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Abstract
Let N < G where G is a finite group and leB be a p-block of G, where p
is a prime. A Brauer charactef < IBry(B) is said to be of relative height zero
with respect toN provided that the height ofs is equal to that of an irreducible
constituent ofyry. Now assumeG is p-solvable. In this paper, we count the num-
ber of relative height zero irreducible Brauer charactdr8awith respect toN that
lie over any giveny € IBrp(N). As a consequence, we show thatDf is a defect

group of B and B is the uniquep-block of N Ng(D) with defect groupD such that

BS = B, thenB and B have equal numbers of relative height zero irreducible 8rau
characters with respect td.

1. Introduction

Fix a prime p and letN be a normal subgroup of a finite gro. Let B be a
p-block of G and letyr € IBr(B), the set of irreducible Brauer characters belonging to
B. Suppose is an irreducible constituent afy, and writeb for the p-block of N to
which 6 belongs. As in [8], a defect group of B is called an inertial defect group
of B (with respect tob) if it is a defect group of the Fong—Reynolds correspondént o
B in the inertial groupT of b in G.

By [8, Lemma 3.2], we have hf() > ht(®). If ¢’ is any other irreducible con-
stituent of ¥y, then#’ is G-conjugate tod and belongs to &-conjugate ofb. Since
G-conjugate p-blocks of N have equal defects, the differencevhi(- ht(®) does not
depend on the choice of the constituént

The Brauer charactep is said to be ofrelative height zeravith respect toN pro-
vided that ht(/) = ht(9). We denote by IB}(B), the set of irreducible Brauer charac-
ters belonging toB and having relative height zero with respectNo If ht(y) = 0O,
then ht@) = 0 as ht{/) > ht(¢). Hence every irreducible Brauer character Bnof
height zero lies in IB}(B), and so in particular I&(B) # @. Furthermore when
N =1, then IBR (B) is precisely the set of irreducible Brauer character8iof height
zero. (See also Corollary 2.2 below.)

Let ¢ € IBr(b). We write IBR,(B | ¢) for the set of all those Brauer characters in
IBr{,(B) that lie overp. Theorem 3.3 in [8] implies that IB1(B | ¢) # @ if and only if
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¢ is D-invariant for some inertial defect group of B. So in particular, IB}(B | ¢) #
@ when ¢ is G-invariant.

Assume now that is p-solvable. In [6], we counted the number of height zero
irreducible Brauer characters iB that lie overg. If ¢ is not of height zero, then
in view of the inequality above, there are no height zerodble Brauer characters
in B over ¢. So, in effect, the main result of [6] counts the number ofredats in
IBr (B | @) in casey is of height zero. In this paper, we count the number of elémen
in 1Br9,(B | ¢) for any ¢ € IBr(b).

Theorem A. Let G be a p-solvable group and let B be a p-block of G. Suppose
N is a normal subgroup of Gb is a p-block of N covered by ,BT is the inertial
group of b in G andp € IBr(b). If D is an inertial defect group of B with respect to b
and B is the unique p-block of N&(D) with defect group D such tha® = B, then

IBr} (B | @) = || J1BrA(B | ¢")

teT

As a consequence of this result, we have the following.

Theorem B. Let G be a p-solvable group and let B be a p-block of G with de-
fect group D. Suppose N is a normal subgroup of G ancBldte the unigue p-block
of NNg(D) with defect group D such tha® = B. Then

IBr(B)] = [IBrY(B)!.

If we take N = 1, then Theorem B reduces to an equivalent form of [10,
Theorem 4.1], which is a modular version of the Alperin—McKeagnjecture for
p-solvable groups.

We finally mention that Theorem B is not true if the group is mssumed to be
p-solvable. For example, le6 = GL(3, 2). Let B be the principal 2-block ofc and
take N = 1. Then|IBr{(B)| = 3, asB has three irreducible Brauer characters, all of
height zero. On the other hand, I is a Sylow 2-subgroup 06, then Ng(D) = D
and so ifB is the principal 2-block ofNg(D), we have|IBr?\,(L3>)| =1.

2. Proof of the results

In this section we prove Theorems A and B of the introductidfe begin with a
number of preliminary results.

Let v be an irreduciblep-Brauer character of an arbitrary finite gro@. By
a vertex ofyy we mean any vertex of the simplB-module (in characteristip) that
corresponds tay.
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Lemma 2.1. Let N<G where G is p-solvable and let B be a p-block of G with
defect group D. Supposg € IBr(B).
() v €1Br{(B) if and only if |D|/|D N N| = [P|/|P N N| where P is any vertex
of .
(i) Suppose Q is a vertex of with Q € D. Theny € IBr§(B) if and only if
QN = DN.

Proof. (i) Let¢ be an irreducible constituent afy and let P be a vertex for
¥. Then [11, Corollary 3] implies thatP N N| is the order of any vertex ap. Fur-
thermore, ifb is the p-block of N to which ¢ belongs,|D N N| is the order of any
defect group ofo from [3, Proposition 4.2]. Nowy) € IBr%(B) if and only if

Glp ( |N|p)1 __ID|
¥ (L)p \e(L)p ID AN
The result is then immediate by [1, Theorem 2.1].

(i) Part (i) implies thaty € IBr%(B) if and only if [QN| = |DN|. SinceQ € D,
we haveQN € DN and the result immediately follows. [

Before stating our second preliminary result, we mentioreasy corollary.

Corollary 2.2. Let M € N be normal subgroups of a p-solvable group G and
let B be a p-block of G. ThetBr,(B) < IBr{(B).

Proof. LetD be a defect group oB and assume) € IBr(h’,,(B). Choose a vertex
Q for ¢ such thatQ € D. By Lemma 2.1 (ii) we haveQM = DM. So QN = DN
and again by Lemma 2.1 (i} € IBr(B). O

Our next lemma involves the concept of a relatpwblock introduced in [4, 5]. For
the reader’'s convenience, we first give a brief review of tuacept and other related
notions needed for our purposes.

Let G be a p-solvable group. Ify is an ordinary character 0, we denote by
x© the restriction ofy to the set ofp-regular elements o6.

In [2], Isaacs associates to every charagter Irr(G) a unique (up tdG-conjugacy)
pair (W, y) called nucleus of such thalV is a subgroup o6, y € Irr(W) is p-factorable
(i.e., y is a product of ap-special and g’-special characters o), andx = y©. Let
By (G) be the set of all thosg < Irr(G) for which y is p’-special. Then Isaacs in [2]
proved that the restriction map— x° defines a bijection of B(G) onto IBr(G).

Now let N < G and u € By(N). We say that two characters, x' € Irr(G | w)
(the set of irreducible characters & lying over u) are linked provided that there
exist irreducible charactergo, x1, ..., xn Of G lying over u and irreducible Brauer
charactersyy, . .., Yn_1 Of G such thatyo = x, xn = x’ andd,,,d,, 4 # O for all
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0 <i <n-—1. This linking clearly defines an equivalence relation axi@r| 1) and the
resulting equivalence classes are called relafivelocks of G with respect to N, w).
Let Blp(G | n) be the set of all these relative-blocks. If B is any (Brauer)p-block
of G such that IrrB) NIrr(G | u) # @, then it is not hard to see that IBYNIrr(G | )
is in fact a union of some relativp-blocks in Bly(G | ).

Let B € BIp(G | ). By IBr(B), we mean the set of all € IBr(G) such that
¥ = x° where x € B. It turns out that IBrB) is always nonempty.

Finally we should mention that a notion of the defect groupaatlative p-block
is defined in Section 4 of [5].

Lemma 2.3. Let G be a p-solvable group and let B be a p-block of G with
defect group D. Suppose NG and letu € By(N) be G-invariant. If Q is a vertex
of the unique irreducible Brauer character of DN lying over the irreducible Brauer
character 0, then
(i) QN=DN;

(i) there exists a nucleu@V, y) for n such that Q is contained in the stabilizer S of
(W, y) in G and QN'W is a Sylow p-subgroup of W

(iii) assumeB € Bly(G | 1) has defect group Q and I8 be the relative p-block in
Blp(Nc(QN) | 1) with defect group Q corresponding # via Proposition 3.4 (c)n
[6]. Then ifB is the p-block of N(QN) (= Ng(DN)) with defect group D such that
BG = B, we haveB < Irr(B) if and only if B C Irr(B).

Proof. (i) Sinceu is G-invariant, then so ig. It follows by [9, Theorem 3.5.11
(i))] that ¥ = 1, and so in particulag (1), = ©°(1)p. Next asQ is a vertex fory,
[11, Corollary 3] implies thatQ N N| is the order of any vertex ofi®. Then by [1,
Theorem 2.1],|DNJ,/|Q] = [N]p/|Q N N[, and hencgD|/|D N N| = [Q]/|Q N NI.
Therefore]DN| = |[QNJ|. But QN € DN asQ < DN. It follows that QN = DN.

(i) Since QN = DN by (i), Lemma 2.4 (b) in [7] tells us that there exists a
nucleus W, y) for © such thatQ is contained in the stabilizes of (W, y) in G.

Next by Lemma 2.3 (c) of [7], there ig € IBr(SN(QN)) lying over ° and having
vertex Q such thaty@N = . Now asy is an S-invariant p’-special character oW,
we conclude by [6, Lemma 2.1 (b)] th& N'W is a Sylow p-subgroup ofw.

(i) Let B (resp.f) be the p-block of G (resp. Ng(QN)) such thatB C Irr(g8)
(resp.B C Irr(B)). We claim thatgC is defined and3® = 8.

Since B has Q as a defect group, Corollary 2.5 in [6] says that there exists
IBr(B) having vertexQ. Now v € IBr(8) and hence by [9, Theorem 5.1.9], there
some defect grouf® of B such thatQ € P. As QCs(Q) € Ng(QN), it follows
by Corollary 5.3.7 and Theorem 5.3.6 of [9] thAf is defined. Next we show that
e =5 )

Choosex € B. Sincea lies over i, we may writea® = 3" ¢;8 for § € Irr(G | w).
Let By = B, ..., Bn be all the (distinct) relativep-blocks in Bl,(G | 1) that are

is
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contained in Irr@). Then

Selrr(B) i=1 \seB;

Now as[Y .z, c,;(S(l)]p = [«®W)]p and [Y 55 c,;(S(l)]p > [«®(1)]p for i # 1 by [6,
Proposition 3.4 (a)], we get thad ;. 058(1)]p = [«®(1)]p. Sincea € B C Ir(f),
it follows by [9, Corollary 5.3.2] that3¢ = B, as claimed.

Now if B C Irr(B), then B C Irr(B) by the above. Next suppode < Irr(B). Then
B = B and so to finish the proof of (iii), by the uniqueness of thelock B, it
suffices to show thag has defect groupD.

Recall thatP is a defect group off. Then in view of Lemma 5.3.3 of [9], there
existsg € G for which

(*) P C DY

So in particularQN € PN € DIN. SinceQN = DN by (i) and [DN| = |D9N|, it
follows that

() QN = PN = DIN.

Next let b be the p-block of N such thatu e Irr(b). Since « € Irr(8) N
Irr(Ng(QN) | 1), we have that8 coversh. Also B coversb, as B C Irr(B). Prop-
osition 4.2 in [3] now implies thatP N N| = |D9 N N| = pd®, whered(b) is the
defect ofb. In view of (xx), we are then forced to hayé’| = |D9|. HenceP = D¢
from (x). Also, sinceDN = QN = DN, it is clear thatg € Ng(DN). Then asP is
a defect group of8 (a p-block of Ng(DN)), we deduce thaD also is a defect group
for B, as needed to be shown. []

Lemma 2.4. Let N< G where G is p-solvable and let B be a p-block of G
with defect group D. Assume € By (N) is G-invariant andw € IBr{ (B | ¢) where
¢ = uO. If Q is a vertex for the unique irreducible Brauer charact¢rof DN lying
over ¢, then
(i) o has vertex Q
(i) w € 1Br(B) for some relative p-blocks € Bl,(G | 1) having defect group Q and
such thatB C Irr(B).

Proof. Let Q be a vertex of the unique irreducible Brauer charagteof DN
lying over ¢. ThenQN = DN by Lemma 2.3 (i).

(i) Choose a verteR for w such thatR € D. Then by Lemma 2.1 (ii), we have
RN = DN. Now asg is G-invariant, [7, Lemma 2.5] tells us th& is a vertex ofy.
So Q is DN-conjugate toR, and hence is a vertex fa.
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(i) Let x be the unique character inyBG) such thatx® = w. As w lies over
¢ and all the irreducible constituents gfy are in By(N) by [2, Corollary 7.5], x
must lie overp. Let B be the relativep-block in Bly(G | 1) in which x lies. Then
w € IBr(B) and sincey € Irr(B), we haveB C Irr(B). Next we show tha3 has Q as
a defect group.

By Corollary 2.5 in [6],B has a defect group such thatQ € P (asw € IBr(B)),
and there ist € IBr(B) with P as a vertex. Now sincé € IBr(B), we haveP C D¢
for someg € G, and so in particulaPN € (DN)®. But QN € PN and QN = DN.
We deduce then tha®N = P N. Also, asw and & both lie overg, [11, Corollary 3]
implies that|Q N N| = |P N NJ. It follows that |Q| = |P| and thereforeQ = P as
Q € P. We have thus shown th&@ is a defect group foi3, as needed. ]

The following is an essential step toward the proof of Theork.

Proposition 2.5. Let N<G where G is p-solvable and let B and b be p-blocks
of G and N respectively such that B covers b. SupposeBr(b) is G-invariant. Let
D be a defect group of B and writB for the unique p-block of &{DN) with defect
group D such thatB® = B, then

IBrO(B | ¢)| = [IBr%(B | ¢)|.

Proof. First letu be the character in B(N) for which w® = ¢. Since u is
uniquely determined by, we note thatu is G-invariant. Next fix a vertexQ for
the unique irreducible Brauer charact¢rof DN that lies overg. Then, in view of
Lemma 2.3 (i), we haveQN = DN.

Next by [8, Lemma 3.2 (ii)], IBY(B | ¢) # 0. Let w € IBr%(B | ). Then
Lemma 2.4 tells us thab has vertexQ and thatw € IBr(3) for some relativep-block
B € Blp(G | n) having Q as a defect group and such thatc Irr(B).

Let now By, ..., Bm be all the (distinct) relativep-blocks in BlL,(G | 1) having
defect groupQ and such that3; < Irr(B) for all i € {1,..., m}. Next write A for
the set of all those) € |, IBr(55;) having Q as a vertex. Then IE(B | ¢) € A by
the preceding paragraph. Sin@N = DN, Lemma 2.1 implies that C IBr{(B | ¢).
Consequently, we have IB(B | ¢) = A.

Next by Lemma 2.3 (ii), there exists a nuclel,(y) of u such thatQ is con-
tained in the stabilizer ofW, y) in G and Q "W is a Sylow p-subgroup ofW. Then
for eachi, let 5 be the relativep-block in Bl,(Ng(QN) | ©) with defect groupQ
corresponding tds; through Proposition 3.4 (c) of [6]. By Lemma 2.3 (iii), we leav
B, < Irr(B).

SupposeB is a relative p-block in Blp(Nc(QN) | n) with defect groupQ and
such thatg C Irr(B). If g is the relativep-block in Bly(G | w) that corresponds t@
via [6, Proposition 3.4 (c)], ther® is a defect group foB, and by Lemma 2.3 (iii)
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we havep C Irr(B). Thereforeg is one of By, ..., By and it follows thatB is one
of By, ..., Bm. This tells us that3i, .. ., B are all the (distinct) relativep-blocks in
Blp(Nc(QN) | 1) having Q as a defect group and which are contained iné)r(

If p € Irr(B), then the irreducible constituents @fy all belong tob, asb is
G-invariant. It follows from the remark following Lemma 3.1 [6] that the p-block
B coversb. Now let C be the set of allr € [J, IBr(5;) having vertexQ. Then
by repeating the argument used above to show tha}(Br| ¢) = A, we get that
IBr%(B | ¢) = C.

Next leti € {1,..., m} and assume& € IBr(Bi). We claim thatQ is a vertex of
¢. Since¢ lies overg and v is the unique irreducible Brauer character @N lying
over ¢, we have that lies overy. Then asQ is a vertex fory, there exists a vertex
P of ¢ with Q € P by [9, Lemma 4.3.4]. On the other hand, Corollary 2.5 of [6]
implies that someNg(Q N)-conjugate ofP is contained in the defect grou of B;.
It follows that P = Q, which proves our claim.

We now have IB}(B | ¢) = C = U™, IBr(B:). By [6, Proposition 3.4 (b)]}IBr(3:)|
is equal to the number of all those Brauer characters indBrthat haveQ as a vertex.
It follows that |IBr%(B | )| = |Al = Y., |IBr(B:)| = [IBrQ(B | ¢)|, and the proof of
the proposition is complete. []

The stable case of our next proposition is the key for proviingorem A. This
result is analogous to Theorem A, where the subgrdlNs(D) is replaced by the
possibly larger subgrouplg(DN) (note thatN Ng(D) € Ng(DN), always). We should
mention that in the proof of this proposition, we will adaptree of the arguments used
in the proof of the main theorem of [6].

Proposition 2.6. Let N< G where G is p-solvable and let B and b be p-blocks
of G and N respectively such that B covers b. Let T be the alegtoup of b in G
and suppose € IBr(b). If D is an inertial defect group of B with respect to b aid
is the unique p-block of &{DN) with defect group D such thaB® = B, then

IBIX(B | @)l = | JIBrA(B | ¢')

teT

Proof. First letl be the inertial group ofy in G.

Case 1. Assume IBY(B | ¢) = 8. We just need to show that IB(B | ¢') = @
for all t € T. Suppose, on the contrary, that therdpis T for which IBr%(B | %) £ 0.
Then [8, Theorem 3.3] implies that aNg(DN)-conjugate ofD, henceDN, is con-
tained in the inertial group op® in G. So, in particular,Dtt?1 CI. Now asD is an
inertial defect group ofB with respect tob andt,* € T, we have thatD%" also is
an inertial defect group oB with respect tob. Then in view of Theorem 3.3 in [8],
it follows that IBf,(B | ¢) # @, which contradicts our assumption.
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CASE 2. Suppose that IBf(B | ¢) # 0. Letw € IBr%(B | ). Next denote byw
the unique irreducible Brauer characterlofying over ¢ such that ¢))® = » and let
w(ry be the irreducible Brauer charactes()". Then asp € IBr(b) and o) lies over
@, [9, Theorem 5.5.10] implies thabry € IBr(B’), where B’ is the Fong—Reynolds
correspondent oB in T. Now let Q be a vertex ofw(). Thenwr) has vertexQ and
so by [9, Theorem 5.1.9]Q < D! for somet € T. Also, sinceQ is a vertex forw and
w € IBr{(B), we havew(r) € IBr$(B’) by Lemma 2.1 (i). Then part (i) of Lemma 2.1
tells us thatQN = D'N.

Choose now a minimal subsét of T such that for eachw € IBr{(B | ¢), there
exists a unique element, € U such thatD¥ N = QN for some vertexQ of w).

STep 1. Our objective in this step is to show that

(1) JBrAB 1 ¢") = JIBrR(B | o).
teT ueU

So lett € T and supposé® € IBr%(é | ¢'). Then as a vertex oft " is conjugate
to a vertex of¢ and a defect group oB! " is conjugate to a defect group &, we
have 6' " € IBry(B'" | ¢) by Lemma 2.1 (i). Let now; be the unique element in
IBr(Ng(D'™"N) N 1) lying over ¢ such thatyNe® N — gt~

Since B! has defect grou! ', the Brauer characte®' = has some verte® <
D' by [9, Theorem 5.1.9]. Then Lemma 2.1 (i) says tidl = D'"N. Next there is
h € Ng(D'"N) for which R = P" is a vertex fory. Now RN = (PN)" = D'"'N. So
in particular, asRN C I, we getD!'N C I. ThereforeNg(D' 'N)N | = N, (D' "N).

Now if 8 is the p-block of Ny (Dt N) for which 5 € IBr(8), we have thagNe®" N
is defined anggNs(® N) — Bt by Lemma 3.1 in [8].

Next choose a defect group for g such thatR € L. By [9, Lemma 5.3.3], there
existsk € Ng(D! 'N) such thatL < (D' )%. Now

RNC LN C (D' 'N)¥=D'"N.
Since RN = D''N, we get
) LN = D' 'N.

Next asn lies overg andg € IBr(b), the p-block g coversb. Then [3, Proposition 4.2]
implies that|L N N| = p?® whered(b) is the defect ob. Similarly, sinceB! " covers

b, we have|D'" N N| = p?®. Now from (2)|L|/|[L N N|=|D""|/|D'" N N| and it

follows that

3) IL|=|D"| =D

Since N;(L) € N;(LN) € I and 8 is a p-block of N;(LN) (= N, (D' "N)) with
defect groupL, Theorem 5.3.8 in [9] tells us that' is defined and has as a defect
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group. Furthermore, ag covershb, note by the remark following Lemma 3.1 of [6]
that 8' coversb as well.

Now sincey is | -invariant, there exists an element IBr% (8' | ¢) by [8, Lemma 3.2
(ii)]. Next we havegNe(® N — Bt™ and Bt™)¢ = B. Then [9, Lemma 5.3.4] says that
BC is defined and equaB. By Lemma 5.3.4 in [9] again, we get that'(C is defined and
equalsB. Now asv is an irreducible Brauer character @f lying overg, [8, Lemma 3.1]
implies thatv® is an irreducible Brauer character Bflying over ¢. We claim that® e
IBrX (B | ).

As v € IBry(8' | ¢) and the order of any defect group @ is |D| by (3),
we have ¢(1)p|D])/|l]p = ((1)pp®®)/IN|p. On the other hand,v(1),|D|)/|I|p =
(v(2)p|D)/IG|p. It follows that v® € IBr{(B | ¢), as claimed.

Next choose a verteX of v such thatK € L (recall thatL is a defect group
of g'). Sincev € IBrd(8'), we haveKN = LN by Lemma 2.1 (ii). Further, by the
choice of the subsetl, asv® € IBr%(B | ¢), there existy € | andug € U such that
KYN = D%N. Now in view of (2), we get that HN)' Y = (D' 'N)Y = (DN),
Hencez = upy~ Xt € Ng(DN). Then ¢! = @Y%’z = (¢'%')?, which tells us thaty!
is Ng(DN)-conjugate t0<p”51. Now sincef € IBr?\,(é | ¢'), we conclude thap €
IBr%(B | ¢%"). This clearly proves (1).

STEP 2. For eachu € U, we let E, be the set ofv € IBr(B | ¢) such thatw()
has a vertexQ with QN = DYN. By the minimality ofU, it is clear thatE, # @.
Our final goal in this step is to prove that

(4) |Eul = IBrY(B | 9" )],

for eachu € U.

Let u € U. Supposew € E,. If A is the p-block of I such thatw() € IBr(A),
then A® is defined and equal8 by Lemma 3.1 of [8]. LetQ be a vertex foray
such that

(5) QN = DUN.

Then Q € P for some defect groug® of A. Next by [9, Lemma 5.3.3], there is
g € G such thatP < (D")9. Now we haveQN € PN C (D“N)Y. Then from (5),
it follows that

(6) DYN = QN = PN = (D“N)°.

Hence, by Lemma 2.1, we get thaf)y € IBrd (A | ¢).

It is clear from (6) thatg € Ng(D"N). Also, asPN = DYN and [P N N| =
pd® = |DYN N| (as implied by [3, Proposition 4.2]), we hayB| = |DY|. SinceP C
(D%9, it follows that P = (D")9. HenceA has someNg(DYN)-conjugate (namelyP)
of DY as a defect group.
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Let now Ay, ..., Ayn, be all the (distinct)p-blocks of I coveringb, each having
some Ng(DYN)-conjugate ofDY as a defect group and such that,()® = B for all
ief{l,...,ny}.

Leti € {1,...,ny}. Assume thatr € IBr?\‘(Au,i | ¢). Thent® € IBr(B | ¢) by [8,
Lemma 3.1]. Next choose a defect gro&,; for A,; which is Ng(D"YN)-conjugate
to DY. Let L be a vertex ofr with L € R,;. Then by Lemma 2.1 (ii) we haveN =
RuiN = DYN. So, in particular|L|/|[L N N| = |D|/|D N N|. Sincet® has vertexL,
it follows by Lemma 2.1 (i) that® € E,,.

Now the correspondence > ¢ defines a map front J™; IBrQ(Ayi | ¢) to Ey.
This map is onto by the above discussion and 1-1 by Theoren2 ®f3[9]. Conse-
quently we get{Ey| = Y™, |IBrd(Aui | ¢)|.

For eachi, we have seen above that,; has a defect grouR,; such thatR,;N =
DUYN. Let &u,i be the uniquep-block of N, (D“N) having R,; as a defect group and
such that ;)" = Ay;. By Proposition 2.5, we hatBrS, (Ay;i | ¢)| = |IBrS (A | ¢)].
It follows that

Ny

(7) Eul = D _IIBrY(Auji | ¢)l.

i=1

Now leti € {1,...,ny}. As ¢ is |-invariant, Lemma 3.2 (ii) in [8] tells us that
IBrQ (A | @) # 9. So IBR(Ay; | ¢) # 0. Supposex € IBr§,(A,; | ¢). ThenaNe(®*N)
is an irreducible Brauer character big(D"YN) lying over ¢. Now by [8, Lemma 3.1],
(Ag)Ne(®*N) is defined andxNe(®'N) e IBr((A,;)Ne®P*N)). Next we have 4,;)' =
Ayi and (Ay;)® = B. So (A,;)C is defined and equalB by [9, Lemma 5.3.4]. Ap-
plying Lemma 5.3.4 of [9] once again, we get thaf\(()Ne(P*N))C is defined and
equalsB.

Next we know that&u,i has R,; as a defect group. Then by Lemma 5.3.3 in
[9], (Ayi)Ne®’N) has a defect groupd for which R,; € M € Df, where f is some
element ofG. But asR,; is G-conjugate toD, we conclude thaM = R, ;. Further,
since R, is Ng(DYN)-conjugate toDY, it follows that (A, ;)Ne(P*N) has DU as a de-
fect group. HoweverBY is the only p-block of Ng(DUYN) that hasD as a defect
group and such thatB")® = B. We must then have thatA(,;)Ne(®'N) = BY. Then
aNe(@'N) ¢ |Br(BY).

Let X be a vertex ofx. Asu € IBrR,(Au,i), we have|R,i|/|Rui NN| = [X|/|XNN]|
by Lemma 2.1. Now sinc& is also a vertex forrNe(P*N) and R, ; is a defect group of
BY, it follows by the same lemma that\e(®*N) ¢ IBr,(BY | ).

We may now define a map from |J™, IBr (A, | ¢) to IBrS,(BY | ¢) by F(a) =
aNe(P*N) “We claim thatF is a bijection. FirstF is 1-1 by [9, Theorem 3.3.2]. Next
we show thatF is onto.

Let § be an element of Iﬁr(é“ | ¢). Next call y, the element in IBi{;(D“N))
that lies overp and such thatNe(®*N) = 5. Now if A is the p-block of N, (D!N)
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to which y belongs, we have thatNe(P’N) s defined and equal8! by Lemma 3.1
of [8].

Let Y be a defect group fon. Then by [9, Lemma 5.3.3]Y C (D")¢ for some
e € Ng(D"N). So, in particular,y N € DYN. Now choose a verte¥ for y such that
V C Y. Sincesé € IBr%(B“), V is a vertex ofs and (DY) is a defect group oBY,
Lemma 2.1 (ii) tells us tha¥ N = (D")®N = D"N. It follows that

®) VN =YN=D'N.

Then, by Lemma 2.1 (i) again, we have € IBr9(A | ¢). Also by (8) we have
IY|/[Y N N| = |DY|/|D" N N|. As each ofA and BY covers thep-block b, Propos-
ition 4.2 of [3] implies that]Y N N| = |DY N N|. Hence|Y| = |D"| and soY = (D")¢.

By [9, Theorem 5.3.8], we have that' is defined and ha¥ as a defect group.
Next asANe(P‘N) = BY and BY)® = B, Lemma 5.3.4 in [9] tells us that® is defined
and A® = B. Another application of [9, Lemma 5.3.4] now gives us that )C is
defined and 4')¢ = B.

Since A coversb, then so does\'. Furthermore, ag\' has defect groujy, which
is Ng(DYN)-conjugate toDY, we deduce that! = A, ;, for someip € {1,..., ny}.

Recall thatR, i, is a defect group forA,;, and thatR,;,N = DYN. SinceY is
also a defect group of,;,, we haveY = (R,;,)° with c e I. Now asYN = D"N
from (8), we getR,i,N = (Ru,i,N)°. This tells us that € N, (R,;,N) = N;(D“N). It
follows that R, i, (= Y<™") is a defect group ofA. Then we must have\ = Aujy-

Now y € IBr (A, | ¢) and yNe(®*N) = 5. This proves that the map is onto.
HenceF is a bijection as claimed.

Now |IBr&(B | ¢ )| = |IBrQ(BY | ¢)| = [U11Br%(Ay, | ¢)| (the second equality
follows from the fact that is a bijection). Since&uyl, e Au,nu are distinctp-blocks of
N (DUN) (because 1,...,Ayn, are distinctp-blocks) and Ey| = Y™, [IBr (Au,i | ¢)|
by (7), equality (4) follows.

STep 3. By our choice of the sel, since {E,: u € U} is a partition of
IBr{,(B | ), then

IBry(B 1 ¢) = Y|

ueU

=Y BB ¢ ) (by (4).

ueU

Now to complete the proof of the proposition, in view of (1),suffices to show that
the sets IB‘ﬁl(é | (pufl) are mutually disjoint.

So letu, u' € U and suppose IBf(B | 9" ) N IBrQ(B | ") # @. Then there
is x € Ng(DN) for which ¢ = (¢ )*. Sou = xu'w for somew € |. Then
DYN = (DYN)* and by the choice ofJ, it follows thatu = u’. The proof of the
proposition is now complete. []



602 A. LARADJI

We need two more lemmas to be able to prove the main theorems.

Lemma 2.7. Let N< G where G is p-solvable and let B and b be p-blocks of
G and N respectively such that B covers b. Let T be the inggtalip of b in G and
let B’ be the Fong—Reynolds correspondent of B in T. SupposdBr(b). Then the
map ¢ — ¥ defines bijections fromiBr(B") onto IBrd(B) and from IBr{ (B’ | )
onto IBr{,(B | ¢).

Proof. In view of [9, Theorem 5.5.10 (ii)], the map ~ ¢ defines a bijection
of IBr(B’) onto IBr(B). We shall see that this bijection restricts to a bijectioont
IBrd,(B’) onto I1BR,(B). For that, it suffices to show that < IBr(B’) if and only if
¥© € IBrd,(B). So lety e IBr(B’) and choosev € IBr(b) undery. ThenyC lies over
w. Since ht¢y) = ht(y©), we have ht{) — ht(w) = ht(®) — ht(w). The result then
immediately follows.

By the above, the maps — ¥© defines an injection from IBf(B’ | ¢) to
IBr(B | ). Next supposer € IBr)(B | ¢). SinceT contains the inertial group of
¢ (in G), then by Clifford’s theorem ([9, Exercise 3.3.4]), thereisés an irreducible
Brauer charactep of T over ¢ with v® = 7. Let By be the p-block of T to which
v belongs. ThenB, coversb and by [9, Theorem 5.5.10 (ii)], we hawee IBr(B).
Hence Bg = B and it follows (by Theorem 5.5.10 (i) of [9]) thaBy = B’. Sov
is an irreducible Brauer character & lying over ¢. Sincet € IBr{(B), we have
v € IBr{,(B") by the discussion in the first paragraph. This shows thatimgaction is,
in fact, a bijection and the proof of the lemma is complete. O

Lemma 2.8. Let N< G where G is p-solvable and let B and b be p-blocks of
G and N respectively such that B covers b. Let T be the inegtiap of b in G and
let B' be the Fong—Reynolds correspondent of B in T. Suppose D ideatdgroup
of B'. Then B has defect group D. Moreoyér B (resp. é/) is the unique p-block of
NNg(D) (resp. NN (D)) with defect group D such thaB® — B (resp. B'' = B),
then B’ covers b B is defined andg'""*” = B.

Proof. The fact thaB has defect grouf is immediate from [9, Theorem 5.5.10
(iv)]. Next, sinceb is T-stable andB’ coversb, then by the remark following Lemma 3.1
in [6], it is easy to see thaB’ coversb. Also, asN Nr(D) is the inertial group of
b in NNg(D), we have thalé’NNG(D) is defined and has defect growp by [9, The-

orem 5.5.10]. Nexé/T = B’ and B")¢ = B, and so in view of [9, Lemma 5.3.4]::’;’G is

defined and®'® = B. Using Lemma 5.3.4 of [9] once more, we get tI(uétNNG(D))G is
defined and equalB. Now by the uniqueness @&, we are forced to havg’ ©” = B.
This ends the proof of the lemma. [l

We are now ready to present a proof for Theorem A.
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Proof of Theorem A. LetB’ be the Fong—Reynolds correspondent Bfin T.
Then Lemma 2.7 implies that

(*) IBr%(B" | p)| = [IBr}(B | ¢).

Next we have thatD is a defect group forB’ and we write B’ for the unique
p-block of N Nr(D) with defect groupD such thatB’' = B'. Then Lemma 2.8 says
that B’ coversb and that, asN Ny (D) is the inertial group ob in NNg(D), B’ is the
Fong—Reynolds correspondent Bfin N Nr (D).

Note thate' € IBr(b) for everyt € T. Then by Lemma 2.7, the map ~ ¢©
defines a bijection fromJ,.r IBrQ (B’ | ¢') onto U,y IBIY(B | ¢!). It follows, in
particular, that

()

J1BrR(B | ")

teT

| 1Bry(B | ¢")

teT

Next we claim thatN Ny (D) = Nt (DN).

First we easily see thail Nt (D) € Nt(DN). Next, by [9, Corollary 5.5.6], there
exists a uniquep-block by of DN coveringb. Sinceb is Nt(DN)-stable, it follows
that by is Nt (DN)-stable. Also, asB’ coversb, then B’ must coverby as well. Now
in view of [3, Proposition 4.2], sinc®’ has defect grou, there isg € N for which
DY is a defect group foby. Henceby has D as a defect group. Let now be any
element of Nt (DN). Then, asbj = by, the subgroupD* is a defect group obp. It
follows that D* is DN-conjugate toD. HenceD* = DY for somey € N. Therefore
X € NNr(D). We have thus shown thait(DN) € NNr(D), and our claim is valid.

By Proposition 2.6, we havélBrl(B' | ¢)| = |U,cr IBrY(B’ | ¢")|. Then, taking
into account £) and ¢x), we get|IBr}(B | ¢)] = |Uyer IBrY(B | ¢Y)|, as wanted. O

Next, we take care of Theorem B.

Proof of Theorem B. Leby be a p-block of N which is covered byB. Call Ty
the inertial group ofoy in G and let B} be the Fong—Reynolds correspondentBoin
To. Then by [9, Theorem 5.5.10 (iv)], there gse G for which D9 is a defect group
for By.

Let b = (bo)9 ". Then B coversb, the inertial group ob in G is T = (Tg)?  and
B = (B(’))g’1 is the Fong—Reynolds correspondentBf(with respect tob) in T. Note
also thatB’ hasD as a defect group. LeB’ be the uniquep-block of N Nr(D) with
defect groupD such thatl.3>’T = B’. Then, by Lemma 2.8, we have that tipeblock
B’ coversb and that it is the Fong—Reynolds correspondenBaih the inertial group
N Nr(D) of b in NNg(D).
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Next T acts by conjugation on IBbj. Let Oy, ..., O, be the resulting orbits and
for eachi € {1,...,r}, choosey; € O;. By Theorem A, we have

IBr{ (B | @)l = | ) 1BrY(B | 0)..
GEOi

It follows that

r
IBr} (B = D _IIBrY(B' | ¢)]
i=1

r

S Brye o)

i=1 |9eO;

) BB 6)

HelBr(b)

= [IBr%,(B")|.
Finally since |IBrQ(B)| = [IBr{(B")| and |IBr}(B)| = |IBrQ(B)|, as implied by
Lemma 2.7, we getlBr%(B)| = |IBr%(B)|, as required. O
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