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1. Introduction

The extension problem is one of the fundamental problems in topology. We con-
sider the problem for vector bundles over real projective spaces.

Let be the real fieldR, the complex fieldC or the quaternion fieldH. Let
be a space and be a subspace. A -dimensional -vector bundleζ over is called
extendible(respectivelystably extendible) to , if there is a -dimensional -vector
bundle over whose restriction to is equivalent (respectively stably equivalent) to
ζ as -vector bundles, that is, ifζ is equivalent (respectively stably equivalent) to
∗α for a -dimensional -vector bundleα over , where : → is the inclusion

(cf. [13] and [5]).
As is seen in [7, Theorem 6.4] and [11, Theorem 2.2], the extendibility (or the

stable extendibility) is closely related to the span, i.e.,the maximum number of lin-
early independent cross-sections of an -vector bundle, andone can see in the proof
of Theorem C of this paper how the stable extendibility is related to the immersion
problem.

Let R be the -dimensional Euclidean space andP be the -dimensional
-projective space. Concerning stably extendible -vector bundles for =R and C,

R.L.E. Schwarzenberger obtained the following results (cf. [2], [3], [7], [12] and [13]).

Theorem (Schwarzenberger).Let = R or C. If a -dimensional -vector bun-
dle ζ over P is stably extendible to P for every > , then ζ is stably equiva-
lent to a sum of -line bundles.

In the original results of Schwarzenberger, the -vector bundles are assumed to
be extendible, but his results are also valid for the stably extendible -vector bundles.

Recently, M. Imaoka and K. Kuwana have proved in [5] that if a -dimensional
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H-vector bundleζ over HP is stably extendible toHP for every > and its top
non-zero Pontrjagin class is not zero mod 2, thenζ is stably equivalent to a sum of
H-line bundles provided ≤ .

We study the question: Determine the necessary and sufficient condition that a
R-vector bundle overRP is stably extendible toRP for every > . We have ob-
tained the results for the tangent bundleτ = τ (RP ) of RP (cf. [7] and [9]), for the
normal bundleν associated to an immersion ofRP in R2 +1 (cf. [10]) and for the
complexification ν of ν (cf. [10]) as follows:
1) τ is stably extendible toRP for every > if and only if = 1, 3 or 7.
2) ν is stably extendible toRP for every > if and only if 1≤ ≤ 8.
3) ν is stably extendible toRP for every > if and only if 1≤ ≤ 9.

The purpose of this paper is to improve 2) and 3) for the normalbundle ν
associated to an immersion ofRP in R + where is any positive integer and for
the complexification ν of ν.

Let φ( ) be the number of integers such that 0< ≤ and ≡ 0, 1, 2 or 4
mod 8. Then we have

Theorem A. Let ν be the normal bundle associated to an immersion ofRP in
R + , where > 0. Thenν is stably extendible toRP for every > if and only if
≥ 2φ( ) − − 1.

Theorem B. Let ν be the normal bundle associated to an immersion ofRP in
R + , and let + 1≤ ≤ + 12. Then the following three conditions are equivalent:
(1) ν is extendible toRP for every > .
(2) ν is stably extendible toRP for every > .
(3) 1≤ ≤ 8.

These are improvements of Theorem A in [10].
Let [ ] denote the integral part of a real number . Then for the complexification

of the normal bundle, we have

Theorem C. Let ν be the complexification of the normal bundleν associated
to an immersion ofRP in R + , where > 0. Then the following hold.
(i) For ≥ 6, ν is stably extendible toRP for every > if and only if
≥ 2[ /2] − − 1.

(ii) For 1≤ ≤ 5, ν is stably extendible toRP for every > .

The following is an improvement of Theorem 4.4 in [10].

Theorem D. Let ν be the complexification of the normal bundleν associated
to an immersion ofRP in R + , and let ≤ ≤ + 8. Then the following three
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conditions are equivalent:
(1) ν is extendible toRP for every > .
(2) ν is stably extendible toRP for every > .
(3) 1≤ ≤ 9.

This note is arranged as follows. In Section 2 we study relations between
extendibility and stable extendibility. In Section 3 we prove Theorem A. We prove
Theorem B and give some examples in Section 4. In Section 5 we prove Theorem C.
We prove Theorem D and give some examples in Section 6.

2. Extendibility and stable extendibility

In the following, we use the same letter for a vector bundle and its equivalence
class, and use an integer for a -dimensional trivial bundle.

Let denote dimR , where =R, C or H. The following fact is known (cf. [4,
Theorem 1.5, p.100]).

(2.1). If α and β are two -dimensional -vector bundles over an -dimensional
CW-complex such that〈( +2)/ −1〉 ≤ andα⊕ = β⊕ for some -dimensional
trivial -bundle over , thenα = β, where⊕ denotes the Whitney sum and〈 〉
denotes the smallest integer with≤ .

Theorem 2.2. Let be a subcomplex of a finite dimensional CW-complex and
let ζ be anR-vector bundle over such thatdimζ > dim . Thenζ is extendible to

if and only if ζ is stably extendible to .
In casedimζ = dim , this does not hold in general.

Proof. The “only if” part is clear. Suppose thatζ is stably equivalent to∗(α) for
someR-vector bundleα over , where : → is the inclusion. In case dimζ >
dim , ζ is equivalent to ∗(α) by (2.1).

A counter example is given by the -sphere in the ( + 1)-sphere+1 and the
tangent bundleτ = τ ( ) of for 6= 1, 3, 7. In fact,τ⊕1 is the ( +1)-dimensional
trivial bundle over and soτ ⊕ 1 = ∗( ) ⊕ 1, where : → +1 is the inclusion
and denotes the -dimensional trivialR-vector bundle over +1. Henceτ is stably
extendible to +1. On the other hand, if there is an -dimensionalR-vector bundle
α over +1 such thatτ = ∗(α), τ is trivial, since : → +1 is homotopic to a
constant map. Hence = 1, 3 or 7. Soτ is not extendible to +1 for 6= 1, 3, 7.

The following is proved in the way similar to the former part of the proof of
Theorem 2.2.
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Theorem 2.3. Let be a subcomplex of a finite dimensional CW-complex and
let ζ be aC-vector bundle over such thatdimζ ≥ 〈(dim )/2〉. Thenζ is extendible
to if and only if ζ is stably extendible to .

Corollary 2.4. Let be a submanifold of a finite dimensional differentiable
manifold and τ ( ) be the complexification of the tangent bundleτ ( ) of .
Then τ ( ) is extendible to if and only if τ ( ) is stably extendible to .

3. Proof of Theorem A

Let ξ be the canonical line bundle overRP .

Lemma 3.1. Let ν be the normal bundle associated to an immersion ofRP in
R + , where > 0. Then the equality

ν = ( 2φ( ) − − 1)ξ + + + 1− 2φ( )

holds in KO(RP ), where is any integer.

Proof. Letτ = τ (RP ) be the tangent bundle ofRP . Then we haveτ⊕ν = +
and τ ⊕ 1 = ( + 1)ξ . Hence

ν = + + 1− ( + 1)ξ = ( 2φ( ) − − 1)ξ + + + 1− 2φ( )

in KO(RP ) for any integer , sinceξ − 1 is of order 2φ( ) (cf. [1, Theorem 7.4]).

Theorem 3.2. Let ν be the normal bundle associated to an immersion ofRP
in R + , where > 0. Then ν is stably extendible toRP for every > if
≥ 2φ( ) − − 1, and if > , in addition, ν is extendible toRP for every > .

Proof. By Lemma 3.1, we haveν = ξ + , where = 2φ( ) − − 1 and
= + + 1− 2φ( ). Clearly ≥ 0, and ≥ 0 by the assumption. For > ,

∗( ξ ⊕ ) = ξ ⊕ , where :RP → RP is the standard inclusion. Henceν is
stably extendible toRP for every > , sinceν is stably equivalent to ξ ⊕ . If
> , in addition, dimRP = < = dimν = + , and so we obtainν = ξ ⊕

by (2.1). Thusν is extendible toRP for every > .

The following result ([9, Theorem 4.1]) is the “stably extendible version” of
Theorem 6.2 in [7].

(3.3). Let ζ be a -dimensionalR-vector bundle overRP . Assume that there is
a positive integer such thatζ is stably equivalent to ( + )ξ and + < 2φ( ). Then
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< + and ζ is not stably extendible toRP + .

Using (3.3), we have obtained the following in [10, Theorem 2.4] (cf. [11, Propo-
sition 6.4(iii)(b)]).

(3.4). The normal bundle associated to an immersion ofRP in R + is not sta-
bly extendible toRP + +1, if 0 < < 2φ( ) − − 1.

Theorem 3.5. Let ν be the normal bundle associated to an immersion ofRP in
R + . Thenν is not stably extendible toRP for = min{2φ( ) − − 1 + + 1}, if
0< < 2φ( ) − − 1.

Proof. Putζ = ν, = and = 2φ( )− − −1 in (3.3). Then clearly +< 2φ( ),
and > 0 by the assumption. Soν is not stably extendible toRP for = 2φ( ) −
− 1. By (3.4), ν is not stably extendible toRP for = + + 1.

Putting = 9 in Theorem 3.5, we have

Corollary 3.6. If 1 ≤ ≤ 21, the normal bundle associated to an immersion of
RP9 in R9+ is not stably extendible toRP for = min{22 + 10}.

Proof of Theorem A. The “if” part follows from Theorem 3.2 andthe “only if”
part follows from Theorem 3.5.

4. Proof of Theorem B

Let ξ be the canonical line bundle overRP .

Theorem 4.1. Let ν = ν( ) be the normal bundle associated to an immersion
: RP → R + , where > 0. Then, for1≤ ≤ 10, we have the equalities

ν( 1) = ν( 2) = ξ2 + − 1 ν( 3) =

ν( 4) = 3ξ4 + − 3 ν( 5) = 2ξ5 + − 2 ν( 6) = ξ6 + − 1

ν( 7) = ν( 8) = 7ξ8 + − 7 ν( 9) = 22ξ9 + − 22

and ν( 10) = 53ξ10 + − 53

in KO(RP ).
If 1 ≤ ≤ 8 and > or if ≥ 9 and ≥ 2φ( ) − − 1, the equalities hold in

the set of equivalence classes ofR-vector bundles overRP .

Proof. By Lemma 3.1, we have

ν = + + 1− ( + 1)ξ = ( 2φ( ) − − 1)ξ + + + 1− 2φ( )
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in KO(RP ) for any integer . So we have the former part by putting = 1.
The latter part is a consequence of the former part by (2.1), since ν = ξ +

for non-negative integers and such that dimRP = < = dimν = + , if
1≤ ≤ 8 and > or if ≥ 9 and ≥ 2φ( ) − − 1.

Corollary 4.2. If 1≤ ≤ 8 and > or if ≥ 9 and ≥ 2φ( ) − − 1, ν( )
is extendible toRP for every > .

Proof. Sinceξ and the trivial R-bundles overRP are extendible toRP for
every > , the result follows from the latter part of Theorem 4.1.

Theorem B is a consequence of the following

Theorem 4.3. Let ν be the normal bundle associated to an immersion ofRP in
R + . Then we have
(i) ν is stably extendible toRP for every > if 1 ≤ ≤ 8 and ≥ , and ν is
extendible toRP for every > if 1≤ ≤ 8 and > .
(ii) ν is not stably extendible toRP + +1 if ≥ 9 and 1≤ ≤ + 12.

Proof. The former part of Theorem 4.1 implies the former partof (i). In fact, if
≥ , the R-vector bundles ,ξ2⊕ ( −1), , 3ξ4⊕ ( −3), 2ξ5⊕ ( −2), ξ6⊕ ( −1),
and 7ξ8 ⊕ ( − 7) over RP , where 1≤ ≤ 8 respectively, are extendible toRP

for every > , and they are stably equivalent toν( ) respectively.
The latter part of (i) follows from the former part of (i) by Theorem 2.2.
(ii) is a consequence of (3.4), because 0< < 2φ( ) − − 1 if ≥ 9 and 1≤

≤ + 12.

In [6, Theorem 1], the following (4.4) is proved (cf. [11, Corollary 2.3 (2)]).

(4.4). Let ζ be a -dimensionalR-vector bundle overRP . If < , ζ is ex-
tendible toRP for every with < ≤ .

The next example is due to (4.4) and Corollary 3.6.

EXAMPLE 4.5. The normal bundle associated to an immersion ofRP9 in R30 is
extendible toRP21, but is not stably extendible toRP22.

5. Proof of Theorem C

Lemma 5.1. Let ν be the complexification of the normal bundleν associated
to an immersion ofRP in R + , where > 0. Then the equality

ν = ( 2[ /2] − − 1) ξ + + + 1− 2[ /2]
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holds in (RP ), where is any integer.

Proof. Complexifying the equality in Lemma 3.1 and considering that ξ − 1 is
of order 2[ /2], we have the equality above, since [/2] ≤ φ( ).

Theorem 5.2. Let ν be the complexification of the normal bundleν associated
to an immersion ofRP in R + , where > 0. Then ν is stably extendible toRP
for every > if ≥ 2φ( ) − − 1, or if ≥ 2[ /2] − − 1 ≥ 0. And if 2 ≥ , in
addition, ν is extendible toRP for every > .

Proof. To prove the first part, by Lemma 5.1, we haveν = ξ + , where
= 2φ( ) − − 1 and = + + 1− 2φ( ), since we may take = 1 if ≡ 6, 7 or 0

mod 8 and = 2 otherwise. Clearly ≥ 0, and ≥ 0 by the assumption. For > ,
∗( ξ ⊕ ) = ξ ⊕ , where :RP → RP is the standard inclusion. Henceν is

stably extendible toRP for every > , since ν is stably equivalent to ξ ⊕ .
To prove the second part, taking = 1 in Lemma 5.1, we haveν = ξ + ,

where = 2[ /2] − − 1 and = + + 1− 2[ /2]. By the assumption ≥ 0 and
≥ 0. So ν is stably extendible toRP for every > , in the way similar to the

proof above.
If 2 ≥ , in addition, 〈(dimRP )/2〉 = 〈 /2〉 ≤ = dim ν = + , and so we

obtain ν = ξ ⊕ by (2.1). Thus ν is extendible toRP for every > .

We recall the following result ([9, Theorem 2.1]) which is the “stably extendible
version” of Theorem 4.2 for = 1 in [8].

(5.3). Let ζ be a -dimensionalC-vector bundle overRP . Assume that there is
a positive integer such thatζ is stably equivalent to ( + )ξ and + < 2[ /2]. Then
[ /2] < + and ζ is not stably extendible toRP for every with + ≤ [ /2].

Theorem 5.4. Let ν be the complexification of the normal bundleν associated
to an immersion ofRP in R + , where > 0. Then ν is not stably extendible to
RP for every with2[ /2]+1− 2 − 2≤ , if < 2[ /2] − − 1.

Proof. Putζ = ν, = and = 2[ /2] − − − 1 in (5.3). Then clearly +<
2[ /2], and > 0 by the assumption. Soν is not stably extendible toRP for every

with 2[ /2] − − 1≤ [ /2].

Proof of Theorem C. (i) For ≥ 6, the “only if” part follows from Theorem 5.4,
and the “if” part follows from Theorem 5.2, since 2[ /2] − − 1≥ 0 if ≥ 6.

(ii) As is well-known, RP1 ⊆ R2, RP2 ⊆ R3, RP3 ⊆ R4, RP4 ⊆ R7 and RP5 ⊆ R7,
where we denote byRP ⊆ R the existence of an immersion ofRP in R , and
these immersions are best possible, that is, there do not exist immersions ofRP in
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R −1. Hence we have ≥ 2φ( )− −1 for 1≤ ≤ 5. So the result follows also from
Theorem 5.2.

6. Proof of Theorem D

Theorem 6.1. Let ν = ν( ) be the complexification of the normal bundle
ν = ν( ) associated to an immersion : RP → R + , where ≥ . Then we have
the Whitney sum decompositions as follows:

ν( 1) = ν( 2) = ξ2 ⊕ ( − 1) ν( 3) =

ν( 4) = 3 ξ4 ⊕ ( − 3) ν( 5) = 2 ξ5 ⊕ ( − 2) ν( 6) = ξ6 ⊕ ( − 1)

ν( 7) = ν( 8) = 7 ξ8 ⊕ ( − 7) and ν( 9) = 6 ξ9 ⊕ ( − 6)

Proof. Complexifying the equalities in the former part of Theorem 4.1, we have
the equalities above for 1≤ ≤ 8 using (2.1). So it suffices to prove the equality for

= 9. By the former part of Theorem 4.1,ν( 9) = 22ξ9+ −22, and so ν( 9) = 22 ξ9+
− 22. According to [1, Theorem 7.3],ξ9 − 1 is of order 16. Hence 16ξ9 − 16 = 0

in (RP9), and so ν( 9) = 6 ξ9 + − 6. Therefore, ν( 9) = 6 ξ9 ⊕ ( − 6) by (2.1).

Corollary 6.2. If 1 ≤ ≤ 20, the complexification ν( 10) of the normal bundle
ν( 10) associated to an immersion10 : RP10→ R10+ is not stably extendible toRP42.

Proof. By the former part of Theorem 4.1,ν( 10) = 53ξ10 + − 53, and so
ν( 10) = 53 ξ10 + − 53 = 21 ξ10 + − 21, since ξ10 − 1 is of order 32. Hence

we have the result from (5.3) by putting = 10,ζ = ν( 10), = and = 21− ,
since > 0 for 1≤ ≤ 20 and since + = 21< 2[10/2] = 32.

Define ( ) = 2[ /2] − − − 1. Then we have

Lemma 6.3. ( ) > 0 for any and such that10 ≤ ≤ ≤ + 8, and
+ ( ) < 2[ /2], for any and .

Proof. For 10≤ ≤ 17, the inequalities hold clearly. For≥ 18, we prove the
inequalities by induction.

Theorem D is a consequence of the following

Theorem 6.4. Let ν be the complexification of the normal bundleν associated
to an immersion ofRP in R + . Then we have
(i) ν is extendible toRP for every > if 1≤ ≤ 9 and ≥ .
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(ii) ν is not stably extendible toRP for every with2[ /2]+1−2 −2≤ if ≥ 10
and ≤ ≤ + 8.

Proof. Since ξ and the trivial C-vector bundles overRP are extendible to
RP for every > , Theorem 6.1 implies (i).

By Lemma 5.1, we have

ν = { 2[ /2] − ( + 1)} ξ + + + 1− 2[ /2]

for any integer . (ii) follows from (5.3), Lemma 6.3 and the equality above by putting
ζ = ν, = and = 2[ /2] − − − 1.

In [6, Theorem 2], the following (6.5) is proved (cf. [11, Corollary 2.3 (2)]).

(6.5). Let ζ be a -dimensionalC-vector bundle overRP . If < 2 + 1, ζ is
extendible toRP for every with < ≤ 2 + 1.

The next example is due to (6.5) and Corollary 6.2 for = 20.

EXAMPLE 6.6. The complexification of the normal bundle associated toan immer-
sion of RP10 in R30 is extendible toRP41, but is not stably extendible toRP42.
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