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Abstract

In this paper, the broad study depends on Langevin differential equations (LDE) of arbitrary order.
The fractional order is in terms of -Hilfer fractional operator. This work reveals the dynamical
behaviour such as existence, uniqueness and stability solutions for LDE involving -Hilfer fractional
erivative (HFD). Thus the fractional LDE with boundary condition, impulsive effect and nonlocal

conditions are taken in account to prove the results.
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1. Introduction

The physical phenomena in fluctuating environments are described using Langevin equation.
The Langevin equation is a powerful tool for the study of dynamical properties of many interesting
systems in physics, chemistry and engineering. The generalized Langevin equation was introduced
by Kubo in 1966. Since then the generalized LDE has become a searing research topic. The literature
on LDE is huge; dynamical analysis and important results can be seen in [1, 2, 3, 7, 9].

The fractional derivatives make the fractional-order models more realistic than the classical
integer-order model. Since the development of fractional calculus in various fields such as thermody-
namics, biophysics, aerodynamics, viscoelasticity, capacitor theory, etc., there was been an intensive
development in fractional derivative with singular and non-singular kernals. The Riemann-Liouville,
Caputo, Hadamard, Hilfer, etc., are just a few fractional derivatives. Later HFD is fused with -
fractional derivative with kernel of function and pulled out a new fractional derivative known as
1»-HFD. The ¢-HFD integrate numerous fractional derivative with their properties are discussed in
[10]. The dynamical behaviour and development of differential equation with different fractional
derivatives, we refer to [5, 6, 8, 11, 12, 13].

Motivated by the works mentioned, here LDE with ¢-HFD involving boundary, impulsive and
nonlocal conditions are studied. Stability criteria is an important aspect of differential equations of
arbitrary order. The stable solution of fractional LDE is provided by utilizing the idea provided by
Ulam. Thus, we discuss the generalized Ulam-Hyers-Rassias (g-UHR) stable for fractional LDE. For
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detailed study on fractional Ulam stability and its generalization one can refer to [14, 15, 16, 17].
First, we study the dynamical behaviour of LDE with ¢-HFD involving the boundary conditions is

as follows

BV (g2 B9 4 N u(t) = g(t,u(t), teJ:=10,T],
a I TU() im0 + bI LT U(t) [t = c,

(1)

where 2°1:5% and 2% are two ¢-HFD of orders a; and as and type 3, #1~7¥ is 1)-fractional
integral of order 1 — v(y = (a1 + a2)(1 — ) + B) is any real number. Let g : J x R — R is given
continuous function.

Next, we study the impulsive LDE with -HFD involving is given by

GevB (9289 L\ u(t) = g(t,u(t), te€J =J\{tr,rtm},
AIYVUt) =ty = Teu(ty), (2)
jliv;wu(t)‘tzo = Up,
where I, : R — R, and 0 =ty < t; < ... < ty, < tynp1 = T, AITTVu(t)1my, = I170u(t)) —
T (t), S0V u(t) = limpop u(ty + k) and S Vu(t,) = limp_o— u(ty + h) represent
the right and left limits of u(t) at t = t.
Finally, we study the existence, uniqueness and stability of nonlocal LDE with ¢-HFD of the form

Qa1,Biy (@a%ﬁﬂ/’ + )\) u(t) = g(t, u(t)),

| - (3)
jl—%wu(t) = Zi:l cu(m), m€J

where 7;,7 = 0,1, ...,m are prefixed points satisfying 0 < 7, < ... < 7, < T and ¢; is real numbers.
Here, nonlocal condition u(0) = >~ ; ¢;u(7;) can be applied in physical problems yields better effect
than the initial conditions u(0) = uy.

The effort in this paper is systematic as follows: In Section 2, some preliminari definitions and
lemmas that used throughout the paper is provided. In Section 3, we establish existence, uniqueness
and stability for fractional LDE involving ¢-HFD. In Section 4, impulsive fractional LDE is analyzed.

In Section 5, finally nonlocal fractional LDE is discussed.

2. Preliminaries

In this section, we consider the following spaces, definitions, results and theorems that are used

in the paper.
Definition 2.1. Consider the space C' of continuous functions with norm
[ull = sup {fu(t)] : £ € J}.
The weighted space C y of functions g on J is defined by
Cyw=A{g:J = R: (4(t) —1(0))" g(t) € Cla,b]},0 <y <1,
with the norm

lellc, , = (1) = 4(0))" a(t)lc = max |(¥(t) = (0))" a(t)] -

teJ



Definition 2.2. Consider the piecewise continuous spaces on J is given by
PC={u:J—= R:u(t) € Cty,tps1),k =0,...,m; there exists u(t; )andu(t; )} .
Now, we consider the weighted space PC.,.
PC = {u: () = ¥(te)” ity tsr] € Cltr trs], k=0, ...,m where 0 <~y < 1}.
Obviously, which is a Banach space with norm

lullpe, = sup [((t) - (t))" u(®)].

ti,tit1)

Definition 2.3. The left-sided fractional integral of a function g with respect to another function 1
on [a, b] is defined by

a; _ 1 i ! a—1
(5776) (0= g7 [ /(9 W) = v ale)s, ¢ )

Definition 2.4. Let 1’ (1) # 0 (—oo <t < b < 00) and o > 0, n € N. The Riemann-Liouville
fractional derivative of a function g with respect to ¥ of order o correspondent to the Riemann-
Liouwille, is defined by

a;p — 1 Li A s — S n-a—l s)das
@0 0 = o (i) [ ¥ O @0 =0 ate)s 6)

where n = [a] + 1.

Definition 2.5. Let « > 0, n € N, J is the interval (—oo <t < T < o0), f,9 € C"(J,R) two
functions such that v is increasing and wl(u) #£0, for allu € J. The left -Caputo derivative of g

of order « is given by

1 d\"
astp — gn—oy el
(7v0) ()= 5 (s ) o) (6)
Definition 2.6. The v-Hilfer fractional derivative of function g oforder « is given by,
1 d
B — gBl—a)y il 1=-8)(1—a)

The -Hilfer fractional derivative as above defined, can be written in the following
G*PVg(t) = STV GV (1).
Lemma 2.7. Let a, 5 > 0, Then we have the following semigroup property
(FoW IO G)(t) = (FTg)(1),

and

(2% 7% g)(t) = (1)

Lemma 2.8. Let a, 5 > 0, and



2. If §(t) = (¥(t) — ¥(a)*", then
2°Vg(t) = 0.
Lemma 2.9. Let0 < a < 1. Ifg € C,, then

(£s) (@

(#7549 %a) (1) = 8lt) ~ ~—s

-1
(W) = ¥(a))* .

Lemma 2.10. Suppose o > 0, a(t) is a nonnegative function locally integrable on 0 <t < T (some
T < 0), and let g(t) be a nonnegative, nondecreasing continuous function defined on 0 <t < T,
such that g(t) < K for some constant K. Further let u(t) be a nonnegative locally integrable on
0 <t <T function with

lu(t)] < a(t) +9(t)/ () (W(t) —(s)*  u(s)ds, teJ
with some a > 0. Then

5 WO ) ((t) — ws)™ | us)as.

(na)

t
)l <att)+ [

0
Theorem 2.11. [4](Schauder fized point theorem) Let B be closed, convex and nonempty subset of
a Banach space E. Let N : B — B be a continuous mapping such that N(B) is a relatively compact

subset of E. Then N has atleast one fized point in B.

Theorem 2.12. [{/(Schaefer’s Fized Point Theorem) Let R be a Banach space and let B: R — R
be completely continuous operator. If the set {h € R : h = &Rh for some § € (0,1)} is bounded, then
B has a fized point.

Theorem 2.13. [4/(Krasnoselskii’s fized point theorem) Let X be a Banach space, let Q be a bounded
closed convex subset of X and let Ty, Ts be mapping from ) into X such that Tyxz+Toy, € Q for every
pair x,y € Q. If Ty is contraction and Ts is completely continuous, then the equation Tyx + Tox = x

has a solution on (.

Theorem 2.14. [//(Banach Fized Point Theorem) Suppose @ be a non-empty closed subset of a

Banach space E. Then any contraction mapping B from Q into itself has a unique fixed point.

Theorem 2.15. (Arzela-Ascoli theorem) Let X be a Banach space, let 2 be a bounded closed convex
subset of X and let Ty, Ty be mapping from 2 into X such that Tyx+Tsy, € Q for every pair x,y € Q.
If Ty is contraction and Ty is completely continuous, then the equation Thx + Tox = x has a solution
on €.

Before stating and proving the main results, we introduce the following hypotheses:



(H1) Let g: J x R — R be a continuous function such that, there exists a positive constant £5 > 0
such that

lg(-,u(-)) —g(u(-)| < Lglu—u|, for allu,ueR.

(H2) The exist M > 0 and N > 0 such that we have

la(,u())| < M |u[+ N.
(H3) Suppose that there exists A\, > 0 such that

FOTEo(t) < App(t)-
(H4) Let I : J — R be a continuous function such that, there exists a positive constant ¢, we have

[Tou(ty) — Io(tg)| < Lrju—ov].

(H5) Set g(t,0) = Ly, and I;(0) = Lo.

(H6)

— s <|T| 3 e (0(m) — 0(0)* T 4 () - w<o>>“2>
i=1

B(P)/a oy + a2)

E PR S e e
Tt F(Oél —I—Oég)

('T S e (0lm) — $O) T 4 (o) w<o>>‘“+a2>] o

3. Langevin equation with boundary condition

Lemma 3.1. A function u is the solution of (1) if and only if u satisfies the following integral

equation:

u(t) = (w(&) T ;Z;(ro()(; e+ bAg ey () —p gl D50y (T, u(T)) )

— A\F2Vy(t) 4 FaTe2Vg(t u(t)).

Theorem 3.2. (Ezistence) Assume that [H1] and [H2] are satisfied. Then, Eq.(1) has at least one

solution.

Proof. Consider the operator A4 : Ci_y 4 — Ci_y 4, it is well defined and given by

— v—1 _ _ . _1)83:
A u)t) = <¢<(2+;¢3(F%)) (¢ + bAF A=) (A=) tanBivy(T) _ p g+ tae=1)Biwg (T, y(T)))

) . (8)
— NI oVy(t) 4 Forteaiby(t u(t)).

Befine B, = {u € Ciqy : ulle < r}.

' 1-7,9
To apply Theorem 2.11 we derive the following steps.
Step 1. We show that 4B, C B,.

) (8) ((t) = w(0)' |



_ c N bAg (A—on) (=) tazfis |y (T')| N byt (eatez =B | o(T (T))|
~ (a+D)I() (a+b)I'(v) (a+b)I'(v)
HA W) = (0) 7T Jut)] + ((t) — (0)' 7 FFY gt u(h))|
c bA B(v,(1 —a1)(1 —8)+ asp o
< G ITE) DTG T = 0= ey ) VO e,
DN (9(T) — (o)t
(a+0)T(y) T2+ (v +az—1)p)
bM  B(y,1+ (aqn +az —1)B)
(a+0)T(y) TA+ (1 +a2—1)B)

+

W(T) = () [lulle,

B(75a2) as N o1 n b1y
ATy PO O o,y + T e, vy V) — 9 0)
MB(’Y’ o+ OQ) aitaz
T T o + a2) (W(T) = (0 |lulq,

Step 2. The operator .4 is continuous.

(At () = A u(t)) (W (1) = (0))
b
(a+0)I'(v)
+ (W) = (0)" AT fuy, (8) — w(t)| + () = (0)" 7 I g(tu (1)) — ot u(t))]

. (A om0 020 (1) — (T 10220 g (7, (1) — o(T (7))

It implies that operator .4 is continuous.

Step 3. Operator 4 B, is relatively compact.
[(@(t) = 6(0) T A ults) = (b(t2) = ¥(0))' 7 Hu(tz)
= “A ((t1) = (0) 77 AT u(ty) + ((t) — (0)) T Ity u(t))
FA (W(t2) = $(0)' ATV u(ty) = ((t2) — $(0)' 7 IV g (b, u(t))|

tending to zero as t; — to. That is .4 is equicontinuous. Therefore by Theorem 2.15 and Theorem

2.11 we conclude the proof. O
Theorem 3.3. If hypothesis (H1) and

( b ()\B(fy,(l—oa)(l—ﬁ)—FOQﬁ)
(a+b)(7) D((1—o1)(1—B)+ azp)
B(y,1+ (a1 +ax —1)p

(W(T) = ¥(0))™

+

wuv—wmvﬁ”)

1+ (a1 +az —1)P)
B(’)’, CUQ) Qs KB('% oy + a2) a1 +az
#AB022) (4) oy 4 B0 (i) o) <

hold. Then, Eq. (1) has a unique solution.

Let € > 0 be a positive real number and ¢ : J — R be a continuous function. We consider the

following inequalities:

| 20559 (2°255% 1 \) w(t) — a(t, 0(t))] < o (t). (9)



Definition 3.4. The Eq. (1) is g-UHR stable with respect to ¢ € Ci_.y if there exists a real
number C., > 0 such that for each solution v € C1_, y of the inequality (9) there exists a solution
u € Ci_yy of Eq. (1) with

[o(t) —u(@)] < Crpp(t).

Theorem 3.5. The hypotheses [H1] and [H3] are satisfied. Then Eq.(1) is g-UHR stable.

Proof. Let v be solution of inequality (9) and by Theorem 3.3, u is a unique solution of the problem

oY (9025 LX) u(t) = g(t,u(t)),
a I TTU(B) im0 + DI U [ = ¢ = a IV 0(8)|i—o + DI 0 (8) 11,

Then, we have

u(t) = (1/)((2;;/;;0(2;1 (c 4 b)\y(lfal)(lfﬂHazﬂ;wu(T) _ bjl+(a1+arl)6;wg(T’ u(T)))

AT () 4 S g (1 u(h))
Ay — AIO2y(t) + gorteetg(t u(t).

Thus, we have A, = A,. By differentiating inequality (9), we have
’U(t) — A+ )\jaz;wn(t> _ ja1+(12§wg(t7n(t))‘ < }ﬂo‘1+a2;wg0(t)’ < )‘¢(p(t)'
Hence it follows that,

[o(t) —u(t)| < |t)(t) — Ay + A\Fo2Vy(t) — faﬁ“?“"g(t,u(t)ﬂ
< Jo(t) = Ay + AT * V(1) — T T2V g(t (1))
+ AT o (t) —u(t)| + £ g(t (1) — a(t u(t)))]
< App(t) + AT Jo(t) — u(t)] + L7 Jo(t) — u(t)]

By Lemma 2.9, there exists a constant M* > 0 independent of A,p(t) such that
[o(t) —0(t)] < M™(?).

Thus, Eq.(1) is g¢-UHR. O

4. Langevin equation with impulsive effect

Lemma 4.1. A function u is the solution of (2) if and only if u satisfies the following integral

equation:

- uo+ Y Lau(ty) —a Y el g
(7) 0<t<ty o<t<ty

+ 30 gt DB g () | - AZSE () + 20T gk u(t))

O<t<ty



Consider the operator & : PCi_, y — PCi_, 4, it is well defined and given by
u(t) = Zu(t),
where

)= (tp))Y "t ) (1—B) +anfip

(Pu)(t) = % Ua + Z[)<t<tk Tu(ty) — )‘Z()<t<tk ft(k,l D{A=F)tes u(ty)
= j1+(a1+a271)ﬁﬂ/} ¢ ¢ . )\jaz;l/) ¢ jal'f'az;w fult

T Lot 9(t,u(ta))| = ATEEVu(t) + £ g (8, u(h)

th—1

Lemma 4.2. The operator &2 is continuous.

Proof. Let &, be a sequence such that &, - & in PC;_, . Then for each t € J,
|(Zualt) = (20)®) (1) ~ b(t)) 7|

1 s
= 1“()[ ST ua(te) = La(t)[ + 3 Y AU EEITRE ) —u(ty))|
v 0<t<ty 0<t<ty

+ 30 g e e DB g () — g(tk,u<tk>>|]

0<t<ty
FAW() = o(tr) T I Jun(t) — u(t)]
+ (W) = (1) T 2T g (b ua (1) — 8t u(D))]

since g is continuous, then we have
| Zu, — @uHPCli%w —0 as n— 0.
This proves the continuity of &2.
Lemma 4.3. The operator &7 maps bounded sets into bounded sets in PCi_ y.

Proof. Indeed, it is enough to show that for r > 0, there exists a positive constant [ such that
B, = {u € PCryy : (2w ()l pe, ., < 7’}, we have [[(Zu)llpe,  , <1

‘(yu)(t) (W(t) — w(tk”l_y‘
< ﬁ (o + @T) = (0wl lulp,_, +mL
B(7, (1 - 01)(1 = ) + azf)

@ an) (1= B) + a2B)

B(y,1+4 (1 + a2 —1)B) ot
STt (or T an —Dp) PO O e,

Lim (¢(T) — ¢(0))1+(a1+a2—1)5
L2+ (o1 +az — 1))

(W(T) = (0D llull pe, .,

+m/

AB(v, az) o2
o) YO =) e,
" LBy, o1 + az) ((T) — (0))* T2 lullpe, .,

F(Oél + 042)

Ly ((T) — 4p(0))™ 27+
Tlog + ag + 1)

+

(10)



<.
That is & is bounded. O

Lemma 4.4. The operator & maps bounded sets into equicontinuous set of PCi_, 4.

Proof. Let t1,t2 € J,t1 < t3, B, be a bounded set of PCi_, 4 as in 4.3, and u € B,.. Then,
’(e@u)(tl) (P(t1) = ¢(tr) 7 = (Pu)(t2) (V(t2) — Y(tx))' "
1 (631 Q205

< = [ Z Teu(ty) + A Z ft (o) (=frafity 1)

I
(7) 0<ty —ta<ty 0<ty —ta <ty

+ J@L”al+“2'”ﬁwgak,uuk»]

0<ts —ta<ty
N ’(w(tl) —0(tk) AT () — ((Ea) — D (tr)) AT (u(ts)]
+ ’(w(tl) —0(tk)' T I gt u(t)) — (V(te) — (1) T ST gk, u(t2))

As t; — to, the above inequality tends to zero. By Lemma 4.2 - 4.4 with Theorem 2.15, we conclude

that &£ is continuous and completely continuous. ]

Theorem 4.5. (Ezistence) Assume that [H1], [H4] and [H5] are satisfied. Then, Eq. (2) has at

least one solution.

Proof. Tt is continuous and bounded from Lemma 4.2 - Lemma 4.4. Now, it remains to show that
the set
w={uePCi_yyp :u=02u),0<d<1}

is bounded set.
Let u € w, u=3§Z(u) for some 0 < ¢ < 1. Thus for each ¢t € J. We have

wot Y Lu(ty) —a Y g0ty gy

0<t<ty 0<t<ty

n Z ]1+(a1+az 1)5; wg(tk,u(tk))‘| _/\%iz;wu(t)_,r_%ifﬂraz;ibg(t,u(t))

th—1
o<t<ty

This shows that the set w is bounded. By Theorem 2.12, that £ has a fixed point which is a solution

of problem (2). O
Theorem 4.6. If hypotheses [H1] and [H4]

b

I'()

+ml ($(T) = (0)™ 7

)\B(’Y7 aq + a2)
F(Oq + 012)

s o B

B(’y, 1+ (041 + g — 1)5) )\B('y,ag) Qs
F(”(m%l))) 20:93) () - w(0)

(W(T) = (0)™ " < 1.

are satisfied. Then, Eq. (2) has a unique solution.



Let € > 0 be a positive real number and ¢ : J — R be a continuous function. We consider the
following inequalities:
|75 (29250 4+ X) o(t) — a(t,0(1)] < (1)

(11)
AT VUt |i=p, — Teu(tr) < @(2).

Definition 4.7. The Eq. (2) is g-UHR stable with respect to ¢ € PCi_, y if there exists a real
number Cy, > 0 such that for each solution v € PC\i_,y of the inequality (11) there exists a
solution uw € PCi_., y of Eq. (2) with

[0(t) —u(t)] < Crpip(t).
Theorem 4.8. The hypotheses [H1] and [Hj] holds. Then Eq. (2) is g-UHR stable.

Proof. Let v be solution of inequality (11) and by Theorem 4.6, u is a unique solution of problem
(2). By integrating (11), we obtain

(W(t) — ()"
INGD)

o(t) — ua Y Lo(tr) —a Y ey g

0<t<ty 0<t<ty

+ Z jl-‘r(al-‘raz—l)ﬁ;wg(tk’n(tk))

tp—1
0<t<ty

WOV S i)

]_—‘(")/) O<t<tg

o, @) ()"
- I'(v)

Hence it follows that,

FATEVo(t) = AT g (1 0(8))

_¢(tk))'y_1 aitazs—1)8; a1+asg;
) Do AT g () 4 e g (1)
0<t<ty
y—1
b))

(v(T) -
()

o(t) +m

ep(t) + Apip(t).

wot > Lu(ty) — A Y ety g

O<t<ty o<t<ty

N Z j1+(a1+a2_1)6;wg(tk,u(tk))

tr—1
0<t<ty

FAT u(t) — ST gt u(h))

(W(T) — 9 (0))""
INGD

App(t) + Aw(ﬂ)

mlplo(t) —u(t)| + A Y AUV g1y ()]

te—1
0<t<ty

($(T) — (0))"~ (

g Y et DB g () — u(tk>|) F AT [o(t) — u(t)] + LI T Jo(t) — u(t)]

o<t<ty

By Lemma 2.9, there exists a constant M* > 0 independent of A\, ¢(t) such that
[o(t) — o) < M"p(t).

Thus, Eq.(2) is g-UHR. O

10



5. Langevin equation with nonlocal initial condition

Lemma 5.1. A function u is the solution of (3) iff u satisfies the following integral equation:

u(t) =T ((t) — (0))" (—A D s () + Y setervy(r, u(m))

i1 i=1
— AFOBVY(t) 4 Fortevg(t u(t)).

where
1

() = Ty ei ($(m) =9 (0)) "
Consider the operator Z : Ci_, — Ci—4, it is well defined and given by

(12)

(%u)(t) _ {T (sz(t) '7 ’(/J(O))’yi (*)\ 2211 Cifa%wu(n) + 27;1 jalJraz;ibg(Ti,u(Ti)))
—A\F2Vy(t) 4 Forte2ibg(t u(t))

Consider the ball B, = {u €Ciyy: ||u||cl_7 . S 7“}. Set g(t) = g(¢,0) and

B QT2 - arraz g
_WQTZQ 7i) = B(0) T ((8) — (0) T )llwlw

Now we subdivide the operator Z into two operator #Z; and % on B, as follows

(Zru)(t) =T ((t) — ¥(0))"" ( AZC I u(r) + Z Fore “’9(%&(%))) ;

=1 =1
and

(Zou)(t) = f)\fo‘z‘wu(t) + ﬂaﬁa”d’g(t,u(t)).
Lemma 5.2. The operator %1u+ %s0 € B,. .

Proof.

\(%ﬁu(t) + 30(t)) () — $(0)' 7|

S 77a2 <|T| ch z ))a2+7,1 + (w(t) - 1/}(0))042>

* %W ('T' ,Z ((7) = p(0) ™ T2 4 (1) — w(@)“*‘”)] r

+ ’W (mZQ 7i) — () T 4 (p() —wm»“*”) lale, .,
< pr—+w.

Lemma 5.3. The operator %, is a contration mapping.

11



Proof.

|(1u(t) + Zr0(1)) (¥ () - ¥(0)'
By, + az)

<1113 (A ) — w0 BT 0t = g0 el

The operator #; is contraction mapping due to hypothesis [H6]. ]
Lemma 5.4. The operator %5 is compact and continuous.

Proof. First we show that the operator %5 is uniformly bounded.

B(y, a2) azfr—
1%, , < Tjwm—wm)) e,
B(’Y» o1+ 042) altaz =
T Fan @O = e (G, + l8le,,,)

Next, we verify the compactness of operator %Zs.
|(Zou(tr) + Zou(tz))] < AI =Y Ju(tr) — u(ta)| + L= gt u(t)) — o(t2, u(t2))|

tending to zero as t; — to. Thus % is equicontinuous. Hence, the operator %5 is compact on B,
by Theorem 2.15. O

Theorem 5.5. Assume that [H1] and [H6] are satisfied. Then, Eq. (3) has at most one solution.

Proof. In Lemma 5.2 - Lemma 5.4 all the conditions of Theorem 2.13 are verified and thus by the

Theorem 2.13 nonlocal problem (3) is the unique solution. O

Definition 5.6. The Eq. (3) is g-UHR stable with respect to ¢ € Ci_.y if there exists a real
number Cf o, > 0 such that for each solution v € C1_, y of the inequality (9) there exists a solution
ue€ Ci_yy of Eq. (3) with

[0(t) = u(t)] < Cypipld).

Theorem 5.7. The hypotheses [H1] hold. Then Eq. (3) is g-UHR stable.
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