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Abstract

In this note we introduce the notion of the visual core of a hyperbolic 3-manifold
N = H3/Γ, and explore some of its basic properties. We investigate circumstances
under which the visual core V(N ′) of a cover N ′ = H3/Γ′ of N embeds in N , via
the usual covering map π : N ′ → N . We go on to show that if the algebraic limit of
a sequence of isomorphic Kleinian groups is a generalized web group, then the visual
core of the algebraic limit manifold embeds in the geometric limit manifold. Finally, we
discuss the relationship between the visual core and Klein-Maskit combination along
component subgroups.

1 Introduction

In this note we introduce the notion of the visual core of a hyperbolic 3-manifold N =

H3/Γ. One may think of the visual core as a harmonic analysis analogue of the convex core.

Explicitly, the visual core V(N) is the projection to N of all the points in H3 at which no

component of the domain of discontinuity of Γ has visual (equivalently harmonic) measure

greater than half that of the entire sphere at infinity.

We investigate circumstances under which the visual core V(N ′) of a cover N ′ = H3/Γ′

of N embeds in N , via the usual covering map π : N ′ → N . We begin by showing that the

interior of V(N ′) embeds in N when Γ′ is a precisely QF-embedded subgroup of Γ, while
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V(N ′) itself embeds when Γ′ is a nicely QF-embedded subgroup. We define the notions of

precisely and nicely QF-embedded subgroups of a Kleinian group and prove these embedding

theorems in Section 3.

Applying the results from [3], we are able to conclude that if the algebraic limit of a

sequence of isomorphic Kleinian groups is a generalized web group, then the visual core of

the algebraic limit manifold embeds in the geometric limit manifold. This result is part

of our ongoing investigation of the relationship between algebraic and geometric limits of

sequences of isomorphic Kleinian groups. To set notation, let D(G) denote the space of all

discrete, faithful representations of G into PSL2(C). This space and the notions of algebraic

and geometric convergence of Kleinian groups are discussed in more detail in Section 4.

Theorem 4.2: Let G be a finitely generated, torsion-free, non-abelian group, let {ρj} ⊂
D(G) be a sequence converging algebraically to ρ ∈ D(G), and suppose that {ρj(G)} converges

geometrically to Γ̂. If ρ(G) is a generalized web group, then the visual core of N = H3/ρ(G)

embeds in N̂ = H3/Γ̂ under the covering map π : N → N̂ .

There are two ways to view Theorem 4.2. On the one hand, one may think of it as a

geometric analogue of the main result from [3], which asserts that under the same hypotheses,

there is a compact core for the algebraic limit manifold which embeds in the geometric limit

manifold. On the other hand, Theorem 4.2 can be thought of as a generalization of the

result, proven in [4], that when the algebraic limit is a maximal cusp, the convex core of

the algebraic limit manifold embeds in the geometric limit manifold. In fact, when Γ is a

maximal cusp, the visual and convex cores of H3/Γ coincide.

In Section 5, we discuss the relationship between the visual core and Klein-Maskit combi-

nation along component subgroups. Klein-Maskit combination gives a geometric realization

of the topological operation of gluing hyperbolizable 3-manifolds together along incompress-

ible surfaces in their boundaries. While the topology underlying Klein-Maskit combination

is well-understood, the geometry is more mysterious. For example, the convex core of a sum-

mand of a Klein-Maskit combination need not embed in the resulting manifold. However,

we show in Theorem 5.6 that the (interior of the) visual core of a summand does embed in

the resulting manifold.

There is a relationship between these two investigations, of limits of sequences of Kleinian

groups and of Klein-Maskit combination, since in the case that the algebraic limit is a

generalized web group, it is shown in [3] that the algebraic limit is a summand of a Klein-

Maskit decomposition of the geometric limit.
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2 The visual core

Before describing the basic properties of the visual core, we give some definitions. A Kleinian

group is a discrete subgroup of PSL2(C), which we view as acting either on hyperbolic 3-

space H3 as isometries or on the Riemann sphere Ĉ as Möbius transformations. The action

of Γ partitions Ĉ into the domain of discontinuity Ω(Γ), which is the largest open subset

of Ĉ on which Γ acts properly discontinuously, and its complement the limit set Λ(Γ). The

stabilizer

stΓ(∆) = {γ ∈ Γ | γ(∆) = ∆}

of a connected component ∆ of Ω(Γ) is called a component subgroup of Γ.

Given a measurable set X ⊂ Ĉ, consider the harmonic function hX on H3 defined by

setting hX(y) to be the proportion of the geodesic rays emanating from y ∈ H3 which end

in X. Though we do not explicitly use this formulation, analytically we can write hX in the

ball model of hyperbolic 3-space as

hX(y) =
1

4π

∫
X

(
1− |y|2

|y − ζ|2

)2

dm(ζ).

The visual hull of a Kleinian group Γ is then defined to be

Ṽ(Γ) =
{
y ∈ H3 | h∆(y) ≤ 1

2
for all components ∆ of Ω(Γ)

}
.

The visual core V(N) of N = H3/Γ is the quotient Ṽ(Γ)/Γ. Although V(N) is a closed subset

of N , there is no reason, in general, to suppose that V(N) is a submanifold (or suborbifold)

of N .

Our first observation is that the visual core of a hyperbolic 3-manifold with finitely

generated fundamental group is non-empty unless its domain of discontinuity is connected

and non-empty.

Proposition 2.1 Let Γ be a finitely generated Kleinian group. Then Ṽ(Γ) is empty if and

only if Ω(Γ) is connected and non-empty.
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Proof of Proposition 2.1: By definition, Ṽ(Γ) = H3 if and only if the domain of discon-

tinuity Ω(Γ) of Γ is empty.

If Ω(Γ) is connected and non-empty, then Γ is a function group, which is a finitely

generated Kleinian group whose domain of discontinuity contains a component invariant

under the action of the group. Soma [12] shows that Γ is then topologically tame, that is

the orbifold H3/Γ has a finite degree manifold cover which is homeomorphic to the interior

of a compact 3-manifold. Corollary 1 from [6] then implies that Λ(Γ) has measure zero, so

that hΩ(Γ)(x) = 1 for all x ∈ H3. In particular, we have that Ṽ(Γ) is empty.

If Ω(Γ) contains at least two components, let ` be a geodesic in H3 whose endpoints at

infinity lie in distinct components ∆1 and ∆2 of Ω(Γ). The function h∆1 varies continuously

between 0 and 1 on `, and so there exists a point x on ` such that h∆1(x) = 1
2
. It follows

that x ∈ Ṽ(Γ), and so Ṽ(Γ) is non-empty.

Proposition 2.1

It is natural to contrast the definition of the visual core with that of the convex core.

Recall that the convex hull C̃(Γ) of Λ(Γ) is obtained from H3 by removing each closed

hyperbolic half-space which intersects the sphere at infinity in a closed disk contained in

Ω(Γ). The convex core C(N) of N = H3/Γ is the quotient C̃(Γ)/Γ. Equivalently, the convex

core of N is the smallest convex submanifold of N whose inclusion is a homotopy equivalence.

(See Epstein and Marden [7] for further discussion of the convex core.)

The following proposition describes the basic relationship between the visual and convex

cores of a hyperbolic 3-manifold N .

Proposition 2.2 Let N = H3/Γ be a hyperbolic 3-manifold. Then, its visual core V(N) is

contained in its convex core C(N). Moreover, the visual core is equal to the convex core if

and only if the boundary ∂C(N) of the convex core is totally geodesic.

Proof of Proposition 2.2: For each point x of H3 − C̃(Γ), there exists a hyperplane H in

H3 containing x so that the circle at infinity C of H bounds a closed disk contained entirely

in a component ∆ of Ω(Γ). Thus, h∆(x) > 1
2
, which implies that x /∈ Ṽ(Γ). Therefore,

Ṽ(Γ) ⊂ C̃(Γ), which in turn implies that V(N) ⊂ C(N).

For each point x of ∂C̃(Γ), there exists a hyperplane H in H3 containing x so that the

circle at infinity C of H bounds an open disk D contained entirely in a component ∆ of
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Ω(Γ). If D does not equal ∆, then h∆(x) > 1
2
, which implies that x /∈ Ṽ(Γ). Therefore,

C̃(Γ) = Ṽ(Γ) if and only if each component of Ω(Γ) is a circular disc, which is equivalent to

requiring that ∂C(N) be totally geodesic.

Proposition 2.2

3 The visual core and coverings

In this section, we develop a criterion, expressed in terms of limit sets, which guarantees that

the visual core of a cover of a hyperbolic manifold embeds under the covering map. This

criterion involves the introduction of two closely related notions of how a subgroup Γ′ of a

Kleinian group Γ sits inside Γ.

We begin by observing that if Γ′ is a precisely QF-embedded subgroup of a Kleinian

group Γ, then the interior of V(N ′) embeds in N under the covering map π : N → N ′

(where N = H3/Γ and N ′ = H3/Γ′). Here, a subgroup Γ′ of a Kleinian group Γ is precisely

QF-embedded if, for each γ ∈ Γ − Γ′, there is a component ∆ of Ω(Γ′) so that γ(Λ(Γ′)) is

contained in ∆, stΓ′(∆) is quasifuchsian, and ∆ is a Jordan domain.

Recall that a quasifuchsian group is a finitely generated Kleinian group whose limit set

is a Jordan curve and which stabilizes both components of its domain of discontinuity. In

particular, if ∆ is a component of the domain of discontinuity Ω(Γ) of a Kleinian group

Γ, stΓ′(∆) is quasifuchsian, and ∆ is a Jordan domain, then Λ(stΓ′(∆)) = ∂∆. If Γ is

finitely generated, then a component ∆ of Ω(Γ) is a Jordan domain if and only if stΓ(∆) is

quasifuchsian, see Lemma 2 of Ahlfors [1] and Theorem 2 of Maskit [9]. Hence, a finitely

generated subgroup Γ′ of a Kleinian group Γ is precisely QF-embedded if, for each γ ∈ Γ−Γ′,

there is a component ∆ of Ω(Γ′) so that γ(Λ(Γ′)) is contained in ∆ and ∆ is a Jordan domain.

Precisely QF-embedded subgroups arise naturally in Klein-Maskit combination theory, as we

see in Section 5.

Proposition 3.1 Let Γ be a Kleinian group and let Γ′ be a precisely QF-embedded subgroup

of Γ. Let N = H3/Γ and N ′ = H3/Γ′, and let π : N ′ → N be the covering map. Then, π is

an embedding restricted to the interior of the visual core V(N ′) of N ′.

Proof of Proposition 3.1: Since the interior of V(N ′) is an open submanifold (or possibly

an open sub-orbifold, in the case that Γ′ contains torsion) of N ′, it suffices to show that π
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is injective on the interior of V(N ′). As V(N ′) is covered by Ṽ(Γ′) ⊂ H3, it suffices to show

that if γ ∈ Γ− Γ′, then γ(int(Ṽ(Γ′))) ∩ int(Ṽ(Γ′)) is empty.

Let γ be any element of Γ − Γ′. Since Γ′ is precisely QF-embedded in Γ, there exists a

component ∆1 of Ω(Γ′) so that γ(Λ(Γ′)) ⊂ ∆1, stΓ′(∆1) is quasifuchsian, and ∆1 is a Jordan

domain. Since U = Ĉ−∆1 is a Jordan domain contained entirely in γ(Ω(Γ′)) = Ω(γΓ′γ−1),

there exists a component ∆′
1 of γ(Ω(Γ′)) such that U ⊂ ∆′

1. In particular, ∆1 ∪ ∆′
1 = Ĉ.

Since ∂∆1 is the limit set of the quasifuchsian group stΓ′(∆1), it has measure zero, and so

h∆1(x) + h∆′
1
(x) ≥ 1 for all x ∈ H3.

Since h∆1 is harmonic and non-constant, it cannot be locally constant. Thus, if x is in

int(Ṽ(Γ′)), we see that h∆1(x) < 1
2
. Since h∆′

1
(x) ≥ 1− h∆1(x) > 1

2
, we see that x does not

lie in γ(int(Ṽ(Γ′))). Therefore γ(int(Ṽ(Γ′))) ∩ int(Ṽ(Γ′)) is empty, as desired.

Proposition 3.1

A subgroup Γ′ of a Kleinian group Γ is nicely QF-embedded if for each γ ∈ Γ− Γ′, there

exists a component ∆ of Ω(Γ′) such that γ(Λ(Γ′)) is contained in the closure of ∆, stΓ′(∆)

is quasifuchsian, ∆ is a Jordan domain, and γ(Λ(Γ′)) does not contain ∂∆. (Notice that the

only difference between the definition of precisely QF-embedded and nicely QF-embedded

is the requirement that γ(Λ(Γ′)) ∩ ∂∆ 6= ∂∆.) In particular, if Γ′ is a finitely generated

subgroup of a Kleinian group Γ, then Γ′ is nicely QF-embedded if, for each γ ∈ Γ−Γ′, there

is a component ∆ of Ω(Γ′) so that γ(Λ(Γ′)) is contained in ∆, γ(Λ(Γ′))∩∂∆ 6= ∂∆, and ∆ is

a Jordan domain. Nicely embedded QF-subgroups occur naturally in the study of algebraic

and geometric limits, as we see in Section 4.

We next observe that if Γ′ is nicely QF-embedded in Γ, then the visual core of N ′ = H3/Γ′

embeds in N = H3/Γ. Recall that if Γ′ is just precisely QF-embedded then we only know

that the interior of the visual core embeds. In Remark 2 at the end of Section 5, we note

that summands of simple type II Klein-Maskit decompositions are precisely QF-embedded,

but not nicely QF-embedded.

Proposition 3.2 Let Γ be a Kleinian group and let Γ′ be a finitely generated, nicely QF-

embedded subgroup of Γ. Let N = H3/Γ and N ′ = H3/Γ′, and let π : N ′ → N be the

covering map. Then, π is an embedding restricted to the visual core V(N ′) of N ′.

Proof of Proposition 3.2: We argue much as in the proof of Proposition 3.1 to show that

π is injective on V(N). Let γ be any element of Γ− Γ′. Since Γ′ is nicely QF-embedded in
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Γ, there exists a component ∆1 of Ω(Γ′) which is a Jordan domain, so that γ(Λ(Γ′)) ⊂ ∆1

and ∂∆1 − γ(Λ(Γ′)) is non-empty. Thus Ĉ −∆1 is a proper subset of some component ∆′
1

of γ(Ω(Γ′)). In particular, ∆1 ∪ ∆′
1 = Ĉ and ∆1 ∩ ∆′

1 6= ∅. Since ∂∆1 is the limit set of a

quasifuchsian group, it has measure zero. Thus, h∆1(x) + h∆′
1
(x) > 1 for all x ∈ H3.

If x ∈ Ṽ(Γ′), then h∆1(x) ≤ 1
2
. So, we see that h∆′

1
(x) > 1 − h∆1(x) ≥ 1

2
, which implies

that x does not lie in γ(Ṽ(Γ′)). Thus, γ(Ṽ(Γ′)) ∩ Ṽ(Γ′) is empty, which proves that π is

injective on the visual core V(N ′).

To verify that π is an embedding restricted to V(N ′), it only remains to check that π is

proper. If not, then there must exist a sequence {xj} of points in V(N ′) which exits every

compact subset of N ′, but such that {π(xj)} converges to a point x in N . By passing to a

subsequence, we may assume that d(xj, xj+1) ≥ 1 and d(π(xj), x) ≤ 1
3j

for all j.

Let {x̃j} be a sequence of lifts of {xj} to H3. Since d(π(xj), π(xj+1)) < 1
j

and d(xj, xj+1) ≥
1, for each j there exists an element γj ∈ Γ − Γ′ such that d(x̃j, γj(x̃j+1)) < 1

j
. Since Γ′

is nicely QF-embedded, there exists, for each j, a component ∆j of Ω(Γ′) which is a Jor-

dan domain whose closure contains γj(Λ(Γ′)). Since x̃j+1 ∈ Ṽ(Γ), γj(Ṽ(Γ)) ∩ Ṽ(Γ) = ∅,
and γj(Λ(Γ)) ⊂ ∆j, we see that h∆j

(γj(x̃j+1)) > 1
2
. Since x̃j ∈ Ṽ(Γ′), h∆j

(x̃j) ≤ 1
2
. So,

by continuity, there exists a point q̃j between x̃j and γj(x̃j+1) such that d(q̃j, x̃j) < 1
j

and

h∆j
(q̃j) = 1

2
. Thus, if p′ : H3 → N ′ is the obvious covering map and qj = p′(q̃j), then {qj}

is a sequence of points in ∂V(N ′) which exits every compact subset of N ′ such that {π(qj)}
converges to a point x in N .

Since Γ′ is finitely generated, there exist only finitely many inequivalent components of

Ω(Γ′), so we may assume (by choosing different lifts of qj, passing to a subsequence, and

relabelling) that there exists a fixed component ∆0 of Ω(Γ′) which is a Jordan domain, so

that h∆0(q̃j) = 1
2

for all j. Let Γ0 = stΓ′(∆0), N0 = H3/Γ0 and p0 : H3 → N0 be the covering

map. Since h∆0(q̃j) = 1
2
, we conclude that q̃j ∈ Ṽ(Γ0). Let yj = p0(q̃j). Since {qj} exits

every compact subset of N ′, {yj} must exit every compact subset of N0. Proposition 2.2

guarantees that the sequence {yj} lies entirely in the convex core C(N0) of N0. Since Γ′ is

finitely generated and ∆0 is a Jordan domain, Γ0 is quasifuchsian. Therefore, the ε-thick

part of the convex core,

C(N0)ε = {y ∈ C(N0)| injN0
(y) ≥ ε},

is compact for all ε > 0, see Bowditch [5]. (Here, injN0
(y) denotes the injectivity radius of

the point y in N0.) Thus, injN0
(yj) → 0, which implies that injN(π(qj)) → 0. However, this
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contradicts the fact that {π(qj)} converges in N .

Proposition 3.2

Remarks: (1) One may think of Proposition 3.1 as an analogue of Proposition 6.1 of [3],

which asserts that if Γ′ is a finitely generated, torsion-free, precisely embedded generalized

web subgroup of Γ, then there is a compact core for N ′ which embeds (via the covering map

π : N → N ′) in N . That result may be generalized, using the same techniques as in [3],

to show that if Γ′ is a finitely generated, torsion-free precisely QF-embedded subgroup of

Γ, then there is a compact core for N ′ which embeds (via the covering map π) in N . This

generalization is the more direct topological analogue of Proposition 3.1.

(2) The arguments in the proofs of Propositions 3.1 and 3.2 may be used to show that

larger subsets embed. Let W̃(Γ′) be the set of points x ∈ H3 such that h∆(x) ≤ 1
2

for every

component ∆ of Ω(Γ′) such that stΓ′(∆) is quasifuchsian, and set W(N ′) = W̃(Γ′)/Γ′. Then

one can adapt the proof of Proposition 3.1 to show that if Γ′ is a precisely QF-embedded

subgroup of Γ, then the interior of W(N ′) embeds in N . Similarly, one can adapt the proof

of Proposition 3.2 to show that if Γ′ is a finitely generated, nicely QF-embedded subgroup

of Γ, then W(N ′) embeds in N .

(3) Note that the definitions for a precisely QF-embedded and of a nicely QF-embedded

subgroup Γ′ of a Kleinian group Γ both make sense for an infinitely generated subgroup Γ′.

In fact, Proposition 3.1 as stated holds for infinitely generated, precisely QF-embedded sub-

groups. The reason that in the definitions we require both that the component ∆ of Ω(Γ′) be

a Jordan domain and that stΓ′(∆) be quasifuchsian is that it is possible, by taking the Klein

combination of a quasifuchsian group with an infinitely generated Kleinian group with trivial

component subgroups, to construct an infinitely generated Kleinian group whose component

subgroups are all quasifuchsian but the components of whose domain of discontinuity are

not all simply connected, and so in particular cannot all be Jordan domains.

4 Algebraic and geometric limits

In an earlier paper [3], we proved that if the algebraic limit of a sequence of isomorphic

Kleinian groups is a generalized web group, then it is a nicely QF-embedded subgroup of the

geometric limit. In that paper, we used this result to establish that there is a compact core

for the algebraic limit manifold which embeds in the geometric limit manifold, thus obtaining
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“topological” information about how the algebraic limit sits inside the geometric limit. In

this section, we use the results of the previous section to obtain “geometric” information

about how the algebraic limit sits inside the geometric limit.

We briefly recall the basic definitions from the theory of algebraic and geometric limits.

We refer the interested reader to Jørgensen and Marden [8] for more details. Given a finitely

generated group G, let D(G) denote the space of discrete, faithful representations of G into

PSL2(C). A sequence {ρi} in D(G) converges algebraically to ρ if {ρi(g)} converges to ρ(g)

for each g ∈ G.

A sequence {Γj} of Kleinian groups converges geometrically to a Kleinian group Γ̂ if every

element of Γ̂ is the limit of a sequence {γj ∈ Γj} and if every accumulation point of every

sequence {γj ∈ Γj} lies in Γ̂. If G is not virtually abelian and if {ρi} converges to ρ in D(G),

then there is a subsequence {ρj(G)} of {ρi(G)} which converges geometrically to a Kleinian

group Γ̂ which contains ρ(G).

In this note, we restrict ourselves to sequences {ρn} in D(G) so that {ρn} converges

algebraically to some ρ ∈ D(G) and so that {ρn(G)} converges geometrically to Γ̂. The

Kleinian group ρ(G) is the algebraic limit of {ρn}, and Γ̂ is the geometric limit of {ρn(G)}.
If G is torsion-free, we refer to H3/ρ(G) as the algebraic limit manifold and to H3/Γ̂ as the

geometric limit manifold. Since ρ(G) ⊂ Γ̂, there is a natural covering map π : H3/ρ(Γ) →
H3/Γ̂. In order to understand the relationship between the algebraic and geometric limits, it

is important to understand how ρ(G) “sits inside” Γ̂, which is closely related to understanding

the covering map π.

A finitely generated Kleinian group Γ is called a generalized web group if Ω(Γ) is non-

empty and if every component subgroup of Γ is quasifuchsian (or equivalently, if every

component of Ω(Γ) is a Jordan domain). Theorem A from [3] asserts that if the algebraic

limit is a generalized web group, then it is a nicely QF-embedded subgroup of the geometric

limit.

Theorem 4.1 (Theorem A of [3]) Let G be a finitely generated, torsion-free, non-abelian

group, let {ρj} be a sequence in D(G) converging algebraically to ρ ∈ D(G), and suppose

that {ρj(G)} converges geometrically to Γ̂. If ρ(G) is a generalized web group, then ρ(G) is

a nicely QF-embedded subgroup of Γ̂.

One may combine Theorem 4.1 with Proposition 3.2 to obtain “geometric” information

about how the algebraic limit sits within the geometric limit in this case.
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Theorem 4.2 Let G be a finitely generated, torsion-free, non-abelian group, let {ρj} ⊂
D(G) be a sequence converging algebraically to ρ ∈ D(G), and suppose that {ρj(G)} converges

geometrically to Γ̂. If ρ(G) is a generalized web group, then the visual core of N = H3/ρ(G)

embeds in N̂ = H3/Γ̂ under the covering map π : N → N̂ .

Remarks: (1) One may think of Theorem 4.2 as one way to generalize Proposition 3.2 from

[4], which shows that if the algebraic limit is a maximal cusp, then the convex core of the

algebraic limit manifold embeds in the geometric limit manifold under the covering map. In

fact, one may view our Theorem 4.2 and the result from [3] that asserts that, under the same

assumptions, a compact core for the algebraic limit manifold embeds in the geometric limit

manifold, as two different generalizations of Proposition 3.2 from [4].

(2) In general, even if the algebraic limit is a generalized web group, the convex core of

the algebraic limit manifold need not embed in the geometric limit manifold.

(3) The examples given in [2] illustrate the point that the visual core of the algebraic

limit manifold need not embed in the geometric limit manifold in the case that the algebraic

limit is not a generalized web group.

5 Klein-Maskit Combination

In this section, we discuss the relationship between the visual core and the operation of

Klein-Maskit combination. We restrict our entire discussion to Klein-Maskit combination

along component subgroups. For a more complete discussion of Klein-Maskit combination

see Maskit [10]. In this setting, we see that the interior of the visual core of a summand of

a Klein-Maskit decomposition of a hyperbolic 3-manifold embeds in the manifold.

There are two types of Klein-Maskit combination. The first, type I, corresponds topolog-

ically to gluing 2 hyperbolic 3-manifolds together along incompressible components of their

conformal boundary. The second, type II, corresponds topologically to gluing together two

incompressible components of the conformal boundary of a single hyperbolic 3-manifold.

The following theorem summarizes the relevant properties of Klein-Maskit combination

of type I along a component subgroup (see Theorem VII.C.2 in [10]).

Theorem 5.1 (Klein-Maskit combination I) Let Γ1 and Γ2 be Kleinian groups, and let

Φ = Γ1∩Γ2. Suppose that Φ is a quasifuchsian group which is a component subgroup of both

Γ1 and Γ2, and that Λ(Γ1) and Λ(Γ2) lie in the closures of different components of Ω(Φ).

Then,
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1. Γ = 〈Γ1, Γ2〉 is a Kleinian group isomorphic to the amalgamated free product of Γ1 and

Γ2 along Φ;

2. Γ1 and Γ2 are nicely QF-embedded subgroups of Γ;

3. If γ ∈ Γ − Γi, then γ(Λ(Γi)) is contained in a component ∆ of Ω(Γi) which is Γi-

equivalent to the component ∆i of Ω(Γi) bounded by Λ(Φ). Moreover, ∂∆ − γ(Λ(Γi))

is non-empty; and

4. H3/Γ is homeomorphic to the manifold (or orbifold) obtained from (H3 ∪∆1)/Γ1 and

(H3 ∪∆2)/Γ2 by identifying ∆1/Φ with ∆2/Φ.

In this case, we say that Γ1 is a summand of a simple type I Klein-Maskit decomposition

of Γ. Combining property (2) of Theorem 5.1 with Proposition 3.2 yields the following result:

Proposition 5.2 Let Γ1 be a finitely generated Kleinian group which is a summand of a

simple type I Klein-Maskit decomposition of Γ, and set N1 = H3/Γ1 and N = H3/Γ. Then,

the visual core V(N1) of N1 embeds in N (via the covering map π : N1 → N).

If Γ1 is not finitely generated, the techniques in the proof of Proposition 3.2 may be

adapted to show that V(N1) still embeds in N . More simply, one may combine property (2)

of Theorem 5.1 with Proposition 3.1 to obtain the following weaker result:

Proposition 5.3 Let Γ1 be a summand of a simple type I Klein-Maskit decomposition of a

Kleinian group Γ, and set N1 = H3/Γ1 and N = H3/Γ. Then, the interior of the visual core

V(N1) of N1 embeds in N (via the covering map π : N1 → N).

Moreover, if Γ is a simple type I Klein-Maskit combination of Γ1 and Γ2, we may find a

larger subset of N1 which embeds in N . Consider the sets

X̃i =
{
x ∈ H3 | h∆(x) ≤ 1

2
for all components ∆ of Ω(Γ′) equivalent in Γi to ∆i

}
.

Clearly, the visual hull Ṽ(Γi) of Γi is contained in X̃i. Let Xi = X̃i/Γi ⊂ Ni = H3/Γi.

Condition (3) above and the arguments in the proof of Proposition 3.2 can then be used to

show that Xi embeds in N = H3/Γ.

The following theorem summarizes the relevant properties of Klein-Maskit combination

of type II along a component subgroup (see Theorem VII.E.5 in [10]).
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Theorem 5.4 (Klein-Maskit combination II) Let Γ1 be a Kleinian group, and let ∆ and

∆′ be components of Ω(Γ1) which are Jordan domains. Suppose that Φ = stΓ1(∆) and

Φ′ = stΓ1(∆
′) are quasifuchsian and are not conjugate by an element of Γ1. Let γ be a

Möbius transformation which conjugates Φ′ to Φ, and assume that γ(Λ(Γ1)) and Λ(Γ1) lie

in the closures of different components of Ω(Φ). Then,

1. Γ = 〈Γ1, γ〉 is a Kleinian group isomorphic to the HNN-extension of Γ1 with stable

letter γ and associated subgroups Φ and Φ′;

2. Γ1 is a precisely QF-embedded subgroup of Γ;

3. If γ ∈ Γ−Γ1, then γ(Λ(Γ1)) is contained in a component of Ω(Γ1) which is Γ1-equivalent

to either ∆ or ∆′; and

4. H3/Γ is homeomorphic to the manifold (or orbifold) obtained from (H3 ∪∆ ∪∆′)/Γ1

by identifying ∆/Φ with ∆′/Φ′ by the homeomorphism determined by γ.

In this case, we say that Γ1 is a summand of a simple type II Klein-Maskit decomposition

of Γ. Combining property (2) of Theorem 5.4 with Proposition 3.1 yields the following result:

Proposition 5.5 Let Γ1 be a summand of simple type II Klein-Maskit decomposition of Γ,

and set N1 = H3/Γ1 and N = H3/Γ. Then, the interior of the visual core V(N1) of N1

embeds in N (via the covering map π : N1 → N).

As in the type I situation, if Γ1 is a summand of simple type II Klein-Maskit decompo-

sition of Γ, we may find a larger subset of N1 which embeds in N . Consider the set

X̃ =
{
x ∈ H3 | h∆(x) ≤ 1

2
for all components ∆ of Ω(Γ′) equivalent in Γ1 to ∆ or ∆′

}
,

which clearly contains the visual hull Ṽ(Γ1) of Γ1. Let X = X̃/Γ1 ⊂ N1. Condition (3) above

and the arguments in the proof of Proposition 3.1 can be used to show that the interior of

X embeds in N = H3/Γ.

In general, if a Kleinian group Γ can be built from Γ1 and a collection of other Kleinian

groups by repeatedly performing Klein-Maskit combinations of types I and/or II along com-

ponent subgroups, we say that Γ1 is a summand of a Klein-Maskit decomposition of Γ. By

applying Propositions 5.3 and 5.5, we obtain the following summation of the results of this

section.
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Theorem 5.6 Let Γ1 be a summand of a Klein-Maskit decomposition of Γ. If N1 = H3/Γ1

and N = H3/Γ, then the interior of the visual core V(N1) of N1 embeds in N (via the

covering map π : N1 → N).

Remarks: (1) The definition of the visual core was suggested by Thurston’s reproof of

the Klein-Maskit combination theorems. In our notation, Thurston shows that in the type

I decomposition, N = H3/Γ is obtained from X1 and X2 by identifying points in their

boundaries. (In general, one must be a little careful since Xi need not be a submanifold.)

Similarly, in the type II situation he shows that N is obtained from X by identifying points

in the boundary. (This proof is discussed in outline in Section 8 of Morgan [11].)

(2) Notice that if Γ1 is a summand of a simple type II Klein-Maskit decomposition of a

Kleinian group Γ, then Γ1 is a precisely QF-embedded subgroup of Γ, but is not a nicely

QF-embedded subgroup. In this same case, the interior of the visual cover of N1 embeds in

N , but the visual core itself does not.

(3) Corollary D of [3] asserts that if the algebraic limit of a sequence of isomorphic

Kleinian groups is a generalized web group, then it is a summand of a Klein-Maskit decom-

position of the geometric limit. Hence, there is a close relationship between Theorems 4.2

and 5.6.
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