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1 Introduction

It is well known that topological field theories acquires local observables only when a

considered on a manifold with boundary [1]. In an actual language, this is the realization

of a kind of holographic principle not involving gravity [2], since the true physical content

of a d+ 1 (topological) quantum field theory is encoded in its d boundary.

There are several relevant examples of this “correspondence”: it is realized, for in-

stance, for the 3D Chern-Simons gauge field theory which, when quantized on a manifold

with boundary, allows to recover all the states and the representations of the chiral algebra

of 2D rational conformal field Theories [3]. The 2D conserved chiral currents forming a

Kač-Moody algebra has been explicitly shown to exist for the Chern-Simons [4, 5] and

BF [6] 3D topological theories with a planar boundary. This latter has been introduced

according the Symanzik’s method [7], which allows local boundary terms in the action,

determined by the general principles of locality, power counting, and a “decoupling” con-

dition on the propagators of the theory: the space is divided into a left and a right side,

and the propagators between points lying on opposite sides of the boundary must vanish.

Later on, the Symanzik’s approach to introduce a boundary in quantum field theories has

been improved and applied in different situations and in various dimensions [8–12], with
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growing attention to condensed matter physics. In particular the appearance of topolog-

ically ordered materials, such as quantum Hall states [13], topological insulators [14, 15]

and Weyl semimetals [16] has motivated the investigation of topological theories and their

peculiar behavior at the boundary. The topological order and the symmetries characterize,

again, the physics at the boundary, apart from some non universal constants, which are

free parameters for the theory.

An important point of contact between the description of some topological states of

matter and topological field theories with boundary is represented by [17], where the 4D

BF theory with boundary has been considered to embed a 3D boundary action describing

the edge degrees of freedom of the 3D Topological Insulators. In [11] it has been shown

that the algebra formed by the conserved edge currents lying on the planar boundary

of the 4D BF model can be interpreted as equal time canonical commutation relations,

generated by a 3D action which coincides with the one proposed in [17]. In addition, and

remarkably, the boundary condition on the fields of the 4D theory found in [11] is exactly

the constraint, called “duality” in [18], which allows to build, at low energy, fermionic

fields from bosonic ones, in an analogous way to the fermionization-bosonization procedure

which can be exactly carried out in 2D. This “duality relation” is invoked in [17] to claim

the existence, at low energy, of fermionic degrees of freedom, relevant in the description of

the 3D Topological Insulators.

The fields of the embedded boundary theory are determined by the gauge symmetry

of the embedding bulk theory. In fact, since the full Poincaré invariance is anyway lost

due to the presence of the boundary, the choice of an axial gauge with axis normal to the

boundary appears natural. It is well known that the axial gauge fixing does not completely

fix the gauge [19], so that residual Ward identities remain, one for each gauge symmetry

of the bulk theory. The presence of the boundary breaks these Ward identities, and these

breakings play the double role of fixing the gauge and of determining the boundary fields.

The general rule is that to each p form in the bulk, corresponds a p − 1-form on the

boundary, related one to each other by duality conditions which are the remnant of the

boundary conditions on the bulk fields [11, 12].

The aim of this paper is to build nontrivial 4D gauge theories of two interacting gauge

fields, following the flat spacetime holographic principle [2] described above. Therefore,

the bulk theory should be a 5D topological field theory built with two rank-2 tensor fields,

say Bµν and Cµν , invariant under two gauge transformations, one for each field. This

model has also been considered in the context of D-brane models [20, 21]. Moreover, in

our “top-down” approach, we are not interested to what happens at both sides of a planar

boundary, as envisaged in the Symanzik’s approach, but just on one side. The boundary

is then realized by limiting the 5D action by means of a Heaviside step function θ(x).

It is interesting to notice that the bulk 5D model which fits our requests turns out to

correspond to the one considered recently in [22] in order to study its surface states. There,

the aim is similar to ours: that is to characterize certain states of matter from properties

of their edge states. Although the framework, the motivations and the language of [22] are

different from ours, there are several intriguing analogies, besides the general aim as we said

above. For instance, it is claimed that the edge states are realized locally by the breaking
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of “some symmetry”, and are “protected” by a discrete symmetry, called “electromagnetic

duality” involving the two fields. This is exactly what we stated above: the boundary fields

and the boundary actions are determined by the broken Ward identities, and we anticipate

that it will turn out that the gauge models which we will find on the 4D boundary are

identified (and protected) by discrete symmetries in the bulk.

The paper is organized as follows. In section 2 we write the 5D topological bulk

action, with the axial gauge fixing for the two tensor fields B and C, to which we add

the most general local boundary term, compatible with power counting. In section 3 the

symmetries of the bulk theory are described: the broken residual Ward identities and the

discrete symmetries involving the reversal of the x0-coordinate (which by simplicity we

call “Time Reversal”). In section 4 the most general boundary conditions are derived,

classified and discussed. In section 5 the boundary actions are derived, first by finding

out from the broken Ward identities the algebra of the boundary field operators, then

translating them in terms of canonical commutation relations between the boundary fields

and then finding the most general 4D actions which fit the canonical commutation relations

and the boundary conditions found previously and written in terms of boundary fields. Our

results are summarized and discussed in the concluding section 6.

2 The action

In absence of a boundary, we consider the following bulk action depending on two rank-2

tensor fields Bµν and Cµν , built in the 5D flat Euclidean spacetime:

S =

∫

d5x ǫµνρστBµν∂ρCστ , (2.1)

which is the most general one invariant under both the following gauge transformations

δ(1)Bµν = ∂µc
(1)
ν − ∂νc

(1)
µ (2.2)

δ(1)Cµν = 0 (2.3)

and

δ(2)Bµν = 0 (2.4)

δ(2)Cµν = ∂µc
(2)
ν − ∂νc

(2)
µ , (2.5)

where c
(1)
µ (x) and c

(2)
µ (x) are local gauge parameters. We then introduce the boundary at

x4 = 0, implemented by means of the Heaviside step function θ(x4), which changes the

usual by parts integration rule into
∫

d5x [θ(x4)ǫµνρστ (∂ρBµνCστ +Bµν∂ρCστ ) + δ(x4)ǫijklBijCkj ] = 0, (2.6)

because of the distributional derivative of the θ-function: θ′(x) = δ(x), so that only two

of the three terms appearing in (2.6) are independent. Our aim is to study the boundary

physics, so we choose to work with the action

Sbulk =

∫

d5xθ(x4)ǫµνρστ (∂ρBµνCστ + kBµν∂ρCστ ) , (2.7)
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which depends on one coupling constant k, which cannot be reabsorbed by field redefini-

tions. It must be

k 6= 1, (2.8)

because otherwise the action (2.7) would reduce to a pure boundary term, because of (2.6).

The notations we adopt in this paper are the following

µ, ν, ρ, σ, τ = 0, 1, 2, 3, 4 (2.9)

i, j, k, l = 0, 1, 2, 3 (2.10)

α, β, γ, δ = 1, 2, 3 (2.11)

ǫijkl = ǫ4ijkl (2.12)

ǫαβγ = ǫ40αβγ (2.13)

θ(0) = 1 (2.14)

x = xµ = (x0, x1, x2, x3, x4) (2.15)

X = Xi = (x0, x1, x2, x3) = (x0, ~X), (2.16)

and the canonical mass dimensions of the tensor fields B and C are

[B] = [C] = 2. (2.17)

The presence of the boundary x4 = 0 has as a first consequence that the bulk action is (2.7),

instead of (2.1). In addition, the gauge symmetries of the bulk action are broken by the

boundary.

The complete (classical) action is given by

Stot = Sbulk + Sgf + SJ + Sbd, (2.18)

where

Sgf =

∫

d5xθ(x4)(biB4i + diC4i) (2.19)

implements the axial gauge choices

B4i = C4i = 0, (2.20)

SJ =

∫

d5xθ(x4)

(

1

2
J
(B)
ij Bij +

1

2
J
(C)
ij Cij

)

(2.21)

couples external sources J (B) and J (C) to the tensor fields B and C respectively, and

Sbd =

∫

d5xδ(x4)(a1BijBij + a2ǫijklBijBkl +

+a3CijCij + a4ǫijklCijCkl + a5BijCij) (2.22)

is the most general boundary term, compatible with locality and power counting, depending

on five constant real parameters ai, which will turn out to be constrained by the symmetries

of the model. Notice that in (2.22) a boundary term of the type a6δ(x4)ǫijklBijCkl has

not been included because it can be reabsorbed in (2.7) by means of the integration by

parts (2.6).
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3 Equations of motion, Ward identities and symmetries

From the action (2.18), the equations of motion are derived

δStot

δBij
= θ(x4)

[

1

2
J
(B)
ij + (k − 1)ǫijkl(∂4Ckl − 2∂kC4l)

]

+δ(x4)[−ǫijklCkl + 2a1Bij + 2a2ǫijklBkl + a5Cij ] = 0 (3.1)

δStot

δB4i
= θ(x4)[2(k − 1)ǫijkl∂jCkl + bi] = 0 (3.2)

δStot

δCij
= θ(x4)

[

1

2
J
(C)
ij + (1− k)ǫijkl(∂4Bkl − 2∂kB4l)

]

+δ(x4)[−kǫijklBkl + 2a3Cij + 2a4ǫijklCkl + a5Bij ] = 0 (3.3)

δStot

δC4i
= θ(x4)[2(1− k)ǫijkl∂jBkl + di] = 0, (3.4)

which yield the Ward identities

∫ +∞

0
dx4∂jJ

(B)
ij = 2(k − 1)∂jC̃ij

∣

∣

∣

x4=0
(3.5)

∫ +∞

0
dx4∂jJ

(C)
ij = 2(1− k)∂jB̃ij

∣

∣

∣

x4=0
, (3.6)

where we adopted the short-hand notation

X̃ij ≡ ǫijklXkl. (3.7)

It is well known that the axial gauge (2.20) does not completely fix the gauge [19]. The

broken Ward identities (3.5) and (3.6) are the functional description of the residual gauge

invariance (due to the axial gauge choice), broken by the boundary x4 = 0. From the

broken Ward identities (3.5) and (3.6), remembering that k 6= 1 (2.8), one immediately

sees that Dirichlet boundary conditions for the fields B and C at the boundary x4 = 0

would imply that also the vanishing of the corresponding l.h.s. This would trivialize the

physics on the boundary, which instead is what we are looking for. This is even more true

in our case, since we are considering a topological field theory in the bulk, which lacks of

local observables and physical degrees of freedom. It is well known that the only way for a

topological field theory to get physical observables is to look what happens on a boundary.

Therefore, for our purposes Dirichlet boundary conditions are not interesting, and will not

be considered in what follows:

Bij |x4=0 6= 0 ; Cij |x4=0 6= 0. (3.8)

Besides the continuum symmetries described by (3.5) and (3.6), the action Sbulk (2.7) is

also invariant under the following two discrete symmetries, which we call “Time Reversal”,
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T1 T2

a1 = a1 = a1

a2 = 0 = a2

a3 = a3 = a1

a4 = 0 = −a2

a5 = 0 = a5

k = k = −1

Table 1. Constraints from TR symmetries.

because they both involve the “time” inversion x0 → −x0:
1

T1B04 = +B04 T1C04 = −C04

T1B4α = −B4α T1C4α = +C4α

T1B0α = +B0α T1C0α = −C0α (3.9)

T1Bαβ = −Bαβ T1Cαβ = +Cαβ

and

T2B04 = −C04 T2C04 = −B04

T2B4α = +C4α T2C4α = +B4α

T2B0α = −C0α T2C0α = −B0α (3.10)

T2Bαβ = +Cαβ T2Cαβ = +Bαβ .

One has, indeed

T1Sbulk = Sbulk (3.11)

T2Sbulk = Sbulk + (1 + k)

∫

d5xδ(x4)ǫijklBijCkl. (3.12)

So T2 is a symmetry of Sbulk provided that k = −1. Imposing the discrete symmetries

T1(2) on the boundary action Sbd (2.22), yields the constraints on the parameters ai listed

in the table.

4 Boundary conditions

The boundary conditions are obtained putting equal to zero the boundary term in the

equations of motion (3.1) and (3.3):

−C̃ij + 2a1Bij + 2a2B̃ij + a5Cij

∣

∣

∣

x4=0
= 0 (4.1)

−kB̃ij + 2a3Cij + 2a4C̃ij + a5Bij

∣

∣

∣

x4=0
= 0. (4.2)

1We are aware that calling this discrete symmetry “Time Reversal” could be misleading, since in Eu-

clidean spacetime all directions are equivalent. Nonetheless we adopt this nomenclature, as it is widely

done in the Literature, having in mind the possible analytic continuation to Minkowski spacetime
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The task is to find out which are the parameters a which lead to nonvanishing solutions of

the 6 + 6 equations (4.1) and (4.2) for the 6 + 6 components of the fields Bij and Cij . To

each solution, it corresponds a boundary condition for the fields B and C, which will be

crucial for determining the physics on the boundary.

4.1 Solution imposing T1

This corresponds to putting in (4.1) and in (4.2)

a2 = a4 = a5 = 0, (4.3)

which therefore become

−ǫijklCkl + 2a1Bij |x4=0 = 0 (4.4)

−kǫijklBkl + 2a3Cij |x4=0 = 0 (4.5)

Remembering that Dirichlet boundary conditions are excluded, we observe that the

boundary conditions (4.4) and (4.5) are compatible one with each other if

a1a3 = k (4.6)

The resulting boundary condition is

Bij −
1

2a1
ǫijklCkl

∣

∣

∣

∣

x4=0

= 0. (4.7)

This solution corresponds to the situation studied in [22].

4.2 Solutions imposing T2

This is realized by putting in (4.1) and in (4.2)

a3 = a1 ; a4 = −a2 ; k = −1. (4.8)

The resulting boundary conditions are

−ǫijklCkl + 2a1Bij + 2a2ǫijklBkl + a5Cij |x4=0 = 0 (4.9)

ǫijklBkl + 2a1Cij − 2a2ǫijklCkl + a5Bij |x4=0 = 0. (4.10)

The solutions of the above systems are:

1.

Bij = κ1B̃ij + κ2C̃ij (4.11)

Cij = −κ2B̃ij − κ1C̃ij (4.12)

where

κ1 =
4a1a2 − a5

4(1− 4a22)
; κ2 =

−2a1 + 2a2a5
4(1− 4a22)

, (4.13)

and a1 = ±1
2

√

16a22 + a25 − 4, with 16a22+a25−4 ≥ 0. Notice that the solutions (4.11)

and (4.12) are compatible one with each other because it turns out to hold

4(κ21 − κ22) = 1. (4.14)
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2.

Cij = ±Bij , (4.15)

which is obtained for

a2 = ±
1

2
; a3 = a1 ; a4 = ∓

1

2
; a5 = ∓2a1. (4.16)

3.

Bij = ∓κ1B̃ij + κ2C̃ij (4.17)

Cij = −κ2B̃ij ± κ1C̃ij (4.18)

where

κ1 =
1 + a21
4a1

; κ2 =
1− a21
4a1

, (4.19)

and, again, 4(κ21 − κ22) = 1, as it should be. These solutions are analogous to (4.11)

and (4.12), and are obtained for

a2 = ±
1

2
; a3 = a1 ; a4 = ∓

1

2
; a5 = ±2a1. (4.20)

4.3 Solutions without imposing discrete symmetries

Without imposing any of the two discrete TR-symmetries (3.9) and (3.10), the solutions

which do not involve Dirichlet boundary conditions are

1.

a
(±)
1 = ±2a2 +

(a5 ± 2)(a5 ± 2k)

4(a3 ∓ 2a4)
, (4.21)

where

a5 ± 2k 6= 0 ; a3 ∓ 2a4 6= 0. (4.22)

The boundary conditions are

Bij = ∓
1

2
B̃ij ; Cij = ∓

1

2
C̃ij ; Cij = λ

(±)
1 Bij , (4.23)

where λ
(±)
1 = ± (a5±2k)

2(2a4∓a3)
.

2.

a5 = ±2k ; a3 = ∓2a4, (4.24)

to which correspond the boundary conditions

Bij = ±
1

2
B̃ij ; Cij = ±

1

2
C̃ij ; Cij = λ

(±)
2 Bij , (4.25)

where λ
(±)
2 = 2a2±a1

1−k
, and 2a2 ± a1 6= 0, which otherwise would imply the forbidden

Dirichlet conditions. The case 2a2 ± a1 = 0 and a5 ∓ 2k2 = 0 gives (4.23).
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5 Boundary actions

In this section we identify the dynamical term of the boundary action using the Ward

identities. After that, we will derive the complete 4D action compatible with the boundary

conditions found in section 4.

5.1 Equal time commutators

Going on-shell, that is putting J = 0 in (3.5) and in (3.6), it is possible to identify the

“potential” fields which are the correct variables on which the boundary action depends:

ǫijkl∂jCkl|x4=0 = 0 =⇒ Cij |x4=0 ≡ ∂iξj(X)− ∂jξi(X) (5.1)

ǫijkl∂jBkl|x4=0 = 0 =⇒ Bij |x4=0 ≡ ∂iζj(X)− ∂jζi, (X) (5.2)

where X has been defined in the notations (2.16).

Deriving the Ward identity (3.5) with respect to J
(B)
mn (x′), one gets:

(δαmδjn − δαnδjm)∂jδ
(4)(X −X ′) = 2(1− k)ǫαβγδ(t− t′)[Cβγ(X), Bmn(X

′)]. (5.3)

Putting in (5.3) m = δ, n = η, we get the following equal-time canonical commutation

relation:

4(1− k)δ(t− t′)[ǫαγδ∂γξδ(X), ζβ(X
′)] = δαβδ

(4)(X −X ′) (5.4)

between the 4D canonically conjugate variables

qα(X) ≡ ǫαβγ∂βξγ(X) ; pβ(X
′) ≡ 4(1− k)ζβ(X

′), (5.5)

in terms of which eq. (5.4) reads

[qα(X), pβ(X
′)] = δαβδ

(4)(X −X ′). (5.6)

Similarly, deriving the Ward identity (3.5) with respect to J
(C)
mn (x′) we find

δ(t− t′)[Cαβ(X), Cmn(X
′)] = 0. (5.7)

In terms of the potential ξ and putting m = γ, n = δ one has

δ(t− t′)[ǫαρσ∂ρξσ(X), ǫβγδ∂γξδ(X
′)] = 0, (5.8)

which, according to the identification (5.5), corresponds to

δ(t− t′)[qα(X), qβ(X
′)] = 0, (5.9)

as it should. Observing that (3.5) ↔ (3.6) if B ↔ C and (k − 1) ↔ (1− k), one finds the

commutation relation

δ(t− t′)[ζα(X), ζβ(X
′)] = 0, (5.10)

which, in terms of (5.5), corresponds to

δ(t− t′)[pα(X), pβ(X
′)] = 0, (5.11)

– 9 –
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which complete the algebra of the boundary fields.

It is possibile at this point to give a further motivation to the statement according

to which the Dirichlet conditions are the only ones which allow a non-trivial boundary

physics, whenever an algebra such as that found above is present. Just as one cannot

simultaneously impose the initial condition x = p = 0 on a non-relativistic particle, one

cannot impose boundary conditions on both members of a pair of canonically conjugate

variables such as B0α and ǫαβγCβγ .

Finally, deriving the Ward identity (3.6) with respect to J
(C)
mn (x′), we have:

(δαmδjn − δαnδjm)∂jδ
(4)(X −X ′) = 2(k − 1)ǫαβγδ(t− t′)[Bβγ(X), Cmn(X

′)],

where j = 0 → i = α, k = β, l = γ, and we have used (5.1). The equal time canonical

commutation relation is obtained putting m = δ, n = η:

4(k − 1)δ(t− t′)[ǫαρσ∂ρζσ(X), ξβ(X
′)] = δαβδ

(4)(X −X ′) (5.12)

between the canonically conjugate variables

qα(X) ≡ ǫαβγ∂βζγ(X) ; pβ(X
′) ≡ 4(k − 1)ξβ(X

′), (5.13)

in terms of which the (5.12) can be written

δ(t− t′)[qα(X), pβ(X
′)] = δαβδ

(4)(X −X ′). (5.14)

Notice that the identifications (5.5) and (5.13) differs one from each other. Nevertheless,

they are compatible, in the sense that they both lead to the same action, as we show in

the next subsection.

5.2 Compatibility between (5.5) and (5.13)

The identifications (5.5) and (5.13) are compatible, because they both give rise to the same

action. The Lagrangian density induced by the canonical field variables (5.5) is, indeed:

L = pαq̇α = [4(1− k)ζα(X)]∂0[ǫαβγ∂βξγ(X)] (5.15)

from which the action is

S =

∫

d4X 4(1− k)ǫαβγζα∂0∂βξγ . (5.16)

On the other hand, the Lagrangian corresponding to (5.13) is:

L = pαq̇α = [4(k − 1)ξα(X)]∂0[ǫαβγ∂βζγ(X)], (5.17)

which, integrated, gives rise to the 4D action

S =

∫

d4X 4(k − 1)ǫαβγξα∂0∂βζγ

=

∫

d4X 4(k − 1)ǫαβγζγ∂0∂βξα

=

∫

d4X 4(1− k)ǫαβγζα∂0∂βξγ . (5.18)

The actions (5.16) and (5.18) do indeed coincide.

– 10 –
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5.3 The 4D boundary actions

The definitions of the two 4D field “potentials” ξ(X) in (5.1) and ζ(X) in (5.2) induce two

Abelian gauge invariance

δ(1)ξi(X) = ∂iθ
(1)(X) ; δ(2)ζi(X) = ∂iθ

(2)(X), (5.19)

where θ(1)(X) and θ(2)(X) are local gauge parameters.

We are looking for a 4D action S depending on two vectorial field ξi(X) and ζi(X)

which must satisfy the following constraints:

1. S must not contain terms with time derivatives others than (5.16), in order to preserve

the canonical commutation relations (5.4), (5.8) and (5.10);

2. S must be covariant in the spatial indices α = 1, 2, 3;

3. S must be doubly gauge invariant: δ(1)S = δ(2)S = 0;

4. S must be compatible with the boundary/duality conditions we found throughout

this paper:

(a) (4.7), (4.11)–(4.12), or (4.17)–(4.18), which we summarize as:

Bij = κ1B̃ij + κ2C̃ij (5.20)

Cij = κ3B̃ij − κ1C̃ij , (5.21)

where, by consistency,

4(κ21 + κ2κ3) = 1; (5.22)

(b) (4.23) and (4.25), which are of the type

Cij = λBij (5.23)

Cij = ±
1

2
ǫijklCkl (5.24)

Bij = ±
1

2
ǫijklBkl; (5.25)

(c) (4.15):

Cij = ±Bij , (5.26)

with no (anti)self-duality conditions like in the latter case.

5. S is a gauge theory, for which we chose the gauge:

ξ0(X) = ζ0(X) = 0. (5.27)

Defining

Fαβ(ξ) ≡ ∂αξβ(X)− ∂βξα(X) ; Gαβ(ζ) ≡ ∂αζβ(X)− ∂βζα(X), (5.28)

– 11 –
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the most general 4D local action which satisfies the conditions 1. 2. and 3. is:

S =

∫

d4X
(

α1ǫαβγ∂0ζα∂βξγ + α2F
2(ξ) + α3G

2(ζ) + α4Fαβ(ξ)Gαβ(ζ)
)

, (5.29)

where α1 = 4(k−1), and α2, α3, α4 are dimensionless constants that need to be determined

in terms of the ai appearing in (2.22). One immediately sees that terms of lower dimensions

are ruled out by the request of compatibility with the duality constraints. Notice that by

power counting, the canonical mass dimensions of the potential fields are:

[ξ] = [ζ] = 1. (5.30)

From (5.29), we derive the field equations of motion:

δS

δζα
= −α1ǫαβγ∂0∂βξγ + 4α3(∂α∂ζ − ∂2ζα) + 2α4(∂α∂ξ − ∂2ξα) (5.31)

δS

δξα
= α1ǫαβγ∂0∂βζγ + 4α2(∂α∂ξ − ∂2ξα) + 2α4(∂α∂ζ − ∂2ζα). (5.32)

In the appendix it is shown that the compatibility between the equations of mo-

tion (5.31)–(5.32) and the duality conditions of the type (5.20) and (5.21) is obtained if

α2 = −
1

2
α1κ2 ;α3 =

1

2
α1κ3 ;α4 = −α1κ1. (5.33)

In details:

1. solution (4.7):

κ1 = 0 ; κ2 =
1

2a1
; κ3 =

1

2
a1 (5.34)

The 4D boundary action is

S = 4(k − 1)

∫

d4X

[

ǫαβγ∂0ζα∂βξγ −
1

4

(

1

a1
F 2(ξ)− a1G

2(ζ)

)]

(5.35)

2. solutions (4.11)–(4.12) and (4.17)–(4.18): the boundary action is

S = 8

∫

d4X (ǫαβγ∂0ξα∂βζγ +
1

2
κ2(F

2(ξ) +G2(ζ)) + κ1Fαβ(ξ)Gαβ(ζ)). (5.36)

Finally, it is readily seen that, following the same procedure described in the appendix,

the action (5.29) cannot realize the boundary conditions of the type (5.23) in terms of

equations of motion, as we did previously. In other words, it is not possible to write a 4D

action which allows to recover “on-shell” the constraints (5.23) and (5.26). Neither it is

possible an “off-shell” realization of those constraints. In fact, the condition (5.23) can be

solved in terms of potential fields:

ξi = λζi + ∂iφ, (5.37)
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where φ(X) is a scalar field which must be invariant under translations φ(X) → φ(X) + c,

in order to preserve gauge invariance on ξi(X). If we substitute (5.37) into (5.16) we get

zero, and the requested equal time canonical commutators cannot be recovered.

It is apparent that the discrete symmetries (3.9) and (3.10) play a striking role, since

they select the edge dynamics: 4D boundary actions are possible only if one of the two

TR symmetries are requested in the bulk. In this sense the edge states are “protected”

by the discrete symmetries, as remarked in [22]. Moreover, and quite remarkably, the

action (5.35) displays a true electromagnetic duality, which exchanges the “electric” and

“magnetic” fields, together with the inversion of the coupling constant. We shall come

back to this points in the next concluding section.

6 Summary and discussion

In this paper we considered the topological 5D action

Sbulk =

∫

d5xθ(x4)ǫµνρστ (∂ρBµνCστ + kBµν∂ρCστ ) , (6.1)

whose physical content is entirely confined on its 4D boundary, realized here by means of

the θ- function appearing in (6.1). The adoption of the axial gauge for the two rank-2

tensor fields Bµν and Cµν and the presence of the boundary results in the broken Ward

identities
∫ +∞

0
dx4∂jJ

(B)
ij = 2(k − 1)∂jC̃ij

∣

∣

∣

x4=0
(6.2)

∫ +∞

0
dx4∂jJ

(C)
ij = 2(1− k)∂jB̃ij

∣

∣

∣

x4=0
. (6.3)

From (6.2) and (6.3), at vanishing external sources J , the 4D boundary fields ζi(X) and

ξi(X) are readily derived, as vector “potentials” of the 5D tensors Bµν(x) and Cµν(x),

respectively:

∂jC̃ij

∣

∣

∣

x4=0
= 0 =⇒ Cij |x4=0 ≡ ∂iξj(X)− ∂jξi(X) (6.4)

∂jB̃ij

∣

∣

∣

x4=0
= 0 =⇒ Bij |x4=0 ≡ ∂iζj(X)− ∂jζi(X), (6.5)

which imply the gauge invariance on the boundary

δ(1)ξi(X) = ∂iθ
(1)(X) ; δ(2)ζi(X) = ∂iθ

(2)(X). (6.6)

From the broken Ward identities (6.2) and (6.3), the algebra of the conserved currents

defined in (6.4) and (6.5) is derived, which, written in terms of potential fields ζ and ξ,

reads:

[qα(X), pβ(X
′)] = δαβδ

(4)(X −X ′) (6.7)

δ(t− t′)[qα(X), qβ(X
′)] = 0 (6.8)

δ(t− t′)[pα(X), pβ(X
′)] = 0, (6.9)
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where

qα(X) ≡ ǫαβγ∂βξγ(X) ; pβ(X
′) ≡ 4(1− k)ζβ(X

′). (6.10)

We made the identifications (6.10) to make apparent the interpretation of the algebra

formed by (6.7), (6.8) and (6.9) as equal time canonical commutators derived by some 4D

action living at the edge of the 5D theory defined by (6.1).

The possible boundary conditions are selected by the discrete symmetries (3.9)

and (3.10), which we called “Time Reversal”, because they both involve the reversal of

the (Euclidean) coordinate x0. In fact, if we require Time Reversal in the bulk, the bound-

ary conditions are of the type

Bij = κ1B̃ij + κ2C̃ij (6.11)

Cij = κ3B̃ij − κ1C̃ij , (6.12)

where the κ’s are known functions of the parameters appearing in the boundary term of the

BC-action (2.22). Otherwise, if no Time Reversal is imposed, the boundary conditions are

Bij = λCij , (6.13)

together with (anti)selfduality conditions on the fields

Bij = ±
1

2
B̃ij ; Cij = ±

1

2
C̃ij . (6.14)

The main results of this paper are the following:

1. At the boundary of the topological 5D action (6.1) it is possible to define a 4D

action which is gauge invariant according to (6.6) and which yields the canonical

commutation relations (6.6)–(6.9) only if the boundary conditions of the type (6.11)

and (6.12) are satisfied, i.e. only if one of the two Time Reversal discrete symme-

tries (3.9) or (3.10) are respected. In this sense, the edge states of the model (6.1)

are “protected”, as guessed in [22].

2. We showed that the 4D action which respects the boundary conditions (6.11)

and (6.12), with κ3 = −κ2, is

S = 8

∫

d4X (ǫαβγ∂0ξα∂βζγ +
1

2
κ2(F

2(ξ) +G2(ζ)) + κ1Fαβ(ξ)Gαβ(ζ)). (6.15)

Notice that the Time Reversal symmetry (3.10) exchanges the (B,C) fields one with

each other.

3. The discrete symmetry (3.9) corresponds to the ordinary Time Reversal symmetry,

under which B (hence ζ) behaves like an electric field, and C (hence ξ) is magnetic-

like. The 4D action

S = 4(k − 1)

∫

d4X [ǫαβγ∂0ζα∂βξγ −
1

4
(
1

a1
F 2(ξ)− a1G

2(ζ))] (6.16)
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is compatible with the boundary conditions (6.11) and (6.12) which, in terms of 4D

field strengths, read

Gαβ(ζ) = ∂αζβ − ∂βζα =
1

a1
ǫαβγ∂0ξγ . (6.17)

The second identity coincides with the “duality” constraint between the boundary

fields ξ and ζ which is used in [18, 23, 24] to build, at low energy, fermionic degrees

of freedom from bosonic fields, and which therefore allows to claim the presence, on

the boundary and at low energy, of fermionic degrees of freedom, as it has been done

in [17] for the 3D Topological Insulators.

We stress that the boundary actions (6.15) and (6.16) depend on the coefficient ai

appearing in (2.22), which are not entirely determined by the symmetries of the bulk

theory, as it should, since they encode non-universal information.

Notice that we are writing the Maxwell equations in terms of two gauge potentials ζ

and ξ, related by a duality relation, in a similar way as described in [25]. In fact, once

the field ζ is eliminated in favor of ξ through the duality constraint (6.17), which corre-

sponds to going on-shell, the action (6.16) becomes manifestly 4D covariant, and reads

S =
1− k

a1

∫

d4X Fij(ξ)Fij(ξ). (6.18)

It is a surprising result that the the Maxwell theory described by (6.18) comes out

as the 4D covariant boundary theory of the 5D topological model (6.1), which at

first glance lacks physical content.

Finally, and even most remarkably, the action (6.16), considered off-shell as it stands,

displays a true electromagnetic duality, because it is invariant under the symmetry

~ξ ↔ ~ζ ; a1 → −
1

a1
, (6.19)

which relates the strong (electric) to the weak (magnetic) regime.

Acknowledgments

We thank the support of INFN Scientific Initiative SFT: “Statistical Field Theory, Low-

Dimensional Systems, Integrable Models and Applications” and FIRB - “Futuro in Ricerca

2012” - Project HybridNanoDev RBFR1236VV.

A Matching duality and equations of motion

In this appendix we explicitly study the compatibility between the action (5.29) and the

boundary conditions (5.20) and (5.21). In terms of ξ and ζ, eq. (5.20) for i = 0, j = α and

for i = α, j = β gives:

ǫαβγ∂0ζα = 2[κ1(∂βζγ − ∂γζβ) + κ2(∂βξγ − ∂γξβ)] (A.1)

∂αζβ − ∂βζα = 2ǫαβγ(κ1∂0ζγ + κ2∂0ξγ), (A.2)
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where we used the gauge conditions (5.27).

Analogously, eq. (5.21) can be written

ǫαβγ∂0ξα = 2[κ3(∂βζγ − ∂γζβ)− κ1(∂βξγ − ∂γξβ)] (A.3)

∂αξβ − ∂βξα = 2ǫαβγ(κ3∂0ζγ − κ1∂0ξγ). (A.4)

Compatibility between (5.32) and (A.1): taking into account the gauge choice ξ0 =

ζ0 = 0, the equation of motion (5.32) reads:

∂β [ǫαβγ∂0ζα +
4α2

α1
(∂βξγ − ∂γξβ) +

2α4

α1
(∂βζγ − ∂γζβ)] = 0, (A.5)

which is “compatible” with (A.1) if

2α2 + α1κ2 = 0 (A.6)

α4 + α1κ1 = 0. (A.7)

Compatibility between (5.31)–(5.32) and (A.2):

κ2
δS

δζα
− κ1

δS

δξα
= 0 (A.8)

implies

∂β

[

ǫαβγ(κ1∂0ζγ + κ2∂0ξγ) + (∂αξβ − ∂βξα)

(

4α2κ1

α1
−

2α4κ2

α1

)

(A.9)

+(∂αζβ − ∂βζα)

(

2α4κ1

α1
−

4α3κ2

α1

)]

= 0,

which is “compatible” with (A.2) if

2α2κ1 − α4κ2 = 0 (A.10)

4

α1
(2α3κ2 − α4κ1) = 1. (A.11)

Compatibility between (5.31) and (A.3): eq. (5.31) can be written

∂β[ǫαβγ∂0ξα −
2α4

α1
(∂βξγ − ∂γξβ)−

4α3

α1
(∂βζγ − ∂γζβ)] = 0 (A.12)

which is compatible with (A.3) if

2α3 − α1κ3 = 0 (A.13)

α4 + α1κ1 = 0. (A.14)

Compatibility between (5.31)–(5.32) and (A.4):

κ1
δS

δζρ
+ κ3

δS

δξρ
= 0 (A.15)
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implies

∂β

[

2ǫαβγ(−κ3∂0ζγ + κ1∂0ξγ) + (∂αξβ − ∂βξα)

(

8α2κ3

α1
+

4α4κ1

α1

)

(A.16)

+(∂αζβ − ∂βζα)

(

4α4κ3

α1
+

8α3κ1

α1

)]

= 0,

which is compatible with (A.4) if

2α3κ1 + α4κ3 = 0 (A.17)

4

α1
(2α2κ3 + α4κ1) = −1. (A.18)

Summarizing, the conditions for the compatibility between the equations of motion of

the action (5.29) and the duality conditions of the type (5.20) and (5.21), are

4(κ21 + κ2κ3) = 1 (A.19)

2α2 + α1κ2 = 0 (A.20)

α4 + α1κ1 = 0 (A.21)

2α2κ1 − α4κ2 = 0 (A.22)

4

α1
(2α3κ2 − α4κ1) = 1 (A.23)

2α3 − α1κ3 = 0 (A.24)

2α3κ1 + α4κ3 = 0 (A.25)

4

α1
(2α2κ3 + α4κ1) = −1, (A.26)

which are solved by

α2 = −
1

2
α1κ2 ;α3 =

1

2
α1κ3 ;α4 = −α1κ1. (A.27)
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