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Abstract

Let L be the Hill operator or the one-dimensional Dirac operator with 7w-periodic
potential considered on the real line R. The spectrum of L has a band-gap struc-
ture, that is, the intervals of continuous spectrum alternate with spectral gaps. The
endpoints of these gaps are eigenvalues of the same differential operator L but con-
sidered on the interval [0, 7] with periodic or antiperiodic boundary conditions.

In this thesis considering the Hill and the one-dimensional periodic Dirac opera-
tors, we provide precise asymptotics of the spectral gaps in case of specific potentials

that are linear combinations of two exponential terms.



HILL VE 1 BOYUTLU DIRAC OPERATORLERININ SPEKTRAL
BOSLUKLARININ ASIMPTOTLARI

Berkay Anahtarci
Matematik, Doktora Tezi, 2014

Tez Danigmani: Prof. Dr. Plamen Djakov

Anahtar Kelimeler: Hill operatorii, Dirac operatorii, asimptotikler.

Ozet

Reel dogru R iizerinde diigiintilen 7-periyodik Hill operatorii ya da bir-boyutlu
Dirac operatorii L olsun. L’'nin spektrumu bant-aralikli yapidadir, yani siirekli spek-
trum araliklar1 spektral bosluklarla birbirlerini izlerler. Bu bosluklarin u¢ nokta-
lar1, aym fakat [0, 7] arahg tizerinde periyodik ve antiperiyodik sinir kogullariyla
diisiiniilen L diferansiyel operatoriiniin 6zdegerleridir.

Bu tezde Hill ve bir-boyutlu periyodik Dirac operatorlerinin iki tissel terimin
lineer kombinasyonu olan 0zgiil potansiyeller ile diigiintildiigii durumunda spektral

bosluklarin kesin asimptotlarini temin ediyoruz.
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Chapter 1
HILL OPERATORS

1.1 INTRODUCTION

It is well-known (see Thm 2.3.1 in [16], or Thm 2.1 in [30]) that the Hill operator

L(U) = —@ +v, x¢€ R, (111)

with m-periodic real-valued potential v € L*(R) is self-adjoint and there exists a

sequence of real numbers
—00 < AJ <AT <L SN <A SN <A <

such that the spectrum of L has a gap-band structure, i.e.,
Sp(L) = [ JN A,

n=1

and all intervals of the spectrum are separated by the spectral gaps
(=00, A\g), AL A ), (O A, ..., neN.
Floquet theory shows that the endpoints A\ and A\ of these gaps are eigenvalues
of the same differential operator L defined in (1.1.1) but considered on the interval

[0, 7] with periodic boundary conditions Per™ (for even n) or antiperiodic boundary

conditions Per~ (for odd n), where
Per® :y(m) = £y(0);  y'(m) = +y/(0).

See [16, 30] for more details.



We study the behaviour of the lengths of spectral gaps
Yo =N =X,, neN

of the Hill operator L(v). Hochstadt [23, 24] discovered a direct connection between
the smoothness of v and the rate of decay of the lenghts of spectral gaps (v,) as
follows: If

(A) v € C*, ie., v is infinitely differentiable, then
(B) (7y») decreases more rapidly than any power of 1/n.

He also proved that if a continuous function v is a finite-zone potential, i.e., v, = 0
for large enough n, then v € C*°. In the mid-70s (see [32, 34]) the latter statement
was extended, namely, it was shown for real L*([0, 71])-potentials v that (B) = (A).
Moreover, Trubowitz [42] proved that an L?([0, 7r])-potential v is analytic if and only
if () decays exponentially.

If v is a complex-valued potential then the operator (1.1.1) is non-self-adjoint,
so one cannot talk about spectral gaps. Moreover, the periodic and antiperiodic
eigenvalues A are well-defined for large n (see Lemma 1 below) but the asymptotics
of |\ = A| do not determine the smoothness of v. In [39] Tkachenko brought into
discussion the Dirichlet b.v.p. y(7) = y(0) = 0. For large enough n, close to n? there

is exactly one Dirichlet eigenvalue p,,, so the deviation
(R

6 = |t — (N + A7) (1.1.2)
is well defined. Using an adequate parametrization of potentials in spectral terms
similar to Marchenko—Ostrovskii’s ones [31, 32] for self-adjoint operators, V. Tkachenko
[39, 40] (see also [38]) characterized C'*°-smoothness and analyticity in terms of 4,
and differences between critical values of Lyapunov functions. See further references
and later results in [6, 7, 14].

In the case of specific potentials, like the Mathieu potential

v(xz) =2acos2z, a€ R\ {0}, (1.1.3)

or more general trigonometric polynomials
N
v(z) =Y cpexp(2ikr), =77, 0<k<N<oo, (1.1.4)
-N

one comes to two classes of questions:



(i) Is the n-th spectral gap closed, i.e.,
Yo = A=A =0, (1.1.5)

or, equivalently, is the multiplicity of A\ equal to 27

(i) If 5, # 0, could we tell more about the size of this gap, or, for large enough n,

what is the asymptotic behavior of ~, = v, (v)?

In [26] Ince proved that the Mathieu-Hill operator has only simple eigenvalues
both for periodic and antiperiodic boundary conditions, i.e., 7, # 0 for every n € N.
His proof is presented in [16]; see other proofs of this fact in [22, 33, 35|, and further
references in [16, 29].

For fixed n and as a — 0, Levy and Keller [28] gave asymptotics of the spectral
gap v, = Yn(a) with v € (1.1.3); namely

= A A = % (1+ 0(a)). (1.1.6)

Almost 20 years later, Harrell [21] found, up to a constant factor, the asymptotics
of the spectral gaps of the Mathieu operator for fixed a as n — oo. In [3] Avron and
Simon gave an alternative proof of Harrell’s asymptotics and found the exact value

of the constant factor, which led to the formula

_ 8(lal/4)"

Yo = CEIE [1+0(n?)]. (1.1.7)

Later, another proof of (1.1.7) was given by Hochstadt [25]. For general trigono-
metric polynomial potentials, Grigis [20] obtained a generic form of the main term
in the gap asymptotics.

Recently, we [1] have refined the result of Harrell-Avron-Simon (1.1.7) by pro-
viding more precise asymptotics of the size of spectral gap for the Mathieu operator;
namely, we proved for fixed a € C and large enough n € N that

8(a/4)" a?

1——+0n"h]. (1.1.8)

AT — A =+
" " [(n— 1)1 4n3

Our approach is based on the methods developed in [12, 13], where the gap

asymptotics of the Hill operator with two term potential of the form
v(x) = Acos2x + Beosdx, A#0, B#0,

was found.



In this thesis we use the same approach in order to find the asymptotics of
In = >‘7—iz_ — A,

- in the case of potentials of the form

v(r) = ae”** + be**,  a,be C. (1.1.9)

and prove for fixed a,b € C and large enough n € N that

B(Vab/Ar [, ab o] (1.1.10)

"= E P An?

Additionally, we provide asymptotics for the periodic (if n is even) and antiperi-

odic (if n is odd) eigenvalues for large enough n € N that

Let Hy(a,b) denotes the Hill operator (1.1.1) with a potential (1.1.9) subject to

the boundary conditions
y(m) = ey(0), o (m)=e"y'(0), —-m<t<m.

Veliev [43, Theorem 1] showed that the operators H;(a, b) have the following isospec-
tral property:
Sp(Ht(au b)) = Sp(Ht(C7 d)) if ab= Cda

where Sp(H¢(a, b)) denotes the spectrum of the operator Hy(a,b). Therefore, (1.1.8)
with v/ab instead of a implies directly (1.1.10).
1.2 PRELIMINARIES

Let us consider the Hill operator

d2

L(v) = 2

+v, x€][0,7], (1.2.1)

with a potential v € L%([0, 71]). Let

v(x) = Z Vet

kEZ

be the Fourier series expansion of the function v. Throughout the paper we assume
that

vy = /Wv(x)d:r = 0. (1.2.2)

4



(The assumption that vy = 0 leads to no loss of generality because any shift of
the potential by a constant shifts the spectrum by the same constant, and thus the

spectral gaps remain the same.) For convenience we set

vk if k is even,
V(k) = ke Z.

0 if k£ is odd ,

In this case,

ol == [ @) de = 3l = S VP

kEZ ke2Z

We consider the periodic Pert and antiperiodic Per~ boundary conditions:
Per® : y(0) = +y(n), ' (0) = +5/(n). (1.2.3)
We denote by Lp.,+ the closed operator defined on the domain
Apes = {f € H([0,7],C) : f € Per*}.

If v =0, then we use the symbol L(J)Deri (or simply L°). We can characterize the
spectra and the eigenfunctions of LY _ .. Namely;

(i) Sp(LY,..) ={n*:n=0,2,4,...}. The eigenspaces are E. = Span{e*™*} for
n > 0 and EJ = Span{const}, where dim E? = 2 for n > 0 and dimFEj = 1.

(ii) Sp(LY,.-) ={n*:n=1,3,5,...}. The eigenspaces are EY = Span{e*"*} for
n >0 and dim E? =2 for n > 0.

Let Lpe+(v) and Lp,,-(v) denote the operator (1.2.1) considered subject to the
corresponding boundary conditions defined in (1.2.3). The following assertion is

well-known (e.g., [12, Proposition 1]).

Lemma 1. The spectra of Lpe+(v) are discrete. There is an No = No(v) such that
the union U, n, Dn of the discs D,y = {2z : |z —n?| < 1} contains all but finitely
many of the eigenvalues of Lpe,+.

Moreover, for n > Ny the disc D,, contains exactly two (counted with algebraic
multiplicity) periodic (if n is even) or antiperiodic (if n is odd) eigenvalues X, , A,
(where Re X, < Re A} or Re\,, = Re A} and Im X\, < Im\}).

Lemma 1 allows us to apply the Lyapunov—Schmidt projection method and re-
duce the eigenvalue equation Ly = Ay for A € D,, to an eigenvalue equation in the
two-dimensional space EY = {L% = n?y} (see [14, Section 2.2]).

bt



This leads to the following (see the formulas (2.24)-(2.30) in [14]).

Lemma 2. In the above notations, X = n® + z, for |z| < 1, is an eigenvalue of

Lper+(v) if and only if z is a root of the equation

y — Sll 5«12

=0, (1.2.4)
521 5 — 522

where S™, 512521 822 can be represented as

S9(n,z) =Y S (n,2), i,j=12, (1.2.5)
k=0
with

St =82=0, S2=V(-2n), S3'=V(2n), (1.2.6)

and for each k =1,2, ...,

11 _ V(—n+ )V (2 —j1) - V(ik — Jr—1)V(n — ji)
Sit(n,z) = Y = 7t £ ) ;o (1.2.7)

29 _ V(n+j)V(ja—j1) - V(x = je-1)V(=n — ji)
S (n, 2) > -t (=47 ;o (1.2.8)

12 _ V(=n+ V(2 —51) - Vk = gs—1)V(=n = ji)
S(n,z) = Y S s sooy oy gy . (1.2.9)

Tl Jk#EEN
v NV (i — i) eV — e AV —
G TR S G DL f> U Jjji) (=) (19.10)
P (n* —ji +2)--- (0 = ji + 2)
The above series converge absolutely and uniformly for |z| < 1.
Moreover, (1.2.5)—(1.2.10) imply the following (see Lemma 23 in [14]).
Lemma 3. For any (complez-valued) potential v
SH(n, z) = S**(n, 2). (1.2.11)
Moreover, if V(—m) =V (m) ¥Ym, then
S¥2(n, z) = S?(n, 2), (1.2.12)
and if V(—m) = V(m) VYm, then
S2(n,2) = 5% (n, 2). (1.2.13)



Proof. For each k € N, the change of summation indices iy = —jri1-5, s=1,...,k
proves that S{'(n, z) = S#(n, z). In view of (1.2.5) and (1.2.6), (1.2.11) follows.

In a similar way, we obtain that (1.2.12) and (1.2.13) hold by using for each
k € N the change of indices is = jx11-5, S=1,2,... k. O

For convenience, we set
n(2) = 7 (n,2) = $2(n,2), BF(z) = S (n,2), By (2) = §(n,2). (12.14)
Under these notations the basic equation (1.2.4) becomes

(2 — an(2))? = B7 ()87 (2). (1.2.15)

By Lemmas 1 and 2, for large enough n € N, this equation has in the unit disc

exactly the following two roots (counted with multiplicity):
o=\ —n? =X —n? (1.2.16)
In the sequel we consider potentials of the form
v(x) = ae”?"" + be*™”
whose corresponding Fourier coefficients are
V(-2)=a, V(2)=0b, V(k)=0 ifk# +£2. (1.2.17)

1.3 ASYMPTOTIC ESTIMATES FOR zX AND ay,(2)

In this section we use the basic equation (1.2.15) to derive asymptotic estimates for
the deviations z*. It turns out that |8,(2)], |z| < 1, is much smaller than |a,(2)],
so it is enough to analyze the asymptotics of a,(zF) in order to find asymptotic
estimates for 2.

The following inequality is well known (e.g., see Lemma 78 in [14]):

1 21log 6

) <28 ot eN, (1.3.1)
[n? — j?| n

j#En J

Lemma 4. If |z| <1, then

1 4log6n\”
< . 1.3.2
Y ) - 099




Proof. 1f |z| <1 and j # £n, then

1
In® — 52+ 2| > |n* — 5% — 1>2\n — 2.
Therefore,
1 v
b A (;r 2—32\>
o (1.3.2) follows from (1.3.1). -

The next lemma gives a rough estimate for (3,(z); we improve this estimate in

the next section.

Lemma 5. For |z| <1 we have
Bu(2) = O ((4C logn)" /") (1.3.3)

where C' = max{|al, |b}.
Proof. If v < n — 1, then all terms of the sum S?!(n,z) in (1.2.10) vanish. In-

deed, each term of the sum S%'(n,z) is a fraction which nominator has the form

V(z)V(z2) - V(xypr) with 2y = n4j1, 22 = jo—J1, ..., 2,41 = n—j,. Therefore, if

v < n—1 then there are no 1, zs, ..., x,41 € {—2,2} satisfying z1+zo+- - -+x,41 =
2n, so every term of the sum S?!(n, z) vanishes due to (1.2.17). Hence, by (1.2.17)
we have
CEED DY o
n 2 . ) . 2 ;2 9
V7Z1]1 7777 ];ﬁin| j1+z‘ |n ]V+z|
o (1.3.3) follows from (1.3.2). O

Lemma 6. In the above notations, as n — oo,

s Do), an

" ab

=53 O(n™%). (1.3.4)

n

Proof. In view of (1.2.5), (1.2.7) and (1.2.14), we have

o0

2)=> Ayn,2), (1.3.5)

p=1

where

Ay(n,z) = Z V(i—n+ V(2 —5) - V(p— jp1)V(n — jp).

(2= g3 +2)- - (n?—j52+2) (1.3.6)



First we show that
Aogg(n,z) =0 VkeN. (1.3.7)

Indeed, for p = 2k each term of the sum in (1.3.6) is a fraction which nominator has
the form V' (z1)V(xg) -+ V(2opy1) with

ry=-n+ji, T2=J2—J1, ---5 Topr1 =N — Jop.
Since x1 + x3 + -+ - + Top41 = 0, it follows that there is iy such that z;, # £2, so

V(z;,) = 0 due to (1.2.17). Therefore, every term of the sum Ag(n,z) vanishes,
hence (1.3.7) holds.

Next we estimate iteratively, in two steps, a,(2) and 2. The first step provides

rough estimates which we improve in the second step.

Step 1. By (1.3.6), we have

V(=n+j)V(n—j)
Ai(n,z) = Z 27 :
n#EN 1

In view of (1.2.17), we get a non-zero term in the above sum if and only if j; = n+2,

or j; = n — 2. Therefore,

ab ab 8 —2z
1, 2) nZ—(n—2)2—|—z+n2—(n+2)2—|—z ¢ (4n)? — (4 — 2)?’ (138)

which implies that
Ai(n,z) =0(n~?) for |z| < 1. (1.3.9)

On the other hand, from (1.2.17), (1.3.2) and (1.3.6) it follows that

41 2k—1
L6”) L k=23, (1.3.10)

| Ager(n, 2)] < O ( .

where C' = max{|al, |b|}, which implies
o) 00 410 6n 2k—1 B
> wca(n o) < Y I0P ()T o), (13.11)
k=2 k=2

Hence, by (1.3.9) and (1.3.11) we obtain

an(z) =0(n~?) for |z| < 1. (1.3.12)



Furthermore, from (1.2.15), (1.2.16) and (1.3.3) it follows immediately that

2E—a,(z5) =0(n™), VEeN. (1.3.13)

n

Therefore, (1.3.12) implies that
2 =0(n™?). (1.3.14)

Step 2. By (1.3.8) we have

Ai(n,z) = % +0(m™) if 2=0(n"?). (1.3.15)

Let us consider

A= Y V(=n+j)Viz — 1)V (s — 32)V(n — js)

2 42 2 _ 2 2 2
J1.J2,J3FEn <n/ Wi +_Z)(n/ J2 +‘Z>(n/ J3 +-Z)

In view of (1.2.17), we get a non-zero term in the above sum if and only if

Ji=n+2; jo=n+4 jz=n-+2,

or
Hence,
a’b?
A =
e ) e N Iy ) ERe] iy e
a262
+

(02 = (= 22+ 2][? — (0 — 4 + 2l — (n— 22 + 2]

so it is easy to see that
As(n,z) =0(n™ ) if |2] < 1. (1.3.16)

On the other hand, by (1.3.10) we have

- - Alog 6n\
> wca(n ) < Y I0P ()T — o) (13.17)
k=3 k=3

10



Therefore, by (1.3.15), (1.3.16) and (1.3.17) imply that

a,(z) = ;—;2 + 0™ if z=0(n"?). (1.3.18)

Hence, from (1.3.13) it follows that

y_ ab
o 2n2

z +0(n™). (1.3.19)

Remark. From (1.3.8) and (1.3.19) it follows that

ab ab a’b? _

Similarly, it is easily seen that

a’b?
- 16m4

Ag(?’L Zi)

rn

O(n™%). (1.3.21)
On the other hand, analyzing As(n, z) one can show that
As(n,z) =0(n~ %) if |2] < 1. (1.3.22)

Moreover, by (1.3.10) we have
> Agi(n, 2)| =o(n™%) if |2 < L. (1.3.23)
k=4

Hence, in view of (1.3.13), the estimates (1.3.20)—(1.3.23) lead to

- b ab
"op2 o ot

z +0(n™9). (1.3.24)

This analysis could be extended in order to obtain more asymptotic terms of z,
and even to explain that the corresponding asymptotic series along the powers of

1/n contains only even nontrivial terms. However, in this paper we need only the
estimate (1.3.19).

The following assertion plays an essential role later.

11



Lemma 7. With v, =\ — X\, =zt — 2z, we have
doy, /dz = O(n™*)  for |z| <1/2, (1.3.25)
and ;
_ a _
an(zh) —an(z)) = 7 {—@ +O(n 4)] : (1.3.26)

Proof. By (1.3.5) and (1.3.7) we obtain

zt d
—a,(2) dz, (1.3.27)

an(20) —an(z)) = Ai(n, z5) — Ay(n, 2,)) + /_ 7

z

where we integrate along the line segment between 2, and z}, and
an(2) = ap(z) — A1(n, 2) = As(n, 2) + As(n, z) + - - .
In view of (1.3.16) and (1.3.17),
an(z) =0(n™*) for |z| < 1.
By the Cauchy formula for derivatives, this estimate implies
doy,/dz = O(n™*) for |z| <1/2.

Hence, we obtain

4
/ dian(z) dz = | O(n=b). (1.3.28)
Zn <

On the other hand, by (1.3.8) it follows that

N N 8 — 22;1‘ 8 — 227:

Ai(n,zy) — Ai(n, z,) = [(471)2 — (4 —z+)? B (4n)? — (4 — 277)2} “
- —32n% — 32+ 8(5) +2,) — 257, |

o {mn)? — (=) — (2= WJ] "

Therefore, taking into account (1.3.4), we obtain

—ab
n
In view of (1.3.27), the estimates (1.3.28) and (1.3.29) lead to (1.3.26). O

12



1.4 ASYMPTOTIC FORMULAS FOR (3F(z) AND 7,

In this section we find more precise asymptotics of 3 (z). These asymptotics, com-

bined with the results of the previous section, lead to an asymptotics for .

In view of (1.2.17), each nonzero term in (1.2.10) corresponds to a k-tuple of

indices (ji, ..., jx) With j1,..., jx # £n such that
(n+j1)+ Go—g1) + -+ Ur— Jem1) + (n—ji) =2n (1.4.1)

and
n+j17j2_jlv"'7jk_jk—1an_jk6{_2,2}- (142)

Recall that a walk = on the integer grid Z from c to d (where ¢, d € 7Z) is a finite

sequence of integers x = (x;)j_; with x1 + 22 + ...+ z, = d — ¢. The numbers

k
jk:c—i-th, 1<k<up

t=1

are known as vertices of the walk z.
By (1.4.1) and (1.4.2), there is one-to-one correspondence between the nonzero
terms in (1.2.10) and the admissible walks x = (z(t))*! on Z from —n to n with

steps x(t) = £2 and vertices jo = —n, jri1 = n,
Jo=-n+Y wx(t)#+n, s=1,...k (1.4.3)

Let X, (p), p=10,1,2,..., denote set of all such walks with p negative steps. It is
easy to see that every walk € X,,(p) has totally n+ 2p steps because > z(t) = 2n.
Therefore, every admissible walk has at least n steps.

In view of (1.2.5), (1.2.10), (1.2.17) and (1.2.14), we have

Br(z) = ia;r(n, z) with o) (n,z) = Z h*(n,z), (1.4.4)
p=0 2€Xn(p)

where, for r = (:E(t))fifa

bk+1

(n2—jf+z)(n2—j§+2)--'(n2—jg+z)

ht(z,z) = (1.4.5)
with j1,..., g given by (1.4.3).

13



Of course, we can also write similar formulas for 3, (z). Let Y,.(p), p=0,1,2,...,
denote the set of all admissible walks from n to —n having p positive steps.

In view of (1.2.5), (1.2.9), (1.2.17) and (1.2.14), we have

Bo(z)=> o, (n,z) with o,(n,z)= Y  h(n2), (1.4.6)

z€Xn(p)

where, for r = (:E(t))fifa

k+1

S ey e R ey S M

We first analyze 3 (z). The set X,,(0) has only one element, namely the walk

§= ()i, &(t) =2 Vi (1.4.8)
Therefore,
bTL
o5 (m2) =h7(&2) = Ca e . (1.4.9)

with jp = —n+2k, k=1,--- ,n— 1. Moreover, since

n—1
I (7 = (—n+2k)?) =4 [(n - 1)1,
k=1
the following holds.
Lemma 8. In the above notations,
4(b/4)™

It is well known (as a partial case of the Euler-Maclaurin sum formula, see [5,
Sect. 3.6]) that

1
:logm+g+2—+0(m_2), m € N, (1.4.11)
m

el

m
k=1

where g = lim,,, 00 (ZZLZI % — log m) is the Euler constant.
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Lemma 9. In the above notations,

ablogn  abg _
U(J)r(mzf) = U(—)F(mo) {1 T A3 4n3 O( 4)} .
Proof. By (1.4.9), we have
. n—1 Zi -1
of (n,z5) = of (n,0) || (1 Ty s %)2) .
k=1
o 2 %

For simplicity, we set cx(n) = = . Then,

n? —(—n+2k)? 4k(n—k)

(1.4.12)

(1.4.13)

log (H(l—l—ck ) Zlog 1+ cr(n ch )+ O <Z|Ck’(”)|2> .

k=1

Using (1.3.4), we obtain

k=1 k=1
n—1
1 1 ab 4
k=1
By (1.4.11), it follows that
n—1
__ablogn  abg
;ck(n) == T T O

On the other hand, by (1.3.4),

n—1 , n—1 1 » »
kz:; |Ck(n)’ = (Z m) O(TL ) = O(n )

k=1

Hence,

n—1
_ ablogn  abg _
log (H(l + cx(n)) 1) =T s O(n™),

k=1

which implies (1.4.12).

15



We also need the following modification of Lemma 9.

Lemma 10. If z = O(n™?), then

o1 (n.2) = o (n,0)(1 + O((log n) /n)).

(1.4.14)

Proof. We follow the proof of Lemma 9, replacing 2= with 2 and using z = O(n™?)

instead of (1.3.4).
Next we study the ratio o} (n, z)/a{ (n, 2).

Lemma 11. We have

ol (n,2z) =0og (n,2) - ®(n, 2),
where »
b(n,z) = Z or(n, 2)
k=2
with
ab

Sok(nv Z) =

Proof. From the definition of X,,(1) and (1.4.4) it follows that
n—1

of(nz)= > hi(z,2) =Y h"(z2),
r€Xn(1) k=2

where ), denotes the walk with (k + 1)’th step equal to -2, i.e.,

2 ift£k
z(t) = ., 1<t<n+2.

-2 ift=k

Now, we figure out the connection between vertices of ¢ and x;, as follows:

(

Ja(§), 1<a<k,

Jo(Tk) =  jea(§) a=k+1,

Ja2(8) k+2<a<n=2.
\

16

N2 — (—n + 2k)? + 2][n? — (—n + 2k — 2)2 + 2]

O

(1.4.15)

(1.4.16)

(1.4.17)

(1.4.18)



Therefore, by (1.4.5)

ab
(n? = [r—1(O]? + 2)(n? — [x(§)]* + 2)°

ht(zg, z) = hH (€, 2) (1.4.19)

Since ji(§) = —n+2k, k=2,...,n—1, (1.4.18) and (1.4.19) imply (1.4.15). O

Lemma 12. In the above notations, if z = O(n~?) then

®(n, z) = ®(n,0) + O(n™*) (1.4.20)
and
n—1
O*(n,z) ==Y |pr(n,2)| = ®(n,0) +O(n™). (1.4.21)
k=2
Moreover,
_ab ablogn ab(g—1) 4
®(n,0) = 2 + e + e +O0(n™%). (1.4.22)
Proof. Since
or(n, 2) z z -

1
=11 1
wr(n,0) T (—n + 2k)2} { T (—n+2k—2)2]

it is easily seen that
or(n,2)/er(n,0) =1+ 03 if z=0(n"?).
On the other hand, p(n,0) = O(n™2), so it follows that
pr(n, 2) = i(n,0) = r(n,0) O(n™?) = O(n™") if z=0(n"?).

Therefore, we obtain that

i
L

lor(n, 2) — pp(n,0)] = O(n™) if z=0(n"?).

2

£
[|

The latter sum dominates both |®(n, z) — ®(n,0)| and |®*(n, z) — ®(n,0)|. Hence,
(1.4.20) and (1.4.21) hold.

Next we prove (1.4.22). Since

i
L

ab

2= G Dk B T 1= &)

e
I|

2

17



by using the identities

1 n 1
k—1 n+1-k

1 111 1 1
km—k)_ﬁ<E+n—k)’(k_mm+¢—ky‘ﬁ

we obtain
ab
P = - 1.4.
(1:0) = 3 2 Dilo) (1.4.23)
where
n—1 1 n—1 1
D = D —
() 2Rk —1) 2(n) (= F)(n+1—k)
n—1 1 n—1 1
D3(n) = , Dy(n) =
—~ k(n+1—k) p (k—1)(n—k)

The change of summation index m = n + 1 — k shows that Dy(n) = D;(n), and we

have

Di(n) = S (L - 1) R ) (1.4.24)

Moreover, since

i
L

n—1 n—1
1 1 1 2 1
D = — — _
s() =277 (Zm k +Z“ n+1—k:> N1k
by (1.4.11) we obtain that
21 20g—1) 21
Dy(n) = 22ogn 29 =1 2logn ) (1.4.25)

n n n?

Similarly,

and (1.4.11) leads to

2logn 29 2logn 9
D = — O . 1.4.26
() = 21087 20, 21080 -2 (1.4.26)
Hence, in view of (2.2.12)—(1.4.26), we obtain (1.4.22). O
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Proposition 13. We have

B (2) = af (n,0)(1 4+ O((logn)/n?)), if z=0(n"?), (1.4.27)
and ) ,
BI(%?)==UJ(%;O){1%—§%5——i%§—%cxn/4% : (1.4.28)

Proof. From (1.4.12), (1.4.15), (1.4.20) and (1.4.22) it follows immediately that

ot (n, 25) + o (n, 25) = o (n, 0) {1 b - 10 (iﬂ |

n4

Since B (2) = > 2 o, (n, 2), in view of (1.4.12) to complete the proof it is enough
to show that

Y ol (nzk) =of (n,z7) O(n™). (1.4.29)

Next we prove (1.4.29). Recall that o (n,2) = ) (z,2). Now we set

:BGXn(p

on(n,z)= Y | (z,2)|.

€ Xn(p)

We are going to show that there is an absolute constant C' > 0 such that

peN, n> N, (1.4.30)

Since o (n, 2) has one term only, we have o (n, 2) = |og (n, 2)|.

Let p € N. To every walk z € X,,(p) we assign a pair (z, j), where € X, (p—1)
is the walk that we obtain after dropping the first cycle {+2, —2} from z, and j is
the vertex of x where the first negative step of x is performed. In other words, we

consider the map
0: Xn(p) — Xn(p—1) x I, I={-n+4,-n+6,...,n—2},

defined by ¢(x) = (Z, j), where

x(t) ifl1<t<k-—1

z(t+2) fk<t<n+2p-—2

where k = min{t : z(t) =2, z(t +1) = =2} and j = —n + 2k.
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The map ¢ is clearly injective, and moreover, we have

ab
(2= )= (=2 +2)

ht(z,z) = h(Z,2) (1.4.31)

Since the mapping ¢ is injective, from (1.4.17), (1.4.21) and (2.4) it follows that

oy(n,z) <oy y(n,2) - % (n, 2). (1.4.32)

Hence, by (1.4.21) and (1.4.22), we obtain that (1.4.30) holds.

From (1.4.30) it follows (since o§(n, 25) = |od (n, 2F)|) that

C p
o3lns) < losn )l ()

n?
Hence, (1.4.29) holds, which completes the proof. ]

The asymptotics of 8 could be found in a similar way. We have the following.

Proposition 14. In the above notations,

B-(2) = o5 (n,0)(1 + O((logn)/n®)), if = = O(n"2), (1.4.33)
and
B, (z) = a5 (n,0) |1+ 8“—; — 4a_7g +0(n ™|, (1.4.34)
e ] A(a/4)"
7 (n0) = (1.4.35)

Theorem 15. The Hill operator
Ly = =" + (ae™** + be**)y, a,be€ C,

considered with periodic or antiperiodic boundary conditions has, close to n? for large
enough n, two periodic (if n is even) or antiperiodic (if n is odd) eigenvalues X,
At For fived a,b € C, and as n — oo,

8(Vabjay [ ab O] . (1.4.36)

+ v — 4
An = [(n —1)!]2 4n3

Proof. Let
C =max{|a®|,[t*]}, D,={z: |2| <Cn?}.
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In view of (1.3.4), for large enough n we have
Lo
2| < §Cn , (1.4.37)

so 2% e %]Dn.
On the other hand, from (1.4.27) and (1.4.33) it follows that for large enough n

BE(2) = 0 (n,0)(1 +75(2)) with |rF(2)] <1/2 for z € 2D,,.

We set

VB BIBIE) = oy (0,000 (n,0) (L + 75 (2)2(1+ 17 ()2,

where /o (n,0)aq (n,0) is a square root of o (n,0)ad (n,0) and (1+w)'/? is defined
by its Taylor series about w = 0. Then /8, (2)5;(z) is a well-defined analytic

function on 2D, so the basic equation (1.2.4) splits into two equations
z—an(z) — /B (2)Bf(2) =0 (1.4.38)
z—an(2) + /B, (2)Bf(2) = 0. (1.4.39)

Next we show that for large enough n equation (1.4.38) has at most one root in
the disc D,,. Let

on(2) = om(2) + VB, (2)B1(2), falz) = 2 = @n(2).

By (1.3.25) we have o/,(2) = O(n™*) for |z| < 1/2. On the other hand, Lemma 5

implies that
VB (2)B1(2) = O(n_4) for z e 2D,

so by the Cauchy formulas for the derivatives we have

& VBB =0 for z€D,

Therefore
sup{|¢,,(2)] : z€D,} <1/2,

which implies

< — |21 — 29| for 21,20 €D,

DO | —

z2
/ ()
21

[on(21) — @n(22)] =



Now we obtain, for 21, zo € D,,, that

| fn(21) = fa(22)| = (21 + ¢n(21)) — (22 + pu(22))]

1
> |21 — 22| = |@n(21) — @nl22)] > 5121 — 2.

Hence the equation f,(z) = 0 (i.e., equation (1.4.38)) has at most one solution in
the disc D,,. Of course, the same argument gives that equation (1.4.39) also has at
most one solution in the disc ID,,.

On the other hand, we know by Lemma 1 and (1.4.37) that for large enough n
the equation (1.2.4) has exactly two roots z, z in the disc D, so either z is the

root of (1.4.38) and z; is the root of (1.4.39), or vise versa z, is the root of (1.4.38)
and z is the root of (1.4.39). Therefore, we obtain

it =2 — o) — anler)) = £ [ VB GDBEGED + VB BRG] - (L4do)
Now (1.3.26), (1.4.28) and (1.4.34) imply, with v, = A\F — A\

ab
8n?

T O(n4)] - :I:—?((ﬁl/ﬁg [1 b= O(n4)] ,

Y |1+

which proves (1.4.36).
Finally, if at least one of the coefficients a,b becomes zero, then v, = 0 for
all n. This follows from (1.4.40) where 3, (2F)B7(2E) becomes zero for all n, in

consideration of (1.4.27), (1.4.10), (1.4.33) and (1.4.35).
0
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Chapter 2
DIRAC OPERATORS

2.1 INTRODUCTION

The one-dimensional Dirac operator of the form

. d 1 0 0 P
Lw)=iJ—+v; J= NCES , v(x+m) =v(x), (2.1.1)
dz 0 —1 Q 0

where P,Q € L*(R) gives rise to a self-adjoint operator in L*(R, C?) if Q(z) = P(z).
It is well-known that the spectrum of L(v) is absolutely continuous and has a band-

gap structure, i.e.,
oo

Sp(L) = J IN_i A,

n=oo
where
+ - + -
S <A A <A S

Floquet theory shows that the endpoints A and A of these gaps are eigenvalues
of the same differential operator and (2.1.1) but considered on the interval [0, 7] with
periodic boundary conditions for even n and antiperiodic boundary conditions for
odd n, where

Per® : y(r) = +y(0).

See [4, 27] for more details.

It is known that the potential smoothness determines the asymptotic behavior
of the sequence of v, = \F — A~ Moreover, in the self-adjoint case the asymptotic
behavior of (7,) determines the potential smoothness as well. This phenomenon
was first discovered and studied for Hill operators (see the discussion in section 1.1).
The situation is similar for self-adjoint Dirac operators but the relationship between
smoothness of the potential functions P, () and decay rate of the spectral gaps (v,)
were studied somewhat later (see [18, 19, 36, 37, 9, 8, 14]).

In the non-self-adjoint case, for both Hill and one-dimensional Dirac operators,
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the decay rate of (|7,|) does not determine the potential smoothness as Gasymov’s
example [17] and its modifications in the Dirac case show. However, Tkachenko
[39, 40, 41] discovered that the potential smoothness could be determined by the
rate of decay of (|v,| + |0,|), where §, is the difference between A} and the closest
Dirichlet eigenvalue p,, (see also [38, 7, 9, 14]).

Djakov and Mityagin [10, 11] provided an analogue of Ince’s result [26] for the
Mathieu-Hill operator. They studied the spectral gaps of Dirac operators (2.1.1)

with potentials

v(z) = ., P(x) =Q(x) =2acos(2z), a € R\ {0}, (2.1.2)

and showed that v_,, =, for all n, ~, =0 for even n, 7, > 0 for odd n; and for
large enough m € N,

_ |a|2m+1 logm

Let us notice that here the operator L is considered on the interval [0, 7], whereas
all operators in [10, 11] are considered on [0, 1], and thus the coefficients in (2.1.3)
are normalized correspondingly.

In this thesis, we study the same phenomenon for Dirac operators (2.1.1) with a

four-parameter family of potentials
P(z) = ae™®* + Ae*™, Q(x) = be ** + Be**, a,A,b,B € C.

Our asymptotic formulas (2.4.28), (2.4.29) extend and refine (2.1.3), and show
that v, # 0 for odd n with large enough |n|, so all but finitely many antiperiodic
eigenvalues are simple (see also [2]). The main part of these asymptotics was given
in [15, (8.5) in Theorem 29] but formula (8.5) is based on [15, Proposition 28] which
is given without proof. We prove a refined version of that proposition in Section 4

(see Propositions 30 and 31).

Additionally, we provide asymptotics for the periodic (if n is even) and antiperi-

odic (if n is odd) eigenvalues for large enough |n| € Z that

e, AbraB  aB— Ab
n =T 2n 2n2

+O(n] ).
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2.2 PRELIMINARIES

Let us consider the one-dimensional Dirac operator defined as

. d 1 0 0 P
Lw)=iJ—+v; J= , v , x€|0,m7], (2.2.1)
dx 0 —1 Q 0

with a potential v € L?([0, 7]); that is P,Q € L*([0,7]). Let

P(z) = Z Pne*™ and Q(z) = Z Qme*™*

mEZ meZ

be the Fourier series expansions of the functions P and @, respectively. For conve-

nience we set for m € Z

P,/ if mis even Qm/2 if m is even
p(m) = and g(m) = .
0 if m is odd 0 if m is odd

Then
[oll> = (1Pul® +1@ul*) = > (Ip(E)* + |a(k)[?).

mEZ ke27Z

On the space L?([0, 7], C?) we define the inner product as

< (2) @:) > B % /0 (@@ + h@)g) da.

We consider the periodic (Per™) and antiperiodic (Per~) boundary conditions:
Per® : y1(0) = £41(7),  42(0) = £ya() (2.2.2)

We denote by Lp.,+ the closed operator defined on the domain

Apes = {f € H'(([0,7]),C?) : f = (ﬁ) € Per*}.

If v = 0, that is, if P = 0 and Q = 0 then we use the symbol LOPeri (or simply

L?). We can characterize the spectra and the eigenfunctions of L}, .. Namely;

(i) Sp(LY%,,+) = {n even} = 27Z, each number n € 2Z is a double eigenvalue, and
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the corresponding eigenspaces are

E? = Span{e! e}, (2.2.3)

eL(z) = (e_;m), ¢ (z) = (62) (2.2.4)

(ii) Sp(LY%,,.-) = {n odd} = 2Z+1, each number n € 2Z+1 is a double eigenvalue,
and the corresponding eigenspaces EY are given by the same formulae (2.2.3)
and (2.2.4) but with n € 2Z + 1.

where

Let Lpe+(v) and Lp,,-(v) denote the operator (2.2.1) subject to the correspond-
ing boundary conditions defined in (2.2.2). The following is well-known (e.g., [14,
Theorem 17]).

Lemma 16. The spectra of Lpe.+(v) are discrete. There is Ng = No(v) such that
the union U, sy, Dn. where Dy = {z: |z —n[ < 1}, contains all but finitely many
of the eigenvalues of Lpe+(v).

Moreover each disc D,, |n| > Ny, contains exactly two (counted with algebraic
multiplicity) periodic (if n is even) or antiperiodic (if n is odd) eigenvalues X, , A,
(where Re X, < Re A} or Re\,, = Re A} and Im X\, < Im\}).

Remark. In the sequel we assume that Ny > 1 and consider only integers n € Z

Technically, our approach is based on the following lemma (see [14, Section 2.4]).

0 P
Lemma 17. Let v = , and let p(m) and q(m), m € 27 be respectively the

Q 0
Fourier coefficients of P and Q about the system {€"™* m € 2Z}. Then, A =n + z

with |z| < 1/2 is an eigenvalue of Lpe+(v) if and only if z is an eigenvalue of a

Sll 512 N N
matrix s o whose entries SY = SY(n, z;v) are given by
S S
S9(n,z) =Y _ S (n,z), (2.2.5)
k=0
where
Sot =532 =0, S55*=p(=2n), S5 =q(2n), (2.2.6)
and forv=1,2,...
Sy =S5, =0, Sy 1=55_,=0, (2.2.7)
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5211 = Z p(—n — j1)q(J1 + J2) - - - p(—Jov—2 — Jov—1)q(Jav—1 + 1) 7
. (n—ji+2)(n—jga+2z) - (n—Jo_o+2)(n—joui+2)

J1yesJ2u—170
(2.2.8)
g2 _ Z qg(n+ j1)p(=j1 — J32) - - - ¢(Jav—2 + Jov—1)p(—Jor—1 — )
WA= 2 T it 2ot 2 (n— o+ 2)(0— G +2)
(2.2.9)
sz— Y p(=n = j1)q(Gr + J2) - - - q(avr + Jou )P(=Jov = 1)
2V o =gtz (n =gt z2) (0= o+ 2)(n = oy + 2)
(2.2.10)
g2l _ Z qg(n+ J1)p(—=j1 — j2) - - (—Jav—1 — Jou)q(Jow + 1)
v B =gt ) (=gt 2) (0= o+ 2)(n = o 4 2)
(2.2.11)
where in all sums j € n + 27.
For each v € Z, the change of summation indices i3 = jo, 115, s =1,...,2v+1
shows that S3..,(n,z) = S32,,(n, 2); therefore,
SH(n, z) = S**(n, 2). (2.2.12)
For convenience we set
an(z) = S0, 2), BE) = % 2), Br(z) = S2(n2).  (2213)

In these notations the characteristic equation associated with the matrix (S¥) be-

comes

(2 — an(2))? = B (2)B1 (2). (2.2.14)

In view of Lemmas 16 and 17, for large enough |n| equation (2.2.14) has in the

disc |z| < 1/2 exactly the following two roots (counted with multiplicity):
2o=A —n, zI =\ —n. (2.2.15)

0 P
In the sequel we consider potentials of the form v(z) = with

Q 0

P(l’) — ae—Qiaz —|—A62m, Q(l‘) _ be—Qiz +B€2ix
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whose corresponding Fourier coefficients are

(-2 =a, p(2)= A q(-2)=b, q(2) =B, (2.2.16)
and

p(m) = q(m) =0 for m # £2. (2.2.17)

Let us change in (2.2.11) the indices jo, ja, - - -, Joo by —J2, —J4, - - - , —Jj2,. Then by

(2.2.16) and (2.2.17) each nonzero term in the resulting sum comes from a 2v-tuple

of indices (j1,. .., Joy) With j1, 73, ..., jov—1 # n and ja, js, . .., jo, # —n such that

(n+ 1)+ (o —g1) + -+ (Jaw — Jow—1) + (n— J2) = 2n (2.2.18)

and
n +,j17j2 - jlu s 7j21/ _jQV—lan - j2V S {_272} (2219)

So by (2.2.5), (2.2.6) and (2.2.13) we obtain that

BF(2) = q(2n) + ZB (2.2.20)
where
Bf — Z : q‘(n+j1)p(j2‘—j1) - p(Jaw _'j2u71)Q(n —jgu) (2.2.21)
e, (M )+ ja+z) (0= fa1 + 2)(n+ ja + 2)
and
Loy = {220 2 J1sdss - - Jovet 7 M3 2o Jas - - - Jow 7 =10 (2.2.22)

n +j17j2 - jla s 7j21/ _j2uflan - jQV € {_272}}

In view of (2.2.18) and (2.2.19), there is one-to-one correspondence between the

2v+1

nonzero terms in (2.2.21) and the admissible walks © = (x;);¥7" on Z from —n to n

with steps x; = £2 such that 71, js, ..., Jov—1 # n and jo, Ju, . - . , jo # —n. For every

such walk = = ()2 we set

ht(z,z) =

et s 0223

(n—ji+2)(n+ja+2) - (n—Ja-1+2)(n+ju+2)

Let X,(r), r =0,1,2,... denote the set of all admissible walks from —n to n,
with r negative steps if n > 0 or with r positive steps if n < 0. It is easy to see
that every walk x € X,,(r) has totally |n| + 2r steps because  z; = 2n. In these
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notations, we have

(2) = Za:f(n, z) with of(n,z)= Z ht(z, 2). (2.2.24)

2€Xn(r)

Of course, we may write similar formulas for 3, (z) as well. A walk y = ()21

from n to —n is admissible if its steps are £2 and its vertices satisty ji, J3, ..., Jo,—1 #

—n and Jo, J4, - . ., Jo, # n. We set

h(y,2) — p(W1)q(y2)p(ys) - - - (Y2, )p(Y2u+1)
’ (n+ji+2)(n—ja+2)-(n+ja1 +2)(n = jo + 2)°

(2.2.25)

and let Y, (r), r = 0,1,2,... denote the set of all admissible walks from n to —n
having r positive steps if n > 0 or r negative steps if n < 0. Then, changing in

(2.2.10) the indices ji, ..., joy—1 bY —Jj1,..., —Jou—1, We see that

(z) = Za;(n, z) with o, (n,z) = Z h™(y, z). (2.2.26)

YEYn(r)

Finally, we consider a,,(z). A walk (w;)?, from n to n is admissible if its steps

are +2 and its vertices satisfy j1,..., 70,1 # —n and Jja, ..., jo,_o # n. We set

p(wy)g(wa) - - plway,—1)q(wa,)
(n+i+2)n—jat+2z) - (n+jouo+z)(n—ju1+z)

h(w, z) = (2.2.27)

and let W,,(v), v =1,2,... denote the set of all admissible walks from n to n having
2v steps. In view of (2.2.5) and (2.2.13), changing in (2.2.8) the indices ji, ..., jo,—1
by —j1,..., —J2,_1, we obtain that

= ZTy(n,Z) with  7,(n, 2) Z h(w, 2) (2.2.28)

Of course, 0 and 3 depend on the potential functions but in the above nota-
tions this dependence is suppressed. If we use instead the notations o (P, Q;n, 2)
and (P, Q; z) then the following holds.

Lemma 18. In the above notations,
o, (P,Q;n,z) =0 (Q,P;—n,—z), r€Z,, (2.2.29)

and

B (P,Q;z) = BL,(Q, P; —2). (2.2.30)
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Proof. Let us write also hﬁQ(x, z). One can easily see that Y,,(r) = X_,(r) and if
y € Y,(r) then
hpq(y;2) = hd py, —2).

Now (2.2.29) follows and so (2.2.30) holds as well. O

Proposition 19. For n € 27 with large enough |n| we have

Br(2)=0, BH(z)=0; (2.2.31)
28 =a(z)), where 2} =z, =z, (2.2.32)
A=A (2.2.33)

Proof. If n is even then there are no admissible walks from —n to n. Indeed, since
every admissible walk has odd number of steps (each equal to +2), the sum of
all steps is not divisible by 4 while 2n is multiple to 4. Therefore, it follows that
B (z) = 0. The same argument shows that §,, (z) =0, so (2.2.31) is proved.

Now the equation (2.2.14) takes the form (z — a,(2))? = 0, so it has a double
root, say z*. Hence (2.2.32) and (2.2.33) hold. O

2.3  ASYMPTOTIC ESTIMATES FOR 2> AND ay,(2)

In this section we give the asymptotics of «,(z) and derive asymptotic formulas for
zE = A\f — n using the basic equation (2.2.14).
The following lemma gives preliminary asymptotic estimates of SZ(z) for odd

n € 7Z; the precise asymptotics will be given in the next section.

Lemma 20. Ifn=4(2m+ 1), m € N then
B (z) =0 (8D*)™/m™), |z] <1/2, (2.3.1)

where D = max{|al, |Al, |b], |B|}.

Proof. We prove (2.3.1) for 8, only. The same argument could be used in the case
of B, as well, but by (2.2.30) the assertion for 3 follows if (2.3.1) is known for ;.

Fix r € Z,, and let x € X, (r) be a walk from —n to n having r negative
(positive) steps if n is positive (respectively negative). If (j;)2“,, v = m +r, are the

vertices of x, then

InE£jo+zl>ntgl—-2">2" ntygl (=1,... 20 (2.3.2)
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On the other hand we have
In—jol - In+ jesa| > |, £=1,...,2v—1. (2.3.3)

Indeed, both |n—j,| and |n+j,1| are even. If j, and j,41 have the same sign, then at
least one of those numbers is greater than |n|, so (2.3.3) follows. Since |jo11—Jjo| = 2,

je and jy11 could have opposite signs if, and only if, |j,| = |jer1| = 1. But then
n = gel - [n + jeya| = n* = 1> In],

so (2.3.3) holds. Now (2.3.2) and (2.3.3) imply, for n = £(2m + 1) and [z] < 1/2
(2.3.3) ply, :

that
1 221/

: : : . <
In— g1+ 2|n+jo+ 2| |n — Joy—1 + 2|0+ jou + 2| T (2m)¥

Y

so in view of (2.2.23) we obtain
(@, 2)] < DH(R/mY, v=mr.

Since the steps of every walk x € X,,(r) are equal to £2, we have card X,,(r) < 22”.
Thus,
o ()| < > At (@, 2)] < D (8D*/m)™,

z€Xn (1)
which implies (2.3.1). O

Proposition 21. For odd n € Z with large enough |n/
2E = ap(n, z5) +O(|n|™) V¥p > 0. (2.3.4)

Proof. Let n = £(2m + 1). We know that 2z are roots of equation (2.2.14). There-
fore, from (2.3.1) it follows that

|2 — an(n, z;)] = O ((8D%/m)™)

which implies (2.3.4). O

Lemma 22. For n € Z with large enough |n|

Ab+ aB
=+

5 O(n™?), 2| <1/2, (2.3.5)

an(2)

and
. Ab+aB
T

o O(n™?). (2.3.6)

zZ
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Proof. We estimate «,(z) by using (2.2.28). To evaluate 7(n, z) we consider the
two-step walks from n to n. There are two such walks, respectively with steps (2, —2)
and (—2,2), and the corresponding vertices are j; = n+2 and j; = n— 2. Therefore,
for |z| < 1/2 we have

Ab aB
= 2.3.7
mi(n.2) 2n+2+z+2n—2—|—z’ ( )
which implies
Ab+aB
i, 2) = 28 L om), 2 <12 (2.3.8)

2n

Next we consider 75(n, z). The related set W,,(2) of four-step walks from n to n

has two elements: (2,2, -2, —2) and (—2,—2,2,2). The corresponding vertices are
j1:n+27 j2:n+47 ]3:TL+2

and
jlzn—Q, jgzn—4, jgzn—2

Therefore, in view of (2.2.27)

abAB

(L1 e ey P s | iy pA§ B | oy prga ) g (239)
n abAB
n+(n—2)4+z2]n—(n—4)+z][n+(n—2)+z|’
so it follows that
n(n,z) =0(Mn?), |z <1/2. (2.3.10)

Further, if w € W,(v), v = 3,4,... is a walk with 2v steps from n to n, then

h(w, z) is a fraction whose denominator d(w, z) has the form

v—1

d(w,z) = 2n £ 2+ 2) [[(n = jox + 2)(n + jors1 + 2).
k=1

For |z| < 1/2, we have |2n -2 + z| > |n|/2 and by (2.3.2) and (2.3.3) the absolute

value of every factor of the product is greater than |n|/2, so
|d(w, z)| = (|n]/2)".
Now the same argument as in the proof of Lemma 20 leads to
|7, (n,2)| < C”/In|", v=3,4,..., (2.3.11)
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where C' is a constant depending only on a, b, A, B. Therefore, it follows that
Z\T,, n,z)| < Z‘ | O(n|™%) for |2] < 1/2. (2.3.12)
n v

Now (2.3.8), (2.3.10) and (2.3.12) imply (2.3.5). In view of (2.2.32) and (2.3.4),
(2.3.6) follows from (2.3.5). O

Next we refine (2.3.6) by finding the next term in the asymptotic expansion of

zE about the powers of 1/|n].
Proposition 23. For large enough |n| € Z

. Ab+aB  aB-— Ab
x= + +

5 53 O(|n]™%). (2.3.13)

zZ

Proof. From (2.3.7) and (2.3.6) it follows that

Ab B
min,z) = 51— 1/n+0(n™) + 5-(1+1/n + O(n™?)
Ab+aB B — Ab
=S 2 ol ),

2n 2n?

On the other hand, (2.3.9) and (2.3.6) imply with z = 2+

b —abAB abAB P
R 5 = s ra = T2y rag - U
Therefore, in view of (2.3.12) we obtain (2.3.13). O

Remark. Of course, one can easily get more terms of the asymptotic expansion
of 2= by using (2.3.13) and refining further the asymptotic analysis of a,,(zF).

In order to estimate v, = A} — A\~ = z" — 2z in the next section, we need the
following.

Lemma 24. Ifn = +(2m+ 1) with m € N, then
doy,(2)/dz = O(m™2) for |z| <1/4, (2.3.14)

and
an(zh) — an(z)) = 7,0(m™?). (2.3.15)

v=2
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In view of (2.3.10) and (2.3.12),
an(2) = 0O(m™2%) for |z| < 1/2.
Therefore, the Cauchy formula for derivatives implies that
dé,(2)/dz = O(m™2) for |z| < 1/4.

On the other hand, by (2.3.7) we have

Ab aB 5
_ _ — <
0.11(n, z) Gni21of @n_2% a7 O(m™=) for |z| <1/2,

so (2.3.14) follows.

Further we have

an(zF) — an(z5) = / o' (2) dz, (2.3.16)
where the integral is taken over the segment [z, z| from z, to z'. Therefore, by
2.3.14 we obtain

ln(z2) = an(z)l S 20 = 2] sup Ja ()] = |z = 2,1 O(m™),
[en 2]
hence (2.3.15) holds. O

2.4 ASYMPTOTIC FORMULAS FOR (35(2) AND ,.

In this section only odd integers n with large enough |n| are considered.

We use (2.2.24) to find precise asymptotics of 37 (2). First we analyze o (n, 2).
If n = 2m + 1 with m € N then there is only one admissible walk from —n to n
with no negative steps. We denote this walk by &, so we have X,(0) = {{} and

oo(n, z) = h*(§, z). Since

=2, 1<t<2m+1, (2.4.1)
we obtain
AmBm—H
od(n,z) = ( (2.4.2)

n—j1+z)(n+ja+z) - (n— Jom—1 + 2) (0 + Jom + 2)
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with j, = -2m —-1+2v, v=1,...,2m.
If n = —(2m + 1), then again X,,(0) has only one element, say

E= (&M, ()= -2 vt
Therefore o¢(n, z) = h* (5 ,z) and so it follows that

mpm+1
+ a b

O (N, 2) = ; N ; 3

with j, =2m+1—-2k, v=1,--- ,2m.

Lemma 25. In the above notations,

Anprel for n=2m +1,

o (n,0) = "
%, for n=—-2m — 1.
Proof. In the case n = 2m + 1 we have
[ = (—=n+202k = D)) []In+ (—n + 2(2k))] = 42" (m!)*,
k=1 k=1

0 (2.4.5) holds. The proof is similar for n = —2m — 1.
Lemma 26. Forn =+(2m + 1),

od(n,z5) [y (Ab+aB)logm  g(Ab+aB) Lo log® m
oq (n,0) 8m 8m m2 ’

where g is the Fuler constant.

Proof. From (2.4.2) and (2.4.4) it follows that

H 1 + Ck -1 H + dk
k=1 k=1

ith
N () = sgn () 22, dym) = )%
R = sgn i) g S = e k1)

One can easily see that [];, (1 + cx(n))™t =i~ (1 + dk(n))~* and

k=1

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)

log (ﬁ(1+ck ) Zlog (1+ cr(n in:ck + O <Z|Ck ) )
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In view of (2.3.6) and (2.4.7) we have

and

Therefore, by (1.4.11) we obtain

log (ﬁ 1 ) _ _(Ab+aB)logm  g(Ab+aB) L0 (log m>  (248)

-1+ a(n) 16m 16m m?

Hence,
o 1 (Ab+aB)logm  g(Ab+ aB) log® m
M-t -1 - vo(lemy,
oL+ c(n) 16m 16m m

which implies (2.4.6). O

We need also the following modification of Lemma 26.

Lemma 27. Forn = +(2m+ 1), if z = O(m™") then
od(n,z) =od (n,0)(1 + O((logm)/m)). (2.4.9)

Proof. We follow the proof of Lemma 26, replacing 2+ by z and using z = O(m™!)
instead of (2.3.6). O

Next we estimate the ratio o7 (n, 2)/og (n, 2).

Lemma 28. If n = £(2m + 1), then

of(n,z) =of(n,2) - ®(n,z2), (2.4.10)
where . .
d(n,z) = Z wp(n, z) + Zwk(n, z) (2.4.11)
k=1 k=2
with A
2e(n2) = A T TR R 7 (24.12)
and

aB
4k —1) £ 2)4(m+1—Fk)+2)’

Yr(n, z) = (2.4.13)
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where we have + or — in front of z according asn >0 orn < 0.

Proof. From the definition of X,,(1) and (2.2.24) it follows that

Z ht(z,z) = Zh(wy, z), (2.4.14)

z€Xn(1)

where x,, denotes the walk with (v + 1)-th step equal to -2 and all others equal to
2 if n = 2m + 1 or the walk with (v 4 1)-th step equal to 2 and all others equal to
-2 if n = —(2m + 1). The vertices of x, are given by

;

Z’CV) 1 S a S 1%
. S —n+2k, n>0
ja(xl/> =9Nil_1, a=v+1 with 7, =

—n—2k, n<0
la—2, V+2<a<|n|+2
Therefore, by (2.2.23)
bA
h(zak, z) = h(, z) (2.4.15)

(n — igkfl + z)(n + izk + Z>7

and B
a

h(xop_1,2) = h(&, 2 : : . 2.4.16
( 2k—1 ) <§ )(n+22k—2 + Z)(TL g g + Z) ( )
Now (2.4.14))~(2.4.16) imply (2.4.10). O

Lemma 29. [fn=+(2m+1) and z = O(m™'), then
B(n, ) = (Ab+ aB)logm N g(Ab+ aB) Lo logm (2.4.17)

8m 8m m?

and

Zm n, 2 |+Z|¢k n, z)| = <logm) . (2.4.18)

Proof. In view of (2.4.11)—(2.4.13),

bA mooq «B =1
® - .
(n,2) 2m+2iz;4kiz+2m+2iz;4kiz

Since

> it

z::ik ) i 2= O(m ),
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(2.4.17) follows immediately.
To obtain (2.4.18) we use that |4k & z| > 2k, and therefore,

_ ApA] 4|aB 1 logm
o <497 (n,0) E — = .
n(n:2) n(n,0) < 2m +24 4k ( m

Proposition 30. For n = £+(2m + 1) we have

B+ (2) = of (n,0) {1 +0 (lcim)} if z=0(m™) (2.4.19)

and

mﬁwwmmmb+oC%%ﬁy (2.420)

with

Arprel for n=2m+1
oi (n,0) = ¢ 0 (2.4.21)

ambm+l o
1Zm (mh)2> fOT’ n=-2m-—1.

Proof. From (2.4.9), (2.4.10) and (2.4.17) it follows that

ot (n, 2) + of(n, 2) = of (n,0) {1 +0 (logm)} it 2 =0(m™).

m

Also, (2.4.6)), (2.4.10) and (2.4.17) imply that

2
ammﬁmwﬁmﬁrwﬂmmb+oC%"ﬁ]

m2

Since B (z) = >>2, 0,7 (n, ), to complete the proof it is enough to show that

r=0"r

Zaj(n, z) =04 (n,z)0 (10g m) if z=0(m™). (2.4.22)

m2
Next we prove (2.4.22). Recall that 0,7 (n,z) = >,y ) h" (2, 2). Now we set

or(n,z) = Z \hT(z, 2)|.

x€Xn(r)

We are going to show that there is an absolute constant C' > 0 such that for
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n = +(2m + 1) with large enough m

C'logm

o1(n,2) < fy(n,2) - S

Since o4 (n, 2) has one term only, we have of(n, 2) = |of (n, 2)|.

if z=0(m™), r=1,2,....

(2.4.23)

Let r € N. To every walk x € X,,(r) we assign a pair (Z, k), where k is such
that z(k + 1) is the first negative (if n > 0) or positive (if n < 0) step of = and

T € X, (r — 1) is the walk that we obtain after dropping from z the steps z(k) and

z(k + 1). In other words, we consider the map

0 : Xp(r) — Xp(r—=1)x1, o)=(3k), kel={2

min{t : z(t) =2, z(t+1) = -2} if n >0,
where k =

min{t : z(t) = =2, z(t+1) =2} if n <0,

2(t) if1<t<hk-1,

x(t+2) ifk<t<2m+2r—1.

The map ¢ is clearly injective and we have

h(z,z) (nfmfﬁ(nﬂiz) if kiseven, | -n+2k
h(*/ia 2) B aB a

s Yy if k is odd, —n — 2k

where in front of z we have + if n > 0 or — if n < 0.
Since ¢ is injective, from (2.4.13), (2.4.18) it follows that

0:(n7 Z) < 0:—1<n7 Z) ’ q)*(na Z)

Hence, by (2.4.18) and (2.4.17), we obtain that (2.4.23) holds.
From (2.4.23) it follows (since o (n, 2) = |o§ (n, z)|) that

m

1 I8
or(n.2) < lof ) - (S

Hence, (2.4.22) holds, which completes the proof.

., 2m},

if n >0,

if n<O0,

]

The asymptotics of 3, could be found in a similar way. We have the following.
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Proposition 31. If n = +(2m + 1) then

logm

B, (z) = a; (n,0) {1 +0 ( )} if z=0(m™") (2.4.24)

and
log® m
) =i ) 140 ()] (2.4.25)
with
am+1bm
Eroanz Jorn =2m+1,
oy (n.0)= ¢ """ (2.4.26)
4A2m(—mflg)2 forn=—-2m — 1.

Proof. One could give a proof by following step by step the proof of Proposition 30
but analyzing the sums (2.2.26) instead of (2.2.24).

However, Lemma 18 provides an alternative approach. In view of (2.2.30), for-
mula (2.4.24) follows from (2.4.19) immediately. O

Theorem 32. The Dirac operator (2.1.1) considered with
P(z) = ae™®* + Ae*™, Q(x) = be ** + Be**, a,A,b,BcC,

has for large enough |n| € Z two periodic (if n is even) or antiperiodic (if n is odd)

eigenvalues A, At such that

Ab+aB aB — Ab
£ _ -3
A =n+ 5 + 52 + O(|n|™7).

(2.4.27)

If n is even, then v, = X\ — A = 0. For odd n = £(2m + 1) with m € N, we have

oy = 2 Wiﬁ};%f“ {1 i) <loij Qm)} , (2.4.28)
and
Y- omsr) = £2 V(iZLTZ;!(;B)m {1 +0 (bfj Qm)} . (2.4.29)

Proof. For even n with large enough |n| we have A\ = X\, by Proposition 19, and
(2.4.27) comes from (2.3.13).
Let n = £(2m + 1), and let

C = max{|a%, [b, |AP |BP},  Du={z: |2 < Om™'}.
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In view of (2.3.6), for large enough m we have
TR
|z | < §Cm , (2.4.30)

so 2% e %]Dm.
On the other hand, from (2.4.19) and (2.4.24) it follows that for large enough m

BE(2) = 0 (n,0)(1 +7r2(2)) with |rE(2)] <1/2 for z € 2D,,.

We set

VB BIBIE) = o (n,0)07 (n,0) (L + 75 (2)2(1 + 1 ()2,

where /o (n,0)aq (n,0) is a square root of o (n,0)ad (n,0) and (1+w)'/? is defined
by its Taylor series about w = 0. Then /8, (2)5;(z) is a well-defined analytic

function on 2D,,, so the basic equation (2.2.14) splits into two equations
2= an(2) = VB (2)B (2) =0, (2.4.31)

z—an(2) + /B, (2)Bf(2) = 0. (2.4.32)

Next we show that for large enough m equation (2.4.31) has at most one root in
the disc D,,,. Let

pn(2) = an(2) + VB (2)81(2),  fal(2) = 2 = ¢a(2).
By (2.3.14) we have o/,(2) = O(m™?) for |z| < 1/4. On the other hand, Lemma 20

implies that
VB (2)B(2) = O(m_g) for z € 2D,,,

so by the Cauchy formulas for the derivatives we have

dii VB (2)B(2) =0(m™) for ze€D,.
Therefore
sup{|¢),(2)| : z € Dy} <1/2,

which implies

]gpn(zl) - SOn(Z2)| = < \Zl - 22’ for 21,2, € Dy,.

N | —

zZ2
/ () dz
21
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Now we obtain, for 2z, 2z, € D,,, that

| fn(21) = fa(22)| = (21 + ¢n(21)) — (22 + pu(22))]

1
> |21 — 22| = |@n(21) — @nl22)] > 5121 — 2.

Hence the equation f,(z) = 0 (i.e., equation (2.4.31)) has at most one solution in
the disc D,,. Of course, the same argument gives that equation (2.4.32) also has at
most one solution in the disc I,,.

On the other hand, we know by Lemma 16 and (2.4.30) that for large enough
m equation (2.2.14) has exactly two roots z,, z; in the disc D,,, so either z is the

root of (2.4.31) and z; is the root of (2.4.32), or vise versa z; is the root of (2.4.31)
and z, is the root of (2.4.32). Therefore, we obtain

o = = lon() — anle)) = = [VB GHBTED + VB Ga)BEGa)| - (24.3))

Now (2.3.15), (2.4.20), (2.4.21), (2.4.25) and (2.4.26) imply, for n = 2m + 1,

Yo [140(m™)] = +2 VA (B [1 +0 <log2 m)} ,

42m(ml)? m2

which yields (2.4.28).

The same argument shows that (2.3.15), (2.4.20), (2.4.21), (2.4.25) and (2.4.26)
imply (2.4.29).

Finally, if at least one of the coefficients a, A, b, B becomes zero, then v, = 0
for all n. This follows from (2.4.33) where 3, (2)3,7(2F) becomes zero for all n, in
consideration of (2.4.19), (2.4.21), (2.4.24) and (2.4.26). O
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