (g, dg;) has the form d* gy or d*P*'g,.
Note that d2™' = —1 and —gs = g—s. Since gpdg, = dg,-28v.8.8 = 88, and
g.dg, = dg.g,., we have g, € Ngra.c)((gs,dg,)) if b~% = (—s)P for some integer
p. Clearly g, € Ngr2.c)(H) and we get the result.

In the case (C4) where K = B; we have Ngro.c)(K) = C*I - D. We put h =

0 i (¢ 0 N (N o2 2
(i O),u-—<0 {_l) andv—ﬁ(c ¢ . Then h = v™'u’v, Cgy = (u°, 0v)

and D = (u, v) for a primitive 3*-th root w of 1. Put N = NGL(Z,C)(C{;,y)- It is easy to
see u%,v € N. Moreover, uvu~' = u~'vhu~! implies u € N. So, the result follows.

4. Automorphism groups for the indecomposable cases

With the discussion in §3 we see that any automorphism ¢ is contained in
NgL@.c)(H). Since the inner-automorphism induced by ¢ preserves the value of the
determinant, it keeps the subset yuGo and in the case (D7) the subset y2u?Gy, too.
So, ¢ € Aut(X) if and only if [u, ¢] = upu='¢~! € H in the cases from (D1) to (D6).
Also ¢ € ;:Jt(X) if and only if [u, ], [u%, ¢] € H in the case (D7). Note also that
[v, @1], [v, 92] € H implies [v, o] '¢2] € H if ¢1, 92 € NoL@.0)(H).

Now we will verify the above condition for each case.

In the case (D1) we have Ngro.c)(K) = Nore.co)(H) = {egs, f8.3b,c, e, f € C*}.
Note that Eﬁ =1, g8, = 8.8 and 8.8, = g-1. Then,

b2 0 _ 722 0 0 ¢!
[u, egp] = ( 0 bz) and [u, fg.]1= ( 0 t2c‘2) for u = (t 0 ) .

These elements are contained in H if b% = s*, ¢ = s%? for some integers k, £. There-
fore we get the result. Note that g_; € H and hence g /- € Aut(X) when b" = —b or
b1,

In the case (D2) we have Ngri.c)(K) = GL(2,C). The commutator of » and

a b is equal to
c d q

1 d*—c*t? —bd+act™?
ad — bc \ bdt? —ac  a? — b?*s?
and should be contained in H. So, ac = bdt? and d? = +a?. Since H does not contain

((l) —(-)1) we have d = +a. Hence we get the result.
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0 —is d 0
contained in the automorphism group C*I(v, w) of the case (Cl). [u,v] = v™2 € H

=2
'0 g) € H. This

In the case (D3) we put v = (zs 0 1) and w = (0 d). Then, X\Tt(X) is

implies v € Xﬁt(X). Since w € H, we should have [u, w] = <

means % = (—s)* for some integer k and we get the result.

In the case (D4) we put h; = (0 l) and hy = (p,. 91) with u =
i 0 0 p,

(p(z)" p(i,). Then we know Ngro.c)(H) = C*I(hy,u) and [u,hi] = u*> = hy € H.
2n
Clearly [u,u] =1 € H. Therefore Aut(X) = C*I(hy, u).

: . 3,3
In the case (D5) we put hl = ((l) 6) s h2 = (:) _?i) and V= % (i EC). We

know Ngre.c(H) = C*I{(u,v) in the case (C2) with n =2 for u = ((C) 4_91). Note

that u* = (u='v)> = —I, v* = I and wvuv = h;. Note also that H is the direct product
of (al) and B, = {*I, £h,, £h,, £h h3}. So

i 1+ o1 (¢ &\ _ 1
[u’v]_2(i—1 l—i)_ﬁ(§3 _§3)— hihav(hihy)™ ¢ H

and we see that v & Kl-ft(X ). Clearly u € ﬂt(X). Also h; € KJt(X ) because [u, h] =
u? = h, € H. Therefore C*1({h;, u) C Aut(X). But the result follows, because (h;, u) =
B4 is a maximal proper subgroup of (u, v) = D of index 3.

In the case (D6) we use the same elements k; and hy as in the case (DS) and

3 3

hy = (‘; E;) We know NLo.c(H) = C*I{u, hs) in the case (C3). Clearly
u € Aut(X). Since [, h3] = hihohshih, € H, we have hy € Aut(X). So Aut(X)
C*I(u, h3).

In the case (D7) we know Ngreco(H) = C*I<u1 = (f) qu),u =

3 3
ﬁ (i_ EC)) Let A, and h, denote the same elements as in the case (D5). Note

that h2 = h = -1, hi'hhy = h3' and H is the direct product of (al) and
B, = {*I,+£h,, £hy, £hh;}. Note also ul = hy, [u,u] = h]hzu_lh|h2 ¢ H,
[, "1] = —h, € H, [u?, ”1] = —h1h2 € H and [u,u] = [u?,u] = I € H. Therefore
C*I(u], u) C Aut(X) and u; ¢ Aut(X) The result follows, because (u%, u)=Cis a
maximal proper subgroup of (u;,u) = D. The proof of Theorem 1 is completed.
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