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1. Introduction

The main subject of this paper is accidental surfacen the exterior of a knot in
the 3-spheres®, which is defined as follows. Le§ be a closed essential (ineom-
pressible and nod-parallel) surface in a knot exterior. We cdllaccidentalif it con-
tains a non-trivial loop which is isotopic into the periplketorus of the knot. There
are some motivations to study the accidental surface framtdpological or the geo-
metrical viewpoint. For example, it is known that accidérgarfaces in a hyperbolic
knot complement have a particular geometric behavior [&g [7] for more detail.

First, we will consider theaccidental slopeor accidental surfaces. A slope on the
peripheral torus of a knot is determined by the isotopy fromoa-trivial loop on an
accidental surface into the torus. It is shown in [7, TheorEnthat the slope is inde-
pendent of the choice of the non-trivial loop on the surfadence we call this slope
the accidental slopefor the accidental surface. In contrast, the accidentgleslis not
determined uniquely for a knot. In fact, an example of a krarhiting two accidental
surfaces with accidental slopes 0 amdwas given in [7, Figure 1]. We know that any
accidental slope is integral or meridional [1, Lemma 2.5&}d the example shows
that there is a knot with integral and meridional accidestapes. Hence, it is natural
to ask how manyintegral accidental slopes exist for a knot. In this paper, we give a
bound of the minimal intersection number of accidental stop

Theorem 3.2. Let S; and S, be accidental surfaces with accidental slopgs
and s, in the exterior of a knot inS3. Then

A(sq, 52) < min{—x1, —x2},

where y; denotes the Euler characteristic 6f for=1, 2 and A the minimal geo-
metric intersection number of the slopes.

Next, we will consider the number afccidental annulifor an accidental surface.
An isotopy from a non-trivial loop on an accidental surfacéoithe peripheral torus
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of a knot gives an annulus, which we call ancidental annulusThe authors showed
in [7, Theorem 1] that an accidental surface with integralidental slope admits only
one accidental annulus. On the other hand, an accident@csuwith meridional acci-

dental slope can admit plural accidental annuli. For exantipé accidental surface ob-
tained by tubing a tangle decomposing sphere admits plu@tental annuli. In this

paper, we prove

Theorem 4.2. Let S be an accidental surface with meridional accidentalpslo
in the exterior of a knot inS3. Then there are at mos?g — 1 mutually non-parallel
accidental annuli forS , whergg denotes the genus of the knot.

An accidental annulus as in the theorem above gives a cosipgeslisk for the
surface inS2 intersecting the knot at a single point. Such a disk is cafiesherid-
ionally compressing diskThe theorem above implies that there are at mgst-21
mutually non-parallel meridionally compressing disks &y closed essential surface.

As an application of the above results, we consiggceptional surgerieon
knots with an accidental surface. The Hyperbolic Dehn Syrgeheorem [11] due
to Thurston says that all but finitely many Dehn surgeries dmyperbolic knot give
hyperbolic 3-manifolds. Concerning the problem of when éxeeptional cases occur,
a large number of works have accomplished. See [3] for a gurve

Theorem 5.1. Let K be a hyperbolic knot ir§® which admitsS an accidental
surface with accidental slope in the exterior &f , and kfr) denote the manifold
obtained by Dehn surgery on a kn&t  along slope
(A) If s =00 and § admits at least three mutually non-parallel accidergahuli, then
K(r) is hyperbolic for every slope # .

(B) If s is integral and K (r) is non-Haken for an integral slope , then| < 4g — 1,
whereg denotes the genus &f

When a knot complement contains a closed essential surféite meridionally
compressing disks, the number of such disks has influencehendpology of the
surgered manifolds. In fact, Short [10] proved that if a kisomplement contains a
closed essential surface with at ledwb meridionally compressing disks, then all non-
trivial Dehn surgeries yield Haken manifolds. Theorem 5A} i6 an extention of this
result. We remark that there exists a knot whose exteriotadas a closed essential
surface admitting: meridionally compressing disks for angitive integem . See [14]
for example.

It was shown in [1] that ifr(K(r)) is cyclic thenr is integral. Therefore we
obtain as an immediate corollary of Theorem 5.1 (B) thairifK (r)) is cyclic then
|[r] < 4g — 1. This gives a partial affirmative answer to the followingnjgzture
raised by Goda and Teragaito [5]. K r () is a lens space, tken fibered and
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26 +8<|r| <4g -1

This paper is organized as follows. In Section 2, we preparaestools which
we use in almost all proofs. We will be concerned with the degctal slope and the
accidental annulus in Section 3 and 4 respectively. Thelteesn exceptional surgeries
will be presented in Section 5.

2. Preparation

Throughout this paperk denotes a knotSA and M denotes a compact, ori-
entable and irreducible 3-manifold with an incompressiioleis as the boundary.

Our notations are as follows. For a spaxe ,Xnt(9X, |X| and x(X) denote the
interior, the boundary, the number of connected componamdsthe Euler characteris-
tic of X, respectively. For a subsét & , EXt( ) denotes the rexteof Y in X,
that is, the closure o — N(Y), where NY ) denotes the regular neighborhoodYof
in X. For a graphG ¢(G) denotes the number of edges Gf  am@7) the number
of vertices ofG .

First, we introduce thestrongly essential surfagewhich is closely related with
the accidental surface. L&t be a surface with non-empty daynproperly embed-
ded in M . We say thaf igssentialif it is incompressible 9-incompressible and not
O-parallel. Let us define tha§ istrongly essentialf it is essential and at least one
component of Ext{ ) is)-irreducible. Theboundary slopeof S is defined as the slope
represented by a component @§.

One can construct a strongly essential surface from an ezt surface by an
annulus compression. The boundary slope of the resultarfacguis equal to the
accidental slope of the prescribed one. Since the convgremtion also can be done
[7, Theorem 2], the existence of an accidental surface with dccidental slope in
Ext(K) is equivalent to the existence of a strongly essemstimface with the boundary
sloper in ExtK ).

The following lemma will work anywhere in this paper.

Lemma 2.1. Let F be an essential surface, anfl  a separatingspectively
non-separatiny strongly essential surface i . Thel, asd can be homotoped
such that there are at most2x(F) (resp. —x(F)) arc components of’ N S.

Proof. Suppose that the number of arc componentg of S is minimal up to
isotopy.

CLav 1. The closure of any open disk region obtained by cuttthg n@leN.sS
gives ao-reducing disk for Ext{ ).

Proof. Suppose that there exists an open disk region oldtdipecutting F along
F N S such that its closurd is not @-reducing disk for Ext§ ). Then there exists
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a disk D’ in OExt(S) such thatoD = OD’. Note that9Ext(S) consists of two
copies S, S, of S and the union of annulA  appearing as the closure) &xt(K ) —
N(OS; 0Ext(K)). We considerD’ N (051 U 8S,) and an outermost disk” in D’. If
D" c S;, then by the essentiality off and irreducibility 8f , we camove an
arc component ofFf N S by an isotopy of F . If D” C A, then by an isotopy ofS
along D”, we can also remove an arc componentFafi S. In either cases, we have a
contradiction for the minimality of the number of arc compats of F N S. U

Construct a closed surfacE’ by contracting each component 6f to a point.
Note that x(F') is equal tox + |0F|. By regarding points corresponding t@F as
vertices and arc components 6f N § as edges, a graptiyr  oR’ is obtained. The
number of vertices ofG is equal t@F| and the number of edges &f is equal to
the number of arc components 6fN S.

If S is non-separating inM , then by the above claim, there is penodisk
regions of F/ — G. Hence we have((F’) < v(G) — ¢(G), and e(G) < |0F| — (x(F) +
|OF|) = —x(F).

If Sis separating inM , therG satisfies the next two conditions:

(1) Regions ofF’ — G can be colored like a checkerboard.
(2) No regions are open disks for one of the two colors.

Ciav 2. €(G) is not greater than 2(G) — x(F’)).

Proof. Without loss of generality, we assume that no bladjores are open
disks. If there exists a non-simply-connected white regtben one can add new edges
which are parallel to the edges bounding the region so trentdw graph also satis-
fies the conditions. Moreover, if there exists a white regidmicl is a disk but not
a bigon, then one can remove one of edges surrounding thentegind change other
edges with parallel edges, so that the new graph also satifee conditions. Conse-
guently, one can obtain a gragli on F’ satisfying the conditions 1 and 2 such that
no black regions are open disks, all white regions are bignmde(G) < €(G’). In
this case,x(F’) is less than or equal to the Euler characteristic of theurl®f the
white regions. This implies that(F’) < v(G) — (G')/2 < v(G) — (G)/2. Thus,
€(G) < 2(v(G) — x(F")). O

By Claim 2, we haves(G) < 2{|0F| — (x(F) + |0F|)} = —=2x(F). ]

3. Accidental slopes

In this section, we are concerned with accidental slopesivalgntly, the bound-
ary slopes of strongly essential surfaces.
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Lemma 3.1. Let F be an essential surface arfd a strongly essential suriface
M. Lets denote the boundary slope f f, the boundary slopg of n,TAE, f) <
—2x(F)/|OF|.

Proof. Suppose that the number of arc componentgr§ is minimal up to iso-
topy. Then the number of the arc componentsFofi S is equal to|dS||0F|A(s, f)/2.
If Sis separating inM thendS| > 2, and if S is non-separating it/  thgfs| > 1.
In both casesA s( f X —2x(F)/|0F| by Lemma 2.1. O

With this lemma, we prove the next theorem.

Theorem 3.2. Let S; and S, be accidental surfaces with accidental slopgs
and s, in the exterior of a knot inS3. Then A(sy, s2) < min{—x1, —x2}.

Proof. Let us construct strongly essential surfaces in Extfrom the given
accidental surfaceS; i( = 1, 2) by an annulus compression. Wihen annu-
lus compression gives disconnected surfaces, we take thieected component hav-
ing larger Euler characteristic. Lef; be the surface so obthifrom S; fori =
1, 2. Note thaty; = x(S;) < 2x(F;)/|0F;|. Then, by Lemma 3.1A s{,s2) <
2 min{fX(Fl)/|8F1|, 7X(F2)/|8F2|} < min{fXL 7)(2}. O

Concerning the intersection number of the boundary slogesssential surfaces,
Torisu [12] showed the following. LeF; be essential surfawaeth boundary slopes
fi for i =1, 2 in an acylindrical 3-manifold. Thea f{, f2) < 36(2¢1 — 1)(2g2 — 1),
whereg; denotes the genus gf for =1, 2.

By using Lemma 3.1, we obtain some bounds on accidental slope

Proposition 3.3. Let S be an accidental surface with integral accidental slape
in Ext(K). Then

() [s] <4g -2,
(i) |s| < 2(c — b) and
(iii) |s| < 2c — 6,

where g, ¢ and b denote the genushe crossing number and the braid index &f
respectively.

Proof. (i) is an immediate consequence of Lemma 3.1 by censigl a minimal
genus Seifert surface and the strongly essential surfatz@neld fromS by an annulus
compression. (ii) is obtained by (i) together with the régbht the minimum number
of Seifert circles equals to the braid index of the knot [1{#]) follows from (ii) to-
gether with the fact that 2-bridge knots are small [6]. U



340 K. ICHIHARA AND M. OzawA

Since the last statement holds for the boundary slope ofcaglir essential sur-
face, Proposition 3.3 (iii) gives a partial affirmative amswo the following conjec-
ture raised in [8]. Letk be a knot i§%, D a diagram ofK withcp crossingsyp
the writhe of D , andS non-meridional essential surface withirgtary slopes . Then
|s| <ecp+|wpl. In particular,|s| < 2¢, wherec denotes the crossing numberkof

4. Accidental annuli

Here, let us consider the number of accidental annuli for esidental surfaces.
As we stated in Introduction, an accidental surface witlegral accidental slope has
only one accidental annulus. In other words, the next holds.

Corollary 4.1. Let K be a knot inS® and F a strongly essential surface in
Ext(K). If F has an integral slope, thefdF| < 2. U

This corollary shows a kind of simplicity of the 3-spheredded, if the ambient
space is not 3-sphere, we can construct a knot and a stroegingal surfacg” with
|0F| > 2 and an integral slope in its exterior.

Next, we consider the number of accidental annuli for andssttial surface with
the meridional accidental slope. Equivalently, we consittee number of boundary
components of a meridional strongly essential surface.

Theorem 4.2. Let § be an accidental surface with meridional accidentalpslo
in the exterior of a knot inS3. Then there are at mos?g — 1 mutually non-parallel
accidental annuli forS , whergg denotes the genus of the knot.

Proof. Suppose that there exist mutually non-paralleldstial annuli forS .
We use Lemma 2.1 in which we p#t a minimal genus Seifert sartawd S’ a sep-
arating strongly essential surface obtained frSm nby armobmpressions. TheR
and §’ can be isotoped so that there are at me&(1— 2g(F)) = 4¢g (F)— 2 arc com-
ponents of F N S’. On the other hand, the number of the arc componentB ©fS’ is
equal to 2 if we takdF N S’| minimal up to isotopy. Hence we have< 2g(K)— 1.

[

As we remarked in Introduction, an accidental annulus foraanidental surface
with the meridional accidental slope gives a meridionatlynpressing disk for the sur-
face.

5. Exceptional surgeries

Throughout this section, lek r( ) denote the 3-manifold ot®di by Dehn surgery
on K alongr . That is,K { ) denotes the 3-manifold obtained bychitey a solid
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torusV to ExtK ) so that a simple closed curve with slepe boumaseridian disk
of V.

Theorem 5.1. Let K be a hyperbolic knot ir§® and S an accidental surface
with accidental slope in the exterior &
(A) If s = 0 and § admits at least three accidental annuli, th&i{r) is hyperbolic
for every sloper # co.
(B) If s is integral and K (r) is non-Haken for an integral slope , then| <4g —1,
whereg denotes the genus &f

Proof. (A) We know thatK f ) is Haken for any # oo [10]. Therefore, we
only need to show thak r( ) is irreducible and atoroidal by BY. annulus compres-
sions, we construct a meridional strongly essential sarfgicwith |0S’| > 6 from §
in Theorem 5.1 (A).

Ciam 3. Any closed essential surface of genus less thas’[(+ 4)/8 in K (r)
can be isotoped into Exk{ ) far # occ.

Proof. Suppose that there exists a closed essential suFfaceK (r) which can
not be isotoped into Exi ). LetFNV| be minimal up to isotopy oF irK r( ). Then
F' = FNExt(K) is essential in ExK ). By Lemma 2.1, we have

0S| |OF'[A(s, )/2 < —2(2—2g(F) — |OF'|) = -4+ 4g (F) + 20F "],
wheres andf denote the boundary slopesSbfand F’ respectively. Thus,
[OF'|(|0S"|A(s, f) — 4) +8< 8g(F).
Since|0F'| > 1, |0S'| > 6 and A §, f )> 1,

(|0S'| —4)+8=]0S'| +4 < 8g(F). O

Hence any closed essential surface of genus less than (6+oén be isotoped
into Ext(K ). But this contradicts thak is hyperbolic.

(B) By annulus compressions, we construct a strongly eiséesirfaceS’ with inte-
gral boundary slope fron§ in Theorem 5.1 (B). We note t[@f'| = 1 or 2 by
Corollary 4.1.

Ciav 4. Suppose that s(r )} 2. Then any closed essential surface of genus
less than A ,r )+2) in K(r) can be isotoped into ExX&( ).

Proof. Suppose that there exists a closed essential suFfaceK (r) which can
not be isotoped into Ex& ). LetFNV| be minimal up to isotopy oF irK r( ). Then
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F’' = F NExt(K) is essential in ExK ).
If 108’| =1, then we haveédF’| > 2 sinceA §,r )> 2. By Lemma 2.1,

0S| |OF'|A(s, )/2 < —(2—28(F) — |OF'|) = =2+ 2g (F) +|0F],
[OF'|(10S"|A(s, f) —2) +4 < 4g(F).

Since |0F'| > 2,108’/ =1 andA ¢, f )> 2,
2(A(s, f)—2)+4 =276, f)< 4g(F).

Hence we haven s( f /R < g(F) if |0S'| = 1.
Next supposdds’| = 2. Since|0F’| > 1 and A ¢, f)> 2, a similar argument
shows that

(2A(s, f)—4)+8=2A, f)+4< 8g(F).

Hence we haveA s( f )+ 2% < g(F) if |0S'| = 2. In either casesA(s{f )+24<
g(F) holds. L]

Claim 4 implies thatK « ) is irreducible ifA s(» )}> 2. In addition,S remains
incompressible inNK /) [1, 7], and s& r () is Haken X s, 3 2. On the other
hand, we haves| < 4g — 2 by Proposition 3.3 (i). Hence we conclugié < 4g — 1 if
r is integral. O

If an annulus compression along an accidental annulus syidldconnected sur-
face, then we obtain a strongly essential Seifert surfa¢gectwis called atotally knot-
ted Seifert surfaceWe have the following in this case.

Corollary 5.2. If a knot K has a totally knotted Seifert surface, th&ir) is
irreducible for everyr # oo.

Proof. By virtue of Claim 4,K ) is Haken ifr| = A(r, 0) > 2. Since it was
shown in [2, 4] thatK (0),K £1) are irreducible, the corollary holds. [
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