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Abstract

The main aim of this paper is to investigate the stability, global attractivity and periodic nature of the solutions of
the difference equations

bxy—1Tp—2

Tpnt+1 = ATp—1 £ , n=0,1,2,...,

Cry_g £ dt,_4
where the initial conditions x_4, z_3 ,x_2, £_1 and x( are arbitrary positive real numbers and a, b, ¢, d are constants.
Keywords: Difference Equation, Stability, Global attractor, Boundedness, Periodicity.

Mathematics Subject Classification: 39A10.

1 Introduction

Recently, studying the qualitative behavior of difference equations and systems is a topic of a great interest. Appli-
cations of discrete dynamical systems and difference equations have appeared recently in many areas such as ecology,
population dynamics, statistical problems, number theory, geometry,genetics in biology,and psychology. Although dif-
ference equations come into view simple in form,it is quite difficult to know thoroughly the behaviour of their solutions
because some model for the development of the basic theory of the global behavior of difference equations come from
the results of rational difference equations. More results on the qualitative behaivor of difference equations can be
obtained in [9-21].

Almatrafi et al. [1] has explored the stability, boundedness and other properties of the following difference equation
2

n—1

.
az? + BxnTn—1 +yT2_4

bx% + ctpTp—1 + dz

Tpt1 = ATy +

In [2], Abo-Zeid studied the global behavior of higher order rational difference equation

Axn—k

& .
B - CH.’ETL,,L
=0

Tn41 =

Andruch [3] has got the solution of the difference equation

azr,
Tpp1 = ———— .
b+ cxprn—1

Din and Elsayed [4] investigated the stability analysis of ecological model
Tntl = O+ BTy +YTp—1€6 7", Yp—1 =0+ €Yn + (Yn—18 ™.

Elabbasy et al. [5] studied the difference equation
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ALy

% .
ﬁ + ’nynfi

=0

Tp+1 =

In [6] Elsayed and Abdul Khaliq studied the global attractivity and periodicity behavior of difference equation

T az + bxn—k: + CTp—s
1= —1
n " d+ ex,—_t

Gibbons et al. [7] investigated the qualitative behavior of solution of the difference equation

a+ anfl

Tn41 = otz
n

Hamza et al. [8] studied the asymptotic stability of the nonnegative equilibrium point of the difference equation
A.’En,1
Tn1 = &
B+ C| |zn—2i
i=l
In this paper, we investigated the dynamics and the form of the solutions of some nonlinear difference equations of

order five as follows:

bxn—lzn—Q

Tn41 = ATp—1 + ) 712071,2,...,

CTp—o T dTp_4
with initial conditions x_4, z_3 ,x_9, x_1 and z( are arbitrary positive real numbers and a, b, ¢, d are constants.
Here, we will review some of the definitions and theorems used in solving special cases of difference equations.

Definition 1.1. Let I be some interval of real numbers and let

F.It 1,
be a continuously differentiable function. Then for every set of initial condition x_, x_g4+1, ..., o € I, the difference
equation
Tnt1 = F(Tp, X1, Tng, e, Tn—), n=0,1,.., (1)

has a unique solution {z,}>° .

Definition 1.2. A point T € I is called an equilibrium point of Eq.(1) if

7= F(z),
that is,

Tp =T forall n>—k.
is a solution of Eq.(1), or equivalently, T is a fixed point of F.
Definition 1.3. A sequence {z,}5° _, is said to be periodic with period p if x4, = x, for all n > —k.
Definition 1.4. (Fibonacci sequence)

The sequence {F,,, },°_, = {1,1,2,3,5,8, ...} that is F},, = F,_1+Fy,—2, m > 0, F_y = —1, F_; = 1is called Fibonacci
sequence.

Definition 1.5. (Stability)
Let z* be an equilibrium point of Eq.(1).
(i) The equilibrium point T of Eq.(1) is called locally stable if for every ¢ > 0, there exists
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d > 0 such that for all {z,,}7° . is a solution of Eq.(1) with

|£L',k —f| + \xl,k —f| + ...+ |IEO —f| < (5,
then

|z, —Z| <e  for all n > 0.
(ii) The equilibrium point T of Eq.(1) is called locally asymptotically stable if it is locally stable, and if there
exists v > 0 such that if {z,}° _, is a solution of Eq.(1) with
|v—p —Z| + |T—gs1 — T + ... + |0 — T| < 7,

then

lim z,=T7.
n——0o0

(iii) The equilibrium point Z of Eq.(1) is called a global attractor if for every solution {z,}5° _, of Eq.(1) we have

lm z, =7
n——0o0

(iv) The equilibrium point Z of Eq.(1) is called globally asymptotically stable if it is locally stable and global
attractor of Eq.(1).

(v) The equilibrium point T of Eq.(1) is called unstable if T is not locally stable.
Linearized Stability Analysis

Suppose that the function F' is continuously differentiable in some open neighborhood of an equilibrium point x*. Let

i (Z,Z,...2) for i=0,1,..,k,

denote the partial derivatives of F'(ug,u1,....ux) evaluated at the equilibrium Z of Eq.(1).
Then the equation

Ynt1 = PoYn + P1Yn—1 + oo + PkYn—k , n=0,1,.., (2)

is called the linearized equation associated of Eq.(1) about the equilibrium point T and the equation

ML poXF — = p_i A —pp =0, (3)

is called the characteristic equation of Eq.(2) about Z.

The following result known as the Linear Stability Theorem is very useful in determining the local stability character
of the equilibrium point T of Eq.(1).

Theorem A. [33] Assume that pg, po, ..., pr are real numbers such that

Ipo| + |p1| + - + |p| < 1,

or

k
Z|Pz| <L
i=1

Then all roots of Eq.(3) lie inside the unit disk.

Theorem B [29]: Let g : [p, /""" — [p, ¢] be a continuous function, where p and ¢ are real numbers with p < ¢, and
consider the following equation:
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Tnt1 = 9(Tn, Tn1, -+ Tn—k) n=0,1,2.... (4)
Suppose that g satisfies the following conditions:

(a) g(x1, 22, ...,Tk+1) is non-increasing in one component (for example x,) for each z,.(r # o) in [«, 8], and is non-
increasing in the remaining components for each z, € [«, 5];

(b) If (m, M) € [a, 8] X [ev, 8] is a solution of the system
M =g(m,m,...m,M,m,..m,m) and m =g(M,M,.... M, m,M,.... M, M),

then
m = M.

Then Eq.(4) has a unique equilibrium T € [a, 8] and every solution of Eq.(4) converges to T.

o . _ bxnflxn72
2 Dynamics of the Equation z,,; = az,_1 + P a—

In this section, we study the some qualitative behavior properties for the recursive equation in the form:

by —1Tp—2

(5)

where the initial values z_4, x_3, _2, x_1 and xg are arbitrary positive real numbers. Also, a, b, ¢, d are
constants.

Tn4+1 = ATp—1 + )
CTp_g +dTn_y4

2.1 Local Stability of the Equilibrium Point

In this part we obtain the local stability character of the solution of Eq.(5) when a, b, ¢ and d are positive real
numbers.

Equation (5) has a unique equilibrium point and is given by
bz?
T +dz’

T =aT +

or

72(1 — a)(c + d) = bz,
if (1 —a)(c+ d) # b, then the unique equilibrium point is Z = 0.
Let f: (0,00)® — (0,00) be a function defined by

buv
F —
(u,v,w) = au+ p——
Then it follows that,
b bd —bd
F.(u,v,w) =a Y , Fy(u,v,w) = ue 5> Fu(u,v,w) = ue 5
cv + dw (cv + dw) (cv + dw)
we see that
b bd —bd
Fu 77777 = + b) FU 777 x = b w 77777 =
s e g MERD = MERD =

The linearized equation about T is

Yn+1 — (a + cid) Yn—1— <(0Td)2> Yn—2 — <(erb;l)2> Yn—a = 0. (6)

Theorem 1. Suppose that
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b(c+3d) < (1—a)(c+d)>.
Then the equilibrium point of Eq.(5) is locally asymptotically stable.
Proof. It is following by Theorem A that Eq.(6) is asymptotically stable if

SPRRLENN B UL D M
c+d (c+d)? (c+ d)? ’
or
bc + 3bd
72<7
(c+d)
and

b(c+3d) < (1—a)(c+d)?

The proof is complete.

2.2 Global Attractor of the Equilibrium Point of Eq.(5)
Theorem 2. The equilibrium point Z of Eq.(5) is global attractor if (1 — a) (¢ + d) # b.

. b
Proof. Let p, q are real numbers and suppose that g : [p, q}d — [p, g] be function defined by g(u,v,w) = au+ e

v+ dw’

then we can easily see that the function g(u,v,w) increasing in u,v and decreasing in w.
Suppose that (m, M) is a solution of the system
M=g(M,M,m) and m=g(m,m,M).
Then from Eq. (5) , we see that

bM? bm?

M=aM+ ——M = -
“ +cM+dm’ m am+cm+dM’

or

M?c(1 —a) + Mmd(1 — a) = bM?, m?*c(1 — a) + Mmd(1 — a) = bm?.

Subtracting we have

(M? —m?) {c(1 —a)—b} =0, c(l—a)#b.
Then
M =m.

Therefore by Theorem B that T is a global attractor of Eq.(5) and then the proof is complete.

2.3 Boundedness of Solution of Eq.(5)

b
Theorem 3. Every solution of Eq.(5) is bounded if (a + ) <1.
c
Proof. Let {z,}52_, be a solution of Eq.(5). Then from Eq.(5) we see that

bxn—lxn—2 bxn—lmn—2 b
Tpnt1 =0Tp1+————— S arp 1+ —————— = |a+ — | Tp-1.
CTp—9 + dTp_4 CTp—2 c

b
Then if (a + ) <1, we get
c

Tpy1 < XTp—1, forall n>0.

Then the sequence {z,,}22; is decreasing and so are bounded from above by M = max{z_4,2_35,2_2,2_1,Z¢}.
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Tn—1Tn—2

2.4 Solutions of the Equation z, 11 =z, 1 + - EPw—

In this part, we obtain the solution of the recursive equation in the form:

Tn—1Tn—2
Tn+l = Tn-1+ I (7)
n—2 n—4

where the initial values z_4, x_3, x_2, x_1 and x( are arbitrary non zero real numbers.

Theorem 4. Let {z,}>2_, be a solution of difference equation (7). Then for n =0,1, ...

Ten—4 = S H

(F4z+3k + Fyiyop) (Faig1r + Fuis
N pH EF41+17€ + Fu;p) (Faiqsr + Fuiqpas

" (

-5 (

) (Fait1h + Fyr)
Fyiyok + Fuipap) (Fair + Fai—15)

)

)

Fyh + Fyi_qr)’

3

(

(

(Faivsh + Fuiqor
Fuik 4+ Fyi—1p) (Faiyor + Fuiy15) (Faivoh + Faipar

n—

Fuiysk + Fuiyop) (Faipsr + Fuivas) (Faip1h + Fyr
Fiivok + Fuig1p) (Faigar + Faig3s) (Fyih + Fyy_ar

Ten—2 =

)

- _ kH (Faiysk + Fyiyap) (Faipsr + Fiiyos) (Fuipsh + Fyior)
6n—1 ’
(F4i+4k + Fyiy3p) (Faiyor + Faip15) (Faipoh + Fay—q17)

o = hH (F4z+3k + Fyitop) (Faiysrt + Faitas) (Faivsh + Faipar)
" (F41+2k + Fyiy1p) (Faigar + Fuitss) (Faiyah + Fyiqar)’

r—s 4i+5 4i+4+4P 45477 4i4+6S 4343 45427
k(2 )H(F k + Fyiyap) (Faisrr + Faives) (Faipsh + Fiigor)

Ten = )
ontt r+so o5 (Faivak + Fyiysp) (Faiver + Fairss) (Faivoh + Faipar)

where z_4 =s,x_3=p,x_os=r,x_1 =k and xg = h.

Proof. For n = 0, the result holds. Now, assume that n > 0 and that our assumption holds for n — 1. That is,

. » - (Fajprk + Fuip) (Faivsr + Fair28) (Fairsh + Faiyor)
on=? =t (Faik + Fay1p) (Faiyar + Fiiy1s) (Fagoh + Faiar)’

P Tnl_f (Fritsk + Fiiyop) (Faiyst + Fuiyas) (Faip1h + Fur)
" Fins (Faivok + Faiy1p) (Faigpar + Fuigrss) (Faih + Fyqr)’

. _ kH (Faitsk + Fairap) (Faivsr + Fuizos) (Faivsh + Faiqor)
on=T (Faivak + Fuiysp) (Faiyor + Fuit18) (Faipoh + Faioqar)’

n— 2
(Fyivsk + Faiyop) (Faivst + Faiyas) (Faipsh + Faiqpar)
Ton—6 = hH

(Faivok + Fyig1p) (Faigpar + Faizss) (Fuigah + Faipar)’

n—2
. _kQ@r+s) 11 (Faitsk + Faivap) (Faiprr + Faives) (Faitsh + Faiyor)
on=? r+s b (Faivak + Fuisp) (Faiver + Fairss) (Faivoh + Fagar)

Now, it follows from Eq. (7) that
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Ten—6Len—7
T6n—7 T Ten—9

Ten—T7
Ton—6 |1+ —"7"—
T6n—7 T Ten—9

T6n—4 = T6n—6 1

k H (Faiysk+Faiyap)(Fait3r+Faiy25)(Faitsh+Faiqar)
(Faiyak+Fuip3p)(Faigor+Faip18)(Faipoh+Fai_4a17m)

=Zen—6 | 1 +

k H (Faigsk+Fyipap)(Faipar+Fuizos)(Faiyzh+Fyiqpor)
(Faiyak+Fait3p)(Faitor+Faip15)(Faiyoh+Fai1ar)

+ H (Faiy1k+Fuip)(Faiqsr+Fuiyos)(Faiyzh+Fyiqor)
p (Faik+Fai—1D)(Faiy2r+Faip18)(Faitoh+Faiy1m)

n—2
k H (Faiysk+Faitap)
(Faitak+Fait3p)

1=0

kH (Faiysk+Faiyap) + H (Faiy1k+Faip)
(Faiyak+Fuiysp) (Faik+Fai_1p)

k

= Ten-6 | 1+

n—2
k+ H (Faiy1k+Faip) (Faiyak+Faiq3p)
p (Faivsk+Faitap) (Faik+Fai—1p)

1 Fyy_sk + Fup_
=Zen—6 | 1+ 4n—3K + Iy 41?)

= ZTen—6 | 1 +
Fin ok T Fay5p ( Fin—ok + Fin_
1+ Fyn_3k+Fin_4p n=2 An=3P

. Fyp_1k + Fypn_op
=6\ Fan_ok + Fan_sp

n—2

— hH (Faiy3k+Faiyop)(Faitsr+Faiyas)(Faitsh+Faipar) ( Fan_1k+Fun_2p
(Faitok+Fuiip10)(Faitar+Faiy3s)(Faitah+Fai437) \ Fan—2k+Fin_3p

Consequently, we have

_ oty (Faitsk + Faiyop) (Faiprr + Fuis) (Faip1h + Fyr)
Ten—4 = SH

5 (Faivok + Fyis1p) (Fair + Fai—18) (Fah + Fii_qr)’

Similarly,
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L6n—5L6n—6
T6n—6 T Ten—s

T6n—6
= Ten—>5 1+ —
T6n—6 T Ten—s

h H (Faitsh+Faiyar)
(Fritah+Fai13r)

Tn—3 = T6n—5 1

=Zen—s | 1+ ——

hH(F41+5h+F4z+4T +r H (Faiy1h+Fyr)
(Faitah+Faiqar) (Faih+Fyi_17)

h

=Zen-5 | 1+

n—2
h+r (Fait1h+Fair) (Faiyah+Faiqpsr)
(Faitsh+Fyipar) (Fah+Fyir)

1=0

1
= T6n-5 (1 + 1+ Fup_sh+F4, _sr
Fan_3h+Fyn_ar

F4n—3h + F4n—4T
= Zen—5 | 1 +
F4n72h + F4n737ﬂ

Fy1h+ Fdy_or
= Tgn—
=5\ Fun_oh + Fin_ar

k(2 i

_ (2r +s) H (Faitsk+Faitap)(Fait7r+Faites)(FaiyshtFaiyor) ((Fan1h4+Fdn or
r+s (Faitak+Fai13p)(Faiter+Faiyss)(Faitoh+Fait1r) \ Fan—ah+Fan_37

=0

Then

nl

Ton s = pH (Fyig1k + Fyip) (Faiysr + Fiitos) (Faivsh + Faipor)
" (Faik + Fai—1p) (Faigor + Fuiy18) (Faigoh + Faqar)

Similarly, other relations can be obtaln and thus, the proof has been proved.

. . D12
3 Dynamics of the Equation 7, = ar,_; + —=~1=2

CTp—2—dTp_4
In this part, we examine the following equation

bxn—lxn—Z

(8)

where the initial conditions z_4,z_3, *_2, x_1 and xy are arbitrary positive real numbers and a, b, ¢, d are
constants.

Tn+1 = QGTp—1 + g — dx 4a
n— n—

3.1 Local Stability of the Equilibrium Point

In this part we obtain the local stability character of the solution of Eq.(8) when a, b, ¢ and d are positive real
numbers.

Equation (8) has a unique equilibrium point and is given by
bz?

cx —dz’

T =ax +

or

7%(1 — a)(c — d) = bz,
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if (1 —a)(c—d) # b, then the unique equilibrium point is T = 0.
Let F: (0,00)% — (0,00) be a function defined by

buv
F = .
(u,v,w) = au + po——
Then it follows that,
bv —bduw bduv
F(u,v,w) =a+ , Fy(u,v,w) = ———m, Fy(u,v,w) = ——
ul ) cv — dw ol ) (cv — dw)? l ) (cv — dw)?
we see that
b —bd bd
Fu 7’ 777 = ) FU b b = b Fw 7’ 7)7 =
(T, T,7) a—l—c_d (Z,Z,T) a7 (Z,T,7) e

The linearized equation about T is

N A A A I W
Yn+1 a c—d Yn—1 (C—d)2 Yn—2 (C—d)2 Yn—a = V.

Theorem 5. Suppose that
b(c+d) <(1—a)(c—d)?  when c¢>d.

b(3d—c) < (1 —a)(d—c)?, when c¢<d.
Then the equilibrium point of Eq.(8) is locally asymptotically stable.
Proof. It is followed by Theorem A that Eq.(9) is asymptotically stable if

at LN [ L
c—d (c—d)? (c—d)? ’
or
n b 2bd 1
P (c—d)? ’
and when ¢ > d, we see that
b 2bd
1- 1-— —d)?
p— (c—d)2< a =blc+d)<(l-a)(c—ad)
and when ¢ < d, we see that
b 2bd
—_— <1 — 1-— —0)%
d—c+(d—c)2< a =bBd—c)<(1—-a)d-c)

The proof is completed.

3.2 Global Attractor of the Equilibrium Point of Eq.(8)
Theorem 6. The equilibrium point Z of Eq.(8) is global attractor if (1 —a) (¢ — d) # b.

Proof. Let p.q are real numbers and suppose that g : [p, q]3 — [p, ¢] be function defined by g(u,v,w) = au +

then we can easily see that the function g(u,v,w) has two cases
(i) The function g(u,v,w) increasing in u,w and decreasing in v.
Suppose that (m, M) is a solution of the system

M=gM,m,M) and m=g(m,M,m).
Then from Eq.(8) , we see that
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bMm b M
M: M _— = _—
@ +cm—dM’ m am+cM—dm’

or

Mmc(l —a) — M?d(1 — a) = bMm, Mmc(1 —a) —m?d(1 — a) = bmM.

Subtracting we have

d(1—a)(M? —m?) =0, d(1 —a) #0.
Then

M =m.

(ii) The function g(u, v, w) increasing in w and decreasing in u, v. Suppose that (m, M) is a solution of the system

M=g(m,m,M) and m=g(M,M,m).
Then from Eq.(8), we see that

bm? bM?

M: —_— = M —_—
am+cm—dM’ m=a +cM—dm’

or
Mm(c + ad) — M?*d — m*ac = bm?, Mm(c+ ad) — m*d — M?ac = bM>.
Subtracting we have

(m* — M?) (d — (ac+1b)) =0, d—(ac+0b)#0
Then

M =m.
Therefore by Theorem B that T is a global attractor of Eq.(8) and then the proof is complete.

Tn—1Tn—2
Tn—-2—Tn—4

3.3 Solutions of the Equation z,,1 = 2,1 +

Theorem 7. Suppose {z,}>> _, be a solution of difference equation z,, 11 = z,,_1+ % withz_4 # x_9, 2_3 #
T_1, Tg 7# —2. Then for n =0,1, ...

(F2n+1k - F2n71}?) (F2n7” - F2n723) (Fth - F2n727')

Ten—4 = r (k‘ — p) )
. _ (Fopk — Fon_op) (Fopi1m — Fon—15) (Fapy1h — Fapq1)
6n—3 (’F — 5) (h — 7’) )
. _ (Fopy1k — Fop_1p) (Fonyor — Faps) (Fanh — Fop_or)
6n—2 r (k — p) )
" _ (F2n+2k - F2np) (F2n+17" - F2n715) (F2n+1h - F2n717”)
on=t (r—s)(h—r) ’
S (Fopy1k — Fop_1p) (Fanyor — Fays) (Fonyoh — Faur)
o r(k—p) ’
_ (Fangok — Foup) (Fony3r — Fong18) (Fangih — Foyq7)
Ten+1 — )
(r—s)(h—r)

where z_4 =3, x_3=p, o =71, x_1 =k and x¢g = h.

Proof. For n = 0 the result holds. Now assume that n > 0 and that assumption holds for n — 1. That is,
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(Fan—2k — Fap_ap) (Fon—17 — Fap_35) (Fan—1h — Fap_37)

Ten—9 = (T*S) (h*?") P
- _ (Fon—1k — Fop_3p) (Fonr — Fan—28) (Fap_oh — Fop_4r)
6n—8 r (k — p) )

(Fonk — Fop_op) (Fon—17 — Fan—38) (Fop—1h — Faop_37)

Hon—1 = (r—s) (h—r) ’
~ (Fon—1k — Foy_3p) (Fonr — Fop—25) (Fanh — Fay—ar)
Ten—6 — )
r(k—p)
_ (Fank — Fop_2p) (Fony17 — Fan_18) (Fan_1h — Fay_37)
Ten—5 =

(r—s)(h—r)
Now, it follows from Eq. (8) that

_ Ten—6L6n—7
Len—4 = L6n—6 +
LTen—7 — L6n—9

Ten—17
s (1 e )
Ten—7 — L6n—9

(Fonk—Fon—2p)(Fon_17—F2n—35)(Fan—1h—Fan_3r1)
(r—s)(h—r)
(Fonk—Fon—2p)(Fon—17—Fon—35)(Fon—1h—Fan_37)
(r—s)(h—r)

_ (Fon—2k—Fan_ap)(Fon_17—Fon_35)(Fan—1h—Fan_31)

(r—s)(h—r)

— ens <1 n Fopk — Fop_ap )
Fonk — Fon_op — (Fan—2k — Fay_4p)
Fonk — Fop_op )
Fop 1k — Fop_3p
_ (Pan—1k—Fan_3p) (Fanr—Fan_25) (Fanh—Fan_o7) <F2n+1/€ - F2n1p>
r(k=p) Fopn 1k —Fap_3p)’

=Ten-6 | 1+

= T6n—6 (1 +

Consequently, we have

(Font1k — Fop_1p) (Fonr — Fap—28) (Faph — Fap_or)

Ten_a = .
6n—4 r (k‘ — p)
Also, from Eq. (8) we see that
T6n—5T6n— Ten—
. i . (1 N M)
Tén—6 — L6n—-8 Tén—6 — L6n—8

(Fon—1k—Fan_3p)(Fanr—Fopn_25)(Fanh—Fa,_a7)

— r(k—p)
= Ten—s [ 1+ (Fon—1k—Fan_3p)(FanT—Fon—25)(Fanh—Fan_21)

r(k—p)
_ (Fon—1k—Fan_3p)(Fanr—Fan_28)(Fon_2h—Fan_4a7)

r(k—p)
Foph — Fop_or
e > ( + Fth - F2n—27' - (F2n—2h - F2n—4r)
Foph — Fop_or )
=Zgn_5 |1+
on=s ( Fop_1h — Foy_ar

_ (Fonk—Fon_op)(Fong17—Fon_15)(Fan_1h—Fan_sr) <F2n+1h — F2n17“>
(r=s)(h=r) Fyp_1h—Fon_3r)’

therefore
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. . (Fonk — Fon_op) (Fopni1r — Fon—15) (Fapy1h — Fop_qr)
6n=3 (r—s)(h—r)

Similarly, other relations can be obtain and thus, the proof has been proved.

The following cases can be proved by similar way so it will be left to the readers.

. . _ . b$n71$n72
4 Dynamics of Solution of z,, .1 = ax,, 4 P —
In this section, we get the expressions of the solution of the difference equation in the form:

brp_12n—2

—, n=0,1,..
cxn,2+dxn,4’ 3 Ly eeey

Tn+1 = AGTnp—1 —

where the initial conditions z_4,x_3, x_2, ©_1 and zy are arbitrary real numbers.

4.1 Local Stability of the Equilibrium Point

In this part, we study the local stability character of the solution of Eq.(10) .
Eq.(10) has a unique equilibrium point and is given by Z = 0.

Let F': (0,00)% — (0,00) be a function defined by

buv
Ja — qu —
(u,v,w) = au p——
Then it follows that,
b —bd bd
Fu(u,v,w):a—iv, Fv(u7v,w):7uu]2, Fyp(u,v,w) = uo
cv + dw (cv + dw) (cv + dw)
we see that
b —bd bd
F’u 73777 = - 9 F’U 3 Ly = Fw 77777 =
EED =0 Ly RETRD= 0 RERD=

The linearized equation about T is

B R B _ (b —0
Yn+1 c+d Yn—1 (c+d)2 Yn—2 (C+d)2 Yn—q = U.

Theorem 8. Suppose that

2bd
;<1
c+d)
Then the equilibrium point of Eq.(10) is locally asymptotically stable.

. b
c+d

’+<

4.2 Global Attractor of the Equilibrium Point of Eq.(10)
Theorem 9. The equilibrium point Z of Eq. (10) is global attractor if (1 —a) (¢ + d) # —b.
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Tn—1Tn—2

4.3 Solutions of the Equation 7, =z, 1 — ; EPw—

Theorem 10. Let {z,,};2_, be a solution of the difference equation ;1 = 2,1 — 3 *=2=*-. Then for n = 0,1, ...

Foik + Foi11p) (Fais1r + Faizos) (Faigp1h + Faiqor)’

n—1

Ten_2 = TH (Faik + Foip1p) (Faip1r + Faiqos) (
" (F2i+1k + F2i+2p) (F2i+ZT + F2i+33)
)
)

n—1
Cena = SH (Faik + Foiy1p) (Foi—1r + Fois) (Fai—1h + Far)
" 5 (Foivrk + Foppop) (Foir + Faigas) (Faih + Faigar)’
T (Busik + Fop) (Fair + Foiis) (Foih + Foigar)
Ten—3 = pH ( )(
i=0
)

Fyi_1h + Fy;r)

iy Foih + Faigar)’

n—1

(
kH (Foip1k + Faitop) (Foir + Foiya8) (Foih + Fojyar)
g (Foivak + Faigsp) (Faipar + Faiyas) (Faivrh + Faigor)’

Ten—1 =

n—1

o = hH (Foik + Foip1p) (Foivar + Faitos) (Faip1h + Faiqar)
T (Paisik + Fairop) (Faivar + Faisss) (Frirah + Faiysr)’

Ty = ks ﬁ (Faip1k + Faiyop) (Foigor + Faiyss) (Faih + Fipar)
T ts) 5 (Foivok + Foig3p) (Foigar + Foivas) (Faivah + Fapyar)

bxn71$n72

5 Dynamics of Solution of z,,1 = ar, 1 — i

In this part, we obtain the form of solution of the following difference equation

bxn—lxn—Q
Tyl = ATy — ———""2 o =0,1,..., (11)
CTp—2 — dTp_4

where the initial conditions z_4, x_3, x_2, x_1 and x( are arbitrary non zero real numbers.

5.1 Local Stability of the Equilibrium Point
In this part, we obtain the local stability character of the solution of Eq. (11). Eq.(11) has a unique equilibrium point
isT =0.

Let F: (0,00)% — (0,00) be a function defined by

buv
F =au —
Then it follows that,
b bd —bd
Fu 777a7 =a—- ) F’U 77777 = ) Fw 77777 =
(Z,7,7) =a p— (z,7,7) Y (Z,7,7) EIE
Theorem 11. Suppose that
’ b ' n 2bd <1
a— .
c—d|  (c—d)’

Then the equilibrium point is locally asymptotically stable.

5.2 Global Attractor of the Equilibrium Point of Eq.(11)
Theorem 12. The equilibrium point T of Eq.(11) is global attractor if (1 — a) (¢ — d) # —b.
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5.3 Solutions of the Equation z,,, = z,,_; — —2=1"=2

Tn—2—Tn—4

Theorem 13. Suppose that {z,}52 _, be a solution of Eq.(11) with (e =b=c=d=1), 2 s #x_4 x_1 #2_3 and
T # x_2. Then every solution of Eq.(11) is periodic with period 36. Moreover {z,} - _, takes the form

——ks —hp ksr —hp rs(k—p) —p(r—s)(h—r)
B el B o [ e e e U= R e
r*(k—p) —k(r—s)(h—r) hr(k—p) ks(h—r) —hpr —ks —hp 5. —
e R ) B e R D T B e A e
—r, —k, —h ks _hp —krs hp(r—s) —rs(k—p) p(r—=s)(h—r) —r-(k—p)

K )(}; rf)s’ k;p(’k(r;)s)(h%rz}; rSk:fp) ’h('rfs)(hfl:)’ r(k—p) 7 (r—s)(h—r)>’
r—s)(h—r) —hr(k— —ks(h— pr ks _hp_
r(k—p) 7 (r—s)(h—r)’ r(k—p) ’ (r—s)(h—r)’ k—p’ h—r’ 5P, k’ h’

6 Numerical Examples

To verify the results of this paper, we consider some numerical examples as follows.

Example 1. In Figure 1, we take Eq.(5) sincea=.1,0=.3, ¢=.6,d=.5, x4 =2, 2_3=.6,x_9=.7, 21 =.3
and zg = 1.9.

plotof et im0 A2 06RO N))
I I I I I

Figure 1.

Example 2. See Figure 2, we suppose for Eq.(5) that a =2, b= .3, ¢ = .6, d=.5, z_4 =2, x_3 = .6, z_o = .7,
r_1=.3and xo = 1.9.
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; ot plot ofw(mt)= =2'w(n-1)#(0.3'x{n1' (2 0.6 'x(n-210.5(n4))
I I I I I

()
<o
T

Figure 2.

Example 3. Figure 3 shows the solutions of Eq.(8) wherea =.2,b=.3, c=.6, d=.5, 24 =2, 2_3=6,2_9 =7,
r_1 =3 and zg = 1.9.

plot of xne1)z =0.2'n-1)#(0.3"%(n1) x{1:2) (0.6'x(1:2-0.5°4(n4))
T T T T T

Figure 3.

Example 4. Figure 4 shows the behavior of Eq.(10) when we choose a =.2,b=3, c=6, d=.5, t_4 =2, x_3 = 6,
r_o=.7,x_1 =3 and zg = 1.9.
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plotof xne)= z0.2%(m-H(3x(n1) w(n2) ({21 0.5 x{n-4)
T T T T T T T

Figure 4.

Example 5. Figure 5 shows the period thirty six solutions of Eq.(11) sincea=b=c=d =1, x_4 =2, x_35 = .6,
r_9=.7,x_1 =3 and g = 0.19.

plotof xnef)z 2x(nf){(xin1) w(n-2) (2 x{n-4)
T T T T T

Figure 5.

Example 6. See Figure 6, we suppose for Eq.(11), that a=c=d=1,b=2, 24y =2, 2. 3=6,2_2=.7, 2.1 =3
and zg = 0.19.
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plot of x(n+t)= =1 (2°x(n1)x(n2) (x{n-2)-x(n4))
T T T T T T
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