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Abstract 

 

The theoretical basis describing Love waves propagating on a finite thickness substrate covered by a finite 

thickness solid layer having a lower shear acoustic speed is considered. A generalized dispersion equation 

is derived for shear horizontally polarized acoustic waves in this system. Two types of solutions to the 

dispersion equation, both satisfying stress free boundary conditions at the free surfaces, are shown to exist. 

The first type of solution has a displacement that decays with depth into the substrate whilst the second 

does not. Analytical approximations to the solutions for a thin solid guiding layer show that these 

solutions can be considered as generalizations of Love waves and resonant shear horizontally polarized 

acoustic plate modes (SH-APM), respectively. Numerical solutions to the dispersion equation are 

developed and the spectrum of modes for thick guiding layers is examined with particular reference to 

sensor applications. As expected, increasing the thickness of the guiding layer leads to multiple Love 

wave modes. However, each of these Love wave modes is found to possess a set of shear horizontally 

polarized acoustic plate modes. As the guiding layer thickness is increased the Love wave speed decreases 

until at approximately vl/4f , where vl is the shear acoustic speed of the layer and f is the frequency, a sharp 

transition occurs in the Love wave speed from a value close to the shear acoustic speed of the substrate, vs, 

to one close to the shear acoustic speed of the layer, vl. A similar pattern is observed for the layer guided 

SH-APM’s with an increase in the guiding layer thickness resulting in a sharp transition in the speed of 

the SH-APM towards a value close to that of the next lower SH-APM. It is shown that the appearance of 

the second Love wave mode is a result of a continuation of the lowest SH-APM associated with the 

previous Love wave mode. A physical interpretation is developed for the Love waves on the finite 

substrate and for the layer guided SH-APM’s and from this interpretation it is suggested that layer guided 

SH-APM sensors could provide significantly enhanced mass sensitivity. 

 

Keywords  Surface acoustic wave (SAW), Love wave, acoustic plate mode, SH-APM. 

PACS Number  43.35 
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I.   Introduction 

Rayleigh surface acoustic waves (SAWs) have long been investigated for their use as sensors in 

gas phase applications1. However, the Rayleigh mode involves a surface normal component of 

displacement and in aqueous phase sensors this causes a compressional, or sound wave, to be generated in 

the liquid which results in large attenuation2,3. Flexural plate wave (FPW) devices also have a surface 

normal component of displacement, but the wave has a speed lower than the speed of sound in the liquid, 

which therefore prevents compressional wave generation and so allows them to be used as aqueous phase 

sensors3. FPW devices are relatively sophisticated to fabricate and, due to their thin substrates, are 

relatively fragile. For aqueous phase sensors the requirement for simple, robust devices has led to a focus 

on shear horizontally polarized acoustic waves which, in their idealised theory, do not suffer from 

significant compressional wave generation.  The simplest of these devices is the quartz crystal 

microbalance (QCM) which operates at typical frequencies of 5-10 MHz. The term microbalance refers to 

the original Sauerbrey4 view of the QCM as a sensor of the mass per unit area deposited on the crystal 

with a mass induced frequency shift, ∆f, proportional to the product of the mass per unit area deposited on 

the crystal and the square of the operating frequency, i.e. ∆f/f= kf(∆m/A), where k is a constant. The 

frequency dependence of Rayleigh-SAW devices to the deposition of acoustically thin mass layers has the 

same form for the frequency and mass sensitivity.  In liquid applications, the oscillation of the crystal 

induces a shear oscillation in the liquid which decays within a frequency dependent penetration depth of 

δ=(2ηf/ωρf)
1/2, where ηf and ρf are the viscosity and density of the fluid and ω=2πf is the angular 

frequency. This viscous entrainment means the QCM only senses the mass of liquid within an interfacial 

layer and as a consequence the frequency shift is proportional to the viscosity-density product and a lower 

power of the frequency, i.e. ∆f /f= C(ηfρf f)
1/2, where C is a constant5,6. In liquid phase operation the quartz 

crystal also has a dissipation. The quartz crystal can also be used in electrochemical applications7, 

biochemical applications8 and with polymer layers9, although in this latter case the response of the crystal 

is more complicated than when operated solely in a liquid10-12. 

 

In aqueous phase acoustic wave sensor applications, the trend has been for shear horizontal 

acoustic waves, to avoid compressional wave problems, and for higher frequencies, to gain higher 

sensitivity. Gas phase acoustic sensors have also sought higher sensitivity by increasing the operating 

frequency. However, QCMs use a thickness shear mode vibration and increasing frequency requires 

thinner, and hence more fragile, crystals. An alternative approach is to use surface acoustic waves 

generated by a set of interdigital transducers (IDTs)13. Thick piezoelectric substrates can then be used and 

the operating frequency is determined by the finger spacing of the IDTs which determines the wavelength. 

For the same lithographic resolution, a substrate with a higher speed for the wave results in a higher 
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operating frequency. Examples of surface acoustic wave device types with a dominant shear horizontal 

polarization include surface transverse waves14 (STWs), leaky SAWs15, surface skimming bulk waves16 

(SSBWs) and Love waves17,18. The Love wave configuration has been reported as having one of the 

highest mass sensitivities19. In aqueous phase sensing, one difficulty with these devices is the need to have 

an IDT on the same face of the substrate as the liquid. A combination of the practical advantages of a 

QCM and the SAW is provided by a sensor using shear horizontal acoustic plate modes (SH-APM’s). 

These modes are also excited and detected by IDTs and do not have surface normal components of 

displacement, but they can be generated and detected by placing the IDTs on the opposite face of a 

thinned piezoelectric substrate20,21. However, the mass sensitivity of SH-APM devices is reported to be 

less than that of Love wave devices. 

 

In the literature on sensors, the various types of acoustic waves are often regarded as completely 

separate. However, a consideration of the properties of Love wave and SH-APM devices as operated as 

sensors suggests much in common. In principle, a Love wave is a shear horizontally polarized acoustic 

wave that is localized to the surface of a semi-infinite half space and guided by a layer which has a shear 

acoustic speed less than that of the half space material18. In practice, the substrate is finite. The phase 

velocity of the Love wave is intermediate between that of the substrate and the layer and is determined by 

the layer thickness. In comparison, an acoustic plate mode occurs when a finite thickness substrate is 

excited at a natural resonant frequency of the substrate22,23. In practice, SH-APMs will also have a surface 

coating layer when operated as mass sensors and this mass layer is likely to possess a shear acoustic speed 

lower than that of the substrate. In theory, both the Love wave and the lowest order, n=0, SH-APM mode 

correspond to a plane wave. In Love wave theory, multiple modes can occur with the lowest order mode 

containing a node in the displacement at infinite depth into the substrate and an antinode at the free 

surface at the top of the guiding layer. In SH-APM theory, both the top face and lower face of the 

substrate are anti-nodes so that multiple modes occur with SH-APM modes corresponding to resonances 

of the plate matching a multiple of a half-wavelength condition.  In a Love wave the phase speed is less 

than that of the shear acoustic speed of the substrate, whereas, in a SH-APM the phase speed is higher 

than that of the shear acoustic speed of the substrate. From a theoretical point of view, as operated, both 

Love waves and SH-APMs use finite substrates, both may have finite thickness mass layers with lower 

shear acoustic speeds than the substrate and both use a propagation parallel to the substrate with a surface 

transverse displacement. The primary difference appears to be that a Love wave requires a decaying 

displacement with depth into the substrate whilst a SH-APM uses a resonating solution. It should therefore 

be possible to describe both Love waves and mass coated SH-APMs using a single theoretical approach; 

that is the principal objective of this paper. 
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In this work, we develop a dispersion equation for waves with a surface transverse displacement 

propagating in the x1-direction on a finite thickness substrate with faces oriented parallel to the x2-x3 plane 

and with one face coated a finite thickness solid overlayer. By imposing stress free boundary conditions at 

the lower substrate face and the upper face of the guiding layer, we show that Love waves and layer 

guided acoustic plate modes are two branches of solutions of the dispersion equation. The classification of 

the solutions as generalized Love waves and SH-APMs is justified by matching the analytical solutions for 

small guiding layer thickness to the known solutions for Love waves and SH-APM’s; we therefore term 

the solutions generalized Love waves, although the SH-APM modes could equally well be termed layer 

guided SH-APMs.   Further, numerical calculations of the solutions to the dispersion equation, show that 

each Love wave mode is accompanied by a set of acoustic plate modes. We also demonstrate that as the 

guiding layer thickness increases, the phase speed of the m=1 acoustic plate mode associated with a Love 

wave mode reduces until it transforms into the next higher order Love wave mode. Similarly, higher order 

SH-APM modes transform into lower order SH-APM modes associated with the next higher Love wave 

mode. The consequences of the derived phase speed dispersion curve for mass sensing applications are 

discussed. In addition, although we do not solve this system for contact with liquids, the theory does 

provide an insight into mass deposition from liquids and a theoretical basis for a generalization to liquid 

based sensors. 

 

II.  Theoretical Formulation 

To simplify the problem, consider waves motion in an isotropic and non-piezoelectric material of 

density ρ and with Lamé constants λ and µ. The displacements, uj, are then described by the equation of 

motion18, 

 j
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where the Einstein summation convention has been used and the strain tensor, Sij, is defined as, 
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The boundary conditions on any solution require consideration of the stress tensor, Tij, which can be 

written in the form, 

  ijkkijij SST µλδ 2+=  (3) 

In the combined Love wave and SH-APM problem, we consider a substrate of thickness, w, with a density 

ρs and Lamé constants λs and µs overlayed by a uniform mass layer of  thickness, d, and with a density ρl 

and Lamé constants λl and µl. In analogy to Love wave theory, the uniform mass overlayer will also be 
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referred to as the guiding layer. The upper surface of the substrate is taken to be in the (x1, x2) plane and 

located at x3=0 (Fig. 1). The solutions of the equation of motion are chosen to have a propagation along 

the x1 axis with displacements in the x2 direction of the sagittal plane (x2, x3). They must also satisfy the 

boundary conditions that both u and the Ti3 component of the stress tensor are continuous at the interface 

between the substrate and layer and that the Ti3 component of the stress tensor vanishes at the free surfaces 

of the substrate and layer at x3=-w and x3= d, respectively. 

 

In order to preserve the notational similarity with the Love wave problem, a solution for the 

equation of motion is sought by using displacements in the layer, ul, and the substrate, us, of 

 

 [ ] ( )1133)0,1,0( xktjxjT
l

xjT
ll eeBeAu ll −− += ω  (4) 

and 

 [ ] ( )1133)0,1,0( xktjxT
s

xT
ss eeDeCu ss −−+= ω  (5) 

where ω is the angular frequency and the wave vector is k1=(ω/v)1/2 where v is the phase speed of the 

solution. Al, Bl, Cs and Ds are constants determined by the boundary conditions.  A traditional Love wave 

solution occurs when the substrate thickness w →∞, the shear speed of the substrate, vs= (µs/ρs)
1/2, is 

greater than the shear speed of the layer, vl= (µl/ρl)
1/2, and the wave vector  Ts is real, so that the solution, 

us, decays with depth into the substrate. A traditional SH-APM solution occurs when d →0 and the wave 

vector Ts is purely imaginary, so that the solution, us, may take on a standing wave (resonant) form. In the 

more general case under consideration here, both Tl and Ts may be complex rather than real. The use of the 

exponentials with a j factor in Eq. (4) and without a j factor in Eq. (5) is therefore purely to enable the 

similarity with the Love wave theory to be more readily noted.   

 

Substituting Eq. (5) into the equation of motion describing the substrate, i.e. Eq. (1) with the 

substrate parameters, gives the equation for the wave vector Ts, 
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Similarly substituting Eq. (4) into the equation of motion describing the layer, gives 
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To completely specify the problem the boundary conditions are imposed and this defines the constants Al, 

Bl, Cs and Ds in Eqs. (4) and (5). The first boundary condition is continuity of the displacement at the 

interface between the substrate and the layer at x3=0 and this gives, 

 ssll DCBA +=+  (8) 

The remaining conditions all relate to the Ti3 component of the stress tensor, which for this system using 

the form of the solutions in Eqs. (4) and (5) can be written as, 

 
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The second boundary condition, continuity of Ti3 at the substrate-layer interface, gives, 

 ξ)( ssll DCjBA −−=+−  (10) 

where ξ has been defined as, 
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ss

T

T

µ
µξ =  (11) 

The remaining two boundary conditions are continuity of stress at the two free surfaces at x3=d and x3=-w, 

and these give the equations, 

 0)exp()exp( =−− djTBdjTA llll  (12) 

and 

 0)exp()exp( =−− wTBwTC ssss  (13) 

 

Solving the boundary conditions, Eqs (8), (10), (12) and (13), gives both a dispersion equation, 

 

 )tanh()tan( wTdT sl ξ=  (14) 

and the solutions for the displacements, 

 

 [ ] ( )11)sin()sinh()cos()cosh()exp()0,1,0( 33
xktj

lslssl exTwTxTwTwTAu −+−= ωξ  (15) 

and 

 [ ] ( )11)(cosh)exp()0,1,0( 3
xktj

sss ewxTwTAu −+−= ω  (16) 

 

where ξ is defined by Eq. (11) and A is a constant. Using the dispersion equation (Eq. (14)) the layer 

displacement may be re-written as, 

 [ ] ( )11)sin()tan()cos()cosh()exp()0,1,0( 33
xktj

lllssl exTdTxTwTwTAu −+−= ω  (17) 
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III.  Structure of solutions 

 The dispersion equation (Eq. (14)) is highly non-linear, but can nonetheless be solved numerically 

and the phase speed obtained for the various possible modes for given substrate and layer depths with 

specific material properties (shear speeds, densities, etc). However, it is useful for matching the theory to 

Love wave and SH-APM theory to consider the perturbation solutions for finite thickness substrates 

covered by mass layers of small thickness. Before performing a perturbation expansion, it is instructive to 

consider the structure of the dispersion equation and how it relates to Love waves and SH-APM’s and to 

multiple modes. 

 

a) Love waves 

When Ts is real and positive and the substrate thickness w →∞, the dispersion equation (Eq. (14)) 

reduces to the dispersion equation for the Love wave case, 

 

 ξ=)tan( dTl  (18) 

 

When Ts is real and positive, but w is finite we have a solution with a substrate displacement that decays 

with depth and which can therefore be regarded as a Love wave solution on a finite substrate. This finite 

substrate Love wave case contains multiple Love wave modes due to the tan(Tld) term18. At the start of 

each of these modes the conditions satisfied are, 

 

 0)tan( =dTl  (19) 

and 

 0==
ll

ss

T

T

µ
µξ  (20) 

 

so that the phase speed at the start of each mode is given from Eq. (6), using Ts=0, as v=vs and the start of 

the multiple Love wave modes are given by Tld=nπ where n=0, 1, 2, ..... As the thickness, d, of the 

guiding layer increases, the phase speed decreases non-linearly from a value equal to the shear speed of 

the substrate towards the value of the shear speed of the layer, vl. The existence of multiple modes means 

that we can consider a perturbation expansion about the start of each mode, rather than simply about a 

zero thickness mass layer. Essentially, the perturbation theory for higher Love wave modes starts at a 

finite guiding layer thickness and is a perturbation of the phase speed from the value of the substrate shear 

speed. A necessary part of the Love solution is that the phase speed is equal to or less than the phase speed 
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of the substrate. It is this condition that guarantees Ts real and an exponential decay of the displacement 

with depth into the substrate. 

 

b) SH-APM’s 

The dispersion equation (Eq. (14)) reduces to the dispersion equation for the SH-APM case when 

Ts is purely imaginary, the substrate thickness w is finite and the mass overlayer vanishes (d→0). In this 

case, it is possible to write Ts=jks with ks real. The dispersion equation then requires either ξ=0 or a 

solution of the equation, 

 0)tan( =wks  (21) 

 

The possible solutions of Eq (21) are the different resonating modes of the SH-APM and are, 

 

 
w

m
ks

π=  m = 0, 1, 2, 3, ... (22) 

 

Substituting Eq (22) into Eq (6) gives the phase speed, 
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where the subscript m has been added to the phase speed, v, to indicate its dependence on the mode 

number. Thus, the phase speeds of the SH-APM modes are either equal to or greater than the shear speed 

of the substrate. It is this condition that guarantees Ts imaginary and a standing wave resonance in the 

substrate. 

 

c) Love waves and Layer Guided APM’s 

In the case that a SH-APM occurs (i.e. Ts is purely imaginary), but a finite thickness mass 

overlayer exists, there will be a set of solutions to Eq (14) for every value of d.  Moreover, as the 

overlayer thickness increases, the phase speed associated with each of these modes will decrease. For this 

reason, the m=0 SH-APM mode used in sensing, should not be regarded as a SH-APM mode at all. The 

slightest mass loading will lower its phase speed to below that of the substrate so that the wavevector in 

the substrate will change from imaginary to real and it will therefore become the first Love wave mode. 
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Eq. (23) also shows that for any given frequency there is a maximum number of SH-APM modes, mmax, 

since the phase speed, vm, must be finite, 

 
sv

W
m

π
ω=max  (24) 

In the solution of the full dispersion equation (Eq. (14)), the guiding layer thickness and the phase speed 

can be chosen to simultaneously satisfy both the Love wave condition tan(Tld)=0 and the SH-APM 

condition tan(ksw)=0. The thickness, dnm, and the phase speed, vm, at which modes satisfies these 

conditions can be regarded as the start of a mode; this definition of the start of a mode is then consistent 

with the traditional view of the start of a Love wave mode. The thickness at which a mode starts is then 

given from Eq. (19) and Eq. (23) as, 
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where n=0,1,2,3, …. labels the successive Love wave modes and m=1,2,3, … labels the acoustic plate 

modes associated with each Love wave mode.  As the thickness of the guiding layer increases, the phase 

speed of each plate mode associated with a particular Love wave mode decreases until at some guiding 

layer thickness it attains the value of the next lower plate mode associated with the next higher order Love 

wave mode. 

 

IV.  Perturbation Solutions 

In the previous section the structure of the solutions to the dispersion equation (Eq. (14)) has been 

discussed and the similarities with Love waves and SH-APM’s has been illustrated. In addition, the effect 

on Love waves of a finite thickness substrate and on SH-APM’s of a guiding layer has also been 

highlighted. In order to convincingly demonstrate that the theoretical formulation does encompass 

traditional Love waves and SH-APM's, perturbation theory is used in this section to obtain the limiting 

case of small mass loading whose results are known in the literature. Consider a perturbation, ∆d, of the 

guiding layer thickness, d, from d=0 for the n=0 Love wave and associated SH-APM’s. The phase speed 

of the unperturbed case of no guiding layer is known and given by Eq. (23) and this perturbation will 

result in a decrease in the phase speed of the mode. The perturbation d=0 → d=∆d will cause changes in 

the phase speed and the wavevectors and we can therefore write Tl 
o→ Tl 

o+∆ Tl, Ts 
o→ Ts 

o+∆ Ts and 

ξo→ξo+∆ξ where the superscript zero indicates the values of the quantities when d=0. The dispersion 

equation (Eq. (14)) can then be written, 
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Further approximation depends on whether the mode being perturbed is a Love wave (ξo=0) or one of the 

associated m>0 SH-APM’s ( tanh(Ts
ow)=0, but ξo≠0). 

 

a) Love wave case 

 The n=0 Love wave case satisfies ξo=0 and this requires Ts
o=0 so that, from Eq. (6), vo=vs. Eq. 

(26) reduces to, 

 )tanh()tan( wTdT s
o

l ∆∆≈∆ ξ  (27) 

 

Considering the definition of ξ (Eq. (11)) the perturbation ∆ξ can be written in terms of the wavevectors 

and their perturbations, 
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The perturbation in Ts arises from the perturbation to the phase speed and is given from Eq. (6) as, 
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Eq (27) therefore becomes, 
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where  
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The left-hand side of Eq (30) is similar in form to that used in acoustic load impedance models of quartz 

crystal microbalances12. In QCM models, the acoustic load, ZL, on the crystal due to a thin mass layer is 

ZL=j(µl/vl)tan(ω∆d/vl) and the periodicity in this causes shear wave resonances10-12. To first order in the 

mass layer thickness Eq. (30) becomes, 
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The result in Eq. (32) gives the perturbation in the phase speed due to the presence of a small mass layer 

acting as a wave guide on a finite thickness substrate. The traditional Love wave assumes an infinitely 

thick substrate and this can be obtained by taking the limit w→∞, so that the tanh() term tends to unity. 

This gives, 
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Thus, a thin mass layer acting as a Love wave guide on an infinite thickness substrate generates a 

fractional shift in the phase speed proportional to the square of the product of the frequency and mass 

thickness (or frequency and mass per unit area). In many practical situations the substrate phase velocity is 

much larger than the layer phase speed and Eq. (33) can be further simplified. 

 

b) SH-APM with m=0 

 In this sub-section a perturbation expansion is used for the m=0 SH-APM and a result identical to 

that existing in the literature is obtained. It is then shown that this result is in error due to the perturbation 

being about a singular point which means that a perturbed m=0 SH-APM mode becomes a Love wave 

rather than remaining as a SH-APM. The zeroth order plate mode is given by a finite thickness substrate 

with Ts=jks and ksw=0. This necessarily means it also satisfies the Love wave condition for the 

unperturbed system of ξo=0 and, from Eq. (6), the unperturbed phase speed is vs. The perturbation 

expansion of the dispersion equation (Eq. (14)) follows the finite thickness substrate Love wave case and 

Eqs (30)-(32) are obtained. However, in the SH-APM case the substrate thickness remains finite and we 

expand the tanh() term on the right hand side of Eq. (30), 
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Again, Eq (30) has been used initially, rather than going directly to Eq. (33), in order to preserve the 

similarity in form to acoustic impedance models of QCM’s. Expanding in small layer thickness gives, 
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which can be re-written using vs= (µs/ρs)
1/2 and vl= (µl/ρl)

1/2. In the approximation that (vs/ vl)
2>>1, Eq. 

(35) reduces to, 
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which is precisely the result given by Martin et al23 for the sensitivity of the SH-APM mode 0 to small 

mass perturbations. However, we argue that the above calculation is in fact in error due to the perturbation 

being singular. The problem arises because the predicted velocity shift is negative and this must reduce the 

phase speed to a value below that of the substrate. However, in this case Eq. (6) predicts that Ts
2 will be 

positive and so the assumption that Ts=jks with ks real can no longer be valid. In effect, when the phase 

speed of the m=0 SH-APM is perturbed by a mass layer of shear speed lower than the substrates, the 

solution necessarily converts into a Love wave.  

 

c) SH-APM with m>0 

 The higher order SH-APM’s associated with the Love wave do not suffer the same difficulty as 

the m=0 SH-APM. In this case, the unperturbed solution has tanh(Ts
ow)=0 with Ts

o=jks
o and ks

o
 real, but 

with ξo≠0. Thus, the unperturbed phase speed vm of the mth mode is not equal to the shear speed of the 

substrate vs and it is possible to perturb the phase speed without breaking the assumption that ks is real and 

so retain a SH-APM mode. In the m>0 SH-APM case, Eq. (26) reduces to, 
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and  Eq. (6) gives, 
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Thus, the equivalent of Eq. (30) is, 
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where Tl
o is given by 
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Significant differences between Eq. (30) describing Love waves and Eq. (39) describing SH-APM’s 

include the replacement of the tanh( ) on the right-hand side by a tan( ) term, the replacement of the (-

2∆v/vs)
1/2 by (-∆v/vm) in the argument of the tan( ) and the lack of a pre-factor involving the perturbation to 

the phase speed. A further difference is the presence of a (vm
2/vs

2-1)1/2 as a prefactor to the tan( ) and in the 

denominator of the argument of the tan( ). This factor is responsible for the difficulties with the m=0 SH-

APM mode because when m=0 the unperturbed phase speed, vm, is equal to the substrate phase speed, vs, 

and the factor vanishes, thus giving a singularity in the argument of the tan( ) term. However, if this 

singularity is formally ignored and the tan( ) is expanded to first order, the factor from the argument 

cancels with the factor in the pre-factor and an apparent result for the perturbation to the phase speed can 

be obtained. We believe this formal perturbation result for the m=0 SH-APM mode is invalid and that, in 

fact, the mode becomes a Love wave with the perturbation to the phase speed described by Eq. (30). 

 

For the m>0 SH-APM modes, Eq. (39) can be written to first order in ∆d as, 
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and expanding to first order in  ∆v gives, 
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which is a factor of two greater than Eq. (35). Eq. (23) can be used to evaluate the mode speed vm from the 

substrate speed and thickness and the operating frequency. In the case that the unperturbed SH-APM 

modes are close in phase speed to the substrate phase speed, i.e. vm≈vs, and the substrate speed is much 

greater than the layer phase speed, i.e. vm
2>>vl

2, Eq. (41) can be reduced to, 

 

 
w

d

v

v

s

l

s ρ
ρ ∆−

≈∆
 (43) 

which is the result quoted by Martin et al23. However, it should be noted that the assumptions used to 

reduce Eq. (42) to Eq. (43) are very restrictive and may not apply in practice. 

 

 The perturbation results for the dependence on mass and frequency of the phase sensitivity of a 

bare substrate supporting shear waves to small mass loading depends on whether the substrate is operated 

as a Love wave device or a SH-APM device. Eq. (33) and Eq. (42) show that in the former case the 

dependence is ∆v/vs∝(ω∆d)2 whilst in the latter case it is ∆v/vm∝ω∆d. In this section, perturbations about 

d=0 have been considered and the results are therefore only valid for the n=0 Love wave mode and 

associated APM modes. However, it is also possible to perform perturbations about the guiding layer 

thicknesses, dnm, where the higher Love wave modes or their associated SH-APM’s start; in effect the 

perturbations are about the mode speeds vm. 

 

V. Numerical Solutions and Discussion 

 To solve the dispersion equation (Eq. (14)) numerically the material parameters, (ρs, vs, ρl, vl) and 

the operating parameters (w, d, f) need to be specified. In general, for any given set of parameters there 

may be multiple solutions to the dispersion equation corresponding to multiple Love wave modes and 

multiple SH-APM’s, so that the numerical approach needs to be relatively sophisticated. Defining the 

dimensionless layer thickness using the operating frequency z=d/λl where λl = vl/f, and the dimensionless 

combinations of the material parameters, µr= µs/µs, β=[1-(vl/vs)
2]1/2z and  wr=w/d, Eq. (14) can be re-

written as, 

 






















−








−







=
22

1tanh1tan
β

β
β

βµ x
w

x

x
x rr  (44) 

In this equation, x=Tld is the variable which must be determined by the numerical routine. The mode 

phase speed, v, can then be found from x and the dimensionless form of Eq. (7), 
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Once the mode speed has been determined, it can be used to compute the displacements in both the 

substrate and the layer. The solution of Eq. (43) can be considered for the two cases (x/β)2≤1 and (x/β)2>1, 

which correspond to Love waves and SH-APM’s, respectively. In both cases, the solution for x is real. 

 

 In the Love wave case, (x/β)2≤1 and the right-hand side of Eq. (44) is a monotonically reducing 

function of x which is infinite at x=0 and equal to zero at x=β. The left-hand side of Eq. (43) is a periodic 

function with infinities at pπ/2 where p=1, 3, 5, … Hence, the number of solutions (Love wave modes) is 

determined by β and is 1+Int[β/π] where Int gives the integer part. In the Love wave case, increasing wr 

reduces the value of x in the solution, so that for the same phase speed (Eq. (45)) z will be smaller. In the 

infinite thickness substrate case, the only dependence of the phase speed on d is in the combination z=d/λl 

and this means that changing the guiding layer thickness is equivalent to changing λl. Since the 

wavelength is set by the operating frequency, f, this means that for Love waves on an infinite thickness 

substrate a change in guiding layer thickness is equivalent to a change in inverse frequency. For the finite 

thickness substrate case, this is no longer true because the length scale set by the operating frequency can 

be compared against w as well as d. In the SH-APM case, (x/β)2>1 and the tanh( ) on the RHS of Eq. (44) 

becomes a tan( ) term, thus giving, 
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A further limitation, which is imposed by Eq. (45), is that x<2πz. When the substrate thickness is infinite 

(wr→∞), no solutions exist to Eq. (45) satisfying x>β. 

 

In the computation of the dispersion curve, Eq. (44) is solved by using fixed values of the 

substrate thickness w, the material parameters (ρs, vs, ρl, vl) and the operating frequency and starting with 

d=0. For the system without a guiding layer, the phase speeds for each mode, Love wave and SH-APM, 

are known from Eq. (23). The guiding layer thickness, d, is then increased incrementally and at each step 

Eq. (44) is solved iteratively for each mode using the previous solutions as the initial starting guesses; 

solutions to Eq. (44) include solutions to Eq. (46) and so it is only necessary to solve Eq. (44). Figure 2 
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shows a calculation using an operating frequency of 100 MHz with a polymer on quartz system described 

by material parameters ρs=2655 kg m-3, vs=5100 m s-1, ρl=1000 kg m-3 and vl=1100 m s-1, and a substrate 

thickness of 100 µm.  The operating frequency and the material parameters have been chosen because the 

system of PMMA on quartz using a surface skimming bulk wave (SSBW) has been widely reported in the 

literature on Love wave biosensors24. However, the substrate thickness is thinner than that typically used 

in Love wave biosensors and has been chosen to emphasise the SH-APM modes; the separation between 

SH-APM modes depends upon w. The number of modes possible when d=0 is given by 

mmax=Int[wω/πvs]=3. The initial speed of the Love waves and the associated SH-APM’s and the 

thicknesses at which each of these modes begin is given in table I for the first three Love waves (n=0, 1, 

2). These data points are shown in Fig. 2 as solid circles. The calculated phase speeds initially decrease 

slowly as the guiding layer thickness increases from zero, but in this system a sharp transition in speed 

occurs at approximately d∼λl/4. 

 

 The existence of multiple modes and the possible change from real to imaginary of some 

functions as the mode speed converts from above vs to below vs, means that particular care is needed when 

evaluating the displacements (Eqs. (15) and (16) or (19)) associated with a particular solution of the 

dispersion equation (Eq. (14)). In order to group the terms in the displacements into factors that involve 

real functions multiplying travelling waves in the x1 direction and either exponential decays or 

exponentials with phase factors, the displacements are re-written as 

 ( )11)exp()()0,1,0( 3
xktj

sll ewTxAfu −−= ω  (47) 

and 

 ( )11)exp()()0,1,0( 3
xktj

sss ewTxAfu −−= ω  (48) 

where the functions fl (x3) and fs (x3) are defined as, 

 

 [ ])sin()tan()cos()cosh( 33 xTdTxTwTf lllsl +=  (49) 

and 

 [ ])(cosh 3 wxTf ss +=  (50) 

 

In the case of Love waves, Ts is real and positive, so that the displacement in the substrate and layer are 

given by the fs (x3) and fl (x3) functions each multiplied by the exp(-Tsw) function. In the case of SH-

APM’s, which have Ts imaginary, the displacement in the substrate and layer are given by the functions 

fs(x3) and fl(x3) alone. These two functions remain real, whereas the exp(-Tsw) factor becomes  exp(-jksw) 

with ks is real and so adds an overall phase factor into the travelling wave part of displacement. 
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 Figure 3 shows the evolution of normalized displacements for the first Love wave (n=0 with m=0) 

as the guiding layer increases in thickness; the order of increasing guiding layer thickness is given by the 

sequence of solid curve, long dashes and short dashes. The layer displacement, fl (x3)exp(-Tsw) is shown 

for x3>0 and the substrate displacement, fs (x3)exp(-Tsw), is shown for x3<0 although only a small range of 

substrate depth is plotted; the displacements have been normalized so that they are unity at the top (free) 

surface of the guiding layer. The guiding layer thicknesses are given by d/λl=0.009726, 0.168272 and 

0.363739 and correspond to phase speeds of 5099, 5050 and 1500 ms-1, respectively; other parameters are 

the same as in Fig. 2. The guiding layer thicknesses have been chosen so that the evolution of the 

displacement for the first Love wave mode can be followed through the sharp transition in the phase speed 

shown in Fig. 2. Each of the displacements has an antinode at the top surface of the guiding layer and 

satisfy vanishing shear stress at the lower surface of the substrate; for an infinite thickness substrate this 

zero stress condition also implies a vanishing displacement. Initially, with a thin guiding layer, the 

substrate shows a displacement which has a shallow decay with depth and which is a good approximation 

to a constant in both the substrate and guiding layer. As the guiding layer thickness increases, a quarter 

wavelength type pattern in the layer becomes more dominant and the substrate displacement becomes 

relatively smaller and more like an exponential decay than a plane wave. Further increases in guiding 

layer thickness do not alter the basic quarter-wavelength pattern as the Love wave is already essentially 

localised in the layer. Physically, this is what we would expect. When the phase speed is close to that of 

the substrate, the Love wave has dominantly the properties of the shear wave in the substrate, e.g. a plane 

wave with v∼vs.  However, when the phase speed is close to that of the guiding layer, the Love wave has 

dominantly the properties of the shear wave in the layer, e.g. localised in the layer with v∼ vl and having a 

node at the interface with the substrate so that it satisfies a quarter wavelength standing wave condition of 

λ/4=d with λ∼λl. 

 

Figures 4 and 5 show the evolution of the second and third Love wave modes (n=1, m=0 and n=2, m=0) as 

the guiding layer thickness increases. The format of the figures is similar to Fig. 3 with increasing layer 

thickness in the sequence of solid curve, short dashes and long dashes. The second Love wave mode, 

shown in Fig. 4, begins its existence as a half wavelength pattern in the guiding layer. As the guiding layer 

thickness increases it evolves steadily into a 3λ/4=d pattern in the guiding layer, with λ∼λl. Further 

increases in guiding layer thickness do not appreciably alter this pattern although the approximation λ≈λl 

becomes increasingly accurate. The evolution of the third Love wave mode, shown in Fig. 5, is similar to 

the previous cases. The pattern initially describes a full wavelength in the substrate, but as the speed drops 

and approaches the layer shear speed, the pattern evolves into a 5λ/4=d pattern in the guiding layer, with 
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λ∼λl. Thus, the Love wave modes, labelled by n, each involve an initial pattern of nλ/2=d in the guiding 

layer which then evolves into a (2n+1)λ/4=d with λ∼λl. This change in pattern matches the change in the 

Love wave mode speed from v=vs to v∼vl . These changes correspond to a change in Love wave character 

from that of a shear wave in the substrate to one that is similar to a shear wave in the guiding layer. 

 

Figures 3-5 show how Love waves on a finite thickness substrate evolve in character as a solid 

guiding layer increases in thickness. Figure 6 shows the equivalent evolution for the SH-APM 

displacements, fl (x3) and fs (x3)., for the modes m=1, 2 and 3 associated with the n=0 Love wave. The 

displacements have been normalized to give unity at the top (free) surface of the guiding layer and the 

exp(-Tsw) functions are now phase factors and so combined into the travelling wave part of the 

displacements. In Fig. 6, each row corresponds to one SH-APM mode and the first diagram in the row 

shows the displacements as a function of relative depth into the substrate, x3/w.  The second diagram in the 

row shows the displacement as a function of the relative depth into the guiding layer, x3/d and only a 

portion of the substrate is indicated so that the displacement in the guiding layer is emphasised. The 

evolution of the pattern for the first SH-APM (m=1, n=0 shown by Fig. 6 (a) and Fig. 6 (d)) takes a half 

wavelength in the substrate to a constant (plane wave) in the substrate. At the same time, the layer 

displacement evolves from a constant to a half wavelength type pattern. The guiding layer thicknesses are 

given by d/λl=0.001632, 0.218477 and 0.491484 and correspond to phase speeds of 5274, 5170 and 5102 

ms-1, respectively; other parameters are the same as in Fig. 2. The evolution of the next higher order SH-

APM (m=2, n=0 shown by Fig. 6 (b) and Fig. 6 (e)) with increasing guiding layer thickness takes the 

substrate pattern from a wavelength to a half wavelength and the layer pattern from a constant to a half 

wavelength type. The guiding layer thicknesses are given by d/λl=0.003213, 0.242625 and 0.508397 and 

correspond to phase speeds of 5928, 5600 and 5275 ms-1, respectively; other parameters are the same as in 

Fig. 2. The evolution of the subsequent higher order SH-APM (m=3, n=0 shown by Fig. 6 (c) and Fig. 6 

(f)) with increasing guiding layer thickness takes the substrate pattern from a one and half wavelength to a 

wavelength and the layer pattern from a constant to a half wavelength. The guiding layer thicknesses are 

given by d/λl=0.0011375, 0.240673 and 0.505806 and correspond to phase speeds of 7918, 7000 and 5930 

ms-1, respectively; other parameters are the same as in Fig. 2. Thus, it is possible to visualise the evolution 

of any SH-APM associated with the n=0 Love wave with increasing guiding layer thickness. The mth SH-

APM associated with the n=0 Love wave starts with an mλ/2 type pattern in the substrate and a constant 

(plane wave) in the guiding layer. As the substrate thickness increases the pattern evolves until an (m-

1)λ/2 type pattern is established in the substrate and a half wavelength type pattern is established in the 

substrate.  
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The physical interpretation arising from Fig. 6 can be extended to understand how any particular 

SH-APM mode associated with any particular Love wave mode evolves with increasing guiding layer 

thickness. The SH-APM mode, labelled by n and m, will initially have an mλ/2 type pattern in the 

substrate and an nλ/2 type pattern in the guiding layer. As the substrate thickness increases the patterns 

will evolve into an (m-1)λ/2 type pattern in the substrate and an (n+1)λ/2 type pattern in the guiding layer. 

This new pattern in the substrate and the layer then forms the starting point for the SH-APM mode 

associated with the next higher order (n+1) mode Love wave. Once the SH-APM mode evolves into a 

plane wave pattern in the substrate it forms the basis for the “pure” Love wave mode with m=0. This latter 

interpretation can be seen from comparing the Fig. 6 (d) with Fig. 4. From comparison of Figs. 3-5 and 

Fig. 6, it is also possible to understand the sharp changes in phase speeds that occur as the guiding layer 

thickness increases as a mode transition. The transition of the mth SH-APM to the (m-1)th SH-APM occurs 

from exactly the same guiding effect of the layer as the transition of the Love wave mode that leads to its 

phase speed changing from v=vs to v≈vl. The spectrum of initial phase speeds should be regarded as the 

sequence vl, vs, v1, v2, ….., vmax with increasing guiding layer thickness causing a transition between the 

successive phase speeds. This set of changes in the phase speeds can be seen clearly in Fig. 2, which 

shows that lowest order SH-APM mode eventually evolves into a higher order Love wave. In addition, 

each higher order SH-APM mode associated with one Love wave mode, evolves into the next lower order 

SH-APM mode associated with the next higher order Love wave mode. 

 

The interpretation of SH-APM modes and their relationship to Love waves developed in this work 

may have significant consequences for the use of SH-APM’s as sensors. The phase sensitivity of Love 

wave devices to deposited mass is high precisely because of the sharp change in the phase speed that can 

occur in the dispersion curve. A Love wave sensor is not operated with a thin guiding mass layer such that 

any additional mass being sensed can be regarded as a perturbation about v=vs (i.e. essentially d=0). 

Instead, the guiding layer thickness is selected to be at the steepest point on the phase speed-guiding layer 

thickness curve (i.e. at approximately d∼λl/4). Any additional deposited mass then causes large changes in 

phase speed. In contrast, SH-APM sensors are generally operated without any guiding layer and mass 

being sensed is then a perturbation about the initial mode speed v=vm (i.e. d=0). The belief that Love wave 

devices are more sensitive sensors than SH-APM’s, is therefore based on a comparison of perturbations of 

the SH-APM about the d=0 point of the dispersion curve and the Love wave about a d≠0 point of the 

dispersion curve. A more valid comparison of sensitivity would be to use an SH-APM device that 

possessed a guiding layer of thickness producing the maximum slope in the dispersion curve (i.e. 

approximately d∼λl/4). In this case, we would expect the sensitivity of the SH-APM to increase 

significantly. Moreover, the Love wave sensitivity arises from a transition in the phase speed from vs to vl 
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whereas with the layer guided SH-APM the transition will be between two mode speeds vm and vm-1. Since 

the SH-APM mode speeds are determined by substrate thickness, w, it should be possible to make the 

difference between the two highest modes greater than the difference between the substrate and layer 

speeds. Thus, with appropriately chosen parameters, the mass sensitivity of the layer guided SH-APM 

may even exceed that of the Love wave device; this we will describe fully in a future report. 

 

VI.  Conclusion 

The propagation of shear horizontally polarized acoustic waves in a system of a finite substrate covered by 

a finite mass guiding layer of lower shear acoustic speed has been considered. A dispersion equation and 

the solutions for the substrate and layer displacements have been constructed. The structure of the 

equations has been examined and multiple solutions predicted. These solutions have been shown to be 

analogous to Love waves when v≤vs and to SH-APM’s when v>vs. This formulation includes the 

generalisation of Love waves to Love waves on finite substrates and the generalisation of SH-APM’s to 

layer guided SH-APM’s; together we refer to these modes as generalised Love waves. Perturbation theory 

has been used to derive the fractional shift in phase speed produced by small mass (thin guiding) layers. It 

has been argued that the perturbed m=0 SH-APM, referred to in the literature, does not exist, but is in fact 

a perturbed Love wave. Numerical solutions to the dispersion equation have been constructed and the 

displacements in the substrate and guiding layer examined. These show that the higher order Love wave 

modes evolve out of the lower order SH-APM’s and the SH-APM’s associated with one Love wave arise 

from the SH-APM’s from the next lower order Love wave. It has been suggested from the new 

interpretation of SH-APM’s and the development of a theory for layer guided SH-APM’s, that sensors 

with significantly higher mass sensitivity will be possible. 
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Table I 

 

Phase speed, v, and normalised layer thickness, d/λl, at which Love waves and SH-APM’s begin for first 

three Love wave modes; parameters are ρs=2655 kg m-3, vs=5100 ms-1, ρl=1000 kg m-3, vl=1100 m s-1, 

w=100 µm and f=100 MHz. 

  

v/ ms-1 d0m/λl d1m/λl d2m/λl 

5100.00 0.0 0.512052 1.02410 

5274.36 0.0 0.511242 1.02248 

5929.03 0.0 0.508834 1.01767 

7918.88 0.0 0.504895 1.00979 
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Figures 

 

Figure 1. Definition of axes and propagation direction for shear horizontally polarized waves in a 

system of a finite substrate covered by a finite mass guiding layer; the displacement is in 

the x2 direction. 

 

Figure 2 Theoretical calculated phase speeds (solid curves) as a function of normalised guiding 

layer thickness (d/λl= df/vl) showing multiple modes of Love waves (v<vs) and the 

associated acoustic plate modes (v>vs). The solid circle symbols indicate the analytical 

result for the start of each mode. 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4
dêll

1000
2000
3000
4000
5000
6000
7000
8000

esa
h

P
d

e
e

p
S

,v

 

 



 25 

Figure 3 Evolution of the displacements of the guiding layer and substrate for the first Love wave 

(n=0 and m=0) as the layer thickness increases (solid, long dash, short dash); the surface 

normal co-ordinate, x3, has been normalised by the layer thickness. Layer and substrate 

parameters are the same as in Fig. 2. 
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Figure 4 Evolution of the displacements of the guiding layer and substrate for the second Love 

wave (n=1 and m=0) as the layer thickness increases (solid, long dash, short dash); the 

surface normal co-ordinate, x3, has been normalised by the layer thickness. Layer and 

substrate parameters are the same as in Fig. 2. 
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Figure 5 Evolution of the displacements of the guiding layer and substrate for the third Love wave 

(n=2 and m=0) as the layer thickness increases (solid, long dash, short dash); the surface 

normal co-ordinate, x3, has been normalised by the layer thickness. Layer and substrate 

parameters are the same as in Fig. 2. 
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Figure 6. Evolution of the displacements of the substrate and guiding layer for the first three layer 

guided SH-APM’s associated with the first Love wave as the layer thickness increases 

(solid, long dash, short dash). Diagrams (a) to (c) show the displacement as a function of 

the surface normal co-ordinate, x3, normalised by the substrate thickness, w, for modes 

m=1, 2 and 3 respectively each with n=0. Diagrams (d) to (f) correspond to the same 

displacements, but as a function of the surface normal co-ordinate, x3, normalised by the 

guiding layer thickness, d. 
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