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Abstract
We explore generic features of the leptonic CP violation in the framework of the seesaw type I mechanism with similarity of the Dirac lepton and quarks mass matrices mD . For this, we elaborate on the
standard parametrization conditions which allow to simultaneously obtain the Dirac and Majorana phases.
If the only origin of CP violation is the left-handed (LH) transformation which diagonalizes mD (similar to quarks), the leptonic CP violation is suppressed and the Dirac phase is close to π or to 0 with
q
q
sin δCP ≈ (sin θ13 / sin θ13 ) cos θ23 sin δq ∼ λ2 sin δq . Here λ ∼ θC , is the Cabibbo mixing angle, and θ13
and θ13 are the 1–3 mixing angles of quarks and leptons respectively. The Majorana phases β1 and β2 are
suppressed as λ3 sin δq . For Majorana neutrinos implied by seesaw, the right-handed (RH) transformations
are important. We explore the simplest extension inspired by Left–Right (L–R) symmetry with small CKMtype CP violation. In this case, seesaw enhancement of the CP violation occurs due to strong hierarchy of the
eigenvalues of mD leading to δCP ∼ 1. The enhancement is absent under the phase factorization conditions
which require certain relations between parameters of the Majorana mass matrix of RH neutrinos.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3 .
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1. Introduction
Establishing the leptonic CP violation is one of the major experimental frontiers in neutrino
physics. The Dirac and Majorana CP phases are among the few yet unknown parameters for
which a prediction may still be made. So, we need to understand what particular values or intervals of the CP phases will imply for fundamental theory.
Indeed, there are numerous predictions of the phases which are based on broad spectrum of
ideas, approaches, and models [1]. Some approaches that have been employed are (i) Neutrino
and charged lepton mass matrices with certain properties such as – textures [2], symmetries, and
symmetry violations, e.g., μ − τ reflection or generalized symmetry [3]; (ii) Models with discrete
flavor symmetries [4], which can realize geometric origins of the phases, the CP violation due
to group structure or complex Clebsch–Gordan coefficients [5], or connect the phases and the
mixing angles [6], etc.; (iii) Grand unification with seesaw type I and type II [7]1 ; (vi) Radiative
generation of CP violation [9]; (vii) Relating the leptonic CP phase to other physics, e.g., a
solution to the strong CP problem wherein δCP = 0 or π is predicted [10]. Many efforts have been
devoted to obtain maximal CP violation, i.e., δCP = π/2 [11], although other values essentially
from 0 to π have also been found.
Can we really predict the leptonic CP phase, given that even in the quark sector, where all
parameters are known, there is no unique and convincing explanation of the value of CP phase?
Moreover, in the lepton sector the situation is expected to be more complicated due to presence
of additional structures which are responsible for the smallness of neutrino masses. Can the
lepton and quark CP phases be equal, or connected in some way? To address these questions it is
instructive to represent the lepton mixing matrix in the form
UPMNS = UL UX ,

(1)

where UL is somehow related to the quark CKM-mixing matrix and UX reflects new physics
responsible for smallness of neutrino mass and large mixing angles [12–18]. Here UL and UX can
follow from diagonalization of mass matrices of the charged leptons, UL = Ul† , and neutrinos,
UX = Uν , respectively. Origins of CP violation can be in Ul [19] and/or Uν . The assumption
†
UX .
Ul ∼ VCKM corresponds to the Quark-Lepton Complementarity [13], so that UPMNS = VCKM
This possibility has been explored for UX = UBM (bimaximal mixing matrix) [14] and UX =
UTBM (tribimaximal mixing matrix) referred as Cabibbo-TBM [20]. In these cases the origin of
CP could be in VCKM or in the diagonal phase matrix attached to UX . In [14] the “correlation
matrix” UX has been taken in the form UX = P (φl )UBM Q(φi ), where P (φl ) and Q(φi ) are
diagonal phase matrices. It was noticed that if φl = 0, the Jarlskog invariant is very small [14,17,
q
15]: JPMNS = sin θ13 sin δCKM , i.e., too small to be measured in future experiments.
The ansatz (1) can be naturally realized in the seesaw type I mechanism [21] which is the
simplest and the most natural explanation of smallness of neutrino masses as well as large lepton mixing [22]. It is simplest because only RH neutrinos are added to the theory. It is natural
in the sense that it allows to explain smallness of neutrino mass and the substantial difference
between lepton mixing and quark mixing, while at the same time maximally implementing the
quark–lepton similarity. The latter, in turn, is expected, e.g., in Grand unified theories. Seesaw
type I mechanism with similar Dirac mass matrices for neutrinos and quarks defines the canonical seesaw mechanism.
1 The extreme possibility is that the mixing of quarks and leptons coincides at the GUT scale and the low energy
difference is due to large renormalization group evolution for a quasi-degenerate mass spectrum [8].
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In this paper we consider the leptonic CP phases that can arise from this canonical seesaw
mechanism, which provides the closest possible connection of the quark and lepton sectors. We
†
structure but in
will further generalize the relation (1) assuming that UL has similar to VCKM
†
. For the matrix UX we will not assume any special structure
general does not coincide with VCKM
but restrict it only by the condition that the product (1) reproduces the experimentally observed
values of the mixing angles. We will find the phases in the standard parametrization of the PMNS
matrix. For this we formulate and use the standard parametrization conditions which allow us to
obtain simultaneously both the Dirac and Majorana CP phases.
We find that if the only source of CP violation is the Kobayashi–Maskawa (KM)-type phase in
UL , it leads to a small δCP . In the seesaw mechanism due to the Majorana nature of neutrinos the
CP violation in the RH sector become relevant for the PMNS CP phases. That includes the phases
in the RH rotation UR that diagonalizes the Dirac mass matrix mD as well as in the Majorana
mass matrix of RH neutrinos, MR . We find that generically the seesaw mechanism enhances
CP violation that appears in UR , so that δCP = O(1). Such an enhancement is absent and the
CP phases are small (or close to π ) if parameters of MR satisfy certain (phase factorization)
relations. We find relations between the Dirac and Majorana phases which can be used to test
these scenarios. An observation of (large) leptonic CP violation in oscillation experiments and/or
neutrinoless double beta decay would therefore be a signature that there is a new source of CP
violation, beyond the leptonic analogue of KM-phase and coming from the RH sector, or that
neutrino masses do not arise from a canonical seesaw.
We will argue that specific values of the leptonic CP phases are possible since the contribution
of the Kobayashi–Maskawa type phase turns out to be suppressed or be close to δCP ∼ π and the
main contribution comes from the RH sector which can obey specific symmetries.
The paper is organized as follows: In Section 2 we present the formalism for calculating the
CP phases. In Section 3 we derive the expressions for the CP phases when the only source of
CP violation is a KM-like phase in the left-handed transformation that diagonalizes the Dirac
mass matrix. The general case with CP violation in the RH sector is considered in Section 4.
In Section 5 we explore a specific case of CP violation in the RH sector, which corresponds
approximately to a L–R symmetry of the theory. In Section 5.2 we consider special conditions
where the resulting CP phase is still small. We then show that in general the seesaw enhancement
of CP violation occurs which leads to δCP ∼ O(1), even if CP violation in UR is of KM type. We
present some phenomenological consequences in Section 6 and conclude in Section 7.
2. Seesaw type I, CP violation, and standard parametrization
2.1. UX matrix in seesaw type I
We introduce the Dirac matrix, mD , in the flavor basis and Majorana mass matrix, MR , according to the mass terms of the Lagrangian
1
Lmass = −ν̄L mD νR − νRT C † MR νR + h.c.
2
Integrating out the RH neutrinos we obtain Lmass = −ν̄L mν ν̄LT + h.c., where the matrix of light
neutrinos in the flavor basis equals
mν = −mD MR−1 mTD .
The Dirac mass matrix can be represented in the flavor basis as
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mD = UL mD UR† ,

(2)
diag

diag

where UL and UR are the transformations νL = UL νL , νR = UR νR , that diagonalize mD ,
diag
and mD ≡ diag(m1D , m2D , m3D ). The light neutrino mass matrix in the flavor basis is
T
mν = UPMNS mdiag
ν UPMNS ,

(3)

where
νL = UPMNS νmass ,
diag

are the light neutrino flavor states and mν = diag(m1 , m2 , m3 ) is the diagonal matrix of real
and positive neutrino mass eigenvalues.
Inserting (3) and (2) into the seesaw expression (2) we obtain
diag

†
T
UPMNS mdiag
ν UPMNS = −UL mD UR

1 ∗ diag T
U m U .
MR R D L

(4)

The relationship in (4) can be re-expressed as
T
T
UPMNS mdiag
ν UPMNS = UL MX UL ,

(5)

where
diag

MX ≡ −mD UR†

1 ∗ diag
U m .
MR R D

(6)

It is the structure of the matrix MX that produces the difference in masses and mixing of quarks
and leptons.
Since UPMNS and UL are unitary matrices, the eigenvalues on both sides of (5) should coincide. Therefore MX can be rewritten as,
T
MX = UX mdiag
ν UX ,

(7)

and the mixing matrix UX is obtained by diagonalization of (6). From (5) and (7) we obtain
T
diag T T
UPMNS mdiag
ν UPMNS = UL UX mν UX UL ,

which can be satisfied if and only if the matrix UL UX coincides with UPMNS up to a diagonal
matrix D = diag[(−1)n , (−1)m , (−1)k ], where n, m, k are integers, which is the symmetry transformation of a generic diagonal Majorana mass matrix. Therefore, UPMNS = UL UX D. In what
follows, we will absorb D into the phase matrix of UX .
Thus, within the seesaw paradigm we arrive at the relationship (1) with UX being the matrix
which diagonalizes MX (6). Notice that UL would be the lepton mixing matrix, if MX is diagonal
or there are no Majorana mass terms. Whereas, UX encodes information about the eigenstates
of the Dirac and Majorana mass matrices, as well as about mismatch of the νR transformadiag T
, so
tions which diagonalize mD and MR . The matrix MR can be written as MR = UM MR UM
diag −1 †
diag † ∗
diag −1 † ∗ diag
−1
∗
that MR = UM (MR ) UM , and consequently, MX = −mD UR UM (MR ) UM UR mD .
If UM = UR∗ , then according to (6) MX is diagonal.
In what follows we will explore the relationship expressed in (1) to derive predictions for
the physical CP violating phases in UPMNS in terms of the relevant parameters of the RH sector
and UL . Results of this section are general and can be applied to any mechanism which reproduces (1).
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2.2. Standard parametrization conditions
Motivated by its widespread use, we will consider the CP phases that appear in the standard
std
parametrization of the PMNS matrix UPMNS
[23]:
std
UPMNS
= R23 Γδ R13 Γδ† R12 ,

where Γδ ≡ diag(1, 1, eiδCP ) and δCP is the Dirac CP violating phase. Usually to find the CP
phase one computes the Jarlskog invariant of Uli , and uses the mixing parameters in the standard parametrization. We find that a more instructive and transparent way to find CP phases is
to compute the mixing matrix directly and reduce it to the standard parametrization form by
rephasing.
In general, the PMNS matrix can be written as
std
UPMNS = D(φ)UPMNS
(δCP )ΓM (β).

(8)

Here D(φ) ≡ diag(eiφe , eiφμ , eiφτ ) is the matrix of phases which can be eventually absorbed into
the wave functions of charged leptons, and


ΓM ≡ diag eiβ1 , eiβ2 , 1
is the matrix of the Majorana phases.2 We will use the standard parametrization also for the
matrices on the RH side of (1):
UL = D(ψ)ULstd (δL )D(χ),

UX = D(y)UXstd (δX )D(z),

(9)

where D(ψ) ≡
etc.,
and
are the matrices in the standard
parametrizations which contain a single CP phase each. Then the product of matrices in Eq. (1)
equals
diag(eiψe , eiψμ , eiψτ ),

ULstd

UL UX = D(ψ)ULstd (δq )D(α)UXstd (δX )D(z),

UXstd

where αl ≡ χ + y.

(10)

Clearly, introduction of the two separate matrices D(χ) and D(y) is irrelevant for the light
neutrino mass matrix but it does matter for the structure of the RH sector.
Inserting expressions (8) and (10) into (1), and multiplying it by D(φ)∗ and ΓM∗ from the left
and the right sides respectively, we obtain
std
UPMNS
= D(γ )ULstd (δq )D(α)UXstd (δX )D(η).

(11)

The phases
γ ≡ ψ − φ,

η≡z−β

should be selected in such a way that they bring the RHS of (11) to the standard parametrization
form.
The conditions, that the matrix on the RH side of (11) is in the standard parametrization, are
given by the following 5 equations
Arg{Ue1 } = Arg{Ue2 } = Arg{Uμ3 } = Arg{Uτ 3 } = 0,

(12)

|Ue1 | Im Uμ2 = |Ue2 | Im Uμ1 .

(13)

α
α
i 21 i 31
2 An alternate parametrization of Γ
M is diag(1, e 2 , e 2 ), and we can recover these Majorana phases, α21 =
2(β2 − β1 ) and α31 = −2β1 , by an overall rephasing of UPMNS from the right side by e−iβ1 .
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These conditions which we call the Standard Parametrization (SP) conditions fix 5 phases γe ,
γμ , γτ and η1 , η2 . Notice that conditions (12) determine the phases of the mixing matrix up to a
rephasing: Ue3 → eiΦ Ue3 , and (Uμ1 , Uμ2 , Uτ 1 , Uτ 2 ) → e−iΦ (Uμ1 , Uμ2 , Uτ 1 , Uτ 2 ). This allows,
in particular, to eliminate the phase of the 1–3 element. It is the condition (13) that fixes Φ and
removes the ambiguity.
Once the SP-conditions are satisfied the phase of the 1–3 element of the obtained matrix will
give
δCP = − Arg{Ue3 },

or

sin δCP = −

Im Ue3
,
|Ue3 |

and the Majorana phases equal
β = z − η.
2.3. Quark-lepton similarity and general expression for the Dirac CP phase
The main assumption in this paper is that the Dirac mass matrix of neutrinos has similar
structure to that of quarks: mD ∼ mu or ∼ md , as can be motivated by the Grand unification
or common flavor symmetry with the same charge assignments. Consequently, the mixing in
leptonic sector which follows from the Dirac matrices is similar to that in the quark sector:
†
ULstd (δL ) ∼ VCKM
(δq ).

(14)

Essentially, we will only assume that mixing matrix UL has a hierarchical structure of elements,
as the CKM matrix, i.e., Vud  Vcd  Vtd , etc., and express the smallness of these quantities by
referring to the Wolfenstein parameter λ. We make no use on any other details of this similarity.
In particular, the parameter λ does not have to be exactly the same as in the quark sector.
According to (14), we will suggestively denote the elements (ULstd )li by the elements of Vul∗ ,
where the charged lepton index l = (e, μ, τ ) here corresponds to the down quarks (d, s, b) in
VCKM and the neutrino index i = (1, 2, 3) corresponds to up-quarks (u, c, t). Denoting the elements of the matrix UXstd by Xli we obtain for the matrix elements on the RHS of (11)


(15)
Ulj = ei(γl +ηj ) Vul∗ Xej eiαe + Vcl∗ Xμj eiαμ + Vtl∗ Xτj eiατ ,
where l = e, μ, τ and j = 1, 2, 3. We remind that in V we replace e → d, μ → s, τ → b.
Introducing ξlj – the phases of the expressions in the brackets of (15), we can rewrite the
elements of the PMNS matrix (15) as
Ulj = ei(γl +ηj +ξlj ) |Ulj |.
The phases γl and ηj should be determined from the conditions of the standard parametrization.
The elements Vud , Vus , Vcb , and Vtb are real. The elements Vcd = −|Vcd |eiφcd and Vts =
−|Vts |eiφts have an overall negative sign, so that the phases φcd and φts are of order λ4 and λ2 ,
respectively. The other phases are defined as usual, Vub = |Vub |eiφub , Vtd = |Vtd |eiφtd , and Vcs =
|Vcs |eiφcs . The phases φub and φtd are O(1), while φcs is of order λ6 and can be neglected. All
these phases are known in terms of the quark CP violating phase δq .
Consider the element Ue3 which contains the Dirac CP phase:


(16)
Ue3 = s13 e−iδCP = eiγe eiαe Vud Xe3 − ei(αμ −φcd ) |Vcd |Xμ3 + ei(ατ −φtd ) |Vtd |Xτ 3 .
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Modulus and argument of Ue3 determine θ13 and δCP , respectively. Since |Ue3 | = s13 , from (16)
we obtain
1 
sin(αe + γe − δX )Vud |Xe3 | − sin(αμ + γe − φcd )|Vcd |Xμ3
sin δCP = −
s13

(17)
+ sin(ατ + γe − φtd )|Vtd |Xτ 3 .
Recall that the phases αl and δX parametrize the CP violation which originates from the RH
sector. The phase γe is fixed by the standard parametrization conditions: γe = γe (αl , δX , δq ). The
phase η3 = 0, as z3 and β3 can be chosen to be zero, and the above expressions do not explicitly
depend on η. The important feature of the result (17) is that contribution of ατ to δCP is always
suppressed by Vtd /s13 ∼ λ2 , δX is suppressed by Xe3 , whereas the contributions of αe and αμ
are unsuppressed.
3. A CKM-type origin of the leptonic CP violation
Suppose that the only source of CP violation is ULstd (δL ) ≈ VCKM (δq ), i.e., the matrix of
transformation of the LH neutrino components that diagonalizes mD . This is a direct analogy to
the Kobayashi–Maskawa mechanism in the quark sector, as previously considered e.g. in [14]. It
corresponds to UX being a real matrix, so that
αl = 0,

z = δX = 0.

The matrix in front of ULstd (δL ) can be absorbed into the phases of the charged leptons. This
can be thought of as the minimal CP violation that we expect for leptons if their Dirac masses
are similar to quarks. In the context of the seesaw mechanism such a situation can be realized if
both UR and MR are real, and the diagonal phase matrices vanish or cancel with each other. The
cancellation can be due certain symmetries for RH neutrino components. In this case according
to (16) and (17):


(18)
Ue3 = eiγe Vud Xe3 − |Vcd |Xμ3 + e−iφtd |Vtd |Xτ 3 ,
and
sin δCP = −


 
1 
sin γe (Vud Xe3 − |Vcd |Xμ3 ) + sin (γe − φtd )|Vtd |Xτ 3 + O λ4 ,
s13

(19)

where φcd has been neglected. The absolute value of Ue3 according to (18) equals
 
|Ue3 | = s13 = |A| ≡ |Vud Xe3 − |Vcd |Xμ3 | + O λ3 .
Therefore
sin δCP = − sign{A} sin γe −

1
sin (γe − φtd )|Vtd |Xτ 3 .
s13

Thus, the CP phase is determined essentially by γe which we find (see Appendix A for details)
by imposing the SP conditions (12, 13) to be
γe =

2 X X − X2 X X
 
Xe1
μ2 τ 2
e2 μ1 τ 1 q
s13 sin δq + O λ4 ,
Vud Xe1 Xe2 Xτ 3

(20)
q

q

where we used the result (40) and |Vtd | sin φtd ≡ Im Vtd = s13 sin δq . Since s13 = λ3 the expression (20) shows that sin γe = O(λ3 ).
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std . Using the relations (15), at
Let us express the elements Xli in terms of the elements of UPMNS
O(1) we have Xlj ≈ |Ulj |/(VCKM )ll , while Xe3 turns out to be of the order λ: Xe3 = ±s13 /Vud +
s23 |Vcd |/(Vud |Vcs |). With these expressions for Xli and γe , we obtain from (19)
q

sin δCP = − sin δq



s13
c23 [1 + 2s13 tan θ23 cot 2θ12 ] + O λ4 , λ3 s13 .
s13

(21)

Similarly according to (39) and (41), the Majorana phases are
 
s23 c12 q
β1 =
s13 sin δq + O λ4 ,
s12
 
s23 s12 q
s13 sin δq + O λ4 .
β2 = −
c12
The following comments are in order.
1. The main term in (21) is of the order λ3 /s13 ∼ λ2 , that is, suppressed by ∼ λ2 . This agrees
with results obtained previously (e.g., [14,17]). At leading order (21) can be rewritten as
q

s13 sin δCP = (−c23 )s13 sin δq ,
or Im Ue3 = −c23 Im Vub . So, the Dirac CP phase in the leptonic sector is suppressed because the
mixing is relatively large, compared to quark mixing.
2. The subleading term in the Dirac CP phase is of the order λ3 , and it is proportional to
deviation of the 2–3 mixing from maximal.
3. Numerically we have sin δCP ≈ −0.05 sin δq = −0.046, as δq = 1.2 ± 0.08 radian. To determine the phase itself we should also estimate cos δCP . Since sin δCP  1, we have cos δ ≈ ±1.
Therefore according to (18) cos δCP = sign{A}, which corresponds to either
δCP ≈ −δ

or δCP ≈ π + δ,
q

where the deviation δ ≈ (s13 /s13 )c23 sin δq , is of the order λ2 .
4. The Majorana phases are smaller and suppressed as λ3 . Numerically one finds that β1 ≈
0.01 and β2 ≈ −0.005. Notice that these are the “induced” phases by the Dirac quark phase δq
and SP conditions. Indeed, the phase δq appears in a mixing matrix that is not in the standard
form, and βi are the phases obtained in rephasing procedure to bring this matrix to the standard
form.
5. As we remarked before, the Dirac phase can be obtained from the Jarlskog invariant in the
standard parametrization:
 1
 ∗ ∗
JCP ≡ Im Ue1
Uμ3 Ue3 Uμ1 = sin 2θ13 sin 2θ13 sin 2θ13 cos θ13 sin δCP .
(22)
8
Using expressions (15) for the elements in the LHS of this equality taken for all zero phases but
δq we obtain in the lowest order
JCP = −Vcs2 Vud Xμ1 Xμ2 Xμ3 Im Vtd ≈ −Xμ1 Xμ2 Xμ3 Im Vtd .
Expressions (47) and (48) in Appendix B, for Xμi in terms of PMNS mixing angles allow to
rewrite this as
q

2
2
JCP = s12 c12 s23 c23
Im Vtd = s12 c12 s23 c23
s13 sin δq .
q

Finally, inserting this into LHS of Eq. (22) we find sin δCP = −c23 (s13 /s13 ) sin δq which coincides with the lowest order term in Eq. (21).
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6. The results obtained in this section do not actually depend on mechanism of neutrino mass
generation. They are based on a general parametrization of the PMNS matrix (1), with the as†
is the only source of the CP violation and requirement that the product
sumption that UL ∼ VCKM
(1) reproduces the observed lepton mixing angles. Although we have motivated this ansatz in the
†
and has no other source of CP
context of seesaw type I, any model that satisfies UL ∼ VCKM
violation leads to the same result.
4. General case of CP violation
In general the assumption made in the previous section, that the left transformation is the only
source of CP violation, is not valid for Majorana neutrinos implied by seesaw. In the case of
Majorana neutrinos, phases of the RH sector become important for PMNS mixing. In particular,
the CP phase in the right matrix UR will contribute to δCP . The CP violation in RH sector doesn’t
affect the CP violation in the CKM matrix because quarks do not have a Majorana mass term.
In this sense, the analogy between the lepton and quark sector cannot be exact even if Dirac
matrices are the same – the matrix UR has physical consequences for neutrinos.
Consider the most general possibility, when CP violating parameters exist in both the Dirac
and Majorana mass matrices involved in the seesaw. Neglecting terms of the order λ3 we obtain
from (17)
sin δCP = −


1 
sin(αe + γe − δX )Vud |Xe3 | − sin(αμ + γe )|Vcd |Xμ3 .
s13

(23)

In the leading order in λ the conditions of standard parametrization (12) give
η1 + αe + γe = 0,
γμ = −αμ ,

η2 + αe + γe = 0,

γτ = −ατ ,

(24)

and the 5th condition reads:
sin(γμ + η2 ) = r sin(γμ + η1 ).

(25)

(Notice that r ≈ −2, because UX is close to being UTBM ). The only solution of this system is
the following: η1 = η2 ≡ η from (24), then γμ = −η from (25), and then αμ = η, γe + αe = −η.
Inserting these expressions into (23) we obtain
sin δCP =


1 
Vud |Xe3 | sin(αμ + δX ) − |Vcd |Xμ3 sin αe .
s13

All three phases δX , αe , and αμ are free parameters and one can obtain any value of the CP
phase. In specific cases, some of these phases can be removed or fixed resulting in a more precise
prediction, e.g., if Xe3 = 0, we get sin δCP ≈ − sin αe . For αe = αμ = δX = 0 we obtain δCP = 0,
in agreement with our consideration in Section 3 at this order.
If αμ = 0 and αe = ατ = 0, we obtain by using the standard parametrization conditions
sin δCP = sin αμ

Vcd Xμ3
.
|−Vcd Xμ3 eiαμ + Vud Xe3 |

According to this expression δCP can be of the order 1 if αμ is unsuppressed.
The Majorana phases equal
β1 = z1 − αμ ,

β2 = z2 − αμ ,
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which gives β1 − β2 = z1 − z2 , where zi are also unknown parameters, which can be fixed once
MR is determined. So, in general, all leptonic CP phases are unconstrained and can be large.
5. CP violation from UR and seesaw enhancement of the CP phase
5.1. CP phases in the left–right symmetric case
Here we explore the minimal extension of the CKM case that includes effect of the RH sector.
In the spirit of L–R symmetric models we assume that
†
UR ≈ UL ∼ VCKM
,

and there is no CP violation in MR in the L–R symmetry basis. So,
T
MX ≡ −mD VCKM MR−1 VCKM
mD ,
diag

diag

(26)

where now MX is a complex symmetric matrix. The CP violation in UR ∼ UL is very small,
being suppressed by λ3 .
To elucidate the role of CP violation from UR and effect of seesaw we assume that MR has
the following form:
 diag −1
 diag −1 0
0T
mD
MR−1 = VCKM
VCKM ,
(27)
M̃TBM mD
0
where VCKM
= VCKM (δ = 0) is the CKM-like matrix with zero value of the CP phase and
M̃TBM ≈ MTBM . The latter ensures that matrix UX is close to UTBM , which leads to the observed
PMNS mixing angles.
Inserting expression (27) into (26) we can represent MX as

MX = −K M̃TBM K T ,
where

 diag −1
diag
0T
mD
K ≡ mD VCKM VCKM

is the correction matrix that captures the effect of a non-zero CP phase. Indeed, for δq = 0, K = I
the above would provide MX ≈ −M̃TBM .
Computing explicitly, we find
⎛
⎞
0 0 −Vtd∗
0T
0 ⎠,
VCKM VCKM
=I +⎝ 0 0
Vtd 0
0
and Vtd ≈ λ3 (1 − eiδ ) ≡ λ3 ξ . Let us take mD = m3D diag(λm , λn , 1). We can also include coefficients of order one here, but they will not change final conclusion. Then
⎛
⎞ ⎛
⎞
1
0 0
1
0 −Vtd∗ λm
⎠≈⎝ 0
1 0 ⎠.
0
1
0
K =⎝
(28)
Vtd λ−m 0
1
ξ λ3−m 0 1
For m ≥ 4, the 3–1 element of the correction matrix is large, i.e., enhanced as ≥ ξ λ−1 . It is this
factor, related to the strong hierarchy of the eigenvalues of the Dirac matrix, that can lead to
enhancement of the CP violation. Note that the correction in (28) does not depend on the second
eigenvalue λn .
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We take

⎛

aλp
⎝
...
M̃TBM ∼ m0
...

⎞
bλ f λ
1
g ⎠,
... h
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(29)

where a, b, g, h are real coefficients of the order 1. Then using the correction matrix (28) we
obtain
⎛ p
⎞
bλ
aξ λ−m+p+3 + f λ
aλ
⎠.
MX ∝ ⎝ ...
1
bξ λ−m+4 + g
...
... aξ 2 λ−2m+p+6 + 2f ξ λ−m+4 + h
The only possibility to have MX be an approximate TBM mass matrix is m ≤ 4 and p ≥ 2.
That is, the hierarchy of the Dirac mass matrix is strongly restricted by the condition that correct
PMNS mixing is reproduced. If the hierarchy of the eigenstates of the Dirac mass matrix is too
strong, i.e., m > 4, no solution which gives correct mixing angles exists in the presence of a CP
violating phase. At the same time a solution always exists for arbitrarily strong hierarchies if
there is no CP phases in UR .
Taking m = 4 and p = 2, we obtain
⎛ 2
⎞
aλ bλ
λ(aξ + f )
⎠,
1
bξ + g
MX ∝ ⎝ ...
(30)
2
... ... aξ + 2f ξ + h
and corrections to all the elements are suppressed by at least λ2 . Now the problem is to find
phases of the matrix UX (yl , δX , zi ) that diagonalizes (30).
5.2. Factorization of phases
The phases of UX can be found immediately if the phases are factorized from MX . Under the
conditions


1
Arg(aξ + f ) = Arg(bξ + g) = Arg aξ 2 + 2f ξ + h ≡ φF ,
2
which we will call the phases factorizations conditions, the matrix (30) can be written as
MX = D(φF )MX0 D(φF ),
where D(φF ) = (1, 1, eiφF ) and
⎛ 2
⎞
aλ bλ λa|F |
1
b|F | ⎠ .
MX0 ∝ ⎝ ...
... ... a|F |2

(31)

Here F ≡ |F |eiφF ≡ ξ + f/a.
The factorization conditions can be satisfied if
f
g
= ,
a
b

f 2 = ah.

Since MX0 is real and, in general, can be diagonalized by real matrix O, we have UX =
D(φF )O. So that in the notation of (9), ye = yμ = δX = z = 0 and yτ = φF . Furthermore,
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since in the L–R symmetric case D(ξ ) is irrelevant, αl = yl and ατ = yτ = φF . Thus, D(α) =
diag(1, 1, eiατ ) and the factorization phase is determined by
tan ατ =

sin δ
.
1 + f/a − cos δ

Furthermore,

2
|F | = |ξ + f/a| = (1 + f/a)2 − 2(1 + f/a) cos δ + 1 .
If f = −1 and a = 1 we have ατ = −δ and |F | = 1. More generally, for the interval a = 1 − λ to
1 + λ we obtain that ατ changes from −74◦ to −86◦ . For f > 0 the interval for the phase ατ is
27◦ –30◦ . In both cases ατ differs from φtd ≈ 50◦ . Solving the SP conditions (see Appendix A),
we find
1
sin δCP ≈ − sign{A} 2 sin φtd Vts cot 2θ23 −
sin(ατ − φtd )|Vtd |Xτ 3 .
(32)
s13
Thus, in the case of factorization with only ατ = 0, the final value of the CP phase is still
small, being suppressed by λ2 . The reason is that ατ enters the expression for sin δCP with small
factor Vtd . The Majorana phases (which appear as by-product of the standard parametrization
conditions) equal (see Appendix B)
sin β1 ≈ sin β2 ≈ − sign{A}2 sin φtd Vts cot 2θ23 .
For ατ = φtd all three CP phases are equal.
The matrix (31) does not satisfy the exact TBM conditions:
(MX )12 = −(MX )13 ,

(MX )13 = (MX )33 ,

(MX )22 − (MX )23 = (MX )11 + (MX )12 ,
which for (31) take the form
b = −a|F |,

a|F |2 = 1,

1 − b|F | ≈ bλ.

Indeed, from the first and second equalities we have b|F | = −1 and from the last one: b|F | ≈
1 − bλ ≈ 1. The deviation of MX0 from the TBM form leads, in particular, to a non-zero 1–3
mixing:
λ 1
X
Xe3 ≈ tan θ13
∼√
2 |F |
which can be in agreement with data.
5.3. Seesaw enhancement of CP violation
In general in the absence of factorization the mass matrix MX will generate a non-zero αe , αμ ,
and δX , and consequently a large δCP . Expressions for phases of UX in the three generation case
are very complicated and difficult to analyze. Therefore to show effect of enhancement of the CP
phases we will consider the two leptonic generations. In the case of a hierarchical neutrino mass
spectrum the 2–3 block of elements in the mass matrix is dominant, with elements of the first
row and column being suppressed by m2 /m3 ∼ λ as in (30). Therefore we consider the second
and third neutrinos. Results obtained in this approximation are expected to receive corrections of
the order λ when mixing with the first neutrino is turned on.
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The matrix MX can be written as
MX = D(ΦH )MX0 D(ΦH ),
where D(ΦH ) = diag(1, eiΦH /2 ) and
MX0 = m0

1
...

Geiψ
H

(33)

.

Here GeiΦG ≡ bξ + g, H eiΦH ≡ a(ξ 2 + 2f ξ + h), and ψ ≡ ΦG − ΦH /2. It is easy to show that
selecting parameters a, b, g, f, h one can get any value of ψ from zero to O(1).
We will diagonalize MX0 (33) with UX0 = D(y 0 )RX (θ )D(z), where RX (θ ) is a 2 × 2 rotation
0
matrix, D(y) = diag(eiyμ , eiyτ ), and D(z) = diag(eiβ2 , 1) are the phase matrices. Then UX =
diag
D(ΦH )UX0 . The diagonalization condition UX0† MX0 UX0∗ = mν , can be written as
T
RX
(θ )D(Δ)MX0 D(Δ)RX (θ ) = e2iyμ D(z)mdiag
ν D(z),

(34)

where D(Δ) ≡ diag(1, eiΔ ) and Δ ≡ yμ − yτ0 . From (34) we obtain the relations which determine
the phases yμ , yτ0 , β2 :


1
sin 2θ 1 − H ei2Δ + cos 2θ Gei(ψ+Δ) = 0,
2
m2 i2(yμ +β2 )
c2 + s 2 H ei2Δ − sin 2θ Gei(ψ+Δ) =
e
,
m0
m3 i2yμ
s 2 + c2 H ei2Δ + sin 2θ Gei(ψ+Δ) =
e
.
m0

(35)

The solution is very simple in the case of maximal mixing: cos 2θ = 0, when the first equation
in (35) is satisfied for H = 1 and Δ = 0, so that yμ = yτ0 . The two other equations give
1 − Geiψ =

m2 i2(yμ +β2 )
e
,
m0

1 + Geiψ =

m3 i2yμ
e
.
m0

From these equations we obtain
sin 2yμ = G

m3
sin ψ =
m0

G sin ψ
1 + 2G cos ψ + G2

,

(36)

and G determines the mass hierarchy:
m2
=
m3

1 − 2G cos ψ + G2
.
1 + 2G cos ψ + G2

The equality (36) implies that sin 2yμ is of the order sin ψ. And since ψ can be O(1), can have
a large αμ = yμ , and consequently, a large δCP . Furthermore, by selecting G the correct mass
hierarchy can be obtained.
In the case of deviation of 2–3 mixing from maximal, H = 1, one obtains in general corrections to the obtained results of the order (H − 1). In special case cos ψ ≈ 0 the corrections can
be enhanced.

370

B. Dasgupta, A.Yu. Smirnov / Nuclear Physics B 884 (2014) 357–378

5.4. CP phases with other assumptions on MR
Similar results can be obtained with other ansatzes for MR−1 .
(1) Consider
 diag −1
 diag −1
MR−1 = mD
,
M̃TBM mD
with M̃TBM given in (29). It differs from the ansatz in Section 5.3 by the absence of the rotation
0
VCKM
. Taking mD = diag(λ4 , λ2 , 1), which the only possibility which can lead to nearly TBM
mass matrix for MX , we obtain
⎛ p
⎞
−aλp + bλ
aλp−1 ξ + λ(f − b)
aλ
MX ∝ ⎝ ... aλp−2 − 2b + 1
−aλp−2 + bξ − (f − b) + g − 1 ⎠ .
...
...
aλp−2 ξ 2 + 2ξ(f − b) − 2g + h + 1
In contrast to the previous case, now it is possible to have p = 1, leading to dominance of terms
with a. That is, the whole matrix at the lowest order is generated by the 1–1 element of M̃TBM :
⎛ 2
⎞ ⎛
⎞
λ −λ λξ
0
−abλ
λ(f − b)
a
bξ − (f − b) + g − 1 ⎠ .
MX ∝ ⎝ ... 1 −ξ ⎠ + ⎝ ... −2b + 1
λ
...
...
2ξ(f − b) − 2g + h + 1
... ... ξ 2
At the lowest order (the first term) phase factorization occurs automatically and the matrix MX
is close to TBM, having only one nonzero mass eigenvalue. The factorization phase equals ατ =
Arg ξ = φtd , and according to (32)
sin δCP = − sign{A}2 sin φtd Vts cot 2θ23 .
Corrections of the order λ then generate lighter masses giving naturally m2 /m3 = O(λ) as
well as modify CP phases. Selecting g and h one can achieve phase factorization of the whole
matrix. In this case the elements of the third column become
(MX )eτ = aξ  ,

(MX )μτ = −

a
− b ξ ,
λ

a
(MX )τ τ = ξ  ,
λ

with
ξ = ξ + λ

f −b
.
a

The latter gives ατ = φtd + O(λ).
†
†
we could use a more general expression UR = D ∗ (κ)VCKM
D(κ),
(2) Instead of UR = VCKM
iκ
iκ
iκ
where D(κ) = diag(e 1 , e 2 , e 3 ). We can fix κi in such a way that the 3–1 element in the
0T , which led to the seesaw enhancement, is zero. For κ = κ = 0 and
matrix VCKM D(κ)VCKM
1
2
κ3 = δ we obtain
⎛
⎞
1
0
0
0T
1
−λ2 ξ ⎠ .
VCKM D(κ)VCKM
=⎝0
2
0 −λ ξ
eiδ
Through this rephasing we moved the CP phase from the 1–3 to the 2–3 element. For the correction matrix we find
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⎛

1
K =⎝0
0

0
1

−λ−n+2 ξ

0

371

⎞

−λn+2 ξ ⎠ .
eiδ

Notice that now the second eigenvalue of mD matters. Finally, with M̃TBM from (29) we obtain
⎛ p
⎞
bλ
−bξ λ−n+3 + f λeiδ
aλ
⎠.
MX = K M̃TBM K −1 ∝ ⎝ ...
1
−ξ λ−n+2 + geiδ
2
−2n+4
iδ
−n+2
i2δ
...
... ξ λ
− 2ge ξ λ
+ he
MX ∼ MTBM can be obtained for n = 2. In this case
⎛ p
⎞
aλ
bλ
−bλξ + f λeiδ
⎠.
MX ∝ ⎝ ...
1
−ξ + geiδ
2
iδ
2iδ
...
... ξ − 2ge ξ + he
The factorization is absent, in general, but it can be achieved by imposing relations g 2 = h,
f/b = g. As a result,
⎛ p
⎞
bλ −bλξ 
aλ
1
−ξ  ⎠ ,
MX ∝ ⎝ ...
...
... (ξ  )2
where ξ  ≡ ξ − geiδ . If g = −1, we have ξ  = 1. In this case the contribution to the CP phase
from the RH sector disappears and we revert to the situation described in Section 3 with CKM
origin of CP violation.
Three main results emerge from this analysis of CP violation under the assumptions that
†
UL ≈ UR ∼ VCKM
and there is no CP violation in MR in the L–R symmetric basis:
1. The hierarchy of Dirac masses of neutrinos cannot be too strong, i.e., m1D /m3D ≤ λ4 and
m2D /m3D ≤ λ2 . The observed mixing angles of UPMNS impose this requirement. This is
significantly weaker than the mass hierarchy of up quarks.
2. The CP phases can in general be large, even if the only sources of CP violation are the Dirac
phases in ULstd and URstd , where the CP phase effect is suppressed by λ3 . This enhancement
originates from seesaw and the hierarchy of Dirac masses of neutrinos.
3. If parameters of MR satisfy certain relations – the phase factorization conditions (which
could be a consequence of some symmetry), the phases can factor out from MX . Furthermore, the only non-vanishing phase which enters the phase factors is ατ . This is related to
certain pattern of CP violation in CKM matrix. In this case no enhancement occurs and δCP
turns out of the order λ2 .
MX deviates from MTBM since the correction in K is relatively large: being of the order λ3 ,
which is still larger than the hierarchy of masses in mD .
5.5. Enhancement of a small phase in UR
In the previous examples large δCP has been obtained at the cost of deviation of UX from
UTBM . With decrease of δq , correction to the matrix MX due to CP violation (given by K)
decreases and MX → M̃TBM . So, MX can coincide with MTBM up to small corrections. (This
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however implies that we depart from L–R symmetry or quark–lepton similarity, assuming smaller
values of δq .)
Suppose δq = λ2 , where || ≤ 1. In this case ξ ≈ −iδq = −iλ2 and
⎛
⎞
1
0 0
1 0 ⎠.
K =⎝ 0
−iλ 0 1
Here the correction is suppressed by λ2 in comparison with that in (28). Let us take for definiteness the parameters of M̃TBM to be a = b = f = −g = h = 1 which ensures the exact TBM
mixing in the lowest order with vanishing lowest neutrino mass. Then
⎛
⎞
λ
λ
λ − iλ2
MX = m0 ⎝ ... 1 + λ −1 + λ − iλ2 ⎠ ,
...
...
1 + λ − 2iλ2

where λ ≈ m221 /m231 leads to the correct neutrino masses. The additional imaginary terms
give corrections to the TBM values of the 1–2 and 2–3 mixing angles proportional to λ2 . They
also generate small 1–3 mixing: Xe3 ≈ λ2 and
 
π
δX ≈ + O λ2 .
2
All the other induced phases are close to 0 or to π , i.e., D(y) = diag(1, −1, 1) and D(z) =
diag(−1, −1, 0), with corrections as λ2 . According to (17) this contributes to the PMNS phase
as
sin δCP ≈ −

Xe3
λ2
≈−
∼ λ.
s13
s13

So, seesaw can convert a tiny CP phase δq ≡ λ2 in UR to a maximal CP phase δX ≈ π/2 in UX .
This happens because of the large hierarchy of Dirac masses and seesaw.
6. Remarks on phenomenology
Our results have the following phenomenological consequences:
1. For the scenarios with CKM type CP violation and in the L–R symmetric case with phase
factorization the value of sin δCP is expected to be small, and the phase is close to π or zero.
This agrees with the result of a global fit in [24]:




1.35+0.24
δCP = 1.39+0.33
−0.27 π (NH),
−0.39 π (IH),
although statistical significance of this indication is low. At a 2σ -level, δCP is also consistent
with zero because of a second local minimum at that value (in both hierarchies). The value
π/2, however, is disfavored in both cases.
Observation of δCP ∼ π would be some indication of the CKM scenario or L–R scenario
with phase factorization.
2. Observation of a large value, δCP  λ2 , in experiments will rule out these scenarios and
imply that either there are other sources of CP violation besides the CKM-like phase in UL
or that the considered framework (canonical seesaw) is invalid, e.g., Dirac mass matrices are
non-hierarchical, or seesaw type I is not the mechanism for generating neutrino masses.

B. Dasgupta, A.Yu. Smirnov / Nuclear Physics B 884 (2014) 357–378

373

3. In our notation, the effective Majorana mass of the electron neutrino is




mee = 
mi e2iβi Uei2 ,
i

which, for inverted mass ordering in the limit of hierarchical masses, is mainly sensitive to
β1 − β2 . Since β1 − β2 = O(λ3 ), no cancellation of contributions to mee from the first two
mass eigenstates is expected and mee is expected to be relatively large. For normal ordering
mee depends mainly on the combination δCP + β2 . Measuring the Majorana phases (or their
differences) will be challenging for scenarios described above.
4. Future precise measurements of the phases may allow to disentangle the possibilities: CP in
the left rotations only and L–R symmetric case. In the former, one expects sin δCP  β1,2 ,
whereas the latter predicts all three phases to be equal in the specific case of factorization.
5. If the baryon asymmetry of the Universe is generated via leptogenesis (decays of the RH
neutrinos in our case), this imposes certain restrictions on structure of the RH sector of
seesaw; see, e.g., [25] and [26] for recent reviews. In particular, successful leptogenesis gives
the bounds on mass of the lightest RH neutrino (in most of the cases we require a strongly
hierarchical spectrum) and on combinations
1
T U (mdiag )2 U † U ∗ ]
[UM
R
D
R M ii
 diag 2 † ∗  
 
 
 T
diag
diag
∗
∗ ∗
UL mD UR† UM
,
× Im UM UR mD
UR UM ij UL mD UR† UM
αj
αi

where α = e, μ, τ is the flavor index and i, j are indices of the RH neutrino mass eigenstates.
The combinations determine the lepton asymmetries in the lepton channel α. In the case of
unflavored leptogenesis a summation over α proceeds, and the dependence on UL disappears.
So, leptogenesis would require complex phases in UR and/or UM . This is not necessary in
the flavored case [25].
7. Conclusions
We have studied the Dirac and Majorana CP violating phases in context of the seesaw type I
mechanism with similar Dirac mass matrices for quarks and leptons. In this case a relationship
†
. We formulated the standard parametrization conUPMNS = UL UX is realized with UL ∼ VCKM
ditions for the mixing matrix to obtain simultaneously both the Dirac and Majorana CP phases.
Possible connections of the Dirac CP violating phases in the quark and lepton sectors have been
explored.
The main results that we obtained are:
1. If the Dirac CP phase in UL is the only source of CP violation (which is similar to what
happens in quark sector with Kobayashi–Maskawa mechanism), and there is no CP violation
in the RH sector, the leptonic CP violation is very small sin δCP = O(λ2 ). The phase itself is
either close to zero or to π with the deviation of the order of λ2 . The Majorana phases are
expected to be even smaller: β1 ≈ β2 = O(λ3 ).
2. If the Dirac mass matrices are symmetric so that UL = UR ∼ VCKM (δq ) and the Majorana
mass matrix of the RH fields is real in the L–R symmetric basis, δCP is in general enhanced
by the seesaw mechanism. Furthermore, the Dirac masses of the neutrinos are constrained to
be not strongly hierarchical. to reproduce the correct mixing.
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3. The seesaw enhancement of phase is absent if MR has a specific form that leads to the phase
factorization in MX . In this case, β1 ≈ β2 = O(λ2 ) ατ = O(λ2 ) and sin δCP = O(λ2 ). In
particular case ατ = φtd three phases are equal and small β1 ≈ β2 ≈ sin δCP = O(λ2 ). Thus,
the presence of the CP violation in the RH sector in the factorization case enhances the
Majorana phases, but keeps the Dirac phase at the same order for this scenario.
4. Generic CP violation in the RH sector can lead to arbitrary and independent values of all
three phases for arbitrary hierarchy of the eigenvalues of mD . We identify that the observable
CP phase depends mainly on αe , αμ , and δX , if it is measured to be large.
The formalism developed here allows to explore implications of measurements of the CP
phases for the RH sector. For example, if a large CP phase is observed, the observable CP phases
will mainly depend on three unknown phases in the RH sector: αe , αμ , and δX . Thus, determination of δCP and the Majorana phase may provide information on these parameters.
We may also get some direct hints about the flavor symmetry and quark–lepton unification,
if special values of the CP violating phases are observed or if certain correlations between them
are seen. Coming back to the initial question about the quark and leptonic CP phases, even in
the context in which quarks and leptons are maximally related (quark–lepton symmetry, seesaw
type I) one cannot expect equality of the quark and lepton Dirac phases. The phases are related
but, generically, strongly different. The difference can be related to different mixing angles (especially 1–3 mixing angle) and to seesaw mechanism itself.
Some results of this paper can be modified by the RGE effects. Since the light neutrino spectra
we have considered are hierarchical, the renormalization correction are small and they will not
affect our conclusions. The threshold effects due to possible large hierarchy of masses of the RH
neutrinos are important when implications for MR are considered but this is beyond the scope of
this paper.
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Appendix A. Solution of the standard parametrization conditions
In this appendix we provide details of computations of the CP phases using the standard
parametrization conditions.
A.1. CP violation from CKM only
Using explicit expressions for Ue1 and Ue2 in (15), we obtain from the conditions Arg{Ue1 } =
Arg{Ue2 } = 0 that
β1 = γe + ξe1 ,

β2 = γe + ξe2 ,

(37)

where ξei are given by
 
|Vtd |Xτ 1
sin φtd + O λ4 ,
Vud Xe1
 
|Vtd |Xτ 2
ξe2 = −
sin φtd + O λ4 .
Vud Xe2
ξe1 = −

(38)
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We see that ξei = O(λ3 ), which means sin(ηi + γe ) is of the order λ3 . The reason behind this is
that the CP violation originates from the Kobayashi–Maskawa phase associated with the element
suppressed by λ3 , while one of real terms in (15) is always of the order 1. Similarly, using (15),
with αl = δX = 0, and the conditions Arg{Uμ3 } = Arg{Uτ 3 } = 0, we find
 
γμ = O λ 4
 
|Vub |Xe3
sin φub + O λ4 .
γτ =
Vtb Xτ 3
As we will show, Xe3 ≤ O(λ), so that sin γτ is also at most order λ4 .
Neglecting phases γμ and γτ , in the lowest order the 5th condition (13) becomes
Xe1 Xμ2 sin β1 = Xe2 Xμ1 sin β2 .
Then it follows using (37), (38) that
γe =

rξe1 − ξe2
,
1−r

r≡

Xe2 Xμ1
,
Xe1 Xμ2

(39)

and explicitly
γe =

2 X X − X 2 X X ) sin φ
 
|Vtd |(Xe1
μ2 τ 2
td
e2 μ1 τ 1
+ O λ4
Vud Xe1 Xe2 Xτ 3

(40)

which shows that sin γe = O(λ3 ). For Majorana phases we have
β1 =

ξe1 − ξe2
,
1−r

β2 = rβ1 .

(41)

A.2. Left–right symmetry with factorization
Let us consider δCP in the presence of ατ = 0. From (16) we have s13 = |Ue3 | ≈ |A |, where
A ≡ Vud Xe3 − |Vcd |Xμ3 + |Vtd |Xτ 3 ≈ A.

(42)

We can then rewrite Eq. (17) neglecting φcd as
sin δCP = − sign{A} sin γe −

1
sin(ατ − φtd )Vtd Xτ 3 .
s13

(43)

Nonzero ατ modifies the phases in (38),
ξe1 =

|Vtd |Xτ 1
sin(ατ − φtd ),
Vud Xe1

ξe2 =

|Vtd |Xτ 2
sin(ατ − φtd ).
Vud Xe2

So, with high accuracy β1 = β2 ≡ β, and consequently, γe − β = O(λ3 ).
From the conditions Im Uμ3 = 0 we obtain
γμ + ξμ3 = 0,

ξμ3 = −

Vts Xτ 3
sin ατ ,
|Vcs |Xμ3

(44)

so that ξμ3 = O(λ2 ). The equality Im Uτ 3 = 0 gives γτ + ατ = |Vcb |Xμ3 /(|Vtb |Xτ 3 ) sin ατ . The
5th SP condition (13), gives at the leading order
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|Vcs |Xμ1 sin(γμ − β) + |Vts |Xτ 1 sin ατ Xe2


= |Vcs |Xμ2 sin(γμ − β) + |Vts |Xτ 2 sin ατ Xe1 ,

which leads to
sin(γμ − β) = sin ατ

|Vts |Xμ3
.
|Vcs |Xτ 3

Using expression for γμ from (44) we obtain
sin β = sin γe = sin ατ

2
2
|Vts | Xτ 3 − Xμ3
|Vts | 2 cos 2θ23
= sin ατ
.
|Vcs | Xτ 3 Xμ3
|Vcs | sin 2θ23

(45)

Thus, β = O(λ2 ), and consequently, γe = O(λ2 ) or smaller. Inserting sin γe from (45) into (43)
we obtain
|Vts | 2 cos 2θ23
1
sin δCP = − sign{A} sin φtd
−
sin(ατ − φtd )Vtd Xτ 3 .
(46)
|Vcs | sin 2θ23
s13
According to (46) effect of non-zero ατ , i.e. from the RH sector, is of the same order as the result
for the CKM phase only. If Xμ3 = Xτ 3 , that is the 2–3 mixing in UX is maximal β = 0, but
|Vtd |
δCP = − √
sin(ατ − φtd )Vtd .
2s13
Appendix B. Expressions for elements of the UX matrix
For a real UX , using the relations (15) we obtain at the lowest order
Xe1 = c12 /Vud + O(λ),
Xe2 = s12 /Vud + O(λ),
 
Xμ3 = s23 /|Vcs | + O λ2 ,
 
Xτ 3 = c23 /Vtb + O λ2 .

(47)

Using smallness of Xe3 the elements Xμ1 , Xμ2 , Xτ 1 , and Xτ 2 are expressed in terms of the
above 4 elements and Xe3 as
 
Xμ1 = −Xe2 Xτ 3 − Xe1 Xμ3 Xe3 + O λ2 ,
 
Xμ2 = Xe1 Xτ 3 − Xe2 Xμ3 Xe3 + O λ2 ,
 
Xτ 1 = Xe2 Xμ3 − Xe1 Xτ 3 Xe3 + O λ2 ,
 
(48)
Xτ 2 = −Xe1 Xμ3 − Xe2 Xτ 3 Xe3 + O λ2 .
References
[1] G.C. Branco, R.G. Felipe, F.R. Joaquim, Rev. Mod. Phys. 84 (2012) 515;
Z.-Z. Xing, Chin. Phys. C 36 (2012) 281.
[2] D. Meloni, S. Morisi, E. Peinado, Eur. Phys. J. C 72 (2012) 2160;
J. Barranco, F. Gonzalez Canales, A. Mondragon, Phys. Rev. D 82 (2010) 073010;
S. Verma, Phys. Lett. B 714 (2012) 92;
I. Aizawa, T. Kitabayashi, M. Yasue, Nucl. Phys. B 728 (2005) 220, Phys. Rev. D 72 (2005) 055014;
I. Aizawa, M. Yasue, Phys. Lett. B 607 (2005) 267;

B. Dasgupta, A.Yu. Smirnov / Nuclear Physics B 884 (2014) 357–378

[3]

[4]

[5]

[6]

[7]

[8]
[9]
[10]
[11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]
[23]
[24]

377

S. Zhou, Z.-z. Xing, Eur. Phys. J. C 38 (2005) 495;
S.K. Kang, C.S. Kim, J.D. Kim, Phys. Rev. D 62 (2000) 073011.
R.N. Mohapatra, W. Rodejohann, Phys. Rev. D 72 (2005) 053001;
T. Baba, M. Yasue, Phys. Rev. D 77 (2008) 075008;
T. Baba, M. Yasue, Phys. Rev. D 75 (2007) 055001.
C.-C. Li, G.-J. Ding, arXiv:1312.4401 [hep-ph];
F. Feruglio, C. Hagedorn, R. Ziegler, Eur. Phys. J. C 74 (2014) 2753;
G.-J. Ding, S.F. King, A.J. Stuart, J. High Energy Phys. 1312 (2013) 006.
M.-C. Chen, K.T. Mahanthappa, Phys. Lett. B 681 (2009) 444, arXiv:0904.1721 [hep-ph];
H.-J. He, X.-J. Xu, Phys. Rev. D 86 (2012) 111301;
E. Ma, Phys. Lett. B 723 (2013) 161;
M. Holthausen, M. Lindner, M.A. Schmidt, J. High Energy Phys. 1304 (2013) 122;
F. Feruglio, C. Hagedorn, R. Ziegler, Eur. Phys. J. C 74 (2014) 2753;
I. Girardi, A. Meroni, S.T. Petcov, M. Spinrath, J. High Energy Phys. 1402 (2014) 050;
M.-C. Chen, M. Fallbacher, K.T. Mahanthappa, M. Ratz, A. Trautner, arXiv:1402.0507 [hep-ph];
I. Medeiros Varzielas, D. Pidt, J. High Energy Phys. 1311 (2013) 206;
C.C. Nishi, Phys. Rev. D 88 (2013) 033010;
Gui-Jun Ding, Stephen F. King, arXiv:1403.5846.
D. Hernandez, A.Y. Smirnov, Phys. Rev. D 86 (2012) 053014;
D. Hernandez, A.Y. Smirnov, Phys. Rev. D 87 (5) (2013) 053005;
C.S. Lam, Phys. Rev. D 87 (2013) 053018.
H.S. Goh, R.N. Mohapatra, S.-P. Ng, Phys. Rev. D 68 (2003) 115008;
M.-C. Chen, K.T. Mahanthappa, Int. J. Mod. Phys. A 18 (2003) 5819, arXiv:hep-ph/0305088;
B. Dutta, Y. Mimura, R.N. Mohapatra, Phys. Lett. B 603 (2004) 35;
B. Dutta, Y. Mimura, R.N. Mohapatra, Phys. Rev. D 69 (2004) 115014;
R. Dermisek, S. Raby, Phys. Lett. B 622 (2005) 327;
D. Marzocca, S.T. Petcov, A. Romanino, M. Spinrath, J. High Energy Phys. 1111 (2011) 009.
S.K. Agarwalla, M.K. Parida, R.N. Mohapatra, G. Rajasekaran, Phys. Rev. D 75 (2007) 033007.
S. Luo, J.-w. Mei, Z.-z. Xing, Phys. Rev. D 72 (2005) 053014.
R. Kuchimanchi, Phys. Rev. D 86 (2012) 036002;
R. Kuchimanchi, Eur. Phys. J. C 74 (2014) 2726.
H. Fritzsch, Z.-z. Xing, Acta Phys. Pol. B 31 (2000) 1349;
K. Fukuura, T. Miura, E. Takasugi, M. Yoshimura, Phys. Rev. D 61 (2000) 073002;
H. Fritzsch, Z.-z. Xing, Phys. Rev. D 61 (2000) 073016;
Z.-z. Xing, Y.-L. Zhou, Phys. Lett. B 693 (2010) 584;
W. Grimus, L. Lavoura, Phys. Lett. B 671 (2009) 456.
C. Giunti, M. Tanimoto, Phys. Rev. D 66 (2002) 113006.
H. Minakata, A.Y. Smirnov, Phys. Rev. D 70 (2004) 073009.
Z.-z. Xing, Phys. Lett. B 618 (2005) 141.
J. Harada, Europhys. Lett. 75 (2006) 248.
S. Antusch, S.F. King, Phys. Lett. B 631 (2005) 42.
Y. Farzan, A.Y. Smirnov, J. High Energy Phys. 0701 (2007) 059.
M. Picariello, Int. J. Mod. Phys. A 23 (2008) 4435.
J.A. Acosta, A. Aranda, J. Virrueta, arXiv:1402.0754 [hep-ph].
S.F. King, Phys. Lett. B 718 (2012) 136.
P. Minkowski, Phys. Lett. B 67 (1977) 421;
T. Yanagida, in: O. Sawada, A. Sugamoto (Eds.), Proc. of Workshop on Unified Theory and Baryon Number in the
Universe, KEK, Tsukuba, 1979;
M. Gell-Mann, P. Ramond, R. Slansky, in: P. van Niewenhuizen, D.Z. Freedman (Eds.), Supergravity, North Holland, Amsterdam, 1980;
S.L. Glashow, in: M. Levy (Ed.), Quarks and Leptons, Cargese lectures, Plenum, New York, 1980, p. 707;
R.N. Mohapatra, G. Senjanovic, Phys. Rev. Lett. 44 (1980) 912.
A.Y. Smirnov, Phys. Rev. D 48 (1993) 3264.
L.-L. Chau, W.-Y. Keung, Phys. Rev. Lett. 53 (1984) 1802;
J. Beringer, et al., Particle Data Group Collaboration, Phys. Rev. D 86 (2012) 010001.
F. Capozzi, G.L. Fogli, E. Lisi, A. Marrone, D. Montanino, A. Palazzo, arXiv:1312.2878 [hep-ph].

378

B. Dasgupta, A.Yu. Smirnov / Nuclear Physics B 884 (2014) 357–378

[25] S. Pascoli, S.T. Petcov, A. Riotto, Phys. Rev. D 75 (2007) 083511, arXiv:hep-ph/0609125;
S. Pascoli, S.T. Petcov, A. Riotto, Nucl. Phys. B 774 (2007) 1.
[26] C.S. Fong, E. Nardi, A. Riotto, Adv. High Energy Phys. 2012 (2012) 158303.

