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1. Introduction

The theory of affine connections is a classical topic in differential geometry, initially developped to
solve pure geometrical problems. It provides an extremely important tool to study geometrical structures
on manifolds and, as such, has been applied with great sources in many different settings. For affine
connections, a survey of the development of the theory can be found in [19] and references therein.
In [13], Garcia-Rio et al. introduced the notion of the affine Osserman connections. Affine Osserman
connections are well-understood in dimension two. For instance, in [5] and [13], the authors proved, in a
different way, that an affine connection is Osserman if and only if its Ricci tensor is skew-symmetric. The
situation is however more involved in higher dimensions where the skew-symmetry of the Ricci tensor
is a necessary (but not a sufficient) condition for an affine connection to be Osserman. The concept of an
affine Osserman connection has become a very active research subject. (See [6, 7, 8] for more details).

The aim of the present paper is to give examples of two families of affine Osserman connections
on 3 and 4 dimensional manifolds which are Ricci flat. Our paper is organized as follows. Section 1
introduces this topic. The section 2 contains some definitions and basic results we shall need. In section
3, we study the Osserman condition on a family of affine connection. The last section is devoted to the
study of Riemann extension that associates to an affine structure on a manifold a corresponding metric
of neutral signature on its cotangent bundle. It plays an important role in various questions involving the
spectral geometry of the curvature operator. (See [1, 2] for more informations).

2. Preliminaries

2.1. Affine manifolds

Let M be a m-dimensional smooth manifold and V be an affine connection on M. Let us consider a
system of coordinates (up,...,u,,) in a neighborhood U of a point p in M. In U, the connection is
given by

Vo,0; =T%0k, 2.1



2 Mouhamadou Hassirou, Boubacar Moundio, Issa Ousmane Toudou

where {9; = a%i}KKm is a basis of the tangent space T}, M and the functions I'}; (4, j, k = 1,--- ,m)
are called the coefficients of the affine connection. The pair (1, V) shall be called affine manifold.

We define a few tensor fields associated to a given affine connection V. The torsion tensor field T,
which is of type (1, 2), is defined by

T(X,Y):=VxY -VyX - [X,Y],
for any vector fields X and Y on M. The components of the torsion tensor 7 in local coordinates are
k _ 1k k
Ty =17 =15,
If the torsion tensor of a given affine connection V vanishes, we say that V is torsion-free.
The curvature tensor field R, which is of type (1, 3), is defined by
R(X, Y)Z = VXVYZ - VyVXZ - V[X’y]Z,

for any vector fields X, Y and Z on M. The components in local coordinates are

R(O,01)0; = > _ Riyy0i.

We shall assume that V is torsion-free. If R = 0 on M, we say that V is flat affine connection. It
is known that V is flat if and only if around a point, there exists a local coordinates system such that
Ffj = 0 forall 7, 5 and k.
We define the Ricci tensor Ric, of type (0, 2) by

Ric(Y, Z) = trace{X — R(X,Y)Z}.

The components in local coordinates are given by
Ric(9;,0k) = Y Rjj-
i

It is known, in Riemannian geometry, that the Levi-Civita connection of a Riemannian metric has sym-
metric Ricci tensor. But, this property is not true for an arbitrary affine connection which is torsion-free.
In fact, for property is closely related to the concept of parallel volume element (cf. [19] for more
details).

In a 2-dimensional manifold, the curvature tensor R and the Ricci tensor Ric are related by

R(X,Y)Z = Ric(Y, Z)X — Ric(X, Z)Y. 2.2)
For X € T'(T,M) and p € M, we define the affine Jacobi operator Jr with respect to X by Jr(X) :
T,M — T;,M such that
JR(X)Y = R(Y, X)X. 2.3)
for any vector field Y. The affine Jacobi operator satisfies J (X)X = 0 and Jg (aX)Y = o?Jp(X)Y,
fora. € R—{0}and X € T, M.
2.2. The Riemann extension construction

Let N := T™"M be the cotangent bundle of an m-dimensional manifold and let 7 : T*M — M be
the natural projection. A point £ of the cotangent bundle is represented by an ordered pair (w, p), where

p = 7(§) is a point on M and w is a 1-form on T, M. If u = (uq,. .., u ) are local coordinates on M,
letw' = (uy, ..., un ) be the associated dual coordinates on the fiber where we expand a 1-form w as
w = uydu; (i =1,...,m;i = i+ m); we shall adopt the Einstein convention and sum over repeated

indices henceforth.

For each vector field X = X'9; on M, the evaluation map ¢ X (p,w) = w(X,) defines on function on
N which, in local coordinates is given by

(X (ug, up) = up X°

Afr. J. Pure Appl. Math.
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Vector fields on N are characterized by their action on function : X ; the complete lift X of a vector
field X on M to N is characterized by the identity

XC(z)=1[X,Z], forall ZeC>®(TM).

Moreover, since a (0, s)-tensor field on M is characterized by its evaluation on complete lifts of vec-
tors fields on M, for each tensor field T" of type (1,1) on M, we define a 1-form T on N which is
characterized by the identity

T(X) = u(TX).

Definition 2.1. Let (M, V) be an affine manifold of dimension m. The Riemann extension g of (M, V)
is the pseudo-Riemannian metric of neutral signature (m, m) on the cotangent bundle T* M, which is
characterized by the identity

G(XC YY) = —(VxY + Vy X).

In the system of induced coordinates (u;, u;-) on T* M, the Riemann extension takes the form:
_ —2u /Fk‘ Idm
g =< S ) (2.4)

with respect t0 {Oy, s - - - Ou,, s Out s - - - Our, s here the indices 7 and j range from 1,...,m, " = i+m,
and I‘fj are the coefficients of the affine connection V with respect to the coordinates (u;) on M. More
explicitly:

9(Ouss Ouy) = =2upTFy, G(Ou0ur) = 67, G(ur, Dur) = 0.

Let (M, g) be a pseudo-Riemannian manifold. The Riemann extension of the Levi-Civita connection
inherits many of the properties of the base manifold. For instance, (M, g) has constant sectional curva-
ture if and only if (7T M, g) is locally conformally flat. However, the main applications of the Riemann
extensions appear when considering affine connections that are not the Levi-Civita connection of any
metric. We refer to Yano and Ishihara [21] for the proof of the following result:

Lemma 2.2. Let (M, V) be an affine manifold. Let R be the curvature operator of the Riemann exten-
sion (T*M, ) and let R be the curvature operator of (M, V). Then:

Sho h SR i S SnY k
Ri;i = Rpjis Ry = —Rign, Riyi = —Rpu Riji = —Riijo
»h' _ a a a t a t

R, = Ua/{vduh Riji = Vo, Rigjn + T Riyji + T Rip

+F?t,R’);Lik + F?tRizjh }7

1

6
where R, oy

oy ) denote the components of R and R.

(respectively R

By Lemma, (T*M, g) is locally conformally symmetric if and only if (M, V) is locally symmetric.
Furthermore, (T*M, g) is locally conformally flat if and only if (M, V) is projectively flat. Any pro-
jectively flat pseudo-Riemannian manifold has constant sectional curvature. However, there are many
projectively flat affine connections. We have the following result:

Theorem 2.3. ( [13]) Let (M, V) be a smooth torsion-free affine manifold. Then the following state-
ments are equivalent:

1. (M, V) is affine Osserman.
2. The Riemann extension (T*M, g) of (M, V) is a pseudo-Riemannian Osserman manifold.

Afr. J. Pure Appl. Math.
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3. Affine Osserman manifolds

Let (M,V) be a m-dimensional affine manifold, i.e., V is a torsion free connection on the tangent
bundle of a smooth manifold M of dimension m. Let R be the curvature operator and Jg(X) the
Jacobi operator with respect to a vector X € T, M associated.

Definition 3.1. [14] One says that an affine manifold (M, V) is affine Osserman at p € M if the char-
acteristic polynomial of Jr(X) is independent of X € T,M. Also (M, V) is called affine Osserman if
(M, V) is affine Osserman at each p € M.

Theorem 3.2. [14] Let (M, V) be a m-dimensional affine manifold. Then (M, V) is called affine Os-
serman at p € M if and only if the characteristic polynomial of Jr (X) is Py, (x)[\] = A™ for every
XeT,M.

Corollary 3.3. We say that (M, V) is affine Osserman if Spect{Jg (X)} = {0} for any vector X.

Corollary 3.4. If (M,V) is affine Osserman at p € M then the Ricci tensor is skew-symmetric at
p e M.

The affine Osserman manifolds arise naturally as generalized affine plane wave manifolds [12] and was
a fruitful field of inquiry [9, 10, 11]. Also, affine connections with skew-symmetric Ricci tensor have
received attention in the literature [4].

3.1. Example of affine Osserman connection on a 3-manifolds

Let M be a three-dimensional manifold and V a smooth torsion free affine connection. Choose a system
(u1,u2,us) of local coordinates in a domaine & C M such that the affine connection V is determined
by the functions f1, ..., fs given by the formulas

Vo, 01 = fi(ur,uz,u3)0;

Vo, 02 = folur,us,u3)0;

v8183 = f3(u17u2au3)81; (3 1)
Vo, 0o = faur,uz,u3)0; '
Vo, 03 = f5(u1,u2,u3)0;

Vo, 05 = fo(ur,u2,u3)0.

A straighforward calculation from (3.1) shows that the non-zero components of the curvature tensor are
given by

R(01,02)00 = (O1f2 —02f1)01

R(01,02)0; = (f1f4+81f4—f22—32f2)31
R(01,02)03 = (fifs +01fs — fofs — 0af3)01
R(01,03)01 = (O1fs — 0s3f1)0

R(01,05)02 = (fifs +01fs — fofs — 03f2)01
R(01,05)05 = (fife+Onfo— f3—0sf3)0n
R(02,03)01 = (02f3 — 03f2)0

R(02,05)02 = (faofs +Oofs — f3fa — O3f1)01
R(02,03)03 = (fafe+ O2fc — f3fs — O3f5)01.

Afr. J. Pure Appl. Math.
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The non-zero components of the Ricci tensor are given by

Ric(02,01) = fifs+01fa— f3 —Oafu;
Ric(02,02) = fifs+0ifa—f3—02f1
Ric(02,03) = fifs +01fs — fofs —Oaf3
Ric(05,01) = Oifs —03f1

Ric(05,02) = fifs +0ifs — fafs — Osf2
Ric(05,05) = fife+Oife — f3 — Osfs.

The skew-symmetry of Ricci tensor means that, in any local coordinates, we have:

RiC(a1, 81) = Ric(827 82) =
Ric(@l, 82> + Ric(ag, 81)
Ric(@l, 63) + Ric(ag, 81)

(02, 85) (05, 0s)

RiC(a‘g, (93) =

cocoo

(3.2)

Ric (92,83 + Ric 83, (92
According (3.1) and (3.2), we have the following:

Proposition 3.5. The Ricci tensor of the affine connection V defined in (3.1) is skew-symmetric if the
Sfunctions f;,i =1,...,6 satisfy the following partial differential equations:

O1fp —02f1 =0 0O1fs —03f1 =
Ofr—0cfo+ fifs—f3 =
Ofo—0sfs+ fifs—f3 =

201fs — Oafs — Osfa+2f1f5 —2fofs =

o o o o

Proof. It follows from (3.1) and (3.2).

Corollary 3.6. [8] Let V be as (3.1). Assume that fo = f3 = f5 = 0, then the Ricci tensor of the affine
connection (3.1) is skew-symmetric if and only if the coefficients of the connection (3.1) satisfy

fi(ur,ug,uz) = fi(ur), Oifa+ fifa=0, and 0Ofs+ fife =0.

Proposition 3.7. Let (M, V) be a 3-dimensional affine manifold with torsion free connection given by
(3.1). Then (M, V) is affine Osserman if and only if the Ricci tensor is skew-symmetric.

Proof. Since the Ricci tensor of any affine Osserman connection is skew-symmetric. It follows
that we have the following necessary conditions for the affine connection (3.1) to be Osserman

Oifo—Dofi =0 Oifs—0sfi=0 Oifs—afo+ fifs—f3=0
Ofs—Osfs+ fifo— fa =0 201fs — Oafs — Oafo+2f1fs — 2fafs = 0.

Then, the matrix associated to the affine Jacobi operator can be expressed, with respect to the coordinate
basis, as

(Jr(X)) =

o O O
o oo
SO0

Afr. J. Pure Appl. Math.



6 Mouhamadou Hassirou, Boubacar Moundio, Issa Ousmane Toudou

with
b= mas(20ufs—Osfi = O1fs — fifs + fofs)
+agas (52f5 —O3fat+ fofs — f3f4)
03 (0af — D5 + fofs = ffs )
c = —omap (52f3 —203f2+01fs + f1fs — f2f3)
03 (Oafs — Oafu+ fofs — fof1)
—ap03 (52f6 —O3f5 + fafe — f3f5)-
The characteristic polynomial of the affine Jacobi operator is now seen to be: Py, (x) [A] = =A%

Example 3.8. One can construct examples of affine Osserman connections. The following connection
on R? whose non-zero coefficients of the cofficients are given by Vo,02 = uguz0y and V05 =
(ug + u3)0y is affine Osserman.

3.2. Example of affine Osserman connection on a 4-manifolds

In the following A denotes a four-dimensional manifold and V a smooth torsion-free affine connec-
tion. Choose a system {u1, ua, u3, ug} of local coordinates in a domaine ¢4/ C M such that the affine

connection V is determined by the functions f1, ..., fs given by the formulas:
Vo, i = fi(u1,uz,uz,us)0s
Vi, 04 fa(uy, ug, us, ug)0y
Va,02 = fs(u1,us,us,us)0s
Va,03 = fa(us,uz,us, ug)0y
Vo,05 = f5(u1,uz, us, us)0s
Vo, 048 = fo(ui,uz,us, ug)0s
The non-zero components of the curvature tensor are given by
R(01,02)01 = —02f10s, R(01,02)02 = (01f3 + f2f3)0s;
R(01,02)03 = (O1fa+ fofa)Os, R(01,02)04 = —02f204;
R(01,03)01 = —03f104, R(0n,03)02 = (O fa + f2fa)0u;
R(01,05)05 = (O1fs+ f2f5)01, R(O1,03)04 = —0s5 f204;
R(01,00)01 = (01f2—Osfr + f3 — f1f6)0s, R(D2,04)01 = Daf204
R(02,03)02 = (O2fs — 03f3)01, R(D2,03)05 = (O2fs — 3f1)04
R(01,04)04 = (01fs — 04f2)0s, R(D2,04)02 = (—04sf3 — f3f6)04
R(02,04)03 = (—0afs — fafs)0s, R(02,04)0s = 02 fc04
R(03,04)01 = 03f204, R(03,04)02 = (—0sfs — faf6)0s
R(03,04)03 = (—0uafs — f5f6)0s, R(03,014)0s = 05 f604.
The non-zero components of the Ricci tensor are given by
Ric(h,01) = Oifo—0ufi + f5— fife, Ric(81,02) = dafo,
Ric(01,03) = 03fa, Ric(02,02) = —04f3 — f3fe,
Ric(02,03) = —0uafs — fafs, Ric(03,02) = —0sfs — fufe,
Ric(03,03) = —0afs — f5f6,Ric(04,01) = O1f6 — Oafo,
Ric(0s,ds) = Ofs, Ric(s,ds) = Dsfe.

Afr. J. Pure Appl. Math.
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Proposition 3.9. The Ricci tensor of the affine connection V defined in (3.3) is skew-symmetric if the
Sfunctions fs and fg has the form

fo= flur,ug) and fo = flui,uq)
and f;,i =1,...,6 satisfy the following partial differential equations:
Ofo—0ufi+ 35— ifo=0 Oufs+ fafs = 0
Oafs + fsfe =0 Oife —0sfo=0 Osfa+ fafe = 0.

Now, if X = Z?:l a; X" is a vector fields on a four-dimensional affine manifold (M, V), then the
affine Jacobi operator heve the following form:

Jr(X)0; = a%R(@hal)al + 1R (9;, 02)01 + a1asR(0;, 03)01
a1y R(0;,04)01 + a1aR(0;,01)02 + a2 R(0;,02) 0
aoasR(0;,03)02 + aaaesR(0;, 04)02 + anasR(0;,01)03
ap3R(D;,02)03 + a2R(0;,03)03 + azasR(0;,04)03
a1y R(0;,01)04 + aaaeaR(0;, 02)04 + asayR(0;,05)04
+  2R(0;,04)04

and the matrix associated is given by

+ o+ + o+

0 O
== o 0 .

o
O O OO

a1 ay as
where
a1 = —o1e0afi — arazdsfi + a3 (O fs + fafs)
+2a203(01 fa + fofs) + Q3(01f5 + fofs)
az = ofdafi —o1a2(01fs + fofs) + azas(Dafs — O3f3)
—a1as3(01fs + fofs) + a3(0afs — Osfa)
ag = ajdsfi —araa(Oifa+ fafs) — a5 (0afs — D3 fs)
—a1a3(01f5 + fafs) — asas(Oafs — O3 fa)

It is easy to see that the characteristic polynomial of the affine Jacobi operator is Py, (x)[A] = At We
have the following result:

Proposition 3.10. Let (M, V) be a 4-dimensional affine manifold with torsion free connection given by
(3.3). Then (M, V) is affine Osserman if and only if the Ricci tensor is skew-symetric.

Example 3.11. The following connection on R* whose non-zero coefficients of the cofficients are given
by Vo, 04 = (u1 + ug)04 and V9,04 = (uru4)0y is affine Osserman

4. Pseudo-Riemannian Osserman manifolds

Let (M, g) be a pseudo-Riemannian manifold of signature (p, q) and R be the curvature tensor of the
Levi-Civita connection. If (M, g) is Riemannian and if it is flat or it is local rank one symmetric space,
then the set of local isometries acts transitively on the unit sphere bundle S(M, g). Conversely, the
eigenvalues of the Jacobi operator Jg are constant on the unit sphere bundle S(M, g). Robert Osserman
[20] wondered if the converse holds; later authirs called this problem the Osserman conjecture. Works of
Chi [3], of Gilkey et al. [15] and of Nikolayevsky [16, 17] show that any complete and simply connected
Osserman manifold of dimension m # 16 is a rank-one symmetric space; the 16-dimensional setting is

Afr. J. Pure Appl. Math.
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exceptional and the situation is still not clear in that setting although there are some partial result due,
again, to Nikolayevsky [18]. In the Lorentzian setting, it is known [14], that a Lorentzian Osserman
manifold has constant sectional curvature; the geometry of such manifolds is very special.

Let ST(M,g) := {X € TM : g(X,X) = +1} the pseudo-sphere unit bundles. One says that a
pseudo-Riemannian manifold (M, g) is Osserman if the eigenvalues of Jg are constant on the pseudo-
sphere unit bundles S* (M, g). It is known that there exist pseudo-Riemannian Osserman manifolds
which are neither flat, nor local rank one symmetric spaces ([14]).

Example 4.1. Let M = R* with usual coordinates {u1, uz, us, us}. Then

g = wusdu' ®du! + adu' @ du® + bdu' @ du® + adu® @ du'
Hugugdu® @ du? + bdu? @ du* + bdu® @ du* + bdu* @ du?

define a pseudo-Riemannian Osserman metric on R* of signature (2,2) at the points where uy = 0 or
u1u§ — 3buz + bu; = 0.

Next we will use the Riemann extension to exhibit a pseudo-Riemannian Osserman metrics of signatures
(3,3) and (4,4).

1. Let (uq1,us,us) be the local coordinates on a 3-dimensional affine manifold (M, V). We expand
Vo, 0; =>4 f;;ak for i, j,k = 1,2, 3 to define the Christoffel symbols of V. Let w = ugqdu; +
usdug + ugdug € T*M : (uq,us,ug) are the dual fiber coordinates. The Riemann extension is
the pseudo-Riemannian metric g on the cotangent bundle 7* M of neutral signature (3, 3) defined

by setting

§(01,00) = g(02,05) = g(03,06) = 1,

g01,01) = —2uafly — 2usfi) — 2uefiy,
§(01,02) = —2uafly — 2usfio — 2u6fis,
§(01,05) = —2usfls — 2usfis — 2usfis,
§(02,02) = —2usfyy — 2usf3y — 2usf3y,
§(02,03) = —2usfoy — 2usf33 — 2uef3s,
9(0s,05) = —2uafsz — 2usfis — 2ue f3z.

Let consider the affine Osserman connection given in the example (3.8). Its Riemann extenxion g
on RY is define by:

0 0 0 1 0 0
0 —UqU2U3 0 0 1 0
_ 0 0 —2’U4(UQ + U3) 0 0 1
9=1 1 0 0 000 @D
0 1 0 0 0 O
0 0 1 0 0 O

The pseudo-Riemannian metric (4.1) is Osserman of signature (3, 3).

2. Let (u1,uz,us, uq) be the local coordinates on a 4-dimensional affine manifold (M, V). We ex-
pand V5,0, = >, fi’jﬁk for i,7,k = 1,2,3,4 to define the Christoffel symbols of V. Let
w = usduy + ugdus + urdug + ugduy € T*M : (us,us, ur,us) are the dual fiber coordi-
nates. The Riemann extension is the pseudo-Riemannian metric g on the cotangent bundle 7™ M

Afr. J. Pure Appl. Math.
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of neutral signature (4, 4) defined by setting

§(01,05) = g(02,06) = g(03,07) = g(04,05) = 1,
g01,00) = —2usfly —2uefiy — 2urfiy — 2usfiy,
g(01,05) = —2usfly — 2uefiy — 2urfiy — 2us fis,
§(01,02) = —2usfly —2uefiy — 2urfiy — 2usfis,
G(01,05) = —2usfly — 2uefis — 2urfis — 2us fis,
9(01,02) = —2usfiy — 2us [Ty — 2ur [Ty — 2us iy,
§(02,02) = —2usfyy — 2uef3y — 2urfI — 2us fiy,
§(02,05) = —2usfa — 2ugf3y — 2u7 foy — 2us fos,
9(02,01) = —2usfay — 2uf3y — 2u7fay — 2us foy,
9(0s,05) = —2usf33 — 2uefis — 2u7fi — 2us fas,
9(03,01) = —2usfiy —2ucf3y — 2urf3, — 2usfay,

9(04,04) = —2usfiy —2ugfiy — 2urfiy — 2usfiy.

Let consider the affine Osserman connection given in the example (3.11). Its Riemannian extenx-
ion g on R® is define by:

00 0 —2us(ui+ug) 1 0 0 0
00 0 0 0100
00 0 0 00 10
_ 000 —2ugmus 0 0 0 1
9=1 1 0 0 0 000 0 4.2)
010 0 000 0
00 1 0 000 0
00 0 1 0000

The metric (4.2) is Osserman of signature (4, 4)

The affine Osserman connections are of interest, not only in the affine geometry, but also in the study
of the pseudo-Riemannian Osserman metrics since they provide some nice examples of Osserman man-
ifolds whose Jacobi operators have non-trivial Jordan normal form and which are not nilpotent. It has
long been a task in this field to build examples of Osserman manifolds which not nilpotent and which
exhibited non-trivial Jordan normal form. We will refer [1, 2] and references therein for more informa-
tion.
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