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Introduction

In [1], Exton introduced twenty one complete quadruple hypergeometric functions, which he denoted by
symbols K,,K,,...,K,,. In [2], eighty three complete quadruple hypergeometric functions given by

F9,FY,...,FY were defined by Sharma and Parihar. Very recently, Bin-Saad et al. [3] introduced five new
quadruple hypergeometric functions whose names are X, X® X©® X® X® to investigate their five
Laplace integral representations which include the confluent hypergeometric function jF, , F, a Humbert

functions @,,®, and P, in their kernels, we recall these quadruple hypergeometric functions are defined by

= (&), (33)ginizp X" y" 2P U°
x(4) ’ ya ) ’ ya ’a 1a ,C,C lC !C 1X1 ,Z,U = MAAE Al p____y (11)
6 (al al 2 al al arm T y ) m,n%,qzo (Cl)m+n (Cz)p+q m' n! pl ql

S (a1)2m+2 +n+ (az)n(as) X" y” zP ut
X (ay,,,8,,8,,8,,8,,85,8,3C;,C,,C5,Cqi X, Y, Z,U) = > Lt b= L S | (1.2)
! al al a1 al al 2 al R m,n, p,q=0 (Cl)m(cz)n(cs)p(c4)q m! nl pl ql

< (a1)2m+2 +n+ (az)n(a3) X" yn z? ut
X(4) ’ ' ’ ' ’ ' ’ ! 11 ’ ! 1 Yo &y = 3 ° p____v (13)
o (8,8:,8,,8,,8,,8,,8,,8,;C;,C;,C,,C3; X, Y, Z,U) m%zo )6 mi i ol gl

S (a1)2m+2 +n+ (az)n(as) X" y” zP ut
X(A)( 1 ’ ’ 1 ’ 1a la IC lC IC !C 1X1 yyz1u): 1 £ d T T T (14)
* al al a1 al ai a1 priarTm TN m,n,Zp,:q:O (Cl)n+p(C2)m(C3)q m! n! p' ql

= (a1)2m+n+ (az)n+ (as) + X" yn zP ut
X% (a,a,,8,,8,,8,,8,,85,85:C,,C,,C4,Cq X, Y, Z,U) = E P d Pz - — (1.5)
10 (81,8,,8,,8,,8),87,83,831C1,C5,C3,C43 X, ¥, 2,U) mapo-o  (C1)m(C2)n(C3),(c,)g mi nt pt g

Here, in this paper, we aim at establishing new integral representations of Euler type for the Exton
hypergeometric functions of four variables K, K,,K,, Ky, K,,, the Sharma and Parihar hypergeometric

(4) (4)
A

functions of four variables F7 ,F4(f), F6(14) and the Lauricella function of four variables F,” in terms of the

quadruple hypergeometric functions X, X X x® x©.

2. Integral Representations of Euler-type

For our purpose, we begin by recalling Exton's hypergeometric functions of four variables K, K,,Kg, K, and
K,, defined by

< (al)m+n+p+q (az)m+n (a3)p (aA)q X" yn z° ut

Ko (8y,8,,8,,8,,8,, 8, 85, 8,5C,,C,Cy,Cp X, ¥, Z,U) = ———— @7
6(a1a1 108y, 8y, 8y, 83, 84,C1,C7,C5, Gy X Y ) m}ﬂ;ﬁ) (Cl)m(CZ)n+p+q minlplqg!

< (al)m+n+ (az) (as) (34) x™ y" zP uf
Ko (@,,2,,8,,8;,2,, 8y, 85, 8,C;,C,C;,Cyi X, ¥, 2,U) = o, D)
7(1 S 2 3 pnreTe y ) m,n,pz,q=0 (Cl)m+p(cz)n+q mlnlplql

- (al)m+n+ (@), (85), (@), x™ y' 2" ut
Ky (a,,8,,8,,8,,8,, 8,, 5, 8,;C,,C,,Cy,Cyi X, Y, Z,U) = Ty o @3)
8(8,3,8;,8,,8,, 8y, 85, 3,;C;,Cy,C;,Cq3 X, Y, Z,U) m,n,pz,q=0 (Cl)m+p(c2)n(c3)q miniplql
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. (al)m n @), (@) (34) x"y" 2P u
K ] ) 1) 1 1) ) 1) ; ) 1) i) ; ) ) ) = . +p+q Al p - T 2'4
.(a,8,,a,,3,,8,,a,, 8, 8,;C;,C,,Cy,Cqsi X, Y, Z,U) m,n,pz,q=0 (Cl)m (Cz)n (Cs)mq Py olq! (2.4)
and
= (a a a,) (a q
Klo(al,al,al,al,az,az,a3,aA;Cl,Cz,C3,C4;X,y,Z,u): Z ( 1)m+n+p+q( )m+n( 3)p( 4) X" y 2’ u 2.5)

wivia @) (), (©),(e);  mintplgl’

respectively (see[1]). the Sharma's and Parihar's quadruple functions F7(4), F4(f) and Fﬁ(f) (see[2]) are given by

as follows:

< (al)m+n (aZ)p+q(a3)m+p(a4)n+q ﬁﬂﬁﬁ

F9(a,,2,,8,,8,,85,8,,85,8,C1,C,,C,Cy X, ¥, 2,U) = . @8
P YN N YA R TETITT
& (@)nny (82)(B)h 00 (@), Xy 27 U
Fi¥(a,,,,8,,8,,84,85,8,,85,C,,C,,C;,Cp X, ¥, Z,U) = e — ——— (27
41 \G1r G Gy @21 93593y Qg1 G3a b1a 20 1 &2 m,n,zp,;q:o ()m+p(02)n+q m!n!p!q!
and
= (a) (a,),(a,) (a,), x™ y" 2° u°
FO(@,,,,2,,8,,85,85,8,,841C,,C,,C;, G X, ¥, Z,U) = L T )
61 \G11 A1y Gy G2y G3 A3y Ggr 3 vy M2 Mo b m,n,zp,:qzo (Cl)m+p+q(c2)n minlplq!
Lauricella hypergeometric function of four variables F,§4) is as below (see [4])
o a a d a myhzPys
FAS“)(a,ai,az,as,a4;cl,c2,cs,c4;X,y,Z,u)= z ( )m+n+p+q (a'l)m( Z)n( S)p( 4)q X_y_Z_U_ (2.9)
m,n,p,q=0 (Cl)m (CZ)n (03)p (04)q m! n! pl ql

Now, by means of the quadruple functions X(4) X(4) X(4) X(4) X(4), we investigate some further

integral representations of Euler-type for K, K,,Kg, Ky, Ko, F(4) F4(14),F(4) and F as follows:

I(a +8,)I(c,)
I(a,)T(a,) (a) T(c, - a)

Ke(aﬂai'aiiallaZ’aZ’a3’a4;cl’czlc2lcz;X! y,Z,u) =

J‘J‘ aal 1 aaZ a1(1 ﬁ)c2 a-1

2.10
x X{(a, +ay,a, +a,,a +a,a +a,a +a,a,a,a +a,8aC,-ac;af l-a)y,af z,a(l-p)u, all-a)X) (10)
xda dfS
(Re(a,) > 0, Re(a,) > 0, Re(a) > 0, Re(c, —a) > 0);
Ke(ay,8y,a,8,,8,,8,,85,8,;C,,C;,Cy, G55 X, Y, Z,U) = F(ai)di};gal);éi))l—‘r((?)—a)
xj.f_[f (sin2a ) * (cos? " *(sin? g) *(cos? p)* 2.11)

x Xé‘”(ai+a2,al+a2,a1+az,a1+a2,a1+a2,a3,a4,a1+a2;c1,a,a,c2 —a; 1 xsin’2a, zsin®a sin? B, usin®a sin? B, 1 y sin? 2a coszﬂ)
xda df
(Re(a,) > 0, Re(a,) > 0, Re(a) > 0, Re(c, —a) > 0);
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. . _ I'(a, +2,)T(c,)T(c,)
K;(a,8,,a,8,8,,8,,8;,3,;C,,C,,C;,Cyy X, Y, Z,U) = F(al) F(az) F(a) F(b) F(Cl - a) F(CZ

LI o~ e A
x X (2 +ay,8 +2,,8 +8,8,+8,,8 +8,,8,3,,8 +8,a,¢, -a,C, —b,b; af (1—0!) xall-B)z,al-y)u, ayl-a)y)
xda dg dy

(Re(a,) > 0, Re(a,) > 0, Re(a) > 0, Re(c, —a) > 0, Re(b) > 0, Re(c, —b) > 0);

—b)

(2.12)

I'(a, +a,)T(c,)
I'(a,)(a,) T(a) T(c, - a)

Ko(an,a),8,,8,,8,,8,,85,8,;C,,C;,C;,Cy X, Y, 2,U) =

ﬂal
JI 1+awz L+ p)

2.13
@ . .ax al alu apfu ( )
xXg'| @ +8y, & +a,, 8 +8,,8 +8,38 +8,38,38,3 +8,C,C,C,—a,a; (1+a)2 ! (l+0() ’(l+a)(1+ﬂ) ’(1+a)2 (1+ﬂ)
xda df
(Re(a,) > 0,Re(a,)> 0, Re(a)>0,Re(c, —a)> 0);
I'(a, +a
KS(al'al'al’al’aZ’aZ’aS’aA;Cl’CZ'Cl'C?,;X' yl,u)zlm
2
2.14
x j: a®t (l-a) (&14)
><)(i§4)(a1_i_aZ'ai_,_aZ'ai_Ha_z'al.4_5512,55114_3_2,{;13,,';)‘4,a1-|-az;cl,cl,cs,cz;a(l—a)X,0{ Z,x u,a(l—a)y)da
(Re(a,)>0, Re(a,)>0);
. . 1"(5‘14'3-2)
Kg(al,al,al,al,az,az,a3,a4,cl,cz,cl,c3,x,y,z,u):m
1 2
xj: (e*“ )al (1—e’“ )arl 2.15)
xxé“’(a1+a2,a1+a2,a1+a2,a1+a2,a1+a2,a3,a4,a1+a2;c1,cl,c3,c2;e’“(1—e’“)x,e’“ z,e™” u,e’“(l—e’“)y) '
xda
(Re(a,)>0, Re(a, )>0);
I'la, +a
Ko(ay,ay,a,8,,8,,8,,8;,8,;C;,Cy, Cy, Cy5 X, szvu)zlm
2
2.16
x '[: ™t (l-a) (.10
x X{a, +a,,a, +a,,a +a,,a +a,,a, +a,,a,8a,,a +a,,C,C;,C,,Call—a) x,a z,a u,all-a) y)da
(Re(a,)>0, Re(a,)>0);
(3, +a,)(S-T)* (R-T)"
Ke(aila:Lla:L’ai’azva21a3!a4;C11Cz’Cs1cs;X:y’ZvU): (l—‘azai)liza()(S—)R()aﬁazl)
2
<[ (@-Rf** (s -a)*"
v (TR 2.17)

x X (a, +a,,8, +a,,a, +a,,a +a,,a +a,,a,,a,,38, +a, C, C;,C,Cy; 4 X, 4,2, Lu, 4y )da
A:(S—T)(R—T)(a—R)(S—a) 1 (S—T)(a—R)]
(S-R) (@-TY "7 (s-R)(@-T))’

(Re(a,)>0, Re(a,)>0,T <R<S);
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I'(a, +a
Klo(avavaval’az'azaa3’a4;C11027cavC4;Xv Y, Z,U) 21—(231—(8_22))

2.1
X'Eaarl (1_a)a2-1 (2.18)
x X (@, +a,,8 +8,,8 +8,,8, +8,,8 +8,8,8,,8 +8,0,C,C,,Cal-a)x,a z,au,all-a) y)da
(Re(a,) >0, Re(a,)>0);
Ia, +a,)1+M)*
Kio(an,a,a,a,8,,8,,85,8,5€1,C,,C5,C4; X, Y, Z,U) = (ajr(aiz))l—‘((az))
1 aal—l (l_a)az—l
| e Maf
e (2.19)
x X (a, +a,,8 +8,,8 +a,,8, +a,,8, +a,,3,,8,,8 +8,;C,, C3,C,,Cpi AX, 4,2, LU, 4Y )da
+M)a(l-a) (+M)a
ﬂlz—z’/’i’zzi 1
(1+Ma) (1+Ma)
(Re(a,)>0, Re(a,)>0,M > -1);
I'a, +a
F7<4)(ai,a1,az,az,a3,a4,a3,a4;cl,cz,cs,c4;x,y,z,u):F(SFG))
3
<[ @ 1-a)? (220)
x X% (a, +a,,a, +a,,8, +a,,8,,a8 +a;,8,,8,,8,,C,C,,C, C;a(l—a) x,a y,(1-a) z,u) da
(Re(a,)>0, Re(a,)>0);
2T(a, +a,)(1+M )™
F7(4)(ai,al,az,az,a3,a4,a3,a4;cl,cz,03,c4;X,y,zyu): (?(a1)33((a3) )
z (sin 2 a)af% (cos2 a)ar%
o (I+Msina)*™ oo
x X9 (a, +a,,a, +a,,8 +8,,8,,8 +8,,8,,8,,8,,C;, C,,Cy,Cps 4% A, 4Z,U )da '
1(1+M)sin? 2a (1+M)sin’a cos’
= ( - > ,/12= — '/13= — ,
1+Msin’ o) (L+Msin?q) (L+Msin?a)
(Re(a,)>0, Re(a,)>0,M > -1);
(4) . . — F(a1+a4)r(az+a3)
Foo(y,a,8,8,,85,85,8,,85C,C,,C, G, X, Y, Z,U) F(ai)l"(az)l“(az)l“(all)
<[} ™t -af g0 gy 22

X X @+ 8,08, + 8,8, + 85,8, +8,,8, + 8,8, + 85,8, + 85,8, +8,16,0,,C,, ¢ all—a) z,all- f) x, A L~ B)u, all- ) Y)
xda dB

(Re(a,)>0, (i =1,234));

I'(a, +a,)(a, +a,)
F(4) s , , y y y y , Il 1V 1 1715 = 3 3 ;
a1 (81,8y,81,8,,85,85,8,,85C1,C,C;,Cp5 X, Y, Z,U) F(ai)r(az)r(aﬁ)r(a“)

<P b-erf e e (2.23)
xXé“’(aﬁaA,aﬁaA,az+a3.a1+a4,a1+a4,az+a3,az+a3,az+a3:clycl,cz,cz;(E‘“—e‘z“)zyﬂ x (e -e*)u, 1y)
xda df

(1=l —e)
(Re(a,) >0 ( =1234));
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. _ _ __ Ta+a)r()
Fou (31,8080 8 83,80, 84, 8411 C i Y, ) = e S VR G, —a)

L e g

. (2.24)
x X (P (8 + 85,8, +8y,8, +,,8 +85,8 +85,8,,8,,8 +8,;2,8,C, ~3,C,; afl-a) x,af 2, (1-a) (1- B)u, B1- B)y)
xda df
(Re(a,)> 0, Re(a,) > 0, Re(a) > 0, Re(c, —a) > 0);
F I'(a, +2a,)r(c,)
(a1 a1 a’l aZ a3 a3 a a3 C CZ 1Y Cl X, y Z, U)— (ai)r(as)r(a)r(cl_a)
Lk ey Tﬂ)cl (2.25)
XXSA) &8, +ta,3+8,3+8,,8 +8,,8,3,8 +2,,3,¢, -3, -a,C; apx ! 22 ’ - ! “
(l+a)2(1+ﬂ) (l+a)(1+ﬂ) (1+a)(1+ﬁ) (1+0:)2
xda df
(Re(a,)>0,Re(a,)>0, Re(a)>0,Re(c, —a)>0);
Fi%(a,a,,8,,8,,8,;C,,C,,Cs,Cys X, y,z,u)=M
r(a)r(a)r,)
<[l e taf g pret (2.26)

xX®(@a+a +a,a+a +a,a+a +a,,a+a +a,a+a +a,,8,8,a+a +a,C,C,,C,CafLl-B)x, By, Bz pl-a)l-p)u)
xda df
(Re(a)>0, Re(a,)>0, Re(a,)>0);

Ma+a +a,)
I(a)r(a)r(a,)
XJ‘:J’: aal—l (1_a)az—lﬂaﬁaz—l(l_ﬂ)afl (227)
x XM (a+a, +a,a+a +a,,a+a +a,a+a+8,a+a +a,8,8,,a+a +8,,C,C,C,,Cy; afl—B)x,(1- B)z,1- B, pl-a)(@-B)y)
xda df
(Re(a) >0, Re(a,) > 0, Re(a,) > 0).

4 . .
F/i )(a,ai,az,a3,a4,C1,Cz,C3,C4,X, y,Z,U) =

Proof of the integral representations

Once substituting the series definition of the special function in each integrand and then, changing the
order of the integral and the summation, and finally taking into account the following integral representations
of the Beta function and their various associated Eulerian integrals (see, for example, [5, p. 9-11], [6, 7, Section
1.1] and [8, p. 26 and p. 86, Problem 1]), we derive each of the integral representations from (2.10) to (2.27).

[t -t dt, (Re(a)>0, Relb)>0),

B(a,b)= .
)
B(a, b) jaall a) da= j 1 e )1da
(Re(a)>0, Re(b)>0), (2.29)
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a-1

2a-1 2b-1
B(a,b)= ZJ' (siner )™ (cosa )™ da = J.W

(Re(a)> 0, Re(b)>0),

da (2.30)

8 (ab)= STV RT) fla-RIZE-a)" y, ¢ gos)

(S _ R)a+b—l

(0( T )a+b

(Re(a)> 0, Re(b)>0).

3. Special Cases

(M >-1)

(2.31)

It is easy to observe that the main results (2.10) to (2.27) gave a number integral representations of Euler-

type. In the present section, we will mention only some special cases.

Let Xx=0 in (2.10), (2.12), (2.14), (2.20), (2.22) and (2.24), we get the following integral representations

involving triple hypergeometric functions:

T(a, +3,)T(c,)
I'(a,)I(a,) (@) I(
x X,(a, +a,,85,a,;8,¢c, —a;af (l-a)y,afz,a (1-p)u)da df
(Re(a,)>0, Re(a,)> 0, Re(a)> 0, Re(c, —a) > 0);

3 T
Fé)(al,az,as,a4,cz,y,z,u)=

Fs (al'al’al’a3’a2’a4;cl’c2’c2;Z'y!u) = F(a ~a )F(Cl)r(CZ)

L b et e gy

(3.1

I'(a,)T(a,) (@) (b)T'(c, ~a) I(c, -b)
J‘J‘J‘ aal—l 1 0{ a2 a— 1(1 ﬂ)c1 a-1 71; 1(1 y)cz -b-1

xxs(a1+a2,a3,a4,b,cl ,—biayl-a)y,al-B)z,a(@-y)u)da dB dy
(Re(a,) >0, Re(a, ) >0, Re( )>o Re(c, —a) >0, Re(b) > 0, Re(c, —b)> 0);

F(a1+a2) 1 a,-1
—=——= | a* l-a)?
Majr(a) » @ %)
Xq(a, +a,,a,,a,:C,,¢,,C;all-a) y,a z,a u)da

(Re(a,)>0, Re(a,)>0);

4 . .
F/i )(al,az,as,a4,c2,cl,c3,y,z,u) =

r(a1+a3) 1 a1 2,1
——2 | a* 1-a)®
Majr@) b < 49
H,(a, +a,,a,,8,:C,,C;,C.; y,(1-a) z,u)da

(Re(a,)>0, Re(a,)>0);

FK(al,az,az,aA,as,aA;cz,c3,c4;y,z,u):

I'(a, +a,) a +a a1 ot
o) e e, b " €)
me(aZ+a3,al+a4;c1,cz;ﬁ(l—ﬁ)u,a(l—ﬂ)y,a(l a) )dadﬂ
(Re(a,)>0,(i=1234));

Fu (a4,85,85,8,,8,,8,;€;,C,,C,; 2, Y,U) =

Fo(a,,8,,8,,2;,8,,2,3C,,C;,Cp5Y,U,2) =

a3
x Xq(a, +a5,8,,a,;C,,¢, —a,a; fl-B)y,(l-a)1-B)u, af 7)da dB

(Re(a,)> 0, Re(a, ) >0, Re( )>0,Re(c, —a)>

I(a, +
Ta,)1(
0),
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(3.2)

(3.3)

(3.4)

- p)t
(3.5)

) ()) ((C)_a J’J‘ aal 1 a)a3 ﬂal(l ﬁ)qal

(3.6)



where Xg, Xg, X,, are the Exton functions of three variables (see [9]), H, are Srivastava's function (see, for

details [10]), Ff), Fés), Fs. F«. Fy . Fpare three variables Lauricella functions (cf. [10,Sections 1.4 and 1.5]) .
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