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Abstract

The application of computer to geologic mapping offers several merits in practical use such as rapid
generation and reduction of laborious manual procedures, as well as quantitative evaluation of geological
data. 'This paper presents mathematical formulations for the fundamental process of geologic mapping, and
the algorithms for the construction of computerized system. The principles of geology are formulated in
terms of relations between strata and of relations between the relations. For primary definition, five axioms
Al,--- A5 are postulated.

The inference rules for ordering the stratigraphic sequence from field-observation data are derived from
first three axioms :

[A1] WUW 'UE=I
[A2) LcW
[A3] CcK.

These axioms are based on the principle of original horizontality, the principle of original lateral extension
and the law of superposition.

Contact surfaces between strata are represented by the boundary surfaces that divide the 3-D space X
into two subspaces. Axioms A4 and A5 are postulated as the formulation for C1 and C2 types of boundary
surfaces simplified from conformity and unconformity ; the successive sedimentation without erosion and the
sedimentation after erosion, respectively. These two axioms provide several inference rules to determine
uniquely the locational relation between strata and boundary surfaces based on field observations. The
locational relation is represented by a function t called ““a logical model for locational relation’.

The five axioms Al, ---, A5 provide practical algorithms to construct a function g:X— B that assigns a
unique stratum beB to every point in the 3-D space X on the basis of field observations. Thus the logical
structure of geologic mapping is formulated systematically based on the axiom system Al, ---, A5 modeling

a geologic structure consisting of sedimentary layers without faulting nor overfolding. According to the
formulation, computerized geologic mapping system “CIGMA” is constructed to create a geologic map based
on the observations through automatic data processing. More complex geologic structures will be introduced
into the geologic mapping system through further formulations of geologic principles and knowledge.

Key Words: Computerized geologic mapping system, Axiom system, Set theory, Binary relation,

Logical models of geologic structures, Function g, CIGMA

1. Introduction

The computer is useful for processing of voluminous data and laborious repetition

of operation in analyzing experimental and observational data (AGTERBERG, 1974; Davis,

* Department of Geosciences, Faculty of Science, Osaka City University, Sugimoto 3-3-138, Sumiyoshi-ku,
Osaka 558, Japan.
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1986; FISHER et al., 1987; SHiONO et al., 1988a; 1988b; 1990a; 1990b; 1992 etc.)
However, many problems have remained unresolved in computer processing of
geologic data, compared with data processing in other sciences. Many difficulties of
computer processing arise from the fact that geologic principles are described in the
natural language which we use for ordinary communication.

This paper attempts a mathematical formulation of geologic methods which can be
used as a theoretical basis to construct a computerized geologic mapping system.Computer

drawing of a geologic map provides several merits as follows:

Automatic mapping

Consistency of geologic map

Reproducibility of the same map from same data
Easy revision of maps

Multiplicity of graphic presentation.

As basic studies for computer processing of a geologic map, SHIONO et
al.(1987) presented the computer algorithm to determine geologic surfaces, and MasumoTo
et al.(1986; 1987) and SakamoTO et al.(1988; 1991) developed Basic programs for graphical
outputs of geologic maps. However, these studies do not treat of fundamental works
of geologic mapping such as determination of the stratigraphic sequence and inference
of geologic structures.

For computer processing of geologic data, it is necessary to formulate mathematically
geologic principles that are usually described in the natural language, and to establish
the geologic inference system. The formulations lead to express inference rules explicitly
in terms of mathematical formulae, which can be translated into the computer
algorithm. Therefore, Wabpatsumi et al.(1987) and SuioNno and Wapatsumr (1988)
proposed an idea of GEO-LOGICS (Geology-Oriented Logical System) which directs
the reconstruction of a logical system of geology in mathematical form. It is expected

that studies on GEO-LOGICS provide theoretical bases for developments of effective
and consistent inference algorithms.
The computer mapping system based on GEO-LOGICS provides additional merits

as follows:

Effective usage of geologic principles
Automatic judgement by computer instead of expert geologist

Automatic inference of geologic structure appropriate to a given set of data .

This paper analyzes the working process for constructing a geologic map from a
viewpoint of GEO-LLOGICS. Geologic concepts and basic assumptions are defined
strictly in terms of set theory, and the computer algorithms for data processing are
derived from these assumptions.

The readers are requested to refer to textbooks of set theory and/or discrete
mathematics (e.g., GIiLL, 1976; Liu, 1986 ) for details regarding the mathematical notations
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used in this paper.

2. Basic Framework of Geologic Mapping by Computer

Prior to the mathematical description of geologic concepts, several sets and a 3-D

space are introduced and the outline of discussions is reviewed in this section.

2.1 Three-dimensional Space and Strata

Partitioning of a 3-D space into strata is one of main concerns in this paper.

Two basic sets X and B are defined as follows :

X is a 3-D Euclidean space in which the orientation and the distance are defined
in ordinary sense.
B={by,b,, -, b,} is a set of all names of strata distributed in X, where n is the number

of strata.

If there is a rule to assign a unique name of stratum name in the set B to each point
in X, then the rule can be said to be a function from a set X into_a set B, which is

denoted by g: X—B. The function g defines the distribution of strata in the 3-D space, and:
gp)=b;

is interpreted to show that a point p is included in a stratum b,.
The space where a stratum is distributed is represented by an inverse image of the

function g.
g () =0(b)={plg(p)=b;, peX}
shows the space where a stratum b, is distributed. ILet 4 be the range of the function o:
A={o(b;) | bieB}.

Then, A is a partition of the set X, and the function 6:B—A4 is a bijective mapping
from B to A. a(b;) is called here a stratum named b;.

Each stratum is bounded by some contact surfaces. Let S={s;, s,, -+, 5,,} be a
set of boundary surfaces defined as surfaces which include at least one contact surface
between strata, and also divide a 3-D space into two subspaces. Then, it is possible
to represent each stratum using the boundary surfaces. This indicates that a function

g:X— B can be defined by some combinations of boundary surfaces.

2.2 Outline of Logical System for Deriving the Function g

Five axioms Al, ---, A5, as described later, provide basic algorithms to construct
a function g:X—B. Axioms Al, A2, A3 are basic principles of geology concerning with
relations between strata. These axioms introduce a principle to infer the stratigraphic
sequence from observed relations. Axioms A4 and A5 are postulates concerning with

Cl1 and C2 types of boundary surfaces, respectively. These types correspond to a
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conformity and an unconformity, respectively. Axioms A4 and A5 introduce the
locational relation between strata and boundary surfaces. 'The locational relation is
represented by a function #:Bx.S—{—1, 0, +1} called a logical model for locational
relation.

For the use of inclinational data, inclinational relation along vertical axes is
inferred. Inclinational relation between strata and boundary surfaces is represented by
a function p:B x S—{0, 1} called a logical model for inclinational relation. Data required
to determine a boundary surface are selected using logical models both for locational
relation and for inclinational relation. Each 3-D boundary surface is determined by the
method of constrained optimization. Combining logical models and 3-D boundary
surfaces, we can define the function g:X— B that assigns a unique name of stratum to
every point in the 3-D space X. Finally we can draw a geologic map which illustrate

the distributions of strata defined by the function g.

2.3 Main Flow of Data Processing

Figure 1 shows a flow diagram of data processing based on above theories.

(0) Preparation of input data :
Before starting to process, we prepare data obtained from the field survey. Observational

data are translated for computer processing as follows :

X1, Vi, 21, 51) N1, oy, /31) T1s Ty
5%, v 9y ) Y] ¥ Y 3 g L v oy
xry J,r) Zr) ér’ r]r! ar! ﬂn Tr) Tcr

.y oy ey ey ey ey .y

aiay
XN, YN 2N éN) ”IN) aN) [))N) TN; 7IN

where x, y and z are coordinates of observation points in an orthogonal coordinate
system in which x, y and 2 axes are oriented eastward, northward and upward, respectively,
¢ and n are strike and dip, respectively, « and f§ are the names of strata, and 7 and =«
are parameters to represent structural relations. 7 is a parameter for contact type
explained in Section 4, and 7 is a parameter for inclinational relation explained in Section 5.
(1) Inference of the stratigraphic sequence :
Observed stratigraphic relations of strata are represented in the form of a relation matrix
to determine the stratigraphic sequence by matrix operations.
(2) Construction of the logical models of geologic structures :
According to given types of boundary surfaces, locational relations between strata and
boundary surfaces are inferred to construct a logical model for locational relation and
a logical model for inclinational relation.
(3) Determination of the boundary surfaces :
The boundary surfaces are determined as the smoothest surfaces that satisfy both

locational and inclinational data selected from the observations referring to two kinds
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(O) InputData

xr, yr’ zr’ Er’ 77,- a’-’ Br, ‘C’-’ Tcr

( 1 ) Stratigraphic Sequence

upper b
——53<Cl>
b,
2
3-D Figure of Boundary Surface b_ —s5,<Cl>
1
Constrained Optimization 2 *
Locational Data Data Selection ( )

4———  Logical Models of Geologic Structures
Locational Relation Inclinational Relation

Inclinational Data

Is3 S, S |s3 S, S
by[+1 0 0 bs|1 1 0
b3 [-1 +1 0 bg|1 1 6
b, | 0 -1 +1 b,| 0 0 1
b10—1—1lb1001
Function g’ Function g”’
Binary Numbers Strata
111 b,
110 b,
= 101 b,
uil 100 b,
011 b,
010 b,
001 b,
000 b
| l |
( ‘ ) . b
Function g !
> b,
b3
b4

(5)
Geologic Map

Fig. 1. Flow diagram of computerized geologic mapping process.
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of logical models.
(4) Creation of a function g:X—B :
The function g: X— B is constructed by combining 3-D figures of boundary surfaces and
the logical model for locational relation.
(5) Graphical presentation :
Finally, a 3-D geologic map is drawn on a display by coloring the strata respective to

all grid cells of the topographic surface and four side sections.

3. Inference of Stratigraphic Sequence

As a first step of geologic mapping, we consider the inference of the stratigraphic

sequence.

3.1 Ordering of Strata

3.1.1 Formulation of Geologic Principles
In this section, let us discuss logical meanings of the following geologic principles :
the law of superposition : The rocks in a given succession of strata decrease in
age from the bottom to the top ;
the principle of original horizontality : The upper surfaces of sedimentary deposits
initially come to rest essentially parallel to the surface of deposition, which is usually
parallel to the horizon or inclined to it at relatively low angles ;
the principle of original lateral extension : A given stratum of rock resulting from
the dumping of sediment into a basin must eventually thin out in all direction,

unless it abuts a steep margin of preexisting matter.

These three principles were enunciated first in 1669 by N.Steno. His original
statements are translated in English by J.G.WINTER and reprinted in Croup (1970).
According to SHIONO and WapaTtsumr (1992), three principles are formulated as

follows :
Axiom Al
(Vb;, beB) (b;Wb;V b;Wb; NV b;=b)) i.e., WUl tUE=1T
Axiom A2
(Vb;, beB) (b;Lbj=b;Wb,) i.e., Lc W
Axiom A3

(Vb;, beB) (b;Cb;=~b,Kb)) i.e., CcK

Definitions of binary relations W, L, C, K on the set B are given in Table 1 and
Fig. 2. 'Trivial relations I, E, O and properties of relations are listed in Table 2.

Axiom Al shows that b;Wb;, b;Wb; or b;=b; holds true for all b; and b;. Axiom
A2 shows that if b; is stratigraphically lower than b;, then a(b;) is below o(b;) along all
vertical lines through both a(b;) and o(b;). Axiom A3 shows that if ¢(b,) is under (b)),
then b; is older than b; Axioms Al and A2 are formulations of both principles of

original horizontality and original lateral extension, and Axiom A3 is a formulation of



Table 1.

Relations between strata.

Symbol Definition Geologic interpretation

T bTh; & a(b;)~N o) #¢ 0 (b;) touches o (b;).

Vv bVb; &3 (U N o (b)#* $IAUN a(b)* ¢) 0 (b;) and o (b;) are piled up along a vertical line / .

w bWb; = Vi (sup {1 N o (b;)} Sinf{l N o (b))} o (b;) is below ¢ (b;) along all vertical number lines / through both strata.

C C=TNVNW o (b;) is under 0 (b))

L L=C*=CUC2U- o (b;) is stratigraphically lower than o (b;).

L, L,=LUE (Lg is areflexive and transitive closure of C .)

K b‘-ij < sup{t(o(b;))} Sinf{t (o (bj))} Any points of ¢ (b;) are older than any points of o (bj ).

K, Kz=KUE (Kg is reflexive. )

I, bT,b; &3 (I N ab)~Noab) *9) o (b;) touches ¢ (b;) at an outcrop along a vertical line through both strata.

W, bW,b; & (b, #b)AGL (U N 0 (b)* ¢) 0 (b;) is below o (b;) along a vertical number line / through both strata.
AN o B)* )
AGsup {1 0 a (b))} Sinf {1 N 0 (5)}))

Co C,=T,NW, A partof o (b;) is under o (b;) at an outcrop.

L, L,=C,*=C,UC,2U-~ (L, is a transitive closure of C,, . )

L

Lyy=L,UE

(L, is areflexive and transitive closure of C,, . )

¢ (x)~ isa closure of ¢ (x),i.e., closed space including boundary points.

sup and inf are upper and lower limits, respectively.

t is a function which assign an age t (p)to apointinX.

§59204g Surddopy 2150]025) [0 SUODINULO,] DIV IV AT

6%C
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(a) b, Th, ) (f—1) b,Kb,
ontact G ( b]) o ( bz)
l o(by) I/ [ l [ 1 _—
| a(by) |
(b) b, Vb, sup { T (a (b))} inf{t (o (b))}
o (b ’i‘ (f—2) b,Kby A byKby=b Kb,
. X 6 (b)) o(by o(by)
= o(by 11 | | L, -
! _(f_—;_ ~b,Kb,
G(bl) G(bz)
> T
(g) biLob,y
i /R

(d) b1Cb2 D
I o(by | upper Y o
4%+~0 2
l o(by llower b1 Co by
b3 Cpb
) bLb S Gl ot
LZZIZI?Z‘ZZIZI]G(bz) byLob,

Fig. 2. Relations between strata.
(a) Relation T. (b) Relation V. (c) Relation W. (d) Relation C. (e) Relation L. (f)
Relation K and the characters. (f-1) Definition of K. (f-2) Transitive property of
K. (f-3) If the ages of b, and b, are overlapped, then neither byKb, nor b,Kb,
is satisfied. (g) Relation L.

the law of superposition.

3.1.2 Stratigraphic Sequence

Axioms Al, A2 and A3 introduce the following theorems. Detailed proofs are
reported by SHioNno and Wabpatsumr (1992).

[Property introduced from Axiom Al]
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Table 2. Trivial relations and properties.

Mathematical term Symbolic expression

universal relation I : BXB

identity relation E D {(b.b)|b €EB}

null relation O . ¢ (emptyset)

reflexive property R=R UE b;Rb; forall b; €B
symmetric property R=R"! bRb; = b;Rb;
antisymmetric property R NR-ICE biRb; and b;Rb; = b;=1b;
transitive property R -RCR biR by and bRb; = b;Rb;
transitive closure R'=RUR2U-

We can translate Axiom Al into :
b;Wb;N b Wb,V b;=b;<>((b;#b; \ ~b;Wb;)=b;Wb))
and the definition of W, into :
bWob; <> b;#b; AN ~b;W™'b;

where ~ P represents the negation of a proposition P. From these two formulae, we obtain :

Theorem 3.1
WocW.
Since T, has a property such that :
b;Tob=b,Tb; \b;Vb;,
we obtain :
b,Cob; <= b;Wob; Ab;Tob;
=b;Wob; Nb;Tb; \b;V'b;
=b,Wb;\Nb;Tb; \b;'b;

=b;Cb;.
Thus, we have:
Theorem 3.2
(1) Coc<C,
(i1) Ly<=L.

Theorems 3.1 and 3.2 provide an inference rule that we can know relations W, C and

L on the set B from observations of strata partially exposed at outcrops.

[Property introduced from Axiom A2]

From the definition of W, we have :

WAW l=~T,
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and from Axiom A2, we have :
bi(LﬁC_l)bj=>b,-ijmb,.C_]bj
:>binjm(bjT_lbjr\b,»V‘lbjmbiW_lbj)
=b,0b;.
Hence, we have :

LnC™1=0.

Since for all b;, beB, b;Lb; and bjC_lbf are not simultaneously satisfied, we have :

Theorem 3.3
(1) LNnL 1'=0,
(i1) Lgrily™ '=E.

Thus, we have :

Theorem 3.4
The relation Ly on the set B is reflexive, antisymmetric and transitive, that is, Lg

is a partial ordering.
Theorem 3.4 shows that strata can be arranged in a linear sequence :
by, by oo b, (O Lpb =1<)).
Axiom A2 is important for arranging strata in an order of piling from the bottom to the top.

[Property introduced from Axioms Al and A2]
Theorems 3.2 and 3.3 derive :

Lotbp te bl =0
"'LOEHLOE_le'
Thus, we have :

Theorem 3.5

The relation Lyz=L,UE on the set B is a partial ordering.

Theorem 3.5 shows that the elements of B can be arranged in a linear sequence

in the same manner as the case of L. From Theorems 3.2 and 3.5, it is clear that :

Theorem 3.6
Lop<=Ly.

Theorem 3.6 provides a theoretical basis to infer the piling order of strata from
the observations at outcrops.
When we have either b;Lgh; or b;Lgb; for all b;, b,eB, that is, we have :

LguLp =1,

Ly is a total ordering. Then, the set B can be rearranged linearly such that :
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b'y, by o, ¥ (' Lgh'; < i<7).

n

This shows the order in which strata are piled up from lowest stratum to the upper

most stratum.

[Property introduced from Axiom A3]
From the definition of K, it is clear that the relation K is a partial ordering. Directly
from Axiom A3, we have :

Theorem 3.7
LycK;.

[Property introduced from Axioms Al, A2 and A3]
Theorems 3.6 and 3.7 introduce a rule to infer the stratigraphic sequence from

observations at outcrops, as follows :
Theorem 3.8
Loz E K.

Theorem 3.8 provides a rule to infer the age relationK from the relation L,
obtained at outcrops. Thus, we have a very important geological inference rule which
states that the piling order of strata from the lowest one to the uppermost one determined
from field observations represents the order of formation of strata from the oldest one
to the youngest one.

Figure 3 illustrates the derivational process from Axioms Al; A2 and A3 to the

rule of inference.

3.2 Algorithm for Inference of Stratigraphic Sequence

The logical operation of binary relations can be performed by the two methods ;
one is the method based on relation matrices ( Burns, 1975; SuHiono and WabaTsumi,
1988, 1991; SakamoTo and SHioNo, 1992) and the other is one based on a symbolic
operation language ( SAKAMOTO and SHIOoNO, 1990 ). The former method is more useful
to construct a geologic mapping system because it is easy to combine other numerical
calculations such as determinations of surfaces, and also it is convenient to inspect the
results of operations. The following describes an algorithm for inference of the
stratigraphic sequence using relation matrices based on Sakamoto and SHIONO
(1992). Since the entry of relation matrix has either 0 or 1, addition and multiplication

are calculated as follows :

04+0=0, 0+1=140=1+4+1=1,
0:0=01=1-0=0, 1-1=1.

Suppose that the relation Cy, obtained at outcrops is represented in the form as follows :

’ ) ’ 3 ) ar; ﬁrv ’
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i Al: WUW-UE=I A2:LCW A3:CCK
aCob= aCb
LNL1=0
|
aLogb = aLgh aLpb = aKgb

aLopb = aKgb

Fig. 3. Relations between theorems introduced from Axioms Al, A2 and A3 (after SHIONO

and WapaTsumi, 1992).

where o, and f§, are names of strata and gives the relation o,Cypf,, i.e., a part of a, is

under a part of f3, at the r-th outcrop. The stratigraphic sequence is inferred through

the following steps :

(1)
(1)

(iif)

(iv)

(v)

(vi)

Let B be a set of all strata listed in input data.

Construct a relation matrix C by assigning 1 to (i,j) entry of the matric C if
b;Cob;, based on a inference rule Cpo=C.

Construct a relation matrix Lg=E+C+C>+4 ... +C" "1,

Let [';; be (i,7) entry of the matrix Lg. If I';=0 or [';=0 for i#j, that
is, Lg is antisymmetric, then go to step (v). If not, halt the processing after
showing the pair (b;, b)) of I';;j=10;=1.

Arrange the element of the set B in such an order that 1 entries concentrate in
lower triangle of matrix L.

If I';=10';=0 for some i, j (i#j), then Ly is not a total ordering. If Ly is a

total ordering, then the order in (v) is the stratigraphic sequence.

For example, observations at outcrops shown by circles in Fig. 4(a) are described

as follows :

—_— = —, — bl,b3» , —
—_—— —, — — bZ) b4’ —_ —
_—— —, — — b3, b5’ —_ —
_— =, —, — b4’ bl’ —_— —
—_—— —, —, — b4, b3’ —

Then, the relation matrix C in step (ii) is :
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(d ) Stratigraphic
( a) Observations (b ) Relation C ( ¢ ) Relation Lg Sequence

bs

A
A f
by—— bs
o (bs) b3 T
o (bs) hi
— — — T

o (bl) b5 b2

o (b4) b4
EG\ by T
= by

Fig. 4. Inference process of stratigraphic sequence.
Relation C, observed at the circle point in (a) is represented by the graph as
shown in (b). by—bs means b,Cbs. (c) shows relation Ly inferred from C. If Lg
is a total ordering, then we obtained stratigraphic sequence as shown in (d).

by by by b, bs

b, (0 0 1 0 0
b, [0 0 0 1 0
by |0 0 0 0 1
b, |1 0 1 0 0
bs 0 0 0 0 0

Fig. 4(b) shows the graph of C. Lg in step (iii) becomes :

by b, by b, bs

b, (1 0 1 0 1
b, [1 1 1 1 1
b, |0 0 1 0 1
b, |1 0 1 1 1
bs ‘0 0 0 0 1

Fig. 4(c) shows the graph of Lg. Finally, Lg in step (v) becomes :

by by by b, b,

bs (1 0 0 0 0
b, [1 1 0 0 0
b, |1 1 1 0 0
b, |1 1 1 1 0
b, ‘11 1 1 1

Then, the order b,—b,—b, >by;—bs shows the stratigraphic sequence from the bottom

to the top.
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4. Construction of Logical Models of Geologic Structures

Logical models of geologic structures represent logical relations between strata and
boundary surfaces. In this paper, we consider two models ; a logical model for locational
relation explained in this section and a logical model for inclinational relation explained

in next section.
4.1 Locational Relation between Strata and Boundary Surfaces
4.1.1 Types of Boundary Surfaces
Let B be a set of all names of strata distributed in the 3-D space X, and suppose
that all elements of B are enumerated linearly as follows :

bKpbe>1 <i<j<n.

Let A be a set of all subspaces a(b,), -+, a(b,), where each stratum is distributed. Since
o(b;) do not include its boundary, ¢(b;)” including boundary points is used in this
section. When the 3-D space X consists of a(b,), -+, a(b,), we have :

a(b,) " Ua(by) " U Ua(b,) " =X,

Let S be a set of all boundary surfaces s, -+, s5,_, where (1 <k<n—1) is the surface

which includes the contact surface between two successive strata b, and b, ,, and divides

1

X into two subspaces 5, "' and 5,7'. In order to simplify the computer algorithms, we

assume here that every boundary surfaces, (k=1, ---, n—1) is represented by a single-valued

1

function z=s,(x,y). Then, subspaces s,*! and s5,”! give half spaces above and below

the surface z=g,(x,y), respectively :
s =00y, )z Z 5 (x, )},
se ' ={(xy, Dz Ssilx, )},
Then, the intersection of two subspaces s, *! and 5, ! gives a surface s, :
s ey =g,
and the union of these is the universal space X :
S T g " b X
From the definition of s, it is clear that :
0(bs )™ =(a(by) " Uo(byy ) Ing !

a(by)” =(a(by) " wolb ) s~ (k=1, - n—1).

Similarly, a fact that a boundary surface s, divides a subspace a(b,)” U - U a(b,)”
into two subspaces g(b,)" U ---Uad(b,)” in the lower side and (b, ;) U - U a(b,)” in



Mathematical Formulations of Geologic Mapping Process 257

(a) (b)
bA
by by 53
\S \
2 %
b, b,
/Sl /51
by b,
o (by) U o (by) = (0 (b)) Ua (by) Uo (by Nsy*l o (by) U o (b3) U g (by)
(4] (bl) =(o (bl) Ug (bz) Uo (ba)) 051_1 =(o (bl) Ug (bz) Ua (b3) Ua (bg)) ﬂsl*l

a (b1)=(0 (bl) Ug (bz) Uo (ba) Ug (b4)) ﬂsl‘l
Fig. 5. Examples of Cl type boundary surfaces.
(a) s, i1s a surface dividing a series of successive strata into (b;) and (b,, bs).
(b) s; divides a series of successive strata into (b;) and (b,, b3, by).

(a) (b)
b
by 5
3 54
/b3 5
A b,
bl 5y
23
0(175)2(0(b1)u(’(bz)UO(b:«x)U!7(174)U(7(bg‘,))ﬁs‘fl U(b3) =((7(bl)Ua(bg)UU(b3))nSQ"1
o (bl) Uga (bz) Uga (bg) Uo (b4) a (bl) Uga (bz) =(o (bl) Uo (bz) Uga (bg)) ﬂsz‘l

=(o (b1) Uga (bz) Uo (bg) Ug (b4) Ugo (b5)) 054"1

Fig. 6. Examples of C2 type boundary surfaces.
(a) s, is a surface dividing a series of successive strata (by, ---, bs) into (by, b,, b3,
b,) and (bs).
(b) s, divides a series of successive strata (b, b,, by) into (b, b,) and (bj).

the upper side can be expressed by :

1

0(bsy) " U - Ua(b)” =(a(b,) "V - Ua(b) TUa(byy ) U Ua(b) T)Ns T } (4.1)
a(b) U uab)”  =(a(b,) U ua(b) Ua(b, ) U Ua(b) )ns, '

Then we say that a series of successive strata (b,, b, ¢, -+, b)) (1 =r<k=n) is divided
into two series of successive strata (b,, ---, b,) and (b, 4, -+, b) by a boundary surface
s, (r=<t<k). Using this notation, we postulate Axioms A4 and A5 for C1 and C2 types
of boundary surfaces, respectively. The C1 and C2 types of boundary surfaces provide
simplified models for the conformity (Fig. 5) and the unconformity (Fig. 6), respectively.

Axiom A4 : Cl type of boundary surface
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A surface s, called a C1 type of boundary surface or simply “C1” implies that

there exists s, (r=t<k) such that divides a series of successive strata (b,, b,., -+, by,
b, +,) into two series of successive strata (b,, ---, b,) and (b4, -+, by+y), when s, is a
boundary surface dividing a series of successive strata (b,,0,,, -+, b)) (1=r<k+1=<n)
into two series of successive strata (b,, -+, b,) and (b, -+, by).

Therefore, if we have equations (4.1) for some series of successive strata (b,, b, 1,
-+, by), and find that s, is a C1 type of boundary surface, then for some s, we can infer

’

that the following equations hold true:

a(b, )" U ua(by) Ul )

={o(b,) U - uab) YUl ) U Uaby) T Uabey 1) s, ! .
a(b,) U - ua(b,)” )

=({o(b,)™U - U (B) "} o4 1)U - Uab) T Uo(bs )OS

It is noted that we have equations (4.2) by substituting (b,) " Ua(b,, ()~ for a(b,)” in
equations (4.1).

Axiom A5 : C2 type of boundary surface

The surface s, called a C2 type of boundary surface or simply “C2” implies that
a boundary surface s, divides a series of successive strata (b, b,, -+, by, b, () (1 <k+1=n)
into two series of successive strata (by, -+, b,) and (b, ).

Therefore, if s, is a C2 type of boundary surface, we have :

o(byiq)” =(a(by) U - Ua(by) U - Ua(byy ) T)s !

a(by) U - ua(b) ™ =(0(by) U Ua(b)TU - Ua(by ) O

Based on above two axioms, we consider the geologic structure bounded by “C1”

and “C2".

4.1.2 Relation between Strata and Boundary Surface

Formulating two types of boundary surfaces, we can define the distribution of every
stratum uniquely by boundary surfaces. For example, we consider the case that the
3-D space X consists of four strata named b, b,, by and b,. Let s, 5, and s3 be

boundary surfaces. Regardless of the type of boundary surface, we have :
a(b)) " wa(by) ua(by) Ua(b,) =X (4.3)

a(by)” =(U(53)_U0(b4)_)053+1} (4.4)

a(b3)” =(a(b;3) " wa(by) )Ns3~ !
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(a) (b)

(¢) (d)
S3 S 5 S3 S, 5
by | +1 +1 +1 b, | +1 0 0
by | =1 43 =#1 by | —1. #1 0
b, 0 -1 +1 b, | -1 -1 +1
b, 0 0 -1 b | -1 -1 -1

Fig. 7. C1 and C2 types of boundary surfaces.
(a) Geologic structure bounded only by C1 type of boundary surfaces. (b) Geologic
structure bounded only by C2 type of boundary surfaces. Boundary surface is
considered as a surface dividing X into two subspaces. (c) Logical model for
locational relation representing a structure (a). (d) Logical model for locational
relation representing a structure (b).

U(bs)_=(0(bz)_U0(b3)_)f‘32+1} (4.5)
CT(bz)_=(U(bz)_Uff(bs)_)f“z_1 .

o(b2)” =(a(b1)'uo<bz)">ms1“} 4.6)
a(by)” =(a(by) " Ua(by) )Ns; ! '

At first, let us consider the case that all boundary surfaces are “C1”’ (Fig. 7(a)). Since
s, is “C1”, substituting o(b,)”wa(b;)” for a(b,)” in equations (4.6), we have :

0(b2)”Ua(b3) ™ =(a(by) " Va(by) " wolby) s, T } 7
a(by)” =(0(b1) ™ Uo(by) " Ua(by) )05y '

In the same way, substituting a(b;) ~Ua(b,) ™ for a(b;)~ in equations (4.7), we have :
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o(by) " wa(by) " wa(by)” =(a(by)” wa(b,) " wa(bs) " Ua(by) )Nsy wd

o(by)” =(a(by) " La(by) ~Ua(bs)Ua(by) )N, !
Thus, we obtain :
o(by) " Ua(bs) " Ua(by) =X, T =5 } (4.8)
a(by)” =Xns; =571,

And, substituting a(b;)”Ua(b,)” for a(b;)” in equations (4.5), we have :

a(b3) " Ua(by)” =(0(by) " Ua(bs) " ua(by) )ns, ! } (4.9)
a(by)~ =(a(b,) " Ua(bs) " Ua(b,) )N,

From equations (4.9) and (4.8), we obtain :

a(bs) " wa(by)” =sz+lms1+l} (4.10)
a(by)” =s; o !

From equations (4.10) and (4.4), we obtain :

a(B,)~ =83 1risy T hrvsy L
albs) ™ =wy " trisy T sy T

Thus, distributions of strata are defined by s, s,, s3 as follows :

o(b,) =s3 s, s !

alby) ™ =3, Vs, Fleyg, T 4.11)
a(b,)” = s sy Y
G(bl)_: Sl_l.

Generalizing the result, we have the following theorem.

Theorem 4.1

Suppose that the 3-D space X consists of strata named b, ---, b,, and that all
boundary surfaces s,, ---, s,_, are “C1”’.  Then, each stratum is represented as follows :
0'(bn)—=Sn—1+lf\$n—2+1r\'”(WSI-FI
o) = s ‘s tloeens ™! (i=n—1, -, 2)
o(by) = it

Next, let us consider the case that all boundary surfaces are “C2” (Fig. 7(b)). Since
s, 1s “C2”’, we have :

a(b3)” =(a(by)"va(by) " ua(bs) )ns, " } (4.12)

a(by)~Va(by)” =(a(by) " Ua(by)Ua(bs) )Ns,

Similarly :
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o(b)” =(0(b,)"Ua(by)” Ua(by)Ua(bs) syt } (4.13)
a(by)"va(by)” Va(by) " =(a(by) LUa(b,y)” Ua(by)” La(by) T )Nsy '
The substitution of equations (4.3) into (4.13) gives :
a(by)” =Xnsytl=g,*1
a(by) " ua(b,y) Ua(b;) =Xns3 =571
and the substitution into (4.12) gives :
o(bs)” =s3 N5 "t
afh,) alby)” =85~ Loy~
Further, the substitution into (4.6) gives :
o(by)” =85 sy~ vyt
alhy)~ =531y ey !
Thus, we obtain :
o(by)” 253+1
6(b3)_ =S3—1n52+l
o) =8 tnss T ngT
a(hy )" =53~ Yrs, " inng, !
Generalizing the result, we get the following theorem.
Theorem 4.2
Suppose that the 3-D space X consists of strata named b, ---, b,, and that all
boundary surfaces s, -+, 5,_; are ““C2”’. Then, each stratum is represented as follows :
J(bn)_ =sn—1+1
o(b)” =s,—1 'nensT o (i=n—1, -, 2)
oby) " =s,_; ‘N0, syt

If the boundary surface is either “C1” or “C2”, then we can formulate the relation

between strata and boundary surfaces.

Theorem 4.3

Suppose that the 3-D space X consists of strata named by, ---, b,, and that each
boundary surface s; (=1, -+, n—1) is either “C1” or “C2”. Then each stratum is
defined uniquely by s;, -+, 5,4
Proof

The theorem holds true in the cases that all surfaces are either “C1”" or “C2” as
shown in Theorems 4.1 and 4.2. Let us consider the case that there exist both “C1”
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C1 Type

Fig. 8. Geologic structure including both C1 and C2 types of boundary surfaces.
si—1 and 5, are “C2”, and others are “C1”.

and “C2”.
Let s;, -+, Siyp—1 (k>0) be “C1”, and let s;_; and s;,, be “C2” (Fig.8). Since
s;_y 1s “C2”, we have :
a(b;)” =(a(by)"U-Ua(b—y) " ua(b) )ns_; !
o(by)”U-ua(b_y) " =(a(by) " U-Ua(b_y) " Ua(b) )Ny !
Since s; is “C1”’, substituting a(b;)” Ua(b;;,)~ for a(b;)” of above equations gives :
0(b;) " Vo(b;yq)”
=(0(by) " U Ua(b;— 1) Wa(b) V(b 1) )OSy "

a(by)"Uua(bi_q)”
=(o(by) " w-uo(b;_y) Vo) Uo(bip ) )NSsi— T

1

1

And, since s5;,; is also “C1”, substituting o(b;;,)” Vo(b;,,)” for a(b;,,)” gives similar

equations. Repeating such operations, we finally obtain :
o(b) " V- ua (b))
=0(b;) " U Ua(bi— 1) TUa(b) U0 (b)) T)NS- g

o(by)"V-o(biy) "
=0(by) " U-ue(bi— ) Ua(b) U Ua(bigy) )OS

1

1

On the other hand, since s;,, 1s “C2”, we obtain :
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0(isk+1)” =(0(by) VUi sps1) )08 !

a(by)"U-ua(b) U ua (b)) =(U(b1)—U"'UU(bi+k+1)_)m~"i+k_l

Thus, we have :

0(bitk+1)”

=0(by)" U U(0(b) VU4 1) VU4 ks 1) )N
0(by) " V--ua(bi—y) " U(a(b;) U U (b))

=(0(b) "V U(0(by) U UG (D4 1) T )UO(Bi ks 1) )OSk !
(o(b) -+ Lo (bi14)7) i

=0(by)" U0~ ) U((b) T U Ua(biy) T ))Nsioy ]
o(by)”"U-ue(bi-q)”

=a(b1)_u---ua(b,~_,)_u(o(b,-)_u-~-ua(b,-+k)_))ns,~_1'1_

Set :
GI— =0'(b1)—u---UO'(b,-+k)_.

Then, equations (4.14) become :

0(bisr+1)” =(0(by) " U0 T U(D; ks 1) )OS
o(by)"v-va(bi- ) Vo' =("(bl)—u"'U<'f’—Uo'(bi+k+1)_)ﬁ3i+k_1 (4.15)
0" =(0(by) "V Ua(bi-y) T UE )Nsi ! '
o(by)"V--va(bi-q)” =(0(by) " V--La(b_) Ua s

Equations (4.15) indicate that a series of successive strata (b;, -+, b; ;) bounded by “C1”
can be managed as one group of strata which is bounded by “C2” types of boundary
surfaces s;_; and s;,,. From Theorem 4.1, it is clear that every stratum in the group

of strata ¢'~ is represented by :

U(bH-k)_=(6(bi)_u'"Ug(bi+k)_)msi+10"'msi+k—2+1msi+k—l+l
o(b)” =(o(b) U-ualbi) )N s T e T
(j=i+k—1, -+ 1+1)

o(b;)” =(a(b)"U--ua(bi ) —)ns

Let &'y, -+ b',, be names of such groups of strata, and let s'; be a boundary surface
between &'; and &';,,. Since 5y, §'5, -++, 5,,_; are the C2 type of boundary surfaces,
from Theorem 4.2, o(b’y)", -+, d(b',,)” shows :

(b m) " =5

+1 )

o)™ =St A0 s

o(t')” =m0 08,
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Thus, distributions of all strata b,, ---, b, are defined uniquely by bounded

surfaces. O

4.1.3 Logical Model for Locational Relation

Theorem 4.3 indicates that strata named b, ---, b, are defined uniquely by the

boundary surfaces s,, -+, s The relation between strata and boundary surfaces can

n—1-
be represented by a function t: Bx S—{—1, 0, +1} called ““a logical model for locational
relation”, where #(b;, s;)=+1 and —1 indicate that i-th stratum ¢(b;) is above and below
the j-th boundary surface s;, respectively. #(b;, s;)=0 shows that a stratum o(b;) has no
specific relation with the surface s;. An example of the logical model for locational
relation is shown in Fig. 7.

The logical model for locational relation will be used when we prepare locational
data required to determine the boundary surface (Section 6) and also when we define
a function which assigns a stratum to each subspace divided by boundary surfaces

(Section 7).

4.2 Algorithm for Determination of Logical Model for Locational Relation

Data required to determine the logical model for locational relation are the
stratigraphic sequence and the type of boundary surface. The stratigraphic sequence
is determined by the method described in the previous section. The type of boundary

surface is given by a parameter 7, in input data :

T Ty Ty Ty Ty %y Py Ty
where 7,=1 and 2 if the contact surface between strata named o, and f, is “C1” and
“C2”, respectively :

Ty

1, C1 type of boundary surface
2, C2type of boundary surface .

The type of every boundary surface 5; (i=1, ---, n—1) can be found by searching input
data which describe natures of pairs of successive strata. For example, if we find that
o,=b; and B,=b,,,, 1, gives the type of s,

The following steps show an algorithm to determine a function ¢ representing the
logical model for locational relation, after all elements of B are enumerated linearly

using pairs (o,, f§,) based on the algorithm shown in the previous section.

(i)  Let all the values of a function ¢ be 0 as the initial value.

(i) Repeat step (iii) or (iv) for every surface s; (i=1, ---, n—1). If the surface s;
is “C2”, then go to step (iii). If not, that is, the surface s; is “C1”’, then go
to step (iv).

(1) Set t(b;, s)=—1 (j=1, -, i). If there exists the other C2 type of surface s,
among s;yq, '+, S,—1 (<k=n—1), then set t(b;, s))=+1 (j=i+1, -+, k). If
not, then t(b;, s;)=+1 (j=1+1, -, n).
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(a) (b) (¢)

N 4 N

by S3 S2 S5 b, by b, b

s3(Cl1)

/ ’ by | +1 +1 0 by ¥ s3 5; 5

Z by 5(C2) by | -1 +1 0 b, s; * s, s,

b, 0 -1 +1 b, s, S, * s,

b, by 0o -1 -1 J b, s, S, 8, *
b - - J/

1
51 ( Cl1 )

Fig. 9. Contact surfaces between strata.
(a) A section of geologic structure consists of four strata. (b) Logical model for
locational relation t:Bx S—{—1,0, +1}. (c) Table representing a function u:B x S—S.

(iv) Set t(b;, s;)=—1. If there exists the C2 type of surface s, among s;., -,
Su—y (I<k=n—1), then set t(b;, s;)=+1 (j=i+1, ---, k). If not, then #(b;,
s)=+1 (j=i+1, -, n).

For example, if we have input data as shown in Fig. 9(a) :

Ty Ty Ty Ty T b3) b4) 1) -
Ty Ty Ty Ty T b2) b3x 2) —
Ty Ty Ty Ty T bly bl: 1) )

then we obtain the logical model for locational relation as shown in Fig. 9(b).

4.3 Contact Relation between Strata

As mentioned above, each boundary surface s; (i=1, -+, n—1) is defined as a surface
between successive strata b; and b;,,, dividing the 3-D space. This definition does not
directly mention about the contact surface between arbitrary two strata. However, the
logical model for locational relation gives us information about the contact surface. For

example, when we have equations (4.11), we get :
a(b3) " na(by)” =(s37 s, s P (s T ns, T lns T
=gy T e T ¢S =5 ng, ™)
a(bs) T Na(by)” s,

This indicates that the contact surface between a(b3) and o(b,) is s3. Generally, we get

the following theorem.

Theorem 4.4

Suppose that a 3-D space X consists of strata by, ---, b,, and let each boundary
surface s; (i=1, -+, n—1) be either “C1”’ or “C2”. Then, a contact surface between

two strata is one of these boundary surfaces.
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Proof

(1) Case that all boundaries are “C1”.

From Theorem 4.1 the distributions of two strata b; and b; (i <j) are represented as follows :
+1

a(by)” =s

U(bl')_ =Si_lﬁsi~.1+lﬂ~"ﬂsl+l

T lnss tlneens Tl ng T 2<i<j<n—1)

Then, we obtain :
o(b;) " na(b) " =(s .

-1 +1 +1 +1
=5 NS NS NS OS gy  T0 NSy

Co(b) " no(b)” <

=1 +1 +1 -1 +1 +1
;NS 0SS T )N(sT T AsZT 0e NS )

+1

Therefore, if b; is in contact with b;, i.e., a(b)” na(b)” #¢, then s; is the only one
contact surface between them. In the same way, we can determine the contact surface

between b, and b; and one between b; and b;.

(i1) Case that there exists “C2” among a series of surfaces s;, s;4¢, -+, 5;_.

As shown in the proof of Theorem 4.3, composite strata o', -+, b, bounded by “C1”
can be grouped into one set of strata bounded by “C2” §; ( i=1, -+, m—1 ). Let
o(b;) and a(b;) be included in o(b';) and o(d)), respectively. Then, since o(b';)” and

a(b'y)” are represented as :

o) =5y taens iAot QSI<IEm—1)

1A= ) -1 =1 ’ -1 7 =1 ’ +4
ob'y) =5y sy TN T oS T s o T,

we obtain :
a(b'y)"na(b'))”

=(sp s TN TN e T s TN o T s T s o T
=g, Zin-ns; 0 o0 T ineens T ing o
. ’ - ’ ] /

Sod' ) e ey

Therefore, s';_; includes the contact surface between ¢(b';) and o(b’;). It is clear that
the contact surface between ¢(b;) and a(b;) is identical with the contact surface between

a(b';)and a(b'y). O

We can consider this rule which assigns a boundary surface to a pair of strata as a
function, denoted by u:B x B—S.

4.4 Contact Relation Derived from Logical Model for Locational Relation
The fact that a pair (b;, b;) satisfies :

t(b;, s) X t(by, s)=—1
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(b) b;Ps; (c) s5;Qs

bi 7 4

Fig. 10. Definition of inclinational relation.
(a) Relation P,. (b) Relation P. (c) Relation Q.

for some s, implies that s, is a contact surface between strata b; and b;. Thus, we can

construct the function u: B x B— S from the logical model for locational relation as follows.
LR
t(b;, s) x (b, s)=—1
then :
u(b;, b;)=s, and u(b;, b;)=s; .

Figure 9(b) shows the logical model for locational relation for geologic structure

given in Fig. 9(a), and Fig. 9(c) shows the function u in tabular form.

5. Logical Model for Inclinational Relation

Inclinational data (e.g., strike and dip) are useful for the determination of the
boundary surface. If strata are parallel layered, we can effectively use strikes and dips
obtained from a contact surface or the bedding plane of a stratum for the determination
of other surfaces. In practical situations, strata distributed finitely are rarely
parallel. However, boundary surfaces often show similar tendencies to each other, even

if they are not parallel. Therefore, an inclinational relation is introduced.

5.1 Inclinational Relation between Strata and Boundary Surface

We consider the inclinational relation between strata and boundary surfaces as a
theoretical basis for the effective use of inclinational data. We introduce two unit vectors
n(/, b;) and e(l, s;) ; n(l, b;) is a normal vector of the bedding plane of b; if the bedding
planes have same inclinations to each other along a vertical line /, and (0, 0, —1) in
other cases, and e(/, s5;) is a normal vector of a boundary surface s; at a point of the

intersection of a vertical line / and the surface s; (Fig. 10).

Definition : P

Let P be an inclinational relation between a stratum b; and a boundary surface s; such that :
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b;Ps; < Vi(n(l, b)=e(l, s,)) .

Definition : Q
Let O be an inclinational relation between boundary surfaces s; and s, such that :

J
s;0s=>Vl(e(l, sp)=e(l, ) .

Theorem 5.1

An inclinational relation Q is an equivalence relation on a set S of boundary surfaces.

Proof
(i) Reflexive property
It is clear that for all boundary surfaces s; (1<j<n—1), we have :

5;Q0s; = Vi(e(l, s;)=e(l, s)) .

(11)) Symmetric property

For any pair of boundary surfaces s; and s, we have :

5;0se=>Vi(e(l, sp)=e(l, 5))
<Vie(l, s)=e(l, s,)
<50s; .

(111) Transitive property

For any boundary surfaces s, s; and s, we have :

5,05 \s;Qs,=>V(e(l, s;)=e(l, s))\Vi(e(l, s;)=e(l, s,))
<Vi((e(l, s;)=e(l, s))N(e(l, s))=e(l, 5)))
<Vi(e(l, s)=(e(l, s)=e(l, s)))
=Vi(e(l, s)=e(l, s))
<505 -
From (i), (ii) and (iii), the relation Q is reflexive, symmetric and transitive. Therefore,

Q is an equivalence relation on S. O

Theorem 5.2

(i) P L.PcQ
(ii) P-QcP .
Proof

(i) s;(P~'-P)s;implies that there exists b, such that satisfies both b, Ps; and b, Ps;. Further :
i Jj J

biPs; Ab Ps;<=>Yi(n(l, b)=e(l, s) A\Vi(n(l, by=e(l, s;)
<V((n(l, b)=e(l, s))An(l, by)=e(, s)))
<=Vi(e(l, s)=e(l, s;)

¢>S,~Qsj .
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Thus, we get :
PtPcl ,
(i) b;(P-Q)s; implies that there exists s, such that satisfies both ;Ps; and 5,Os;. Further :
b;Ps, N5 QOs;<>Vl(n(l, b))=e(l, s,))\Vi(e(l, s,)=e(l, s;))
<Vi((n(l, b)=e(l, s))A(ell, s)=e(l, s))))
<=Vi(n(l, b;)=e(l, s;))
<>b;Ps; .
Thus, we get :
P-QcP . |

It is noted that we cannot directly observe relations P and Q, but only a relation between

exposed parts of strata which are defined as follows.
Definition : P,
b;P,s;<3l(n(l, b)=e(l, s;)) .
Directly from the above definition, we obtain the following relations between P and P,.

Theorem 5.3
~P,cP .
Proof
For b€B and seS, we have :
~b;Ps;<>~3n(l, b)=e(l, s;)))

<VI(~(n(l, b)=e(, s,)))
=3l(~(n(l, b)=e(l, s,)))
<~ (¥i(n(l, b)=e(l, s,)))
<> ~b,Ps; O

Here, we introduce the following assumption.

Assumption 5.1

P.cP

o

as far as this assumption does not cause any contradictions.

Assumption 5.1 derives a rule to infer inclinational relations P and Q from the observable

relation P,.
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Theorem 5.4
(1) Q,<=Q
(i1) P:0,<P
where :
Q,=Eu(P,"-P,)* .
Proof

(1) From Assumption 5.1, we have :
P,cP

p,tept

which imply :
PP =p-1l.p,

Theorem 5.2(i) and (5.1) give :

PN Pel
and therefore, we have :

Eu(P,”"P)*cELQ* .

Since Q is reflexive and transitive, we have :

EuQ*cQ .
Hence, we have :

Eu(P,”"“P)*<Q .

Let :
Q,=EU(P,”""P)*,
then :
Q,<Q .
(i) Assumption 5.1 and Theorem 5.4(i) give :
PyQ,cP-Q .
From Theorem 5.2(ii), finally we have :
PyQ,cP . O

5.2 Algorithm for Logical Model for Inclinational Relation

G.1)
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5.2.1 Input Data

The relation P, observed at the »-th outcrop is given by a parameter 7, in input data :

xr) y?‘) Zrl ry 17") ar’ /)’n Tr) TC"

7, represents the inclinational relation of the contact surface between a, and f, relative

to the bedding planes within «, and f, as follows :

0, if the inclination of the contact surface is different with both the lower
stratum o, and the upper one f,

1, if the contact surface has the same inclination as only the lower stratum

o, along a vertical line

if the contact surface has the same inclination as only the upper stratum

f, along a vertical line

3, if the contact surface has the same inclination as both the lower stratum

o, and the upper one f§, along a vertical line

For example, if o,=b;, f,=b; and s, is the boundary surface between b; and b; (i<j),

then 7,=1 implies :
b;P,s, and ~b;P,s .

As this example shows, it is noted that in order to infer the relation P from input data
we must know previously which boundary surface becomes the contact surface between
any pairs of strata by a function u:B x B—S as mentioned in Section 4.3.

We should note that the inference rule of P,cP is applicable as far as there are
no contradictions. For example, in the case that we observe b, P.s; at one outcrop and
~b,P,s; at another place, it is clear from Theorem 5.3 that 6, Ps; does not hold true
because we have ~b,P,s;. Nevertheless, if we apply the rule P, P, then we have both
b,Ps; and ~b.Ps;. This is a contradiction. In order to avoid this type of contradiction,
the inference rule P, P should be applied carefully.

Suppose that for the contact surface between same pair of strata, we have different

sets of data :

xr) yr) Zr’ fr! 77'., ar) ﬁr’ Tr) TE!'

Xypry ) 2y ir') nr’) ar’v ﬂr') Tr’) 7[r"

where «,=a,’ and f,=p,. Then, one method to avoid contradictions is to apply the

rule P,c P after adjusting the input parameter 7, as follows :

(i) Setn,=0if n, =0
if 1,=1 and 7w, =2
if 1,=2 and 7w, =1
(ii) Setm,=1if n,=1 and =n, =3
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if 1,=3 and 7, =1
(i11) Setn,=2if n,=2 and 7, =3
if 1,=3 and n, =2

5.2.2 Construction of Relation Matrix

The relation P, can be represented by an n x (n—1) matrix P, with the row b,, ---,
b, and the column s,_,, -, 5;. Let p,; be the (7, j) entry of the matrix P,. Then
poij=1 if bP,s;, and p,;=0 if not. Based on Theorem 5.4, the relation matrix Q, of

the relation Q, is inferred from the matrix P, through matrix operations as follows :
Qo =E+ (Po’.Po) + (Pot’Po)2 T

Let g,; be the (7, j) entry of the matrix Q,. Then the inclinations of boundary surfaces
s; and s; along a vertical line are the same if g,;;=1, and those of 5; and s; are different
if g,;=0. The relation matrix Q, can be represented by a function ¢:Sx S—{1, 0}.

Further, the relation matrix P of the relation P can be derived from P, and Q, :
P=P,Q, .

We call this relation matrix P ‘‘the logical model for inclinational relation”. The (4, 7)
entry p;; means that b; and s; satisfy the inclinational relation if p;;=1, and b; and s; do
not satisfy the inclinational relation if p;;=0. The logical model for inclinational relation
may be represented by a function p from BxS to {1, 0}. Then p(b;, s)=1 and 0

represent that b; and s; satisfy and do not satisfy the inclinational relation, respectively.

5.2.3 Algorithm to Construct Logical Model for Inclinational Relation
Using ordered pairs (o,, f,) in input data :

) ’ bl ) ) ar’ ﬁrr Tr) nr‘

we can define a set of strata B={b,, -+, b,} whose elements are enumerated linearly

from the lowest stratum b, to the uppermost one b

n»

and a set of boundary surface
S={sy, -+, s,—1}. Further, as mentioned in Section 4, we can construct the logical
model for locational relation from the given parameter t,, and determine the function
uw:BxB-S.

The following is an algorithm to construct the logical model for inclinational relation

including the adjustment of data.

(i)  Set p,;j=2 as the initial values of a relation matrix P, (i=1, ---, n; j=1, -, n—1).
(i) Repeat the following operations for r=1, --, N(N : the number of data ).
(ii-1)  Find numbers 7 and j which satisfy :
b;=ua,
bj:[))r ‘

(ii-2) Determine the boundary surface s,=u(b;, b;).
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Locational Data
I1,=0
z (7=0) Locational Data above
the boundary surface (/, =+1)

—O— ©
boundary

surface

Inclinational Data ‘
1 ( bedding plane ) A

\ /

Locational Data below

Inclinational Data

( boundary ) the boundary surface (/,="1)
Fig. 11. Data for determination of boundary surface.
(i1-3) Determine the values p,; and p,; depending on m, :

If n,=0, then set p,; =0 and p,; =0.

If m,=1, then set p,;=0.

If n,=1, and p,;,=2 then set p,;=1.

If n,=2, then set p,; =0.

If m,=2, and p,; =2 then set p,;=1.

If 7,=3, and p,;,=2 then set p,;=1.

If m,=3, and p,; =2 then set p,;=1.
(i11) If the value 2 is still remained in the matrix, replace 2 with 0.
(iv) Construct the relation matrix Q, by :

Q,=E+(P,“P,) + (P, "P,) > + -+ (P,P,)" 2.
(v)  Construct the relation matrix P by :

P=P,Q, .

6. Determination of Boundary Surface

6.1 Method for Determination of Boundary Surfaces

SHIONO et al.(1987) presents a method to determine 3-D shapes of boundary surface
z=s(x, y) as the geologic application of constrained optimization problem. In this
method, two kinds of field data are used (Fig. 11) :

locational data
xk) yk) zk; Ik (kzly 2y )

inclinational data
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¥
A
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dx i
> x
o X1 X2 Xi XNx

Fig. 12. Grid Data.

X Yoo 2 € e (R=1, 2, --)

where (x;, v, 2;) is the coordinate of the outcrop, and &, and #, are strike and dip,
respectively. I, in locational data is an index assigning the spatial relationship between
the outcrop (x;, vk, 2) and the surface s(x, y). The variable I, = —1, 0, and +1 shows
that the outcrop is below, just on, and above the surface, respectively. These data

provide constraints that the surface s(x, y) should satisfy as follows :

(X, Vi) 2 2 Iy=-1)
s(xg, Vi) =2 (I, =0)
sk Vi) S 2 (Ly=+1)
§x(%, ¥i)= —cos & tan 1,

sy(%p, M) =sin & tan 1,

where s.(x;, v) and s,(x,, y,) are the partial derivatives of s(x;, y,) with respect to x

and vy, respectively.
Then, the residual sums of squares are evaluated by ¢y(s) and ¢pp(s) as follows :

¢H(s)=2_[min{0, s(xy, yk)—zk}]z‘*'zo(s(xky .\’k)—zk)2+z+[max{0; s(xy, yk)_zk}]z

¢D(S):Z{[Sx(xky Vi) +cos &, tan ’Ik]2+[5y(xk) yp)—sin &, tan ’7k]2}-

where £7, X% and X* are summation signs for data of I,=—1, 0 and 41,

respectively. When the smoothness of s(x, y) is evaluated by:
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Input Data

X1s Yi1s Zp» Ely Ny @y Bly Ty Ty
xr, yr, zr, Er’ nr’ ar, B r’ T r’ Y r

XN, YN, Zw, EN, nyN, @y, BN, TN, TN

Data Selection

logical model for locational relation
logical model for inclinational relation

Data for s,,_4

Data for s,

Data for s4

Locational Data
Xy Yo Zps lk ( k=1,2, )

Inclinational Data

Xps Yo Zgs Ek, g (k=1,2,-)

Fig. 13. Selection of input data for determination of boundary surface.

J(s)=m, [{[s:(x, )1% + [3,(x, )] }dxdy + my [ { [, )1* + 2[5, (%, )] + 5, (%, ¥)]*}dxdy
the smoothest surface s(x, y) consistent with given constraints should minimize :

Q(s;00 = J(s) + [ pp(s) +y¢p(s)]

where o and y are parameters to control the relative weights of ¢y(s) and ¢p(s),
respectively.

In this paper, we represent the topographic surface and the geologic boundary
surface in the form of the grid data ( Fig. 12 ), which are arranged in a regular
pattern. Similarly we approximate s(x,y) by the discrete values s=(s;;, -+, sy_y,) On
an N,xN, grid. Then J(s), ¢ y(s) and ¢ p(s) are evaluated in a quadratic form of
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(a) (b)

4 )
S5 8y 83 Sz 5
b, | +1 +1 0 0 O
b; |[-1 +1 0 0 0
b, 0 -1 +1 +1 O
b, 0 -1 -1 +1 O
" b, 0 =1 @ =1 =1
b, [ 0 -1 0 -1 -1
. J

/
/ 8y — C1 Type

ssmmss C2 Type

Fig. 14. Example for selection of locational data.
(a) Geologic section. [1] to [6] are outcrops. (b) Logical model for locational
relation representing a structure (a).

s. We can obtain the optimal solution s* through successive approximation of s which
minimizes Q(s;0,) for the increasing sequence {oloa, <o, <---<ag} ( refer to SHIONO et
al.,1987 for details ).

6.2 Algorithm for Selection of Data

The set of data required to determine each 3-D boundary surface s; (=1, ---, n—1)

is prepared from data given in the form :

xl’) yr) zr’ ér’ "rx ar’ rs ‘[r’ nr)

through mechanical procedures using the logical model for locational relation and the

logical model for inclinational relation (Fig. 13).

6.2.1 Selection of Locational Data

Referring to a function t:Bx S—{—1, 0, + 1} representing logical model for locational
relation, we have a complete set of locational data required to determine the boundary

surfaces; (i=1, ---, n—1), after we repeat the following judgements for all input data :
Xpy Vpy Bpy 75— Ky ,Br: i et (7’21, sitdg N)

Case (i) : t(a,, sp=+1 and ¢(f,, s;)=+1
Both strata o, and f, are upper than a boundary surface s;. Therefore, (x,, v,, z,)

constrains the upper limit of the surface s;, providing an inequality datum for s; :
'xr: yr: zr) +1 M

For example, Fig. 14(a) shows that a contact surface between two strata (o, =b;,
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f,=b,) are observed at the outcrop [1]. Figure 14(b) shows that the logical model for
locational relation gives t(b3, s,)= + 1 and #(b4, s,) =+ 1. Therefore, we have a datum :

%1, Vi, 21, +1
to determine the surface s,.

Case (ii) : t(a,, s;)=+1 and #(f,, s,)=0
A stratum o, is upper than a boundary surface s;, and a stratum f, is independent of

s;.  Since (x,, y,, 2, ) constrains the upper limit of 5;, we have an inequality datum fors; :
Xy Vi By F1
For example, the outcrop [2] in Fig. 14(a) provides a datum for s, as follows :
Xy, Yo, %2, +1 .
Similarly in the case of #(a,, s)=0 and #(f,, s;)=+1, we have a datum :
Xy Vps Zpy +1 .
Case (iii) : #(a,, s,)=—1 and #(f,, s;)=+1

A stratum o, is lower than a boundary surface s;, and a stratum f, is upper than s;. This
indicates that (x,, v,, 2,) is on the boundary surface s;. Therefore we have an equality

data for s; :
Xpy Vps 2y O .
For example, the outcrop [3] in Fig. 14(a) gives a datum for s, :
X3, ¥3, 23, 0 .

It should be noted that there are no pairs («,, f,) which satisfy #(a,, s;)=+1 and
t(B,, s;)=—1 because a, is always lower than f,.

Case (iv) : Ko, s;)=—1 and t(B,, s;)=0
A stratum «, is lower than a boundary surface s;, and a stratum f, is independent of

s;.  Since (x,, y,, 2,) constrains the lower limit of 5;, we have a datum for s; :
Xpy Vs 2y —1 .

For example, the outcrop [4] in Fig. 14(a) gives a datum for s, :
X4y Var 24y —1 .

Similarly in the case of #(«,, s;)=0 and #(f,, s;)=—1, we have a datum :

Xpy Viis By =1

Case (v) : t(a,, s)=—1 and t(f,, s,)=—1
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Both strata o, and f§, are lower than a boundary surface 5;. Since (x,, v,, 2,) constrains

the lower limit of s5;, we have a datum for s; :
Xpy Vpy 2y — 1.
For example, the outcrop [5] in Fig. 14(a) gives a datum for s, :
X5, Vs, %5, —1 .

Case (vi) : #a,, s;)=0 and t(f,, s;)=0
Both strata a, and f, are independent of a boundary surface s;. Therefore, location (x,,
¥, 2,) cannot be used for the determination of the surface s;.

For example, Fig. 14(a) shows that two strata (ag=bs, fs=0b¢) at the outcrop
[6]. Since #(by, 5,)=0 and t(b,, 5,)=0, the location of [6] is independent of s,.

Finally, observations at outcrops [1], ---, [6] in Fig. 14(a) provide a set of data for s,

as follows :

Xy, Yi» 21, +1
X3, Vo, 2, +1
X3, V3, 23, 0

X4s Yar Z4 —1

X5, Vs, Rs, =i

6.2.2 Selection of inclinational data

Referring to logical model for inclinational relation, we can select a proper set of
inclinational data from input data :
xr) yr! zr) fr) r’r! ar’ /37) Tr! nr’

where :
(1) if o,=p,, then &, and 5, give strike and dip of the bedding plane in a stratum

«,, respectively.

r

(ii) if o, #p,, then &, and #, give strike and dip of a contact surface between «, and f3,,

respectively.
(i) Case of a,=p,
Xpy e By Cpo My
is used to determine a surface s; which satisfies p(z,, s;)=1.
(i) Case of o, #f,

xn Ve 2 ér! ’1)‘

is used to determine a surface s; if u(w,, f,)=s; that is, if s5; is a boundary surface

between o, and f3,. Further the inclinational data is also used to determine every surface
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s; which satisfies g(s;, s;)=1.

7. Construction of Function g:X—B

Combining the logical models for locational relation #: Bx S—{—1, 0, +1} and the
3-D figures of the boundary surfaces z=s,(x, y) (i=1, -+, n—1), we can define a function

g: X— B which assigns a unique stratum beB to every point peX.

7.1 Function g’ — from 3-D space to set of binary numbers—

Let (x,, v,, 2,) be a coordinate of a point peX. Then comparing the elevation z,
of the point p with the height s,(x,, v,) of the i-th boundary surface defines a number

d; such that :

5-: {19 ifngsi(xplyp)
' 0, ifz,<si(x,, ¥, (i=1,-,n—1)

Thus, an (n—1)-digit binary number (6,_,0,_,---0,0,), is assigned to each point p. This
rule represents a function g: X— Y, where Y is the set of all (n—1)-digit binary numbers
{(6,-10,-2---0501),10,=0, 1; k=1, ---, n—1}. For example, when there are three surfaces
51, S5, S5 in the 3-D space X, (011), is assigned to the point which is below s;, above
s, and above s; (Fig. 15(a)).

The set of points to which binary number (d,_{0,_,---0,0,), is assigned can be

represented by the inverse image of g’ as follows :

n—1

g,_1((6n—15n—2'”5261)2) = m Sp=8,_1n-NS,
k=1

where :

ot {sk“, if §; =1
k st if8,=0.

Thus, we can consider the binary number (d,_d,_,--0,0,), as the code number of the

n—1%n—

subspace divided by boundary surfaces.

7.2 Function g’ —from set of binary numbers to set of strata—

From the logical model for locational relation, we can determine a function g”:Y—B
which assign a stratum to a binary number.

The logical model for locational relation represents the distribution of stratum. For
example, the logical model given in Fig. 15(b) shows that the distribution of b5 is
represented by :

o(b3)=s3"tns, L.

This indicates that the surface s; is independent of the distribution of ;. However,

considering that g(b;) is included in both the upper subspace s, "' and the lower subspace
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(a) .
set of binary numbers Y
= 1 a1 )
3-D space X T . set of strata B
> 1 1 0 —
1 0 1 <
1 0 0 ~J
™ 0 1 1 -
™ 0 1 0 -
™ 0 0 1 -
™~ 0 0 0 -
N
b S Y~ T
Function g’ Function g”
Function g
(b) (C) 83 52 81 Strata
1 1 1 b,
1 1 0 b,
10 1 b,
1 0 0 b,
g 1 1 b,
0 1 0 b,
0 0o 1 b,
0 0 0 b,

Fig. 15. Function g:X—>B.
(a) Function g:X—B is constructed by functions g"X—Y and g":Y—-B. (b)
Logical relation for locational relation representing a structure (a). (c) Function g”.

s; !, we introduce an expression :

0_ . +1 -1
Syo=8 TuUsy .

Then, we have a formal expression for g(b;) as follows :
a(bs) =53 sy *1ns, 0. (7.1)

It is noted that the superscripts —1, +1 and O correspond formally to the components
of the logical model for locational relation shown in Fig. 15(b).

0

Substituting (s; *'us, 7!) for 5,° in equation (7.1), we have :

a(bs)=s3 s, Tl Yius, T Y

=(53 sy, Mg THUGs; T as, T As T .
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First and second terms of right-hand side represent subspaces to which binary numbers
(011), and (010), are assigned, respectively. This suggests that the points to which the
function g’ assigns (011), or (010), are included in o(b;).

Generalizing the above discussion, let us give the formal expression for every a(b;)

as follows :

n=1

o(b)= m Sa=S81100S (7.2)
k=1
where :
s if #(b;, s,)=+1
Sg= sl=s"us 7, if #(b;, 5)=0
Si 2 if ¢(b;, s)=—1.

For 5.°, let the set J(i) be :
J@)={kIS' =5},
and the set J be :
J={IENx N'={=1, +1}, fii, h=1(b, ) if kEIG)
where N and N’ are the sets of integer as follows :

N={1, -, n}
N={1, -, n—1) .

Then, we have an equation representing ¢(b;) as the union of some subspaces divided

by boundary surfaces s;, -+, s5,_, as follows :
n—1 .
ab)=UJ([) ")
fed k=1
Using one-digit number §;:
{1, if f(i, k)= + 1
0=
0, iff(z,k)=—1
we have another expression of a(b;) :
U(bi):Ug_1((5:'"—15in~2"'6i25i1)2)- (7.3)
feJ

Thus, we define a function g”: Y— B which assigns the stratum b; to every binary numbers

which appear in left-hand side of equation (7.3). Then, g"((6,-1-:-0,0,),) =b; represents
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that a subspace to which a binary number (,,_,---0,0,), is assigned is included in o(5;).

7.3 Algorithm for Construction of Function g”

The following is an algorithm for the construction of the function g": Y —B.

(i)  Repeat steps (ii) to (iv) for i=0, ..., 2271 —1.

(11)  Translate the value 7 into a binary number (6, _{0,_,--0,0,),.

(111) Repeat step (iv) for j=1, -+ n.

(iv)  Set g"((,-1:-+0,0,),)=b; if for all k=1, ---, n—1, we have either :

t(b;, s;)=+1 or 0 when 6, =1
or :
t(b;, si,)=—1 or 0 when §,=0 .
The function g” is represented in a tabular form as shown in Fig. 15(c).

7.4 Function g
+0,0,), to a point p in the 3-D

space X, and the function g”:Y—B assigns a stratum name to the binary

The function g':X— Y assigns a binary number (§

n—1"
number. Therefore, the function g:X— B defined by :

8(p)=¢"E'(p))
=(g"g")(®)

or i
g=g"g,

assigns a stratum name to a point in X ( Fig. 15(a)).
The algorithm to define g(p) for any point p in X is simply described as follows :

Let (x,, y,, 2,) be coordinates of a point p in X, then :

g(p) :gﬁ((én— 1 "'5251)2)

where :

5.:

1

{15 ifngsi(xrnyp) (1_:1 ”_1)

0, ifz,<si(xp, y,)
8. Computer System ‘“CIGMA”

8.1 Outline of Computerized Mapping System

The computerized mapping system is developed, based on theory and algorithm
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described in the previous sections. Figure 1 summarizes the logical framework of the
system. We call this system “CIGMA”, abbreviated from Computer-Inferred Geologic
Map.

(1) Inference of stratigraphic sequence
From given data, the set B of strata distributed in the studied area are determined, and
observed stratigraphic relations of strata are represented in the form of a relation

matrix. The stratigraphic sequence is determined by matrix operations.

(2) Construction of logical models of geologic structures
Two kinds of logical models of geologic structures are constructed according to the
character of boundary surface described in given data : a logical model for locational

relation and a logical model for inclinational relation.

(3) Determination of boundary surface
In order to determine each boundary surface, locational and inclinational data are selected
from given data set using logical models of geologic structures. Boundary surface is

determined as the smoothest surface by the method of constrained optimization.

(4) Assignment of strata by a function g:X—B
Every point to be drawn in a geologic map is transformed to a binary number representing
locational relation through a function g":.X— Y, and is assigned a unique stratum through

a function g”:Y—B.

(5) Graphical presentation
Finally, CIGMA projects a 3-D geologic map on a display by coloring the strata

respective to all grid cells on the topographic surface and four side sections.

8.2 Programs and Data
CIGMA is written in Fortran77 and the graphics functions of GKS (ISO, 1985), and

is implemented under UNIX and X-Window environment. The source code of the
program and sample data sets are available from the author.
CIGMA consists of the six routines. Figure 16 shows the flowchart. These

procedures are performed automatically by the following routines.

Routine (i) : ORDER

Using the relation between strata in the input data, the routine ORDER infers the
stratigraphic sequence and logical models of geologic structures, and selects sets of data
to determine boundary surfaces. The subroutine to infer the stratigraphic sequence is
based on the algorithm given by SAkaMoTO and SHiono (1992).

Routine (i1) : BOUNDARY
Using sets of data selected by ORDER, the routine BOUNDARY determines all boundary
surfaces in forms of the grid data based on the algorithm given by SHIONO et al.(1987).

Routine (ii1) : SOLID
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“CIGMA”

( SIn ) ( Routines )

l Input data area J

|

l Inference of stratigraphic sequence

i ORDER

Construction of logical models
of geologic structures

Data selection for determination
of boundary surface

!

l Determination of boundary surface ——= BOUNDARY
|
| Construction of function g’ I -—— SOLID
!
L Subdivision of grid data I --= G2G
!
Assignment of stratum to topographic ——— MAPPING
surface and side section
!
-—— MAP

I Graphic output of 3-D geologic map

!
( )

Fig. 16. Flow chart of CIGMA.

Using the logical model for locational relation inferred by ORDER, the routine SOLID

constructs a function g”": Y- B.

Routine (iv) : G2G
In order to obtain a fine graphics output, the topographic surface is interpolated using
the bi-cubic spline functions (deBoor, 1962).

Routine (v) : MAPPING
Using grid data of boundary surfaces created by BOUNDARY and the function g":Y—>B
constructed by SOLID, the routine MAPPING assigns a stratum to every grid node

of the topographic surface, and to every grid node of four gridded side sections.
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Routine (vi) : MAP

The routine MAP projects the strata assigned to all grid nodes by MAPPING on the
computer screen. Thus a 3-D geologic map is completed. This routine is based on
MasumoTo et al.(1986).

The CIGMA uses observation data described in the format :

xr) yr: R ér’ ’77! ar! /))r) ‘['” nr

as mentioned in Section 2.3. 'This format can describe various types of data as follows.

(1) Case that relations between different strata are observed at r-th outcrop

x"! yr) zr’ (ér)’ (’7")’ ar’ Br) Tl‘) nr'

Null values are given to &, and #, in the case that strike and dip of the boundary surface

are not observed.

(11) Case that only one stratum is observed at r-th outcrop

Xpy Ve Ry (ér)) (rlr)) ar) ar) s T

where — shows a null value. ¢, and 5, are given in the case that strike and dip of the

layered structure are observed.

(111) Case that the expert knowledge is introduced
= = = = =5, Wy /jry (Tr)y (nr)
7, and 7, may be given from some assumptions on the geologic structure.

In addition to observation data mentioned above, the topographic surface must be given

in the form of grid data.

8.3 Example of Application
Figures 17 and 18 show examples of geologic maps drawn by CIGMA. Input data for

the geologic map shown in Fig. 17 are :

100, 80, 180, 270, 10, b3, b4, 2, 2
100, 50, 157, 210, 15, b1, b2, 1, 3
60, 50, 169, 210, 30, b2, b3, 1, 2

and data for Fig. 18 are :
48, 24, 172, 190, 30, b2, b3, 1,
72, 24, 157, 190, 30, bl, b2, 1,
128, 24, 138, 10, 30, b1, b2, 1,
160, 24, 142, 10, 30, b2, b3, 1,
24, 144, 159, 190, 30, b2, b3, 1,

(OSSP S S
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(a)

(b)

Fig. 17. Examples of output (1).
Strata are bl, b2, b3, and b4 in ascending order. All boundaries are plane
surfaces. (a) 2-D geologic map. (b) 3-D geologic map.
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(a)

(b)

Fig. 18. Examples of output (2).
Strata are bl, b2, and b3 in ascending order. All boundaries are folded surfaces.
(a) 2-D geologic map. (b) 3-D geologic map.
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80, 144, 172, 190, 30, bl, b2, 1, 3
112, 144, 193, 10, 30, b1, b2, 1, 3
128, 144, 205, 10, 30, b2, b3, 1, 3

where coordinates are given in arbitrary units, and strikes and dips are in degree. The
same topographic data (192 x 160 area) are used for both examples. Figures 17(a) and
18(a) are the 2-D geologic maps. Figures 17(b) and 18(b) are the 3-D geologic maps,
and the azimuth and inclination of a view point are 20° and 30°, respectively. Contour
lines are drawn from 135 to 230 at 5 intervals. Most computational processes are
automatically carried out after the manual arrangement of the original data and selection

of parameters for graphical display.

9. Geologic Structure Assumed in CIGMA

CIGMA is a computer software system to draw geologic maps automatically according
to data obtained directly from field observations. The system is constructed based on
several inference rules derived from five Axioms Al to A5. The axioms are introduced
as tentative formulations for natures of an idealized geologic structures, i.e., accumulations
of eroded and/or non-eroded sedimentary layers without faulting nor overfolding.
Therefore, it should be noted that there are limitations in applicability of CIGMA (Fig. 19).

Axioms Al, A2 and A3 provide a theoretical basis for computer algorithms to infer
the stratigraphic sequence from observations on spatial relations between exposed
rocks. Most of sedimentary layers satisfy Axioms Al, A2 and A3. However, strata
displaced by fault movements and strongly folded strata may not satisfy the axioms, but
some stratified lava flows may satisfy the axioms. As seen from this example, it is
noted that geologic bodies satisfying the axioms are not necessarily sedimentary layers.

Fact that geologic bodies in the surveyed area satisfy the three axioms do not
guarantee that L, is a total ordering, that 1s, we can determine the stratigraphic sequence,
but only that L, is a partial ordering, that is, we can enumerate geologic bodies linearly

in such an order that is consistent with relations obtained from the observations :
by, by, -+, b, (l)iLOEbjDié.]')'

There are two cases that we can not determine the stratigraphic sequence. One is
the case that we have not observed sufficiently enough to make L, a total ordering, as
shown in Fig. 20(a). In this case, we must continue to search outcrops which expose
relations between incomparable pairs of geologic bodies. The other is the case that the
geologic structure itself includes at least one pair of geologic bodies which are not
comparable. In both cases, since the stratigraphic sequence is not fixed from given
data, we cannot proceed to the next step to create the logical models of geologic

structures. Therefore, CIGMA is designed to stop after showing the incomparable
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Algorithm for construction of function g:X—B

o L
s Determination of i
= . Boundary Surface by . Tt
: - Constrained Optimization | ®:
z v R
5132 :
: Axioms A4, AS gl3:
Construction of Logical Model 2] 5: 8
: for Locational Relation g :, I3
Axioms Al, A2, A3 E & g
Inference of g 5 i g
: Stratigraphic Sequence -§ : 2
_—_— E I8
S IIIIITIITIITIIIIIIUl s 8
© .. Topographic and boundary surface ... .. E : .2
-+ in the form of grid data a2
R L R T TIY 3
Ry EEREEEREE) o0
<
All principles of geology are satisfied
_ J

Fig. 19. Limitation in geologic structure for construction of function g.

(a) (b)

Fig. 20. Examples that b, and b; are incomparable.
(a) A relation L, among b, and b3 is not observed. Open circles are outcrops.

(b) b, and b3 are not comparable.

pairs of geologic bodies when L, is not a total ordering.

Axioms A4 and A5 provide a theoretical basis to create logical models of geologic
structures based on field observations. However, the axioms introduce additional
limitations. ‘““C1” idealizes a contact surface between layers created by a successive
sedimentation without any erosion. On the other hand, “C2” represents a contact
surface between a new layer and eroded one. Strictly speaking, “C2”assumes a history
such that a new layer overlies the preexisting ones after the preexisting ones are removed
partially by erosion to the extent that the upper surface of the youngest layer among
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by

by

Fig. 21. An image of structuring process of “C2”
(a) Preexisting strata. (b) The upper surface of the youngest layer is completely
removed. (c) A new layer overlies preexisting strata.

the preexisting ones is completely removed (Fig. 21). In the real situation, there are
some cases that only a part of the upper surface is removed by erosion. Further,
Axioms A4 and A5 assume that sedimentation and erosion occur at distinct
intervals. Sedimentation and erosion may occur simultaneously in some cases. For
example, considering the area around seashore, geologic bodies are eroded on land and
eroded particles form a sedimentary layer under the water. Therefore, we need to
generalize Axioms A4 and AS in order to approach more realistic situations.
Assumption 5.1 is a tentative assumption which is introduced to make effective use
of inclinational data for determination of boundary surfaces. The assumption is
unnecessary when we have no inclinational data. The assumption is introduced from
an idea that if surfaces are parallel to each other then inclinational data observed on
one surface may be used as the inclination of other surfaces. As the assumption is
used only for arrangement of data required to determine boundary surfaces by the
routine BOUNDARY in CIGMA, surfaces determined by BOUNDARY may not
necessarily be parallel to each other. We also need to develop new theories to reconstruct

a various types of folding structures according to their behaviours.

10. Conclusion

In this paper, a basic theory for computerized geologic mapping is formulated
systematically based on five Axioms Al to A5. The results are summarized as follows :

1) Axioms Al, A2 and A3 introduce inference rules to determine the stratigraphic
sequence from the field observations.

2) Axioms A4 and A5 provide a theoretical basis to construct logical models of
geologic structures based on field observations.

3) Assumption 5.1 is a tentative assumption to create the logical model for

inclinational relation so that inclinational data are used for determining boundary surfaces.
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4) As the result, the computer algorithms for construction of function g:X—B
which assigns a stratum to every point in the 3-D space are constructed.

5) A Fortran 77 computer program CIGMA is coded according to presented
algorithms to draw a 3-D geologic map automatically.

As CIGMA draws a geologic map quickly based on the field observations, it will
be useful for all steps of field survey from rough drafting to final mapping. Further
it is expected that CIGMA will receive wide application including geologic educations.
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