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F1G. 1.1. (a) An order-2 vertex connected sum of spatial graphs,
(b) An order-3 vertex connected sum of spatial graphs.
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FIG. 1.2. Reidemeister moves for 3-regular spatial graphs.

We obtain the following result:

MAIN THEOREM 1. Table 1.1 lists all the prime #-curves with up to seven crossings.
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12 2. ALGEBRAIC TANGLES
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F1G. 2.6. Algebraic tangles.

A tangle T' = (B®,t) is said to be splittable if there exists a disk A such that A does not meet £, -
but splits two arcs of ¢ in B3,

~ Let T be a tangle. We define the numerator, N(T'), and denominator, D(T), the links as shown
In Fig. 2.7. We call the set of links {N(T"), D(T')} the corresponding links for T.
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FIG. 2.7. (a) The numerator N(7T'). (b) The denominator D(T).

Clearly, we have

PROPOSITION 2.3. Suppose that T and S are equivalent tangles. Then their corresponding links

{N(T), D(T)} and {N(S), D(S)} present the same set of isotopic links.

Let R be a tangle. We define the double, W (R) by the link as shown in Fig. 2.8;
W(R) = N(R + pyLR).

Clearly, we have

PROPOSITION 2.4. Su th , _
W (S) are isotopic. ppose that I and S are equivalent tangles. Then, their doubles W (T') and
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2. TABLE OF ALGEBRAIC TANGLES 13

2. Table of algebraic tangles

We list a table of unsplittable algebraic tangles with seven crossings or less up to equivalence in
‘tion 2.1. However, we list either T" or uT for each tangle 7', even if they are not equivalent.

Links in the second column correspond to Rolfsen’s knot table [31]. Specifically, 0 is the trivial

%knot, Lq#-L, is a connected sum of links L, and L, and L is the mirror image of L. The last column
i;,;gwes the type of the algebraic tangle, where X = X°, H = H°,V = V°.
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TABLE 2.1. Algebraic tangles with up fo seven crossings.
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T (N(T), D(T)) type

1 (0, 0) X
2 (22, 0) H
3 (3,00 X
: 4 (4%, 0) H
31 (4,3) H
g 9 (4, 22 V
211 (41, 31) X
22 (B 242) V!
2,2 (0}, 23#2)) V'
| 5 (51, 0) X
41 (51, 44 V
32 (_Elgi 31) X
311 Egz_ 451-2’) ‘1;
23 52, 21
221 (52,41) X
31 9 (52, 31) H
2111 (5, 41) H
2,2+ (5%,22%7%52%) v11
’ 2,2)1 52, 4 X
(2 2)1' (o% 45) Xt
( ’ ) ___(_ 1_3__ 1)
3,2 (51, 31#23) V.
312 (Oa 31#2%) V
21,2 (59, 31#22)- V
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TABLE 2.1. Algebraic tangles with up to seven crossings (continued).

(21,2)1 (63, 52)

T (N(T),D(T)) _type
6 (67, 0) H
51 (67, 51) H
42 (61, 43 1%
411 (61, 51) X
33 (ﬁi: 31) H
321 (63, 52) H
312 (65, 42 %
3111 (_62-, 59) X
24 6.2 Vv
231 (61, 52) X
2211 (63, 52) H
213 (62, 31) X
2112 (63, 41) X
21111 (65, 52)  V
2,2++ (63, 21#27) V*
(2,2)2 (@, 42) H?
(2,2)2 (63, 4)  H
(2,2)2 (63, 03)  H!
3,2+ - (69, 31#2%) V
21,2+ (63, 31#27) V
(3: 2)1 (62, 51) X
(3,2)1 (0, 55) X
X
X
H

4,2 (63, 43#22) V!
4,2 (22, 22422) V1
31,2 (62, 42422) 1
22,2 (61, 41#22) V
22,2 (0, 41#23) VvV

(2,2),2 (63, 42#22) 1
3,3 (03, 3:#3,) ~ H
3,21 (61, 31#31) X
3,21 (31, 11#31) X
21,21 (63, 31#3:) H
2,2,2 (69, 2}#23422) V?
2,2,2 (63, 2%#2%#2%) V2
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TABLE 2.1. Algebraic tangles with up to seven crossings (continued).
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T ~ (N(T),D(T)) type

7 (71, 0) X
61 (7, &) Vv
0 2 (72: B-i-) X
011 (72, 67)  V
43 (73, 42 14
421 (73, 61) X
412 (72, 5,) H
4111 (72,6,) H
34 (_7_;’ 31) X
331 (73, 62) 1%
3211 (75, 62) V
313 (T4, 42)  V
3121 (74, 62) X
3112 (72,5,) H
31111 (72, 6,) H
25 (Ta, 22)  V
241 (72, 6,) X
282 (72, 5,) H
2311 (72,6,) H
2221 (75, 62) V
2212 (76, 52) X
22111 (76, 62) V
2131 (72, 65) H
2122 (76, 53) V
21211 (76, 62) X
2113 (72, 4,) H
21121 (72, 65) H
21112 (77, 52 1%
211111 (77, 63) X
224+ ++ (73, 22422) V!
(2,2)3 (73, 41) X
(2,2)3 (73, 49) X7
(2,2)3 (73, 0))  X°
3,2++ (75, 21#27) V
21,2++4+ (76, 21#2}) V
(3,2)2 (7%, 0) H
(3,2)2 (7%, 0) H
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TABLE 2.1. Algebraic tangles with up fo seven crossings (continued).

T N(T), D(T)
(2 11 2)2 (75: 52) H
(21,2)2 (72, 52) H
(2,2+)2 (73, 52) H!
(2,2)12 (72,59 X!
4,2+ (72, 434#22) V?
31,2+ (73, 42422) V!
22,2+ (76, 11#22) V

211,2+ (77, ©4#27) V
(2,2),2+ (72, 42422) V?

3’ 3+ (74: 31#37) X
3,2 1+ (73, 31#31) H
21,21+ (77, 31#31) X
2,2,2 (73, 242342%) V2
(2,2 + +)1 (73, 63) X!
(2,2)21 (73, 6)  V’
(2,2)2 1 (7& 63) V1
(2,2)21 (72, 63) V1
(3,2+)1 (7s, 6) X
(21,2+)1 (76, 63) X
(5,211 (73, 62) H
(21,2)11 (7§= 63) H
(2,2+)11 (73, 62) H
(2,2)111 (72, 63) V1
(4,2)1 (72, 62) X1
(4,2)1 (2, 6) X
(4,2)1 (65, 22) X!
(31,2)1 (72, 62) x1
(2 2’2)1 (76, 61) X
(2 2’ g)_l_ (0: -6-;) X
(22,2)1 (62, 0) X
(211,2)1 (77, 62) X
((23 2):2)_1_ (7%, 6%) X1
((2,2),2)1 (41, 63) x1
((21 g)a2)1 ( zs ) X1
((2,2),2)1 (72, 52) x1
((2,2),2)1 (54, 5¢) x1
(3,3)1 (70, 62) Vv
(3,3)1 (31, 62) vV
(3’2_1.)}. ( 61) H
(3,21)1 (653!, 31) H
(21,21)1 (7 62) Vv
(2:2: 2)1 (7 '63") X2
(2,2,2)1 (5 63) et
(23 23 2)1 ( ) X2
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2. PROOF OF THEOREM 3.10. 29

K33

FIG. 3.17. ¢ = 5 (b) (iii).

?__Pattem (c). See Fig. 3.18. Each of the vertices B, C, D and E has three remaining hands, and so we
- consider how the hands of E connect.

FIG. 3.18. ¢t = 5 (c).

(1) E~A,B,C. Then D ~ A, B, C, and we obtain 5!; see Fig. 3.19.

FIG. 3.19. ¢ =5 (c) (i).

(ii) E~ A, B, D. Then C ~ A, B, D. This gives a graph containing K3 3, and so it does not
satisfy the condition (P5); see Fig. 3.20.
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FIG. 3.20. t = 5 (¢) (ii).
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(iii) E ~ A, C, D. Since B and D are interchangeable in the first figure in Fig. 3.18, this casef
is the same as the case (1).

(iv) E ~ B, C, D. We consider how the hands of C connect; see Fig. 3.21.
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FIG. 3.21. t = 5 (c) (iv).

(A) C ~ A, B. Then D ~ A, B, and we obtain 5!; see Fig. 3.22.

$C®

FIG. 3.22. t = 5 (c) (iv) (A).

B) C~ A, D. Since B and D are interchangeable in the first figure in Fig. 3.21, this case
1s the same as the case (A).

(C) C ~ B, D. Then we obtain a graph containing K3 3, which does not satlsfy the
condltlon (P5); see Fig. 3.23.
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F1G. 3.26. t = 6 (b) (11).

(A) E ~ A, B, C. Then C ~ D, which gives a graph having a loop at D, and so it does :
not satisfy the condition (P1); see Fig. 3.27. | -

FIG. 3.27. t = 6 (b) (i) (A).
(B) E ~ A, B, D. This gives a graph which does not satisfy the conditions (P1) or (P2); i

see Fig. 3.26. ~ 1

(C) £ ~ A, C, D. This gives a graph containing Kj 3, and so it does not satisfy the :
condition (P5); see Fig. 3.28.
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FIG. 3.28. ¢ = 6 (b) (ii) (C). | -
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(), (i), i), (iv) / W)\

FIG. 3.33. t = 6 (c).

(1) F' ~ A, B,C, D. The vertex E has three remaining hands, so we consider how the hands
of E connect. There are four cases; see Fig. 3.34.

FIG. 3.34. t = 6 (c) (i).

(A) E ~ A, B,C. Then D ~ B, C, and we obtain a graph containing K3 3, which does
not satisfy the condition (P5); see Fig. 3.35.

—_— e smspme s e — e s S

K>3

FIG. 3.35. t = 6 (c) (i) (A).

(B) E ~ A, B, D. Then we obtain a graph containing K3 3, which does not satisfy the
condition (P5); see Fig. 3.36.
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2. PROOF OF THEOREM 3.10. 37
E (A) E ~ A, B. The vertex D has two remaining hands, so we consider how the hands of
D connect. There are three cases; see Fig. 3.39.
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FIG. 3.39. t = 6 (c) (v) (A).

(1) D ~ Aand E ~ B. This gives a graph having a loop at C, and so it does not
satisfy the condition (P1); see Fig. 3.39.

(2) D~ Aand E ~ C. Then B ~ C. This gives a graph containing K5, and so it
does not satisfy the condition (P5); see Fig. 3.40.

K

FI1G. 3.40. t =6 (c) (v) (A) (2).

(3) D~ Band E ~ C. Then A ~ C, and we obtain 63; see Fig. 3.41.

FIG. 3.41. t = 6 (c) (V) (A) (3).
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(B) E ~ A, C. The vertex D has two remaining hands, so we consider how the hands of
D connect. There are three cases; see Fig. 3.42.

F1G. 3.42. t =6 (¢) (v) (B).

(1) D ~ A, B. Then B ~ C, and we obtain 62; see Fig. 3.43.

FIG. 3.43. t = 6 (c) (v) (B) (1).

(2) D ~ A, C. This gives a graph having a loop at B, and so it does not satisfy the
condition (P1); see Fig. 3.42.

(3) D~ B, C. Then A ~ B, and we obtain 62; see Fig. 3.44.

FIG. 3.44. t = 6 (c) (v) (B) (3).

(C) E ~ A, D. Since B and D are Interchangeable in the first figure in Fig. 3.38, this case
1s the same as the case (A).
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(D) £ ~ B, C. The vertex D has two remaining hands, so we consider how the hands of
D connect. There are three cases; see Fig. 3.45.

F1G. 3.45. t =6 (c) (v) (D).

(1) D~ A, B. Then A ~ C, and we obtain 6.; see Fig. 3.46.

FI1G. 3.46. t =6 (c) (v) (D) (1).

(2) D ~ A,C. Then A ~ D, and we obtain 63; see Fig. 3.47.

FIG. 3.47. t =6 (c) (v) (D) (2).

(3) D ~ B, C. This gives a graph having a loop at A, and so it does not satisfy the
condition (P1); see Fig. 3.45.

(E) E ~ B, D. We obtain a graph containing K3 3, and it does not satisfy the condition
(PS); see Fig. 3.48.
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FI1G. 3.48. t =6 (c) (v) (E).

(F) E ~ C, D. Since B and D are interchangeable in the first figure in Fig. 3.38, this
case 1s the same as the case (D).

Pattern (d). The vertex F' has three remaining hands, and so we consider how the hands of F’' connect.

There are ten cases; see Fig. 3.49.

(), (ii1), (iv), (i), (vii), (V)
(vi), (viii), (x) lL (ix) \

FIG. 3.49. ¢ = 6 (d).

(1) F ~ A, B, C. The vertex E has three remaining hands, so we consider how the hands of
E connect. There are four cases; see Fig. 3.50.
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FIG. 3.50. ¢ = 6 (d) (i).

(A) E~ A,B,C. Then D ~ A, B, C. We obtain a graph containing K3 3, and so it does
not satisfy the condition (P5); see Fig. 3.51.

FIG. 3.51. ¢t = 6 (d) (i) (A).

(B) E ~ A, B, D. The vertex D has two remaining hands, so we consider how the hands
of D connect. There are three cases; see Fig. 3.52.

- FIG. 3.52. t =6 (d) (i) (B).
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(1) D ~ A, B. This gives a graph having a loop at C, and so it does not satisfy
condition (P1); see Fig. 3.52. . . '

(2) D ~ A, C. This gives a graph containing K33, and so it does not satisfy
condition (P5); see Fig. 3.53.

FiG. 3.53. t =6 (d) (1) (B) (2).

(3) D ~ B,C. Then A ~ C, and we obtain 6%; see Fig. 3.54.

FIG. 3.54. t = 6 (d) (i) (B) (3).

(C) E~ A, C, D. The vertex D has two remaining hands, so we consider how the
of D connect. There are three cases; see F 12. 3.55.

FIG. 3.55. ¢ = 6(d) (i) (C).

(1) D ~ A, B. Then B ~ C, and we obtain 6;; see Fig. 3.56.



2. PROOF OF THEOREM 3.10. 43

FIG. 3.56. t = 6 (d) (i) (C) (1).

(2) D ~ A, C. This gives a graph having a loop at B, and so it does not satisfy the
condition (P1); see Fig. 3.55.

(3) D ~ B, C. Since A and C are interchangeable in the first figure in Fig. 3.55,
this case is the same as the case (1).

(D) £ ~ B, C, D. Since A and C are interchangeable in the first figure in Fig. 3.50, this
case 1s the same as the case (B).

(n) F ~ A, B, D. The vertex E has three remaining hands, so we consider how the hands of
E connect. There are four cases; see Fig. 3.57.

(A), (C) /

FIG. 3.57. t = 6 (d) (ii).

"(A) E ~ A, B, C. The vertex D has two remaining hands, so we consider how the hands
of D connect. There are three cases; see Fig. 3.58.
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(1)/ (2)u (3) \

FIG. 3.58. t = 6 (d) (ii) (A).

(1) D~ A, B. This gives a graph having a loop at C, and so it does not satisfy the
condition (P1); see Fig. 3.58.
(2) D ~ A, C. Then B ~ C, and we obtain 62; see Fig. 3.59.

(3) D~ B,C. Then A ~ C. This gives a nonprime ¢-polyhedron; see Fig. 3.60.

FIG. 3.60. t = 6 (d) (ii) (A) (3).

(B) E ~ A, B, D. Then C ~ A, B, D. This gives a graph containing K g, and so it does
~not satisfy the condition (P5); see Fig. 3.61. - :
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FIG. 3.61. ¢ = 6 (d) (ii) (B).

(C) £~ A, C, D. Since B and D are interchangeable in the first figure in Fig. 3.57, this
case 1s the same as the case (A).

(D) E ~ B, C, D. The vertex C has two remaining hands, so we consider how the hands
of C connect. There are three cases; see Fig. 3.62.

FIG. 3.62. t = 6 (d) (ii) (D).

(1) C ~ A, B. Then A ~ D, and we obtain 62; see Fig. 3.63.

FIG. 3.63. t = 6 (d) (ii) (D) (1).

(2) C ~ A, D. Since B and D are interchangeable in the first figure in Fig. 3.62,
this case is the same as the case (1).

(3) C ~ B, D. This gives a graph having a loop at A, and so it does not satisfy the
condition (P1); see Fig. 3.62.
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(um) F~ A, B, E. Since C and E are interchangeable in the first figure in Fig. 3.49, this case
is the same as the case (1). . o . |
(iv) F ~ A, C, D. Since B and D are interchangeable in the first figure in Fig. 3.49, this case
is the same as the case (1). , |
(v) F ~ A, C, E. The vertex D has three remaining hands, so we consider how the hands of
E connect. There are four cases; see Fig. 3.64.

A, ®),® /)  (©\

FIG. 3.64. t = 6 (d) (v).

(A) D ~ A, B, C. The vertex B has two remaining hands, so we consider how the hands
of D connect. There are three cases; see Fig. 3.65.

FIG. 3.65. t = 6 (d) (v) (A).

(1) B ~ A, C. This gives a graph having a loop at E, and so it does not satisfy the
condition (P1); see Fig. 3.65.

(2) B ~ A, E. We obtain a graph containing K33 3, and so it does not satisfy the
condition (P5); see Fig. 3.66.

£
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(D), (E)

FIG. 3.70. t = 7 (b) (ii).

(A) F ~ A, B, C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.71.

K

FIG. 3.71. t = 7 (b) (ii) (A).

(B) F~ A, B, C, E. This gives a graph containing Kj 3, and so it does not satisfy the
condition (P5); see Fig. 3.72.
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(J) F ~ C, D, E. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.80.

FIG. 3.80. ¢t = 7 (b) (vi) (J).

(vi) G ~ A, C, D, E. The vertex F has three remaining hands, so we consider how the hands
of F’ connect. There are five cases; see Fig. 3.81.

FIG. 3.81. t = 7 (b) (vii).

(A) F N.A, B, C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.82. |
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Kss

FIG. 3.82. ¢ = 7 (b) (vii) (A).

B) F ~ A, B, C, E. This gives a graph containing K 3.3, and so it does not satisfy the
condition (P5); see Fig. 3.83.

K3.3

F1G. 3.83. ¢t = 7 (b) (vii) (B).
(C) F~ A, B, D, E. Since C and D are interchangeable in the first figure in Fig. 3.81,
this case is the same as the case (B).

(D) F ~ A, C, D, E. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.84.

KBJ

FIG. 3.84. { = 7 (b) (vi1) (D).

(E) F ~ B,C, D, E. The vertex E has two remaining hands, so we consider how the
hands of E connect. There are six cases; see Fig. 3.85.
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FIG. 3.85. ¢ = 7 (b) (vii) (E).

(1) £ ~ A, B. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.86.

FIG. 3.86. t = 7 (b) (vii) (E) (1).

(2) E ~ A, C. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.87.

FIG. 3.87. t = 7 (b) (vii) (E) (2).

o, A L Py = W Mt ey A w R
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(3) £ ~ A, D. Since C and D are interchangeable in the first figure in Fig. 3.85,
this case is the same as the case (2).

(4) E ~ B, C. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.88.

- T = 1',.. Y
R Cae Dis 4.7

Ll S T
¢ T e e |

K

FIG. 3.88. t = 7 (b) (vii) (E) (4).

(5) E ~ B, D. Since C and D are interchangeable in the first figure in Fig. 3.85,
this case is the same as the case (4).

(6) E ~C, D. Then A ~ B, and we obtain 7!; see Fig. 3.89.

he

FIG. 3.89. t = 7 (b) (vii) (E) (6).

(vi) G ~ A, C, D, F. Since E and F are interchangeable in the first figure in Fig. 3.68, this
case 1s the same as the case (vii). :
(X) G ~ A, C, E, F. The vertex F has three remaining hands, so we consider how the hands
of I connect. There are ten cases; see Fig. 3.90.

e B e E S Sl T )
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FIG. 3.90. t = 7 (b) (ix).

(A) F ~ A, B, C Then E ~ B, C, D. This gives a graph having a loop at D, and so it
does not satisfy the condition (P1); see Fig. 3.91.
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FIG. 3.91. t = 7 (b) (ix) (A).

(B) '~ A, B, D. Then E ~ B, C, D. This gives a graph containing K3 3, and so it does
not satisty the condition (P5); see Fig. 3.92.

K

FI1G. 3.92. ¢ = 7 (b) (ix) (B).

(C) F~ A, B,E. Then D ~ B, C, E. This gives a graph containing K 3, and so it does
not satisfy the condition (P5); see Fig. 3.93. '

" Ksa

FIG. 3.93. ¢t = 7 (b) (ix) (C).

(D) F~A,C,D. Then E ~ B,C, D. This gives a graph containing K 3, and so it does
not satisfy the condition (P5); see Fig. 3.94.
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K 33

FIG. 3.97. t = 7 (b) (ix) (F) (1).

(2) E ~ B, D. Then C ~ B, D. This gives a graph containing K 3.3, and so it does
not satisfy the condition (P5); see Fig. 3.98.

K3.J

FIG. 3.98. t = 7 (b) (ix) (F) (2).

(3) E~ C, D. Then B ~ C, D, and we obtain 72; see Fig. 3.99.

FIG. 3.99. t = 7 (b) (ix) (F) (3).

(G) F ~ B, C, D. The vertex E has three remaining hands, so we consider how the hands
of E connect. There are four cases; see Fig. 3.100.
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FIG. 3.100. ¢ = 7 (b) (ix) (G).

(1) E ~ A, B, C. This gives a graph having a loop at D, and so it does not satisfy
the condition (P1); see Fig. 3.100.

(2) E ~ A, B, D. This gives a graph containing K 3.3, and so 1t does not satisfy the
condition (P5); see Fig. 3.101.

U

K3,3

FIG. 3.101. ¢ = 7 (b) (ix) (G) (2).

(3) E ~ A, C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.102. | ~
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FIG. 3.104. t = 7 (b) (ix) (H).

(1) D ~ A, B, C. This gives a graph having a loop at E, and so it does not satis |
the condition (P1); see Fig. 3.104. | |

(2) D~ A, B, E. Then C ~ E. This gives a graph containing K33, andsoitdo
not satisfy the condition (P5); see Fig. 3.105.

FIG. 3.105. t = 7 (b) (ix) (H) (2).

(3) D ~ A, C, E. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.106.

’ o < %
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FIG. 3.108. t = 7 (b) (ix) (I).
(1) E ~ A, B. This gives a graph which does not satisfy the conditions (P1) or (P2);

see Fig. 3.108.

(2) E ~ A, C. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.109.

@ D
K

FIG. 3.109. t = 7 (b) (ix) (1) (2).

%

(3) E~ A,D. Then B~ C, C ~ D. This gives a graph containing K 3, and so it
does not satisfy the condition (P5); see Fig. 3.110.
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FIG. 3.110. £ = 7 (b) (ix) (I) (3).

(4) £~ B,C. Then A ~ D, C ~ D. This gives a graph containing K3 3, and so it
does not satisfy the condition (P5); see Fig. 3.111.

K3.3

FIG. 3.111. t = 7 (b) (ix) (1) (4).

(5) E ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.112.

FIG. 3.112. t = 7 (b) (ix) (I) (5).

(6) E ~ C, D. This gives a graph containing K33, and so 1t does not satisfy the
condition (P5); see Fig. 3.113.
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FIG. 3.113. t = 7 (b) (ix) () (6).

(J) F ~ C, D, E. The vertex E has two remaining hands, so we consider how the hand
of E connect. There are six cases; see Fig. 3.114.

FIG. 3.114. t = 7 (b) (ix) (J).

(1) FE ol z_ﬁl, B. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.115.
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KJ,]

FIG. 3.115. ¢t =7 (b) (ix) (J) (1).

(2) E ~ A, C. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.114.
(3) E~ A, D. Then B ~ C, D, and we obtain 72; see Fig. 3.116.

FIG. 3.116. t = 7 (b) (ix) J) (3).

(4) E ~ B, C. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.117.

Kia

FIG. 3.117. t = 7 (b) (ix) () (4).

(5) £ ~ B, D. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.118.
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K3

F1G. 3.118. ¢t =7 (b) (1x) (J) (5).

(6) E ~ C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.119.

Kss

FIG. 3.119. ¢ = 7 (b) (ix) (J) (6).

(x) G ~ A, D, E, F. Since C and D are interchangeable in the first figure in F ig. 3.68, this
case 1s the same as the case (ix). |
(xi) G ~ B,C, D, E. Since A and B are interchangeable in the first figure in Fig. 3.68, this
case 1s the same as the case (vii).
(xu1) G ~ B, C, D, F. Since A and B, E and F are interchangeable in the first figure in
Fig. 3.68, this case is the same as the case (vii).
(xm) G~ B,C, E, F. Since A and B are interchangeable in the first figure in Fig. 3.68, this
case 1s the same as the case (ix).
xv) G ~ B, D, E, F. Since A and B, C and D are interchangeable in the first figure in
Fig. 3.68, this case is the same as the case (ix).
(xv) G ~ C, D, E, F. The vertex F has three remaining hands, so we consider how the hands
of I’ connect. There are ten cases; see Fig. 3.120. |
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A), (B (E), (F),
( 1__(},) (H), (I)
>

F1G. 3.120. £ =7 (b) (xv).

(A) FF ~ A, B, C. This gives a graph containing K33, and so it does not satisfy the

condition (P5); see Fig. 3.121.
D @
K3

Fi1G. 3.121. ¢t =7 (b) (xv) (A).

" (B) F ~ A, B, D. Since C and D are interchangeable in the first figure in Fig. 3.120, this

case is the same as the case (A).
(C) F ~ A, B, E. This gives a graph containing K33, and so it does not satisfy the

condition (P5); see Fig. 3.122.
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F1G. 3.122. t = 7 (b) (xv) (C).

(D) F ~ A, C, D. The vertex E has three remaining hands, so we consider how the
of E connect. There are four cases; see Fig. 3.123.

(1), (2)

FIG. 3.123. t = 7 (b) (xv) (D).

(1) £ ~ .f:l, B, C. This gives a graph containing K’ 3,3, and so 1t does not satisfy the
condition (P5); see Fig. 3.124.
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FIG. 3.124. t =7 (b) (xv) (D) (1).

(2) £ ~ A, B, D. Since C and D are interchangeable in the first figure in Fig. 3.123,
this case is the same as the case (1).

(3) £ ~ A, C, D. This gives a graph having a loop at B, and so it does not satisfy
the condition (P1); see Fig. 3.123.
(4) E~ B, C, D. Then A ~ B, and we obtain 7}; see Fig. 3.125.

FIG. 3.125. 1t =7 (b) (xv) (D) (4).

(E) F ~ A, C, E. The vertex E has two remaining hands, so we consider how the hands
of E connect. There are six cases; see Fig. 3.126.
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FIG. 3.126. t = 7 (b) (xv) (E).

(1) E ~ A, B. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.127.
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K33

FIG. 3.127. ¢t = 7 (b) (xv) (E) (1).

(2) E ~ A, C. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.126.
(3) E~ A, D. Then B ~ C, D, and we obtain 72 ; see Fig. 3.128.

FIG. 3.128. t = 7 (b) (xv) (E) (3).

(4) £ ~ B, C. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.129.

KS,'!

FIG. 3.129. t = 7 (b) (xv) (E) (4).

(3) £ ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.130.
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K 33

F1G. 3.130. t =7 (b) (xv) (E) (5).

(6) E ~ C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.131.

K

FIG. 3.131. £ = 7 (b) (xv) (E) (6).

(F) FF~ A, D, E. Since C and D are interchangeable in the first figure in Fig. 3.120, this
case 1s the same as the case (E).
(G) F ~ B, C, D. Since A and B are interchangeable in the first figure in Fig. 3.120, this
case 1s the same as the case (D).
(H) F'~ B, C, E. Since A and B are interchangeable in the first figure in Fig. 3.120, this
- case 1s the same as the case (E).
(D F ~ B, D, E. Since A and B, C and D are interchangeable in the first figure in
F1g. 3.120, this case is the same as the case (E).
(J) F ~C, D, E. The vertex E has two remaining hands, so we consider how the hands
of £/ connect. There are six cases; see Fig. 3.132.

L.
-
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FIG. 3.132. ¢t = 7 (b) (xv) (J).

(1) £ ~ A, B. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.133.

K

FIG. 3.133. t = 7 (b) (xv) (J) (1).

(2) E ~ A, C. This gives a graph containing K3 3, and so it does not satisfy the
condition (P3); see Fig. 3.134.

FIG. 3.134. t =7 (b) (xv) (J) (2).
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(€)

=3

(E)

SN

FIG. 3.136. t = 7 (c) (i).

2

(A) FF ~ A, B, C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.137.

FI1G. 3.137. t =7 (c) (1) (A).

(B) F ~ A, B, C, E. The vertex E has two remaining hands, so we consider how the
hands of E connect. There are three cases; see Fig. 3.138.
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F1G. 3.138. t =7 (¢) (1) (B).

(1) £ ~ B, C. This gives a graph having a loop at D, and so it does not satisfy the
condition (P1); see Fig. 3.138.

(2) £ ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.139.

K

FIG. 3.139. t = 7 (c) (i) (B) (2).

(3) E ~ Cand E ~ D. This gives a graph containing K 3,3, and so it does not satisfy
the condition (P5); see Fig. 3.140.

Ks»

FIG. 3.140. ¢ = 7 (c) (i) (B) (3).

(C) F ~ A, B, D, E. This gives a graph containing Kj 3, and so it does not satisfy the
condition (P5); see Fig. 3.141. _ .
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&
&

(B), (E) (G), (H)

(C), (D)

FIG. 3.143. t = 7 (c) (iii).

(A) F~A,B,C. Then E ~ B, C, D. This gives a graph having a loop at D, and so it
does not satisfy the condition (P1); see Fig. 3.144.

FIG. 3.144. t = 7 (c) (iii) (A).

(B) F~ A, B,D. Then E ~ B, C, D. This gives a

. graph containing K3 3, and so it does
not satisfy the condition (P5); see Fig. 3.145. | -

L
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F1G. 3.148. t = 7 (c) (111) (F) (1).

(2) E ~ B, D. This gives a graph containing K3 3, and so it does not satisfy
condition (P5); see Fig. 3.149.

FIG. 3.149. ¢ = 7 (c) (iii) (F) (2).

(3) E ~ C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.150.

FIG. 3.150. t = 7 (¢) (iii) (F) (3).

(G) F ~ B, C, D. The vertex E has three remaining hands, so we consider how the hands
of £ connect. There are four cases; see Fig. 3.151.
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FIG. 3.151. t = 7 (c) (iii) (G).

(1) £ ~ A, B, C. This gives a graph having a loop at D, and so it does not satisfy
the condition (P1); see Fig. 3.151.

(2) £ ~ A, B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.152.

K3

FIG. 3.152. t = 7(c) (iii) (G) (2).
(3) E ~ A, C, D. Then B ~ D, and we obtain 73; see Fig. 3.153.

FIG. 3.153. ¢ = 7 (¢) (iii) (G) (3).

4) £ ~ B, C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.154.,
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K

FIG. 3.154. t = 7 (c) (iii) (G) (4).

(H) F ~ B,C, E. Since D and E are interchangeable in the first figure in Fig. 3.143,

case is the same as the case (G).
(I) F ~ B, D, E. The vertex E has two remaining hands, so we consider how the
of E connect. There are six cases; see Fig. 3.155.

IR

(1) (4)
— —
(2) (5)
e el
(3)

==

FIG. 3.155. ¢ = 7 (c) (iii) ().

(1) E ~ A, B. This gives a graph which does not satisfy the conditions (P1) or (PZ);I |
see Fig. 3.155. “

(2) E~ A, C. Then D ~ B, C. This gives a graph containing K33, and so it does
not satisfy the condition (P5); see Fig. 3.156.
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K.

FIG. 3.156. t = 7 (c) (iii) (I) (2).

(3) £ ~ A, D. Then C ~ B, D. This gives a graph containing K3 3, and so it does
not satisfy the condition (P5); see Fig. 3.157.

FIG. 3.157. t = 7 (¢) (iii) (T) (3).

(4) £ ~ B, C. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.158.

gty

FI1G. 3.158. t =7 (c) (i11) (I) (4).

(3) £ ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.159.

D

FIG. 3.159. ¢ = 7 (¢) (iif) (1) (5).
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(6) E ~ C, D. We have three cases; see Fig. 3.160.

FIG. 3.160. t = 7 (c) (iii) (I) (6).

(I) A~ B, C ~ D. This gives a graph containing K3 3, and so it does not
satisfy the condition (P5); see Fig. 3.161.

FIG. 3.161. ¢ = 7 (c) (iii) (I) (6) (1).

(II) A~ C, B ~ D. We obtain 7%; see Fig. 3.162.

e

FIG. 3.162. t = 7 (c) (iii) (I) (6) (ID).

(If) A ~ D, B ~ C. This gives a graph containing K3 3, and so it does not
satisfy the condition (P5); see Fig. 3.163.
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FIG. 3.163. t = 7 (c) (iii) (T) (6) (III).

(J) F~C,D,E. Since B and C are interchangeable in the first figure in Fig. 3.143, this
case 1s the same as the case ().

(iv) G ~ A, B, D, E. Since C and E are interchangeable in the first figure in Fig. 3.135, this
case 1s the same as the case (i).

(V) G ~ A, B, D, F. The vertex F has three remaining hands, so we consider how the hands
of F' connect. There are ten cases; see Fig. 3.164.

(A), (C),
(D), (F)

FIG. 3.164. t = 7 (c) (v).

(A) F~A,B,C. Then E ~ B, C, D. This gives a graph containing K3 3, and so it does
not satisfy the condition (P5); see Fig. 3.165.
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KJ,J

FIG. 3.168. t = 7 (c) (v) (E) (1).

(2) £ ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.1609.

K3

FIG. 3.169. t =7 (c) (v) (E) (2).

(3) £ ~ C, D. Since B and D are interchangeable in the first figure in Fig. 3.167,
this case 1s the same as the case (1).
(F) F ~ A, D, E. Since B and D, C and E are interchangeable in the first figure in
Fig. 3.164, this case is the same as the case (A).
(G) F ~ B, C, D. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.170.

FIG. 3.170. ¢ = 7 (c) (v) (G).

(H) F ~ B, C, E. The vertex E has two remaining hands, so we consider how the hands
of E connect. There are six cases; see Fig. 3.171.
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FIG. 3.171. ¢t = 7 (c) (v) (H).

(1) E ~ A, B. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.171.

(2) E~ A,C. Then D ~ B, C. This gives a graph containing K3 3, and so it does
not satisfy the condition (P5); see Fig. 3.172.

FI1G. 3.172. t =7 (c) (v) (H) (2).

(3) E ~ A, D. This gives a graph containing K 3, and so'it does not satisfy the
condition (P5); see Fig. 3.173. |

[
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FI1G. 3.173. t =7 (c) (v) (H) (3).

(4) E~ B,C. Then D ~ A, C. This gives a graph containing K3 3, and so it does
not satisfy the condition (P5); see Fig. 3.174.

FIG. 3.174. t = 7 (c) (v) (H) (4).

(5) £ ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.175.

FIG. 3.175. ¢t = 7 (c) (v) (H) (5).

(6) £ ~ C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.176.

FIG. 3.176. t = 7(c) (v) (H) (6).
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(D) '~ A, C, D, E. Since B and E are interchangeable in the first figure in Fig. 3.177,
this case is the same as the case (A).

(E) F ~ B,C, D, E. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.179.

K

FIG. 3.179. ¢ = 7 (c) (xi) (E).

(xit) G ~ B, C, D, F'. The vertex F' has three remaining hands, so we consider how the hands
of F' connect. There are ten cases; see Fig. 3.180.

(C), (F)

FIG. 3.180. t = 7 (c) (xii).
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(A) F ~ A, B, C. The vertex E has three remaining hands, so we consider how the
of E connect. There are four cases; see Fig. 3.181.

FIG. 3.181. ¢ = 7 (c) (xii) (A).

(1) E ~ A, B, C. This gives a graph having a loop at D, and so it does not satisfy
the condition (P1); see Fig. 3.181. '

(2) E ~ A, B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.182. |

FIG. 3.182. t = 7 (c) (xii) (A) (2).

(3) E~ A,C, D. Then B ~ D, and we obtain 73; see Fig. 3.183.
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FIG. 3.183. t = 7 (c) (xii) (A) (3).

(4) E ~ B, C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.184.

e

FIG. 3.184. t = 7 (c) (xii) (A) (4).

(B) F ~ A, B, D. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.185.

&P

F1G. 3.185. t = 7 (¢) (xi1) (B).

(C) F ~ A, B, E. The vertex E has two remaining hands, so we consider how the hands
of E connect. There are six cases; see Fig. 3.186.
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FIG. 3.186. t = 7 (¢) (xii) (C).

(1) E ~ A, B. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.186.

(2) E~ A,C. Then D ~ B, C, and we obtain 7; see Fig. 3.187.

FIG. 3.187. t = 7 (¢) (xii) (C) (2).

3) F ool {’-1, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.188 |

-‘“"
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K3,

FIG. 3.188. t = 7 (c) (xii) (C) (3).

(4) E ~ B, C. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.189.

FIG. 3.189. t = 7 (c) (xii) (C) (4).

(5) E ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.190.

FIG. 3.190. ¢ = 7 (c) (xii) (C) (5).

(6) £ ~ C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.191.

FIG. 3.191. ¢ = 7 (c) (xii) (C) (6).
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Kz

FI1G. 3.194. t = 7 (c) (xii) (E) (4).

(5) E ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.195.

@@

FIG. 3.195. t = 7 (c) (xii) (E) (5).

(6) E ~ C, D. Since B and D are interchangeable in the first figure in Fig. 3.192,
this case 1s the same as the case (4).
(F) F~ A, D, E. Since B and D are interchangeable in the first figure in Fig. 3.180, this
case 1s the same as the case (C).
(G) F ~ B, C, D. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.196. |

Ksa

FIG. 3.196. ¢ = 7 (c) (ii) (G).

(H) F ~ B, C, E. The vertex E has two remaining hands, so we consider how the hands
of E connect. There are six cases; see Fig. 3.197.
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FIG. 3.197. t = 7 () (xii) (H).
(1) E~ A, B. Then D ~ A, C, and we obtain 72; see Fig. 3.198.

FIG. 3.198. t =7 (¢) (xii) (H) (1).
(2) £~ A,C. Then D ~ A, B, and we obtain 7%; see Fig. 3.199.

FIG. 3.199. t = 7 (c) (xii) (H) (2).

e % 'L__i %
i fs A MiEm
- E L P 7 B
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(3) E ~ A, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.200.

&%

FIG. 3.200. t = 7 (c) (xii) (H) (3).

(4) E ~ B, C. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.197.

(5) E ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.201.

F1G. 3.201. ¢t = 7 (c) (xn) (H) (5).

(6) E ~ C, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.202.

KJ,'J '

F1G. 3.202. t = 7 (c¢) (x11) (H) (6).

(D F ~ B, D, E. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.203.
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(H), (J)

FIG. 3.205. ¢t =7(d) (1).

(A) F'~ A, B, C. The vertex E has three remaining hands, so we consider how the hands
of E connect. There are four cases; see Fig. 3.206.

FIG. 3.206. t = 7 (d) (i) (A).

(1) E ~ A, B, C. This gives a graph having a loop at D, and so it does not satisfy
the condition (P1); see Fig. 3.206.

(2) E ~ A, B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.207.
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3 5
K3

FIG. 3.207. t = 7(d) (i) (A) (2).

(3) £~ A, C, D. Ths gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.208.

" FIG. 3.208. t = 7(d) (i) (A) 3).

(4) E ~ B,C, D. Since A and C are interchangeable in the first figure in Fig. 3.206,
this case is the same as the case (2).

(B) F ~ A, B, D. The vertex E has three remaining hands, so we consider how the hands
of £ connect. There are four cases; see Fig. 3.209.

FIG. 3.209. ¢ = 7 (d) (i) (B).

(1) E~ A, B,C. Then C ~ D. This gives a graph containing K3 3, and so it does
not satisfy the condition (P5); see Fig. 3.210.
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FIG. 3.212. t = 7(d) (i) (C).

(1) E ~ A, B. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.212.

- (2) E~ A,C. Then D ~ B, C, and we obtain 77; see Fig. 3.213.

FIG. 3.213. t = 7 (d) (3) (C) (2).

(3) E~ A, D. ThenC ~ B, D. This gives a graph containing K3 3, and so it does
not satisfy the condition (PS5); see Fig. 3.214. |
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F1G. 3.214. ¢t =7 (d) (1) (C) (3).

(4) £~ B,C. Then D ~ A, C. This gives a graph containing K3 3, and so it does
not satisfy the condition (P5); see Fig. 3.215.

FIG. 3.215. t = 7(d) (i) (C) (4).

(3) E ~ B, D. This gives a graph containing K3 3, and so it does not satisfy the
condition (P5); see Fig. 3.216.

K33

FIG. 3.216. t = 7(d) (i) (C) (5).

(6) E ~ C, D. We have three cases; see Fig. 3.217.
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FIG. 3.217. ¢t = 7(d) (i) (C) (6).

(I) A~ B,C ~ D. We obtain 7%; see Fig. 3.218.

F1G. 3.218. t = 7(d) (i) (C) (6) ().

(II) A~ C, B ~ D. We obtain 7%; see Fig. 3.219.

i

FIG. 3.219. ¢ = 7 (d) (i) (C) (6) (ID).

(Il) A ~ D, B ~ C. This gives a graph containing K3 3, and so it does not

satisfy the condition (P5); see Fig. 3.220.
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Ks

FIG. 3.220. ¢ = 7 (d) (i) (C) (6) (III).

(D) F'~ A, C, D. Since B and D are interchangeable in the first figure in Fig. 3.205, this
case 1s the same as the case (A).

(E) F' ~ A, C, E. The vertex E has two remaining hands, so we consider how the hands
of E connect. There are six cases; see Fig. 3.221.

(1), 3),
(4), (6)

FIG. 3.221. t = 7(d) (i) (E).

(1) £ ~ A, B. This gives a graph containing K3 3, and so it does not satisfy the
condition (P35); see Fig. 3.222.

K),J

F1G. 3.222. t =7 (d) (i) (E) (1).

(2) E ~ A, C. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.221. ’,

(3) E ~ A, D. Since B and D are interchangeable in the first figure in Fig. 3.221,
this case is the same as the case (1).
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(B), (G),
(I)

FIG. 3.227. t = 7 (d) (ii).

(A) F' ~ A, B, C. The vertex D has three remaining hands, so we consider how the hands
of D connect. There are four cases; see Fig. 3.228.

(2), (4)

FIG. 3.228. t = 7(d) (ii) (A).
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F1G. 3.231. ¢ =7 (d) (1)) (B).

H

(4), (5)
s

(2), 3) (6)

(1) D ~ A, B. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.231.

(2) D~ A,C. Then E ~ B, C. This gives a graph containing K 3, and so it does
not satisfy the condition (P5); see Fig. 3.232.

FIG. 3.232. t = 7 (d) (ii) (B) (2).

(3) D ~ A, E. Since C and E are interchangeable in the first figure in Fig. 3.231,
this case is the same as the case (2).

4) D ~ B, C. Then E ~ A, C. This gives a nonprime 6-polyhedron; see
Fig. 3.233. -
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F1G. 3.233. ¢t =7 (d) (i1) (B) (4).

(5) D ~ B, E. Since C and E are interchangeable in the first figure in Fig. 3.231,
this case is the same as the case (4).

(6) D ~ C, E. This gives a graph containing K33, and so it does not satisfy the
condition (P5); see Fig. 3.234.

K‘!,S

FIiG. 3.234. t = 7 (d) (ii) (B) (6).

(C) F ~ A, B, E. Since C and E are interchangeable in the first figure in Fig. 3.227, this

case is the same as the case (A).
(D) F ~ A, C, D. The vertex D has two remaining hands, so we consider how the hands

of D connect. There are six cases; see Fig. 3.235.
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(1), (4)
S

FIG. 3.235. t = 7 (d) (ii) (D).

(1) D ~ A, B. Then E ~ B, C. This gives a graph containing Kj 3, and so it does
not satisfy the condition (P5); see Fig. 3.236.

i

Kss

'FIG. 3.236. ¢ = 7(d) (ii) (D) (1).

(2) D ~ A, C. This gives a graph which does not satisfy the conditions (P1) or (P2);
see Fig. 3.235.

(3) D ~ A, E. This gives a graph containing K 3, and so it does not satisfy the |
condition (P5); see Fig. 3.237.
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FIG. 3.237. t = 7(d) (ii) (D) (3).

(4) D ~ B, C. Since A and C are interchangeable in the first figure in Fig. 3.235,
this case is the same as the case (1).

(3) D ~ B, E. This gives a graph containing K 3, and so it does not satisfy the
condition (P5); see Fig. 3.238.

FIG. 3.238. ¢ = 7 (d) (i) (D) (5).

(6) D ~ C, E. Since A and C are interchangeable in the first figure in Fig. 3.235,
this case is the same as the case (3).
(E) F ~ A, C, E. This gives a graph containing K33, and so it does not satisfy the
condition (P35); see Fig. 3.239.

L ¢X

FIG. 3.239. ¢ = 7(d) (ii) (E).

(F) F ~ A, D, E. Since C and E are interchangeable in the first figure in Fig. 3.227, this
case 1s the same as the case (D).

(G) FF~ B,C, D. Since A and C are interchangeable in the first ﬁgure in Fig. 3.227, this
case 1s the same as the case (B).

(H) F ~ B, C, E. Since A and E are interchangeable in the first ﬁgure in Fig. 3.227, this
case is the same as the case (A).
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TABLE 4.1. 8-curves with up to seven crossings.

notation constituent knot 6-curve
].i 3 31: 030 “3-;
].L 22 415 050 41
Ik & 91, 0, 0 O3
1]>'< 3, 2 513 315 0 54
131213 59, 31, 0 By
31221 31,0,0 52
412.1.1.1 31,0,0 5,
1; 4 2 | 61, 0,0 65
1L 24 61,0,0 6
1:;( 312 | 629 05 0 69
11213 62,0, 0 010
22113 63, 0, 0 614
12222 61, 41, 0 6s
11211,2 63, 41, 0 613
1 3,21 61,0, 0 67
1} 3,2+ 62,31,0 61
11 21,2+ 63, 31, 0 B1s
31 3.2.1 4,,31,0 - 64
223 0,0,0 51
3323 0,0,0 6
4121.1.1.1 0,0, 0 6,
4}: 210.1.1.1 3-— 0 0 62
41210.1.1.1 41, 31,0 64
412.20.1.1 41, 3:,0 64
4121.1.20 41, 31,0 63
4121120 41, 3,,0 64
4120.20.1.1 3:1,0,0 6o
4120.20.1.1 0,0,0 61
51 2.1.1.1.1 63, 0, 0 615
5! 20.1.1.1.1 64, 0,0 611
5120.1.1.1.1 0,0,0 61
511.1.1.1.2 0 Ba, 31, 0 57
621.1.1.1.1.1 0,0,0 6,

641.1.1.1.1.1 0,0, 0 51



notation

1. 8-CURVE

1} 7

1. 52

1 43

1, 34
1225

13 322
13 313
1> 223
1 2212
122123
1} 21112
L 52
11 41,2
1> 32,2
1} 23,2
12311,2

71,0,0
72,0,0
73,0,0
73,0,0
72, 0,0
75,0,0
74,0,0
75, 0,0
76,0, 0
76, 0,0
77,0,0
71,51, 0
7;: 51: 0
73, 52, 0
79, 92, 0
.7_49 52; 0
75, 92,0
75,91, 0
91, 92,
62, 0, 0
63, 0, 0
76 52, 0
91, 93, 0
63, 0, 0
64, 0, 0
71,31, 0
739 3—1: 0
72,0,0
(9, 31, 0
(5, 31, 0
76,0, 0
76, 41, 0
69, 41, 0
7_73 41: 0
B;s 41: 0
74, 0,0
61,0, 0
77,0,0
31,0,0
6,,0,0
61,0,0
755 31, 0
633 §l-a 0
76: 31: 0
62: 313 0

TABLE 4.1. 6-curves with up to seven crossings (continued).

constituent knot 9-cun_re

123
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TABLE 4.1. 6-curves with up to seven crossings (continued).

~notation constituent knot @-curve
31(32)11 62,0,0 611
31 (3,2).1.1 51, 52, 0 Tis
31(21,2).1.1 63,0, 0 615
3,1,, (2 Ly §) 1.1 91, 92, 0 718
314.2.1 52,0,0 T20
3131.2.1 51,0,0 T15
31211.2.1 52, 31, 0 22
3121102.1 62,31,0 612
313211 50, 41,0  Tas
3}, 21211 51,0,0 T17
3 8.2.2 3,,0,0 6o
31322 4,,0,0 T13
31 3.2.2 4:,0,0 T13
313.2.2 3;,0,0 s
3}, 30.2.2 4;, 31,0 64
3130.2.2 31,31, 0 7s
3121.20.20 31,0,0 6,
3121.2020 3:,0,0 e
414111 31, 31, 0 T8
4140.1.1.1 3:,0,0 Ts
41 40.1.1.1 51,0, 0 Tis
4131.1.1.1 3:,0,0 76
41310.1.1.1 0,0,0 T
41310.1.1.1 52, 0, 0 720
41221.1.1 31, 0,0 1
4,220.1.1.1 31,31,0 T10
41220.1.1.1 52, 31, 0 Ta3
41 21.20.1.1 4,,0,0 Ti3
41210.20.1.1 41,4,,0 T14
41210.20.1.1 4,,0,0 T13
41 3.1.1.2 51, 0, 0 T16
4, 30.1.1.2 B9, 41, 0 Toa
4130.1.1.2 5q, 41, 0 Ta4
4121.1.1.2 59,0, 0 T
413.1.1.20 4,,0,0 T
413.1.1.20 59,0, 0 T20
4130.1.1.20 0,0,0 T2
4,30.1.1.20 51,0,0 715
4130.1.1.20 5,0,0 Tz
4,210.1.1.20 52, 31, 0 T22
41210.1.1.20 59, 41, 0 Taa
41 2.3.1.1 51,0, 0 T1s
41 2.30.1.1 59,0, 0 T20
412.21.1.1 52, 31, 0 Too
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TABLE 4.1. f-curves with up to seven crossings (continued).

_notation constituent knot f-curve

4120.3.1.1 31,0,0 Ts
4120.3.1.1 31, 31, 0 Ts
4120.30.1.1 0,0,0 1
4120.30.1.1 31,0,0 Te
412021.1.1 21, 31,0 T10
412021.1.1 3:,0,0 77
4 22481 By, 41, 0 -
41 2.2.20.1 51,0,0 T17
41 2.2.20.1 51,0,0 T17
41 2.2.1.2 51, g, 0 T8
412.2.1.20 59, 0, 0 T19
41 2.2.1.20 4,,0,0 713
4120.20.2.1 4;,4;,0 714
4120.20.2.1 31,31, 0 To
51 21.1.1.1.1 77,0,0 Te3
5211113 61,4, 0 6s
51 210.1.1.1.1 76,0, 0 Ts1
b 2.1.1.2.1 77,0,0 T60
51 2.1.1.2.1 62, 0, 0 611
51 2.1.1.2.1 51,0, 0 T16
5 2.1.1.1.2 77, 31, 0 764
51 2.1.1.1.2 62, 41, 0 613
5 2.20.1.1.1 76,0, 0 Ts2
5! 2.20.1.1.1 51,0,0 T16
51 2.20.1.1.1 63, 0, 0 615
i 2.2 0.1.1.1 63,0, 0 611
5! 2.1.20.1.1 76, 31, 0 Tss
51 20.1.20.1.1 s, 31, 0 Taz
5! 20.1.1.20.1 T4, 31,0 Ta
51 20.1.1.1.20 74, 31,0 T10
511.3.1.1.1 51, 5a, 0 Ti8
511.1.1.1.3 51, 2, 0 T18
5130.1.1.1.1 4,,0,0 713
5130.1.1.1.1 4,,0,0 Tis
511.30.1.1.1 61, 41, 0 63
511.1.1.1.30 61, 4,0 6s
51 1.21.1.1.1 " 63,0,0 615
511.1.1.1.21 51,52,0  Tis
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PROPOSITION. 4.2. Suppose a 0-curve © contains a trivial constituent knot. Take the 2-f
branched cover over this trivial knot, the two lifts of the remaining edge give a knot K in S®.
© is prime if and only if K is prime.

EXAMPLE 4.3. For the f-curve 74, we obtain the knot 8,5 (see Fig. 4.2).

XXX pe

®

12

FIG. 4.2. The 6-curve 74 is prime.

2. Handcuff graph

In the same way, we also obtain all prime handcuff graph diagrams. We give an enumeration
of handcuff graphs with up to seven crossings by using our notation. Links in the second column
correspond to Rolfsen’s knot table ([31]), and handcuff graphs in the last column correspond to
Table 1.2. A link L and a handcuff graph ® denote mirror images of L and ®, respectively. Moreover,

#n (n = 2,3) denotes an order n vertex connected sum ([371), and 3¢ (resp. 49) denotes the #-curve
31 (resp. 4;) (Table 1.1).
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TABLE 4.2. Handcuff graphs with up to seven crossings (continued).

notation  constituent link handcuff graph
312221 52 T14
322122 2 63
3121.2.2 2 7
3121.2.2 22 Te
23123 & Ts
3. 3202 42 64
3130.20.2 42
3130.20.2 42 64
31210202 22 %
41211.1.31° o o 28 | 73
412110.1.1.1 & 74
4,} 2 I 10.1.1.1 5; T
4; 3.20.1.1 _4_% Yo
302011 2 7
d21211 2 ;7
2124, . .
4I g 1 0.2.1.1 41 ' _7_11
412710211 2 710
41 3.2.1.1 22 Te
| 41 30.2.1.1 2% " Te
$ariis - 4 .
21 120 53 Yia
4120.210.1.1 22 7,
4% 20.210.1.1 22 %
4120.2.2.1 12 711
4120.2.2.1 02 7o
4120.2.20.1 3 76
4,20.2.20.1 27 7o
412.20.1.20 52 Yeu
4,2.20.1.20 42 Y1
4120.2.1.20 ) 7s
4202120 22 77
4120.2.1.20 - T

' & e
4.20.2.1.20 22 2153
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TABLE 4.2. Handcuff graphs with up to seven crossings (continued).

notation constituent link handcuff graph
55 2.2.1.1.1 (- 731
55 2.2.1.1.1 Ta 736
5L 2.2.1.1.1 72 T35
5L 2.1.2.1.1 72 Ta
55 2.1.2.1.1 " Ts6
5L 2.1.2.1.1 63 6o
51 2.1.2.1.1 54 51
51 2.1.1.2 0.1 72 Tos
51 2.1.1.20.1 6 717
T B
% vhailes X s % 35
5L 20.20.1.1.1 72 Ta1
5130.20.1.1.1 62 Tir
51210.1.1.1.1 93 77
51210.1.1.1.1 " 7
5120.20.1.1.1 02 7o
5120.20.1.1.1 42 713
5120.1.20.1.1 2 7
5120.1.20.1.1 2 73
5120.1.20.1.1 22 21 #33]
5120.1.20.1.1 5 6o
5120.1.1.2 0.1 2 73
5120.1.1.20.1 22 77
5120.1.1.2 0.1 2 62
5120.1.1.20.1 % 21733
5120.1.1.1.20 42 T1ia
5120.1.1.1.2 0 02 Ts
511.20.20.1.1 63 6o
511.20.20.1.1 42 64
511.20.20.1.1 51 d1
511.20.20.1.1 b4 51
511.1.1.20.20 62 69
511.1.1.20.20 ] 51
511.1.1.20.20 42 64
511.1.1.20.20 53 51
511.1.2.1.20 63 M7
5:11.20.1.2.1 62 T17 -
6L 2.1.1.1.1.1 72 Tas
61 211111 . .22 21#33]
6L 2.1.1.1.1.1 - 72 T36

6L 2.1.1.1.1.1 2344,3, 2338
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TABLE 4.2. Handcuff gra A
L ]
cuff
i
phs with up to seven crossin
ngs (continu
tinued).

notation
B consti '
g% TIREY nstituent link handcuff
1‘2.1.1.1,1.1 o - -
2,; 1.1.2.1.1.1 Og ;1
2 20.1.1.1.1.1 E% 72
61120111 X 2
6; 1.20.1.1.1 25 g
5 %.2.1.1.1.1 25 >
63 1.2.1.1.1 o ;
63 1.1.1.20.1.1 0 .
: 1.1.1.20.1.1 ¢ ¢
: 1.1.1.1.1.5 ' 0% . ;
SEEEETE R ;
6; 1.1.1.1.1.2 ' £ 21#34?
6; 1.1.1.20.1.1 o 21:3%
231.1.1.2 0.1.1 " 21 i
6 1.1.1.1.1.2 0 ] 21#3£
6; 1111120 ] =
: 1.11.1.20 o ; ;
gl’i 1.1.1.1.1.20 5 21#341
64 2.1.1.1.1.1 ¢ e
y 2.1.1.1.1.1 ' ¥ &
gz 2.1.1.1.1.1 e B .
6 %-1.;1_.1.1.1 - A '3
5 Q._1_.1.1.1.1 i e
l'i 1113 2 ;
6:211.1.11 ! ol
6“,,4% 21.1.1.1.1 ! a
gz _}_.2._1_.1.1.1 ) ;
5 1.g.1.1.1.1 Y .
5 i,.g._1_.1.1.1 b .
7; 31.1.11 ! | :
7:,; 1., .}._1_.1.1.'1‘ 73 1
" 111111 75 o
75{11..1.,1.1.‘1'..1."1' d ;:E
£ 1.1.1.1.1.1.1 7% -
7 %.}.1.1.1.1.1 Oz ?7_36
7§ 1"%--}-}'1-1.1 3% ’ #IT
“rn 1.1.1 5 oA
"1.1.1.1.1.1.1 = ’ 3
3 1#3_?_1_#321
»

7
7* 1011111!11111
42
1
; 64



















































