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0. Introduction

Let P denote an odd prime. A Moore space M%=M{n, is a simply 
connected space with two non-vanishing (integral) homology groups 
H o(M l)=Z  and H„{Ml)=^Zp. The mod p cohomology structure of M l is 
as follows : H \ M l; Z ,) = Z^, H \ M l ; Z,) =  Z ,=  {e"}, H ’̂ ^\Ml; Z ,) =
=  W {M l-Z^j=O, /H=O, n, n + l, and =  for the mod p
Bockstein operator A, for w^2.

The m-th homotopy group ; n, Z^  of the Moore space M(n, Z^
with the coefficient group Zp (or, briefly, the m-th mod p homotopy group 
of M{n, Zp)) is the set of homotopy classes of maps M ^->M l with the 
track addition (See [3]).

The set ; N, Z^  {N denotes a sufficiently large integer)
i

of the stable homotopy groups of the Moore space M{N, Z^  with the 
coefficient group Z^ (i.e., the stable mod p homotopy groups of M(Â , Z^)) 
admits a ring structrue with respect to the composition. Really, it forms 
an algebra over the field Z^.

In this paper, we shall investigate its structure by means of the 
results and the methods of Toda [10], [11], [12].

For simplicity, we shall denote \ N, Z^  by and we shall
say that an element of r̂,. is of dimension i.

Among the elements of S denotes the element in t t . j such that 
S *e r= (- l)^ e f for the generators e f € ; ZJand 6 H^{M^ ; ZJ ;
V denotes the class of the identity map of M ^ ; tx denotes the element 
in such that = ( — for the generators

and Z,), k =2(p - l ) ,  where (P' is the
functional cohomological operation with respect to (P* and « ;  A  denotes 
the element in such that and (P|̂ ê +‘ = ( —
for the generators (M ^ ; ZJ and ; ZJ,
/=2p(p — l), where is the functional cohomological operation with respect 
to (P  ̂ and A;and, /3̂ , l<s</>, denote the element in ^2ĉ +̂̂ -ix̂ -o-i



defined inductively by the stable secondary composition 0 s-i> 
respectively.

Then, our main theorems are

T h eorem  I. A set of additive bases fo r is as follows in 
d im < 2p \ p - l ) -\ \

8, I,
a*, a% a*- Ŝa, â -̂ SaS, for I  ^ t  < ip \

i^.sy, S( ,̂Sy, for l ^ r  ^ p ,  
a{S^;)’-S, Sa{S^JS, for I  ^ r  C^p,

K m ^ s , W W ,
a S (^ m ,  S a S i^ m , a8{ ,̂Syi3,S,
SaS(̂ Ŝyi3̂ S, for O ^ r, 2 ^ s< ^ p , and r+s<^p  .

T heorem  II. The ring Tt̂ , in dim<i2p\p — l )  — A, is generated by B,
a, and /3̂, l^s<C,p, with the following fundamental relations:

( i )  Ŝ = O, a/3, = = /3A =  0 ,
( ii) 2o:S« = â S+ Scê ,
(iii) (xSj3̂  =  /3,Sa,

(iv) =
s + f - 1

T heorem  IIL Tke subring of tĉ  generated by 8 and a has only two 
fundamental relations: and 2 ocha=a^8^ 8â ,

Thus, the subalgebra generated by S is an exterior algebra and the 
subalgebra generated by is a polynomial algebra.

stThe relation /3,S/3j = -------- in tp*, implies the relation
s + # - l

-- -- Q - --
= -------- î^s+t-1 in the stable homotopy ring G* of sphere, for a

5 +  ̂ - 1
suitable choice of the element /3, in G*. This is an answer to a problem 
of Toda [10].

The writer is deeply indebted to Professor H. Toda for many advices 
and kind criticisms. The writer wishes to express his sincere gratitude 
to Professor A. Komatu for constant encouragement given during the 
preparation of this paper.

I. Preliminaries

Throughout this paper, unless otherwise stated, all space are connected
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and have the homotopy type of a CPF-complex. There is given a base 
point on each space, all maps take base point to base point and all 
homotopies keep base point fixed. AU groups are finitely generated and 
abelian. We shall denote the additive group of integers by Z, and the 
additive group of integers modulo an odd prime p by Zp. The closed 
interval [ 0, I ]  is denoted by I, and f  denotes that two maps / and 
g are homotopic. Often a map and its homotopy class are denoted by 
the same letter.

Let X, Y  be spaces with base points x ,̂y ,̂ and f\ X Y  a map. The 
mapping cylinder Yf of / is the space obtained from the disjoint union 
(X x I)\j Y  by identifying (;k, l )G Z x /  with f{x )£  Y  and shrinking XoXi 
to the base point ŷ .

The mapping cone Cf of / is the space obtained from F/ by shrinking 
XxO to the base point ŷ . The space Yf has the same homotopy type 
as Y  and we may regard Z  as a subspace of F/ by the inclusion map 
i^ '-X -^ Y f defined by O)- H Y=X^ and /: aTo is the constant
map, the mapping cylinder of / is the cone TX  over X, and the mapping 
cone of / is the suspension SX of X. The iterated suspension S"X of 
X is  defined inductively by S”X=S(S”-^X). Note that S(TX) and T(TX) 
are homeomorphic to T(SX). If X=SX' for a space X', we can define 
a map 9? :X - ^ X v X  (=Xx:roWXoXX) by

'  ' ' '  2( - D )  i/2 a ( s i ,

We can also define a map <p' '.Cf-^SXyCf by

(1 .1 )' <p'{y) = {x„ y), y&Y, cp\x, O = j , . 1 /0 ^   ̂^  1 ^^{{x^,{x,2 t - l ) )  1 /2 ^ #  ^ l ,

where k: C f^  SX is the shrinking map of Y C Cf. We shall also denote 
the space Cf by Y\J TX  or Y\J TX  where oc is the homotopy class of /.

The loop space OX on X  is the space of maps X : (/, /)->(X, X  ̂ with 
the compact open topology. The constant map I X̂  is the base 
point of OX. The iterated loop space 0 ”X  on X is defined inductively 
by Q”X = 0 (0 ”" ‘X). Since X  is assumed to have the homotopy type of 
a CPF-complex, the loop space f lX  also has the homotopy type of a 
CPF-complex

We shall denote by 7t(X, F ) the set of homotopy classes of maps 
X-> Y. For any pairs (X, A) and (F, B) of spaces (i.e., A c  X  and Be F),
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the relative homotopy set 7r{X, A ; Y ,  B)  is the set of homotopy classes 
of maps / : (X, B)  (i.e., f :  Y  and f{A ) C B).

The following lemmas are well-known [3 ].

Lemma 1.1. I f  X  is the suspension SX' o f  a space X', ^{X, Y ) admits 
a natural group structure fo r any space Y. I f  X  is the two-fold sus­
pension S^X" o f  a space X ", the group 7t{X, Y ) is abelian.

Lemma 1.2. There is a natural isomorphism « (Z ,  7t{SX, Y ),
fo r  any spaces X  and Y.

Let cceTt(X, Y ) be the homotopy class of a map f : X ^ Y ,  then the 
suspension Scc e 7r(SX, SY ) of cc is the homotopy class of the map S f: 
S X ^ S Y  defined by Sf{x, t) =  ( f{x) ,  t), x ^ X ,  t e l ,  and the loop ncce 
7r(Q,X, D,Y) of ce is the homotopy class of the map Q ,f: Q X -^ Q Y  defined 
by ((O/)(X))(0 =/(M0)> t€ l .  They are well-defined and if tt{X, Y )
admits a group structure, the correspondences S * : 7t(Z, F)->7t(SX, SF), 
O* : 7t(X, Y)-^7r{QX, ^ Y )  defined by S *(«) =  S«, X2* ( « ) = 0 «: are homomor- 
phisms.

Let f : X - > Y h e  a map, then we have the Puppe sequence of /  [5 ] :

X - ^  Y C j r - ^  S X S Y ^  S C ^ - ^  S ^ X S ^ Y ------> -

such that the following sequence is exact for any space U :

f *  j*  k* (S f)*
(1.2) 7t(X, U ) ^  7t(J, U ) ^  7t(Cf, U)  <---- 7T{SX, U )

(Sk)*
7t{SY, U )^ ^ ^ {S C f ,  U )<------- .

Given a group H  and an integer n~^2, the Moore space [3 ] M =  
M{n, H ) is a simply connected space having only two non-vanishing 
(integral) homology groups: H^(M )=Z, H „{M )=H . For a given pair of 
n and H, the space M(n, H ) is determined uniquely up to homotopy type, 
in particular, M{n, Z )  is the homotopy type of the w-sphere S”, M{n, Z ^  
is the homotopy type of the cell complex where e’‘+“ =  TS” is

Pt

an («  +  l)-cell and t denotes the class of the identity map of S” . It is 
easily seen that the suspension of M{n — 1, H ) is an M{n, H ) for n ^ 2 , 
so that the set 7r{M{n, H ), X ) admits an abelian group structure for any 
space X  and w^3. It is called the n-th homotopy group o f X  with a 
coefficient group H  and denoted by ^„{H ; X ). Similarly, for any pair 
{X, A), the n-th relative homotopy group ^„{H ;X , A ) o f  (X, A ) with a 
coefficient group H  is defined as the relative homotopy set 7r (TM (« —I, H), 
M(n—I, H ) ; X ,  A), for w^4. We have the exact sequence
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------- . ; X, A ) ; A) 7t„{H; X ) 7t„{H; X, A ) ----> -

for any pair (X, A), and the naturalities df^ =  (f\A)^d  and S>k/* =  (S/)*S*

d d 
TTniH; A ) tt„{H ; B) tt„^,{H ; SX) TT^^ îH; SY)

for a map / : (X, A )-^ iY , B), and the suspension homomorphism S*.
Given a group Tt and an integer w ^ l,  the Eilenberg-MacLane space 

K=KiTT, n) is a space having only one non-vanishing homotopy group: 
TTniK) =  TT. For a given pair of n and tt, the space KiTT, n) is determined 
uniquely up to homotopy type. It is easily seen that the loop space on 
Kivc, n +  1) is a KiTt, n), so that the set tt{X, KiTt, n)) admits an abelian 
group structure. It is the w-th cohomology group i?”(X -,tt) of X  with a 
coefficient group tt.

A  space X  is said to be w-connected if 7t,(X) =  0 for O ^ n .
The following lemmas are well-known [2], [7].

Lemma I. 3. Let X  be im — l)-connected and Y  be in-l)-connected 
im, n~^l), and f : X - ^ Y  be a map. Then, : TTriYf, X)-*TTriC^ are 
isomorphisms fo r r<C,m+n —I, where X )^ (C / , jo) the shrinking
map o f  X.

Lemma 1.4. I f  X  is an in-l)-connected space (w ^ l) ,  then
( i ) the ihomotopy) suspension homomorphisms S  ̂: Tty (X ) (SX) are 
isomorphisms fo r r<^2« —I.
( i i ) the cohomology suspension homomorphisms : H ’'iX ; T t) - » H'~^iQ,X; T t) 

are isomorphisms fo r  r<^2n — l.
Let f :  Ŝ  ̂  Ŝ  be a map of degree p, then the mapping cone Cf of / 

is an M(2, Z ^ .  So that, by (1.2), the following sequence is exact for 
any space X ;

ipC f k* j *  ipCf 
----------- > ^ .,,(X ) ^,+,(X) ------ > TtriZ  ̂ ; X ) ^  TtriX)

(I. 3) TtriX) ---- > • • • ----- . TtlX) ---- > TtI X )  ---- > Ttlz^ - ,X)  ---- >

TtlX ) ---- >TtlX ).

By the exactness of the above sequence and the five lemma, we have

Corollary  1.1. I f  X  is an in-l)-connected space in ^ l ) ,  the suspen­
sion homomorphisms S  ̂: Tt îZ  ̂; X ) Ttr+iiZ^ ; SX) are isomorphisms for  
r < 2 n -2 .



C o r o l la r y  1.2. I f  X  is {m~l)-connectedy and Y  is {n~l)-connected 
{m, n'^Vjy then the homomorphisms : ttAZ, ; Yy, X ) -> TtriZP ; CJ) are iso­
morphisms fo r  r<^m +n—2.

By the above corollary, we have an exact sequence

Tt^-,iZp; X )  ^  Tt^-IZp ; F )  Tt^^-lZ^ ; Q  

(I. 4) Tt^^lZp; X )  — ^ ----------.  Ttr^^iZ,; C/, TtriZ^ ; X )

TtriZp ■ Y)  TtriZp ■ Cf) Ttr-^iZp X ) ----> -  ,
where t  =  and S = Minim, n).

Since S” is (w —I )-connected and SS” =  Lemma 1.4 implies 
: ̂ „+*(S”) !=! Tt„+ji+iiS’‘*‘) for n '^k  + 1 and /^0. Therefore, we can define 

the k-th stable homotopy group G* of sphere by

Gk =  dir. Iim {7r„+fe(S”), S*} for any integer k.

Similarly, we can define the k-th stable homotopy group Tt̂  of Moore 
space Min, Z ^  with a coefficient group Zp by

Ttk =  dir. Iim {7t«+*(Z^ ; n, Z^, S*} for any integer k.

While, since KiTt, n) is (m — l)-connected and QKiTt, n) =Ki?t, n —1), 
by Lemma L 4, n + i -,G)^ H ’‘^\Tt, n-,G) for w>ife + l  and
«^ 0 . So that we can define the th stable cohomology group A ’’iTc, G) 
of KiTt, n) with a coefficient group G by

A ’‘iTt, G) =  inv. Iim {H ’‘ ’̂’iTt, n ; G), O *} for any integer k .

Given cc 6 TtgiG ; n, H), the composition operation ; tt„

TtgiG ; X )  is a correspondence defined by a ^ i^ = ^ -a  for any space X  and 
/S 6 TtniH; X). Obviously, it is natural with respect to any map f :  X -^ Y ,
i-6- f-^^X =  ̂ Yfi^‘

Given 6 £ H^iTt,n;G), the composition operation 9^'-H^iX-,Tt)-^  
H “iX ;G )  is a correspondence defined by 6^iu) =  0'U for any space X  and 
u € H ”{ X ; Tt). Obviously, it is natural with respet to any map / : Y -^X ,  
i.e. f*e ^ = e ^ f* .

A  set CC =  {a^} of correspondences oĉ : TtJiH; X )  TtqiG ; X )  (resp. 
d={6j^  of 0 x 'H " iX ; 7t)-^H^iX ;G)) defined for any space X, is called 
homotopical operation of type {n, q;H,  G) (resp. cohomological operation 
of type in, q ; Tt, G)) if it satisfies the naturality. The following lemmas 
are well-known.

L em m a  I. 5. There is a one-to-one correspondence between elements o f
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TTgiG: n, H ) {resp. H îTT, n ; G)) and homotopical operations o f type \n, q ;H ,G ) 
iresp. cohomological operations o f type in, q ; t t ,  G)).

Lemma I. 6. I f  oce TTqiG; n, H ) iresp. 0 6 W { tt, n ; G)) is a stable ele­
ment, then the composition operation a^ iresp. is a homomorphism.

The direct sum 2  G* (resp. ' ^ T T h ,  Yl t t ) )  of stable groups has
k k k

a multiplicative structure defined by the composition. In particular,
6̂ =  2 ^ * ( ■ 2 ' * ,  2'J is the ( m o d Steenrod algebra.

k k

The following lemma is well-known [ I ] .

Lemma I. 7. The {mod p) Steenrod algebra ^ is generated by A € 
and (^ = 0, 1,2, •••) satisfying the Adem’s relations'.

(p“(p» =  \i a<^pb,

(P“A(P» =

it a ^ p b .

Let f - .X ^ Y ,  g '.Y -^ Z  be map such that g f  '.X -^ Z  where O 
denotes the constant map X ^ ẑ . Then we have

Lemma 1.8. There is a map g '.C f-^ Z  such that the restriction g\Y  
o f g on Y c C f  is g. For any two such maps g ,̂ g ,̂ we can define a map 
dig^, g ^ '.S X -^ Z  such that g i~ idvg^ (p ', where <p' is themap defined in 
(I. I)'. Conversely, fo r  any map h : S X Z, the map g ' =  ih M g)q>' satisfies 
g '\ Y = g .

Proof. Since g f~ 0 ,  there is a homotopy H : X x I - ^ Z  such that 
Hix, 0) =  z„, Hix, I ) = gifix) ) .  Define the map g : Cf ~^Z  by

giy)  =  g (y ) , y^Y>  Six, t) =  Hix, t), X e x ,  t e l .

Then, since Hix, I ) = gi f ix) ) ,  g is well-defined and, by definition, g\ Y = g. 
Let gi, gz be two such maps, then we define d=dig^, ĝ ) by

( g ,ix,2 t), 1/2 ,
dix, O =  -I x e X .

\ g , i x , 2 - 2 t ) ,  l l 2 ^ t < l .

Since g îx, I ) =  gi f i x ) )  =  g îx, I), d is well-defined. It is easily verified 
that gx — idyg^<p' (rel. Y). The last assertion is obvious.

We shall denote by 7 the homotopy class of g, when 7 is the class 
of g.
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Similarly, we have

Lem m a 1.9. There is a map f  \ S X C g  such that

f {x , t )  =  {f{x ),2 t),  ̂^  1 /2 ,
f { x , t ) e z ,  l/2^ t ^ l ,  ^

hence kgf =^Sf: S X S Y ,  where kg:Cg->SY is the shrinking map o f ZC Cg. 
For any two such maps /i, /2, we can define a map d{f-,, \ S X ^ Z  
such that f i  — {d\/f^(p\SX^Cg where <p is the map defined in (1 . 1 ). 
Conversely, for any map h : S X ^  Z, the map f '  =  (h yf)<p satisfies the same 
condition as /.

We shall denote by & the homotopy class /, when cc is the class of /.

2. Functional operations

In the remainder of this paper, unless otherwise stated, we shall be 
concerned with only stable elements (of homotopy and cohomology groups).

Let a e 7tg{G ; n, H), /3 6 7e„{H; X), and 7 € tt{X, Y ) be elements such 
that a (̂/S) =  0 and 7*(/S)=0. Then, by Lemma 1.8 and 1.9, there are 
elements a e 7rg+,(G;Ce)lj^7rg+^(G;X) and fy£7r(Cp, F)/^f7r„+i(i/; F ) such 
that y*7 = 7, k^a=S(X where j  ̂\ X C ^  is the injection and k^:C^-> 
M{n + 1 , H ) is the shrinking map of X. So that we can define an element 
{7, /3, £>:} in Tt̂ + {̂0; Y ) modulo ; X ) + {Sa)*7f„+i{H; Y ) to be the
coset of 7 -a. It is called the secondary composition of 7, /3, a [10; IV], 
[ 12 ; Chap. I].

The following properties of the secondary compositions are well- 
known [ 10], [ 12].

Lem m a 2 .1. ( i ) {71+ 72, A  =  {%, A  « }  +  {72, A  
mod. Im 7î  + Im 72* + Im (So:)*,

( i i ) {% /3i+/32, a} =  {7,/3i,«} + {7, A , " }  mod. Im 7* + Im (Sa)* ,
(iii) {7, /3, « 1+ a,} =  {7, /3, a J + {7, /3, 0:2}

mod. Im 7* +Im (5 «i)*+Im (StXs)*-

Lemma 2.2. ( i ) S { 7 , /3, a }  =  -  {S% S/3, S a }  

mod. Im (S7)* + Im (S^a) *,
( i i ) // 5.7 = 0, S {7, /3, « }  =  -  {S, 7, jS}. (Sa) mod. Im S (̂Scc)*.

When q = N + k + l+ m , n = N + k + l, X = M {N + k ,H ) Y = M (N ,H ) for 
a sufficiently large integer iVand G=H, we can define a stable secondary 
composition <7, /3, a> such that <7, /3, «> = ( —1 )- {̂7, /3, a } ([10], [12]).

Let OeH^iTT, n;G), f :X -> Y .  A  functional cohomological operation
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[ 6], ey :H \ Y -,7 c )  r^Kexey -  H ^-\X  ; G) / ; G) +
{ D , e ) ^ H ’' - \ X - , T c )  is defined by

0f{u) =  the coset of 

for M€//”(y ;^ )A K e r / * A K e r 0j. (i.e. /*(m) =  0, 6y {u)= 0 ).

H ”- \ X ; Tt) H"{Yf, X ; tt) H \  Y ; Tt) H ”{ X ; Tt) 

f *  ^cr,x) «
H ^-\Y ; G) H “- \ X ; G )----  ̂H%Yf, X ; G) H \ Y ;  G)

The functional cohomological operation is also denoted by 0„, 
where ac is the homotopy class of /.

The following properties of the functional cohomological operations 
are well-known [ 6], [9].

Lemma 2. 3. Lel f : X - > Y , 0 e  H"\Tt, n ; Tt'), 6' e H%Tt', n' ; G), then
( i )  fo r  u e H ”{Y-,Tt)r\'KeTf*r\Yi.ex6Y,

{d'6)j{u) ̂ e '{e/u)) mod. Im {n{6'e))^ +  Im f * ,
( i i )  fo r  u e H ’‘(Y-,Tt)r\Kexf*rsK&x{e'9)Y,

{e'6)y{u) ̂ e'f{e{u)) mod. Im (12^0* +  Im /*.

Lem m a  2.4. Let f : X ^ Y ,  g :  Y ^ Z  and O e H “{Tt, n\G), then
( i ) for U &H\Z\Tt)r\Ker 9 Ker

9gf{u) =f*{0g (u )) mod. Im (0(9)* +  Im f * g * ,
( i i ) fo r  U e H \ Z ; T t) a  Ker 9̂ r\ Ker f *g * ,

9g/u)=9jr(g*(u)) mod. Im (0(9)* +  Im /*.

Lem m a  2. 5. Let X  be the suspension o f  a space X ’, and a, /3 6 Tt{X, Y), 
9 e H^iTt, n ; G). Then,

9«,+fi{u) =  9 Ju) + 9 (̂u) mod. Im (O^)* +  Im a* +  Im

fo r  M e / f " (F ;7r)AKer^i .AKera*AKer/3*
Let oceTtq{G\n, H), ^&Tt„(H;X), <ye.Tt{X, F ) be elements such that 

/3<z =  0, 7 ./3=0. Then {7,/3, <x} is defined to be the coset of 7 «a. If 
{7> ^ } = 0 ,  there are and 7o such that 7o<5o =  0. Hence, we have

Lemma 2. 6. I f  {7, jS, a } = 0, there are elements ’a^^Ttg+Jfi-,C^^l 
ji,*-^9+2{G -, Y )  and 7oŜ (̂ Ŝo> Y)lk~^Ttg+lG; Y ) such that /5,70=% , „*«0 =  
Sa,, {i.e. ;|i|^7o =  % = S^a), where Cg^C^^, jy^:Y-^Cy^ are
injections and kz^:Cz,-^M{q + 2, G), k^^:Cy^^SCp are shrinking maps o f  
Cp and Y  respectively.
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The following is a direct consequence of the definition of Of.

L e e m a  2 .7 . Let f :X ~ ^ Y  be a map, and I f
6f{u )= v  for u e H ’' (Y \ 7t) and v£ ; G), then
mod.A*(ndx)H”-\X;7t).

3. p-component of homotopy groups of sphere flO ]

In the following, p denotes an odd prime.
In [10], Toda determined the generators and the relations of the 

/ -̂primary component G^(p) of the -̂th stable homotopy groups of sphere 
for k<C2p% p-l)-3 .

In this section we recall briefly his results.

T h eorem  3.1. [10; Theorem 4.15]

G^rpip-i^-iiP) =  Z/  =  K J  for l < r < C . p - l ,
= Z / + = [a'^p-op] + K/3r'} for r =  P - I ,

= {« . } for  l < t < f
and  ̂^  O {mod p) ,

G,crp^.xp-.,-.,r-siP) =  for 0 ^ s < : r ^ p - l ,
G2c»'̂ +s+ix/)-i)-2c>'-s)-i( )̂ ~ Zp = /̂ s+i} for Q^Ls<^r^Lp I

and r —s ^ p  — 1 ,
^ 2pcp-i:>-2i.{p) ~ Z p =  {/3f}
G*(/>) = O otherwise for k<^2p\p— I ) .

There is a sequence of spaces Xo, X ,̂ ,Xk, ••• such that X*+i is a 
fibre space over X^ with the fibre if(7r^+fe(S )̂, N + k  — 1) for a sufficiently 
large integer N, and with the projection p +̂̂ : where X^=S^. It
is easily seen that is also a fibre space over with the projection 
Pk=Pi-" Pk-\Pky and that X  ̂ is (iV+^ —l)-connected and p'^*\TCi(X  ̂

for i^ N + k .
From (3.10) and Theorem 3.11 of [10], we have

T h eorem  3.2. ; Z^ is generated by an element

at for k = 2 t{p — l )  — l, l ^ t < ^ p ‘‘ and t {p — l)p  ,
for k = 2 {sp + s - l ) { p - l ) - 2  and l < s < ^ ,

and â p.̂ p̂ is a generator of a subgroup o f Zp)=Zp + Zp for
k = 2 {p — V)p{p — V) — l. They satisfy the relations'.

RfUi = Q fo r li^ t< ^ p ^  and =  O f o r \ ^ r < ^ p ,
ff’ijo"-!) = O and =O for l^ s C ^ p ,

54 N. YAMAMOTO



where i?, =  (/ +  l)(P‘A T T , = ( 5 + l ) ( P ^ ( P ‘A-s(P^+‘A +  (5-l)A(P^+\
l . e tK '  =  S^\J T X k ,k = 2 p {p - l ) -2 ,  then A * -.HKX^; Z W ,  Zp)

(i=\=N), and f  : H ^ (K ' ; Z ^ )^  H ^ (S^ -,Z )̂, where A* is the coboundary 
homomorphism and j : ^ K '  is the injection. Put a,=j*(e^) 6 H^{K ' ; Zp) 
for the fundamental class e^eH^{S^ ;Zp), then by (3.12) of [10]

(3 .1 ) Ab^ =

in m*^P^P-^W;Zp) where b,=A*{b{'> )̂.
Finally, (4.10) of [10] implies

L em m a  3 .1. Let K  be an {N + k —I)-connected finite cell-complex, 
f : K ^ S ^  a map. Then there is a map g i K ^ X ^  such that f =Pkg-

4. Additive structure of

Let N  denote a sufficiently large integer.
Since the mapping cone of pieTc^i^S’̂ ) is an M {N ,Z ^  by (1.4) and 

(1.3), we have the following exact sequences:

/,I i \  r '  tn/rN\ z-'(4 .1 )  --------- *• Gk  >■ Gk >■ 7T ]^^k {M p ) >■ G k - I ------  ̂G k - I  ~  ̂ •••

_ ( p i ) * -  k* j *  _  ip t ) * -
(4 .2 ) - • ----- ------------------------------- > 7 t k - ^ G k ^ - ^ G k ----- >•••

where M ^ = M iN ,  Z ^  and Gk=7rM+k{M^.
Let Gj be the subgroup of G* consisting of the elements whose orders 

are finite and prime to p, then (pt)^ : Gi ̂  Gi is an isomorphism. So that 
they have no influences upon Ttjsr+kiM^) in (4.1). Thus, we may replace 
Gk by Gk(P) in (4.1) for k>0 .

Since p is an odd prime, the following is a direct consequence of 
(4.1) and (4.2).

Proposition 4.1. Tt-I=Zp= and Tt^=Zp= {j*~^ji^{i)}, where
t e Go is the class o f  the identity map of S^.

It is readily seen that the set tt* =  S  admits a ring structure with
k

respect to the composition such that Ttrirj C Tti+j. In particular, we have

Corollary  4.1. For any k, Ttk is a Tt,-module.

Since Tt^=Zp is a field, tt* is a vector space over Zp. Hence we 
have

Corollary  4.2. tt* is an algebra over Zp.

Proposition  4.2. Ttk =  Gk+^®Zp+Gk®Zp + Gk*Zp+Gk-x*Zp, where ®  
and =K denote the tensor and torsion product, respectively.
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Proof. We may identify (G*)  ̂= G JpG  ̂ with Gk®Zp and (̂G*) 
= {g&Gh\pg=0} with G p. So, by the exactness of (4 .1 ) and since p 
is an odd prime,

O----  ̂ . O

is a split exact sequence. Hence, we have = +
^Gk®Zp-^Gk-^Zp, By (4.2), we have also a split exact sequence

O-— >Gk+i®Zp---->7T*■—  ̂Gk*Zj,---->0 .

We shall denote a right inverse of t  (or j* ) of an element cx by t ~\<x) 
(or j*~\a)), though it is not uniquely determined. Since (G®Z^)®Z^ 
= {G®Zp)*Zp = G(^^Zp and {G*Z^)®Zj, = {G*Zp)*Z^ =  G*Zp, we have

= k*MG,^,®Z,) + f-% {G ,® Z p ) +k*T-\G^Z,) +j*-W -\G,.,*Zp)
=  Gk+i0 Zĵ  + G/,(SiZp+G^*Zp+Gi,^i*Zp.

Put S = k*j^{t.)£7r_̂ , then S^e7r_i»7r_iC7r-2 = 0> and hence S =̂O.
Let Es, Ls be homomorphisms defined by i?s(7) = 7 *̂ > L^{i)

= §•7, for respectively. Then, we have

Proposition  4. 3. The homomorphism Rs maps j * ”V "^ (G **Z ^ ) C 7r*+i 

isomorphically onto ^ * t “ X G * * Z ^ )  C  t t *  in such a way that 
= k*r-Xf'), for 6 G^Zp. It  also maps j*~''j^{Gk®Zp)C Ttk isomorphically 
onto k*j  JJG k®Z^ CTtk-I in such a way that Ri{f'~^jJ(p)) =  k*jJ<p), for 
(peGk®Zp.

Proof. It suffice to prove the equalities. By the definition of S, we 
have

= k*{fj*-\T -\ ir))) =  k *r-\ f) ,

and

R,U*-^j *{9)) = = {k*u)*U*-% {9’))
= =  k^jjcp) .

Pro po sit io n  4 .4 . Assume that an element i^eG^ satisfies p^=Q and 
is not divisible by p, then Ls(y*’''' ”̂X'^))=i*"‘V*(^)-

Proof. Since P-^=O and is not divisible by p, '^eG^^Z^ and 
'>\r^Gk®Zp. So that, y*“V"X'^) and i*"7*('^) are well-defined. While, 
since we are only concerned with the stable elements, we may regard t 
as . Hence
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C o r o ll a r y  4. 3. I f  PG^=O, then maps j*^\~\Gk*Z^ C 7tk+i isomor- 
phically onto C tt*.

Co r o ll a r y  4. 4. Let ■^6 G* be an element o f order p and not divisible 
by p, then and are linearly independent, and Si/̂ 'S=4=0 where

Lem m a 4.1. L e t  '\ jr'= j*-w ~\'\ lr) and cp '= j*~W ~\<p ) f o r  

Th en  we have i f  '^ ‘ (p4=0.

Proof. By the definition of S, ■f-', and <p',

W  = -^r-Xcp)) = n f -w -\ n -u f - ^ r - \ c p ) )

Lem m a 4.2. Let q>'= for cp&G^^Zp.
Then, we have ■f'' pL, 9?» mod. j*~W~\ir.G^ + Gĵ ~(p).

Proof. Let <p^Gi and $ ; represent an element
in pi, (py. Then, by the definition of secondary composition, it

<p
decomposes into a composition of two maps ---->■
where ^ is an element such that *̂(<p) = <̂, is an element such that 

for the shrinking map of S '̂ ‘̂ CM  and the
injection j : So that, decomposes

m" ir"
into a composition  ̂ \ But, by the definition,

= Hence, we have
i*-v -x< t, P̂ > <p »=r<p '.

Toda [11] proved that there are elements p i,a ^  of order
P in G^Kp-i -̂i for all integers /^1. Recently, he has also proved that 
the element oĉ  is not divisible by p if i f ( m o d  p).

Therefore, by Lemma 4.2 and Corollary 4. 4, we have

Proposition  4.5. F o r  a l l  t ^ l ,  o : '= _ / * -V X « f )4 = 0 , and  f o r  

(mod ̂ ), Sâ S 4=0.
Now we shall show some examples of the additive structures of tt*.

E x a m p le  4.1. By Theorem 3. 1  and the above Proposition,
=  { « ‘'1 , for l^t<^p^, t ^ { p  — l)p, and generates a subgroup con­
tained in Tt îp-i^pip-v

E x a m p le  4.2. By Corollary 4. 3 and the above Proposition, a'S and
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Sa* are linearly independent in for #^0 (mod^). In particular,

K ^ }  +  { ^ « 1 -

E x a m ple  4. 3. By Theorem 3.1 and Propositions 4.3, 4.4, Tticsp+s-ixp-i:,-! 
=  +  {/?'}, for l ^ s < . p ,  where /3̂ =  y*-V-'(/3.),
^s^G^sp+s-ixp-D-2- Since is of order p and not divisible by p, by 
Corollary 4.4, and 8/3̂ are linearly independent and S/3'S=|=0.

E x a m p le  4 .4. Since is of order p and not divisible by p in
G* if 2 -^s<C,p, O^r, and r+s<Cj>, we have Si|f'S=i=0 for 
While, by Lemma 4.1, we have for in the
above example. Hence, Sa8{̂ {SY0̂ 8=\=O if 2^s<^p, O ^r, and r +  s<C.p.

E x a m p le  4 .5 . Similarly, S(/3iS)̂ =i=0 because /3? is of order p and 
not divisible by ^ in G*.

5. Som e base  o f

The following is easily verified.

Lemma 5.1. H‘{M^ ;Z^)=Zp for t = 0, N , N + 1. Let e’̂  and be 
generators, then for the mod p Backstein operator A ; H‘{Mp ; Z^)
=O for Z 4=0, N , N + 1 .

For k*j^(t) € 71: 1̂ , it is clear that

(5.1) =  (- l)'^ ^ f and S*ê +̂  =  O

where < e  e H^{M^ ;Z^) and ;Z^) are
the generators.

Conversely, it is easily seen that the element S' e  ?r_i satisfying (5 .1 )  

is uniquely determined and coincides with S.

L e m m a  5 .2. Let i|rGG*>KZ^, and be a cohomo-
logical operation. Then, 6^e^={ — l)^xe’̂ ’̂‘, i f  and only i f  6 /̂ê '̂  ̂
=  {-lY^^xe^+>‘+̂  where xeZ^, and e^eH^(S^;Z^), ; Z^),

and e are the generators.

Proof. Note that if j  is the injection and is
the map shrinking S^cM^, then j* (e^  =  e^ and

Let l) :̂»:e^+* then since r  may be regarded as Lemma
2.4 implies.

While, is an isomorphism
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and the modulus groups are contained in +
=  so we have Conversely,

let =  ( — and 6 ê’̂  =̂ { — lYye^*'’, then the above argu­
ment shows x=y.

Next, let «1 e G2.P-3 be the element defined [10 ; (4.5)] which satisfies 
— for the functional operation Therefore for

€ ^2̂ -2 we have by the above lemma

(5.2)

where ;Z^) and ; Z^) are the
generators.

Conversely, again by the above lemma, the element <x' e 7T2^_2 satisfy­
ing (5.2) is uniquely determined and coincides with oc.

Pr o po sit io n  5.1. 2aSa=a‘S+Sa\

Proof. By Example 4.2, so we may put
o:Sa: = xQ:̂ S+jvSâ  with some coefficients x and y. Since 5̂ = 0, ^aBa-x8a‘h 
=iha{ha—xaS) =  0. Hence, by Lemma 1.8, there is a map f :K -> M ^  
such that the class of the restriction is Sa, where K
=  ir = Sa-xaS. Hence, by Lemmas 2.4, 2.5, 2.7, 5.1,

\p
and (5.1), (5.2), we have 

(P}e^ =  for € H ^ (M f; Z )̂ and e ; Z^),
(pigN+h ^  gN+k+2p-2̂ (pî N+k+i ^  ;tê +A+2#-i for ê +*+*' 6 ; Z^),

where k = 2p —Z and « =  0, I, 2p—2, 2p~l. By Lemma I. 7 (i.e. the Adem’s 
relation), 2(P‘A(P  ̂=  (P^(P^A+Aff’'(P\ and by Lemmas 2.3 and 2.5,

2;(;ê +A+2/.-i =  2 S>^ (̂P}e  ̂=  (P‘(P}Ae^-hA(P'(P}e^ =

So that x =  l/2. Similarly, y—112 is deduced from {aS—ySa)aS — 0.

Co r o ll a r y  5 .1 , ( i )  ofSa:' =  ̂  Q f+ '-'S a :4 -(l — ■fors,t'^0.
( i i )  (s+t)a^Sa*=:sce^^*S+tSa^-‘, for s, t^O.
(iii) Sa’-p^a’-pS, and Sa--̂ S=O, for r ^ L
(iv) cĉ Scê S=S(X̂ Sô  — fâ +*̂ ŜaS, for s,  ̂̂ O.

Proof, ( i )  Since 2aSa—â S+Sa.̂ , 2a^Sa=a'^S+aSa ,̂ so aSa^=2(X̂ Sa 
—â S. Thus, inductively we have <xSa*=zfa*Sa+(l—t)<x*̂ Ŝ. Hence, by 
multiplying a®'* to the left, â So:* = fâ +*~̂ Sa +  ( l  — )̂o:*+*S.
( i i )  By (i), we have SQf+' =  (s+#)'^'*‘''^^<^+(l — so that â ‘̂-̂ Sa
=  -^{da^+* — { l —s—t)(X̂ '''*S) for 5+  ̂ (mod ̂ ), and Saf+' = of  ̂*8 for 

s+ t
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s + t (mod/i). Hence, by (i), we have (s+t )  a^8a*—scĉ *̂8 +  t8oif+*.
(iii) follows immediately from (ii), and (iv) follows immediately from (i) 
and (ii).

Corollary 5 .2 . For t ^ l ,  a'S and are linearly independent,
and a '" 'SaS=I=O.

Proof. Let jca'S+jya^-'So: = 0, then, by multiplying S to the right, 
we have jya*''SaS=O. If a '“'SaS=O, a®SaS=0 for 5 ^ ^  —I, so we may 
suppose # ^ 0  (mod ^). Then, by (ii) of the above Corollary, ^a'-'SaS 
=8a‘8. But, by Proposition 4.6, Sâ S =j=0, which is a contradiction. 
Hence that, y = 0  and x=0.

Put /3'i=;*-'T-'(A)e*,^c-o-u for Let / :
M f-' represent then / '  = A:/9^0 : where k is
the map shrinking C M f-'. Since M f is (N + 2 p (p -!)-?>)-  
connected, by Lemma 3.1, there is a map g : Mf+* such that f =Pig, 
k = 2 p ( p ~ l ) —2, and : 7r,(Mf+*)^7r,(X*) is an isomorphism iot i< ^N+k  
and an epimorphism for i=N +k.  By the theorem of Whitehead [8; p. 276], 
g* : H‘(Xj,; Zp)^H'(Mp'^'^ •, Zp) is a monomorphism for i =  N +k .  So 
g*(bf^) ^  (-1)^X6^^” for the generators e^+*€/i'^+*(Mf+* ; Z^), e 
H^+\X/,;Zp), and a coefficient x^O  (mod ̂ ).

Let if=  S^vy TMf+*, K'=S^\J  TX^ and j : ^ K ,  f  : K' be the

injections. Then, there is a map g ' . K ^ K '  such that g j= j ' ,  and hence 
the following diagram is commutative:

p ' p ^ H U k : Zp) W ^ \ K ' ; Z p ) ^ *

HKS‘̂ - , Z p ) ^  \g* |f*  m \ s ^ - , Z p ) .  
f ^ W ( M f ‘;Zp) --. H‘̂ \K ;Z p )^ '*

So, easily we have g*(a,)=e^ for the generators a,£ H ^ (K'; Zp) and 
e^€H^(K; Zp). While, by (3.1), for b,=A*(b['> )̂ € i?^+*+'(if'; Zp).
Hence, for e^+*+' = A*(ê +*) S i/^+*+'(if; Z^), we have

A^e^+*+' = A(A*(^e^+*)) = (-l)^A(A
=  (-l)^A(f>^A> (̂&i“')) =  ( - l ) ^ ^ g * i k )

=  ( - l ) ^ g * ( ^ b , )  =  ( ~ l ) ^ g * ( 6 > ^ a o )  =  ( - 1 ) ^ (P % ^ .

It is easily seen that the coefficient x does not depend on N. Since 
X^O (mod p) and Zp is a field, there is a number x' S Zp such that x x ' = l  
(modp).

Let /3'i'=^i-(x't)£7r2p(p-i^-i, then we have Ae-^+*+'= ( —l)-^+'(Pg//e^+'

00 N. YAMAMOTO



for the generators e ; Z^) and k
= 2p { p - l ) - 2 .

By Corollary 5.2, so we may put
a ^ ['=  xoĉ ’ '̂̂ S+ ya^Sa for some coefficients x and y. Hence, putting

ySj =  -xaPS-ya^-^Sa,
we have

a/Sj =  a^{' —xocf+̂ S—yaf Sa =  O.

It is easily verified that

By Theorem 3.1 and Corollary 5. 2,

(X* : Tt2Cp+ixp-i:>-i ^2Cp+2Xp-i:>-i

is an isomorphism. While, a^{^fc) = a^fc=Q, so ^^a=0. Thus, we have 

P r o po sit io n  5. 2. There is an element e  Tt̂ pup-î -i such that 

(5. 3)

for the generators e m + \ M f ; Z^) and ; Z )̂, k
= 2p{p — l )  — l, and ^fic=Q.

Conversely, it is easily seen that the element Bi&Tt^pcp-n-i satisfying
(5.3) and a/Ŝ  = /SjCC = O is uniquely determined and coincides with /3j.

Since cc/Ŝ =/Ŝ a=O, we can define the secondary composition {/Sj, « , /SJ. 
If {/3i, a, /3j}=0, by Lemma 2.6, there is a map such that
the class of the restriction / I  is /Si where K =M ^^’’ \J

05

k = 2 p {p - l ) -2 ,  and k'= 2 {2 p + l){p - l ) -2 .  So k f ^ O : K ^

where k is the map shrinking S^~^C Since K  is
( A ^ + — l)-connected, similarly as in the proof of Proposition 5.1, there 
is a map g : K-^X^ such that g* : ; Zp)-^H^+’’(K ; Z^  is a mono­
morphism. Hence g*{b̂ '̂’)=xe^^^ for the generators bf  ̂ Z^,
gAT+* g and a coefficient jc^O (mod p). While, by Lemma
2. 7 and (5.1), (5. 3), we have

^ 0N-̂ k _  N̂+k+1  ̂ (pi^N+k+i _  ^^N+k+2p-i /̂ Q̂ +k+2p-i _  îv+fe+2j& 
(̂ PgN+k+2p ^  ^^gN+k'+l ^  ^giV+*'+2 ^

for the generators e^ ’̂ eH ^+ '{K ; Z X  where i = k, k + 1, k+2p — l, k+2p,
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k'+2, )fe' + 3. By Theorem 3.2, =  so, by the Adem’s relation
A(P^ =  5’^A(P '̂S we have

O = = i:^W,g*{bT) =  (2A(P^(P^A-A(P^+^A)(ji;e^+*)
=  2jt;A(? (̂P‘Ae^+* = 2:r((P^A(P'A-ff’'A(P^-'ff’*A)e^+*
= 2a:ff’^A(P'Ae^+* = ± 2afê +*'+̂  4= O,

which is a contradiction. Thus, {^i, a, /SJ^O.

Proposition 5.3. For —I, there is an element /3̂ e
that and cc, /3̂ } ^O.

Proof. By the above argument, this assertion is true for s= l .  
Suppose, inductively, that /3̂ _i (5^ 1 ) satisfying the condition is defined 
then the stable secondary composition cc, /3j> defines a unique
non-trivial element in Tt^sp+s-ixp-i -̂i, because /3̂ -i*7r2c^+ix^-o=0 and
^2Cs-iX ̂ +iX/,-1) *̂ 1 =  0.

By Lemma 2.2,

or, =  a> modulo ^^-i*7r2c^+ix/,-i)*«.

and since A , a:>C/3,-i-7r2(̂ +2x^-o=^.-i-^2C/,+ix -̂o*« =  0, we have
/3^«=0. Also, we have

a/3̂  =  a, /3̂ > =  - < a ,  ay . =  0 .

Hence, , cc, /SJ can be defined. If {/3̂ , « , =0, by Lemma 2. 6, 
there is a map such that the class of the restriction
is where K=Mf+>‘ \J k = 2 is p + s - l ) (p - l )~ 2

and k'= 2 {{s + l)p+s ){p—l ) —2 . So that, there is a map g :K ->X ^  such 
that g* Zp)-^H^^\K; Zp) is a monomorphism. Hence
^Xt(JU-D) ̂ TSf+* £qj. generators G ; Z^), S

H^+^{K; Zp) and a coefiicient a : ( m o d  p). Since and the
relation (5. 4) holds in H *{K ; Z^), we have

O = *̂(APF,Z>'*-i>) =  =  AWXxe^+’̂ )
=  ± {s + l)x e ’̂ +'̂ '+̂  ,

which is a contradiction.
In the case when s=^) —I, similarly to the above, we have an element

/̂ /,-1 e ^2ĉ -2X/,-i)-i such that

(5.5) =^^_,« =  0.
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C o ro lla ry  5.3 . For /3 ,̂ and are linearly
independent.

Proof. Let xo:'’̂ +*-*S+;)/Qf^+''-2Sa +  2;S^=0, then, by m ultiplying a  to 
the left, we have a:a“̂ +®S+jyof^+*-'Sa=0. But, by Corollary 5.2, x = y = 0 , 
so 2'= 0.

C o ro l la ry  5.4. (i) For l^ sC ^ p ,  S/3^5=|=0.
(ii) For 2 ^ s< ^ p , O ^ r  and r +  s<^p, SaS(^jS)*"/3^34=0.
(iii) 5(/3,S)^4=0.

Proof, (i) By Exam ple 4.3, e 
+  {/3^, where /3 '= y = ^ - V - m  so we may put /3̂

+  Since /3,, and are linearly
independent, we have 2 * ^ 0  (mod p). Hence, by Corollary 5 . 1, (iv), 
and Exam ple 4.3, we have =  2^S^'S4=0. Similarly 
=  ̂ j2’̂ a5(/3'S)’'/3'S=4=0 by Example 4.4, and §(/3^3)  ̂=  z?S(^iS)^ 4= 0 by 
Exam ple 4. 5.

6. M ultiplicative structure of

Now, we shall study some relations among S, a  and /3 .̂

Lemma 6 . 1. Let mod ’̂ k+i/
and cp '= yj*-\-\< p)  mod '^i+J{j*~^T-\<p)) for (peG,*Zp, where x, y  are 
some coefficients ^ O  (mod p), ■\|̂ »̂ =t=0, and k l= 0  (m od2), Then,

f'8cp' =  mod ^*+,+1/ .

Proof. By Lemma 4 .1, we have 
and (y*~V"'(93))S(y*“V~*('^)) = y * " V " '(^ ) .  While, since k l= 0  (mod 2), we 
have in G*. So that,

i|r'S9>' =  xy{j*~\~\'^))8{j*-W-\(p)) ^ x y f* ~ \- \ ’̂ )
= xyj*"\~\qy^) =  ,

modulo {;* -V -'('^ )})% /+ i/ {i*-'''-’ ^?^)}) C ’J'*+/+!/{i*'V-Xi|^^)}.

Proposition  6. L (i) For l^ s< ^ p ,
(ii) For l^ s < C .p - l ,  ^.S/3^=/3^S^,.
(iii) For I  < 5, t<C.p and s+ t< ip ,  /3j^,=0.

Proof, (i) By the definition,

CC =  j*-W~Xa,) and mod ,

for (X^&Gip-i, k = 2 { sp + s —l){p — l ) —2, and a coefficient a :^ 0
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(mod p). So, by Lemma 6. 1 , mod ^2sc/,+ix/,-d-2/
While, by Theorem 3.1 andP roposition 4.2, ^2sĉ +ix/,-d-2/
=  so we may put for a coefficient x.
But

and ô +̂̂ 'SrtSa =I= 0, so that t̂r=O,
(ii) Similarly to (i), =/3,8/3, mod ^scc.+d^+.-ix -̂o-b/{/^x f̂t}. While, 
by Theorem 3.1 and Proposition 4.2, 7r2„,+i)^+s-ix^-o-3=-^^= So 
that /3,S/3,=/3,Ŝ j.
(iii) Since ĵ/3̂ 6 7r2̂ ĉ _jj_2= {a:*-̂ S(X§},  ̂=  (s+^)/) + s + #—2, we may put 
^s t̂=^xot’‘-'̂ Sah. But, 0=«/3,/S^=xq:*S«S and o:*Sa:S4=0, so :j;=0.

Added in proof. When />=3, /3̂/3̂ 6 ^22= {a^SaS} + {SaS(ySj S)̂ }, so the 
above argument is not vahd. We have no idea to know whether /3̂/3̂ = O 
or not. So, Theorem II (ii) should be understood that /3,̂  ̂= O i f  =̂1=3, 
and also propositions in section 7 are valid under the assumption ^4=3.

C o r o l l a r y  6 .1 . For l^ sc^ p , a^S^^=aS^^Sa=0.
Now, we have the following theorems:

T h e o re m  I. A set of additive bases for Tt̂ , is as follows in dim

8, I,
a*, a% â -̂ Sa, a‘-̂ SaS, for l< t < Z p \
(/3,ar-/3,, i m ,  K m ,  for i ^ r ^ p ,
a(S/3J, Sa:(S/3/, a(S/3J''5, for I  ^ r C p ,

i m ^ s ,  m m ,
aS(/3,8)'-/3„ Sa8{l3̂ SŶ ,̂ aS{fî Syi3̂ 8.

SaS(fij8y^^8, for O ^ r ,  2 ^ s < ^ p , and r+s<^/>.

T h e o re m  TI. The ring in dim<^2p\p —  l ) —A, is generated by 
7, oc, and /3,, l^s<^p, with the following fundamental relations-.

( i )  8̂ = 0, a/3, = /3,a =  0, /3,/3, = O ,
( i i ) 2fit8a = â 8+ Sa^,
(iii) «8/3, = ,

(iv) = ^-^^/3,8/3,,,,,.
5+ / - I

R em ark . The class t of the identity map is the identity
element of n^.
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The proof of (iv) will be given in the next section.

Theorem  III. The subring o f generated by S and cc has only two 
fundamental relations-. S^=O and 2ocSa=a‘8+Sa'‘.

7. Secondary compositions

Following the method of Toda [10; IV], we shall study some 
secondary compositions.

Similarly to Lemma 4, 8, iii) of [10], we have

Lemma 7 . 1 . Let a  e 7t,(G ; n, H), a' e  7t^(G ; n', H'), /3 e  ttJ H  ; X),  
; X),  and 7 €»(X , F )  be elements such that ^a = ^ 'a ' — 0, 7/3=  

7/3' =O and {7 , /3, a} +  {7 , a'} = 0 .  Then there is an element 7 6 Tt{K, Y) 
such that = 7  WhereK=Xyj  T{M{n, H) ' ^M(n', H' ) ) \ J  TM{q+l, G),

a V a '
and j : X - ^ K  is the injection.

Also, similarly to Theorem 4. 3, ii) of [10], we have

Lemma 7.2. Let cceTt, ,̂ 767^;, Se-Tt^be stable elements
such that ==<ŷ  =Sy = 68 = 0, <5,7,/3> .a = 0  and £-<S,7,/3> = 0. Then,

« S ,  8, 7>, /3, ay+ { - I f <6, <8, 7, /3>, a> + (_i)^+^<£, 8, <7 , « » = 0  
modulo Im £* + Im a'*'+ Im <£, 8, 7>̂ , +  Im <7 , /3, ay* .

Proposition  7.1. For l< s< C P ~l, “ > = -----/3*+, modulo
s+1

Proof. Since </3̂ , A , ayc-^^cs+i-ip+sxp-^-i, we may put /3,, « > =  
xfis+i- So that </3 ,̂ y3i, a>-ji;</3^, a,/3,> =  0. By Lemma 7.1, we 
have a map f : K ^ M f ~ ^  such that the class of is where
K=  M f+" W T (M f+"+' V M,^+"+”*) W T M f+"+'+“ +', =  2(5̂ » +  5 -  !)(/. - 1 )  - 2 ,  
l= 2{p—l), m=2p{p — l) — l. Therefore, similarly to the proof of Proposi­
tion 5. 3, there is a map g ; K->Xt such that g*(b’f~^'’)=ye^'^^, y ^ O  (modp). 
While, as is easily seen, the following relations hold in H *{K ; :

( p p ^ N + k  _  ( p > P ^ N + k + i  _  ( ^ _ - ^ N + k + i  ^ N + k ^ m + 2

( p i ^ N + k + l  _  ^_J^^AT+Ar+l^iV+^+/+l^ ( p i  ^ N + k + m + i  „

( p p ^ N + k + l ^ l  _  J^^iV+^+/-f2^^AT+^+/+»z+2^ ( p i^ ^ + k + m + 2  „  jj^jv-fife+»w+2^Ar-f^+/H-m+2

By Theorem 3.2,

O =  =  yW ,e^*”
=  j ( ( 5  +  l ) ( P ^ ( P 'A - 5 ( P ' ( P ^ A  +  ( 5 - l ) A ( P ' ( P ^ ‘)g ^ + "
=  _ y ( ( 5 + l ) ( _ l ) / + 3 ^ g i V + f t + / + ' « + 2 _ 5 ( _ l ) « . + 3 g i V + A + W 2 )  ^
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since v^O, we have (s+l):«:+s = 0, so that x =
s+1

Proposition 7.2. For l^sC^p-l, < A  =/S^+i.

Proof. By Lemma 7.2, we have

«/3i, a, a, <a, a>,

+  ( -  l)*+X/3,, a, </3,-„ « ,  ^  O,

modulo Im/3i*+Im jSf+Im^^*+Im/3f=0, where h=2p{p — V) — l  and k 

=2{p—l). Since for s = l, </3i, ct, so inductively we may assume
that </3,, a, = /3,. While, </3,, a, /3,> =  , <a, /3,_,, a> = 
and <A, /3,>=</?,«, /3,> = 0. Hence, - <A, a, /3,>=0.

Similarly we have

00 N. YAMAMOTO

Corollary  7 .1. For s+t<^p, 0s, ^t>=^s+f

Corollary  7.2. For s + #  </>, </3̂ , /3̂ , a > = ( - 1 ) '  /3̂ +,.
s+r

Proposition 7.3. For l<s<^p -2 , <«, /3„ /3^>= — ^ /3 ^ + i.
s+1

Proof. We may put (̂ a, = x^^+i, for a coefficient x. By

Lemma 7.2, we have

«, /3,>, /3,, a>-</3„ <a, /3„ /3,>, «>-</3,, a, </3„ « »  =  0 ,

so that </3̂ ,/3,, a>-:j:</3i,/3,+!, a>-(-l)^-A_^</3„ a, ^^+!>=0. Thus,
s+1

( - l ) ^ - ^ / 3 , + , - ( - i r ' - f - - / 3 , ^ , - ( - i r 4 T ^ ^ + ^ = 0 -s+2 s+2 s+1

Corollary  7.3. For s+t <^P - 1, <«, A , = (-1)' —̂  ̂ s+t •

Proposition 7.4. P(3r s + / < A — î^^s+t-i-
s + t —I

Proof. Put t^P ŝ+t-\ for a coefficient Xs_t- Then, by Pro­

position 6.1, (ii), so X^i=I. For #>1, by Proposition 7.1,

W .  /3., a y ^ ^ 0 s 8 ^ t -^ ,  ^ ,̂ «>
t I  t — I

~  t —\ f  1 + t - 2 y  ^y

__  t S-\~t — ̂ /D



So that,
t s + t - 2 „ t s + t - 2 t - l s + t - 3  2 S

# - l s + / - l / - 2 s + f - 2 ’” I  S+1

st
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s +  t - 1

Now, we must calculate the modulus groups. But, a simple calculation 

shows that all these groups are 0. Hence, we have =
s + t -1

Corollary  7.4. For s + t = s '+ t ' <CP, •
ts s 't '

Remark. In [10; IV ], Toda defined the element /3̂ as a non-trivial 
element of G2Csp+s-ixp-o-2=  Zj,. So, we may choose e G* as 
for ^s^^2Csp+s-ixp-D-i- By Lemma 4.1, we have that

So that, the relation for s+ t<^p  implies that
s+ ^ -1

__ _
/3j/3j = ---------for s+t<Zp  in G*. This is an answer to the problem

s+? —I
of Toda [10 ; IV, p. 326].
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