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ABSTRACT

Context. In the fallback disk model for the persistent emission of anomalous X-ray pulsars (AXPs) and soft gamma-ray repeaters
(SGRs), the hard X-ray emission arises from bulk- and thermal Comptonization of bremsstrahlung photons, which are generated in
the accretion column. The relatively low X-ray luminosity of these sources implies a moderate transverse optical depth to electron
scattering, with photons executing a small number of shock crossings before escaping sideways.
Aims. We explore the range of spectral shapes that can be obtained with this model and characterize the most important parameter
dependencies.
Methods. We use a Monte Carlo code to study the crisscrossing of photons in a radiative shock in an accretion column and compute
the resulting spectrum.
Results. As expected, high-energy power-law X-ray spectra are produced in radiative shocks with photon-number spectral in-
dex Γ >∼ 0.5. We find that the required transverse optical depth is 1 <∼ τ⊥ <∼ 7. Such spectra are observed in low-luminosity X-ray
pulsars.
Conclusions. We demonstrate here with a simple model that Compton upscattering in the radiative shock in the accretion column can
produce hard X-ray spectra similar to those seen in the persistent and transient emission of AXPs and SGRs. In particular, one can
obtain a high-energy power-law spectrum, with photon-number spectral-index Γ ∼ 1 and a cutoff at 100−200 keV, with a transverse
Thomson optical depth of ∼5, which is shown to be typical in AXPs/SGRs.
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1. Introduction

Anomalous X-ray Pulsars (AXPs) and soft gamma-ray repeaters
(SGRs) are young neutron stars that have been observed to emit
X-rays both quiescently and in the form of bursts. They are
commonly called magnetars, because they are thought to have
super-strong magnetic fields (1014−1015 G). For recent reviews
see Woods & Thompson (2006) and Mereghetti (2008, 2013).
Two main models have been proposed to explain the observa-
tional data; the classical magnetar model (e.g., Thompson &
Duncan 1993, 1996) and the fallback disk one (Chatterjee et al.
2000; Alpar 2001). Both models have in common that the giant
and the highly super-Eddington bursts are produced by magnetic
field decay. The fallback disk model puts the super-strong mag-
netic field in a multipole component, while the classical magne-
tar model puts it in the dipole component. Yet, a recent interpre-
tation (Tiengo et al. 2013) of a variable absorption feature in the
spectrum of the magnetar SGR 0418+5729 as a proton cyclotron
feature invokes a multipole magnetic field. Thus, multipole com-
ponents could in principle operate in both models.

For the persistent emission, the explanation is different in the
two models. The classical magnetar model assumes that the per-
sistent emission is powered by magnetic field decay and that the
observed period derivative Ṗ is due to magnetic braking of an

isolated neutron star with a super-strong dipole magnetic field.
On the other hand, in the fallback disk model the persistent X-ray
emission is powered by accretion onto the neutron star, the opti-
cal and the infrared radiation is produced by the disk, and the
observed rotational properties are explained by the long-term
disk – magnetosphere interaction. The evolution of AXPs and
SGRs with fallback disks has been studied in a number of papers
(e.g., Ertan et al. 2007, 2009) and a fallback disk has been ob-
served in two magnetars: AXP 4U 0142+61 (Wang et al. 2006)
and AXP 1E 2259+586 (Kaplan et al. 2009).

A detailed model for the formation of the quiescent spec-
tra of AXPs/SGRs has been proposed by Trümper et al. (2010,
2013) using the fallback disk model. These spectra consist of two
components (e.g., den Hartog et al. 2008a,b; Enoto et al. 2010); a
quasi-thermal component at low energies, which is generally at-
tributed to the photospheric emission from the neutron star polar
cap, and a hard power-law component. In the model of Trümper
et al. (2010, 2013), this power-law component is attributed to the
emission from the radiative shock, located near the bottom of
the accretion column. This component is emitted as a fan beam,
which partly hits the surrounding polar cap, where the radiation
is absorbed or scattered, leading to the quasi-thermal component.
The geometry of the model ensures that both soft and hard com-
ponents have approximately the same luminosity (as observed),
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while the observed luminosity ratio depends on the height of the
radiative shock above the neutron-star surface and the angles be-
tween the line of sight on one hand and the magnetic-dipole and
the spin axis on the other.

In this paper we concentrate specifically on the formation of
the fan beam in the radiative shock and explore the conditions
required to produce a hard power-law spectrum. Our picture is
similar to that of X-ray pulsars.

It is well established that in X-ray pulsars matter from a
companion star falls onto the magnetic poles of a neutron star.
The accreting matter follows dipole magnetic-field lines and
falls supersonically. Eventually, it has to stop on the neutron-
star surface. The supersonic to subsonic transition of the ac-
cretion flow occurs in a radiative shock above the neutron-star
surface (Basko & Sunyaev 1976). In such a shock, which for
simplicity we consider here as a mathematical discontinuity, soft
X-ray photons coming mainly from below the shock suffer a
nearly head-on collision with the infalling electrons. Because
of the large momentum of the infalling eletrons with respect
to that of the soft photons, the photons are scattered backward,
gain energy, and return to the dense, hot, subsonic flow. We
will refer to this as bulk-motion Comptonization (BMC). In
the subsonic flow, the photons are scattered again, more or less
isotropically. If their energy is significantly less than the ther-
mal energy of the electrons, the photons gain energy on average
(thermal Comptonization, hereafter TC). After the scattering,
some photons find themselves again in the supersonic flow and
the above processes are repeated, albeit with progressively de-
creasing probability, because the photons can escape sideways,
i.e., perpendicular to the accretion column. We want to remark
here that in a radiative shock, like the one we envision above, it
is impossible to separate BMC from TC, unlike what happens
in a spherical flow, where one can have pure BMC (Blandford
& Payne 1981a,b; Payne & Blandford 1981; Mastichiadis &
Kylafis 1992; Titarchuk et al. 1996, 1997).

It is well known that this first-order Fermi energization of the
photons results in a power-law, high-energy spectrum. Lyubarski
& Sunyaev (1982, hereafter LS82) were the first to compute an-
alytically the emergent spectrum from such a shock. They stud-
ied spectral formation due to BMC and TC in a radiative shock
that is of the Rankine-Hugoniot form. This is a reasonable ap-
proximation, given the fact that, due to the large optical depth
along the accretion column, the upscattered photons escape
sideways.

Accretion onto magnetic neutron stars has been studied ex-
tensively by Becker & Wolff. In a series of papers (Becker &
Wolff 2005, 2007; Becker et al. 2012), they have studied spectral
formation in X-ray pulsars and have highlighted the role of BMC
and TC for spectral formation in accretion columns. In their clas-
sic paper (Becker & Wolff 2007, hereafter BW07), they con-
sider a smooth flow in a cylindrical column, with the flow being
slowed down by radiation. The shock is treated properly, not as
a mathematical discontinuity, and it is the place where BMC and
TC operate with seed soft photons produced by bremsstrahlung,
cyclotron, and blackbody processes inside the column. As most
of the photons escape sideways, the model predicts a fan
beam.

In X-ray pulsars, the accretion column has a large optical
depth in all directions. This means that the radiation in the col-
umn thermalizes to a significant degree and any high-energy
photons present in the column are downscattered. Thus, the
emergent spectrum has a cutoff at ∼20 keV (BW07). In low-
luminosity pulsars, on the other hand, the sideways optical depth
is expected to only be a few. Thus, a high-energy power-law

spectrum with a much larger cutoff energy can in principle be
produced. This is what we investigate here.

In Sect. 2 we describe the model that we have used, giving
a qualitative description of the processes that occur in the ra-
diative shock, in Sect. 3 we present our results, in Sect. 4 we
discuss them, and in Sect. 5 we draw our conclusions and state
the predictions of our work.

2. The model

In order to demonstrate our main ideas, we use a relatively sim-
ple model. We consider a cylindrical accretion column with two
regions: the pre-shock region, where matter falls with constant
velocity, and the post-shock one, which has density seven times
the pre-shock one, electron temperature Te, and negligible flow
velocity. To fit real data, significantly more elaborate models are
needed.

Mainly bremsstrahlung photons from below the shock, but
also soft X-ray photons from the neutron-star photoshpere sur-
rounding the accretion column, enter the shock and are followed
by a Monte Carlo code until they escape. Since the Thomson
optical depth along the accretion column in the pre-shock region
is infinite by construction in our model, the crucial parameter in
our calculation is the Thomson optical depth in the transverse
direction in this region.

2.1. Qualitative presentation

2.1.1. The radiative shock

If for simplicity we consider that the accreting plasma consists
only of protons and electrons, the accretional energy resides in
the protons. Charge neutrality guarantees that the electrons are
tied to the protons. Thus, the electrons have the same free-fall
velocity as the protons, but insignificant accretional energy. This
energy for the infalling plasma per proton-electron pair is

Ep =
GMmp

R
, (1)

where G is the gravitational constant, M is the mass of the
neutron star, R is its radius, and mp is the proton mass. For a
neutron star of mass M = 1.4 M� and radius R = 12.5 km,
Ep ≈ 150 MeV.

If a significant amount of this energy is to be transfered to
the photons via BMC, it looks, at first sight, impossible to hap-
pen in the radiative shock. This is because the energy Eγ of a
soft photon becomes after a head-on collision with a relativistic
electron

E′γ ≈
1 + v/c
1 − v/c Eγ ≈ 4Eγ, (2)

for an electron speed of, say, v = 0.6c. This energy gain by the
photon is orders of magnitude smaller than Ep. As we demon-
strate below, though, it is possible for the photons to “steal” a
significant fraction of the accretional energy, because many pho-
tons scatter off the same electron.

For simplicity, we think of the shock as a mathematical dis-
continuity, but in reality it has a finite thickness with charac-
teristic scale equal to the photon mean free path for electron
scattering

l̄e =
1

neσT
, (3)
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where ne is the electron number density in the shock and σT is
the Thomson cross section. For simplicity, in this discussion, we
use the Thomson cross section, but in our Monte Carlo calcu-
lation we use the angle- and energy-dependent one, due to the
magnetic field (see Sect. 2.2).

In this characteristic thickness l̄e, the “optical depth” that an
infalling electron sees in the “bath” of outgoing photons is

τγ = nγσT l̄e =
l̄e
l̄γ
=

nγ
ne
, (4)

where nγ is the number density of photons that mediate the shock
and l̄γ is the electron mean free path in the “bath” of photons. For
the electron number density we write

ne =
Ṁ

mpπa2
0vff
, (5)

where Ṁ is the mass accretion rate, a0 is the radius of the ac-
cretion column at the shock, and vff =

√
2GM/R = 0.58c is

the free-fall velocity of the plasma near the neutron star surface,
where the shock is formed. Here we have taken M = 1.4 M� and
R = 12.5 km.

Let uγ be the energy density of the photons in the shock
and Eγ their characteristic energy. Then, the accretional lumi-
nosity can be written as

L = uγcπa
2
0 = nγEγcπa

2
0 =

GMṀ
R
, (6)

from which we get

nγ =
1

Eγcπa2
0

GMṀ
R
· (7)

Thus, the “optical depth” τγ becomes

τγ =
vff
c

GMmp/R

Eγ
=
vff
c

Ep

Eγ
∼ Ep

Eγ
, (8)

which implies that the “optical depth” that an infalling electron
sees in the “bath” of outgoing photons in the shock is of order
the ratio of the accretional energy of a proton-electron pair to the
typical energy of the outgoing photons. This means that, in the
thickness of the shock, many photons scatter off the same elec-
tron and this is how the kinetic energy of the accreting plasma
is reduced in the shock. As an analogy, one could think of the
stopping of a diver by the water molecules in a pool. Thus, we
envision the transfer of energy from the protons to the electrons
and from them to the photons as follows:

At the “top” of the shock, consider a head-on collision be-
tween an outgoing photon and an infalling electron. The energy
gain of the photon is described by Eq. (2) and this energy is
taken from the electron. Thus, the electron would slow down,
and charge separation would occur, if it were not for the pro-
tons, which transfer a tiny fraction ∼Eγ/Ep of their energy to
replenish the lost energy of the electron. This process is re-
peated many times as the proton-electron pairs traverse the shock
thickness. Thus, at the “bottom” of the shock, the protons have
given up a significant fraction of their accretional energy to the
photons that mediated the shock, with the electrons acting as
intermediaries.

2.1.2. The postshock temperature

According to Eq. (2), the energy of a soft photon quadruples in a
head-on collision with an infalling electron. Therefore, after sev-
eral crisscrosses of the shock, the energy of a photon increases
significantly, but, at the same time, the photon looses some of its
energy due to electron recoil in the postshock region. This en-
ergy is deposited in the postshock region and heats the electrons
(LS82).

An estimate of the electron (and proton) temperature in the
postshock region can be obtained as follows:

The energy lost to the photons via BMC, is replenished by
the accretional energy of the protons. This channeling of energy
stops when the kinetic energy of the protons becomes compara-
ble to the accretional energy of the electrons Ee = GMme/R ≈
75 keV, where me is the electron mass. Thus, a rough estimate of
the electron temperature Te in the postshock region is given by

GMme

R
∼ 1

2
kTe, (9)

where, due to the strong magnetic field, we have assumed a one-
dimensional Maxwellian distribution. This gives kTe ∼ 150 keV.
In our calculations, and for completeness, we have considered a
range of temperatures.

2.1.3. The size of the accretion column

In what follows, we estimate the radius of the accretion column
at the radiative shock, close to the neutron-star surface.

For a neutron star with surface magnetic-dipole field B at the
equator and magnetic moment μ = BR3, the Alfven radius, to
within a factor of order unity, is (Lamb et al. 1973; Frank et al.
2002)

rA = (GM)−1/7μ4/7Ṁ−2/7. (10)

The fallback disk, which is assumed to be of the Shakura &
Sunyaev (1973) type, has a pressure scale height (Frank et al.
2002)

h = 1.2 × 108α−1/10Ṁ3/20
15

(
M
M�

)−3/8

r9/8
10 f 3/5 cm, (11)

where α = 0.03 is the viscosity parameter, Ṁ15 is the accre-
tion rate in units of 1015 g s−1, r10 is the radial distance in units
of 1010 cm and

f =
[
1 − (R/r)1/2

]1/4 ≈ 1.

Assuming that the inner disk couples to the magnetic-dipole field
lines in an annular region of radius rA and radial thickness Δr,
the cross-sectional area (πa2

0) of the accretion column near the
surface of the neutron star can be estimated from magnetic-flux
conservation, namely

B(rA)2πrAΔr = πa2
0Bp, (12)

where B(rA) = (1/2)Bp(R/rA)3 and Bp = 2B is the strength of
the magnetic-dipole field at the pole of the star.

Assuming Δr ≈ ηh, where η is a scaling factor, we find

a0 ≈ 50
(
η

3

)1/2
Ṁ1/5

15 B−1/4
12 m. (13)
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Alternatively, if the inner-disk matter couples to the magnetic-
dipole field lines between rA and the co-rotation radius rco =
(GM/Ω2)1/3, where Ω is the angular frequency of the neutron
star, then for Δr ≈ rA − rco ≈ 5 × 108 cm we find

a0 ≈ 170 Ṁ1/5
15 B−1/4

12 m, (14)

which is not significantly larger than what we have found in
Eq. (13).

The Thomson optical depth τ⊥ in the direction perpendicular
to the magnetic field, just above the radiative shock, is

τ⊥ = neσTa0 =
Ṁ

mpvffπa2
0

σTa0 = 7.3 × 10−12 Ṁ
a0
· (15)

For Ṁ = 2×1015 g s−1, which corresponds to an X-ray luminos-
ity of 3.7 × 1035 erg s−1, and a0 ≈ 50 m, we find τ⊥ ≈ 5.8.

2.2. The Monte Carlo code

Our Monte Carlo code is similar to previously used codes in
our work and it is based on Cashwell & Everett (1959) and
Pozdnyakov et al. (1983). For simplicity, we assume cylindri-
cal symmetry and a two-zone model: the pre-shock zone (z > 0)
and the post-shock one (z < 0). The shock is of the Rakine-
Hugoniot form at z = 0. The cross section of the cylinder has
radius a0, which corresponds to a transverse Thomson optical
depth τ⊥ in the pre-shock zone. In the pre-shock zone, matter
falls freely with constant velocity vff = 0.58c, appropriate for
a 1.4 M� neutron star with a radius R = 12.5 km.

In the post-shock zone, the matter is compressed by a factor
of seven (appropriate for an adiabatic hydrodynamic shock with
γ = 4/3), hot, and with negligible flow velocity. In Sect. 2.1.2 we
estimated the electron temperature behind the shock to be kTe ∼
150 keV. As this value is probably an overestimate, because we
used a one-dimensional Maxwellian distribution, we use three
values of kTe: 30, 50, and 100 keV.

Photons, mainly bremsstrahlung from below the shock, and
to a lesser extend photospheric photons from the polar cap, en-
ter the shock. Some of them escape unscattered, while the rest
are scattered before escape. Of the last ones, some are scat-
tered once, others a few times, and a relatively small number
are scattered many times. It is this last category of photons, that
have crisscrossed the shock many times, have increased their en-
ergy significantly, and have produced the high-energy power-
law spectrum, as it is expected from such a first-order Fermi
energization.

The input bremsstrahlung photons to the radiative shock
have temperatute Te and are emitted isotropically upwards. In
other words, we do not perform radiative transfer on the isotrop-
ically emitted bremsstrahlung photons in the post-shock region,
but instead assume an upward flux of such photons.

The input quasi-thermal photospheric photons to the radia-
tive shock are approximated as blackbody ones with temperature
of kTBB = 0.5 keV. The polar cap that emits quasi-thermal pho-
tons has a radius r0 ∼ 8 km in 4U 0142+61 (White et al. 1996;
Israel et al. 1999; Juett et al. 2002). Therefore, only a relatively
small fraction of the photospheric photons enter the shock (see
Sect. 3.2 below).

Following BW07, we take the approximation of Arons et al.
(1987) for the magnetic cross section for continuum scattering
by electrons, namely

σ(E, θ) = σ(E)
[
sin2 θ + k(E) cos2 θ

]
, (16)

where E is the photon energy, σ(E) is the Klein-Nishina cross
section, θ is the angle between the directions of the photon and
the magnetic field, and

k(E) ≡
{

1, E ≥ Ec,
(E/Ec)2, E < Ec,

(17)

where

Ec =
heB

2πmec
= 11.6

( B
1012 Gauss

)
keV (18)

is the cyclotron energy. In our calculations, we consider two in-
dicative values of the magnetic-field strength, 1012 G and 1013 G.

The mean free path to electron scattering from every point
in the accretion column and in any direction, as well as the en-
ergy change and the new direction of a photon after scattering,
are computed using the corresponding relativistic expressions
(Pozdnyakov et al. 1983). For the thermal distribution of electron
velocities we use a one-dimensional Maxwellian. When a pho-
ton escapes, both its energy and direction are recorded. Thus, we
compute direction-dependent spectra as well as angle-averaged
spectra.

3. Results

In what follows, we present the results of our Monte Carlo cal-
culations in the form of E2dN/dE in arbitrary units, as a func-
tion of E in keV. The main parameter in our calculations is the
transverse Thomson optical depth τ⊥ (see Eq. (15)), which is al-
most directly proportional to Ṁ, since a0 is of order 100 m (see
Eqs. (13) and (14)). For completeness we explore also three val-
ues of the postshock temperature kTe = 30, 50 and 100 keV, and
two values of the magnetic field strength B = 1012 and 1013 G.
For the bremsstrahlung photons the temperature is the assumed
post-shock value of Te, while for the blackbody, photospheric
temperature we take kTBB = 0.5 keV.

For clarity of presentation, we treat the bremsstrahlung and
the blackbody input photons separately, while in reality their
upscattering in the shock occurs simultaneously (see, however,
Sect. 3.3). We start with bremsstrahlung input photons.

3.1. Bremsstrahlung input

Below the shock, the main emission mechanism is
bremsstrahlung (BW07). Thus, the spectrum of the emit-
ted photons is given in the Born approximation (Greene 1959)
by

dN
dE
∝ G(E)e−E/kTe (19)

where

G(E) = eE/2kTe K0(E/2kTe), (20)

is the Gaunt factor and K0 is the modified Bessel function of the
second kind, zeroth order.

For our first calculation we use the following values of the
parameters: τ⊥ = 5, kTe = 50 keV, and B = 1012 G, and refer to
them as the reference values.

In Fig. 1, we show the input bremsstrahlung spectrum
(crosses), with the integral of dN/dE normalized to unity, and
the resulting angle-averaged output spectrum of the Monte Carlo
(stars) for the reference values of the parameters.
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Fig. 1. Angle-averaged emergent spectrum (stars) in E2dN/dE form,
with arbitrary units, as a function of energy E in keV. The spectrum of
the input photons (normalized to unity) is due to bremsstrahlung emis-
sion (crosses). The parameters are at their reference values.

Above about 10 keV, the spectrum is a power law, with
photon-number spectral index Γ ≈ 1 and a peak in the E2dN/dE
distribution at Ep ≈ 80 keV. This is a natural consequence of the
first order Fermi energization. As it is evident from Fig. 1, most
of the energy in the emergent spectrum comes out at Ep.

Below about 10 keV, the output photon-number spec-
trum dN/dE is essentially the input bremsstrahlung spectrum
“shifted” to higher energy by a small amount. Its qualitative dif-
ference from the spectrum above 10 keV is due to the change
in the cross section at the cyclotron energy Ec = 11.6 keV (see
Eq. (18)). Below the cyclotron energy, the cross section is angle
dependent and smaller than the Thomson value (see Eqs. (16)
and (17)), while above the cyclotron energy it is isotropic and
equal to the Thomson value for low-energy photons.

3.1.1. Effects of transverse optical depth

As discussed above, the larger the transverse Thomson optical
depth τ⊥, the larger the number that a typical photon criscrosses
the shock. This has a significant effect on the emergent spectrum.

In Fig. 2 we show the input bremsstrahlung spectrum
(crosses), normalized to unity, and the emergent spectra for four
values of τ⊥:1 (triangles), 3 (squares), 5 (stars), and 7 (circles).
The other parameters are at their reference values.

In all cases, a high-energy power-law spectrum with a cut-
off is seen. The photon-number spectral index Γ is approxi-
mately 1.5 for τ⊥ = 1, while Γ ≈ 0.7 for τ⊥ = 7.

3.1.2. Effects of magnetic-field strength

As discussed in Sect. 2.2, the larger the cyclotron energy (see
Eq. (12)), the smaller the cross section of the low-energy in-
put photons of a given energy, and the smaller the effective
transverse optical depth for the same Thomson transverse opti-
cal depth τ⊥. Thus, as the magnetic-field strength increases, the
average number that a photon crisscrosses the shock decreases
and the resulting index Γ increases (i.e. steeper spectrum). This
is clearly seen in Fig. 3, where the magnetic-field strength is
B = 1013 G and four values of the Thomson transverse optical
depth τ⊥: 1 (triangles), 3 (squares), 5 (stars), and 7 (circles). The
rest of the parameters are at their reference values.
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Fig. 2. Angle-averaged emergent spectrum in E2dN/dE form, with ar-
bitrary units, as a function of energy E in keV. The spectrum of the input
photons (normalized to unity) is bremsstrahlung (crosses). The various
curves are the results of different values of the transverse Thomson op-
tical depth τ⊥:1 (triagles), 3 (squares), 5 (stars), and 7 (circles). The rest
of the parameters are at their reference values.
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Fig. 3. Same as in Fig. 2, but for B = 1013 G.

Comparing Fig. 3 with Fig. 2, we see that the spectra of
Fig. 3 have no break at ∼10 keV and the power laws extend from
low energies all the way to Ep ≈ 70 keV. This is expected, be-
cause the cyclotron energy is Ec = 116 keV, which is above Ep.
On the other hand, to get the same value of Γ, one needs a larger
transverse Thomson optical depth in Fig. 3 than in Fig. 2. For
example, to get Γ ≈ 1, one needs τ⊥ = 7 in Fig. 3, but only
τ⊥ = 5 in Fig. 2. A slight deviation in the value of the peak
energy Ep between Figs. 2 and 3 can be accommodated with a
slight change in the temperature of the post-shock electrons (see
Sect. 3.1.3).

3.1.3. Effects of post-shock temperature

As discussed in Sect. 2.1.2, the post-shock temperature is not
known. We have provided a simple estimate of kTe ∼ 150 keV,
but this is probably an overestimate, because we have assumed
a one-dimensional Maxwellian distribution. Thus, we examine
two additional values: 100 keV and 30 keV.

Figure 4 is similar to Fig. 2, but for kTe = 100 keV. For
the same transverse Thomson optical depth τ⊥, the emergent
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Fig. 4. Same as in Fig. 2, but for kTe = 100 keV.
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Fig. 5. Same as in Fig. 2, but for kTe = 30 keV.

spectrum is flatter in Fig. 4 than in Fig. 2. For example, a τ⊥ = 3
is needed in Fig. 4 to produce a high-energy power-law index
Γ ≈ 1, while a τ⊥ = 5 is needed in Fig. 2. Similarly, the peak
energy Ep is larger in Fig. 4 than in Fig. 2. In particular, for
kTe = 100 keV, the peak energy is Ep ≈ 150 keV.

Figure 5 is similar to Figs. 2 and 4, but for kTe = 30 keV. The
conclusions are the same. A transverse Thomson optical depth
τ⊥ = 6 is required to obtain Γ ≈ 1, while for kTe = 50 keV a
τ⊥ = 5 is enough.

3.2. Blackbody input

As discussed extensively in Trümper et al. (2013), in the accre-
tion model of AXPs/SGRs the ratio of the observed luminos-
ity Ls of the soft, quasi-thermal photospheric emission to the
hard, fan-beamed, power-law luminosity Lh is of order unity, but
it depends on several parameters, and in particular on the height
of the radiative shock. In other words, the larger the height, the
larger the radius r0 of the polar cap. This is true not only for
geometrical reasons but also due to gravitational bending.

Since r0 ∼ 8 km for 4U 0142+61 (White et al. 1996; Israel
et al. 1999; Juett et al. 2002), while the radius of the radiative
shock is typically a0 ∼ 100 m (see Eqs. (13) and (14)), we esti-
mate that only a small fraction (∼10−4, see Sect. 3.3) of the pho-
tospheric photons enter the shock. The majority of them come
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Fig. 6. Angle-averaged emergent spectrum (stars) in E2dN/dE form,
with arbitrary units, as a function of energy E in keV. The spectrum
of the input photons (normalized to unity) is blackbody (crosses). The
parameters are: τ⊥ = 5, kTe = 50 keV, B = 1012 G, and kTBB = 0.5 keV.

from around the footprint of the accretion column. We make
the approximation that they are described by a blackbody dis-
tribution of temperature TBB and that they enter the shock at an
angle θ with respect to the axis of the accretion column. For sim-
plicity we take cos θ = 0.7. Our results are insensitive to this last
approximation.

For a representative calculation with blackbody input, we use
the following values of the parameters: τ⊥ = 5, kTe = 50 keV,
B = 1012 G, and kTBB = 0.5 keV.

In Fig. 6, we show the input blackbody spectrum (crosses),
with the integral of dN/dE normalized to unity, and the result-
ing angle-averaged output spectrum of the Monte carlo (stars)
for the above values of the parameters. A hint of a broad peak at
low energies (E <∼ 10 keV) is due to the input photons that es-
cape unscattered or suffer a small number of scatterings, and can
be thought of as a “shift” of the blackbody spectrum to higher
energies, though it should be kept in mind that what is plotted
is E2dN/dE and not dN/dE.

Above about 10 keV, the spectrum is a power law, with pho-
ton number spectral index Γ ≈ 1.3 and a peak in the E2dN/dE
distribution at Ep ≈ 80 keV. This is again a natural consequence
of first order Fermi energization. Despite the fact that only a
small number of photons suffer many crisscrosses of the shock,
most of the energy in the emergent spectrum comes out at Ep.

Comparing Figs. 1 and 6, we see that for the same trans-
verse optical depth τ⊥ = 5 the photon number spectral index Γ
is approximately equal to 1 in Fig. 1 and approximately 1.3 in
Fig. 6. This means that bremsstrahlung is more efficient in pro-
ducing the high-energy power law than the blackbody. This is,
of course, natural because the bremsstrahlung contains photons
with energy comparable to kTe, while the typical blackbody-
photon energy is 2kTBB � kTe. Thus, fewer scatterings are
needed for some bremsstrahlung photons to reach the peak en-
ergy Ep ≈ 80 keV than for all the blackbody ones.

3.3. Blackbody versus bremsstrahlung input

Despite the fact that the quasi-thermal, photospheric photons can
in principle produce high-energy power-law spectra similar to
the ones oberved in AXPs/SGRs by Comptonization in the ra-
diative shock (e.g., Fig. 6), we will show below that their role is
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rather insignificant compared to that of the bremsstrahlung ones.
The reasons are the following:

1) Most of the photospheric photons do not enter the shock. For
simplicity we assume that the polar cap is flat. This does not
introduce any significant error, because gravitational bend-
ing applies to both the hard X-rays from the shock to the po-
lar cap and to the soft X-rays from the polar cap to the shock.
Let the area of the shock seen by a photospheric photon be
A ≈ l̄e2a0 = 2a2

0/τ⊥ = 0.4a2
0 for τ⊥ = 5, where l̄e = a0/τ⊥

is the shock thickness (see Eq. (3)). The fractional solid an-
gle subtended by the area A at radius r of the polar cap is
dΩ/4π = A/4πr2 and for isotropic emission from the polar
cap we find that the fraction of polar cap photons that reach
the shock is

fBB ≈ A

2πr2
0

ln
r0

a0
≈ 10−4, (21)

for r0 = 8 km and a0 = 100 m.
2) The number of photospheric photons that enter the radia-

tive shock is smaller than the corresponding bremsstrahlung
ones. This is because, for accretional luminosity L,
the photospheric luminosity that enters the shock is
about 10−4(L/2), while the corresponding bremsstrahlung
luminosity, i.e., the remaining luminosity in the post-shock
region is (see Sect. 2.1.2) ∼ (me/mp)L. For a typical pho-
ton energy of 1 keV for the photospheric emission and less
than 1 keV for bremsstrahlung, we see that bremsstrahlung
dominates the soft photon input to the shock.

3) As discussed in Sect. 3.2, for equal inputs to the radiative
shock, the bremsstrahlung is more effectively upscattered to
the high-energy power law than the photospheric input.

4. Discussion

It is known observationally (e.g., Enoto et al. 2010) that in
AXPs/SGRs the hard X-ray luminosity Lh is comparable to the
soft X-ray one Ls. In the accretion picture presented by Trümper
et al. (2010, 2013), this is a natural consequence of the fact that
only about half of the produced hard X-ray luminosity in the ra-
diative shock is observed directly (Lh), while the other half is
intercepted by the polar cap and the major fraction of it is re-
emitted as soft X-rays (Ls).

With our reported calculations in Sect. 3.1, we have shown
that the radiative shock can produce a fan-beam, hard X-ray,
power-law spectrum similar to those seen in AXPs/SGRs.
Furthermore, in Sect. 3.3 we have shown that nearly all the pho-
tospheric luminosity Ls is observed unaltered. Thus, the total
X-ray spectrum, soft and hard, of an AXP/SGR with Lh = Ls
can be easily produced by adding to the hard spectrum shown in
Figs. 1–5 a blackbody spectrum with a peak in E2dN/dE having
the same height as the peak of the hard X-ray spectrum.

As an example, we consider the hard X-ray spectrum of
Fig. 1 (stars) and add to it a blackbody spectrum of tempera-
ture TBB = 0.5 keV that has the same height in E2dN/dE as the
hard X-ray spectrum. The result is shown in Fig. 7.

In view of the above, it is natural to expect that low-
luminosity X-ray pulsars should exhibit soft and hard X-ray
spectra similar to those seen in AXPs and SGRs. Indeed, as
discussed in Trümper et al. (2013), 4U 0352+309 (X-Per)
and 4U 2206+54 show high-energy power-law tails extending
to ∼100 keV, with photon number spectral index Γ ∼ 1.
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Fig. 7. Characteristic spectrum expected from low-luminosity accretion
onto a magnetic neutron star. The high-energy spectrum is produced
in the radiative shock near the bottom of the accretion column. The
parameters are: τ⊥ = 5, kTe = 50 keV, and B = 1012 G. We have added
to it a blackbody spectrum of temperature kTBB = 0.5 keV such that its
peak has the same height as the peak at 80 keV.

5. Conclusions and predictions

We have demonstrated with a simple quantitative model that ac-
cretion from a fallback disk onto a neutron star with normal
(1012−1013 G) dipole magnetic field can produce hard X-ray,
power-law spectra similar to the ones observed from steady-state
or transient AXPs and SGRs. Furthermore, we have shown that
the soft part of the X-ray spectrum, that comes from the polar
cap, does not enter in a significant way in the formation of the
hard part of the spectrum and can simply be added to it.

The power-law index Γ of the hard X-ray spectrum depends
mainly on the accretion rate, or equivalently on the transverse
optical depth of the accretion column at the radiative shock, and
less on the strength of the magnetic field and the post-shock tem-
perature. A transverse Thomson optical depth of ∼5 is enough to
produce a high-energy power-law index Γ ≈ 1.

The cutoff at high energies (E ∼ 100 keV), is due to the
limited kinetic energy of the accreting electrons, and it depends
on the post-shock temperature. If the accretion rate is sufficient
for the formation of a radiative shock, the cutoff energy cannot
be larger than ∼300 keV. Thus, if our picture is correct, we pre-
dict that no AXP or SGR will be found to have a cutoff energy
of 400 keV or larger in their steady-state or transient spectra.
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