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Abstract

We consider a mathematical model of a rigid body immersed in a viscous, compressible fluid
moving with a velocity prescribed on the boundary of a large channel containing the body. We show
continuity of the drag functional as well as domain shape stability of solutions in the incompressible
limit, with the Mach number approaching zero.
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1 Introduction

We consider a standard situation frequently studied in fluid mechanics, namely a rigid body B C R?
immersed in a viscous, compressible fluid occupying a channel Q = V' \ B (Figure 1). The state of the
fluid is characterized by the density o = o(t, ) and the velocity field u = u(t, x), the evolution of which
is described by the (barotropic) Navier-Stokes system. The total force imposed by the fluid on the body
reads

/ T -n dS,, n -the outer normal vector to 0B,
oB

where
T = S(V,u) — p(o)T

is the Cauchy stress tensor, with S the viscous stress and p the pressure. The drag D is defined as the
component of this force parallel to the velocity field Uy, imposed on the boundary 9V :

D= <S(un) Us  n—p(0)Ug - n) ds,.
oB

*The work was supported by Grant 201/09/ 0917 of GA CR as a part of the general research programme of the Academy
of Sciences of the Czech Republic, Institutional Research Plan AV0Z10190503.
TThe work was supported by Olympia-Morata-Programme of Heidelberg University.


https://core.ac.uk/display/32582671?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

U
Poo — \
U
oB

Figure 1: A rigid body B C R? is immersed in a viscous, compressible fluid occupying a channel V' \ B.

Our goal in the present paper is to show that the time averages of the drag force are continuous in
the asymptotic limit, where

e the Mach number is proportional to a small parameter ¢ — 0;

e the boundary of the body B = B, varies with the amplitude proportional to *.

1.1 Boundary behavior
We assume that the fluid velocity u = u(t, x) is prescribed on 9V,
ulpy = U, (1.1)

and the the body is impermeable
u~n|,95 = 0, (12)

where the symbol n denotes the outer normal vector to 9B, and where U is a given constant vector field.
Accordingly, the density o is must be given on the part of 9V, where the fluid flows inside, specifically,

0lovi, = 0oos 0co > 0 a constant, (1.3)
where

OVin = {2 €0V | Uy -n(x) < 0}.
1.2 Field equations

The motion of the fluid in the domain Q = V'\ B is governed by the standard (barotropic) NAVIER-STOKES
SYSTEM of equations:
Oro + div,(ou) = 0, (1.4)

O(ou) + div,(ou ® u) + Vup(o) = div,S(V,u) + oV.G, (1.5)

where p = p(p) is the pressure, G is the gravitational potential, and the symbol S denotes viscous stress
given by NEWTON’S RHEOLOGICAL LAW:

2
S(Vzu) = M(Vzu + Vfu — gdikuﬂ), >0, (1.6)

where, for the sake of simplicity, the effect of the bulk viscosity is omitted.



1.3 Slip conditions

We suppose that the tangential component of the velocity satisfies the NAVIER’S SLIP BOUNDARY CON-
DITIONS
[S(vmu) : n]tan + b[u]tan‘aB =0, (17)

where b > 0 is a friction coefficient. Recently, the possibility of liquid slippage along the boundary has
been debated, in particular in connection with nano-technologies, see Priezjev and Troian [13]. The
relevance of the slip condition for gases was discussed by Coron [3], John and Liakos [9], see also Mélek
and Rajagopal [12].

1.4 Drag

As mentioned above, the total force imposed by the fluid on the body reads

/ T-n dS,,
oB

T = S(V,u) - p(o)l

is the Cauchy stress tensor. The drag D is defined as the component of this force parallel to the velocity
Us:

where

D= (S(un) Ug  n—p(0)Ux - n) ds,. (1.8)
B

In addition, we introduce the time averages
D, = / / (S(un) Uy -n—p(0)Ux - n) ds, dt.
0 JoB

1.5 Scaling

We suppose that the velocity as well as viscosity are small of order €, and we neglect the influence of the

gravitational force. Thus scaling time as t ~ é and replacing u~ %, u~ £ we arrive at the system

Oro + div,(ou) = 0, (1.9)

1
d¢(ou) + div,(ou®@u) + ngp(g) = div,S(V,u), (1.10)

where the parameter ¢ is termed Mach number.

We allow the shape of the rigid body to change with . More specifically, we are interested in bodies
with “rough boundaries”, with an amplitude proportional to e* and a frequency approaching e, a > 0,
(Figure 2). Accordingly, we consider a family of compact sets {B.}.~¢ enjoying the following properties:

o B. C R? are compact sets B. C B, = {|z| < r} for all ¢ > 0; (1.11)
. OB. is regular of class C? for any fixed € > 0; (1.12)
° B. satisfy a uniform é — cone condition, with § > 0 independent of ¢, (1.13)

see Henrot and Pierre [8, Definition 2.4.1];



Figure 2: The body {Bc}eso with “rough boundary” that oscillate with an amplitude proportional to e*
and a frequency approaching e~¢, a > 0.

B.

Figure 3: The boundary of our oscillating body {B.} should fulfill the uniform C?-domain condition from
[4].

o for each x € 9B, there exists two open balls Bint, Bexy of radius . > ¢* (Figure 3) such that

Bint C il’lt[BE], Bext C RS \ Bg, Eint ﬂEext = X. (114)

Note that condition (1.14) is chosen in the spirit of Farwig, Kozono, and Sohr [4]. More specifically,
the scaled domains 1/£%Q. are the uniform C?-domains discussed in [4].

In addition to the previous hypotheses, we assume, following [2], that the boundaries 9B “oscillate”
as € — 0, mimicking the effect of “roughness”, see the following section.

Finally, we suppose that the boundary of the channel is “far” from the rigid body. Accordingly, we
replace V by V. and suppose that

edist[z, 0V;] — oo as € — 0 for any = € B.. (1.15)

As a consequnce of (1.15), the acoustic waves, propagating at the speed proportional 1/¢, cannot leave a
compact subset of (1., reach the outer boundary 9V, and return in a finite lap of time 7". Thus solutions
of the problem behave essentially as those defined on an exterior domain R? \ B., see Section 4.1.

1.6 Domain convergence

A family of domains Q. = V. \ B, satisfying (1.11 - 1.14) enjoys the following properties:



e UNIFORM EXTENSION PROPERTY (see Jones [10, Theorem 1]): There exists an extension operator
E:Wh(Q.) — WHP(R3), 1 < p < oo, such that E(v)|Q. = v,
IE]llwrers) < cllvllwieq.),
with the constant ¢ independent of .

e UNIFORM KORN’S INEQUALITY (see [1, Proposition 4.1]):
Let v.€ Wb2(Q. N B; R3), where B is an open ball of radius R, and M C Q. N B such that
|M| > m > 0. Then

2
2
V[ 0,y < el B) (vacv Vv 2l

+ [ |vPdz |, (1.16)
L2(Q.NB;R3%3) M

with ¢(m) independent of € — 0.

e COMPACTNESS (see Henrot and Pierre [8, Theorem 2.4.10]): There exists a compact set B satisfying
the uniform §—cone condition, and a suitable subsequence of &’s (not relabeled) such that

|Be\ Bl + |B\ B:| - 0ase—0. (1.17)
For each g € 0B, there is x. o € 0B, such that z. o — xg, in particular,
BC B,. (1.18)
For any compact K C R3\ B, there exists ¢(K) such that

K C R*\ B. for all ¢ < ¢(K). (1.19)

e ROUGHNESS (see [2]): The limit obstacle B is Lipschitz, in particular almost any point y € 9B
(in the sense of the 2-D Hausdorff measure) admits an (outer) normal vector n,. We require the
boundaries 0B; to oscillate in the following sense:

1
lim liminf—/ n-w|dS, | >0 forany l[w|=1, w-n, =0, 1.20
r—0 ( =0 [0B: N Br(y)|2 Jon.nB,(y) | | ) vl Y ( )

where B, (y) denotes the ball of radius r centered at y, cf. [2, Corollary 4.4].

We set
Q=R*\B.

1.7 Energy balance and ill-prepared initial data
We start by introducing an auxiliary function u., € WH°(R?) such that

Uso(x) = 0 for © € By, us(z) = Uy for o € R? \ Bs;, divyus, =0 for a.a. z € R3, (1.21)

where the parameter r > 0 is the same as in (1.11).



1.8 Total energy balance

Taking the scalar product of equation (1.10) with u — u,, and integrating the resulting expression over
()., we obtain

d 1 1
— —olu—us]* + = P(o) dm+ﬁ/ S(Vz(u—us)) : S(Vz(u— uw)) dx+/ blul? dS,
dt Q. 2 52 2 Q. OB,
+/ P(p)Uy -ndsS, = / (g[u ® (U —u)] : Vol + S(Vius) @ Vi (us — u)) dz,
oV Q.
where

P(Q)Eg/lgpij) dz.

Moreover, integrating equation (1.9) we get

d

at Jo,

Ve

whence we may infer, by virtue of the boundary condition (1.3), that

d

1 2 1 H 2
d Zolu— ) K - : -
at Jo. (2gu Uso|” + = (0, QOO)) dzx + 5 S(Ve(u—uy)) : S(Ve(u—uy)) do + blul® dS,

Q. 0B.
(1.22)
< /Q (Q[u ® (Ueo — 1)) : Voo + S(Vaue) 1 V(e — u)) dz,

€

where E is the so-called relative entropy

E(Qa :Qoo) = P(Q) - P/(Qoo)(g - Qoo) - P(Qoo)

1.9 Ill-prepared initial data

The so-called ill-prepared initial data are chosen in such a way that the energy of the system specified in
(1.22) remains bounded uniformly for & — 0. Accordingly, we assume that

0(0,-) = 00,ey 00,c = 0o +€T0,c, |[T0.llz2nL0) < 6, (1.23)
where the positive constant g, has been introduced in (1.3);
u(0,-) = o, [Jug,e — Usollz2(0;r%) <6 (1.24)

with a generic constant c independent of e. We may assume that ug . has been extended to be u., outside
Q..



1.10 Main result

In order to state our main result, we need to introduce a technical hypothesis specifying the structural
properties of the pressure:

/

p € C[0,00) N C?*(0,00), p(0), p'(0) >0 for o >0, le ZW(_QE = poo > 0 for a certain v > 3/2. (1.25)
0—00

Theorem 1 Let Q. = V. \ B, satisfy (1.11 - 1.15), together with (1.20). Assume that {oc,Uc}teso S
a family of weak solutions to the compressible Navier-Stokes system in the sense specified in Section 2
below, emanating from the initial data 0o, W satisfying hypotheses (1.23), (1.24), with

(Wp,e — Uoo) = (Up — une) weakly in L*(R?, RB).

Let the pressure p = p(o) satisfy (1.25).
Then
ess sup ||0=(t,") — Ocollz241a(k) < €C for any 1 < ¢ < min{2,~},
te(0,T)
u. — U weakly in L*(0,T; W'2(K; R®)) and (strongly) in L*(0,T; L*(K; R%))

for any compact K C Q2 = R3\ B, at least for a suitable subsequence as the case may be. In addition,
U - U, € L*0,T; W"3(Q; R?)), div,U =0, Ulss =0,
and U is a weak solution of the incompressible Navier-Stokes system
0,U 4+ div, (U ® U) + V,II = div,S(V,U)

n (0,T) x Q, with
U(0,-) = H[U],

where H denotes the Helmholtz projection in €.
Finally,
D:c— D;ase—0 fora.a. 7 €(0,T),

where D, . is the time average of the drag on B, in the channel V.

The paper is devoted to the proof of Theorem 1 (sketched in Figure 4). In Section 2, we introduce the
concept of weak solution to the barotropic Navier-Stokes system and recall its basic properties, including
an alternative formula for the drag functional. Section 3 contains uniform bounds on the family of
solutions {ge,uc}eso. Section 4 - the heart of the paper - is devoted to the analysis of propagation
of acoustic waves and related dispersive estimates. Note that here we need an exact knowledge of the
local decay rate of the amplitude of acoustic waves in terms of the parameter €. To this end, we adopt
the method introduced in [5] based on the analysis of the spectral measures associated to the Neumann
Laplacian. The proof of strong (pointwise) convergence of the velocities is completed in Section 5. Note
that the pointwise convergence of the velocities is necessary in order to establish the continuity of the
drag functional claimed in Theorem 1.
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Figure 4: The limit process of compressible Navier-Stokes flow with slip boundary condition on a rigid
body with oscillating boundary B, in the domain Ve \ Be to incompressible Navier-Stokes flow with no
slip condition on the smooth domain B in the exterior domain Q \ 5. The timeaveraged drag D, . on B.
converges continuously to the drag D, on B.

2 Weak formulation

In this section, we introduce the concept of weak solution to the compressible Navier-Stokes system. Note
that ezistence of global-in-time weak solution, under hypothesis (1.25), can be proved by the methods
developed by Lions [11] and [7].

2.1 Weak solutions to the compressible Navier-Stokes system

We shall say that o., u. is a weak solution of the Navier-Stokes system (1.9), (1.10), supplemented with
the boundary conditions (1.1 - 1.3), (1.7), and the initial conditions (1.23), (1.24) if:

e the quantities g., u. belong to the following regularity class: 9. € Cyeax([0,T]; L7 (€2)) for a certain
¥ >3/2, (U —use) € L2(0, T; Wy (923 R%)), plec) € LH(0,T) x Q);

e EQUATION OF CONTINUITY (1.4), together with (1.1 - 1.3), (1.9) is satisfied in the sense of distri-
butions, specifically,

T T
/ / (0e0pp + 0cu; - Vi) dx dt = —/ 00.9(0,+) dz +/ / 000Ucso n dS,p dt (2.1)
o Ja. Q. o Jov

in,e

holds for any ¢ € C°([0,T) x Q. UViy o );

e MOMENTUM EQUATION (1.10), with (1.7), (1.24) is replaced by a family of integral identities

T
1 .
/ / (gsu5 2O+ 0:(ue @u;) : Ve + EQp(gs)dlvzga) dx dt (2.2)
0o Ja.



T T
= / / S(Veue) : Ve de dt — / bu, - ¢ dS, dt — / 00,eU0,¢ - (0,-) dz
0 JQ. 0 JoB. Qe

satisfied for any test function ¢ € C°([0,00) x (2 UB:; R?), ¢ - n|op. = 0;

e TOTAL ENERGY BALANCE

[ (o=l 50 0) ) o [ [ 809000 9 e ) o

(2.3)
T 1 1
+/ / bluc|? dS, dt g/ <90,5|uo,5 —us|®+ 2E(@o,e,goo)> dz
0o JoB. Q. 2 €

+/OT /Q (g[ue ® (U — 12)] : Voo + S(Valle) @ V(U — us)) de dt

for a.a. 7€ (0,7).

2.2 Alternative formula for Drag

We give an alternative formula for the drag functional that is useful when dealing with weak solutions of
the Navier-Stokes sytem. Multiplying, formally, momentum equation on Uy, — us, we obtain

D,.= / / (S(Vlu) Uy -n— %p(Q)UOO ~n> ds, dt (2.4)
0 Jos. €

= / (ou(7,-) — 00,c0,c) - (Uso — Uso) dx—i—/ / olu®u): Vyus de dt —/ / S(Veue) : Viuee.
Q. o Ja. o Ja.

We recall that divyu, = 0.
Unlike (1.8), formula (2.4) makes sense even within the class of weak solutions specified through (2.1
- 2.3). Moreover, as u, satisfies (1.21), we have

/(wh)—mAWNW@—%JM=/) (ou(r,-) — goctto.) - (Uo — uee) da,
Q. Q-NBs3,

// (u®u): Vyuy doe dt — //S W) Vol do dt
0

:/ / olu®u): Vuoodiﬂdt*/ / S(Vaeu.) : Vyue, d di.
0 J2r<|z|<3r 2r<|z|<3r

while



3 Uniform bounds

Similarly to [6, Chapter 4], it is convenient to introduce the essential and residual components of a
function h as

h = [hless + [Mlres, [Rless = X(0e)h, [hlres = (1 — x(0:))h,
where x € C2°(0, 00),
0<x <1, supp[x] C [000/4,40cc]s 0l[o/2.200) = 1-
As will become clear from the uniform bounds derived below, it is the essential part that contains the

information about the limit system while the residual component vanishes in the asymptotic limit € — 0.

3.1 Bounds based on energy estimates

The energy balance (2.3), together with the restrictions (1.23), (1.24) imposed on the initial data, provides
the uniform bounds necessary for performing the asymptotic limit. First, observe that

1 1 .
/Q <2go,s|u075 - u00|2 + ?E(goys, goo)> dx < ¢ uniformly for e — 0 (3.1)

as a direct consequence of (1.23), (1.24).
Moreover, as the function u., satisfies (1.21), we get

/ ou: ® (U — u.)] : Vol dz| < c/ 0 (1 + |ue — uoo\Q) dz, (3.2)
Qe 2r<|z|<3r
while, by the same token,
/ S(Viuso) : Vi(us —ue) dz| < c¢(6) + 6 IS(Ve(ue — uso))|? dz for any 6§ > 0. (3.3)
Q. 2r<|z|<3r

On the other hand, the relative entropy E(g, 0 ) is a strictly convex function of ¢ attaining its global
minimum (zero) at g... Furthermore, in accordance with hypothesis (1.25), we have

2
1 0 — 0o o7
= Plo0x) zc ([a} wlis J) ezt 34

Summing up (1.25 - 3.4) we use the energy inequality (2.3) to obtain

ess sup ’ [QE_QOO] <e, (3.5)
te(0,T) 3 essllL2(Q.)
Qe — Qoo 2-q .
ess sup ‘ [} <e 7 ¢(q) for all 1 < ¢ < min{~, 2}, (3.6)
te(0,T) € res|lLa(Q.)
€Ss sup ||1ess||L1(QE) < 5207 (37)
te(0,T)

10



ess sup ||/0-(ue — uoo)||Lz(QE;R3) <c, (3.8)
te(0,T)

and

/T/ IS(V (1 — uso))|* da dt < c. (3.9)
0 Q.

Finally, combining (3.7 - 3.9) with a variant of Korn’s inequality (1.16) we conclude that
g 2
/0 Jue — uoo||W1,2(QE;R3) dt <ec (3.10)

3.2 Convergence

In accordance with the discussion in Section 1.5, the limit physical space can be identified as the exterior
domain

Q= R3\B,
where B, — B in the sense of (1.17 - 1.19). It follows from the uniform bounds (3.5 - 3.10) that

ess sup [0z — Ocollr24La(K) < €c for any 1 < ¢ < min 2y, (3.11)
te(0,T)

u. — U weakly in L?(0, T; W5?(K; R?)) (3.12)

for any compact K C (), at least for a suitable subsequence as the case may be. Here, in addition,
U - U, € L*0,T,W"*(Q; R*)), (3.13)
and, letting € — 0 in the equation of continuity (2.1), we deduce that
div,U =0 a.a. in (0,7) x Q. (3.14)

Moreover, since the boundaries 0. oscillate as stated in (1.20), we can use [2, Theorem 4.1, Corollary
4.4] to deduce that the limit velocity field satisfies the no-slip boundary condition

Ulos = 0. (3.15)

Finally, taking ¢ € C°([0,T) x €; R®), div,p = 0 as a test function in the momentum equation (2.2)
and letting € — oo we may infer that

T
/ / (05U - 0o+ (0U® U) : Vyo) da dt (3.16)
o Ja

T
= / S(V,U) : Ve dz dt — / 0sclo - (0, ) du,
0 Q Q

where the symbol pU ® U stands for a weak limit of p.u. ® u..
Consequently, we have to show
U U=pUU,

11



which clearly follows from the strong (a.a. pointwise) convergence of the velocities claimed in Theorem
1. To this end, we first observe that

{tl—>/gau5~gadx} — {t»—)goo/ U-gpdx} in C[0,T] for any ¢ € C>°(%; R?), div,ep = 0. (3.17)
Q Q

As the spatial gradients of u. are bounded (see (3.10)), relation (3.17) is enough to deduce strong
convergence of the solenoidal component of the velocities, see Section 5 below. In the remaining part of
the paper, we show that the gradient part of the velocities, representing acoustic waves, decays to zero
on compact sets as a direct consequence of dispersion. This piece of information will be combined with
(3.17) in Section 5 in order to obtain the desired strong convergence of the velocity fields as claimed in
Theorem 1.

4 Acoustic waves

We derive an equation describing propagation of acoustic waves and apply the dispersive estimates in
order to deduce a local decay to zero of the acoustic energy.

4.1 Acoustic equation

We write equation (1.9) in the form

ey (Qa_agoo) + divy, (Qa(ue — lloc)) = —diVx(Qeuoo) = —ediv, (ge_sgoouoo) ’ (41)

and, similarly,

€0t (0c(Ue — Uno)) + P’ (000) Vi ('95_6900> = eUyodivy (0eue) — ediv, (g-ue ® u) (4.2)

5diVmS(vzus) — € (;vr (p(@a) - p/(goo)(gs - Qoo) - p(@oo))) .

Next, we eliminate the effect of the outer boundary 0V, by introducing a cut-off function

e € CX(R?), 0<n: <1, nelp,,. =1, melpop,,. =0, |Vane| <e. (4.3)
Accordingly, for
Te = na@, Ve =n.0:(ue — ux),
we have
edyre +div, Ve = F2, (4.4)
€0; Ve + p'(000)Vare = FZ, (4.5)
where
FY = 0.V (e - )+ eniv, (220, ) (4.6

12



and
F? = Vane (ng@oo) + eneloedivy (0-u.) — enedivy (0-u. ® ue) (4.7)
. Ne /
+enedivS(Vou) — & (5 V. (ple:) = 9/ (o) e — 0) = ploe)) -

Equations (4.4), (4.5) are understood in the weak sense in the set R3\ B.. To simplify notation, we
set Q. = R3\ B. in the remaining part of the paper. Accordingly, equation (4.4) is replaced by a family
of integral identities

T T
/ / (ereOrp + Ve - V) do dt = 7/ enero,e (0, ) do — / / (0eVane - (Ue — o)) da dt
0o Ja. Q. o Ja.

(4.8)
T[ o e-—o
—|—/ / ey - Vi(nep) dz dt
o Ja. €
for any test function ¢ € C2°([0,7) x €2.), while (4.5) reads
T
/ / (V.- 0sp + P (000 )redivey) do dt = —/ eVoe-9(0,-) dz (4.9)
0 JQ. Qe
g 0 — o
= / / <5Qavx(nauoo : <P) ‘U — Vane - @ (esoo> + E(Qaua ® ua) : Vx(”e@)) dzdt
0 Ja.
T 1
+/ /Q (ES(VJEUE) PV () + ediva(n-9) (p(Qg) —1'(000)(0e — 00) —p(goo))) da dt
0 e
T
—/ / ebneue - ¢ dS, dt
o JoB.
for any € C*([0,00) x 0 B), - nlos, = 0.
4.2 Helmholtz projection - acoustic wave equation
We write V. as
Vs = Hs[vs] + quls;
where H. denotes the standard Helmholtz projection in .. We have
V.= [negs(ue - uoo)]ess + [nsge(ue - uoo)]resa
where, by virtue of the uniform estimates (3.6), (3.8)
ess sup |10 (e — o) essl 2 0 < € (4.10)
te(0,T)
and
ess sup [0z (e — Woo)lres | Lo (. oms) < €7, 5= 2l (4.11)
t€(0,1) (1% = v+2

13



Consequently, the acoustic potential V., V, V. = HX[V_] is determined as the unique solution to the

problem
AV, =div, V. in Q., (V,U. —V.) nlspg. =0, ¥, € D"* 4+ DV5(Q,),

where s is the same as in (4.11). More precisely, we have
V¥, = Hé[[va]ess] + H?[[Va]res]v
where, in accordance with (4.10),

ess sup [|HZ[[V.]ess)|lz2(a.) < ¢ uniformly for € — 0.
te(0,T)

We recall that Helmholtz projection is bounded in L?(€.; R?), uniformly for e — 0.

(4.12)

(4.13)

Denoting Ay . the Neumann Laplacian in ()., we may use the quantities VIA;,}E@ as test function

in (4.9) to rewrite system (4.8), (4.9) in the form

T T
/ / (eredpp + VoW, - Vyp) do dt = —/ ener0,:¢(0,-) da —/ / (0:Vane - (Ue — uso)yp) do dt
0 Q. Qe 0 Qe

T J—
+/ / e Oy YV, () du dt
0o Ja. €

for any test function ¢ € C2°([0,T) x Q.),

T
/ / (—eW.dp + (000 )ragp) da dt = / oo (0,-) da
0 Qe

Q.
r Qe — O
[ (coVatnnn ook - Van Vaailiel (£222)) as
0 Qe
T
+/ / e(0eu: ®ug) Vm(nsvaJ_\,}s[cp]) dzdt
0 Qe
T
+/ / eS(Vaue) : Vo (n: Vo ARLlp]) do dt
0 Qe
T 1
[ (s VaARLAD s (o) — oo — 2) — plo) ) o
0 e

T
— / / ebneu. - Vo AN [¢] dS, dt
0 OB,

for any ¢ € C2°([0,00) x ).

14

(4.14)

(4.15)



4.3 Uniform estimates

The operator —Ay . can be viewed as a non-negative self-adjoint operator on the Hilbert space L?(2.),
with a domain of definition

D(An.) = {v c Wh2(Q,) ‘ there exists g € L*(€.) such that

/ Vv - Vep doe = / g dx for all p € Wl’Q(Qa)} i
Q. Q.

Our aim is to write all forcing terms in system (4.14), (4.15) in the form G(—An ¢)[he], where G is a
(smooth) function defined on (0,00) and h. € L?(0,T; L?(Q2.)). To this end, we use the uniform bounds
established in Section 3:

1. In accordance with (4.3),
|ngx775 “(ue — us)| < glos (e — un)l,
where, by virtue of (4.10), (4.11)

2y
55 sup_oe(e — oe) L2 1o, ) < & 5 = —s > 6/5,
t€(0,T) v+ 2

uniformly for e — 0.

2. Similarly, as a direct consequence of (3.5), (3.6),

Qs — Oo

<¢, 1< g <min{y,2}.
€

L24L4(Q.;R3)

ess sup
te(0,T)

Uco

In view of the previous estimates, equation (4.14) can be written in the form

e0ire + An V. =eGL, r.(0,-) = noro e, (4.16)
with
m-r0.cllz2(0.) < ¢ (4.17)
ess sup |(G;(t, )‘(p)| < C||<p||W1,2mW1,6(QE). (4.18)
te(0,T)

Analogously, the forcing terms in (4.15) can be estimated as follows:

1. We have
vz\IJU,E = HEL [nEQO,E(uO,E - uoo)];

whence
[Wocllprz) = (=An) "ol 2,) < e

15



2. By virtue of (3.6 - 3.8),

ool < 2565
ess sup |ocue|lr24ps(a) <6 s =—— :
) () v+1
therefore
ess s \V4 U - VoA -u
te(léPT)‘gs o(1:toe - Valy ) - ue L1(9.)

< (1920232 Wl arsncay + 1925 1 oo

Noticing that
Ve (=An) T ol poaime < €IVE(EAN) T 0| f2q,, uniformly for e =0,

we conclude
0:Va(Netos - Vo AR [0]) - ue

ess sup ‘

te(0,T) L(Q2)

L2(Q€)) '

< ¢ (172850 el angaca + | -2n0 7]

3. Using estimates (3.5), (3.6), we have

ess sup VIUEM <eec, 1< g <min{y,2};
t€(0,T) € L2+4La(S2.)
whence
o s [7 vaaitle) (42| <eofwaziid
te(0,T) ’ € L1(90) ’ L2NLS(Qe)

<e([-ana2ul

2 -1
L2(0.) + ||vr(7AN,E) [(‘0]||L2(QE)) .

4. Next, we write
U @ Ue = Qs(us - uoo) X (ue - uoo) + Qs(ue - uoo) @ Uoo + 0o @ (115 - uoo)

+(Qe - ro)uoo @ Uoo + QooUoo @ Uco,

where, similarly to Step 2,

€ss  sup ||Qe[(u5 - uoo) Y uoo] AV (nsvx(_AN,e)il[ﬁa]) ||L1(Qs) +
te(0,T)

ess sup ||gs[uOo ® (U — uw)] : Vy (nEVz(fAN’E)*l[cp]) HLl(QE)

t€(0,T)
<c (Hvi(—AN,a)_lMHLszG(QE) + H(_AN’E)_WM‘ L2(Q )) '

16



Moreover, exactly as in Step 3,

€ss sup H(Qs — 000)[U ® U] 1 Vg (nsvz(*AN,e)il[@])||L1(QE)

te(0,T)
< e (1928w Wl gy + -2 7206l o)

Furthermore,
0:(u: — us) ® (U — us)

= [QE]QSS\/Q?(UE - uoo) ® (us - uoo) + V [Qs}res\/?s(us - uoo) ® (us - uoo)a

where, by virtue of (3.8)

H V [Qs]eSS@(us —Us) @ (ue — U-OO)‘

L3/2(Q.;R3%2) < CHU‘E - uOOHle?(QE;RS),

while, by the same token,

| VIedeova (o — us) @ (u. —uso)|

Ly S AlMe T tocllwraoum),

with
Gy

= > 1.
m 4y 43

Thus we conclude that

/Q 0:[( — 100) ® (1 — Ws0)] : Vi (7Y (An ) M[g]) da

< cllu. — uoo”le?(Qg;RL") (HVi(AN,a)AM||Lszmf(Q€) +e€ ’|vw(AN,8)71[<P]HL2mLm’(QE)) )
1

1
m m

Finally, we write
[ ol @ ] s Valn. V(- Ax ) fe]) o

= —/ Nedive (0o los @ Use) Va(—An,) " e]) da;

€

whence

/Q O tloe @ ae] : Vo (Vi (—An ) " [i]) da

< e[| Val=ne) oD o ey = €| (- 2w) 210

L2(Q.)
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5. We have
/ S(Veue) : Vg (ngvx(—AJ_\,,lE[goD) dz

Qc
= | 8% - Vo) Vi (0Va-ARLD) ot [ S(Van): Ve (1V(-ALID) d,

where

/ 8(Vane = Vause) Ve (292251l o

L%m)) '

< ¢ S(Vaue — Votoo)ll 2o o) <||vi(—AN,€)—1[<p]HLQ(QE;RM) +e||(-an) 2|

while, by the same token

| 8V 9. (0:9-AFL) D) do

LZ(QE)) '

<c

< ¢ (2w el oo + € (-2 1]

6. Seeing that
1

=5 (ple) = P/ 0w ) - = 00c) = plew))

ess sup 5
€

te(0,7)

L1(Qe)
we may infer, similarly to Step 4, that
1

ess sup || = (p(ga) — P (000)(0c — 0s0) — p(Qoo))divm(nNmAﬁg [¢])

te(0,T)

L1(Q0)
< ¢ (10l =) + & Vel dw) el m ) -

7. Finally,

/ Neue - Vz(fAN,s)il[(P] dS,
oB:

<c ||u€ - uooHW1,2(QE;R3) ||v2(*AN,s)71[SD}HLQ(QE;Rsm) .

The previous estimates will be used in combination with the following result proved in [5, Section
4.3.1]:
||V2U||LP(QE;R3><3) < c(|Av]|rra.) + e 2¥||v]| Lr(o.y) uniformly in e, (4.19)
where « is the exponent appearing in (1.14), (1.15). Indeed, given the uniform bounds established above
and (4.19), we can conclude that system (4.14), (4.15) can be written in the abstract form:

58tT5 + AN,E\IIE = 51720‘ (1 + (_AN,E)l/Z + (_ANJ:‘)) [G;]a TE(O’ ) = h’; (420)
0y Ve + p'(000)Te = 51—%((—AN,5)—1/2 + AN,E) [GZ], Woe = (-An.) [0, (4.21)
where
{hi}eso0, {h%}os0 are bounded in L?(£2.), (4.22)
and
{G;}s>07 {G?}Do are bounded in L2(O,T; LQ(QE)). (4.23)
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4.4 Local decay of acoustic waves

Using (4.20 - 4.23) we may infer, exactly as in [5, Section 6, formula (6.1)], that

T
/
where Q = R?\ B, cf. (1.19). The presence of the function ¢ in (4.24) corresponds to the fact that the
decay is local in the physical space, while F' indicates that the decay is local in the “frequency” space
associated to the Neumann Laplacian. Although this might seem as a very weak result, we will see that

this piece of information, together with (3.17), is sufficient to establish the desired strong convergence of
the velocity fields.

2
/ U (t, )F(—Ane)[p] de| dt = 0ase — 0 for any F € C°(0,00), ¢ € CZ(), (4.24)
Q.

5 Strong (pointwise) convergence of the velocities

In this section, we show strong (a.a.) pointwise convergence of the velocities u., which will complete the
proof of continuity of the time averages D, of the Drag functional in the asymptotic limit ¢ — 0. To this
end, it is enough to show that

u. — Uin L?(0,T; L?(K; R?)) for any compact K C .

Given compactness of the densities established in (3.11), it is enough to show that
T T
/ / woc|u.|? de dt — goo/ / ©|UJ? dz dt for any ¢ € C°(Q).
o Ja o Ja
Moreover, given the compactness of {u.}.~¢ in the space variable, it is enough to show that

{tr—>/Ve~<pdx} — {tHQOO/U'(pdCC} in L2(0,T) for any ¢ € C°(%; R?). (5.1)
Q Q

To see (5.1), we write

/ V. -pdr= / H.[V.] ¢ dz —/ U divyp dx
Q Q. Qe

:/ Neo-Ue - He[y] do */ U div,p dx
Qe Q.

=/ neosu. - H[g] dw+/ neo:u. - (Heo[p] — Hy]) dw—/ U divgye dz,
Q Q

€ € €

where, in accordance with (3.17),

{te/ﬂa neo-u. - H[y] dx} — {t&—)goo/QUoH[ga} dx} = {QOO/QU~¢dx} in L2(0,T).

Here, the function H[p] has been extended to be zero outside (2.
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Furthermore, exactly as in [5, Section 4.3.2], we can use the result of Farwig, Kozono, and Sohr [4],
to obtain

a3 3
||H8[V]||(LmL2)(QE,R3) <e (2 p)C(p)HVH(LmL2)(QE,R3) for any 2 < p < oo, (5-2)
uniformly for € — 0, and, by means of a duality argument,
_a(3_3
BVl Lot L2y m) S € (3 2)C(p)||VH(LP+L2)(QE,R3) for any 1 <p <2. (5.3)

Consequently, we obtain

/Q neoeu. - (H.[p] — Hig)) da

- / 1e(2e — 0o )e - (L[] — H[g]) d + 0 / new, - (H.[g] — Hlg)) da.

€ Q.

where, as a consequence of (5.2), (5.3), and the uniform bounds established in (3.5), (3.6), and (3.10),

{t = /s Ne(0: — 000 )Ue - (Help] — Hly]) da:} — 0in L?(0,T) as € — 0.

Moreover,
H.[p] — H[y] weakly in L*(Q; R®);

whence, as a consequence of (3.10),

{t — /QE neue - (He[p] — H[y)]) dx} — 0in L?(0,7).

Finally, we have

/ P div,p dz :/
Q Q

= =

U F(—Ap)[divgy) dx+/ U.(1—-F(—An,))[divgy] dz,
Q.

where F' € C2°(0,00). Thus, employing (4.24), we get
{t — / U . F(—Ap ) [divge] dac} — 01in L*(0,T) as € — 0.
Qe

To handle the second integral, we write
U, =Vl +v2

where, in accordance with (4.10), (4.11),

ess sup || V2| 2(q.) — 0ase— 0.
te(0,7)

To conclude, we claim that

{rr [ A1 F(-Av )i s}
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- {t > /9\1/1(1 — F(—=ApN))[divee] dm} in L2(0,7),

where the resulting expression is small as soon as I’ 1[p ), and where Ay denotes the Neumann
Laplacian in €2, see [5, Lemma 5.1]. Indeed

/\I/l(lfF(fAN))[divmcp] d:c:/(—AN)l/leﬂ#(l—F(—AN))[divzgo] dz,
Q Q (—An)/?
where
(=AM [ 120y = V2P 120
while )
e P E _ o 1/2_ —1r3:
H(sz)l/r"[dwm L2(Q) H( A AN [dwm‘wm

= Ve~ An) il 2y < lellzzine)-

Thus we have shown (5.1) that implies pointwise (a.a.) convergence of the velocities. Extending u.
outside €. (cf. Section 1.6), we may therefore suppose that

u. — Uin L ((0,T) x R* R®),

loc

which yields the desired convergence of Drag averages, namely,
D;.— D, fora.a. 7€ (0,7). (5.4)

We have proved Theorem 1.
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