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Abstract

The identities of Choi, Lee, and Srivastava imply a formula proposed by Wilf. We show that these identities are
immediate consequences of the well-known product formulas for the sine function and the cosine function. Moreover,
we prove a generalization.
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1 Introduction
Herbert S. Wilf [1] proposed in the problem section of The American Mathematical Monthly to prove the identity
T T T 1 1
h(—):—” k(14 24— ), 1
cosh { 3 5¢ kl;[le +k+2k2 (1)

where 7 denotes the Euler-Mascheroni constant. In the following there appeared several proofs ([2], cf. [3, 4]). Chen
and Paris [5, Theorem 1] gave explicit expressions for infinite products of the form
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k=1
where p1, -+ ,pm € C and m is any positive integer (see also [6]). Choi, Lee, and Srivastava [7] derived the following
generalization
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Recently, C. Herndndez-Aguilar, J. Lépez-Bonilla, and R. Lépez-Vazquez [8], proved the latter identities [8, Eqgs. (3)
and (2)] using a certain relation involving an infinite product and the gamma function [8, Eq. (4)]. In this note we
show that these identities are immediate consequences of the well-known product formulas

sin (2) = 7z H (1 - ) , cos (mz) = ﬁ (1 - (2:221)2> (3)

k=1
for the sine function and the cosine function, respectively. Moreover, we derive the following generalization.

Theorem 1 Forr € N and z € C, the hyperbolic functions possess the representations
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In the special case r = 1 the formulas reduce to the identities (2), which are valid also in the cases z = +i and
z = +i/2, respectively. For z = 1/2, we obtain
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Wilf’s formula (1) is the special case r = 1.

2 Proof of Theorem 1

The product representation (3) of sine implies

sinh (72) = —isin (irz) = w2 lim f, (2),
n—oo
where
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Furthermore,
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with positive reals v, tending to lim,,_, . v, = 7. Hence,
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The limit letting n — oo leads to the first formula of the theorem.
Analogously, the product representation (3) of cosine implies

cosh (7z) = cos (imz) = lim g, (2),
n—oo

where
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as n — oo, since it is well-known (see, e.g., [9, (6.1.46)]), that

I'(n+1)
H 71/2 T2 w19

~ /T (n — 00).

This completes the proof.

Conclusion
The above note presents a generalization of the identities by Choi, Lee, and Srivastava. We show that these identities

are immediate consequences of the well-known product formulas for the sine function and the cosine function. They
imply a formula proposed by Herbert S. Wilf.
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