
Physics Letters B 737 (2014) 352–356
Contents lists available at ScienceDirect

Physics Letters B

www.elsevier.com/locate/physletb

Killing scalar of non-linear σ -model on G/H realizing the classical 
exchange algebra

Shogo Aoyama ∗

Department of Physics, Shizuoka University, Ohya 836, Shizuoka, Japan

a r t i c l e i n f o a b s t r a c t

Article history:
Received 16 July 2014
Received in revised form 13 August 2014
Accepted 19 August 2014
Available online 22 August 2014
Editor: L. Alvarez-Gaumé

Keywords:
Classical exchange algebra
Quantum group
Non-linear σ -model
Poisson structure

The Poisson brackets for non-linear σ -models on G/H are set up on the light-like plane. A quantity 
which transforms irreducibly by the Killing vectors, called Killing scalar, is constructed in an arbitrary 
representation of G. It is shown to satisfy the classical exchange algebra.

© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
1. Introduction

The Yang–Baxter equation arises in a large class of exactly solv-
able models, such as lattice models, spin-chain system, nonlinear 
σ -models, conformal field theory, etc. Among them the Yang–
Baxter equation for the PSU(2, 2|4) spin-chain system gained much 
interest in the last decade. Finding its solution leads to a dis-
covery of string/QCD duality, namely, a relationship between the 
PSU(2, 2|4) spin-chain system and the N = 4 supersymmetric QCD 
[1,2].

To explain the Yang–Baxter equation and the resulting algebraic 
structure, we take a generic spin-system equipped with a set quan-
tum operators, say, Ψ . We consider a tensor product chain of Ψ s 
and exchange two of them in an adjacent position, say, Ψ (x) and 
Ψ (y). Then there may exists a R-matrix defining a quantum ex-
change algebra

RxyΨ (x) ⊗ Ψ (y) = Ψ (y) ⊗ Ψ (x), (1.1)

such that it satisfies the Yang–Baxter equation

Rxy Rxz R yz = R yz Rxz Rxy . (1.2)

Suppose the R-matrix to be a quantum deformation of a certain 
classical r-matrix as

Rxy = 1 + hrxy + O
(
h2),
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with an infinitesimal parameter h. Then (1.1) and (1.2) respectively 
become a classical exchange algebra{
Ψ (x)⊗, Ψ (y)

} = −hrxyΨ (x) ⊗ Ψ (y), (1.3)

and the classical Yang–Baxter equation

[rxy, rxz] + [rxy, ryz] + [rxz, ryz] = 0. (1.4)

The quantity on the l.h.s. of (1.3) is a Poisson bracket which was 
substituted for the commutator [Ψ (x)⊗, Ψ (y)]. In the recent works 
[3,4] the classical exchange algebra (1.3) was shown for a classical 
quantity, called G-primary, in the constrained WZWN model on the 
coset space G/{S ⊗ U(1)d}. Namely, the G-primary was constructed 
out of basic fields of the model in an arbitrary representation of G. 
By setting up the Poisson brackets for the basic fields, the classical 
exchange algebra (1.3) was shown to appear with the r-matrix in 
an arbitrarily chosen representation of the G-primary [4]. It would 
be promoted to the quantum exchange algebra (1.2) by the usual 
quantization of the constrained WZWN model. Or in mathematics 
the algebraic construction of the R-matrix is known when the R-
matrix exists in the Hopf algebra A in such a way that R ∈ A ⊗ A
and

i. �′(a) = R�(a)R−1, ∀a ∈ A,

ii. (� ⊗ 1)(R) = Rxz R yz, (1 ⊗ �)(R) = Rxz Rxy .

Here � is the coproduct and �′ = P ◦ � with the permutation 
map P . The Yang–Baxter equation is derived as one of the proper-
ties of this Hopf algebra [5].
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In this Letter we show that the exchange algebra exists for the 
ordinary non-linear σ -model on G/H as well. But generalizing the 
arguments for the constrained WZWN model on G/{S ⊗ U(1)d}
[3,4] to this case is not straightforward. To see a difference be-
tween the two cases, we look a bit more closely the arguments 
done in [3,4]. The fundamental Poisson bracket of the WZWN 
model was set up for the basic field

g = gL gH. (1.5)

This basic field was obtained by reparametrizing the field of the 
WZWN model as g = gL gH gR ∈ G in accordance with the Gauß 
decomposition of the Lie-algebra of G under H ≡ S ⊗ U(1)d

{TG/H, TH} ≡ {TL, TR, TH} (1.6)

and constraining gR to be 1. Here the decomposition of TG/H into 
the sets TL and TR is done by the sign assignment of a U(1)Y
charge, which is defined by a certain linear combination of d U(1)s. 
TL (or TR) is further decomposed into subsets, each of which con-
sists of generators in an irreducible representation under S with 
a definite value of the U(1)Y charge. Then the G-primary which 
has the conformal weight 0 and linearly transforms in an arbitrary 
representation of G by the Killing vectors was constructed from 
the basic field (1.5). It satisfied the classical exchange algebra (1.3)
when calculated the Poisson bracket by means of the fundamental 
one for (1.5). We may wonder if such a classical exchange alge-
bra exists for the ordinary non-linear σ -model on G/H, which has 
a different reparametrization from (1.5). Namely, the basic field of 
the non-linear σ -model on G/H defined by a coset element

g = gG/H. (1.7)

Here the subgroup H is not necessarily of the type S ⊗ U(1)d , i.e., 
the Gauß decomposition (1.6) does not need to be required. In this 
Letter we will show that the classical exchange algebra (1.3) exists 
also for this case. Indeed we will find a quantity satisfying the clas-
sical exchange algebra in an arbitrary representation of G, such as 
the G-primary for the constrained WZWN model. But the quantity 
is called Killing scalar this time, because the ordinary non-linear 
σ -model has no longer conformal symmetry and the construction 
differs from that of the G-primary.

The reader might think of non-linear σ -models on G/H as ob-
tained by gauging the WZWN model under H and fixing the gauge. 
To be explicit, the field of the WZWN model is reparametrized in a 
form g = gG/H gH . Fixing the gauge as gH = 1 we then get the basic 
field of the ordinary non-linear σ -model on G/H as given by (1.7). 
If H = S ⊗ U(1)d , the field of the WZWN model may be alterna-
tively reparametrized as g = gL gH gR. For that case the gauge-fixing 
yields the basic field as g = gL gR instead of (1.5). For either case 
the gauged action has vector-like invariance. It no longer has the 
chiral invariance which played an essential role for constructing 
the G-primary in [3,4]. (See (3.1) in [6] and (10) in [4] for the 
gauged action with the respective invariance.) Therefore the same 
strategy as for the constrained WZWN model on G/{S ⊗ U(1)d}
[3,4] does not work for the case with vector-like gauge invariance. 
We need to develop a new strategy for the ordinary non-linear 
σ -model on G/H.

So it is a central issue of this Letter to construct the Killing 
scalar for the ordinary non-linear σ -model, which plays the same 
role as the G-primary for the constrained WZWN model. It is dis-
cussed in Section 2. There we find that the Wilson line operator is 
necessary for the construction in a generic representation of G. It 
was not needed for the construction of the G primary at all. In Sec-
tion 3 we discuss the Poisson structure of the ordinary non-linear 
σ -model on the light-like plane. The fundamental Poisson brackets 
are set up consistently on that plane. By means of them we show 
the classical exchange algebra for the Killing scalar.
2. The Killing scalar

We begin by giving a general account on the ordinary non-
linear σ -model to an extent such that it is needed for arguments 
for this Letter. The standard reparametrization of the coset space 
G/H is given by the CCWZ formalism [7] in the following proce-
dure.1 Decompose the generators of G as{

T A} = {
Xi, H I}, (2.1)

in which H I are generators of the homogeneous group H, while 
Xi broken ones. Then we consider a unitary quantity as the basic 
field (1.5)

U = eiφ1 X1+iφ2 X2+··· ≡ eiφ·X . (2.2)

Here φ1, φ2, . . . were introduced correspondingly to the broken 
generators Xi and they are real coordinates reparametrizing the 
coset space G/H, denoted by φa . The Cartan–Maurer 1-form U−1dU
is valued in the Lie-algebra of G as

U−1dU = (
ei

a Xi + ω I
a H I)dφa. (2.3)

This defines the vielbein ei
a and the connection ω I in the local 

frame of the coset space G/H. For an element eiε A T A
with real pa-

rameters ε A there exists a compensator eiρ(φ,ε) ∈ H such that

eiε A T A
U (φ) = U

(
φ′)eiρ(φ,ε). (2.4)

This defines a transformation of the coordinates φa → φ′a(φ). 
When ε A are infinitesimally small, this relation defines the Killing 
vectors R Aa as

δφa = φ′a(φ) − φa ≡ ε A R Aa(φ) ≡ δAφa. (2.5)

Requiring the Jacobi-identity for the transformation([
δA,

[
δB , δC ]] − [

δB ,
[
δA, δC ]])

φb = [[
δA, δB]

, δC ]
φb,

we get the Lie-algebra of G

R Aa R Bb
,a − R Ba R Ab

,a = f ABC RCb, (2.6)

with R Bb
,a ≡ ∂ R Bb/∂φa . This can be written as LR A R Bb = f ABC RCb

by using the Lie-variation.
So far our arguments are irrelevant to the representation of G. 

Let us choose it to be an N-dimensional irreducible representa-
tion of G. Under the subgroup H let it to be decomposed into 
irreducible ones as

N = N w1 ⊕ N w2 ⊕ · · · ⊕ N wm−1 ⊕ N wm . (2.7)

Here N wμ , μ = 1, 2, . . . , m, denote the Nμ-dimensional represen-
tation of H with a set of weight vectors wμ . Accordingly U is 
represented by an N × N matrix D(U ) in a decomposed form as

D(U ) =

⎛
⎜⎜⎝

(U )N1×N1 (U )N1×N2 · · · (U )N1×Nm

(U )N2×N1 (U )N2×N2 · · · (U )N2×Nm

...
...

. . .
...

(U )Nm×N1 (U )Nm×N2 · · · (U )Nm×Nm

⎞
⎟⎟⎠ , (2.8)

in which (U )Nμ×Nν is an Nμ × Nν matrix. From this we take out a 
set of column vectors such as

1 The BKMU formalism is also useful formalism when the coset space admits the 
complex structure. It is straightforward to adapt the arguments in this section to 
the BKMU formalism [8].
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Ψ =

⎛
⎜⎜⎜⎝

(U )N1×Nν

(U )N2×Nν

...

(U )Nm×Nν

⎞
⎟⎟⎟⎠ . (2.9)

Then it transform as (N , N−wν ) by the transformation defined by 
(2.4), i.e.,

Ψ −→ (
eiε A T A )

N×NΨ
(
e−iρ(φ,ε)

)
Nν×Nν

, ν = 1,2, . . . ,m. (2.10)

If N wν happens to be a singlet, then Ψ transforms as N , i.e.,

δΨ = ε AD
(
T A)

Ψ. (2.11)

We call this quantity Killing scalar since (2.11) can be written as

LR A Ψ = D
(
T A)

Ψ

by using the Lie-variation. For the coset space SO(6)/SO(5)(= S5)

the Killing scalar transforming as the fundamental representation 
6 of SO(6) was given in [9]. The decomposition of 6 under SO(5) 
indeed contains a singlet. But a generic representation N of G does 
not contain it in the decomposition (2.7). For example the adjoint 
representation 15 of SO(6) is decomposed as 10 ⊕ 5 under SO(5). 
Hence any column vector Ψ in the representation 15 is not the 
Killing scalar of the coset space SO(6)/SO(5)(= S5). A similar com-
ment can be done for the coset space SU(N)/{U(1)}N−1. The fun-
damental representation is decomposed into N components each 
of which transforms under {U(1)}N−1 having U(1) charges desig-
nated by the weight vector wμ , μ = 1, 2, . . . , w N . Therefore Ψ in 
the fundamental representation is not the Killing scalar. However 
it is worth noting that the elements of D(U ) defined by (2.8) in 
the fundamental representation for SU(N)/{U(1)}N−1 were iden-
tical to the quantities known as the harmonic coordinates of the 
coset space [10]. The representation which has the decomposition 
containing singlets and provides us with the Killing scalar is the 
adjoint representation or the one obtained by its symmetric tensor 
product. Indeed the adjoint representation of SU(N) contains N −1
null weight vectors. Note that the coset space SU(N)/{U(1)}N−1 is 
a Kähler manifold. Ψ in the adjoint representation, transforming 
as (2.11), is nothing but the quantity known as the Killing poten-
tial in the literature. The naming “Killing scalar” is based on this 
observation.

For the case where the representation N does not contain any 
singlet in the decomposition under H , we can turn Ψ given by 
(2.9) to the Killing scalar in the following way. Consider the Wilson 
line operator

W (φ,φ0) = P exp

φ∫
φ0

dφaω I
a H I .

Here ω I
a H I is the connection defined from the Cartan–Maurer 

1-form as (2.3) and transforms as

δ
(
ω I

a H I)
Nν×Nν

= (
∂aρ(φ, ε) − [

ω I
a H I ,ρ(φ, ε)

])
Nν×Nν

by (2.4). Hence the Wilson line operator transforms as

W (φ,φ0) −→ eiρ(φ,ε)W (φ,φ0)e−iρ(φ0,ε),

by (2.4). The generator of the compensator ρ(φ, ε) becomes ε I H I

at the origin φ0 = 0 of the coset space G/H. Let η to be a lin-
ear representation vector eiθ I H I

η0 with θ I parametrizing the sub-
group H, so that it transforms by the compensator at the origin 
as
η ≡ eiθ I H I
η0 −→ ei(θ I +ε I )H I

η0.

Here η0 is a constant vector which is fixed in the representation 
space of H I . Then we have

W (φ,0)η −→ eiρ(φ,ε)W (φ,0)η.

We have already known that by (2.4) the quantity (2.9) transforms 
as (N, N−wν ), i.e., (2.10). As the result the following quantity

Ψ (x)W (φ,0)η (2.12)

is the Killing scalar transforming as (2.11) in any representation N
of G. The point of the argument here is that the existence of a 
quantity transforming as (1, N wν ) by (2.4) is not hypothetical, but 
it indeed exists as W (φ, 0)η.

It is here opportune to discuss a relation between the vielbein
ei

a and the Killing vectors R Aa given by (2.3) and (2.5) respectively. 
Let D(U ) given by (2.8) to be the adjoint representation of G. As 
the adjoint representation is decomposed as (2.1) we have

D(U ) =
(

(U )i j (U )i J

(U )I j (U )I J

)
. (2.13)

It is an orthogonal matrix, so that the column vectors have 
length 1 and are orthogonal to the row vectors. Moreover from 
the transformation (2.4) we find(

(U )i j

(U )I j

)
−→

(
(eε A T A

)ik (eε A T A
)iK

(eε A T A
)Ik (eε A T A

)I K

)(
(U )kl

(U )Kl

)(
e−iρ(φ,ε)

)l j
,

ei
adφa −→ el

adφa(e−iρ(φ,ε)
)li

.

By using the Lie-variation we may write the second transformation 
in the infinitesimal form

LR A ei
a ≡ R Abei

a,b + R Ab
,aei

b = −ρ(φ, ε)i je j
a.

Together with LR A R Bb = f ABC RCb , given by (2.6), these observa-
tions lead us to the following relation between the vielbein ei

a and 
the Killing vectors R Aa

R Aae j
a ≡

(
Riae j

a

R Iae j
a

)
=

(
(U )i j

(U )I j

)
. (2.14)

We note that

R Aa
∣∣
φ=0 = δAa, ei

a

∣∣
φ=0 = δi

a, (2.15)

by the construction. The relation should be understood as implying 
local equivalence of both hand sides at the origin φa = 0.

The metric of the coset space may be naively given by

gab = R Aa R Bb, gab = ei
aei

b. (2.16)

However this way of giving the metric may be generalized if the 
broken generators Xi in (2.1) are decomposed as {Xi1 , Xi2 , . . . , Xin }
under H, or equivalently the adjoint representation N G is decom-
posed as

N G = N i1 ⊕ N i2 ⊕ · · · ⊕ N in ⊕ N H (2.17)

in the Cartan–Weyl basis. Here N ir , r = 1, 2, . . . , n, denote the 
Nr -dimensional representation of H, in which ir stands for a set 
of the roots for the representation. Hence (2.13) becomes

D(U ) = (U )NG ×NG

=

⎛
⎜⎜⎜⎝

(U )N1×N1 · · · (U )N1×Nn (U )N1×NH

...
. . .

...
...

(U )Nn×N1 · · · (U )Nn×Nn (U )Nn×NH

(U ) · · · (U ) (U )

⎞
⎟⎟⎟⎠ , (2.18)
NH ×N1 NH ×Nn NH ×NH
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with NG = dim G and NH = dim H. Then the metric (2.16) can be 
generalized to

gab = R Aa(U P U−1)AB
R Bb, gab = ηi jei

ae j
b, (2.19)

with a projection operator P such as

P =
(

(P )i j (P )i J

(P )I j (P )I J

)
=

(
(η−1)i j 0

0 0

)
.

Here ηi j is given by

ηi j =
⎛
⎜⎝

(c1)N1×N1 · · · 0
...

. . .
...

0 · · · (cn)Nn×Nn

⎞
⎟⎠ ,

in which we have (cr)Nr×Nr = cr(1)Nr×Nr with some constants cr , 
r = 1, . . . , n [11]. It is worth noting that the inverse of the vielbein
ei

a are given by

eai = R AaU Ai .

3. The classical exchange algebra

We are now in a position to discuss the classical exchange al-
gebra of the ordinary non-linear σ -model on G/H. The non-linear 
σ -model on G/H is given by

S =
∫

d2ξ L = 1

2

∫
d2ξ ημν gab(φ)∂μφa∂νφb,

in the two-dimensional flat world-sheet. Here use is made of the 
formula (2.16) or (2.19) for the metric gab(φ). We study the Pois-
son structure on the light-like plane x+ = y+ . The Dirac method 
hardly works to set up the Poisson brackets {φa(x)⊗, φb(y)}, be-
cause there appear the first and second class constraints, which 
we do not know how to disentangle. The reader may refer to [9]
for a detailed argument on this. Hence we assume that the Pois-
son brackets can be set up so as to satisfy the two requirements. 
In the first place the energy–momentum tensor T−− should repro-
duce diffeomorphism as

δdiff φ
a(x+, x−) ≡ ε

(
x−)

∂−φa(x+, x−)
=

∫
dy−ε

(
y−){

φa(x), T−−
(
φ(x)

)}∣∣
x+=y+ , (3.1)

by using the Poisson brackets {φa(x)⊗, φb(y)}. Secondly they should 
be consistent with the Jacobi identities. These requirements are 
satisfied with the Poisson brackets of the following form

{
φa(x)⊗, φb(y)

} = −1

4

[
θ(x − y)t+

ABδAφa(x) ⊗ δBφb(y)

− θ(y − x)t+
ABδAφb(y) ⊗ δBφa(x)

]
(3.2)

on the light-like plane x+ = y+ . The notation is as follows. θ(x)
is the step function. δAφa(x) are the Killing vectors defined by 
(2.5). More correctly they should be written as δAφa(φ(x)), but the 
dependence of φ(x) was omitted to avoid an unnecessary compli-
cation. The quantity t+

AB is the most crucial in our arguments. It is 
a modified Killing metric which defines the classical r-matrices as

r± =
∑
α∈R

sgnαEα ⊗ E−α ±
∑
A,B

t AB T A ⊗ T B

≡ t±
AB T A ⊗ T B , (3.3)

with T A the generators of the group G given in the Cartan–
Weyl basis as {E±α, Hμ}, t AB the corresponding Killing metric and 
sgnα = ± according as the roots are positive or negative. Note 
the relation t+

AB = −t−
B A . The r-matrix satisfies the classical Yang–

Baxter equation (1.4) [12]. It is easy to show that the first require-
ment (3.1) is satisfied with the Poisson brackets (3.2). The second 
requirement can be similarly shown as has been done in [3,9]. (See 
Eqs. (3.20) and (12) in the respective reference.)

Note that{
φa(x)⊗, Ψ (y)

} = {
φa(x)⊗, φb(y)

} δΨ (y)

δφb(y)
.

By using the Poisson brackets (3.2) we can easily show the Killing 
scalar defined by (2.9) to satisfy the classical exchange algebra in 
the form{
Ψ (x)⊗, Ψ (y)

} = −1

4

[
θ(x − y)r+ + θ(y − x)r−]

Ψ (x) ⊗ Ψ (y),

(3.4)

on the light-like plane x+ = y+ . Here Ψ (x) should be understood 
with an abbreviated notation for Ψ (φ(x)). It is also understood as 
generalized by means of (2.12), when the representation of G does 
not contain any singlet in the decomposition under H. Thus the 
classical exchange algebra (3.4) exists with Ψ in any representation 
of G.

4. Conclusions

Finally we would like to comment on the S-matrix for the 
PSU(2|2) spin-chain system found by Beisert [2]. The S-matrix 
is related to the R-matrix as S = P ◦ R with the permutation 
map P . Let us multiply P on the quantum exchange algebra 
(1.1) and the Yang–Baxter equation (1.2). Calculate the l.h.s. as 
P R yx P−1 PΨ (y) ⊗ Ψ (x). Then the respective formula becomes

SxyΨ (x) ⊗ Ψ (y) = Ψ (y) ⊗ Ψ (x), S yx Szx Szy = Szy Szx S yx.

In [2] the S-matrix was found by numerically solving the Yang–
Baxter equation. Actually the solution had the extended symmetry 
PSU(2|2) � R

3. The classical r-matrix was discussed from this S-
matrix with an appropriate deformation parameter in [13]. The 
resulting r-matrix is not of the kind which follows from the Pois-
son structure of some underlying theory for the spin-chain system.

We would like also to comment on the algebra appearing in 
the integrable non-linear σ -models on the symmetric space G/H 
or the principal chiral coset space G ⊗ G/G [14,15]. It reads{

T (λ)⊗, T (μ)
} = [

rλμ, T (λ) ⊗ T (μ)
]
, (4.1)

or some modified one due to the presence of a non-ultra-local
term. Here T (λ) is the Wilson line operator

T (λ) = P exp

∞∫
−∞

dx L(λ, x),

in which L(λ, x) is a one-parameter family of a flat connection con-
structed from a conserved current jμ(x) of the models [15]. The 
fundamental Poisson brackets are set up for jμ(x) on the t = const
plane instead of the light-like plane. The Poisson bracket in (4.1)
is calculated by using them. The reader may refer to [14] for the 
resulting r-matrix rλμ as well as more details on the arguments. 
We confine ourselves to remark that there appears no non-ultra-
local term in calculating the Poisson brackets on the light-like 
plane. Hence the whole calculation in this Letter is free from the 
problem of a non-ultra-local term. The algebra (4.1) is a classi-
cal exchange algebra in a similar sense as (3.4), although the form 
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of the r-matrix is different from (3.3). The similarity can be seen 
as follows. The corresponding algebra to (4.1) is obtained from 
(3.4) when considered with Ψ in the tensor product representa-
tion N ⊗ N of G. Beyond this special representation the classical 
exchange algebra in the formulation on the t = const plane has not 
been studied to the author’s knowledge.

In this Letter we have studied the Poisson structure of a generic 
non-linear σ -model on G/H formulating on the light-like plane. 
Setting up the fundamental Poisson brackets (3.2) we have found 
the Killing scalar satisfying the classical exchange algebra (1.3) in 
an arbitrary representation, i.e., (3.4). It is natural to think of a cer-
tain non-linear σ -model with the PSU(2|2) or PSU(2, 2|4) symme-
try as a underlying world-sheet theory for the spin-chain system 
[1,2]. We need a special care in order to generalize our arguments 
to the case where the symmetry admits non-trivial central exten-
sion as PSU(2|2) �R

3. The exchange algebra for such a non-linear 
σ -model will be discussed in a future publication.

References

[1] N. Beisert, The complete one-Loop dilatation operator of N = 4 super Yang–
Mills theory, Nucl. Phys. B 676 (2004) 3, arXiv:hep-th/0307015;
N. Beisert, M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. 
Phys. B 670 (2003) 439, arXiv:hep-th/0307042;
N. Berkovits, O. Osvaldo Chandía, Superstring vertex operators in an AdS5 × S5

background, Nucl. Phys. B 596 (2001) 185, arXiv:hep-th/0009168;
R.R. Metsaev, A.A. Tseytlin, Type IIB superstring action in AdS5 ×S5 background, 
Nucl. Phys. B 533 (1998) 109, arXiv:hep-th/9805028.

[2] N. Beisert, The SU(2|2) dynamic S-Matrix, Adv. Theor. Math. Phys. 12 (2008) 
945, arXiv:hep-th/0511082.

[3] S. Aoyama, K. Ishii, Consistently constrained SL(N) WZWN models and classi-
cal exchange algebra, J. High Energy Phys. 1303 (2013) 095, arXiv:1301.2938 
[hep-th].

[4] S. Aoyama, K. Ishii, Constrained WZWN models on G/{S ⊗ U(1)n} and exchange 
algebra of G-primaries, Nucl. Phys. B 876 (2013) 715, arXiv:1306.0718 [hep-th].

[5] V. Chari, A. Pressley, A Guide to Quantum Groups, Cambridge University Press, 
1994;
V.G. Drinfel’d, Quantum groups, in: Proceedings of the International Congress 
of Mathematicians, Berkeley, California, 1986, American Mathematical Society, 
1987, p. 798.
[6] E. Witten, On holomorphic factorization of WZW and coset models, Commun. 
Math. Phys. 144 (1992) 189.

[7] S. Coleman, J. Wess, B. Zumino, Structure of phenomenological Lagrangians. I, 
Phys. Rev. 177 (1969) 2239;
C.G. Callan, S. Coleman, J. Wess, B. Zumino, Structure of phenomenological La-
grangians. II, Phys. Rev. 177 (1969) 2247.

[8] K. Itoh, T. Kugo, H. Kunitomo, Supersymmetric non-linear realization for arbi-
trary Kählerian coset space G/H, Nucl. Phys. B 263 (1986) 295.

[9] S. Aoyama, Classical exchange algebra of the superstring on S5 with AdS-time, 
J. Phys. A 47 (2014) 075402, arXiv:0709.3911 [hep-th].

[10] L. Andrianopoli, S. Ferrara, E. Sokatchev, B. Zupnik, Shortening of primary op-
erators in N-extended SCFT4 and harmonic-superspace analyticity, Adv. Theor. 
Math. Phys. 4 (2000) 1149, arXiv:hep-th/9912007;
G.G. Hartwell, P.S. Howe, (N, p, q) harmonic superspace, Int. J. Mod. Phys. A 10 
(1995) 3901, arXiv:hep-th/9412147.

[11] S. Aoyama, The four-fermi coupling of the supersymmetric non-linear σ -model 
on G/S ⊗ {U(1)}k , Nucl. Phys. B 578 (2000) 449, arXiv:hep-th/0001160.

[12] M. Jimbo, Lecture Notes in Physics, vol. 246, Springer, Berlin, 1986, p. 335.
[13] A. Torrielli, Classical r-matrix of the su(2|2) SYM spin-chain, Phys. Rev. D, Part. 

Fields 75 (2007) 105020, arXiv:hep-th/0701281;
S. Moriyama, A. Torrielli, A Yangian double for the AdS/CFT classical r-matrix, J. 
High Energy Phys. 0706 (2007) 083, arXiv:0706.0884 [hep-th];
N. Beisert, F. Spill, The classical r-matrix of AdS/CFT and its Lie bialgebra struc-
ture, Commun. Math. Phys. 85 (2009) 537–565, arXiv:0708.1762 [hep-th];
N. Beisert, The classical trigonometric r-matrix for the quantum-deformed Hub-
bard chain, J. Phys. A 44 (2011) 265202, arXiv:1002.1097 [hep-th].

[14] J.M. Maillet, New integrable canonical structures in two-dimensional models, 
Nucl. Phys. B 269 (1986) 54;
A. Duncan, H. Nicolai, M. Niedermaier, On the Poisson bracket algebra of mon-
odromy matrices, Z. Phys. C 46 (1990) 147;
M. Bordemann, M. Forger, J. Laartz, U. Schäper, The Lie–Poisson structure of 
integrable classical non-linear sigma models, Commun. Math. Phys. 152 (1993) 
167, arXiv:hep-th/9201051;
N. Dorey, B. Vicedo, A symplectic structure for string theory on integrable back-
grounds, J. High Energy Phys. 0703 (2007) 045, arXiv:hep-th/0606287;
D. Bernard, An introduction to Yangian symmetries, Int. J. Mod. Phys. B 7 
(1993) 3517, arXiv:hep-th/9211133;
N.J. Mackay, Introduction to Yangian symmetry in integrable field theory, Int. J. 
Mod. Phys. A 20 (2005) 7189, arXiv:hep-th/0409183;
M. Magro, The classical exchange algebra of AdS5 × S5 string theory, J. High 
Energy Phys. 0901 (2009) 021, arXiv:0810.4136 [hep-th];
M. Magro, Review of AdS/CFT integrability, Chapter II.3: sigma model, gauge 
fixing, arXiv:1012.3988 [hep-th].

[15] I. Bena, J. Polchinski, R. Roiban, Hidden symmetries of the AdS5 × S5 super-
string, Phys. Rev. D 69 (2004) 046002, arXiv:hep-th/0305116.

http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656931s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656931s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656931s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656931s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656931s3
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656931s3
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656931s4
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656931s4
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656932s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib42656932s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F31s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F31s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F31s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F32s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F32s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib50726573s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib50726573s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib50726573s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib50726573s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib50726573s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib576974s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib576974s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4343575As1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4343575As1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4343575As2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4343575As2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib424B4D55s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib424B4D55s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F33s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F33s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib57657374s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib57657374s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib57657374s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib57657374s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib57657374s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F34s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib416F34s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4As1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib546F726932s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib546F726932s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib546F726932s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib546F726932s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib546F726932s3
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib546F726932s3
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib546F726932s4
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib546F726932s4
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s2
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s3
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s3
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s3
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s4
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s4
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s5
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s5
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s6
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s6
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s7
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s7
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s8
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib4D61696C6C6574s8
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib623135s1
http://refhub.elsevier.com/S0370-2693(14)00615-7/bib623135s1

	Killing scalar of non-linear σ-model on G/H realizing the classical exchange algebra
	1 Introduction
	2 The Killing scalar
	3 The classical exchange algebra
	4 Conclusions
	References


