Ann. Phys. (Berlin) 524, No. 8, 461-469 (2012) / DOI 10.1002/andp.201200003

=z nhysik
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Conformal transformations play a widespread role in grav-
ity theories in regard to their cosmological and other im-
plications. In the pure metric theory of gravity, conformal
transformations change the frame to a new one wherein
one obtains a conformal-invariant scalar-tensor theory
such that the scalar field, deriving from the conformal fac-
tor, is a ghost.

In this work, conformal transformations and ghosts will
be analyzed in the framework of the metric-affine theory
of gravity. Within this framework, metric and connection
are independent variables, and, hence, transform inde-
pendently under conformal transformations. It will be
shown that, if affine connection is invariant under con-
formal transformations, then the scalar field of concern is
a non-ghost, non-dynamical field. It is an auxiliary field at
the classical level, and might develop a kinetic term at the
quantum level.

Alternatively, if connection transforms additively with a
structure similar to yet more general than that of the Levi-
Civita connection, the resulting action describes the grav-
itational dynamics correctly, and, more importantly, the
scalar field becomes a dynamical non-ghost field. The equa-
tions of motion, for generic geometrical and matter-sector
variables, do not reduce connection to the Levi-Civita con-
nection, and, hence, independence of connection from
metric is maintained. Therefore, metric-affine gravity pro-
vides an arena in which ghosts arising from the conformal
factor are avoided thanks to the independence of connec-
tion from the metric.

1 Introduction

Spacetime is a smooth manifold .# (g,T) endowed with
a metric g and connection I'. Metric is responsible for
measuring the distances while connection governs curv-
ing and twirling of the manifold. Connection specifies
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how vectors and tensors are to be differentiated in curved
spacetime. We emphasize here that only the symmet-
ric connections, i.e. torsion-free spacetimes, will be con-
sidered throughout in this work. These two geometrical
structures, the metric and connection, are fundamen-
tally independent geometrical variables, and they play
completely different roles in spacetime dynamics. If they
are to exhibit any relationship it derives from dynamical
equations a posteriori. This fact, that the metric and con-
nection are independent geometrical variables, gives rise
to two alternative approaches to General Relativity (GR):
— GR with metricity only and
- GR with affinity and metricity.
The former is a purely metric theory of gravity since
connection is completely determined by the metric and
its partial derivatives, a priori. This determination is en-
coded in the Levi-Civita connection, I, as
Pho=Leteo 0p8pa — 0

ap Zg ( a8pp T 0p8pa pgaﬂ) ) (1
which defines a metric-compatible covariant derivative
[1]. In this particular setup, the Einstein—Hilbert action
produces gravitational field equations only by adding an
extrinsic curvature term.

The metric-affine gravity (similar to the Palatini for-
malism [2, 34, 35] in philosophy), which considers an in-
dependence of metric tensor and connection [1, 3], en-
codes a more general approach to gravitation by break-
ing up the a priori relation (1). In this approach, gravita-
tional field equations are successfully produced with no
need for an extrinsic curvature term provided that the
geometrical sector is minimal and the matter sector is
independent of the connection [3]. Concerning the mat-
ter sector, the fermion kinetic term [4] and coupling be-
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tween scalar fields and curvature scalar [5] are just two
examples that immediately come to mind.

This work is about yet another difference between
the metrical and affine approaches to gravity. Confor-
mal transformation is essentially a local change of scale.
Since distances are measured by the metric, such trans-
formations are executed by rescaling the metric by a
smooth, non-vanishing and spacetime-dependent func-
tion Q(x), called the conformal factor [1, 6]. Therefore,
the transformation

8ap = Q% (X) gup )

shrinks or stretches the distances on the manifold locally.

Conformal transformations are particularly respect-
ful to distinction between metric and connection. In-
deed, transformation of the metric in (2) automatically
induces a transformation of the Levi-Civita connection
as

A =1 A

Lop=Top+ 00 3)
with

Nyp=040oInQ+5505I0Q - gqp0" Q. 4)

However, this direct correlation is completely lost in the
metric-affine gravity since there is no telling how the gen-
eral connection

Ths#Thp©) (5)

should transform under a rescaling of distances. In fact,
that connection has nothing to do with measuring the
distances can be taken to imply that the connection Fﬁ 8
is completely inert under (2). However, it is still possible
that connection still transforms in some way, not neces-
sarily like (3). Stating in a clearer fashion, there arise two
main categories to be explored:

— the connection I' can be conformal-invariant: I“i s

I, ; despite (2) [6] and
- the connection I' can transform in various ways, mul-
tiplicatively, additively or both, while the metric trans-
forms as in (2).
Each of these two possibilities gives rise to novel effects
not found in metrical GR, as indicated by the depen-
dence of the Riemann curvature tensor on the connec-
tion:
RE s, (D) =gy, =0y 5 + T, Ty =T Ts. ®)
It is obvious that the two conformal transformation cat-
egories mentioned above will, in general, lead to com-
pletely new dynamics with no analogue in metrical GR.
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This work is devoted to a comparative analysis of confor-
mal transformations in GR with metricity and GR with
affinity in the pathways described by these two cate-
gories.

In the body of the work below, we first give a discus-
sion of metrical GR. Following this we turn to a detailed
analysis of the metric-affine gravity by exploring plausi-
ble alternatives one by one. After this, in the last section,
we discuss certain salient features of the model not cov-
ered in the text and draw conclusions.

2 Conformal transformations in GR with
metricity

In metrical GR, conformal transformation of the metric
(2) automatically leads to transformation of the connec-
tion (3), and, hence, of the Riemann curvature tensor (6).
The transformed Riemann tensor reads as

re (T r A 2 )
Ry, (F) = Ry, (1) + 556100 - 526560 + 6 guvg ™
- 818,p8""| (201 InQ 3, InQ V3, InQ)

+

6ﬁgﬂﬁg1p—6ggwgip]6ilnﬂ 0,InQ, (7)

where use has been made of the definition Ry}; (I'= )=

Rgﬁv (T'). Contraction of this rank (1,3) tensor gives the

transformed Ricci tensor
Ry (f) = Ry ()= [(D-2)V,,V, + g,n 0] InQ

+

2(D—2)535€—(D—3)gwg“ﬁ] 3,InQdsnQ (8
so that the transformed Ricci scalar takes the form

#(F) =g (7)
=072[R(f)-2(D - HOINO
~(D-1)(D-2)g*8,InQdsInQ|.

9

These transformation properties dictate how gravitatio-
nal action density transforms under conformal rescal-
ings. The Einstein-Hilbert action reads in the (g, T’) frame
as

1
Sen [g] :dex V=g [EME_ZR—A*+£m (g.9)],
(10)
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where M, is the fundamental scale of gravity in D di-
mensions, A is the cosmological term, and £y, is the La-
grangian of the matter and radiation fields, collectively
denoted by V. For the metric the (—, +,...,+) convention
is adopted. Under the conformal transformation of the

metric (2), this action becomes in the (g“, f) frame

_ 1 _
SEH [g,(,b] =dex \/—g{EME 2
x [QD_ZR —2(0-1)QP20ma

—D-1)D- Z)QD_4g“ﬂVaQVﬁQ]

A QP+ 5, (g,"f’)}

— D 1 uv - -
= [aPx g |5 (0.9) (0.9)

1. — —o\D/(D-2) - _
+§(D¢> R—AD((DQD ) +£m(g,‘1’)], (11)
where the two dimensionless constants

D-2 Ax

- 2% Ap=—x 12

(p ao-n’ W MD (12)

designate, respectively, the conformal coupling of ¢toR
and the self-coupling of ¢. The scalar field

$=—— M Q)P22 (13)

Vip

derives from the conformal factor Q2 in order to have a
canonical kinetic term. The quantity £, (g, 9) in (11) is
the transformed matter Lagrangian, where each matter
field ¥ transforms, together with the metric, by an appro-
priate conformal weight. The conformal weights of fields
(charges of fields under scalings) are determined from
(global) conformal invariance of their kinetic terms [7, 8].
There are certain salient features of the transformed
action (11) that deserve a detailed discussion.
— First of all, this action executes local conformal invari-
ance (the Weyl invariance) under the transformations

8ap — W gap, ¢ —y P12, (14)

where inhomogeneous terms generated by the kinetic
term of ¢ are neutralized by the terms generated by
the transformation of the curvature scalar R. This hap-
pens because of the special, conformal value of {p.
Therefore, the transformed action (11) provides a lo-
cally conformal-invariant representation of the origi-
nal Einstein-Hilbert action (10). Notably, the original
action (10) exhibits no sign of conformal invariance
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but the transformed one does, the reason behind it be-
ing the dressing of M, and A, by the transformation
field Q [9, 10].

— One can also notice that conformal transformation,
like gauge transformations, adds a new degree of free-
dom to the system. This is a built-in property of the sys-
tem; this is common to ‘transformations’ including the
gauge transformations.

— Another point to notice about (11) is that the scalar
field a (which is a function of the conformal factor Q)
isa ghost [11-13]. This is an unavoidable feature if grav-
ity is to be an attractive force. Its ghost nature follows
from its non-positive kinetic term, and it signals that
the system has no lower bound for energy. Such sys-
tems are inherently non-physical, and there seems to
be no way of avoiding it unless some nonlinearities are
added as extra features [14].

— The transformed action (11), when gaﬁ = Nqp, leads

to a 64 theory in D = 4 dimensions. In this particu-
lar case spacetime is flat, and entire gravitational ef-
fects reduce to a conformal-invariant scalar field the-
ory. This theory has been argued to exhibit an infrared
fixed point at Ap = 0, and this feature has been sug-
gested to provide a solution to the cosmological con-
stant problem (Ap is proportional to the vacuum en-
ergy density A, in D dimensions) [15].

3 Conformal transformations in GR with
affinity

As mentioned in the introduction, GR with affinity treats
metric and connection as independent geometric vari-
ables, as they indeed are. One of the most important con-
sequences of this feature is that conformal transforma-
tion of the metric tensor gives rise to no direct change
in connection, as happens in GR with metricity. There-
fore, parallel to the classification made in the introduc-
tion, in this section we shall analyze conformal transfor-
mations in two separate cases in regard to the transfor-
mation properties of the connection. In the course of
the analysis, the main goal will be to find appropriate
transformation rules for Fé so that the resulting scalar
field theory (in terms of the conformal factor ) assumes
physically sensible properties like emergent conformal
invariance and absence of ghosts. Indeed, the main prob-
lem with the metrical GR discussed above is the unavoid-
able presence of a ghost scalar in the spectrum. We will
find that affine GR is capable of realizing conformal in-
variance and accommodating non-ghost scalar degrees
of freedom.
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In the metric-affine gravity, the Einstein-Hilbert ac-
tion can be written as

Sen [8.T] =dex V-8
1 §
x {EME_Zg’“'IRW () — Ax +$(I‘—F,g,‘l’)} (15)

in a general (g,T) frame. Here, ¥ collectively denotes the
matter fields, and £ is composed of

L =Loeo (82)+£m (8.2,Y), (16)

which, respectively, stand for the geometrical and matter
sector contributions. The geometrical sector consists of
the rank (1,2) tensor field
D5 =Ths—T0p a7
as an additional geometrodynamical tensorial quantity.
This variable is very natural to consider since in the pres-
ence of the metric g,4 one naturally defines its compati-
ble connection, i.e. the Levi-Civita connection. Then the
difference between Fi 8 and the Levi-Civita connection
becomes a tensorial quantity to be taken into account.
Here it is useful to clarify the meaning of Ze, (g,2)
in terms of the known dynamical quantities akin to
non-Riemannian geometries. Non-Riemannian geome-

tries are characterized by torsion tensor st =gt gt R
ap af T pa
a

non-metricity @Zﬁ =9 Apgpﬁ + @fpg“p , the Ricci curva-
ture tensor Ry, (I') = [Rzﬁav (I), and the other Ricci curva-
ture tensor R’ﬁv = [Rig B (I). All these tensor fields make
up the geometrical sector of the theory which obviously
spans a much larger set compared to the purely metric
formulation (GR). In GR connection and metric are put
in direct relation from scratch. However, physically, it is
more natural to induce a relation between them, if any, as
aresult of dynamical equations [16]. This is what is done
by the Palatini formalism where metricity appears in the
system automatically via the equations of motion. In the
metric-affine gravity we explore here, metric and connec-
tion continue to be independent geometrical variables
with no harm from their equations of motion (see Ap-
pendix A for further details, Supporting information on-
line). One crucial aspect of non-Riemannian geometries
(with non-vanishing torsion and/or non-metricity) is to
provide a compact structuring of various tensor fields
which can play important roles in cosmology [17].
Clearly, torsion vanishes for theories with symmet-
ric connections, and this is also the case throughout the
present work. Although the torsion-free cases are stud-
ied for simplicity, the non-metricity, which relaxes the re-

strictions on the theory, still holds. Moreover, R’ﬁv is an
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anti-symmetric tensor field whose curvature scalar van-
ishes identically. This tensor can give contributions to
the Lagrangian at the quadratic and higher levels. The
Lagrangian Ly, (8,2) includes all these tensorial contri-
butions through the 9§ 5 dependence

Laeo (8 2) = Laeo (8,S,Q,R,R) (18)

throughout the text. It is clear that Zge, can involve arbi-
trary powers and derivatives of the tensorial connection
1.
ap
It is clear that the Lagrangian £, through its I' or 2
dependence, gives rise to important modifications in the
equations of motion [18] so that the I' = I" limit (which is
precisely what is behind the Palatini formulation) does
not necessarily hold. The contributions of Ly, (g,2)
and £, (g,2, ¥) generically avoid the limit I' = I". We will
discuss this point below. In the following section, how-
ever, we focus on the transformation properties of (15)
without considering the contributions of Ly, (g,2) or
£m(g,2,¥). This is done for the purpose of definiteness
and simplicity. Nevertheless, in Appendix A, we come
back to the effects of £, especially Ly, (8,2), and give a
detailed discussion of the equations of motion and other
features.

3.1 Conformal-invariant connection

We start the analysis by first considering a conformal-
invariant connection, by which we mean that connection
is inert to rescalings of the metric. Therefore, along with
the transformation of metric (2), the connection trans-
forms as [6]

=1 _pA

Ths=Thp (19)
and hence

RiLg, (0) =R, (D), Ryy (T) =Ry (D) (20)

since Riemann tensor (6) does not involve the metric
tensor unless the connection does. The only non-trivial
transformation occurs for the Ricci scalar

g Ry (T) = Q28" Ry, (1), 1)

which is nothing but an overall dressing by Q2. In par-
ticular, no derivatives of Q are involved in the transfor-
mations of curvature tensors. This implies that Q can
develop no kinetic term. Indeed, under the transforma-
tion (21), the action (15) with conformal-invariant con-
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nection goes over

Sen [g»f@] :dex V-8

D/(D-2)
X

1, — —
(068" Ry (0 = ({06’ (22)

in the (g,T) frame and in the absence of the geometri-
cal and matter parts Z. Obviously, this action is locally
conformal-invariant under

8ap —V* 8ap Top—Tap & —y P22 3

as was the case for metrical gravity, defined in (14). There-
fore, although the original action (15) exhibits no sign
of conformal invariance and hence the new action (22)
arises, this transformed action exhibits manifest confor-
mal invariance. The reason is as in the metrical gravity;
the conformal factor Q dresses the fixed scales (M, and
A4) in (15) to make them as effective fields transforming
non-trivially under local rescalings of the fields [9].

Apart from this emergent conformal invariance, the
action (22) possesses a highly important aspect not
found in metrical GR: this is that ¢ is not a ghost at all. It
is a non-dynamical scalar field having vanishing kinetic
energy, and, thus, the impasse caused by the ghost scalar
field encountered in metrical GR is resolved. The non-
dynamical nature of ¢ continues to hold even if the mat-
ter sector is included. This result stems from the affine
nature of the gravitational theory under consideration,
and especially from the invariance of the connection un-
der conformal transformations.

At this point it proves useful to discuss the ‘non-
dynamical’ nature of the scalar field 5 in the action (22).
At the level of the transformations employed and the
Einstein—Hilbert action the non-dynamical nature of the
conformal factor (and hence 6) is unavoidable. However,
one immediately notices that this ‘non-dynamical’ struc-
ture depends sensitively on quantum fluctuations. In-
deed, if quantum fluctuations are included into (22), the
scalar field ¢ is found to develop a kinetic term via gravi-
ton loops [19]. We shall keep the analysis at the classical
level throughout this work. However, one is warned of
such delicate effects which can arise from quantum cor-
rections or higher order geometrical invariants.

3.2 Conformal-variant connection
As an alternative to conformal-invariant connection, in
this subsection we investigate different scenarios where

F’; 8 exhibits non-trivial changes along with the transfor-
mation of the metric in (2).

© 2012 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

=z nhysik

As a possible transformation property, we first discuss

the multiplicative transformation of connection. Namely,
connection transforms similar to the metric itself:
Thp=f QT (24)
where f(Q) is a generic function of the conformal fac-
tor. Inserting this transformed connection into (6), one
straightforwardly determines the transformed Riemann
tensor

u?e;jﬁv (T)=f QR

@ (D) +0pf (TS, =0, f (Q)TEy

+F @ (F@-1) [T Tk, ~T5Th, (25)

and hence the transformed Ricci scalar

g"Ry (T) =07
x { FQRT) +0af (Q) g T, 3, f (@ gH'T,

+F @ (F (@ -1) 1,8 Ty~ T8 The } (26)

It is straightforward to check that the I'-dependent terms
on the right-hand side form a true scalar under general
coordinate transformations (see Appendix B for details,
Supporting information online). This conformal transfor-
mation rule for the Ricci scalar dictates what form the
gravitational action (15) in the (g,T') frame takes in the
(g, I) frame. Tt is clear that the transformed action will in-
volve Q as well as its partial derivatives. Therefore, con-
trary to the previous case of conformal-invariant connec-
tion, Q is a dynamical field. However, it does not possess
a true kinetic term in the sense of a scalar field theory.
Its derivative interactions are always accompanied by the
connection F’; B

As another transformation property of the connec-
tion, we now turn to analysis of additive transformation
of Fi g We thus consider the generic transformation rule

Th=Tas+A0,Q), 27)

where Ai 8 (Q), being the difference between "F'é and

B
Fiﬁ, is a rank (1,2) tensor field. It is a tensorial con-
nection. This transformation of the connection is under-
stood to run simultaneously with the transformation of
the metric in (2). (One notes that Ai 8 here may be inter-
preted as containing a set of vector fields like the confor-
mal factor itselfis a scalar field. See [17] for details of such
areduction.) Then, as follows from (6), the Riemann ten-
sor transforms as

zﬁv (F)
A A
:Rzﬂv (r)+v,5sz_vVAZﬁ+AgﬁAyv_A%vAﬁﬂ’ (28)
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where the A-dependent part on the right-hand side, al-
though it seems so, is not a true curvature tensor; it is
not generated by any of the covariant derivatives induced
by ' 5 Or r - This extra A-dependent part is just a rank

(1,3) tensor field induced by Aé 8 alone.
In accordance with the transformation of the Rie-
mann tensor in (28), the Ricci scalar transforms as

gﬂ‘/@ﬂv (f) = Q_zgﬂv

x {[sz (D) + VoA, =V AL + AT AL~ AgvAﬁm} . (29

This transformation rule is rather generic for connec-
tions which transform additively [11]. Nevertheless, it is
necessary to determine physically admissible forms of
Ai p SO that the conformal factor Q assumes appropriate
dynamics in regard to absence of ghosts and emergence
of a new conformal invariance in the sense of (23).

At this stage, the right question to ask is this: ‘How is
Ai 8 related to Q2 To answer this question, one has to
check out a series of possibilities. Being a rank (1,2) ten-
sor field, Ai p Can assume a number of forms like Vlgaﬂ

or 6& Vg or V’lTaﬂ, with V, being a vector field and T, a
symmetric tensor field. If the transformation of connec-
tion (27) is to coexist with that of the metric in (2), then
Va, Tep or any other structure must be related to gradi-
ents of Q so that Ai 8 vanishes when ( is unity or, more
precisely, constant. Therefore, one may identify V,, with
04 and Tqp with V4050 or 0,Q 0pQ. Consequently,
Aéﬂ should be composed of 0*Q 8aps 6?}659 or relevant
higher derivatives of Q or higher powers of ,Q2. Hence,
at the linear level, Ai 8 must be of the form

A= c1 (030500 + 640,10 +c2gapd’ InQ,  (30)

where ¢ and ¢, are real constants. Here, one notices that
a very similar form of this connection was also found
in [20, 21] in spacetimes with non-vanishing torsion. In
[21], prescription in (30) is obtained by requiring invari-
ance of the Lorentz connection under conformal trans-
formations. That work also points out the possibility of
conformal-invariant gravitational action. In addition to
this, by considering a similar prescription for torsion in-
stead of connection, one can construct a conformally in-
variant theory. This option is studied in detail in [22].
That both metric and connection transform accord-
ing to an assumed prescription (as given in (2) and (30),
respectively) may lead one to conclude that metric and
connection do actually depend on each other — not in-
dependent quantities as required by the metric-affine
gravity. Actually, such a dependence does not need to ex-
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ist. The situation can be clarified by considering, for ex-
ample, scalar and fermion fields, comparatively. Indeed,
they both transform non-trivially under conformal trans-
formations yet they bear no relationship at all. In this
sense, one concludes that their behaviors under confor-
mal transformations do not need to impose an interde-
pendence between metric and connection.

One readily notices that the tensorial structures in-
volved in (30) are the same as the ones appearing in the
transformation of the Levi-Civita connection under con-
formal transformations. This is seen from direct compari-
son of (30) with (4). The difference is the generality of (30)
in terms of the constants ¢; and ¢, since ¢; = —c; = 1in
the transformation (4) of the Levi-Civita connection. Un-
der the transformation (30), the metric-affine action (15)
in the (g,T') frame takes the form

L 1 poo o

Sen |81 = f dPx F—g{EQD 2MP2gH R, (I)
1

+5D-DD -2)kpQP T MP2gH5,00,Q

- AQP +§}

1 — —_
= f de\/%{ESign(KD)g“vayqb@wb

1, — —2\D/(D-2)
+ 500 8" Ry (0 =Ap (¢ | } (31)
where use has been made of the abbreviations
(c1+2)* +(D—2)c1c2+ (D —2)(c1 — )
Kp = (32)
D-2
(p
!
=— (33)
D kol
along with the new canonical scalar field
— 1
¢= (M, Q) P~272 (34)
b

The action (31) is to be contrasted with the transformed
action (11) in metrical gravity. The differences between
the two are spectacular, and it could prove useful to dis-
cuss them here in detail.

— One first notes that the action (31) is invariant under
the emergent conformal transformations

8ap _’Wz 8ap
A A A
Faﬁ — Faﬁ +Aaﬁ(u/)

¢—y P9 (35)
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similar to what we have found in (14) for the metrical
GR. This invariance guarantees that all the fixed scales
in (15) are appropriately dressed by the conformal fac-
tor Q [9].

The conformal coupling {p in (11) of the pure metric
gravity changes to {p/|xp| in the metric-affine action
under consideration. The presence of xp reflects the
generality of the transformation of the connection, as
noted in (30). This is a highly important result since
it generalizes the very concept of ‘conformal coupling’
between scalar fields and curvature scalar by changing
(p to( b. This modification can have noticeable con-
sequences in cosmological [5, 23, 24] as well as collider
observables [12, 25] of GR with affinity.

In complete contrast to (11), the scalar field 5 in (31)
obtains an indefinite kinetic term. The sign of the ki-
netic term is determined by the sign of xp. One here
notes physically distinct cases:

1. Ifxp >0 then ¢ is a scalar ghost as in metrical GR.
In (11) xp =1 (since ¢; = 1 and ¢y = —1 for the
change of Levi-Civita connection (4) under confor-
mal transformations), and ¢ is necessarily a ghost
if gravity is to stay as an attractive force.

2. If, however, xp < 0 then a becomes a true scalar
field with no problems like ghost behavior. One no-
tices from (31) that this very regime is realized with
no modification in the attractive nature of the grav-
itational force. Gravity is attractive and ¢ is a non-
ghost, true scalar field. This result follows from the
generality of the transformation of Fé 8 in (30) com-
pared to that of the Levi-Civita connection. The real
constants c¢; and c, give enough freedom to make
K p negative for having a canonical scalar field the-
ory, and this happens for

1
cr>—1+ ED(l—cl)

1
- 5\/(DZ —4)c? —2(D?-4)c; + (D - 2)?
and

1
cr<—-1+ ED(l—cl)

+ %\/(DZ —4)c2 —2(D2 - 4)c, + (D - 2)2,

where c; is restricted to lie outside the interval

D+2-2vD+2 D+2+2VvD+2
(D+2) ’ (D+2)
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One can see that for any dimension D = 4 there ex-
ist wide ranges of values of ¢; for which ¢, takes on
admissible negative or positive real values. In par-
ticular, if we consider one of the most likely cases
in which the constants are equal but have opposite
signs, we find xp < 0 forc; = —c2 ¢ (0,2] in D > 2 di-
mensions. Similar considerations pertaining to the
metric-scalar-torsion system can be found in [26].

3. The fact that the metric-affine gravity offers a true
scalar field ¢ elevates the arguments on the cosmo-
logical constant problem in [15] to a more physi-
cal status since one then does not need to multiply
the scalar field by the imaginary unit to make sense
of the resulting scalar field theory. For xp < 0 and
8uv = Ny, the affine-gravitational action (31) can
realize an infrared fixed point for ¢ with no artifi-
cial changes in the sign of its kinetic term.

- The geometrical part of £ (g,2,¥), which only con-
sists of the metric and @t’} 5= Fi s fi 5 will also trans-
form under conformal transformation (2) with addi-
tively conformal-variant connection (27). Under the
conformal transformations (35), 2 changes as

@z/}ﬁ = 9:};3 +(c2+ 1)};0[,[30’1 Iny +(c; - 1)

x (6405 + 630, lm//)

as expected from transformation properties of Fi 8 and
L
plings of 2 with the emergent scalar field 1.

— An important problem concerns the gravitational ki-
netic term. In metric formulation, a conformally in-
variant kinetic term is provided by the Weyl tensor
[11,27]. In the present case, however, such a conformal-
invariant kinetic term might be difficult to induce. Ac-
tually, what is necessary is to construct a gravitational
kinetic term which is invariant under the conformal
transformations in (2) and (27) (with the specific form
in (30)). With ¢; and ¢, differing from the Levi-Civita
connection, construction of the kinetic term may not
be straightforward.

. This gives geometrodynamical terms and cou-

The analysis above ensures that additively transform-
ing connections, such as (30), gives rise to a physically
sensible mechanism where the gravitational sector as
well as the emergent scalar field from conformal transfor-
mation are both physical. Removal of the ghost degree of
freedom in metrical GR is a highly important aspect of
the metric-affine gravity. Essentially, freeing connection
from metric enables one to reach a physically consistent
picture in regard to conformal frame changes in the grav-
itational action.
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4 Discussion and conclusion

In this work we have analyzed conformal transforma-
tions in metric-affine gravity (GR with affinity). The anal-
ysis is a comparative one between GR with affinity and
metricity. The main result of the analysis is that metric-
affine gravity admits, under general additive transfor-
mations of the connection, conformally related frames
in which both gravitational and scalar sectors behave
physically. The transformed frame consists of no ghost
field, and exhibits emergent conformal invariance (some-
times called Weyl-Stiickelberg invariance). The results
can have far-reaching consequences for collider experi-
ments [12, 25], cosmological evolution [5, 28, 33] as well
as electroweak breaking [11].

We have also analyzed equations of motion under
general circumstances allowed by general covariance,
and concluded that general Lagrangians allow for gen-
eralized conformal transformations of the connection
without spoiling the essence of the theory in the trans-
formed frame.

The affine gravitational action (15) can give rise to
novel effects not found in the minimal version (the
Einstein—Hilbert action). The conformally reached frame
can have various modifications in gravitational, matter
and conformal factor (i.e. Q related to 5) dynamics. The
fact that the metric-affine gravity can accommodate cor-
rect gravitational dynamics plus non-ghost scalar de-
grees of freedom under conformal transformations is an
important aspect. This feature can have important impli-
cations in cosmological and other settings since transfor-
mation of a system to a conformal frame now involves
no ghost degree of freedom. Indeed, the appearance of
ghost fields, as mentioned in the text, is the major prob-
lem of conformal GR [29]. Therefore, the ghost-free dy-
namics established in the present work can have signif-
icant applications in conformal field theory, cosmology
and gravitation.
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