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Abstract

Let R be a I'-ring. We introduce the notion of gamma modules over R and study
important properties of such modules. In this regards we study submodules and

homomorphism of gamma modules and give related basic results of gamma modules.
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1 Introduction

The notion of a I'-ring was introduced by N. Nobusawa in [6]. Recently, W.E. Barnes
2], J. Luh [5], W.E. Coppage studied the structure of I'-rings and obtained various gen-
eralization analogous of corresponding parts in ring theory. In this paper we extend the
concepts of module from the category of rings to the category of Rr-modules over I'-rings.
Indeed we show that the notion of a gamma module is a generalization of a I'-ring as well

as a module over a ring, in fact we show that many, but not all, of the results in the
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theory of modules are also valid for Rp-modules. In Section 2, some definitions and re-
sults of I' — ring which will be used in the sequel are given. In Section 3, the notion of a
[-module M over a I' — ring R is given and by many example it is shown that the class
of I'-modules is very wide, in fact it is shown that the notion of a I'-module is a general-
ization of an ordinary module and a I' — ring. In Section 3, we study the submodules of
a given [-module. In particular, we that L(M), the set of all submodules of a I'-module
M constitute a complete lattice. In Section 3, homomorphisms of I'-modules are studied
and the well known homomorphisms (isomorphisms) theorems of modules extended for

I'-modules. Also, the behavior of I'-submodules under homomorphisms are investigated.

2 Preliminaries

Recall that for additive abelian groups R and I' we say that R is a I" — ring if there

exists a mapping

cRxI'xR— R

(r,y,7") — oy’

such that for every a,b,c € R and «, 8 € T', the following hold:
(i) (a+b)ac = aac+ bac;
ala+ B)c = aac + afc;
aa(b+ ¢) = aab + aac;
(17) (aad)fe = aa(bfc).
A subset A of a I'-ring R is said to be a right ideal of R if A is an additive subgroup of
R and AT'R C A, where AT'R = {aac| a € A,a € T',r € R}.
A left ideal of R is defined in a similar way. If A is both right and left ideal, we say that

A is an ideal of R.
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If R and S are I'-rings. A pair (6, ) of maps from R into S such that
i) 0(x +y) = 0(z) + 0(y);
i1) ¢ is an isomorphism on I
iti) 0(zvy) = ()0 (7)0(y).

is called a homomorphism from R into S.

3 Rr -Modules

In this section we introduce and study the notion of modules over a fixed I'-ring.
Definition 3.1. Let R be a I'-ring. A (left) Rr-module is an additive abelian group

M together with a mapping .: R x [' x M — M ( the image of (r,~, m) being denoted

by rym), such that for all m,m;,my € M and ~,v1,7 € I', r,r1,72 € R the following

hold:

(M)  ry(my + mg) = rymy + ryme;

(M) (rq + 79)ym = ryym + roym;

(M) r(m+y2)m=rym+ryem;

(My)  rim(rayem) = (rimire)yem.

A right Rp — module is defined in analogous manner.

Definition 3.2. A (left) Rp-module M is unitary if there exist elements, say 1 in R and

Y € I', such that, 1yym = m for every m € M. We denote 1y, by 1,,, so 1,,m = m for

all m e M.

Remark 3.3. If M is a left Rp-module then it is easy to verify that 0ym = r0m = ry0 =

Opr. If R and S are I'-rings then an (R, S)p-bimodule M is both a left Rp-module and right

Sr-module and simultaneously such that (ram)g8s = ra(mpfs) VYm € M,¥r € R,¥s € S

and o, 3 €T
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In the following by many examples we illustrate the notion of gamma modules and

show that the class of gamma module is very wide.

Example 3.4. If R is a I'-ring, then every abelian group M can be made into an Rp-
module with trivial module structure by defining

rym=0 Vre RVyel,Vme M.
Example 3.5. Every ['-ring R, is an Rp-module with ry(r, s € R,y € I') being the I'-ring

structure in R, i.e. the mapping

o RxI'x R— R.

(r,7y,8) — r.7y.8

Example 3.6. Let M be a module over a ring A. Define .: Ax Rx M — M, by
(a,s,m) = (as)m, being the R-module structure of M. Then M is an As-module.
Example 3.7. Let M be an arbitrary abelian group and S be an arbitrary subring of 7Z,

the ring of integers. Then M is a Zg-module under the mapping

L xSxM—M

(n,n',x) — nn'z

Example 3.8. If R is a I'-ring and [ is a left ideal of R .Then I is an Rp-module under
the mapping .: R x I' x I — [ such that (r,v,a) — rya .

Example 3.9. Let R be an arbitrary commutative ['-ring with identity. A polynomial in
one indeterminate with coefficients in R is to be an expression P(X) = a, X"+ +as X?+
a1 X + ap in which X is a symbol, not a variable and the set R[z| of all polynomials is

then an abelian group. Now R[z] becomes to an Rr-module, under the mapping

.:RXFXR[$]—>R[1‘]
(r,y, f(2)) — r.f(x) = 200, (ryas)a
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Example 3.10. If R is a I-ring and M is an Rp-module. Set M[z] = {}" a2z’ | a; €

M}. For f(z) =377 bja? and g(x) = > 71" a;a’, define the mapping

: R[z] x T' x M[x] — M]|z]

(g($)775 f(l')) = g(x)”yf(x) = anln(ak’ybk)xk

It is easy to verify that M[z] is an R[z|p-module.
Example 3.11. Let I be an ideal of a I'-ring R. Then R/I is an Rp-module, where the
mapping . : R x I' x R/I — R/I is defined by (r,v,7" + I) — (ryr') + 1.
Example 3.12. Let M be an Rr-module, m € M. Letting T'(m) = {t € R | tym =
0 Vy € I'}. Then T'(m) is an Rp-module.
Proposition 3.12. Let R be a I'-ring and (M, +,.) be an Rp-module. Set Sub(M) =
{X| X € M}, Then sub(M) is an Rp-module.
proof. Define @ : (A,B) — A® B by A® B = (A\B) U (B\A) for A, B € sub(M).
Then (Sub(M),®) is an additive group with identity element () and the inverse of each

element A is itself. Consider the mapping:

o:RxI' x Sub(M) — sub(M)

(r,v,X)—royoX =ryX,

where ryX = {ryz | = € X}. Then we have
(i) royo(Xi®Xy)=7r-v-(X1®Xy)
=77 (Xi\X2) U (Xo\X41)) =77 - ({a ] a € (Xi\Xo) U (X2\X1)}
={r-y-al|ae (X;\Xz)U(X2\X1)}.
And
royoX;®royoXo=r-v-Xi®r-v- X

= (r-y- Xi\r-y - X)) U (r-y - Xo\r -y - XG)

131



Ratio Mathematica 20, 2010

={r-v-z|lre(Xi)\Xo)U{r-v-z|xe(Xo\X1)}

={r-v-z|ze(Xi\X2) U(X2\X1)}.

() (ri+r)oyoX =(ri+ry) -7 X

={(ri+mr) -y ao|lzeXt={r-y-ax+ry-y-x|zeX}

=r1-v-X+4+rg-y- X=royoX+ryoyolX.

(i) ro(m+r)oX =r-(m+mn) X
={r-(m+y)z|lzeXt={r-yn-x+r-yw-z|zeX}
=r-m-X+r-yp-X=royyoX+roypolX.

(iv) riov0(ra0v0X)

=711 7 (1o 0X)

={rim.(rpoypoz)|lre X}

={rim.(re.y.2) |z € X} ={(rim.r)yr |z e X} = (ri.m.re).72.X.

Corollary 3.13. If in Proposition 3.12, we define & by A® B = {a +bla € A,b € B}.
Then (Sub(M),®, o) is an Rp-module.

Proposition 3.14. Let (R,0) and (5,e) be I'-rings. Let (M,.) be a left Rpr-module

rom
and right Sp-module. Then A = { | r € R,s € S;m € M} is a I'ring and

Ar-module under the mappings

x: AxI'xA— A

T m T My royory r.oymi4 m.y.s;
( 7’77 ) —
0 s 0 s 0 5@y es;

Proof. Straightforward.
Example 3.15. Let (R,0) be a I'-ring . Then RO Z = {(r,s) | r € R,s € Z} is an left
Rr-module, where @& addition operation is defined (r,n) & (r',n’') = (r +r7’',n+zn’) and

the product - : RxI' X (R®Z) — R® Z is defined v’ - v - (r,n) — (r' oyor,n).
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Example 3.16. Let R be the set of all digraphs (A digraph is a pair (V, F) consisting
of a finite set V' of vertices and a subset E of V' x V of edges) and define addition on R
by setting (Vi, Ey) + (Va, E2) = (V1 U Vi, Ey U Ey). Obviously R is a commutative group
since (0, ) is the identity element and the inverse of every element is itself. For ' C R

consider the mapping

L RxI'xXR— R
(Vi, E1) - (Va, Ey) - (V3, E3) = (Vi UVa U Vs, By U Ey U Es U{V) x Vy x Vi1,

under condition
(0,0) = (0,0) - (Vi, 1) - (Va, Eo)(Vi, 1) - (0,0) - (Va, E»)

= (Vi, E1) - (0,0) - (Va, Ey)

= Vi, 1) - (Va, E») - (0,0).
It is easy to verify that R is an Rp-module .
Example 3.17. Suppose that M is an abelian group. Set R = M,,,, and I' = M,,,,, so
by definition of multiplication matrix subset R\, = (i) | 2; =0V j=1,..m} is a
right Rp-module. Also, C{5) = {zij) | xir =0Vi=1,...,n} is a left Rp-module.
Example 3.18. Let (M,e) be an Rp-module over I'-ring (R,.) and S = {(a,0)|a € R}.
Then R x M = {(a,m)la € R,m € M} is an Sp-module, where addition operation is
defined by (a,m) & (b,m1) = (a +r b, m 4+ my). Obviously, (R x M,®) is an additive

group. Now consider the mapping

o: SXI'x(RxM)— Rx M

((a,0),7, (b,m)) — (a,0) oy o (b,m) = (a.y.b,aeyem).

Then it is easy to verify that R x M is an Sp-module.
Example 3.19 Let R be a I'-ring and (M, .) be an Rp-module. Consider the mapping

a: M — R. Then M is an Mp-module, under the mapping
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o:MxI'x M — M

(m,y,n) — mo~yon = (a(m)).y.n.

Example 3.20. Let (R,-) and (S, 0) be I'- rings. Then

(7) The product R x S is a I'- ring, under the mapping

((r1,81),7, (r2, 82)) = (11 -7 - 72,8107 © 83).

r 0
(17) For A ={ | » € R,s € S} there exists a mapping R x S — A, such that
0 s
r
(r,s) — and A is a I'- ring. Moreover, A is an (R x S)p- module under the
0 s
mapping
ry 0 LY T 0
(RxS)xTxA— Al | —|
0 s9 0 1070 Sy

Example 3.21. Let (R, ) be a I-ring. Then Rx R is an Rpr-module and (R X R)p- module.
Consider addition operation (a,b)+(c,d) = (a+grc,b+rd). Then (Rx R, +) is an additive
group. Now define the mapping RxI'x (Rx R) — Rx R by (r,~, (a,b)) — (r-y-a,r-y-b)
and (Rx R)xI'x (RxR) — RxRby ((a,b),7, (¢,d)) — (a-y-c+b-y-d,a-y-d+b-v-c).
Then R x R is an (R x R)pr- module.

4 Submodules of Gamma Modules

In this section we study submodules of gamma modules and investigate their properties.

In the sequel R denotes a I'-ring and all gamma modules are Rr-modules

Definition 4.1. Let (M,+) be an Rp-module. A nonempty subset N of (M, +) is

said to be a (left) Rp-submodule of M if N is a subgroup of M and RI'N C N, where
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RU'N = {ryn|y € I',r € R,n € N}, that is for all n,n’ € N and for all vy € I',r €
R; n—n' € N and ryn € N. In this case we write N < M.

Remark 4.2. (i) Clearly {0} and M are two trivial Rp-submodules of Rp-module M,
which is called trivial Rpr-submodules.

(17) Consider R as Rp-module. Clearly, every ideal of I'-ring R is submodule, of R as
Rpr-module.

Theorem 4.3. Let M be an Rp-module. If N is a subgroup of M, then the factor
group M/N is an Rp-module under the mapping . : R x I' x M/N — M/N is defined
(r,v,m+ N)+—— (r.y.m)+ N.

Proof. Straight forward.

Theorem 4.4. Let N be an Rp-submodules of M. Then every Rp-submodule of M /N
is of the form K /N, where K is an Rp-submodule of M containing N.

Proof. Forall z,y € K,z + N,y+ N € K/N; (x+N)—(y+N)=(zx—y)+N € K/N,

we have x —y € K, and Vr € RVy € I',Vax € K, we have
ry(x+N)=ryr+ N € K/N = ryx € K.

Then K is a Rp-submodule M . Conversely,it is easy to verify that N C K < M then
K/N is Rp-submodule of M/N. This complete the proof. [
Proposition 4.5. Let M be an Rp-module and I be an ideal of R. Let X be a nonempty
subset of M. Then

ITX ={>"" a7z | a; € Iry; € T2, € X, n € N} is an Rp-submodule of M.

Proof. (i) For elements x = > " a;oqx; and y = Z;":lxa;ﬁjyj of ITX, we have

m+n
r—y= Zk:l bivezr € ITX.

Now we consider the following cases:

Case (1): If 1 < k <mn, then by = ay, Y& = g, 2 = Ty
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Case(2): If n+1 <k <m+n, then by = —a}_,,, V& = Bk—n, 2k = Yk—n- Also
(it) Yr € R,¥y € I'Va = Y ayiz; € ITX, we have ryz = > ry(aivx;) =
> (ryai)yiz;. Thus ITX is an Rp-submodule of M. O
Corollary 4.6. If M is an Rpr-module and S is a submodule of M. Then RI'S is an

Rr-submodule of M.

Let N < M. Define N: M ={r € Rlrym Vyel Vme M}.
It is easy to see that N : M is an ideal of I" ring R.
Theorem 4.7. Let M be an Rp-module and I be an ideal of R. If I C (0 : M), then M
is an (R/I)r-module.
proof. Since R/I is I'-ring, de finethemappinge : (R/I) x I' x M — M by
(r+1,7,m) — rym.. The mapping e is well-defined since I C (0 : M). Now it is
straight forward to see that M is an (R/I)p-module. [
Proposition 4.8. Let R be a I-ring, I be an ideal of R, and (M,.) be a Rp-module.
Then M/(IT'M) is an (R/I)r- module.

Proof. First note that M/(IT'M) is an additive subgroup of M. Consider the mapping

ve(m+ITM)=r~ym+ ITM
)Nowitisstraight forwardtoseethatMisan(R /I)p-module. O
Proposition 4.9. Let M be an Rp-module and N < M , m € M. Then
(N:m)={a€ R |aym e N Vvy eI} isaleft ideal of R.
Proof. Obvious.
Proposition 4.10. If N and K are Rp-submodules of a Rr-module M and if A, B are
nonempty subsets of M then:
(i) A C B implies that (N : B) C (N : A);
(1) (NNK:A)=(N:A)N(K:A);

(i) (N:A)N(N:B)C (N : A+ B), moreover the equality hold if 0,y € AN B.
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proof. (i) Easy.
(i7) By definition, if r € R, thenr € (NN K : A)<=Vac Are (NNK :a) <= Vy €
yryae NN K<=re(N:ANK:A).
(ii9) If r € (N : A)N (N : B). Then Vy € I',Va € A,Vb € B, ry(a+b) € N and
re(N:A+ B).

Conversely, 0y e A+ B=AUBCA+B= (N: A+ B) C (N:AUB) by(i).
Again by using A, B C AU B we have (N: AUB)C (N: A)N(N:B). O
Definition 4.11. Let M be an Rr-module and () # X C M. Then the generated
Rp-submodule of M, denoted by < X > is the smallest Rp-submodule of M containing
X, ie. < X >=N{N|N < M}, X is called the generator of < X >; and < X > is
finitely generated if | X| < co. If X = {xy,...x,,} we write < zy, ..., z,, > instead
< A{x1,...,x,} >. In particular, if X = {z} then < z > is called the cyclic submodule of
M, generated by =x.

Lemma 4.12. Suppose that M is an Rr-module. Then
(1) Let {M;};esr be a family of Rp-submodules M. Then NM; is the largest
Rr-submodule of M, such that contained in M;, for all 7 € I.

(17) If X is a subset of M and |X| < oco. Then
<X >={>" nx; + Z§:1 rivjxilk,m e Non, € Z,v; € I',rj € Ry x5 € X}
Proof. (i) It is easy to verify that N;e;M; C M; is a Rp-submodule of M. Now suppose
that N < M and V€ I,N C M,;, then N C NM,.

(1) Suppose that the right hand in (b) is equal to D. First, we show that D is an
Rr-submodule containing X. X C D and difference of two elements of D is belong to

D and Vr € RVy € I',Va € D we have

m k m k
rya =yl mam + Y25y T%) = Yoty na(ryas) + 305 (ryrg)e € D.

Also, every submodule of M containing X, clearly contains D. Thus D is the smallest
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Rp-submodules of M, containing X. Therefore < X >= D. [J

For NN K < M,set N+ K ={n+klne€ N,K € K}. Then it is easy to see that M + N
is an Rpr-submodules of M, containing both N and K. Then the next result
immediately follows.

Lemma 4.13. Suppose that M is an Rp-module and N, K < M. Then N + K is the

smallest submodule of M containing N and K.

Set L(M) = {N|N < M}. Define the binary operations V and A on L(M) by
NVK=N+K andNAK =NnNK. In fact (L(M), V,A) is a lattice. Then the next
result immediately follows from lemmas 4.12. 4.13.

Theorem 4.13. L(M) is a complete lattice.

5 Homomorphisms Gamma Modules

In this section we study the homomorphisms of gamma modules. In particular we

investigate the behavior of submodules od gamma modules under homomorphisms.

Definition 5.1. Let M and N be arbitrary Rp-modules. A mapping f: M — N is a
homomorphism of Rp-modules ( or an Rp-homomorphisms) if for all x,y € M and
Vr € R,Vy € I we have
(1) flz+y) = f@)+ f(y);

(i2) f(ryz) = rvf(z).

A homomorphism f is monomorphism if f is one-to-one and f is epimorphism if f is
onto. f is called isomorphism if f is both monomorphism and epimorphism. We denote

the set of all Rp-homomorphisms from M into N by Hompg.(M, N) or shortly by
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Hompg. (M, N). In particular if M = N we denote Hom(M, M) by End(M).
Remark 5.2. If f : M — N is an Rp-homomorphism, then
Kerf={xe M|f(x) =0}, Imf ={y € N|3x € M;y = f(z)} are Rp-submodules of
M.

Example 5.3. For all Rp-modules A, B, the zero map 0 : A — B is an
Rpr-homomorphism.

Example 5.4. Let R be a ['-ring. Fix ry € I' and consider the mapping
¢ : R[x] — Rlz] by f — f~ox. Then ¢ is an Rp-module homomorphism, because
Vre R, VyeTl and Vf, g€ R[z]:

o(f +9) = (f + 900z = frz + gz = ¢(f) + ¢(g) and
¢(rv.f) = ryfrr =ryé(f).

Example 5.5. If N < M, then the natural map 7 : M — M /N with w(z) =z + N is
an Rr-module epimorphism with kerm = N.

Proposition 5.6. If M is unitary Rp-module and
End(M)={f: M — M|f is Rr — homomorphism}. Then M is an
End(M)pr-module.

Proof. It is well known that End(M) is an abelian group with usual addition of

functions. Define the mapping

o EndM)xT'x M — M

(f;v,m) — f(ly.m) = 1vf(m),

where 1 is the identity map. Now it is routine to verify that M is an End(M )r-module.[
Lemma 5.7. Let f: M — N be an Rp-homomorphism. If M; < M and N; <. Then
(1) Kerf <M ,Imf < N;
(7)) f(My) < Imf;
(i17) Kerf='(N;) < M.
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Example 5.8. Consider L(M) the lattice of Rp-submodules of M. We know that
(L(M),+) is a monoid with the sum of submodules. Then L(M) is Rp-semimodule
under the mapping
. RxT'xT — T, such that (r,y, N) — r.y.N = ryN = {ryn|n € N}.
Example 5.9. Let § : R — S be a homomorphism of I'-rings and M be an Sp-module.
Then M is an Rpr-module under the mapping e : R x I' x M — M by
(r,y,m) — r ey em = 0(r). Moreover if M is an Sp-module then M is a Rpr-module
for RC S.

Example 5.10. Let (M,.) be an Rp-module and A C M. Letting
MA={f|f: A— M is amap}. Then M# is an Rr-module under the mapping
o: RxT x M4 — M* defined by (1,7, f) — rovo f =ryf(a),
since M* is an additive group with usual addition of maps.

Example 5.11. Let(M,.) and (N, e) be Rp-modules. Then Hom (M, N) is a

Rr-module, under the mapping

o:RxI'x Hom(M,N) — Hom(M,N)
(r,7,a) —royoa,
where (r ey e a)(m) = rya)(m).
Example 5.12. Let M be a left Rp-module and right Sp-module. If N be an

Rr-module, then

(i) Hom(M, N) is a left Sp-module. Indeed

o:SxI'x Hom(M,N) — Hom(M,N)
(s,v7,a) — soyoa: M — N

m — a(mys)

(17) Hom(N, M) is right Sp-module under the mapping
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o: Hom(N, M) x T x § — Hom(N, M)
(a,7,8) — aoyos: N — M

n— a(n).y.s

Example 5.13. Let M be a left Rp-module and right Sp-module and o € End(M) then

« induces a right S[t]r-module structure on M with the mapping

o: M xT'xS[t] — M

(m, 7, 320 sit') —— moyo (g sit') = 3 (mysi)a’

Proposition 5.14. Let M be a Rr-module and .S C M. Then
STM ={> " sivia; | s; € S,a; € M,~; € '} is an Rp-submodule of M.

Proof. Consider the mapping

o: RxT x (STM) — ST'M

(7"7 Y, E?:l Si%az‘) — Z:-L:l Si%(r’yai)-

Now it is easy to check that ST'M is a Rp-submodule of M.
Example 5.16. Let (R,.) be a I'-ring. Let Z,, the cyclic group of order 2.
For a nonempty subset A, set Hom(R,B4) = {f : R — B4}. Clearly (Hom(R,B%),+)
is an abelian group. Consider the mapping

o:RxT x Hom(R,B*) — Hom(R,B*) that is defined

(r,y, f) —rovof,
where (rovyo f)(s) : A — B is defied by (ro~vyo f(s))(a) = f(syr)(a).
Now it is easy to check that Hom(R,B4) is an [-ring.
Example 5.17. Let R and S be I'-rings and ¢ : R — S be a I'-rings homomorphism.

Then every Sp-module M can be made into an Rp-module by defining
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ryz (r € R,y € I';x € M) to be ¢(r)yz. We says that the Rp-module structure M is
given by pullback along .
Example 5.18. Let ¢ : R — S be a homomorphism of I'-rings then (S,.) is an

Rr-module. Indeed

o:RxI'xS§S — S

(r,7,8) —>royos=(r)y.s

Example 5.19. Let (M, +) be an Rp-module. Define the operation o on M by
a®b=b.a. Then (M,®) is an Rr-module.

Proposition 5.20. Let R be a ['-ring. If f: M — N is an Rp-homomorphism and
C < kerf, then there exists an unique Rp-homomorphism f : M/C — N, such that for
every x € M; Kerf = Kerf/C and Imf = Imf and f(x + C) = f(z), also f is an
Rr-isomorphism if and only if f is an Rp-epimorphism and C' = Kerf. In particular
M/Kerf = Imf.

Proof. Let b € x + C then b = z + ¢ for some ¢ € C, also f(b) = f(x +¢). We know f is
Rr-homomorphism therefore f(b) = f(x +¢) = f(z) + f(c) = f(z) + 0= f(z) (since
C < kerf) then f: M/C — N is well defined function. AlsoV 2 + C,y +C € M/C
and Vr € R,y € I' we have
(@) f(z+C)+(y+C)) = f((z+y) +C) = f(z+y) = f(z)+ fy) = fl+C)+ fy+O),
(i1) F(ry(x + ©)) = f(ryz + C) = f(ryz) = r9f(z) = r9f(w + C).
then f is a homomorphism of Rp-modules, also it is clear Imf = Imf and
V(z+C) €kerf; 2+ C €kerf e f(xr+C) =0« f(r) =0« z € kerf then
kerf = kerf/C.

Then definition f depends only f, then f is unique. f is epimorphism if and only if f is
epimorphism. f is monomorphism if and only if ker f be trivial Rp-submodule of M/C.

In actually if and only if Kerf = C then M/Kerf = Imf.O]
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Corollary 5.21. If R is a [-ring and M, is an Rp-submodule of M and N; is
Rr-submodule of N, f: M — N is a Rp-homomorphism such that f(M;) C N; then f
make a Rp-homomorphism f : M/M, — N/N; with operation m + M; — f(m) + Njy.
f is Rp-isomorphism if and only if Imf + Ny = N, f~%(N;) € M. In particular, if f is

epimorphism such that f(M;) = Ny, kerf C M; then f is a Rp-isomorphism.

proof. We consider the mapping M —/ N —™ N/N;. In this case;

M, C f7Y(Ny) = kernf (Ymy € My, f(my) € Ny = wf(my) =0 = m; € kerrf). Now
we use Proposition 5.20 for map 7 f : M — N/N; with function m — f(m) + N; and
submodule M; of M.

Therefore, map f : M/M; — N/N; that is defined m + M —— f(m) + N; is a
Rr-homomorphism. It is isomorphism if and only if 7 f is epimorphism, M; = kernf.
But condition will satisfy if and only if Imf + Ny = N, f~Y(N;) C M;. If fis
epimorphism then N = Imf = Imf + Ny and if f(M;) = N; and kerf C M; then
f~Y(Ny) C M so f is isomorphism.[]

Proposition 5.22. Let B, C' be Rp-submodules of M.

(1) There exists a Rp-isomorphism B/(BNC) = (B + C)/C.

(i7) If C C B, then B/C' is an Rr-submodule of M/C" and there is an Rp-isomorphism
(M/C)/(B/C)= M/B .

Proof. (i) Combination B —7 B + C' —™ (B + C)/C is an Rp-homomorphism with
kernel= B N C, because kermj = {b € B|nj(b) = Oprcyc} = {b € B|r(b) =C} ={b e
Blb+C=C}={be B|be C} = BNC therefore, in order to Proposition 5.20.,
B/(BNC) = Im(mj)(x), every element of (B + C)/C' is to form (b + ¢) + C, thus
(b+c¢)+C =b+ C = 7j(b) then 7j is epimorphism and Immj = (B + C)/C in
attention (%), B/(BNC) = (B+C)/C.

(77) We consider the identity map i : M — M, we have i(C') C B, then in order to
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apply Proposition 5.21. we have Rp-epimorphism 7 : M/C — M/B with
i(m + C) = m + B by using (i). But we know B = i(m + C) if and only if m € B thus
ker i={m+ C € M/C|lm € B} = B/C then keri = B/C < M/C and we have
M/B=1Imi= (M/C)/(B/C).0
Let M be a Rp-module and {N;|i € Q} be a family of Rp-submodule of M. Then
NicolV; is a Rp-submodule of M which, indeed, is the largest Rp-submodule M
contained in each of the NV;. In particular, if A is a subset of a left Rp-moduleM then
intersection of all submodules of M containing A is a Rp-submodule of M, called the
submodule generated by A. If A generates all of the Rp-module, then A is a set
ofgenerators for M. A left Rpr-module having a finite set of generators is finitely
generated. An element m of the Rp-submodule generated by a subset A of a Rp-module
M is a linear combination of the elements of A.

If M is a left Rp-module then the set Zieﬂ N; of all finite sums of elements of V; is an
Rr-submodule of M generated by U;cqN;. Rpr-submodule generated by X = U;cqlN; is
D = {37 rmia; + 22:1 n;bila;,b; € X,r; € Rynj € Z,~; € T'} if M is a unitary
Rr-module then D = RU'X = {};_, rvia;|r; € R,y €T, a; € X}
Example 5.23. Let M, N be Rpr-modules and f,g: M — N be Rp-module
homomorphisms. Then K = {m € M | f(m) = g(m)} is Rp-submodule of M.
Example 5.24. Let M be a Rp-module and let N, N’ be Rp- submodules of M. Set
A={meM|m+ne N for somen € N} is an Rp-module of M containing N'.
Proposition 5.25. Let (M, -) be an Rp- module and M generated by A. Then there
exists an Rp-homomorphism R4 — M, such that f +—— > acAacsupp(py (@) -7 - a.
Remark 5.26. Let R be a I'- ring and let {(M;, 0;)|i € 2} be a family of left Rp-
modules. Then x;cqM;, the Cartesian product of M;’s also has the structure of a left

Rr-module under componentwise addition and mapping
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-t Rx T x (xM;) — xM;

(r,7,{ms}) — -7 - {m;} = {roiyoimi}q.

We denote this left Rp-module by [[..q M;. Similarly,
Yoico My = {{m;} € [[ M;lm; = 0 for all but finitely many indices i} is a

Rr-submodule of []._, M;. For each h in Q we have canonical Rp- homomorphisms

i€Q
7 [[ My — My and A\, : My, — > M; is defined respectively by 7, :< m; >—— my,

and A(my) =< w; >, where

0 2#h

my t=nh
The Rr-module [] M; is called the ( external)direct product of the Rr- modules M; and
the Rp- module Y M; is called the (external) direct sum of M;. It is easy to verify that
if M is a left Rp-module and if {M;|i € 2} is a family of left Rp-modules such that, for
each i € €, we are given an Rp-homomorphism «; : M — M, then there exists a unique
Rpr- homomorphism o : M — HiEQ M; such that «; = am; for each ¢ € 2. Similarly, if

we are given an Rp-homomorphism 3; : M; — M for each 7 € () then there exists an

unique Rp- homomorphism (3 : > ., M; — M such that ; = \;3 for each i € Q) .

1€Q

Remark 5.27. Let M be a left Rp-module. Then M is a right R’-module under the

mapping

s : MxI'x RP — M

(m,y,r) — mxy*r =rym.

Definition 5.28. A nonempty subset N of a left Rp-module M is subtractive if and
only if m +m’ € N and m € N imply that m’ € N for all m,m’ € M. Similarly, N is

strong subtractive if and only if m +m' € N implies that m,m’ € N for all m,m' € M.
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Remark 5.29. (i) Clearly, every submodule of a left Rp-module is subtractive. Indeed,
if N is a Rp-submodule of a Rpr-module M and m € M,n € N are elements satisfying
m—+n € N then m = (m+n)+ (—n) € N.

(23) If N, N’ C N are Rp-submodules of an Rp-module M, such that N’ is a subtractive
Rr-submodule of N and N is a subtractive Rp-submodule of M then N’ is a subtractive
Rr-module of M.

Note. If {M;|i € Q} is a family of (resp. strong) subtractive Rp-submodule of a left
Rr-module M then N;cqM; is again (resp. strong) subtractive. Thus every Rp
-submodule of a left Rp-module M is contained in a smallest (resp. strong) subtractive
Rr-submodule of M, called its (resp. strong) subtractive closure in M.
Proposition 5.30 Let R be a I'-ring and let M be a left Rp -module. If N, N and
N < M are submodules of M satisfying the conditions that NNV is subtractive and
N'C N, then NN (N'+N") =N+ (NNN").

Proof. Let z € NN (N’ + N”). Then we can write = y + z, where y € N’ and
2 € N". by N' C N, we have y € N and so, z € N, since N is subtractive. Thus
x € N' + (N N N"), proving that NN (N’ + N”) C N’ + (N N N"). The reverse
containment is immediate.[]

Proposition 5.31. If N is a subtractive Rp-submodule of a left Rp-module M and if A
is a nonempty subset of M then (N : A) is a subtractive left ideal of R.

Proof. Since the intersection of an arbitrary family of subtractive left ideals of R is
again subtractive, it suffices to show that (/N : m) is subtractive for each element m. Let
a € Rand b€ (N : M) (for v € I' ) satisfy the condition that a +b € (N : M). Then
aym + bym € N and bym € N so aym € N, since N is subtractive. Thus
a€(N:M)O.

proposition 5.32. If [ is an ideal of a ['-ring R and M is a left Rp-module. Then
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N ={me M | Il'm = {0}} is a subtractive Rp-submodule of M.

Proof. Clearly, N is an Rr-submodule of M. If m,m’ € M satisfy the condition that m
and m + m’ belong to N then for each r € I and for each v € I" we have
0=ry(m+m')=rym+rym'm’ = rym/, and hence m’ € N. Thus N is subtractive. [J
proposition 5.33. Let (R, +,) be a I'-ring and let M be an Rp-module and there
exists bijection function § : M — R. Then M is a ['-ring and Mp-module.
Proof. Define o: M x I' x M — M by (z,7v,y) — xzoyoy =3d"1(d(z) - vi(y)).

It is easy to verify that R is a I'- ring. If M is a set together with a bijection function
0 : X — R then the I'-ring structure on R induces a ['-ring structure (M, ®,®) on X
with the operations defined by z &y = 6~(6(z) + d(y)) and

TOYOy=0"dx) v-d(y).0
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