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Abstract

We provide the spectral expansion in a weighted Hilbert space of a substantial
class of invariant non-self-adjoint and non-local Markov operators which appear
in limit theorems for positive-valued Markov processes. We show that this class
is in bijection with a subset of negative definite functions and we name it the
class of generalized Laguerre semigroups. Our approach, which goes beyond the
framework of perturbation theory, is based on an in-depth and original analysis
of an intertwining relation that we establish between this class and a self-adjoint
Markov semigroup, whose spectral expansion is expressed in terms of the classical
Laguerre polynomials. As a by-product, we derive smoothness properties for the
solution to the associated Cauchy problem as well as for the heat kernel. Our
methodology also reveals a variety of possible decays, including the hypocoercivity
type phenomena, for the speed of convergence to equilibrium for this class and
enables us to provide an interpretation of these in terms of the rate of growth of
the weighted Hilbert space norms of the spectral projections. Depending on the
analytic properties of the aforementioned negative definite functions, we are led
to implement several strategies, which require new developments in a variety of
contexts, to derive precise upper bounds for these norms.
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Key words and phrases. Spectral theory, non-self-adjoint integro-differential operators,
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ible distribution, Hilbert sequences, Laguerre polynomials, Bernstein functions, functional equa-
tions, special functions .
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CHAPTER 1

Introduction and main results

The importance of the spectral reduction of linear operators cannot be overem-
phasized as it is amply demonstrated by its diverse applications to far reaching
fields of mathematics such as functional analysis, dynamical systems, topological
groups, differential geometry, probability theory, harmonic and complex analysis
and boundary value problems. Beyond the theoretical interests, these developments
have proved to be fruitful in solving problems in the theory of infinite dimensional
systems, in theoretical and experimental physics, economics, statistics and many
other fields of applied mathematics.

Spectral theory at its best can be seen when one considers normal operators in
Hilbert spaces. Although the class of non-self-adjoint (NSA) and non-local oper-
ators is central and generic in the study of linear operators, its spectral analysis
is fragmentarily understood due to the fundamental technical difficulties arising
when the properties of symmetry and locality are simultaneously relaxed. We refer
the interested reader to the classical monographs [DS71] and [Dav07] and survey
papers [Dun58] and [Dav02], [Sjo09] for a thorough and yet up-to-date account
on the spectral reduction of (NSA) linear operators.

The main purpose of this work is to design an original and comprehensive theory
to

1) provide the spectral representation in a weighted Hilbert space of the solution to
the Cauchy problem associated to a class of NSA and non-local linear operators,
which are central in the theory of Markov processes,

2) derive an eigenvalues representation of the heat kernel, i.e. the transition kernel
of the underlying Markov process,

3) study the smoothness properties of the solution to the Cauchy problem and of
the heat kernel,

4) obtain the speed of convergence to equilibrium,

5) develop a detailed analysis of the nature of the spectrum of this class of NSA
and non-local operators.

Our approach is based on an in-depth study of an intertwining relation that we elab-
orate between the class of NSA and non-local operators and a specific self-adjoint
differential operator whose spectral resolution is well understood. We already point
out that it is flexible enough to study the substantial problems listed above in a
unified way. We also believe that it is comprehensive and could be used to deal
with the spectral expansion of different type of NSA operators. For these reasons,
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2 1. INTRODUCTION AND MAIN RESULTS

a synthetic description of the methodology will be detailed in Chapter 2] These
semigroups are defined below, where in the sequel Co(R ) (resp. Co(R,)) stands for
the space of continuous functions on Ry = [0,00) (resp. Ry = (0,00)) both vanish-
ing at infinity and endowed with the uniform topology and C° (A) stands for the
class of infinitely differentiable functions with compact support on A C R.

DEFINITION 1.0.1. We say that a semigroup P = (P;)¢>0 is a generalized La-
guerre semigroup (for short gL semigroup) of order H > 0 if

1. P is a Feller semigroup on Co(R4), i.e. forallt > 0 and f € Co(R,) it holds that
P,f € Co(Ry), P.f > 0 whenever f >0, and, lim; o P, f(z) = f(z), Yz > 0.

2. The family of operators (K;)¢>o defined, for any ¢t > 0, via
th = Pln(t+1)d(t+1)H f:

with d.f(z) = f(cz), defines a Feller semigroup on Co(RR ), which possesses the
H-self-similarity property, i.e. the following relation holds, for all ¢,z,¢ > 0,

(L.1) Kif(ex) = Ke-myde f(2).

3. There exists a non-degenerate probability measure ¢ on Ry such that we have,
for any t > 0,

(1.2) IP,f =9f,
where here and in the sequel ¥f = [° f(x)9(dx).

4. For any = € R, there exists a positive measure II(z, dy), such that for any f
with support included in Ry \ {«} and f € C°(Ry \ {z}), we have that

1
lim 1P, f(2) = / o e d)

and II(z, (z,00)) = 0.

We say that a stochastic process X = (X;);>0 defined on a filtered probability space
(Q, F, (Ft)i>0,P) is a generalized Laguerre process (for short gLp) if the family of
linear operators P = (P;);>0 defined, for any t > 0 and f € Co(R,), by

Pyf(x) = Eq [f(X3)]

is a gl semigroup, where E, stands for the expectation operator associated to
P.(Xo=2)=1.

REMARK 1.0.2. Since there is no loss of generality considering only gL, semigroups
of order 1, we will assume from now on that H = 1. Indeed, note that if P is a gL,
semigroup of order H > 0 then, since pg(z) = xf is a homeomorphism of R, to
Ry, then Ky f(z) = Kif o pgr (%) is 1-self-similar Feller semigroup on Co(R,) and
P,f(x) = P,fopg (m%) is a gL semigroup of order precisely 1.

REMARK 1.0.3. The terminology generalized Laguerre semigroup is motivated by
the well-known case when the invariant measure

Hdx) = e (x)de = o

——e d 0
F(m—|—l)e x, x>0,



1. INTRODUCTION AND MAIN RESULTS 3

is the probability measure of a Gamma random variable of parameter m + 1 > 1.
Then, there exists a family of semigroups P, indexed by m, satisfying the conditions
of Definition [1.0.1] above and each of which admits an eigenvalues expansion for its
action on the Hilbert space of square integrable functions with respect to &,,(x)dx,
that is L2(g,,), expressed in terms of the Laguerre polynomials of order m, which
form an orthogonal basis in the Hilbert space L?(e,,), see Chapter [3| In this case,
P is self-adjoint in L2(e,,), and we shall see that it is the only instance among the
class of gL semigroups to be self-adjoint, see Theorem , which disproves the
orthogonality of the eigenfunctions of these groups apart from the classical Laguerre
case.

REMARK 1.0.4. Let us now indicate that the requirement II(z, (z,00)) = 0 in
condition [4] which has a nice pathwise interpretation as the imposition upon the
corresponding generalized Laguerre process to have downward jumps only, is purely
technical in the sense that one may define this class without this assumption. We
choose to restrict our analysis to this situation since it requires already some sub-
stantial new developments which deserve to be detailed in one (long) paper and we
postpone to a future paper the study of the general case. However, we emphasize
that apart from some technical issues specific to the general framework, the main
concepts, theories and methodologies needed to develop its spectral reduction are
contained in this work. Indeed, from an operator viewpoint, the main mathematical
difficulties stem from the non-self-adjointness combined with the non-local proper-
ties of the generators of these Markov processes and not necessarily on the support
of the Lévy kernel, that is II (z,.), see [PS18b] for the spectral expansion of two-
sided self-similar Feller semigroups. As another illustration of this fact, one may
extract from our main results Theorem the spectral expansion of the semi-
groups constructed from the gL ones by performing a subordination in the sense
of Bochner, which gives a class of non-self-adjoint semigroups whose associated
Markov process may have jumps in both directions.

Beyond the theoretical interests of studying a class of NSA semigroups, there
are several motivations underlying the investigation of this specific class of semi-
groups.

REMARK 1.0.5. On the one hand, the gl. semigroups play a substantial role in
probability theory. Indeed, from the celebrated transformation due to Lamperti
[Lam62], which provides a bijection between stationary processes and self-similar
stochastic processes, one can easily observe that the class of gl semigroups we
have introduced above corresponds to the class of positive stationary Markov pro-
cesses whose Lamperti transformation, see , leaves invariant the Markov prop-
erty, that is the associated self-similar process remains a (homogeneous) Markov.
The generalized Laguerre processes are intimately connected to the so-called gen-
eralized Ornstein-Uhlenbeck processes which have been introduced by Carmona
et al. [CPY97]. Moreover, the aforementioned class of self-similar semigroups,
whose heat kernel can easily be expressed in terms of the one of the associated
gl semigroup via , appears naturally in limit theorems of Markov processes
and have been intensively studied over the last two decades, see e.g. [Lam?72],
[VA94], [BS11], [BY02a], [Pat09], [Pat12] and [DZ15]. They also correspond
to the class of positive Markov processes whose transition kernel satisfies a scale
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invariance property similar to the classical Gaussian heat kernel whose index of self-
similarity is H = 2. It is (one of) the aim of this work to make available additional
explicit representations of Markov transition kernels satisfying this scale invariance
property which has been observed in many physical phenomena.

We also emphasize that the class generators of the gl semigroups, see below,
encompasses a variety of substantial integro-differential operators such as the classi-
cal fractional derivatives, delay differential-operator of pantograph-type, differential
Bessel operators perturbated by non-local operators, see e.g. [PS12b], [BP14] and
[Diel0], and, we refer to Chapter [3| for the description of some specific instances.
Several classes of gl. Markov processes have found applications in many fields of
sciences, such as neurology, data transmission, economy, biology, epidemiology, see
e.g. [DJG10], [YZLM14], [CKRT12], [Mall5] and the references therein.

1.1. Characterization and properties of gL semigroups

We shall provide a characterization of the class of gl semigroups in terms of their
infinitesimal generators. To this end, let us introduce the function ¢ : iR — C,
which is defined, for any z € iR, by the following relation

(1.3) P(2) = 0?22 + mz + /000 (e7* — 1+ zy) (dy),

where 0 > 0, m > 0 and II is a o-finite positive measure concentrated on (0, c0)
and satisfying the integrability condition [;* (y? Ay)II(dy) < co. Note that the
characteristic triplet (o, m,II) uniquely defines the function .

‘We introduce the set
(1.4) N = {¢ of the form (1.3)}.

N is a subset of the negative definite functions or equivalently is a subset of the set of
characteristic exponents of infinitely divisible distributions on R, see e.g. [Jac01] for
more details about Fourier transforms of infinitely divisible distributions. The class
of infinitely divisible distributions in turn is the building block of Lévy processes
via the fact that (&;);>0 is a Lévy process if and only if £; is infinitely divisible, see
e.g. [Ber96l Chap. I] or for our specific case the discussion succeeding Theorem
below. We also write throughout

(o] o0
(1.5) I(y) :/ I(dr) and II(y) :/ I(r)dr

Yy Yy
for the tails of the measure II which due to the link to Lévy processes is usually
called the Lévy measure. We say that f € C?([—o0,00]) if and only if f, f/, f”
are continuous on (—o0o,00) and have finite limits at +0o. We are now ready to
state our first result which provides a characterization of our class of generalized
Laguerre semigroups of order 1, see Remark [I.0.2} together with some of their basic
properties.

THEOREM 1.1.1. (1) There exists a bijection between the class of generalized
Laguerre semigroups and the subspace of negative definite functions N .
More specifically, for each v € N, the associated gL semigroup P =
(Py)i>0 is characterized by its infinitesimal generator G which admits, at



(1.6)

(2)

(1.7)

(3)

(4)

(1.8)

(5)

G*f(z)
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least, for any function f € Dg = {f; x — f.(x) = f(e*) € C? ([~o0,])},
the representation

Gf(z) = o*xf'(x)+ (m+0”>—2)f(2)
[T () - 5@+ g @) G, ),
0

where I(x, dy) = % and (o,m, ) is the characteristic triplet of 1.

For each b € N, P admits a unique invariant measure which is an abso-
lutely continuous probability measure with a density denoted by v. More-
over, v has support on (0,t) and it is positive on this domain, where
v = lim, 00 # = ¢(0), see below for the justification of the no-
tation, that is

t=o00ifo? >0, and, 0 <t = ﬁ(()*) +m < oo otherwise.

P can be extended uniquely to a strongly continuous contraction semi-
group, still denoted by P, on the weighted Hilbert space

L*(v) = {f:(0,r) = R measurable; /0t fA(z)v(z)dz < oo},

endowed with the norm ||.|lr2q) = ||.|l, and inner product {.,.),. The
algebra of polynomials, P, is a core for its infinitesimal generator.

It admits a conservative standard Markov process on (0,t), see e.g. [BG68|,
Definition (9.2), p.45] for definition, as a (weak) dual with the measure
v(z)dx serving as reference measure. The corresponding semigroup P* =
(Pf)i>0 is Feller-Dynkin, i.e. PCy(0,t) C Cy(0,t), where Cyp(0,t) is the
space of continuous and bounded functions (0,t), whenm > 0, and, t = 0o
or when Ny > 1, when v < oo, where N, s defined by

N, = [H(SW —1e0,)

with [-] the ceiling function, i.e. it evaluates the smallest integer greater
or equal to a positive real and we use the convention that N. = oo when
II(0") = co. Moreover P* admits a contraction semigroup extension in
L2(v) satisfying, for any f,g € L2(v),

<Ptfa g>V = <f7 Pt*g>u-

Moreover, for any N, > 2, the infinitesimal generator G* of the (Feller-
Dynkin) semigroup P* takes the form, for at least any function f such that

fv € Dg, x € (0,%), and, writing f(z,y) = f(e Vx) — f(z) +yaf'(z),

= olzf(x) + (D(x) +x (2 ”Vl((f)) + 1)) f(z) + /OOO f @, )1 (2, dy)

where 0(x) = 02 —m — [;° (1 - M=) ) xyll: (x, dy) and

v(e Yz)

v(e Yx)

I (z, dy) = py

II(dy).



6 1. INTRODUCTION AND MAIN RESULTS

(6) If11 =0, then P is self-adjoint in L2(v). Otherwise, P is non-self-adjoint,
ie. P+ P*.

The proof of the item is given in Section . The ezistence and the absolute
continuity property of the invariant measure in item (2) along with the continuous
extension of P in item are justified in Section The support and positivity
properties of v stated in item are derived in Section and are part of The-
orem[5.0.2, whereas the expression of ¢ is justified in Proposition [{.1.1|[8) and the
proof of the uniqueness of the invariant measure is postponed to Section [7.J The
fact that the algebra P is a core follows directly from Theorem and .
Finally, the remaining statements are proved in Section [5.7}

REMARK 1.1.2. Note that the bijection stated in finds its root in a remarkable
work from Lamperti [Lam72] which establishes a bijection between the class of
positive self-similar Markov processes and the class of Lévy processes.

REMARK 1.1.3. We also point out that further fine distributional properties, includ-
ing smoothness and small and large asymptotic behaviour, of the invariant density
v are stated in Chapter [f

1.2. Definition and properties of subsets of N/

Our main results below regarding the spectral decomposition, regularity and speed
of convergence for the gl. semigroups are expressed in terms of some subsets of
negative definite functions that we define and study here. To this end, we first
point out that the set NV is also in bijection with the set of spectrally negative Lévy
processes, i.e. processes that can jump downwards only, which have a non-negative
mean, via the relation

logE [e*'] = ¢(z), =z € iR,
with § = (§);5¢ a Lévy process, see [Ber96, Chap. I]. We note that E[¢] =
P'(0T) = m > 0. We call £ the Lévy process underlying the semigroup P or

alternatively the Lévy process associated to ¢. It is a common fact that any ¢ € A/
has the Wiener-Hopf factorization given by

(1.9) P(u) = ud(u), ueRy,
where, with II(y) = fyoo II(dr), see (1.5]), for any u € R,

(1.10) o(u) = m+ o?u + /000 (1—e ") I(y)dy.

The function ¢, which is a Bernstein function, is the Laplace exponent of the
so-called descending ladder height process of £, say n = (1;)¢>0, that is, for any
u e R+,

(1.11) InE [e "] = —p(u).
Note that 7 is a possibly killed subordinator (non-decreasing Lévy process) and we
refer to [Ber96l, Chap. VII] for more detail on spectrally negative Lévy processes

including their Wiener-Hopf factorization. We point out that 7 is killed if and only
if m > 0 as then ¢(0) > 0. Denote by

(1.12) Bar = {¢ is of the form (1.10)},
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that is the convex sub-cone of the set of Bernstein functions which is in bijection
with the set N via the identity (1.9). Next, for any ¢ € By, we introduce the
multiplicative Markov operator Z,, defined, for at least any f € Co(R.), by

(1.13) Ly f(x) = E[f(xlp)],
where I is the positive random variable
oo
(1.14) Iy =/ e~ dt.
0

Write R = {(a,m); a€(0,]]andm>1-— é} Then, for any («, m) € R we define
for u > 0 the function

T 1

(115 o) = i amt )

INou+aom+1—a)’

and we simply write ¢ (u) = ¢f' (u) = u 4+ m. We recall from [PS17], sce also

Lemma below, that qﬁgm € By. We say that a function f is completely
monotone if f: Ry — [0,00) € C®°(Ry) and (—1)"f)(u) >0, for all n = 0,1, ...
and u > 0. The space C*°(R, ) consists of all infinitely differentiable functions on
R..

We are now ready to introduce in Table [I] and Table [2| some substantial subclasses
of A and refer to Section [I.2]for more detailed information regarding these objects.

o2 | TI(0F) | TI(0%)

Np | >0
N >0
0 =00

NET 0 | <oo | <00

TABLE 1. Definition of some classes in terms of the characteristic triplet.

— T o | (by+ib)|
Ne @¢_b1;—1110f0 ln< 3(09) )dy>0

Ny Y(u) X Cque™t Cy > 0,a € (0,1)

N ¢<}3,m(“) fe
P e e completely monotone

NR U(a,m)eD‘iN%m

TABLE 2. Definition of other classes in terms of 1 (u) = up(u).
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Although for most of the subsets of N, such as Noo, NS, Np, their definitions are
given directly in terms of the triplet (o, m,II), the other classes, i.e. N, Ng and
NRg, are more or less characterized through specific properties of the (associated
ladder height) Laplace exponent ¢. The aim of the next result is to provide for these
latter subclasses sufficient conditions expressed in terms of (o, m,II) that allow to
identify them.

THEOREM 1.2.1. (1) If ¢ € Ng then v = ¢(o0) = co. Moreover, we have that

u—00 w( )

where if 02 = 0 we have the following equivalent criterion in terms of the
characteristic triplet
(L o
(1.16) lim (“) >0 < lim :y# > 0.
u—oco ¥(u) v=0 [YTI(r)dr +my

1
Ng = {wEN 02>0 or lim I(y) >0}CJ\/@,

(2) We also have
(117) Y EeEN, < T(y) 2T(a+1)Cay™® < T(y) X T()Coay 1,
where we recall that C,, > 0.
(3) (a) Np C Naco,) Un>1-1 Nom-

(b) Let us write for (a,m) € R = {(a,m); a € (0,1] and m > 1 — é}}
1 Cmay oyl
= — @ 1_ o
Ua,m(y) T(a+ 1)6 ( € ) yy >0,

m, = (am+1—a)/a>0. Then, if p € N\ Np with

inf + Ua’m(y) <1
0 AC(0,1) H( y+m  Uam(Ay)

0,1),m>1—2L then € Ny m.
€ R, Nom C No with when ¢ € Nym, Sa <9, <

for some a € (

(¢) For any (a,m)
5.

The proofs of the first item (1)) are given in Section The second one follows

from augmentatwn of the classzcal estimate stated in Proposztzon_ . ) to W (u) =

ug(u) < u? fo (y)dy+mu in the regularly varymg case, combined with a standard

Taubeman theorem i.e. fy lT(,T) dr 2 I(y)y®~*t, and the monotone density theorem.

Ttems and are proved in Section whereas item is part of the
claim of Lemma

REMARK 1.2.2. Note that, in fact, under the conditions of the item we shall
prove that the mapping @ m(u) = Wﬁ(u(u € B, see ) for the deﬁn1t1on of
general Bernstein functions, which is thanks to Prop081t10n 4.1.14(4), a stronger
statement than the requirement that u — ﬁ is completely monotone.
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1.3. Eigenvalue expansion and regularity of the gL semigroups

In order to state the next result regarding the spectral expansion and the regularity
of the gL semigroups, we now introduce the following set which is the union of five
sets of the form, for some linear space L C L?(v), set A/ C A and some T > 0
which may depend on ¢ € N,

N
D (L) ={(&, f,t); b €N, f €Lt > T =T(y) > 0}
which shall serve as the domains of the spectral operator
N —
D = D" (L)) UDYZ (L2(pa)) UDY (L2(7)) UDY: | (L2() U DA (L2(w))

where, for any fixed « € (0,1) and any fixed v > a + 1, we set

1
Pa(z) =27%, and 7, (z) = max (1/(:r)7 em> x>0,
and,

T@¢ = —Insin®,, T, =—Insin (ga) ,

1 _
Tr,.po = mMax (va 1+ > , Ts=—-In(2%-1),
where, for each ¢y € Ng, a =sup{0 <a<1;Im> L —1and ¢ € Nom} and pq,

1 S
is the largest solution to the equation (1 — p)= cos %n(p)) = %. We mention

that the notions introduced above and the ones entering in the next claim are
reviewed and discussed at length in Chapters[d and[5] It is also part of the ensuing
statements that all functions are well defined. Next, we set, Wy(1) = 1 and, for
n €N,

(1.18) Wy(n+1) = [T é(k),

k=1
arld recall that t = 0o if 02 > 0, and, 0 < v = ﬁ(0+)+m < oo otherwise, and, N, =
{@—‘ —1 € [0, o] is the index of smoothness. Further, we set the quantity

(1.19) dy = sup{u < 0; ¢(u) = —o0 or ¢(u) =0}

and note that if ¢(0) = 0 then necessarily dy = 0 and always dy € (—o0,0], see
Proposition [4.1.1)[3]) for a justification. Finally, for two Banach spaces Hy, Hy we
denote by B(H;, Hy) for the space of bounded linear operators from H; to Hy. If

Hy = H; then we use B(H;) We are now ready to state the main result of this
work.

THEOREM 1.3.1. Let v € N'. Then, I, € B(L?(¢),L%(v)), where e(x) = eo(z) =
e ", x>0 (g¢ is defined in Remark, and Ly has a dense range, i.e. Ran(Zy) =

L2(v).
(1) For any (¢, f,t) € D U Dév"" (Ran(Zy)), the following holds.
(a) We have
(1.20) Pif=> e ™{(f,Vn)y Pn e L(v)

n=0
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(1.21)

(1.22)

(1.23)
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where, for all n > 0,

Puo) = Db crg),
k=0 ¢
and,

Va(@) = . eL2(v).

(b) If in addition ﬁ(0+) < 00, d.e. t < 00, then, for any f € Ran(Z,),
(t,z) = Pif(x) € C° (&), with € = {(t,z) € Ri;z < vt}.

(c) Otherwise, (t,x) — Pif(z) € ¢ ((T,00) x RT)
(d) In both cases, for any non-negative integers k and p, we have

d* (p) k *nt P)
(PN Zn , PP (z),

where the series converges locally uniformly in (t,x) on the sets spec-

ified in and .

(2) If v € NS, then, we have for any f € Ran(Z,), (t,z) — Pf(z) €

(1.24)

(3)

(1.25)

C> (C,). Moreover we have, if Ny > 0 (resp. N, > 1), that for any
0<n<2 )(Tesp n > (+))

Vi €12(v) (resp. ¢ L2(v)),
and, regardless of the value of N, for any f € Ran(Zy) and t > 0,

oo

Pf = > e ™I fLn)e Po inLP(v),

n=0

where IJ; is the pseudo-inverse of Iy, see [BIGO02| p.234] for definition.

The heat kernel. Let ¢ € Ngo (resp. v € Ng). Then, for all t >
T@¢ = —In sin@¢ (resp. t >T =Tgz A TQ¢) the heat kernel is absolutely
continuous with a density (t,z,y) — Pi(x,y) € C® ((T@¢,oo) X Ri)
(resp. C* ((I7 00) X Ri)) and, for any non-negative integers k,p, q,

L )
TEPEV (@) = 37 (<m) e PP (@) (Vi)

n=p

where the series is locally uniformly convergent in (t,z,y) € (TQW 00) fo_
(resp. (T,00) x R%). If in addition v € A(%), that is v is analytical
on C(%) = {z € C; |argz| < Z}, then the expansion (L.25) is locally
uniformly convergent even on t > 0. In particular, this is the case when

v e Np or
) hl’zk:o(_l)k(k)%
lim

This Theorem is proved in Chapter[13
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REMARK 1.3.2. This main result suggests some interesting and substantial dif-
ferences between the spectral expansion of NSA and self-adjoint operators. The
phenomenon that, for some classes, the expansion in the full Hilbert space holds
only for ¢ bigger than a positive constant has been observed in the framework of
Schrodinger operator, see [Dav99], and is natural for non-normal operators. In-
deed, in such a case, the spectral projections

(1.26) Pof={(f,Vn)o Pn

are not uniformly bounded as a sequence of operators. The projections are not
orthogonal anymore and the sequence of eigenfunctions does not form a Riesz basis
of the Hilbert space, see [Chr03] for definition and also the section below.
When compared to the spectral resolution of compact self-adjoint operators whose
set of eigenfunctions forms an orthonormal basis of the Hilbert space, our study
reveals that this requirement on the invariant subspace is, in general, too stringent.
Indeed, even the range of the non-self adjoint operator, which is a linear subspace
of the Hilbert space, can not be expanded into the invariant subspaces. These facts
illustrate fundamental differences with the spectral reduction of self-adjoint Markov
semigroups.

REMARK 1.3.3. In line with the previous remark, it is worth pointing out that the
smoothness of the density of the heat kernel (or of P, f, the solution to the associ-
ated Cauchy problem) remains the same for all ¢ bigger than a constant. This fact
may reveal that the eigenvalues expansion of the type may be uniformly con-
vergent only after the threshold time when the smoothness is established. Indeed,
there are interesting and various examples of transition densities of Markov pro-
cesses (with jumps) which are continuous of order ¢(t) for some increasing functions
¢, see e.g. [Pic96].

REMARK 1.3.4. It is quite remarkable that our analysis allows to provide necessary
and sufficient conditions for the existence of a sequence of co-eigenfunctions (at
least for any ¥ € N), a fact which requires not only smoothness properties of
the invariant density but also very precise information about its small and large
asymptotic behaviour along with its successive derivatives. Indeed, it is always
difficult for non-local operators whose Lévy kernels span the whole set of Lévy
measures to extract asymptotic properties beyond the classical regularly varying
framework, or, the so-called stable-like case. We also indicate that the condition
1 € N has a nice path interpretation since it means that the associated generalized
Laguerre process has paths either of infinite variation when 2 > 0 or II(0T) = oo,
or, when 02 = 0, of infinite activity in the sense that there are infinitely many
jumps in any compact time interval.

REMARK 1.3.5. We mention that the fascinating and powerful techniques, such
as Malliavin calculus, Hérmander analysis and PIDE techniques, see e.g. [IKO06],
[Pic96], [BRS14]| and [CS09], that have proved successful for studying the smooth-
ness properties of the transition kernel of diffusions semigroups or some Lévy type
semigroups, are not general enough to be applied in our context. This is due to
either a lack of symmetry and/or non-homogeneity of the Lévy kernel, or, unbound-
ness of the drift coefficient, or, the possible absence of diffusion part, or, simply the
non-local feature of the generators. Our main results reveal that, in the context of
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non-local Markov semigroups, the spectral expansion is a more flexible approach
to derive these delicate regularity properties. Of course, our approach goes much
beyond this issue as we also manage to obtain, for f in some various linear spaces,
the smoothness of P, f, that is the solution to the Cauchy problem. It would be
interesting to characterize for each operator what is the maximal domain for which
the stated regularity properties hold.

REMARK 1.3.6. We also observe from the space-time relationship between the self-
similar semigroup (K;);>o and the gL semigroup given in of Definition m
that, under the condition of the item above, K has an absolutely continuous
(smooth) kernel, K;(x,y), given by

Ki(z,y) = i(l + 1) P, (2) Ve (111&) y <1y+t>

n=0

where the series is locally uniformly convergent in (¢,z,y) € (e —1,00) x R2,
where T is either T@¢ orT.

The next result furnishes expansions for the adjoint semi-group P*.

THEOREM 1.3.7. (1) If ¥ € Ng (resp. ¥ € Ng), then for all t > Tg, =
—In (sin (@¢)) (resp. t >T =T5 NTe,) and any g € L%(v),

(1.27) Prgly) =Y e ™ (g, Pn), Valy),
n=0

where the series converges locally uniformly in y > 0.

(2) If ¥ € Np with 0 < TI(0%) < oo, then for all g € L2(v) and t > 0 (T.27)
holds in L?(v).

This Theorem is proved in Chapter[13

1.4. Convergence to equilibrium

There is a substantial and fascinating literature devoted to the study of the con-
vergence to equilibrium of semigroups associated mainly to differential operators.
In this framework, this problem has been investigated a lot under various coer-
cive assumptions on the generator, such as spectral gap or logarithmic Sobolev
inequalities, especially in the self-adjoint framework, see [BGL14] and the refer-
ences therein. In this direction, we mention that recently Miclo [Mic15] has shown
that a self-adjoint ergodic and hyperbounded Markov operator admits a spectral
gap. Nevertheless, some recent works have identified asymptotic exponential con-
vergence to equilibrium with bounds of the formme™¢, m,c > 0 and ¢ > 0, when the
generator satisfies some hypoelliptic type conditions. This phenomenon has been
called hypocoercivity in Villani [Vil09], and, has recently attracted more and more
attention, see e.g. Desvillettes and Villani [DV01], Eckmann and Hairer [EHO03],
Gadat and Miclo [GM13], Baudoin [Baul?] and Dolbeaut et al. [DMS15]. Note
that in this literature the constants above are not necessarily optimal and are in
general difficult to identify. At this stage, it is worth pointing out that among
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the different rates of convergence that we obtain for the entire class of gL semi-
groups, we also observe, see below, for the (small) perturbation class the
aforementioned hypocoercivity behaviour and the spectral decomposition enables
us to explain it in terms of the spectral gap and projection norms which is a natural
extension to the classical spectral gap observed in the self-adjoint case. We refer
to the remarks following the next statement for further discussion on this and on
other identified rates.

THEOREM 1.4.1. (1) Let i € N. Then, for any f € Ran(Z,) C L*(v), we
have for any t > 0,
1Pf =vill, < Crp@) e llf = vfllv,
where f € L2(e) is such that f = L, and

_ Il — <l
A=, =

with [|IZ,]|| = sup
g€EL2(e),97#0

(2) For any (¢, f,t) € D, there exist Cr, > 0 and an integer k > 0 such that
foranyt > T,

(k)
k 1
P f —vfll, < CL22\/<62@T)_1) If = vfll,

where ||.||r, stands for the Hilbert space norm of
. N
 L=12(pa) if (¥, /1) € D’ (L3(Pa));

o L=12(m,) if (1, f,) € DY (L3(7,));
o L =12%(v) otherwise.
When ¢ € Ng then k=0 and L = L?(v).
(8) Finally, let ¢ € Np. Then, for any € > 0, there exists C. > 0 such that
for any f € L2(v) and t > € > 0, we have that

|Pf = vfll, VIl

C.
< ¢ |If_
< 2y
Moreover, if 0 < TI(0+) < oo, then

m + I(0F)

m= B}

p >af = —(dy+ ) _a,500 20

for some € > 0, and, for anyt > 0 and any f € L*(v), the following bound

m+1
(1.28) IPf=vil, < (S eI vl
holds true with the inequality
mt1 ") m +T1(0%)

Frn e o Mai=ds=0}
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REMARK 1.4.2. At this stage, it is worth pointing out that we also observe in
, for the (small) perturbation class the aforementioned hypocoercivity be-
haviour. The intertwining approach that we develop enables us to characterize and
interpret the role played by the two constants: the rate of decay e~! corresponds

to the second largest eigenvalue, as in the classical self-adjoint setting, whereas

the second constant ,/2+L
dr +1

decomposition of the Hilbert space in terms of the (co-)invariant subspaces nat-
urally corresponding to the (co-)eigenfunctions. A particular justification for this
is the estimate of the norm of the spectral projections as defined in , whose
growth is in fact bounded by the order of the norms of the eigenfunctions and co-

eigenfunctions, that is by ||Pn|l,||Vall, = O (nTer) The rate of growth of these
nde

norms seems to measure the departure from the classical orthonormal basis. We
point out that we also identify in Theorem , for some instances encom-
passing the non-perturbation case, an exponential rate of growth for the spectral
projection norms of the adjoint operators. We refer to the recent papers [MSV17]
where these rates have also been observed in the context of Schrodinger operators.

may be interpreted as a measure of the quality of the

REMARK 1.4.3. In the general perturbation case, see Theorem , the quality
of the decomposition worsens and non-classical bounds on the speed of convergence
to equilibrium of the type C, (€% — 1)~1/2, ¢t > € > 0, appear, for some constant
Cy.e > 0 which could be computed from Chapter and the proof of [PS17,
Proposition 2.3].

REMARK 1.4.4. Our results reveal additional interesting phenomena for this rate
of convergence to equilibrium. Indeed, we identify more complex structure which
involves different non-equivalent topologies. Upon substitution of the expression
of Cj,7(1) the estimate in Theorem offers a classical spectral gap estimate
but for functions in the range of the intertwining operator and against the topology
of the reference self-adjoint semigroup which is not equivalent to the topology of
L2(v), whereas item , when the quality of the decomposition of the Hilbert
space improves, shows C7, (eZt — 1)_1/2, Cp, > 0,t > T, speed of convergence against
specific topologies. Thus, a general conclusion could be drawn to the effect that
eventually the quality of decomposition of the Hilbert space is lost (item and
(3), where this quality is measured by the rate of growth of the norms of the co-
eigenfunctions, see (|10.1)), which shows slowest growth in the perturbation scenario
and, and ((10.3)), which reveal faster growth when we are strictly beyond
perturbation. In turn we observe that in the latter scenario the speed of growth
increases whenever the rate of convergence to infinity for small y of the tail of the
Lévy measure I(y) = fyoo II(dr), slows down. We emphasize that, regardless of the
latter, item guarantees a classical speed of convergence against the topology of
the self-adjoint semigroup.

1.5. Hilbert sequences and spectrum

We now present some substantial properties of the set of (co)-eigenfunctions and
study in details the spectrum of the gl. semigroups. This will follow from some gen-
eral ideas, discussed in Chapter that establish new and interesting connections
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between three different concepts: intertwining relation, Hilbert sequences arising in
non-harmonic analysis and spectrum of non self-adjoint operators.

We start by introducing some definitions related to Hilbert sequences which can be
found in the monograph of Young [YouO1l, Chap. 1]. Two sequences (P,),>o and
(Vo)n>o0 are said to be biorthogonal in L?(v) if for any n,m € N,

(1.29) (Pn, Vi), = 6nm.-

Moreover, a sequence that admits a biorthogonal sequence will be called minimal
and a sequence that is both minimal and complete, in the sense that its linear
span is dense in L2(v), will be called ezact. It is easy to show that a sequence
(Pn)n>0 is minimal if and only if none of its elements can be approximated by
linear combinations of the others. If this is the case, then a biorthogonal sequence
will be uniquely determined if and only if (P,),>0 is complete.

Next, we present some basic notions related to the concept of frames in Hilbert
spaces. We point out that this generalization of orthogonal sequences has been
introduced by Duffin and Schaeffer [DS52] in 1952 to study some deep prob-
lems in non-harmonic Fourier series and after the fundamental paper [DGM86|
by Daubechies, Grossman and Meyer, frame theory began to be widely used, par-
ticularly in the more specialized context of wavelet frames and Gabor frames. A
recent and thorough account on these Hilbert space sequences can be found in the
book of Christensen [Chr03].

A sequence (P,),>0 in the Hilbert space L?(v) is a frame if there exist A, B > 0
such that the frame inequalities

(1.30) ANFIE < DO KEPa)® < BISIE
n=0

hold, for all f € L2(v). If only the upper bound exists, (P,),>0 is called a Bessel
sequence. A frame sequence is always complete in the Hilbert space and when
it is minimal, it is called a Riesz sequence. The latter are very useful objects
as they share substantial properties with orthonormal sequences. Indeed, a Riesz
sequence always admits a unique biorthogonal sequence (V},),>0 which is also a
Riesz sequence and both together form the so-called Riesz basis. Moreover, the
expansion in terms of the Riesz basis of any element of the Hilbert space is unique
and convergent in the topology of the norm. When (P,),>¢ is a Bessel sequence,
that is only the upper frame condition in is satisfied, then the so-called
synthesis operator, that is the linear operator S : £2(N) — L2?(v) defined by

(1.31) S:c=(cn)n>0— S(c) = Z en Py,
n=0

is a bounded operator with norm ||S||, < v/B, that is, the series is norm convergent
for any sequence in ¢2(N). However, S is not in principle onto as the (P,),>0 does
not form in general a basis of the Hilbert space.

Finally, we say that a sequence (V,,)n>0 in L%(v) is a Riesz-Fischer sequence if
there exists a constant B > 0 such that B~  [ca|* < |[Y0r,cnVall? for all
finite scalar sequences (¢p)n>0-
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We proceed by recalling a few definitions concerning the spectrum of linear opera-
tors and we refer to [DS71], XV.8] for a thorough account on these objects. First,
a complex number X € S(P), the spectrum of the linear operator P € B(L?(v)), if
P— I does not have an inverse in L2(r/) with the following three distinctions:

e )\ € S,(P), the point spectrum, if Ker(P — AI) # {0}.
e )\ € S.(P), the continuous spectrum, if

Ker(P — A\I) = {0} and Ran(P — A\I) = L?(v) but Ran(P — \I) € L*(v).

e )\ € S,.(P), the residual spectrum, if
Ker(P — A\I) = {0} and Ran(P — \I) C L*(v).
Clearly, S(P) = Sp(P) US.(P)US,(P). Let A € S,(P) be an isolated eigenvalue.
Then its geometric multiplicity, denoted by M1, (A, P) is computed as follows
(1.32) My(A, P) = dim Ker(P — AI),

that is the dimension of the corresponding eigenspace. Its algebraic multiplicity,
denoted by M, (), P) is defined by

o0
(1.33) Ma(N, P) = dim | | Ker(P — AI)*,

k=1
Note that always Mg(A, P) < M, (A, P). We are now ready to state both inter-
esting properties satisfied by the sequence of eigenfunctions and co-eigenfunctions
when viewed as sequences in Hilbert space and information on the structure of the
spectrum of gl semigroups. These claims are proved in Chapter

THEOREM 1.5.1. (1) Letp € N. Then, Span(P,) = L?(v) and (Pn)n>0 is a
Bessel sequence but it is not a Riesz basis in L (v).

(2) Let us now assume that ) € No. Then, the sequence (Vy,)n>0 is a minimal
Riesz-Fischer sequence in L2(v) and (Pp)n>0 is exact. Moreover, (Vy)n>0
is the unique sequence biorthogonal to (Py)n>0 in L*(v).

(8) Assume that 1) € Np U./\/g?m where
dg m 1
. o = am; 1— — — —
(1.34) Nofn {wej\/’,m dy < 5 2@}

Then, Span(V,,) = L?(v) and hence (V,)n>0 is also exact and (Pp)n>0 is
its unique biorthogonal sequence in L?(v).

(4) Lett >0 and write
E={e ™ n>0}
(a) Then, for any ¢ € N, we have
& C S,(Py) and S,.(P) = 0.

(b) Moreover, if ) € N, then
E C S, (P with My (e ™, PF) = My(e™ ™, PF) = 1.
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(c) If Yy € NpU gﬁn, where we recall that the latter class is defined in
, then
& = Sp(Pr) = Sp(FY),
and
My (e P) = My(e™ ™, P}) =1 and S,.(P,) = S, (P) = 0.

(d) Finally, if ¥ € NS with N, > 1, then

0 ¢

{e_”t, 0<n<

and

{e—"t, n> H(QO:)} C S.(PY).

This Theorem is proved in Chapter[13

REMARK 1.5.2. Although we are able to provide precise information regarding the
spectrum of the gl semigroups, the characterization of their full spectrum seems to
be a delicate issue. We refer to Chapter [11f for interesting and detailed discussions
regarding the spectrum of operators linked by an intertwining operator.

1.6. Plan of the paper

We now describe the contents of the remaining parts of the paper whose main
purpose is merely to prove Theorem that is to establish the statements re-
lated to the spectral expansions of gl semigroups. The length of the paper may
be explained by the complexity of the problem that forces us to develop adequate
mathematical tools almost from scratch. We emphasize that these new results may
be of independent interests in a variety of contexts such as probability theory, the
study of functional equations, asymptotic analysis, non-harmonic analysis, special
functions and functional analysis. More specifically, we have the following organi-
zation.

e Strategy of proof and auxiliary results. Chapter [2| is a high-level
description of our methodology whose main comprehensive ideas could be
used to study the spectral representation of more general Markov semi-
groups. We also state a short version of the substantial results that are
required to prove the main results. This part also includes the proof of
Theorem along with some preliminaries results on gl semigroups
that are both useful for the remaining part of the paper and also easy to
prove by merely adapting some results that can be found in the literature.

e Examples. Chapter [3|is devoted to the description of some specific ex-
amples which illustrate the variety of results we obtained ranging from the
self-adjoint class, the perturbation cases to the pure compound Poisson
case.

e New developments in the theory of Bernstein functions. In Chap-
ter [@ we present some known and new results regarding the convex cone
of Bernstein functions which are essential to develop a fine and detailed
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analysis of gl semigroups. The new claims vary from new asymptotic es-
timates on the complex and (positive) real lines, to a new mapping leaving
some subset of Bernstein functions invariant. Since this set of functions is
central in a variety of contexts, ranging from potential theory, probability
theory, operator theory to complex analysis, we gather and prove these
results in one chapter.

Fine properties of the density of the invariant measure. We start
Chapter [5] by providing a simple but useful mapping relating the class of
invariant densities to a subset of the substantial and well-studied class of
positive self-decomposable variables. This connection enables us to use
the work of Sato and Yamazato [SY78] to derive some fine distributional
properties of the invariant densities. We proceed to deepen their study by
providing the small exponential asymptotic decay of the densities together
with their successive derivatives by showing that they satisfy the several
and delicate conditions of a non-classical Tauberian theorem which was
originally proved by Baalkema et al. [BKS93] and that we extend to fit
to our framework. Moreover, by resorting to the theory of excursions of
Lévy processes, we derive very precise bounds for the large asymptotic
behaviour of these densities.

Bernstein-Weierstrass products and Mellin transforms. In Chap-
ter [6} we carry out an in-depth study of the functional equation My, (z +
1) = ¢(2)My, (z) valid in the right-half plane that is satisfied by the
Mellin transform of the invariant measure. This part complements Web-
ster’s fascinating investigation in [Web97]| of similar functional equations
on the positive real line. We show that the solution of this equation is
given by a class of generalized Weierstrass products in bijection with the
convex cone of Bernstein functions. Then the study includes the analyti-
cal extension of the solution to the right-half plane as well as a description
of its precise asymptotic behaviour along imaginary lines. The new spe-
cial functions given by the generalized Weierstrass products and included
in this study encompass many special functions that have appeared in
different contexts in the literature and our approach provides a unified
framework to their study and a common set of quantities describing their
properties. We note that whilst this paper was reviewed we studied in
even more detail the aforementioned special functions which we call now
Bernstein-gamma functions. For more information, see [PS18al.

Intertwining relations and a set of eigenfunctions. In Chapter [7}
we first develop a factorization of Markov operators which turns out to
be essential in the derivation of the intertwining relation between the gL
semigroups and the classical Laguerre one. It also plays an important role
in proving the continuity property of the intertwining operator between
appropriate non-trivial weighted Hilbert spaces. From the intertwining
relation we construct a sequence of polynomials which corresponds to a
set of eigenfunctions for the gl semigroups. We also prove that the latter
forms a Bessel sequence in L2(v), an object which has been introduced
in non-harmonic analysis as a generalization of the concept of a basis in
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Hilbert space. We also show that the polynomials are the Jensen poly-
nomials of some entire function and exploit this connection to derive an
upper bound for large orders of these polynomials in terms of the maxi-
mum modulus of the associated function.

Co-eigenfunctions: existence and characterization. In Chapter
we first resort to the theory of distributions in the setting of the Mellin
transform to characterize, in terms of the Rodrigues operator, the co-
eigenfunctions. Using the precise information regarding the densities of
the invariant measure obtained in the previous chapters, we provide (al-
most) necessary and sufficient conditions for the co-eigenfunctions to be-
long to the weighted Hilbert space L?(v).

Uniform and norms estimates of the co-eigenfunctions. Chapter
] contains the proof of two asymptotic estimates for large values of n
for the norms of co-eigenfunctions considered in different topologies. The
first one is based on a saddle-point approximation which applies for the
class Ng, see Table [2] whereas the second one relies on upper bounds for
the co-eigenfunction that we derive by exploiting very precise information
regarding the location of zeros of the successive derivatives of the invariant
density.

The concept of reference semigroups: L?(v)-norm estimates and
completeness of the set of co-eigenfunctions. We develop in Chap-
ter [10] the concept of reference semigroups. It consists in identifying gL
semigroups P which satisfy the following two criteria. First, their special
structure permits to study their spectral reduction in detail. Furthermore,
there exists a subclass of gl semigroups such that for each element in this
class we have the adjoint intertwining relation PfA* = A*P, where A* is
the adjoint of a bounded operator between appropriate weighted Hilbert
spaces. Although this approach may be extended to more general classes,
we present in this part two different reference semigroups, which allow,
in particular, to deal with the spectral expansion in the full Hilbert space
of the perturbation class, that is when 1 € Np. We describe two im-
portant applications of the reference concept regarding probably the two
most technical difficulties of this work, namely the estimates of the L?(v)
norm of the sequence of co-eigenfunctions V,, and their completeness in

L2(v).

Hilbert sequences, intertwining and spectrum. In this Chapter, we
gather new developments in the study of the spectrum of linear operators
linked by an intertwining relation. In particular, we establish some inter-
esting and new connections between the concepts of intertwining relation,
Hilbert sequences arising in non-harmonic analysis and spectrum of non
self-adjoint operators.

Proof of Theorems[1.3.1], [1.3.7|and [1.4.1] The last Chapter contains
the last arguments required to complete the lengthy proofs of Theorems

1.3.1] [T.37 and [T4.1]
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1.7. Notation, conventions and general facts

1.7.1. Functional spaces. Throughout, we denote by L?(R.) the Hilbert
space of square integrable Lebesgue measurable functions on R, endowed with
the inner product (f,g) = [~ f(z)g(z)dz and the associated norm ||.||. For any
weight function v defined on R, i.e. a non-negative Lebesgue measurable function,
we denote by L?(v) the weighted Hilbert space endowed with the inner product
(f,9)0v = J3° f(@)g(z)v(z)dz and its corresponding norm ||.|,. Similarly, we use
the standard notation for the functional spaces L?(v), for p € [1,00]. We preserve
LP(R) and LP(R,) for the case when v = 1.

For any E C R, we use CK(E), for k > 0, k € NU {oo}, for functions with k
continuous derivatives on E and write simply C(E) = C°(E). Additionally, we
denote by CE(R) (resp. CE(IR,)) the subspaces of functions of C¥(R) (resp. C¥(R)),
all of whose k derivatives and the functions themselves vanish at infinity. We
also consider the spaces CF(R) (resp. CF(R.)), i.e. the space of functions with &
continuous, bounded derivatives. We reserve C3°(R) and C°(R, ) for all infinitely
differentiable functions with compact support in R and R;. Also C?([—o00,0])
stands for the space of functions f € C?(R) which along with their first and second
derivatives admit a limit at +co. Furthermore we denote by B,(R) and B,(R4) the
corresponding spaces of bounded measurable functions.

We also write for Banach spaces Hy, Hy
B(H:, Hy) = {L: Hy — H; linear and continuous mapping}.
In the case of one Banach space H, the unital Banach algebra B(H, H) is denoted

by B(H).

1.7.2. Complex plane, strips and analytic functions. We use C for the
complex plane and C. for the half planes with R(z) > 0 and R(z) < 0. For any
—o0 < a < a < oo we define vertical strips of the complex plane by

Caa ={2€C; a<RN(2) <a}

and, for any a € R, we denote by C, = {z € C; R(z) = a} the vertical complex
lines.

For —00 < a < @ < o0, denote by

A(aa) the set of analytic functions on C(, )
and by A4y C A(aa) the set of analytic functions which have a continuous exten-
sion on C,. Similarly, we define A,z and A(,g). Finally, for any 6 € (0,7), we

denote by

A(0) the set of analytic functions on C(0) = {z € C; |arg z| < 0}.
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1.7.3. Asymptotic behaviour. We use the following notation

f =< g means that 3¢ > 0 such that ¢ < i <t
)
f ~ g means that lim J@) =1, for some a € RU {£o0},
a—a g(z)

f £ O(g) means that lim @) < 00,

z—a | g(x)
f £ o(g) means that lim f@) =

a—a | g(z)

We say that a function [ is slowly varying at a € {0} U{oo} if, for any y > 0,

lim Hy)

=1.
r—a l(x)

We then say that f € RV,(a), i.e. f is regularly varying of index o € R at a,
if

(1.35) f(z) = z%l(x)

where [ is slowly varying at a. Note that the class of slowly varying functions at a

coincides with RVy(a). We refer to [BGTS8T]| for a complete account of the theory
of regularly varying functions.

1.7.4. Random variables and Mellin tranforms. Recall that a random
variable is a measurable mapping X : @ — R from a probability space (Q2,P)
endowed with a o-algebra to R endowed with the Borel o-algebra. In this work we
mostly consider mappings restricted to Ry, i.e. X : @ — R,. In the latter case the
Mellin transform is introduced via

Mx(z) =E [X*!]

and it is well defined at least for z € Cy, i.e. when z = 141, b € R. If Mx(2) is
defined, absolutely integrable and uniformly decaying to zero along the lines of the
strip 2z € C(43), for @ < 1 <@, the Mellin inversion theorem applies and gives, for
a<a<aandax >0,

1 a+i0o .
(1.36) v(z) = %/G_ioo T FMx (2)dz,

where, by dominated convergence, v € Co(R4) and it is the density of X, i.e. P(X €
dz) = v(z)dz. We write M,, = Mx. If for any fixed a € (a,a) and some 0 €
(07 7T]7

(1.37) My (a+ib)| = O (e_elbl)
then a dominated convergence argument applied to ([1.36) yields that v € A(6).

Moreover if, for some n € N, M, is well-defined in C(4 7), then M,m) (z) =
(=1)"(z = n)nMy(z — n) is well-defined in C 44y, g4+n), Where

I'(z)

m:(z—l)...(z—n—&-l),

(z—n)p =



22 1. INTRODUCTION AND MAIN RESULTS

see [ML86), Chap. 11, (11.7.6)]. If, in addition, z — 2" M, (z —n), for some n € N,
is absolutely integrable and uniformly decaying along the complex lines of the strip
C(atn,a+n), then we have, for a +n <a <@+n and x > 0,

_1\n a-+i00
(1.38) o™ (z) = &/ (2 = n)pyMy(z —n)dz

2mi ico

and by dominated convergence again v(") e Co(Ry). Finally, we also use the L?-
theory of Mellin transform and in particular the Parseval identity which reads off,

for v € L2(Ry), as
1.
Mo (2 +2b) o

(o)

(139 ol = [
—0o0

We refer to the monographs [ML86] and [PKO01] for excellent accounts on Mellin

transforms.

Zdb




CHAPTER 2

Strategy of proofs and auxiliary results

The aim of this chapter is two-fold. On the one hand, its primary purposes are
to describe, in a synthetic way, the methodology we have developed to obtain
the eigenvalues expansions stated in Theorem to consider the main ideas
underpinning the proof of the main results and to discuss the technical difficulties
we had to overcome. On the other hand, both for the reader’s convenience and to
give flavour on the type of results we have derived, we also state, in general without
proof, several interesting supplementary results. They could be of independent
interest in a variety of contexts at the interplay between probability theory, the
study of functional equations, asymptotic analysis, non-harmonic analysis, special
functions and functional analysis. We wish to point out at this stage that the
remaining parts of the paper contain additional interesting but more specific claims
regarding the objects we are dealing with. We also mention them in this part.

2.1. Outline of our methodology

1. Intertwining relations. The first main idea is to identify a commutation
relation between the NSA gl semigroups and the semigroup of a self-adjoint oper-
ator which admits a known spectral resolution. This is achieved by establishing an
intertwining relation between the class of gl semigroups and the classical Laguerre
semigroup Q = (Q)¢>0, a self-adjoint operator in L%(e) with e(z) = e™%, 2 > 0,
whose main properties are reviewed in Example below. More precisely, after
recalling that for any v (u) = u¢(u) € N, we define, from[I.13] the Markov operator
Zsf(x) = E[f(xly)] where Iy = [~ e~ "*dt, we have the following statement which
is a short version of Theorem [Z.0.1]

THEOREM 2.1.1. Let ¢ € N. Then, Z, € B(L?(e),L?(v)) and in L*(e),

Moreover, Ly is not bounded from below.

We prove this relation in a couple of steps utilizing that can be reduced to the
proof of a special multiplicative factorization linking the invariant measures of the
involved semigroups, see [CPY97,, Proposition 3.2], and the injectivity on appro-
priate Hilbert/Banach spaces of the multiplicative operator Zys. First, we derive the
desired multiplicative factorization and then, by showing that the Mellin transform
of v, the density of the invariant measure, is zero-free on the imaginary line we de-
duce the injectivity of Z, by means of a Wiener Tauberian theorem combined with
a standard approximation argument. This zero-free property is extracted from a
generalized Weierstrass product representation of this Mellin transform, see ,
which is characterized as a solution to a Gamma type functional equation of the

23
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form M(z+1) = ¢(2)M(z), where ¢ stands for the descending ladder height expo-
nent associated to v, that is a Bernstein function, see (1.9)). This result has been
announced in the note [PS13b] and discussed at much more depth in [PS18al,
which succeeds this work in this direction. We mention that, for instance, when
considering the trivial Bernstein function ¢(u) = u, i.e. ¥(u) = u?, this Weier-
strass product boils down to the infinite product representation of the Gamma
function itself. We also point out that the proof of Z, € B(L?(¢),L?(v)), that is
the continuity property between weighted Hilbert spaces is in general a difficult
problem. By means of the Marcinkiewicz multiplier theorem for Mellin transform,
see [Ro082], one can show, from the asymptotic behaviour of its Mellin multiplier,
see Theorem below, that a Markov operator is bounded from L2(p,), where
Pa(z) = 7% x,a > 0, into itself. One classical approach is to consider weights
which belong to the so-called class of Muchkenboupt, the conditions of which are
not satisfied by €. Instead, the multiplicative factorization of Markov operators that
we establish, allows us to derive by a simple application of the Jensen inequality
the contraction property of the Markov operator Z.

The idea of intertwining relation between Markov semigroups is not new and can
be traced back to the works of Dynkin [Dyn65] and Rogers and Pitman [PR81]
which yield such relation between a Brownian motion in R™ and its radial part, the
Bessel process of dimension n. This device, which is always difficult to identify, has
also been used by Diaconis and Fill [DF90] in relation with strong uniform times,
by Carmona, Petit and Yor [CPY98]| in relation to the so-called self-similar saw
tooth-processes, and, more recently by Fill [Fil09] for an elegant characterization
of the distribution of the first passage time of some Markov chains, by Borodin
and Corwin [BC14] in the context of Macdonald processes, by Pal and Shkolnikov
[PS13al] for linking diffusion operators, and, by Patie and Simon [PS12b] to relate
classical fractional operators.

On the other hand, this type of commutation relation between linear operators
has been also intensively studied in functional analysis in the context of differential
operators. This approach culminated in the work of Delsarte and Lions [DL57] who
showed the existence of a transmutation operator between differential operators of
the same order and acting on the space of entire functions. The transmutation
operator, which plays the role of the intertwining operator, is in fact an isomorphism
on this space. This property is very useful for the spectral reduction of these
operators since it allows to transfer the spectral objects. We mention that Delsarte
and Lions’s development has been intensively used in scattering theory and in the
theory of special functions, see e.g. Carroll and Gilbert [CG81].

In the context of this paper, the situation is more delicate, since on the one hand, the
operators are non-local, and, on the other hand, the intertwining operator Zy is not
in general an isomorphism. Perhaps, that is the price to pay in order to relate a non-
local and non-symmetric operator to a self-adjoint and local (differential) operator.
It is also worth mentioning that intertwining relations go beyond perturbation
theory of self-adjoint operators. Indeed, it may relate the self-adjoint classical
Laguerre semigroup, i.e. 02 > 0,m = 0,II(R) = 0 to a NSA semigroup without a
diffusion part, that is when o2 = 0,m > 0,II(R) > 0 in . As far as the authors
know, the intertwining theory has not been exploited for dealing with the spectral
representations of Markov semigroups, or more generally of NSA linear operators,
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which is rather surprising, as it seems to be a promising and natural technique as
the following lines hope to illustrate convincingly.

2. A set of eigenfunctions. From the intertwining identity (2.1)), we easily
get that, for each n € N, P, = Z4L,,, with £,, the classical Laguerre polynomials

defined in (3.4), satisfy
(2.2) PP, = PIyL, = TyQiL,, = e M T4L, = e P,

and since Z,, € B(L?(¢),L?(v)) but it is not bounded from below, we obtain with
the notions introduced in Section the following result.

THEOREM 2.1.2. Let ¢ € N'. (Pp)n>0 is a Bessel sequence in L2(v) of eigenfunc-
tions for P, but it is not a Riesz basis in L?(v). We also have, for any n € N,

(2.3) [|[Pnll, = O (1) and ‘P,(Lp)(x)‘ =0 (anr%e%”)

where the last bound holds for large n, any integer p and x > 0 and we recall that
t=0o0 if0? >0, and, 0 <t=TI(0") +m < co otherwise.

A more detailed version of this Theorem is Theorem [7.0.3l

3. A first spectral expansion. From the intertwining identity and
the expansion of the classical Laguerre semigroup, one gets, by means of the
continuity property of Z; and of the synthesis operator S defined in , the
following first expansion of P.

THEOREM 2.1.3. Let ¢ € N. Then, for any f € Ran(Z,) and t > 0,
(2.4) Pif=> e (f)Pn  inL*(v),
n=0
where cf (f) = <I;f, Ly)e and we recall that I;E is the pseudo-inverse of Ly.

4. Existence and characterization of a set of co-eigenfunctions. With
the aim of extending the domain of the spectral operator, i.e. the linear opera-
tor appearing on the right-hand side of , we proceed by first investigating
the existence and the characterization of a set of co-eigenfunctions, that is, eigen-
functions for the adjoint semigroup P*. More specifically, we say that, for some
t > 0andn >0, ), is a co-eigenfunction for P, or equivalently, an eigenfunction
for its adjoint P} in L2(v), associated to the eigenvalue e™" if V,, € L?(v) and
P}V, = e ™V, which can be rephrased as, for any f € L?(v),

<fa Pt*vn>u = <Ptf7 V’ﬂ>l/ = e_nt<f7 Vn>u
We state the following theorem which summarizes the results that are presented in
Chapter
THEOREM 2.1.4. Let ¢ € N and denote by T; the adjoint of Zs. Then Ij €
B(L2(¢),L2(v)) and in L%(v), for any t >0,
(2.5) P f=QI5f
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Moreover, for any n € N, the equation in L2(v)
(2.6) T59=Ln
has a unique solution (resp. no solution) given by

My (x z"v(z))™ Wy (x
@) = ROVl) _ () wao)

v(z) nlv(x) v(x)

v 2t

if0<n< @ (resp. if 1 < N, = [@—‘ —1< o0 andn > ﬁ(OJF)), where by

convention ﬁ(QL:) = 0o provided ﬁ(()“‘) = 00.

First, we observe that if V), is solution of then, from the intertwining rela-
tion it is indeed a co-eigenfunction of P, or an eigenfunction for its adjoint
semigroup. Note that when such a solution does not exit for some n then e™™, the
corresponding eigenvalue for P, belongs to the residual spectrum of P;.

The questions of existence and characterization of the solution to the equation
is extremely delicate as it requires the description of the range of 7j and of
its unbounded inverse and also to deal with the complex structure of the weighted
Hilbert space. As opposed to the self-adjoint framework where such a question is
obvious, there do not seem to exist any results in the literature ensuring the (non)-
existence of this set of co-eigenfunctions. To overcome this difficulty, we implement
the following two-steps program. First, by considering the formal adjoint of Z,
in L?(R, ), we transfer equation defined in L?(v) into a Mellin convolution
equation that can be studied in L2(R, ) or even in the sense of Mellin distribution,
see below for a precise statement. Then, by means of Mellin transform tech-
niques we study this latter equation to obtain, in the distributional sense, necessary
and sufficient conditions for existence, uniqueness and description of its solution.
In particular, we get a characterization in terms of the Rodrigues operator acting
on the density of the invariant measures v. Then, applying the variety of results
on v (smoothness, positivity, small and large asymptotic equivalents or bounds)
developed in Chapter |5, we obtain (almost) necessary and sufficient conditions for
the existence of a unique solution to the original equation considered in the
Hilbert space L2(v). It is worth pointing out that the intensive study that we
carry out on the density of the invariant measure includes some innovative tech-
niques that could be used in a larger context. For instance, the large asymptotic
behaviour of v together with its successive derivatives of any order stems from a
generalized version of a non-classical Tauberian theorem which was initially proved
by Balkema et al. [BKS93] and that we state in Proposition m We simply
mention that the establishment of the ultimate log-convexity property of the den-
sity and its derivatives is one of the several delicate Tauberian conditions. To the
best of our knowledge, it seems that it is the first instance that can be found in the
literature of a class of probability densities and its successive derivatives, for which
such precise description of the (exponential) asymptotic decay is available at real
rather than log-scale, i.e. for Inv(z, 00). Finally, the small asymptotic behaviour of
v and its derivatives, is investigated by an appeal to the It6’s excursion theory for
Lévy processes, which in its own right is a new and interesting result.
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5. Extension of the domain of the spectral operator. Finally, we address
the following three issues. The first one consists in characterizing the domain D of
the spectral operator S that is defined as

(27) Stf = Z e ™ <.f7 Vn)u Pna
n=0
and D is the union of domains of the form, for some T' > 0, linear space L. C L2(v)

and N C N,
(2.8) DY) = {(, £t €N, feLand t € (T = T(¥),0)}.

Note that, since for any (¢, f,T) € D, ¢,(f) = (e (f, Vu)v)n>0 € 3(N), the
continuity property of the synthesis operator S in (1.31)) implies that for any ¢ >
T

Sif = S(e(f)) € L*(v).

The next step is to find conditions for the identity S;f = Pif to hold in L2(v).
Although the operators coincide on a dense domain of L2(v), it may not be obvious
to show that any extension of S; is bounded in L?(v). We shall design in Chapter
a specific methodology for each subdomain that deals with this issue. Finally,
we are interested in establishing conditions under which the spectral operator
along with its space-time partial derivatives converge locally uniformly? Although
the Hilbert space topology is natural for the spectral decomposition of the opera-
tor, the locally uniform convergence enables to derive regularity properties for the
semigroups and the solution to the associated Cauchy problem. In the same vein,
similar issues may be addressed for the heat kernel.

In order to characterize the domain D, we resort to the Cauchy-Schwartz inequal-
ity that leads us to find upper bounds for the co-eigenfunctions V,, which may be
considered in different topologies. We emphasize that it is a very difficult problem
to obtain these bounds as it requires precise information regarding the uniform
asymptotic behaviour for large n of V,,. We point out that there is a rich and fas-
cinating literature on uniform asymptotic expansions of the Laguerre polynomials
which reveals already that this issue, even in a simple case with explicit expression
and several representations at hand, is far from being trivial, see e.g. [Sze75|] and
[Tem90] for a thorough description. We present below the different bounds we
manage to extract for each of the subdomain defining D. Recall the definition of
various subspaces of N given in Table[l]and Table [2] together with parameters such
as ©,, the definition of dy in and the relation V,v = w,.

THEOREM 2.1.5. (1) Let ¢ € No and recall that Te, = —Insin®, and
pa(z) =27 & > 0, € [0,1). Then, we have, for any € > 0 and n
large, uniformly on x > 0,

2.9 2w, (z)] = O (nz%eTes®Im) 4> q,,
[
n = — €)n 1
(2.10) ’ Wn — O(né a,(Te,+e) )7 dy < a< atl
Pa|lp,

(2) Let ¢ € Ny and recall that Tr, = —Insin (3«) and

2=

— —x

Uy(x) = max(v(z),e™ " ),y > 1+
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Then, for large n and for any € > 0, we have that

(2.11) @ = 0 (n%_ae(T”a +E)”) ;o a>dg,
Yy llz,
(2.12) Vall, = O (6<Tm,pa+e>n)

with Ty, ,, = max (Tﬂa, 14 p%), where pq is the largest root of

(1-p)* cos (mn(”)> -

[e%

(8) Let ) € Np. Then, for any € > 0 and large n,

(2.13) ||VnHV = O(een).
If in addition ﬁ(O*) < oo then, recalling that m = @Q(Oﬂ, we have for
large n,

(2.14) [Vall, = O (n™).

(4) Let v € Nym with (c,m) € R = {(a,m); « € (0,1] andm >1— 11},
Then, for large n, with T, = —In(2% — 1), we have that

(2.15) Wull, = O(e™m).

To derive these bounds we develop several approaches which are of different na-
ture.

For the first one, to obtain the bound when 1) € Ng, we are able to apply
a classical saddle-point approximation to the Mellin-Barnes integral representation
of w, = V,v. This latter is expressed in terms of the Mellin transform of v that
we study in-depth in Chapter 4] which includes its characterization as an infinite
product generalizing the classical Weierstrass product representation of the gamma
function. We again emphasize that a more thorough study is now available in
[PS18al.

A second path that we follow relies on a fine study of the locations of the real zeros
of the successive derivatives of v. This approach necessitates detailed information
regarding the Itd’s excursion measure of some Lévy processes, which forces us to
specialize to the regularly varying case. Once the distribution of the real zeros
of the derivatives of v is approximated, one uses the basic theorem of calculus to

first provide uniform estimates for [V, ()| and then deduce bounds for 2% in the
Yy

topology of the Hilbert space L?(7,).

Still focussing on the regularly varying case, we develop a complex analytical ap-
proach based on the Phragmenn-Lindel6f principle to establish upper bounds on
|V (z)| vielding to precise L?(v)-norm estimates for V,.

Finally, the last methodology is based on new structural ideas that we name the
concept of reference semigroups. It consists on identifying gL semigroups P which
satisfy the following two criteria. First, their special structure permits to study their
spectral reduction in details, including information regarding the asymptotic be-
havior of the norm of co-eigenfunctions and the completeness of their sequence. On
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the other hand, a reference semigroup intertwines with a subclass of gl. semigroups
in such way that these properties can be easily transferred to a priori intractable
subclass of gl semigroups. For instance, there should exist a subclass of gl semi-
groups such that for each element in this class we have the adjoint intertwining
relation P}A* = A*?: , where A* is the adjoint of a bounded operator between
appropriate weighted Hilbert spaces.

We describe two important applications of the reference concept regarding prob-
ably the two most technical difficulties of this work, namely the estimates of the
L2(v)-norm of V,, and their completeness in L?(v). We manage to implement this
approach for two different reference semigroups, which, in particular, enable us to
deal with the spectral expansion, in a simple and optimal way as the expansion
operator is proved to be bounded on L2(v) for all + > 0, for the perturbation
class Np, that is when ¢? > 0. It is also worth pointing out that when o2 > 0
and IT(0") = oo, the concept of reference semigroup has some unusual underlying
mathematical idea. Indeed, it consists in approximating, in the sense of linking
operators via intertwining relations, the class of perturbated operators (say the
nice class) by families of operators for which the spectral operator is bounded in
L2(v) only for t > T, = —In(2* — 1) (say the non nice class). Finally, we mention
that this approach goes well beyond this framework as it is characterized by the
class N which also encompasses gL, semigroups whose infinitesimal generator does
not have a diffusion component. It also enables to deal with the delicate issue of
characterizing the class of co-eigenfunctions that form a complete sequence in the
weighted Hilbert space.

2.2. Proof of Theorem [1.1.1{(1))

According to Lamperti [LamT72], there is a bijection between the subspace of nega-
tive definite functions A and the conservative Feller semigroups (K;);>o on (0, c0)
corresponding to processes that have only negative jumps and satisfying the follow-
ing 1-self-similarity property, for any ¢ > 0, ¢t > 0,

th(cx) = chltdcf(aj)v
where we recall that d.f(z) = f(cz). More specifically, Lamperti showed that for

any ¢ € N, the infinitesimal generator Gg of (K;);>0, takes, for any function f
such that z — f.(z) = f(e®) € C?([—o0, 00]), the form

e I(d
(216) Gof(a) = %" @)+ (m+ %) ')+ [ (e )= @) byes () T2,
0

where (o, m,II) is the characteristic triplet of ¢. Next, we define, for any ¢ >
0,

(2.17) Pif(z) = Ket_1de-+ f (),
and note from the 1-self-similarity property of K that
(2.18) Pif(x) = Ki_o— f(ze™").

Then for each t > 0, P; is plainly linear, with P,Co(R;) C Co(Ry). Moreover,

from (2.18), we get that ||Pf||lc < ||fllco and limyo P,f = f. Next, for any
t,s >0,

Ptpsf(x) = Kl—e_t esflde_sf(xet) = Kes—e_tde_sf(xet)
= Koo 1de-ceto () = Prys f ().
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It is easy to check now that the semigroup (P;);>o satisfies the properties |1} and
of Definition Moreover, from [BS11], we deduce that 1) € A if and only
if

lim Pif(x) = lim Ki_.f(e'z) = K1 f(0) = vf,

where we have used (| and for the last equality the identities (2.22)) and ([2.23] -7
yielding to the condltlon Bl of the definition of the gL semigroup. Next for f a
smooth function, we have

bif(z) - f(=)

Gf(z) = Jm t
— lim Klfe*tf(a:) - f(IE) + Klfe*‘f(eitz) - Klfe*tf(x)
t—0 1—et
(2.19) = Gof(x) —af'(2),

which combined with (2.16)) gives the expression of G. Moreover, following [Mey67]
and performing a change of variables, we get that the Lévy kernel of P is charac-
terized for any f € C°(Ry \ {z}), b

lim 2P, £( / F(r (2 dr)

t—0 ¢
where II;(z, .) is the image of II(.) by the mapping r — In (%). Hence

I (2, (z, 00))

H(:Z?, (’I,OO)) - z

=0

and the last condition [4 is also satisfied. By putting pieces together, we complete
the proof this item.

2.3. Additional basic facts on gL semigroups

ProrosiTION 2.3.1. (1) For any v € N, there exists a positive random vari-
able Vi, whose law is absolutely continuous with density v which satisfies,
for any f € Co(Ry) and t >0,

VPt.f:Vf7

where here and hereafter vf = [° f(x)v(x)dz, that is, the measure v(z)dx
is an invariant measure of P. Moreover the law of Vy is determined by
its entire moments given by

(2.20) My, (n+1)=Wy(n+1), neN,
where we recall from (L18) that Wy(n + 1) = [;_, ¢(k).

(2) P can be extended uniquely to a strongly continuous contraction semi-
group, still denoted by P, on the weighted Hilbert space L2(v).

Proof. Ttem (1f) can be deduced easily from [BY02b| Proposition 1(ii)], which
states that for any ¢ € N, there exists a positive variable V,, such that, for any
n €N,

[Ty ¥ (k) 1¢()

(2.21) My, (n+1)=E[V}] = = Wy(n+1),
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(u)

where the second identity follows from the definition of ¢(u) = =*. The absolute
continuity of its law is proved in [Patlll Proposition 2.4]. Then, write, for any
t>0,

(2.22) tv(te) = v(x)

ie. vf = vdy,f with d. the dilation operator. Then, from [BY02b, Proposi-
tion 1(ii)] augmented by a moment identification identifies (4);>0 as the family of
entrance laws for the semigroup K, that is, for any ¢,s > 0 and any f € Co(R),

(2.23) nKsf =vigsf.
Next, using successively the definition of P, recalled in (2.17)), the previous identity
with ¢ = 1 and s = e — 1, and the definition of v, above, we get, since plainly
de-+f € Co(Ry), for any ¢t > 0, that

VPtf = I/Ket_lde—tf = I/etde—tf = I/f,

which completes the proof of item . Turning now to , since v(z)dz is an
invariant measure, a standard result, see e.g. [DP06], provides the existence of a
strongly continuous semigroup extension of P on L2(v). (I






CHAPTER 3

Examples

This part is devoted to the description of the eigenvalues expansions of specific
instances of the gl semigroups, including the so-called reference semigroups that
are exploited in Chapter [I0] These examples illustrate the different situations
that are treated in this work ranging from the self-adjoint case to perturbation
of a self-adjoint differential operator through non-local operators without diffusion
component.

ExXAMPLE 3.0.1. The self-adjoint diffusion case. Let us consider, for any m > 0,
(3.1) Y(u) = u? + mu,

namely ¢2 = 1 and II = 0 in , that is the associated gl semigroups are the
classical Laguerre semigroups which generate the class of squared radial Ornstein-
Uhlenbeck processes of order m. We refer to the monographs [BS02| and [KT81]
for a thorough account on these linear diffusions. We start by providing a detailed
description of the Laguerre semigroup of order 0 as it plays a central role in this
work and proceed with the essential elements which characterize the classical La-
guerre semigroup of higher orders, which are used in Chapter [I[0] The Laguerre
semigroup @ = (Q¢)r>0 of order 0 generates the so-called 2-dimensional squared
radial Ornstein-Uhlenbeck process of parameter 1, denoted by R = (Ry);>0. Its
infinitesimal generator L takes the form, for a function f € C3(R),

Lf(z) =af"(x) + (1 —2)f'(2).
Note that the point 0 is an entrance-non exit boundary. The process R can be also
realized as the solution to the stochastic differential equation
th = (]. — Rt)dt + 2thBt, RO =X 2 O,

where B = (By);>0 is a standard Brownian motion. The process R is a positively
recurrent Feller diffusion on R} with an absolutely continuous stationary measure,
whose density is given by

e(x)=e"" x>0,
that is the exponential distribution of parameter 1. The semigroup @ = (Q¢)>0 is
a strongly continuous contraction semigroup from the weighted Hilbert space L2(e),

endowed with inner product (.,.)c, into itself. Moreover, it admits the eigenvalues
expansions, valid for any f € L?(e) and x > 0,t > 0,

(3.2) Qif(x) = e " (f,Ln)e Ln(x) inL*(e),
n=0

33
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where, for any n > 0, £,, is the Laguerre polynomial of order 0, defined either by
means of the Rodrigues operator R("™ as follows
RMWe(x) 1 (ame(x))™

(3.3) Lo(z) = OB OB

or, through the polynomial representation

(3.4) Lo(z) = i(—l)k@) %’:

k=0
The Laguerre polynomials also satisfy the well-known three terms recurrence rela-
tion, for any n > 2,

(3.5) Lo(z) = (2 + _ln_ “) Loi(z) — (1 - i) Loo(2).

The eigenvalues expansion is readily seen from the self-adjointness property of the
semigroup @ in L?(¢), the facts that the sequence of normalized Laguerre polyno-
mials (£,,)n>0 forms an orthonormal basis of the Hilbert space L?(¢) and that it
also corresponds to the sequence of eigenfunctions of @); associated to the set of
eigenvalues (e~ "),,>¢, that is

(3.6) QiLy(x) =e ™ML, (7).

Furthermore, the semigroup @ can be represented in terms of the semigroup K©) =

(Kt(o))tzo of the 2-dimensional squared Bessel process as follows

(3.7) Quf(@) = K& et f(@).

More generally, for any m > 0, in (3.1)), the infinitesimal generator of the associated
Laguerre semigroup, which takes the form

Ly f(z) = 2f"(x) + (m+1—2z) f'(2),
corresponds to the complete, up to a dilation, family (indexed by m) of second
order differential operators included in our class of generators. It is the infinitesimal
generator of a one-dimensional diffusion often referred to in the literature as the
squared radial Ornstein-Uhlenbeck process, see e.g. [BS02, Appendix 1.26]. From
p(u) = u? +mu we get that ¢(u) = u+m, and, by moment identification a simple
algebra yields, from (6.11)) that I, @ B(1,m) with B(1,m) a Beta random variable

of parameters 1 and m, and, from (2.20) that V, @ G(m—+1), where G(m+1) is a
Gamma random variable of parameter m + 1 whose distribution admits a density

= Tm +1 , * > 0, which was already introduced in Remark Moreover
from , and (| - the eigenfunctions are given, for any n > 0 by

B = [n\ kT(m+1) (—2)F "
(35 Pn<x>z¢cn<x>k2_0(,€)r<k+m+1) 2~ eu(m @)

where
Fn+ HI'(m+1)

F'n+m+1)

)

¢ (m) =
L, = E%O) and

n k
(m) n+m\x
o R G
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is the associated Laguerre polynomial of order m. From (|1.22)), we get that, for any
n >0,

(e (g

where the second equality follows from a classical representation of the Laguerre
polynomials, see [Leb72l (4.17.1)]. From these identities, we recover the well-
known facts that the semigroup P is self-adjoint in L2(s,,) and the sequence

= ngm)($>7

(\/cn(m)ﬁém))nzo forms an orthonormal basis in L2(g,,). Finally, we get, for any
¢ > 0, that

Ze e (m) LM (y) L3 () em(y),

an expression which can be found, for instance, in [KT81] Chap. 15]. Note that,
in this case since o2 > 0, the expansion is convergent in the Hilbert space topology
and locally uniformly for all f € L?(e,,,) and ¢, > 0. The latter also follows from
(1.25)).

EXAMPLE 3.0.2. Small perturbation of the Laguerre semigroup. Let m > 1 and
consider, for any u > 0,

(u+m+1)(u+m—1) m? —1

u+ —|—/ (1—e ")e™™dy.
u+m m 0

Since plainly ¢w € By, see Proposition [4.1.1|(8), we have that

Pm(u) =

u(u+m+1)(u+m—1)
u+m

l/J(U): GNP’

as o2 =1, m = mfn_l, T(y) = e™™ in and note that M = m. The
infinitesimal generator of the associated gL semigroup is the mtegro—dlfferentlal
operator

Gunf(@)=zf"(z)+(m+1—2)f m/ (e ¥2) — f(z)) e ™dy.

Moreover, we get,
m I'(n+m+2)
n+m T(m+2)

We, (n+1) =

)

that is, by moment identification,

l+za™ e  (1+4x)
= = — 3 > O.
v(z) m+1 I'(m) mtlo™ (@), @
Thus, from ([1.22)) and (3.8), we have that, for n > 1, the v,’s can be expressed in
terms of the Laguerre polynomials as follows,

My (z
Vn(z) = Ru(x)( - x—lklﬁ%m_l)(x)+
= 2 i (A =mLr @) + (4 m = )L (@)

3
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where we used the 3-point-rules of Laguerre polynomials. In this case, one gets, for
any n > 1,

2 > m—1 m—1) 2 Em—1 ()
il = [ (0=mer V@) + e m =) @) S
*( n-1 me1 2 n+m—1 (-1 2
Ll R Lt 12 T
~ (n—=1)’T(n+m) 2(n—&—m—l) I'(n+m-1)
T m+1 I(mn! m+1  T(m)(n—1)
39) = O(n™"),

where we used for the second equality the fact that the sequence (y/¢j, (m)ﬁ%m_l) )n>0,
with
~ I(n+1)I'(m)
en(m) = ['(n+m)

forms an orthonormal sequence in L?(gn_,;). On the other hand, we have from
(1.21)) applied with ¢y, identified with (3.8]), for any n > 0,

< B n\ T(m+2) m+k
Pula) = kZ:O( 1)k(k>l“(m+k+2) —

)

n 1 m
= ealm () - 2D ey

Note that from Theorem |[L.5.1{[2) the sequences (Pn(z)), o and (Vi (2)),>, are
biorthogonal in L2(v). Flnally, as (Pp)n>o0 forms a Bessel sequence in L?(v), we

have for all f € L?(v) and all ¢t > 0,

o0

Ptf(x) = Z eint<fa Vn>v

n=0

(n ;m) eu(m + 1) LMD () in L2(v).

ExXAMPLE 3.0.3. The Gauss-Laguerre semigroup. In [PS17], we introduce and
study in depth the so-called Gauss-Laguerre semigroup, an instance of gl. semigroup
whose infinitesimal generator, for any « € (0,1) and m € [1 — é, 00), and, for any
given smooth function f, takes the form

sin(a
G f(2) = (ma—2) f'(2)+ / 17 (29) G (), & > 0,
where m, = % and
['(a) m+L 41 1
Gom(y) = mrlrl? 2Filam+1)+1La+Lam+1) + 2 y~),

with o F the Gauss hypergeometric function. The terminology is motivated by the
limit case o = 1 which is proved to yield, writing simply Ly, = G m,

Lof(z) = af"(x)+m+1-2)f'(z),
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that is the Laguerre differential operator of order m, see Example [3.0.1] above.
The algebra of polynomials P is a core for G, n and the associated semigroup
Pe™ = (P7™);>0 is a non-self-adjoint contraction semigroup in L2(e4 m), where

1 1
xm+g—1e—wa

3.10 o drx = ——————dx, x>0,
(8.10) Cam(@)de = gy de, @
is its unique invariant measure. Observe that, for any y > 0, z +— ea,m(lgz) is
analytical in the interior of unit disc since eqm(2) is analytical on C(y ). Note
that P*™ is the gL semigroup associated to w,ﬁm € N, where

I'(ou+am+1)
R _ R _
() = 0l (0) = ug M
U * —uyy —(mt+L _ ¥\ I'(am+1)
- - 1— uy (m-&-a)y 1— g o ld 7
F(l—a)/o (1—em)e (1—e) y+UF(o¢m—|—1—a)

and we refer to Lemma for more details on the computation. In order to
recall some additional results, we proceed by setting some further notation. For
any x > 0, we set L5 (x) = 1 and for any n > 1, we introduce the polynomials

. - (&)
LEM(z) =T(am+ 1) ;}(fl)kmxk.

Note that for o« =1,

ami.y (m) ) = - — LIE
£ () = en ) =Dl 4 )31 et

are the classical Laguerre polynomials of order m > 0, see (3.8]). Moreover, for any
(n)
z >0, we write V\*™ (z) = B C2m® ) ¢ N, that is

ea,m(w)
(m) oy D" (n)
Vn (l’) - n!ea7m(x) (l’ eaﬂ“ﬂ(x)) .
From the Rodrigues representation of the Laguerre polynomials, we also get that
fora =1,
V™ (x) = L ().
We also define, for any 0 < v < o and 7, > 0 fixed,
1
é’%m(x) = ‘rm+éilenam—y y T > 07
and, recall that T, = —In(2% —1). By means of a delicate and non-classical

saddle-point analysis, we obtain, in [PS17, Proposition 2.3], the following specific
asymptotic estimates for the co-eigenfunctions for large values of the parameter n,

(3.11) Vlem, =0 (e,

and

(3.12) ’ V,(L“’m)ea—’m =0 (n1+m+i+aetancv}F1> ’
S lls,

where
1

_ o 1 atT
to = (@+ Do =t (Oé+ Jre) ,

«
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for some small € > 0. From this asymptotic analysis, we deduce the following
fine properties of the Gauss-Laguerre semigroup. For any f € L?(e, ) (resp. f €
L?(€,,m)) we have that

PR f(@) = o (L) Lam(a),
n=0 Co,m

where, for any ¢t > T, (resp. ¢t > 0), the identity holds in L?(e4,m). Moreover
P,f € C® ((Ta,00) x Ry) (resp. C°(R?%)), and for any integers k, p,

dk o = —n « (07
e’ mHP @) =Y (=) Ve, (L™ P (),

n=p

where, for any ¢t > T, (resp. t > 0), the series converges absolutely. Finally, the
heat kernel is absolutely continuous with density P;(z,y) € C*°(R%), given for any
t,y >0, x > 0, and for any integers k,p, q, by

dk - —n «@ «

TEP @) = Y () (L™ P (@) (U Meam) @ (y),

n=p

where the series is absolutely convergent.

EXAMPLE 3.0.4. The stationary saw-tooth semigroup. Let 0 < a <1 < a+ b and

_ u+l—a [(1—a Ty 4\ —by
Y(u) = . —u( 5 +/0 (I—e ™) (a+b—1)e ¥dy |,

that is m = 13 and II(y) = (a + b — 1)e~". Hence
u+1—a

=TI(0" = lim ———— =1
v=I(07) +m = lim ——- ;

see (1.7)), and

N, = {H(Sﬂw —1=Ja+b—-1]-1>0,

see . We point out that the self-similar semigroup K, see Deﬁnition asso-
ciated to the gL semigroup was introduced and studied by Carmona et al. [CPY98].
They call the corresponding process the saw-tooth process due to the specific
behaviour of its trajectories. Next, for any n > 0, we have from with
¢(u) = “572 that

T(n+2—a)l(b+1)

Woln+ 1) = sa =T+ 140)
and thus from
P _T(2-a) " nl(k+b+1) (—x)k
n(®) = ) 2 (n—E)T(k+2—a) K

k=0
Moreover, by moment identification via , we easily observe that the invariant
measure is the beta distribution, that is
ro+1)
re—al’b+a-1)
From this expression, we get that indeed, for N, > 1, v € ¢CN+~1(R,) and, in any
case, the mapping z — (x — 1)vN<)(z) is continuous on R, as claimed in Theorem

v(z) =

' (1 - x)b+a72ﬂ{0<x<1}~
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5.0.2(12b). Moreover, for any n < N, we have, for any 0 < = < 1, and, for sake of
simplicity assuming that a +b ¢ N,

Vale) = 7271()) (a7 ()™

- an+2—a)F(b+a—1) k41 k 2
_xb-‘ra 2;() k+‘2_a) (b_|_a_ _k-)l. ( fE)

- (=1)"T'(n 1!2 —a)Cap Z (Z) F(I]?(Zi;f ;)b) (1 f x)k7

k=0

where after using the reflection formula of the Gamma function, we have set
7Cop =T(b+a—1)sin((2—a—b)m).
Thus, for any n > 0,
V2(2)v(z) = O ((x — 1)72Fett=2)

and hence V,, € L?(v) if and only if —2n+a+b—2 > —1, that is n < ( )
is precisely the assertion of Theorem |1.5.1{[4d)).







CHAPTER 4

New developments in the theory of Bernstein
functions

The Bernstein functions play a central and recurrent role in this work. We review
below some well known facts and present some new interesting developments which
may find applications in the areas where this class of functions appears. An excellent
reference on this topic is the monograph [SSV10] which is entirely devoted to their
study.

4.1. Review and basic properties of Bernstein functions

We recall that the class of Bernstein functions is defined as follows
(4.1)
B={¢e€C®Ry:); ¢ £0,¢ is non-negative and ¢’ is completely monotone}

where a function f is called completely monotone if f : Ry — [0,00) € C®(Ry)
and (—=1)"f™ >0 on Ry, for all n = 0,1,... . The next statement collects some
well known and new properties of the Bernstein functions.

ProprosITION 4.1.1. Let ¢ € B.
(1) We have that ¢ € Ajg) and ¢ has the form, for z € Cjg ),

(42) 6(z)=m+0% +2 / e )y = m+ 0% + / (1= e uldy),

where m = ¢(0) > 0, 02 > 0 and p is a Lévy measure on (0,00) such that
fooo (I Ay)p(dy) < oo and as usual T(y) = fyoo wu(du) is the tail of p.

2) Moreover, ¢ is non-decreasing on R, and

( g +

(4.3) ¢'(u) =0” + / e "n(y)dy —u / e Wyn(y)dy = 0® + / e “Yypu(dy)
0 0 0

as a completely monotone function is positive non-increasing on R,. Hence,
¢ is strictly log-concave on Ry. Consequently, for any u € Ry,

(4.4) 0 <ug'(u) = ¢p(u) —m —u’ /0°° e "yn(y)dy < ¢(u)
and
(45) o/ (w)] < 22107 < %)

(3) ¢(u) = o?u+o(u) and ¢'(u) = 0 +o0(1). Fizx
a>dy =sup{u <0; ¢(u) =—o00 or ¢(u) =0} € (—o0,0],

41
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then
|p (@ +ib)| = % |a +ib| + o (Ja + ib]),
as |b] — oo.

1
u

(4) The mapping u — Sy UE R4, is completely monotone, i.e. there exists

a positive measure Y (dy), whose support is contained in [0,00), called the
potential measure, such that the Laplace transform of Y is given via the

identity
1 oo
o = /0 e Y (dy).
(5) The mapping u — ﬁ is positive and log-concave on R .
(6) In any case,

. Pluta)
. OR

(7) Uniformly, for u € Ry, we have that

=1 wuniformly for a-compact intervals on R.

1

(4.7 o(u) < u /OE i(y)dy + o*u + m.

(8) If v € N, then for w € Ry put @ = ¢(u). Then ¢ € B. More
precisely, ' (07) = ¢(0) = m, and p(dy) = U(y)dy, y > 0, where we
recall that TI(y) = fyoc II(dr) with II the Lévy measure corresponding to 1.
Therefore,

d(u) = m + ou + /0OO (1—e ) I(y)dy

or equivalently ¢ € By, recall (1.12). Moreover, ¢(00) < o0 if and only if
0 =0 and I1(0%) = [“I(y)dy < oo, and in fact then

(4.8) p(oo)=t=m +1I (07) < .

(9) Let p > 0. Then, for any ¢ € B (resp. ¢ € By or p € N) Tgop(u) =
wrad(utp) € B (resp. € By or Tgyp(u) = 35¢(ut+B) = udp(u+p) € N).
Moreover, (Tg) (01) = ¢(8) and the Lévy measure Ilg associated to
Ts € N is given by

(4.9) I (dy) = e (TI(dy) + BIL(y)dy) , y > 0.

Proof. The proof of is standard, see [Ber96, Chap. III]. Expression (4.2)

gives (4.3). It together with (4.2]) yield in turn the very first claim of item (2))
and (4.4). Recall that f > 0 is strictly log-concave if log f is strictly concave and

" N2
we verify that (log¢)” = M;# < 0 on Ry since ¢’ is a positive completely
monotone function and thus ¢” is non-positive, sece [Ber28| for more information.
Differentiating the first expression of (4.3)) we get that, for any u > 0,

oo

¢ (u) = —2/0 ye‘”yﬂ(y)derU/o yPe "V a(y)dy.
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However, since ¢” < 0, then
o0
1 oy —
Wl <2 [ peat)dy.
0

Finally, using (4.3]) we deduce that

\d%@|s2[;zwﬂWﬂ@My:2

and follows from ¢’ > 0 on R,. The first claim of item follows from
(4.2) and , whereas the second one comes from the first expression for ¢ in
(4.2) together with the Riemann-Lebesgue theorem applied to the integrable on
R4 function e~ fi(y). The fact that dy € (—00,0] is clear from lim, o ¢(u) =
—o0, provided ¢ extends to an entire function. Item can be found in [Ber96),
Chap. III]. To prove item we observe that the mapping u — ﬁ is positive on
(0,00) and its log-concavity property on (0, 00) is equivalent to

¢v)

u

m o0 o0
= Daots [ ey =ot+ [ e (aty) + m)dy
0 0
= o2+ f;[m (u)

being log-convex on (0, 00), where for brevity b, (y) = m + a(y) >0, y € R, and

Fﬂf _ stands for its Laplace transform. It therefore suffices to show that, for all
u >0,
2
1 1 !/
(410) G (FL) W+ (FL) @FL @ - ((F) W) >o.

Noting that, for all u > 0, o2 (]—';m)” (u) > 0, we deduce the inequality (4.10] from
the Holder’s inequality which yields, for all w > 0, that

((fptn)/ (U))2 (/OO (\//T(y)e_%y) (y ﬁm(y)e‘%y) dy>2

0
< (FL) wF ().

Let us prove item @, namely ([4.6). It is obvious when o2 > 0 since item holds.
Let 02 = 0. We use the first relation in (4.2)) and the monotonicity of ¢ to get, for
u>a>0,

a _ (=9 ey + % (u—a) ;" e Valy)dy +m

T Ol E R o)
o(u — ) o(u+ )
S o) ST e
_ (u+a) [ e rvE(y)dy + m < (1+2) (" e vn(y)dy + =)
o(u) - Jo e way)dy + =
-1l

and we deduce (4.6)). Item @ follows from [Ber96, Chapter III, Proposition 1].
Let us prove (4.8). Clearly, from item , #(00) < oo which implies that o2 = 0.
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Then the substitution z = oo in the last expression in (4.2) and u(dy) = II(y)dy
yield that

$(00) = m + p(0,00) = m + /Ooo (y)dy = m + II(0).

Since from ¥(0) = 0, and, 1 (u) = ugp(u) we get that ¢/ (0%) = ¢(0F) = m. All
other statements of item follow from [Don07, p. 102, 9.4.7] and are standard
for spectrally negative Lévy processes. A proof of item @[) can be found in [Pat11]
Theorem 2.2] for § = 1, in [CKP10] or [PS12al Proposition 2.1(2.2)] for 5 > 0.
We only note that our definition of 1 imposes I} = 0 and I1_ (dy) = II(—dy)
for T11 in [PS12al Proposition 2.1(2.2)]. O

The next claim focuses on further important for our work properties of the class
By, see ([1.12)) for its definition. We recall that N = Ny UNE, Noo NNE = 0,

where
Noo ={ € N; 0> > 0or II(0") = o0}

and N is its complement.

PROPOSITION 4.1.2. (1) Let ¢ € By such that ¢ € N then
/
: 2@ (u) _
(4.11) uh_)n;ou o) 00

(2) Let ¢ € By such that p € NS then

L _TeH oY) oY)
(4.12) u1—>oo o(u) @(00) m 4+ ﬁ(0+) r

Proof. When o2 > 0 ([4.11) follows immediately from Proposition |4.1.1{(3]),

ie. ¢p(u) X o?u and ¢'(u) ¥ o2, Assume from now on that o2 = 0. Let
2,7

lim u(;zu()u) < oo and choose C' > 0 and a sequence (u,)p>1 tending to oo such

U—> 00

that limy,_e “22 @) — 0=1 Then from this, the identity in (£.4) and the fact

¢(U7L)
that when ¢ € By, p(dy) = Il(y)dy and ji(y) = H(y) = fyoo TI(r)dr, we deduce that
o0 —
Cuund!ua) % 212 7 1)+ I [ e Ty
n n 0

Therefore since trivially ¢ (u,) = o (un¢’ (u,)) using the second formula for ¢’ in
(4.3) we get from the last asymptotic relation that

Cd'(u,) = C /0 e VinyIl(y)dy

SR +/ e_y“"yﬁ(y)dy :/ e Viny (m—i—ﬁ(y)) dy.
0 0

2
Un

However, this is impossible since II and i being non-increasing on R determine
the behaviour of the integrals above, as u,, — oo, solely via their local properties
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at zero and when II (07) = oo then m + ﬁ(y) 2o (IL(y)). Indeed, note that, for
any € > 0,

and hence ﬁ( ) = 2 o (TI(y)). Relation (4.12) follows immediately from the identity
u?¢ (u) = u? f e~ “Wyll(y)dy, which is the second relation in (4.3) with u(dy) =
(y )dy O

4.2. Products of Bernstein functions: new examples

There are many well known and fascinating mappings leaving invariant the set of
Bernstein functions, that is B, and we refer to [SSV10] for a nice account on these
transformations. In this part, we show, through some substantial examples in our
work, that products of some non-trivial subsets of Bernstein functions remain in
the set of Bernstein functions. This simple transformation, which surprisingly does
not seem to have been studied and used in the literature, plays a critical role in
our development of the concept of reference semigroups. Indeed, this invariance
allows us to identify a subset of gl semigroups which intertwines with a specific
reference gl semigroup and whose intertwining operator is a bounded operator
between weighted Hilbert spaces. Although we present this property for a two-
parametric family of Bernstein functions, the approach can be easily extended to
a more general framework and we believe that this idea of product factorization
may be useful in a variety of contexts where the Bernstein functions appear. For
example, since with each ¢ € B we associate a potential measure T on R, via the
identity

1 * y
(4.13) ):/0 e (dy), u >0,

o(u
see Proposition 4.1.1J|4), if ¢ = @12 with ¢1,¢2 € B, then T = T1 x Ty, where x

stands for the additive convolution operator and Y1, T5 are the potential measures
associated to ¢1,¢2. Recall from (L.I5) that, for any o € (0,1], m > 1 — 1 and
u > 0, we have

I'ou+ om + 1)
Toau+aom+1—a)

B () = and 6l (u) = () = u+m.

We proceed with the following simple but useful result.

LEMMA 4.2.1. Let « € (0,1) and m > 1 — é Then
(4.14)

f,m(u) = / (1767“9)6*(‘“*%)?4(1 ,e—g)faﬂp Y (am+1)
0

1-a) T(am+1-a)

€ By,
and its associated potential measure defined via (4.13|) is absolutely continuous with
a density given, for any y > 0, by

—may(l %) -1

Ila+1)

(4‘15) Ua,m(y) =
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where my = (am+1—a)/a > 0. Moreover, Uy w is non-increasing, convex on Ry
and solves on Ry the differential equation

(4.16) Ul m(®) = Ui (y) (ma Pk - 1)—1> .

Proof. First, from the integral representation of the Beta function B, see
[Leb72| (1.5.2) p.13], we get, for any a € (0,1) and u > 0,

Fu+a)  wBlut+a,l—a) u lr“ a1 (1 _ 1)~ gp
T(u) N I'l-—a) 711(1—04)/0 )

_ u Y@y (1 )"
N al"(l—a)/o ¢ y(l ¢ ) dy
1 ° _ _y\ ¢ _u
m/o ey(l—e D‘) d(l—e "y)
1 0 o _ oy el
= 7“17&)/0 (1—e=Y)e y(l—e a) dy.

Using the above relation twice with au + am — a + 1 and am — a + 1 standing for
u, we get, after some easy algebra, that

Dloutam+1)  Dlamt1) _ ¥(1— e )™ - =)=ty

Fau+am+1—a) Tlam+1—-a) Il -«

Thus we deduce the first claim after having easily checked that y +— e’(“”i)y(l —
e~ )~ is non-increasing on R,. Next, from the integral representation of the
Beta function again, valid here for any au + am —a + 1 > 0, we get that

0o Y 1
/ e~ WeT MY (] — e_E)u_ldy = a/ poutem—a(] v)”‘_ldv
0 0
Mo+l (au+am+1—-a) TI'(a+1)
Tlou+ am+ 1) R L (u)
and (4.15]) follows from (4.13). The other claims are obvious. O

For any ¢ € B set

(I)Oévm(u) - R (u); u =

a,m
The next statement furnishes a set of sufficient conditions on ¢ € B for which
Po,m € B. Recall that Np = {¢ € N; 02 > 0}.

PROPOSITION 4.2.2. (1) Let ¢ € Np with TI(0%) < co. Then for any m >
_ 7n+ﬁ(0+) .
m= ——— the mapping

T o) utm
Moreover, if there exists ug > 0 such that ¢(—ug) = 0 then uy < Z5 with
identity if and only if TI(0T) = 0.

R O
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(2) If € Np then, for any o € (0,1),

. y =y 91—«
= >0 a — =z -
y,, = inf {y_O, (e 1)H<2) >0 — }6 (0, <]

|

Q

and 4w € B for any m > 0% )+m +1— L. Otherwise, if p € N\ Np

o2 «a

and there ezist a € (0,1), m > 1 — L such that for every y > 0 there is
Ae(0,1)

_Tm | Ul

TI((1 - A)y) +m Uam(Ay) —
then @, € B.

Proof. From Proposition [4.1.1)(3))
o(u) . o(u) — 52

3, Pl = o Sy = B =

and ®,(0) = = > 0. Put en(y) = e™™¥, y > 0. Next, an integration by parts
yields

o) _ _m TP S . / e~ TI(y)dy
u+m u+m u+m  u+m
m 9 U X s
= II d

u+m+0 u+m+u/0 c *em(y)dy

m o L—— =
(417) = o + (1—e ")e™™ <m02 —m+ m/ e™TI(r)dr — emyH(y)) dy.

0 0

Since TI is non-increasing, we have, for all y > 0, m [/ emrﬁ(r)dr > ﬁ(y) (e™¥ —1)
and thus

y p— pr— pr— p—
mo? —m + m/ e TI(r)dr — e™T(y) > mo? —m —I(y) > mo? —m — (0F).
0

The latter expression is positive and the first multiplied by e™™Y is a density of a

(ot
Lévy measure provided m > m = %2(0) and since then the last expression in
(4.17) defines a Bernstein function the first claim of item follows. Next, since

up > 0 and ¥(—ug) = —upp(—up) = 0, an application of the first identity in (4.2))

with fi(y) = II(y) since ¢ € By, yields that
c?uy = ¢(—ug) +olug=m— uo/ e VIl(y)dy < m.
0

This completes the proof of item . Next, assume that o2 > 0. Our general
assumption [, (y* A y)II(dy) < co implies via twice integration by parts that

(4.18) /0 T(y)dy = /0 y*TI(dy) + TI(1) + %ﬁ(l) < 0.

Then the fact that II is non-increasing on RT triggers from (4.18)) that

() £ 2T (3) 200
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and hence y € (0,00]. Choose first my = a(m+1—a) > 0 and observe from
(4.13]) and the definition of U, n that

_ W _Nautamtl-a)
Pom(u) = g’m(z)*qﬁ(u) I'(au+ am+1)

= <m+02u+u/ e“yH(y)dy>/ e Ua,m(y)dy
0 0
= [ Uam@dy+ [ (1= ) (cmUam(®) - Ul (w) dy
0 0
U/ e—uyﬁ* Ua,m(y)dy7
0

where 0 < [ Ua,m(y)dy < oo and the terms of the integration by parts vanish

since from (4.15]) we have that

U)o ™ () % g™
a,m y F(1+O[)y bl a,m y F(OL+1)€
and m,, > 0. Using (4.16) put, for y > 0,
l—a, » _
—mUa,m(y) - O'QU(;,m(y) = <U2ma —m+ UZT(eg -1) 1) Ua,m(y)
(419) - aa,m (y)Ua,m (y)
Then another integration by parts for the very last term in ®, , above yields
Pom(u) = m/ Ua,m(y)dy
0
0o — /
(4.20) +/}O—€%<%mw%m@—ﬁhum@»)@
0

Indeed, the asymptotic relations for U,,w above allow to deduct that the boundary

terms in this integration by parts do not contribute since from 1 — e™"¥ R uy,
l—e ™ X1,

y_
lim y/ (y — 7)Uqm(r)dr
0

y—0
(4.21) < lim | oI <y> +y/2 ﬁ(r)dr sup Ugm(r) | =0
y—0 2 0 v
TG[Q,y]
and

Yy __

lim I(r)Uq,m(y — 7)dr

Y—00 0

. =y y B i
gylin;o H(Q)/gUa,m(yT)err@ “3/0 II(r)dr

(422) < /O h Ugm(r)dr 1im T (y) + lim e ™% ( /0 1H(r)dr+H(1)y> = 0.

Y—00 Y—00

T( e
Next, choose m > 1 — = so large such that my, = (am+ 1 — «a)/a > H(i# and

hence we get from (4.19) and the definition of y  that %iq,m > 0 onRy. Recalling the
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_ /
expression of @, in (4.20) we aim to show that Ge,m(y)Uam(y) — (H * Ua7m(y)>

defines a density of a Lévy measure. For this purpose, for any A € (0,1), put
ya = Ay and g4 = (1 — A)y. Then

(Tx Vo) = (/OUA Ti(y — 1)U m(r)dr + /yj T(y - r)Ua,m(r)dr>/
— ( /0 Ty — ) (r)dr + /0 ) Uy — r)dr)/
— A am() ~ [ Ty = Wam(r)ar
(4.23) + /0 . (r)U,, o (y — r)dr.

Since ﬁ(r) = [ II(v)dv, r > 0, and as U, is non-increasing, we get that

ya

(54) U (94) — / Ti(y — 1)U m(r)dr

=l

IN
=il

(F) U (1) — U (4.0) / "y -

(1)Ua,m(ya)-
Thus, since U/, ,, <0 on Ry, see (4.16), from (4.23) we deduct that

=l

(120) (TxUan(®) < T)Uam(ya) + /OyAH(r)U(;’m(y—r)dr

< T()Uam(ya) + T(5a) Uam (@) = Uam (ya)) -
Next, from (4.24) we observe that, with

Fa(y) = () ~ T54) ) Vam(ya) + (T54) = Gam(®)) Uam(),

we have that
(425) (T*Uam(®)) = Bm(@)Vam(y) < Fa(®) < (TG4) ~ am(y)) Uaim(y).

Choose A = % and thus g4 = ya = y/2. As long as
=y
II (%) +m
2
due to the definition of @y m(y), see (4.19)), and (4.25)), we have, for all y > 0, that

(T Ve ) = T () ()

< B < (T(4) - tn®) Vam(®)

< ((n(g) T (%)) - ﬁ@) U ().

Obviously from the fact that s non-increasing and a < 1 the right-hand side is
non-positive for y > Y whereas it is also non-positive for all y < Y, thanks to the

my, = (am+1—a)/a>
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ops . y = —
definition of y = inf {y >0; (eo — DI (%) > 02%} € (0,00]. Therefore,

7)== (T* Uam(®)) + T (6)Uam(y) > 0.

To show that f(y)dy defines a Lévy measure of a Bernstein function we first observe

from (4.15) and (4.19)) that

o e_may
Z}ll)n yua m(y) _ 0_2(1 _ a) yli)n;o ua m(y) = 0’2ma —m > 07 Ua,m(y) ~ m

and these imply that

/000(1 A Y)ta,m(Y)Uam(y)dy < oo.

Secondly, (4.21)) and (4.22) allow via integration by parts to obtain that
1

[ ([ un) @) = [ Tcamtidy
0 0

/ Uan(®) / T y)drdy
< /O U}y /0 i)y < oo.

Indeed, the finiteness of fol Ua.m (y)dy has been discussed above, whereas fol TI(y)dy <
oo is (4.18). Thus fooo(l AY)f(y)dy < oo. Therefore, ®  is a Bernstein function
with Lévy measure f(y)dy. When o? = 0 we have that i m(y) = —m,Vy > 0,
see . Using this from the first inequality of we then get that, for any
0<A<1,

(ﬁ* Ua,m(?/))/ — Ua,m(Y)Va,m(y)

< (ﬁ(ﬂA) + m) Ua,m(ya) (W —1+ [m> _

Since f(y) = — (ﬁ* anm(y))/—|—ﬂa7m(y)Ua,m(y),Vy > 0, then fooo(l AY)|f(y)|dy <

oo follows as in the case 02 > 0. It defines a Lévy measure if the third factor above
is non-positive for all y > 0. However, by assumption for every y > 0 we can choose

A € (0,1) such that
:H(y) tmo Ua,m () <0
(ga) +m Ua,m(y4)
and therefore f(y) <O0. O

4.3. Useful estimates of Bernstein functions on C

In this part we derive estimates for some functionals of Bernstein functions. We
introduce the notation

Apfla) = fla+ib) = f(a),
R(f(a+ib) = f(a) +iS (fla+ib) = f(a) = A f(a) +il; f(a),
and, we recall that, for any k > 1, f®)(z) = & A g f(z).
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LEMMA 4.3.1. Let ¢ € B.
(1) Let b € R and a > 0. Then,

b2
(4.26) 0 < Af¢(a) < 5 [#"(a)] and |AF ¢(a)] < [B] |¢'(a)],
and, for k > 1,
(4.27) AR (@) < 2|60 (@) and [AF6P (0)] < |6 (@)

(2) Finally, we have, for any u > 0,

/°° 0"y +ib)] , \ﬁ/ 1¢" ()] dy< 2V10
u B u ,

|¢(y+z'b) o(y)
* |¢/(y + ib)|” < (¢, _10
(4.28) /u lb(y + ib)|? dygm/u (<z>(y)> W

Proof. First, using the inequality 1 — cos(y) < %, we get that

ARp(a) = / (1 cos(by)) e Vu(dy)

b2 b2
< 2 [T emtay = T |6 @)
0
and the first inequality in (4.26|) follows. Similarly, for any k& > 1, we have
‘A%(“ (a)‘ - / (1= cos(by)) y*e™ Y u(dy) < 2/ y"em " u(dy)
0 0
< 2o

which provides the first claim of since, for k > 1, y*e~%u(dy) is integrable
on R, . The imaginary part estimates, that is the second claims of and ,
follow by similar computations completing the proof of the first item. The second
inequality in the first and second lines of (4.28)) follows from ¢'(a)/¢(a) < 1/a and
¢"(a)/¢(a) < 2/a® according to and (4.5). Let now b # 0 and write

1" b)| " ‘1 + // o ‘ " 1 @24) 1"
o il _ oo+ il L= O = )
Sa s~ 9 1y Al o S 3(a)

This gives the first inequality in the first line of (4.28]). To conclude the proof of
the lemma for the first inequality of the second line of (4.28)) we use (4.27) to get
that

Gt _ @ 1+ ] 6 ¢ vio Vo2 @
\(a+ib)|  é(a) ‘1 ETGI o(a) 1+A“(¢<)a> - ¢(a)’

The next result provides additional estimates about some specific quantities.
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LEMMA 4.3.2. Let ¢ € Byr. Then, for a >0, b > 0, and some constants 0 < C <
D < o0,

™ ™

o (e =) [Ty < AYo(ba) < 0%+ [yl
0 0

Cb?

ea

/E yI(y)dy < AFe(ba) < Db/i YTi(y)dy + —T0 (1> 7
0 0 e b
(4.29) AL p(ba) < B2|¢"(ba)|  and AP p(ba) < bg!(ba).

Proof. We set 02 = 0 as otherwise we simply add ¢2b in the first line of (4.29).
Then, splitting in the periods of sin(by) and using the fact that II is non-increasing
we get that

So(ba) = / sin(by)e v T(y)dy

oo _ o (2k+1)7r)

_ Ze—2k7ra/b Slnb(by) ﬁ <y + 2kﬂ—) _ 1 (y + b dy
= 0 ebya b era

0.

Furthermore, picking the term when k = 0 proves the left-hand side of (4.29)) since
II'is a non-increasing function. For the upper bound, we use the following estimates
obtained from the expression above by using the properties of II,

— T (2k+2)7
Z/bsmby M+ 2r) T(y+ #527) dy

Y

> é(ba)

IN

ebya e2kma e2(k+1)ma

= / sin(by)e” " TI(y)dy < / " sin(by)TT(y)dy
0 0

< b / yTI(y)dy
0

and we achieve the first part of (4.29)). The second part is trivial. The last statement
follows by just considering (4.26) with a replaced by ab. |



CHAPTER 5

Fine properties of the density of the invariant
measure

The development of the spectral expansion of gl. semigroups requires a variety
of detailed information on the density v of the invariant measure. For instance,
the existence of co-eigenfunctions, that is when does, for some n € N, V,(z) =

n (n)
% € L2(v)?, hinges on smoothness properties and precise estimates for the

large and small asymptotic behaviour of v along with its successive derivatives.
Unfortunately, the only information on the invariant measure that one can easily
extract from the literature is the expression of its entire moments, see below,
from which it seems delicate to derive the sought fine distributional properties.
To overcome this difficulty, we shall point out, see Proposition below, that
the set of invariant measures of gL semigroups is in fact closely connected to a
subset of the class of distributions of the positive self-decomposable variables, a
substantial family of random variables which has been thoroughly studied in the
literature. We are going to take advantage of this relationship to derive for v some
of the properties mentioned above. However, for our purpose, we shall need to
deepen in different directions the study of this subset of self-decomposable variables
obtaining results of independent interest. More specifically, in this Chapter, we
derive new fine distributional properties including the small and large asymptotic
behaviour of the densities along with the successive derivatives of this subset of
self-decomposable variables. We mention that the results presented here will be
used at several places throughout the rest of the paper, justifying our choice to
gather them in one chapter.

We start by stating the following series of substantial results on the density v of
the distribution of the positive variable Vi1 € N, whose law is, according to
Proposition [2.3.1)(I)), the invariant measure of the associated generalized Laguerre
(gL) semigroup. The Mellin transform of V; is denoted by My, , i.e. My, (z) =
I a* tv(x)dx, z € 1+ iR. We also recall that v = ¢ (c0) with ¢ (c0) = oo if

02 >0 or TI(0F) = 00, or ¢ (00) = II(0+) +m otherwise, N, = [ﬁ(%ﬂ—‘ —1€[0,00]
with the convention that N, = oo when II(0") = co and dy = sup{u < 0; ¢(u) =
—oo or ¢(u) = 0}.
THEOREM 5.0.1. Let ¢ € N and recall that ¥ (z) = zp(z) with ¢ € Byr.
(1) My, € A(a,,) and My, is a solution to the functional equation
(5.1) My, (z +1) = p(2) My, (2), with My, (1) =1,
valid for z € Cq, o0)-

53
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(2) The mapping of moments of order greater than —1, that is u — My, (u),
is the unique positive, log-conver (i.e. log My, is convex) solution to the
functional equation (5.1) on Ry and

(5.2) My, (u+1) % Cyr/p(u)e™,
where Cy > 0 and G(u) = [[" Ing(r)dr.

(3) Finally, for any real number v < max(N, —1,0) and any a > dy, we have
that

. +oo —u
(5.3) ’./\/lvw(a—l—zb)‘ =" o (]o]™).
The proof of items and (2) of Theorem is given in Section whereas

the proof of Theorem () is postponed to Section We proceed with the
following results regarding the smoothness properties of v.

THEOREM 5.0.2. (1) Supp Vyy =1[0,¢] and v > 0 on (0,v).
(2) (a) Ifp € No then v € CF(Ry).

(b) If v € N with N, = [@—‘ —1>1 then v e cY*"YRy), and, in
any case, vN©) € C(Ry\ {t}) and the mapping x — (t —x)vN)(2) €
C(Ry) with lim,_(t—x)v™Ne) (z) = 0. Consequently, for any ¢ € N,
v e cN:(0,v).

(c) Moreover, if 0 < N, < oo, then for any n=10,1,... N,

(n) 3 ﬁ([ﬁr)fnfl
(5.) V) @) & Ol — ) S e — ) L,

where C' > 0 and 1 is a slowly varying function at 0.

(8) If Y € No, then v € A(©,), i.e. it is holomorphic in the sector C(Q4) =
{z € C; |arg 2| <@¢}. In particular, if ¢ € Np then v € Aoy =

A(3)-

REMARK 5.0.3. The proof of item , which follows directly from a classical ar-
gument on Mellin transform described in , requires the estimate along
imaginary lines of the Mellin transform of v which is given in Proposition [6.6.1
Note also that the last claim of item is deduced from the previous one combined
with Theorem . Although the proofs of these estimates are given in
Remark [6.6.2] for sake of completeness and clarity, we state the analyticity property
of v here.

Items (), and are deducted in Section whereas item is settled

in Section [5.3.2l The next result describes small time bounds and in some cases
small asymptotic behaviour of v.

THEOREM 5.0.4. Let vp € N. For any a < dg, A € (0,¢), there exists Cqa > 0
such that

(5.5) v(zg) > Cqaz™?, x€(0,4).
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Moreover, if m = ¢(0) =0 and ¢'(0") < oo, then there exists C > 0 such that
(5.6) v(z) X C =v(0").

The proof of Theorem [5.0.4] can be found in Section [5.2.5

THEOREM 5.0.5. Let 9 € Nowoo = {0 € N 02 > 0 or T(0%) = co}. Writing
@ : [m = ¢(0),00) — [0,00) for the continuous inverse of the continuous increasing
function ¢, i.e. ¢ (p(u)) = u, then there exists Cy > 0, such that for any n € N,

(5.7) vW(z) X (—x)_"&\/go’(x)go”(x)e_ RO
V2
In particular,
(1) if v € Np then with 6 :== 0=2 > 0 there exists Cy 5 > 0 such that

(58) I/(n) (,’1}') % (71)71 %5—”4’%1'"7‘5@7&‘73661:; @o(y)%’

V2T
o(y). If I € RVi44(0), a € (0,1), see (1.35) for a

18

where 0 < @, (y)
definition, then

and if ﬁ(O*) < o0 then p,(y) < ﬁ(O*) ;

(2) if h € Ny, ice. P(u) ~ Coutt, Cy > 0,a € (0,1), then, there exists
Cy,o > 0 such that

(5.9)  v(2) X (-1)" Lz O # (M E) pn(R-1) 45k -4 —aCl T a® (14h(e)

where Ca_éxih(w) =/ (go(y) - C;éyé> d—;’ and h(z) =o0(1).

The proof of these claims is given in Section [5.6] and it hinges on a generalization
of a non-classical Tauberian theorem which was originally derived by Balkemaa et
al. [BKS93| and we establish its new version in Proposition

REMARK 5.0.6. Let 7 be the density of the positive self-decomposable law discussed
in Section below. Our result (5.7) is in fact a consequence of the small time
asymptotic for 7 as presented in of Theorem via U1 (z) = o7 %v(x1),
see .

REMARK 5.0.7. Note that when ¢(u) = u then v(xz) = e=®, 2 > 0, which is con-
sistent with (5.7) with Cy = v/2m. In general, it is not clear how to compute Cly
precisely. This fact is due to the unknown constant appearing in [Web97, Theorem
6.3.].

As mentioned above the proofs of these results rely on a connection between the
distribution of V,;, and the one of a positive self-decomposable variable that we now
describe.



56 5. FINE PROPERTIES OF THE DENSITY OF THE INVARIANT MEASURE

5.1. A connection with remarkable self-decomposable variables

We recall that a (real-valued) variable X is self-decomposable, or of class £, if
for any a € (0,1), there exists an independent random variable X, such that the
following random affine equation

x9u.x+x,

holds. This class of variables plays a substantial role in probability theory as they
arise in limit theorems for (properly normalized) sums of independent (not neces-
sarily identically distributed) random variables. There is an important literature
devoted to the study of their fine distributional properties and we refer to Sato’s
book [Sat99] and the paper of Sato and Yamazato [SY78|, and the references
therein, for a thorough account. In particular, in [SY'78|, a deep analysis of their
probability distribution functions, such as smoothness properties, asymptotic be-
haviour at the lower end of their support, ultimate log-concavity property of the
density, is carried out. This part aims to complement significantly this analysis for
specific subclasses of £ to the benefit of our spectral-theoretical study.

In [Sat99, Corollary 15.11], another interesting characterization of the class £
is presented as a subclass of the infinitely divisible random variables (recall that
a variable Y is infinitely divisible if for every n € N\ {0}, there exists a se-
quence (Y(x))1<k<n of independent and identically distributed variables such that

d
Y @ Shey Y(x)). For our purpose, we simply focus on the subset £, of posi-
tive self-decomposable variables whose Laplace transform takes the form, for any
u >0,

where & > 0 and & is a non-negative and non-increasing function such that it is true
that fooo R(y)dy < oo. Since y — % is non-increasing therefore ¢ € Bys. Before
stating our results, we introduce some further notation. We denote by

N(m)={yp e N; ¢ (0%) =¢(0) =m >0} .

Then, we set

(5.11) Lpz/ e ttdt
0

where (&)¢>0 is a spectrally negative Lévy process with Laplace exponent i €
N(m) and Iy < o0 a.s. since from the strong law of large numbers lim;_, 5—; =
m > 0 a.s., see e.g. [BYO05, Proposition 1]. This positive variable is called the
exponential functional of the Lévy process £ and has been the object of intense
research over the last two decades. A review including motivation for its study is
given in Section [6.1] Our interest in considering the variable I, stems from the

following result which explains its intimate connection to V.

PROPOSITION 5.1.1. (1) For any ¢ € N(m), I, € £4. Thus, the law of I
is absolutely continuous with density denoted by U.
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(2) For any v € N, we have, for any x > 0,

(5.12) W) = ~ 5, (1) ,

2 x

with Uy the density of Iy, where we recall, from Proposition |4.1.1(9)),
that Ti(u) = ugp(u+ 1) € N(¢(1)). Moreover,

lim Tip(w) = lim ¢(u+1) = ¢(c0)

U—00 u U—00

and with the notation 11y for the Lévy measure of Ti then I (0F) =

T(0+).

(3) For any ¢ € N, both variables I,y and X1, = Inlry are infinitely
divisible.

REMARK 5.1.2. Note that item reveals a remarkable property that is enjoyed
by the class of positive self-decomposable variables considered in this Chapter.

Proof. Although the first claim is a well known fact, for sake of completeness,
we provide its short proof. Writing, for any a > 0, T, = inf{t > 0; & > a} and
observing by absence of positive jumps for ¢ that &, = a a.s. (T, < o0 a.s. as
lim; o0 & = 00), we get after performing a change of variables

T, e’}
Iy :/ efgtdt—k/ e Stdt
0 T

Ta [e%e]
:/ e_gfdt—l—e_a/ e~ (§Tate =€) gt
0 0
Ta
@ / e Stdt + eI,
0

where I, on the right-hand side is independent of fOT“ e~$tdt as from the strong
Markov property for Lévy processes, see e.g. [Ber96l, Proposition 1.6], the process
(&1, +¢—&r, )1>0 is a Lévy process distributed as £ and independent of (&;)o<¢<T, , See
Section for details. Hence I, € £,. Thus, its law is absolutely continuous on
R, see e.g. [Sat99] Theorem 27.13]. For the proof of item (2)) we invoke [BY02b|
Proposition 2] to get that
n—1
(5.13) E [I;n} = ¢'(o+)w = $(0)Wy(n), for any n=1,2...,

where for the last identity we have used that

Plu)
_— = 1 =

w — mg(u) = ¢(0)
and the definition of Wy, see (1.18). Next, note that T3¢ (u) = ud(u + 1) and thus
gle claim limu_mLleT(“) = ¢(0), in Lis obvious. From (4.9), we have that
I (y) = fyoo e "(II(r)dr + II(dr)) = e YII(y), whereby we deduce the very last
claim. Finally, observe, from (2.20) for the first identity and from ([5.13)) for the

0ty — 1
¥'(07) = lim
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last one, where we use the notation ¢1(u) = ¢(u + 1), that, for any n = 1,2,...,
we have that

n—1
(5.14)  E[Vp] = We(n+1) = ¢(1) [] ok + 1) = ¢1(0)Wy, (n) = E [I;lfp] .

k=1
Since Vi, is moment determinate, the proof of (5.12)) and thus of is completed.
The last claim follows easily from the fact I7; is self-decomposable and hence
infinitely divisible and from [Urb95|] where it is shown that the variable Vj, is a
multiplicative infinitely divisible variable, that is, in particular, X7, is infinitely
divisible. O

5.1.1. Proof of Theorem|[5.0.1][I) and (2). In the proof of [BY02b] Propo-

sition 2], the authors show that for any n € N
Tip() o [r—n] _ N+ 1) o n —n
J= ] = TR ] = e v vE 17

n
For completeness we replicate their proof valid also for z € C(g,_1,00), i-€. R(z) >
dy — 1 or when ¢(z + 1) is well-defined. Set I, = foo e Sds, t > 0, where £ is

a Lévy process with exponent 714, see Proposition 4.1.1[9) and (5.21). For any
z € C,

(5.15) E [1;1’;*1

t
" —1,% = z/ e_gsls_z_lds.
0

Moreover, from Section [5.2.1 I, = e~¢t fooo e~ &8l g @ e~y with I @ Iy

independent of e~¢. From (5.2I) E [e*%] = e!71%(*) and it is finite whenever
TiY(z) = 2¢(z + 1) exists, i.e. 2 € Cg,—1,00)- Then upon taking expectations we
get

E[I7*-13%] = (E[e**] —1)E[I;*] = 2E [I;*7] /tE [e%6] ds

__“ Tiv(z) _ —z—
= 7o (e — 1) B [15*7]
z

_ ez&, _ —2z—1
- Tﬂ/}(z’) (E[ } 1)E[IO ] ’

that is the complex version of (5.15)). Since E [I%w] = 1 and (5.15) links the

moments recurrently, | [17?1"] < oo, for all n € N. By moment determinacy the
identity E [VJL] =E [I%Zﬂ in (5.14) extends to z € C(q,_1,00) Which together with
(5.15) give (5.1), i.e. item (1) with My, (1) = E {Vg] = 1. Next, recall that the

mapping u — My, (u) = E [Vf‘l], as the moments of order greater than —1 of

a positive random variable, is a positive and log-convex function on R, . However,
from items and @ of Proposition for any ¢ € B, the mapping u — ¢(u) is
positive and strictly log-concave on (0, 00) and the limit in holds. This means
that the multiplier ¢ in satisfies the conditions of [Web97, Theorem 7.1],
which states that the functional equation has a unique, positive, log-convex
solution on R . However, the same conditions on ¢ trigger the validity of
Theorem 6.3] and we complete and Theorem .
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5.2. Fine distributional properties of I,

In this part we state some properties on the density of the distribution of the variable
I, - one regarding its smoothness and the other its large asymptotic behaviour.
Since the proof of both results hinges on techniques based on the fluctuation and
excursion theory of spectrally negative Lévy processes, we proceed by recalling
some essential facts on this topic which will make the proofs more legible. For any
¢ € N(m), write X, = —In Iy and denote by x its density, that is

(5.16) x(x) =ev(e7), z € R

Next, recall that Mo = {¢) € N; 02 > 0 or I (0T) = oo} and
N oo = {¢EN; o2 >00rﬁ(0+) 200}.

We use in the sequel

Noo(m) = NooNN(m), NS (m) = NS NN (m) and NS, (m) = N (m)\Noo 0o (m).

PROPOSITION 5.2.1. Let ¢ € N(m) and recall that v¥(u) = up(u), with ¢ € Byr.
Then, since L, € £4, with the notation of (5.10), we have, for any v > 0,

(617) ~togE [ = G = But [ (- ) Wy

where

(1)

=1 >0, where we recall that 0 < v = ¢(co) = II(07) +m < co. Thus,

> 0 if and only if Y € NS (m). Moreover, R(0T) = oo (resp. 0 <

R(0T) = @ < 00) if and only if Y € Noo(m) (resp. v € NS (m)).

(2) Supp Iy = [, 00).

(3) Next, v € C(R) if and only if 1 € Noo(m). Otherwise, if 1 < Ny < oo,
v € cNe~Y(R), where we recall that N, = {@-‘ — 1 (with N, = o0
whenever TI(0%) = o0), and, in any case, VN € C(R\ {1}) and the
mapping x — (x — 1PN (2) € C(R) with lim,_,1 (z — 2)pN<) (z) = 0.

5
5

(4) Moreover, if N, < 0o, then for any n =10,1,..., N,

1 SICED)
v

(5.18) P () L Cre © " (@),
where C' > 0, . == — % and l is a slowly varying function at 0.
(5) The statements concerning the support and smoothness properties on U

hold in a similar way for x as defined in (5.16]).

We proceed by providing very useful results concerning the asymptotic behaviour
of ¥ at infinity. Recall, from (1.19), that dy = sup{u < 0; ¢(u) = —o0 or ¢(u) =
0} <0.

PROPOSITION 5.2.2. Let 1) € N'(m).

(1) For any a < dg, A > 1, there exists a constant Co 4 > 0 such that
(5.19) D(x) > Coaz® !, x€ (A 00).
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(2) Assume that there is ug > 0 such that [ ye*VII(dy) < oo and ¥(—ug) =
¢ (—ug) = 0, then there exists a constant Cy, > 0 such that

(5.20) D(z) X Oy x40,

REMARK 5.2.3. If Cy, in (5.20)) can be made explicit then it is an evaluation of
the so-called Kesten’s constant, see [Kes73|, for an affine random equation solved
by I,. We have achieved this [PS18a]. However, for our purposes, the weaker

estimate (|5.19)) suffices.

We prove the Proposition [5.2.1] and Proposition [5.2.2] in section [5.2.2] and
respectively. In what follows, we review several aspects of Lévy processes which play
a central role in their proofs and are also useful throughout the rest of the paper.
We refer to the monograph [Ber96] for a nice account on Lévy processes.

5.2.1. Spectrally negative Lévy processes, fluctuation and excursions
theory. A spectrally negative Lévy process is a real-valued stochastic process,
£ = (&);>(» defined on the probability space (€2, F,IP), which can jump downwards

only and possesses stationary and independent increments, i.e. & — & @ &g, for
0 < s <t and & — & is independent of (§,),.,. Every general Lévy process
and in particular every spectrally negative one, has the Lévy-Itdé decomposition
& = mt + oB, + Zy, where m € R in accordance with , B = (Bt),;s, is a
Brownian motion independent of the pure jump process Z = (Z;),~- There is a
natural bijection between the subclass of negative definite functions N, see (1.4)),
and a large subclass of spectrally negative Lévy processes via , where o2 is the
variance of B and II describes the intensity and the size of the jumps of Z. For the
class NV, see , which is the focus of our paper, we have the bijection between
1 € N of the form

2 (oo}
(521) InE [e*] =1(2) = mz + %zZ +/ (7% — 1+ 2y) I(dy), =€ iR,
0

and ¢ spectrally negative Lévy process with m = ¢/(07) = E[£] € [0,00). In the

setting of Lévy processes m > 0 gives lim;_,oo § = oo P-almost surely (a.s.) and

m = 0 leads to tlim § = — lim & = oo a.s.. It is clear from (5.21)) that ¢ € Ajg o).
— 00

t—o00
Moreover, for a > 0, ¥ € A(_q ) if and only if Vu € (—a,0), |IE [6“51} ’ < 0o which
is equivalent to

(5.22)

/ e_“yH(dy)‘ < 00,
y>1

see [Ber96l, Chap. I]. The restriction of ¢ on the real interval (—a,o0) is clearly a
convex function and 1) is zero free on (0,00). The analytical form of the Wiener-
Hopf factorization for 1) € N reads off as follows

(523) 77/1(2) = Z¢(Z), EAS (C[O,oo)7

that is (1.9). It has the following probabilistic interpretation through the identi-
ties

(5.24) InE [ez'ﬁ} =z and InE [e—znf] = —¢(2),
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where = = (1;) -, is a possibly killed subordinator, that is a non-decreasing Lévy
process possibly killed at an independent exponential time, known as the descending
ladder height process, and, the ascending ladder height process n™ = (n;” = t)e>0
is a pure drift process. We note that for ¢ € A, n* is never killed. We record
that

(5.25) #(z) = m+oiz+ /000 (1 - e_zy)ﬁ(y)dy7

that is the classical Bernstein function already defined in (1.10). Hence 0?2 >0,
Jo5(y A DI(y)dy < oo and m > 0 is the killing term of 5~ since tlim & = oo
— 00

which in turn is due to ¥ € N. Finally, ¢(co0) < oo if and only if TI(Ry) < oo if
and only if ™ is a compound Poisson process, see [Ber96], Chap I]. Next, define
E= (&0 = (supsgt & —&) +>0» Which is known as the reflected at the supremum
Lévy process. It possesses a local time at 0, i.e. a non-decreasing (in t > 0) family
of continuous functionals ¢ = (Zt)tzo such that ¢ increases only on the closure of
the set {s > 0; £, = 0}, that is on the closure of the set of times when a new
running supremum is attained for £&. The inverse local time at 0 of £ is defined, for
any t > 0, as 7, = inf{s > 0; £, > t}. We know that (£ 07,7) = (n*,7) a.s. and
thus the process (€ 0 7,7) determines a bivariate subordinator. Furthermore, with
the reflected process & one associates excursions away from the supremum (loosely
speaking the piece of path of £ between successive suprema) in the following manner.

Write, for any ¢t > 0, ¢, = (Eﬁt +3)0< X where ¢ = ((t) = inf{s > 0; Zﬁ 4+ =0}
- <s< =

¢ = (e;)s>0 is the excursion process which forms a Poisson point process in the space
of right-continuous functions with left limits (for short rcll). Its Poisson measure n
lives on the sets of rcll functions and is referred to as the excursion measure. ( is
called a lifetime of an excursion. We use the formula n(F(e)) = [, F(w)n(dw) for
computing various functionals on the space of excursions 20 (for more information
on excursion theory of Lévy processes, we refer to [Ber96l, Chap. IV and Chap. VI]).
Finally, when ¢ € N then £ is a spectrally negative Lévy process drifting with
lim ¢ = co. Thus, recalling that T} = inf{s > 0; & > t}, we have, see [Ber96

t—o0

Theorem 1, Chapter VII], for any ¢,u > 0,
E[em™] =E[e7T"] = e~ i)
where 9(¢)(u) = u, with ¢ € B and from [Ber96, Theorem 8, Chapter V],

(5.26) B(u) = 6u + u/ e “n (¢ >y)dy,
0
with 6 > 0 and n the excursion measure of &.

5.2.2. Proof of Proposition The proof of Proposition requires
the following two intermediate results which characterize respectively the quantities

S and & in (15.17)).

LEMMA 5.2.4. § = 1 >0.

Proof. From [Riv12] Lemma 2], 5 in 1' is the drift of the subordinator
7 = (7 )¢>0, the inverse local time at 0 of £, i.e. ¢ in (5.26)). Hence, from Proposition
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4.1.1](3), we get that

> < . o(u) . U 1 1
5.27 d=6= lim —= =1 =——=-2>0
(5:27) dm == ey T e 2
which completes the proof of the Lemma. ([l

We proceed the proof with a statement which, in particular, characterizes &.

LEMMA 5.2.5. (1) We have, for any y > 0,

¢
(5.28) Rly)=n (/0 ef*ds > y) ,

where we recall that ¢ is the lifetime of a given excursion (es)s>o.

(2) Moreover, R(0T) = oo (resp. K(0T) = ﬁ(%ﬂ) if and only if ¥ € Ny(m)
(resp. ¥ € NS (m)).

REMARK 5.2.6. The subset of the class £, we consider can be characterized as
the one associated to a subordinator n*, as defined in below, whose tail of
the Lévy measure is associated via to the excursion measure n of £. Clearly,
our class does not include the positive self-decomposable laws associated to subor-
dinators with an atomic Lévy measure, since these can not be related to such an
excursion measure.

Proof. We start with the following well-known integral representation of I, €
Ly

o0
(5.29) Lb:/ e tdn;,
0

where n* = (n])i>0 is a subordinator whose tail of the Lévy measure is &, see
e.g. [Sat99l Theorem 17.5, Example 17.10]. The first identity then follows
from [Riv12 Lemma 2] (note that the exponential functional is defined in [Riv12]
as [, eS*ds whereas we have I, = [ e ¢ds). Since ¢ > 0 and ¢, > 0, for all

0 <s < (, we get that
¢
n /e°5d5>0 =n(¢>0).
0

This identity combined with yield that ©(0") = oo (resp. K(0) < o0) if and
only if n(¢ >0) = oo (resp. n(¢ > 0) < oo) which is equivalent to ¥ € Ny (m)
(resp. NS (m)), see e.g. [Don07, Proposition 15 (iv)]. It thus remains to compute
%(0T) when ¢ € NS (m). Recall from that n (¢ > 0) is the total mass of the

4 ; = c T_s_1_ _1
Lévy measure associated to ¢. When 1) € N§ (m) from (5.27),0 =6 = ¢ = ey >
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0, a standard computation leads to

n(C>0) = lm (B)—u) = lim (u—5v(w) = lm —u(9(oc) ~ G(u))

u—00 U— 00 q’)(oo)
= —— limu (/ ﬁ(y)dy—/ 1—e™™ H(y)dy)
P(00) u—oo 0 0 ( )
_I(o*)
= o
where we have used the identity (5.25) to express ¢. O

The two previous lemmas provide the proof of Proposition . Next, from
[HR12| Lemma 2.1], SuppI, = [0,00) if and only if 5 = 0, which is equivalent
from (5.27), to ¥ € N oo(m). Otherwise, according to [Riv1l2l Remark 1, p. 9]
it holds that Suppl, = [g, 00) since n* in is a subordinator with drift &
(note that the constant ¢ in is 1 which is clear here from the identity
¥(u) = up(u)). Thus, we have proved the statement for the support of 7, i.e. item
[@). Next, if 1 € N(m) (resp. ¢ € NS (m)), then, since from Lemma [5.2.52),
we have £(0") = oo (resp. /1(0“‘) = #) and 0 = 0 (resp. 0 > 0), we derive
from [Sat99], Theorem 28.4(ii)] (resp. [Sat99] Theorem 28.4(i)]) that 7 € C*(R)
(resp. v € CN*~1(R), when M > 1, i.e. N. > 1). The claim is given in
[SY78| Theorem 1.6]. The proof of Proposmon [5-2.3)(5) follows 1mmed1ately from
the definition of x in , which completes the proof of Proposition

5.2.3. Proofs of Theorem [5.0.2] -., . ) and (| . First, we recall from
Proposition [5.1.1)2) that, for any ¢ € N, v(z) = 272Dy (z ") where 7 stands for
the density of Iz, with 71¢( ) = ugp(u+1) € N(¢(1)) and IT; (07) = TI(0F). Thus,
the positivity follows from the fact that 7; > 0 on (1,00), see [SY78], and
the expression of the support of V;, is deduced from Proposition . Next,
the smoothness property of v stated in Theorem [5.0.2{[2b)) and the ensuing Lemma
follow readily from Proposition . Finally, the asymptotic behaviour
at v in the item (2c) follows also readily from Proposition and v(z) =
720 (27 h).

Proposition|5.2.1{(3]) and Proposition give immediately the following claim.

LEMMA 5.2.7. If ¢ € N then v € C®(Ry).

To prove Proposition and for sake of completeness we restate, adapted to our
setting, a shortened version of [SY78| Theorem 2.1].

THEOREM 5.2.8. Let 1) € N'(m). Then

(5.30) 2P(x) = /0 "B — )R dy + 39(@), > %

For any x > % and with x — oo in the last relation
(5.31)

2v(z) > R(x) /: D(y)dy =n </0C ef*ds > m) /: D(y)dy < n (/OC ef*ds > x) .
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PrOOF OoF THEOREM [5.2.8 Since thanks to the link in (5.28), I, is a positive
self-decomposable law with [~ %(y)dy < oo then in the notation of [SY78] (1.5)]
we have

2,2 [e%e}
logE [e™1*] = iunp — T +/ (e™¥ —1) @dy.
0

Comparing this to (5.10) yields in our notation that vg = 5 = v, 02 = 0 and
% = k. Then, the second identity of [SY78], Theorem 2.1, (2.1)] in their notation
takes the form

(=) )= [ o= whlu)ay — f(2) / T

Since [SY78| (1.6)] gives o =7 — [5 ﬂz) and f =7 we deduct ( and

(5.31)) since & is non-increasing. [l

5.2.4. Proof of Proposition For item [1] from the last relation of
(5.31)) we need to discuss n (fog e*«ds > x| only. We recall that to each ¢ € N'(m)

there is an associated spectrally negative Lévy process & such that lim; o, & = o0,
see the discussion succeeding (5.21]). We set, for any a > 0,

— Ta
I,(Ty) = / e S ds,
0

where T, = inf{t > 0; & = a} is the first hitting time of a for £. Also, it is
well-known from [Ber96), Chapter IV, p.117] that, for any a,z > 0,

¢
n (/ e*ds > x’el =a,(> 1) =P (e"1y(Ta) > z),
1

which reflects the fact that under n (.‘21 =a,( > 1), (25)1§s<c =(a+es— 21)1S5<C

has the same law as (a — §5)g< 7, , since ¢; = a means that being a units beneath
the running supremum the process £ needs to stride upwards those a units to attain
a new maximum. Using this and trivial estimates yield, for z > 0, that

¢ ¢
n(/ e“sds>x> > n(/ eeSds>x,C>1,e1>e>
0 1
- / P (e*Iy(To) > @) n(ey € da, > 1)
a>e
(5.32) > P(Iy(Th) > x)n(er > e, > 1).

Next, let us denote by £¢ = (ff)t>0 = (ft - Ze<t (6s — &) Lge,—e,_y<— 6_1})t>0

the Lévy process constructed from & by removing all its jumps smaller than —e “l<
0. Thus, pathwise, & < &, for any ¢ > 0, T1 > Tf and therefore, I, (T1) > Ly (T¥).
Choose furthermore e small enough such that II (O € 1) > 0, that is £° is not a
pure drift process or phrased otherwise it still possesses negative jumps. For any
a > e,x > e, from the strong Markov property of Lévy processes, conditionally on

t4+T¢

the event {1, ., < 0o}, the process g = §§ =& + In xa) is a Lévy
—Inza t>0



5.2. FINE DISTRIBUTIONAL PROPERTIES OF I, 65

process issued forth from 0 and independent of (£f))<;< - . and
_ _ v Ty .
Ly(Th) > Iy (17) = / e Ssds > / e Ssds H{Tel oy <T5}
0 T€ — In(xza

—In(za)

Tf+lnma, ée
= xa/ e ~ods Tppe |<T¢}
0

~In(za

Tioa ..
(5.33) > m/o e Sids H{Til,,(m><Tf}’

where fE stands for the hitting times of £¢. Hence, using the independence of ce
and £, € = £° in law and the fact that ég <Inaon {t < Tlfw} we obtain from

that
The - _ _
P(Ip(Ty) > x) =P (Iype(T5) > x) > P <a/ " e gs > 1) P (Ti In(za) < Tf)
0
=P (i;(a) > 1) P (TE In(za) < Tf)
(534) == ]P (iflsn(a) > ].) IP) (Ti ln(xa) < Tf) .

From lim; o0 & > limy 00 & = 00, £° only jumps down and is not a pure drift
process we deduct that P (Tfn(a) > 1) > (0. Next,

P (Ti In(za) < Tf) = 1-P (Tle < Ti ln(xa)>
B Se (In(za))  Se(In(zae)) — Se (In(za))
(5.35) R Y e Se (In(zac)) ’

where S, is the scale function related to the spectrally negative Lévy process £€, see
[Ber96), Chap. VII, Sec. 2]. Let m® = E [¢{], see the discussion after (5.21)). From
&1 < &f then 0 < m < m€. Since in the construction of £¢ we truncate jumps smaller
than —e~! we have that, for all e < w, 0 < m < m® < m¥ and plainly ¢, %" are
analytic in C, see the discussion around . Moreover, by differentiating twice
1€ is easily seen to be strictly convex in R and for any u € R, ¢ has the form, see
(5.21)),
2

Y(u) =mu+ %uQ + / (e™™ — 14 uy) II(dy),
0

where the truncation of jumps is reflected in the measure II and hence in the
integration bounds. Hence, for € < w, using e™* +z —1 > 0, z < 0, we get that,
for u < 0,

() = ) = (m" = )k [ (e = L) 1) 2 0
Also from ,
R CON ) [euﬁi} >E {euéfﬂ{ §i<0}]

and we get that lim, o ¥°(u) = oco. Hence using the latter, the fact that
(1) (01) = E[¢£5] = m® > 0 and ¢¢ is strictly convex with 1¢(0) = 0 we deduce
that there exists unique u§ < 0 such that ¢¢(u§) = 0. From ¢¢(u) —¢™(u) > 0, for
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0 < e <w and u < 0, and by convexity, we get uy < u§ < 0, where ¢ (uf’) = 0.
We proceed to show that uf = lim. ,ouf = dy. Recall that ¢(u) = ué(u) and if
u < dy < 0 then 1(u) € (0,00], where ¥(u) = oo if [~ (€7 — 1 4 uy) I(dy) = oo,
see . It is clear that uj > dg, as otherwise, for any u € (ug, dy), we must have
lime_,0 ¥¢(u) = ¥ (u) € (0, 00], whilst the convexity of ¢ and 3¢ (u§) = (0) =0
lead to ¥ < 0 on (uf,0) and thus lim.,o¢(u) < 0 if u € (u§,dy). The case
dy = 0 follows as uf < 0. Assume that dg < ug < 0. Then for any u € (dg,ug), we
have that lim,_,o ¢“(u) = 9 (u) < 0 which contradicts u§ 1 ug, ¥¢ > 0 on (—oo, uf).
Thus, dg = ufj = lim._,o uf). Finally, since according to [Ber96, Ch. VII, Sec. 2], we

have S.(z) = WieP (—é; < x), where we let §; = infy>0 & be the global infimum
of £¢, we deduce that

Sc(In(zae)) — Se(In(za)) = % (IP’ <f§; > In xa) -P (fé; > In xae)) ,

which together with P(—£° > z) < Cfeto”, see e.g. [BD94], yield, recalling that
ug <0,

€

] (Sc(In(zae)) — Sc(In(xa))) = %aué(l _ eué)'

Then, since plainly

Se(00) = lim Sc(In(zae)) = LE lim P (—é; < ln(xae)> =

T—00 me z—oo

we deduce from ([5.35)) that

—us (e =\ _ g ((Se(In(zae)) — Sc(In(za) \ oo e ugiq  ug
x P(Tfln(m)<T1)—x < S (In(aae)) Cao(1 — eto).

Therefore, since a > e is fixed, the latter asymptotic relation allows the successive
usage of (5.34)), (5.32)), (5.31)) together with? > 0 on (v, 00) and v € C ((x 71, 00)),
see Proposition [5.2.1{[3) to derive as u§ T dy when ¢ — 0. The second
statement follows readily from |[Riv05, Lemma 4], which states that P (I, > z) =

f;o v(y)dy X Cx~Y and an application of the monotone decreasing density theorem

which yields 7(x) < Cugz~"~! and is valid since ¥ is ultimately monotone as a
unimodal distribution.

5.2.5. Proof of Theorem The first statement follows by combining
with (5.12)), ie. v(z) = 2720y (x_lgd vy the density of Iz, Ti(u) =
up1(u) = up(u + 1), and observing that (5.19) holds for a < dy, = dy — 1. The
second statement is deduced from with ug = 1 since T19(—1) = —¢(0) =0
and (T19)' (—17) = —¢/(0F) < co.

5.3. Proof of Theorem [5.0.1([3)

The proof of this claim requires a combination of several types of results. Since
some of them will be useful later in this work, we state them separately. We start
by discussing various further functional properties of 7.
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5.3.1. Some useful facts on positive self-decomposable laws. The fol-
lowing lemma is essentially due to Sato and Yamazato [SY78] where we denote by
F the bilateral moment generating function (resp. Fourier transform) of a function
f:R — R, ie. for some real u (resp. some imaginary number u = ib,b € R))

Frlu) = /R e f(y)dy.

LEMMA 5.3.1. (1) Let p € N(m). Then there exists a decreasing positive
sequence ay = (an)n>0 With ap =00 > a1 > ... > ap... > %, such that,
for everyn > 1,

1
7™ >0 on (t,an> and 7™ < 0 on (an, Gp—1).

Moreover, for any n > 0, we have a,, > B, —&—% where 3, = sup{y >
0; K(y) = n}.

(2) Let v € NS (m). Then there exists a sequence a; = (apn)o<n<N., Such
that ap = oo > a1 > ... > an, > % enjoying the same properties as
the sequence in above if and only if N. > 1, where recall that N, =

TI(0")
[——1—-1
(3) Let ¢ € Nog oo(m). Then, we have, for any n >0 and x > 0,

(5.36) 20" V() = —(n+ )0 (z) + /0 b (ﬁ(”)(x —y) — a<”>(x)) di(y).

(4) For any 0 < u < @, one has
Ny E —u
(5.37) | F5 (ib)] =" o (6] 7")

with the convention that ﬁ(%ﬂ = oo when TI(0T) = oco.

Proof. Let us first assume that ¢ € N (m). According to Lemma[5.2.5|2) we
have that %(0") = co and hence I, € Ig in the sense of [SYT8| p.275]. We derive
from [SY'78, Theorem 5.1(ii)] the existence of the sequence a; with the inequality
an > Bn+ 1. Otherwise, if ¥ € N (m) and @ > 1 the existence of the sequence
a; and B, for 1 <n < Ny, follows from [SY78, Theorem 5.1(i)]. Next from [SY78|
p.297,(5.4)] equation holds for every n > 0 when £(0%) = co and 1 = 0
(i.e. 7o = 0 in [SYT78, p.297, (5.4)]), which is the case once ¥ € Ny oo(m). Item
follows from [SY78, Lemma 2.4, (2.17)]. O

We continue with the following substantial but easy estimates which will be used
at several places in this work.

LEMMA 5.3.2. Let ¢ € N(m). If Ny > 1 then, for alln < N, < o0 and k <
Ny —n < oo,

—k
1 1
(5.38) lim (:c - ) ") (2) = limz~*p(") (x + t) =0.

x\L% T z]0
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Moreover, for any D € (0,1), n < N, and = € (O,D(an_H — %)), with a; =

(an)n<x, as in Lemma we have that
’V\(") } +x < L ! nle™ "y 1 + xr
v ~\1-D ' v D)

Proof. Let first ¢ € Ny (m). We first prove for k = 0and n € N
which follows easily from the fact that, since II(0T) = co and hence N, = oo in this
case, U € C*°(R) and Supp I, = [0, 00|, see Proposition Let now set n =0
and k > 1. The existence of the sequence a; defined in Lemma implies that
v, 1> 1, increases on (1, a;11). Therefore,

¥ 1 1
o= (z) = ﬁ O (y)dy < (:I: - t) v (z), for x € (t,al+1)7

3

(5.39)

since from (5.38) with £ = 0 and [ € N we have that
1
(5.40) o) <> =0.

v
Repeating this argument k times, we get, for any x € (%, ak+1), that

(o~ 1)kﬁ<x> < 9 (),

T

which proves (5.38]) for £ > 1 and n = 0 using ([5.40)). Before proving the remaining
case, we establish (5.39). From (/5.40)), for any n > 0, = € (%, an+1) and D € (0,1),

=N z Y1 Yn—1 N
v(x) = /1 [ . [ ) (yp )y . . . dyy
xT Y1 Yn—1
> /1 . / 7™ (yp)dyn . . . dy

(1) /1+D(w—1) Sren(a-t)

)

where we have employed that 7(™) is increasing on (%, a,41), see Lemma [5.3.1|[D).
This is (5.39). Finally, the proof of for n, k > 0, follows from the case n =0
combined with (5.39). Next, when ¢ € NS (m) and N, > 1, is immediate
thanks to of Proposition which furnishes an explicit asymptotic
of U at 1/v and Supply = [%,oo)7 which was proved in Proposition and,
Proposition which asserts that in this case 7 € CN*~1 (R). O

\

Recall that W (p) = H;-L:l ¢(j). We proceed with the following lemmas.

LEMMA 5.3.3. (1) Let p € N(m). Then, for any p=1,2,..., we have that
- Vp—1() v(x)
gy =2 ),
n(7) o(p— 1)z mWg(p)zP
is the density of the variable I, where Ty (u) = up(u + p) € N(é(p))
and we set Uy = U. Moreover, lim,_s o prT(u) = limy 00 @(u+p) = ¢(0),

with the obvious notation I1,(07) =TI(0") and Supp Ity = [1

?700)'
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(2) For any ¢ € N, we have, writing, for any p =0,1,..., v, the density of
the variable V. .y, vp(x) = 20,1 (x7h), for anyp=1,2,...,

v () = xVp_1(x) _ xPu(x)
! o(p) We(p+1)

where we set v = vy, and, Supp V.4 = [0,1).

Proof. First, we recall from Proposition, that, for any p € N, T,9(u) =
up(u + p) € N(¢(p)), where we recall that ¢(0) = m > 0 as ¥ = Torp € N(m).
Next, from the expression of the entire moment of I7,, given in , we have
that, for any n = 1,2, ..

2lrz2] =t Toeen = o=l ge iz

from where we get the first statement by remarking that the mappings (7,)p>0
form a semigroup on N, i.e. for any ¥ € N, p,r > 0,

oo Tobu) = T (004 7)) (0 = il 7 9) = T bl) €47

and I}llw @ Vy, see (5.14)), is moment determinate and hence I{-plw, p=12--,
are moment determinate. Also a simple integration of (4.9) yields that II,(y) =
e PYTI(y),y > 0. Finally, since ¢, (00 ) = ¢(00) =t we conclude Supp I,y = [1 oo)
from Proposmon and item ([1)) is thus settled. Item . ) follows readlly from
the previous one comblned with the identity v(z) = wQ %1 (i) that is of
Proposition U

LEMMA 5.3.4. Let ¢ € N(m) and N, > 1. Then, with the notation of Lemma
we have, for allm <N.,—1,p=0,1..., and a > %,

(5.41) / ‘xfa’u}()”)(x)‘da: < o0,
0

where we recall that vy = V.

Proof. Let us prove that holds for p = 0. The proof for p = 1,2, --
follows since Tpyp € N(¢(p)) C N(m). From Parseval’s identity and the fact that,
for all 0 <n < N, — 1, (™ € C(R), see items (T} and of Proposition one
gets, for n < N, — 1, that

(5.42) / ‘1/(”)(:0)’ dz = / ‘ ™) (i )‘ dz = / b2 | F5 (ib)|? db < o,
1 —o0

where the finiteness follows from ([5.37] To prove | in the case N, = oo and
= 0, we use the notation of Lemma 2| with D ++D (an+1 ) and, for
the first inequality below, the estlmate ) 5.39) and the contmulty of (M and for the

second one the classical Cauchy- Schwarz inequality, to get, for any a > 3, n > 0,
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that

0o D, )
/ 2990 ()| dr = / 2950 ()| dz + / 2950 (2)|da
1 1

T n

D,—1 —a
T 1 1
< / (:c + > ) (x + )
0 v v

Dn_l 2
< Cn/

0
< o0

o)
dw—i—/ |z~ 0™ () |dx
D

n

1
N 1 C>Q/\(n) 2 :
x % 54—; dz + C 4 |\ (x)|*dx
0

where C,, > 0, C, , > 0 and the finiteness follows from and the estimate
(5.42). To prove (5.41)) in the case N, < oo, we follow the same line of reasoning
by recalling, from Proposition 5.2.1'.7 that, for any n < N, — 1 < oo, (™ € C(R),
and holds for n < Ny — 1. The only modification, thanks to % > 0, lies in
the estimate

[ele] Dn o
/ e o ()|dz < e / P ()| d + / o= D" ()| < 0.
1 1

n

O

We are ready to prove the polynomial decay of the modulus of the Mellin transform
of v along imaginary lines, that is (5.3) in Theorem [5.0.1)(3). With the notation

and the claims of Lemma [5.3.3] for any p =0,1,..., we write
—yes pa—yy _ Pple™Y)
Xp+1(y) = € Vpy1(e7Y) = £ = eV, (e?
p+ ( ) p+ ) ¢(p) ;U( )
Ti(o™")

and we have N, and invariant in p for any v,, U, and Supp xp+1 = (—o0,Int],
if v < oo, and Supp xp+1 = (—00, ), otherwise. Then, we get, from Proposition
, that xp+1 € CNr (R \ {Int}) if v < oo and x,+1 € C (R), otherwise. Thus,
for any a > n, applying the Faa di Bruno formula to 7j,(e”¥) we get with some
C, >0,

n

Int Int
aut. (n Cp " N _
/ Ghly < S / '3 e R (V) dy
— 00 — 00 k

=0
Ch /00 i |xk*1*“'y}gk)(x)|dx < o0,
o) J1 =

where the finiteness follows from (5.41]) since from ¢ > n thena+1—%k>1,0 <
k <n,and n < N.— 1. Thus, we have for all p=10,1... and 0 < n < N, — 1, that,

for all @ > n, the mapping y +— Xz(ﬁr)l’a(y) = (e“yxp+1(y))(n) € LY(R) and by the

A

Riemann-Lebesgue lemma applied to the Fourier transform of (eayxp+1(y))(") we
get that

(5.43) | 7

Xp+1,a

. +oo —n
(ib)| =" o (|b]™").
On the other hand, writing z = a +ib, a > n, b € R, we have because xp+1(y) =
'y (e¥)

-7:Xp+1,a (ib) = ]:Xp+1(2) = /Rezyprrl(y)dy = / szp(x)dm = MVpr (z+1).
0
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From Lemma and then from the functional equation (5.1) we deduce
that
My, (z+p+1)  ¢(z+p)...o(2)
M +1)=—= = M .
e ET) =TTy T Wy W0
Henceforth, we get that, for any p=0,1..., n <N, — 1 and a > n,
P_olo(a+j+ib)|
544) lim [p]" =2
(5.44) \bHool | Ws(p+1)

where the last identity follows from in (5.43)). Fix o’ > dy and p’ € N, p’ > 1, such

My (a+) = T [b"F,,.., ()] =0,

that a = a’ +p’ > n. We have, from (5.1)), that
My, (' +d +ib) =¢(p' +a —1+1ib)--- ¢ (a’ +ib) My, (a’ +ib).
Then applying (5.44) with a = a’ 4+ p’ > n and p = p’ we arrive at

2p’ . .

Zolpla+75+1b
(5.45) fim (o Lm0 |90+ )

bl =0 We(p+1)

Since ¢ € By from Proposition the Lévy measure associated to ¢ is
II(y)dy, y > 0, that is, absolutely continuous with respect to the Lebesgue measure.
Hence, if in addition TI(0*) = [* TI(y)dy = oo, then [Sat99] Theorem 27.7] implies
that the underlying descending ladder height process 1=, see ((5.24)), is absolutely
continuous with respect to the Lebesgue measure. Therefore, from (5.24)) and the
Riemann-Lebesgue Theorem, for any fixed o' > dy,

My, (a’ + ib)| = 0.

oo

lim e *(+) = im E [e_(a/“b)”l_} = lim e~ amibep (ny €dz) =0
|b] =00 [b] =00 [b] =00 Jo
and we conclude that limjp o [¢ (¢’ +ib)| = oco. Otherwise, if ﬁ(O"’) < 00,

ie. (c0) = t < oo, then elementary from the representation of ¢ in Proposi-
tion 4.1.1{(8) and the Riemann-Lebesgue Theorem limp|_,o ¢ (@’ 4 ib) = ¢(c0) = t.
In both cases, the limit is non-zero and we deduct from ([5.45) that

lim [b|" [My, (a’ +1ib)| =0,

|b] =00

which furnishes the proof of our claim for n < N, — 1.

5.3.2. Proof of Theorem [5.0.2|[2a). We are ready to complete Theorem

. From Lemma it remains to show that if ¢ € N o then, for any
n € N, lim, 0 #™ (x) = 0. Note that the case when 1) € Ny \ Nao oo is settled
since v has support (0,t), t < oo, in this case. The following estimate which holds
in a more general context provides this property.

LEMMA 5.3.5. Let v € N with N. > 2. Then, for any x > 0, n,k € N, with
k < N¢—2, and any @ > dg, there ezists a constant C' = Cy, g > 0 such that for
any x>0

(5.46) ’(z”u(x))(k)‘ < O,

REMARK 5.3.6. Note that the bounds at co presented in Lemma [9.2.1] below are
far more precise as they depend on v. However, (5.46)) are uniform on Ry and allow
us to have some grip on the behaviour at zero of v and its derivatives.
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Proof. Recall the Pochhammer symbol (n - z)k = Hk:é( —-j- z) Fix

a > dy and k < N, — 2. Then from Theorem , |z|* |MV¢ (z)] =0 (l2]72)
along Cz. Therefore, |( | n—z) My, (z )| is 1ntegrable along Cgz and multiplying by
2™ the Mellin inversion formula for v, see (|1.36)), and differentiating it k times to
get

a-+1i00
(k) 1 n—k—z
‘(m v(x ‘ 37 /a—ioo x (n—2)r My, (2)dz
1 [®
< x"*’“*a% |(n —a@—ib)y My, (a+ib)|db
and the finiteness of the last integral gives (5.46]). O

5.4. Small asymptotic behaviour of 7 and of its successive derivatives

Finally, we provide an extremely precise asymptotic results for v(x) (resp. x(z))
and its successive derivatives when z tends to 0 (resp. co). We stress that, for only
some isolated cases, one can find in the literature information about the behaviour
of In fo y)dy, see [SYT8, Theorem 5.2]. On the other hand, we are not aware
of any 1nstances of a class of probability density functions for which such a precise
asymptotic estimate has been provided. The novelty of our approach seems to come
from the fact that we are able to describe the asymptotic behaviour of the Mellin
transform of v, i.e. My, , along the negative real line and imaginary lines, together
with some fine distributional properties such as log-concavity of 7 and related to it
quantities at 0.

THEOREM 5.4.1. Let 1) € N oo(m) = Nog oo NN (m). Recalling that ¢ : [m, 00) —
[0,00) stands for the inverse function of ¢, we have, with Cy, > 0, that

ym 1 1 2 () dr
(5.47) D(x) X L2 DN o= i etnde
\ﬁm

Moreover, for any n > 0, we have that

~(n o Cym 1 o 1 1\ 3
(5.48) P L (x) ¢/<x>e £t

Finally, the following relation holds true

(5.49) @) 2 70127: T (e et

REMARK 5.4.2. We note that when ¢ € N o (m) for the positive self-decomposable
variable I, we have that £(0%) = oo, recall for the definition of K. This is
strictly beyond [Sat99, Theorem 53.6] which discusses only the case when 0 <
£(0T) < co. Our case, i.e. K(0T) = oo and %(07) = 0, seems to have been studied
only in [Wat96, Lemma 2.5] but merely on the log-scale and when % € RV, (0),
that is when & is regularly varying at zero.
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5.4.1. A non-classical Tauberian theorem. The proof of Theorem
is based on an improved version of a Tauberian theorem that was originally proved
by Balkema et al. in [BKS93|, Theorem 4.4]. It is a non-classical Tauberian in
the sense that it relates the upper tail behaviour of the bilateral Laplace trans-
form to the upper tail behaviour of the associated probability density function.
For the sake of clarity, we state and prove below a slight generalization and an
adapted version of this Tauberian theorem which is more suitable to our context
and allows its application for the successive derivatives of the density function. In
particular, the original result [BKS93|, Theorem 4.4] is stated for the density of
a probability distribution and a minor device allows us to extend it to real-valued
functions which are ultimately positive. We proceed by introducing some notation
and terminologies. Let G : R — R be a convex function. Then

(5.50) G*(y) = fféﬁ{y“ — G(u)}

is called the Legendre transform or the complex conjugate of G. If G® > 0 on
R then the supremum is attained at u such that y = G’(u). We say that G is

asymptotically parabolic if G > 0 on R and its scale function sq = 1/VG® is
self-neglecting, i.e.

(5.51) i St asc(w)

=1
U—00 sg(u)

uniformly on bounded intervals of the real variable a.
Next, we say that a function F' has a very thin tail if there exists yo € R such
that

(5.52) F(y) > 0 forally >y,
(5.53) lim F(y)e® = 0 forallk€N.

Y—r00

Finally, we recall the notation for a function f and some real u,

Fyw = [ e sy
We are ready to state and prove the following adapted version of [BKS93| Theorem
4.4].
PROPOSITION 5.4.3. Let us assume that the following conditions hold.
(a) Let f: R — R such that f(y) > 0, for ally > a € R. Set fo(y) = f(W)y>a}
and assume that F,(x) = [ fo(y)dy has a very thin tail and
x

Fr(u) = Fy, (u).

(b) f islog-concave in a neighbourhood of co.
(c) We have
Fytw) = [ e 5wy % e,
with G being asymptotically pSmbolz'c and

(5.54) lim S F 0sa(w)

=1
U—00 B(u)
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uniformly on bounded intervals of the real variable a.

Then

~ 1 B*(y) —G*(
5.55 S el C V),
(5.55) )~ 7= o)
where G* is the Legendre transform of G, sg+ is its own scale function and 5*(y) =
B(u) is defined via the following relation between y and w, that is y = G'(u).

Proof. Let us first assume that f is a probability density function. We show
that all the conditions of the statement imply via an application of [BKS93|
Theorem 4.4]. First, we show that f is of Gaussian tail in the sense of [BKS93|
Definition on p.389], i.e. f is of very thin tail itself and f(y) ~ e~¢®) with some
asymptotically parabolic function G. This would trigger the first important condi-
tion, that is [BKS93| Theorem 4.4(1)]. To prove that f is of Gaussian tail we will
invoke [BKS93| Theorem 2.2]. To do so we see that the log-concavity of f implies
the condition (2.1) of [BKS93l Theorem 2.2]. The other condition of [BKS93|
Theorem 2.2, i.e. Uy, see [BKS93| (1.6)] for definition, to be asymptotically nor-
mal, i.e. [BKS93| (1.10)] to be fulfilled, holds true thanks to the assumption for
the self-neglecting property of s¢ and the behaviour of F; at infinity, that is the
condition () above, which is enough for [BKS93| Theorem 1.2, (1.10)] to be true,
as (G is asymptotically parabolic and g satisfies , i.e. 8 is flat with respect to
G in the sense of [BKS93]. All this verifies that f is of Gaussian tail and the proof
follows in this case since the other conditions of [BKS93|, Theorem 4.4] follow from
the assumptions of our theorem. It is clear that in the end [BKS93| Theorem 4.4.]
serves its purpose only to elucidate the form of G. Now, with

0<Ct = / Faly)dy = / F(y)dy < oo,

we have that f,(y) = C,fa(y) is a probability density function. Moreover, under
the condition @ about the asymptotic behaviour of 7y, , we can apply the previous
reasoning to f,, after checking easily that all conditions are satisfied, to get,

Fovoe Ca B*Y) gy
fa(y) \/ﬁ So (y) e v

which, from the definition of f, and f,, completes the proof. (|

5.5. Proof of Theorem [5.4.1]

Let ¢ € Nu,oo(m) and thus 7 € C*°(R) from Proposition [5.2.1][3). We aim at
applying the Tauberian result of Proposition to the continuous functions fy,
defined, for any n > 0, by

(5.56) Faly) = ePvp(e?) = e DM (e7Y), y € R.

T'(u+1)
T'(u+1—n)
...(u—n+1),u>0,n € N. We start with the log-concavity property of f, in
a neighborhood of co, that is condition (]E[)7 and postpone to the next sections the
proof of the two remaining Tauberian conditions, namely @ and .

Throughout this proof we use the Pochhammer notation (), = = u(u —
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5.5.1. Condition (]ED: the log-concavity property of 7(") and f,.
PROPOSITION 5.5.1. Let ) € Noo oo(m). There exists a decreasing positive sequence
ay = (an)n>0 with ag =00 > a1 > ... > ay...> 0, such that, for every n >0,

z — 0™ (z) is log-concave on, (0, ani1).
Even more, for any n > 0, the mapping
y = foly) = e ™™ (e7Y) is also log-concave on (—1og(ans1),o0).
REMARK 5.5.2. The statement that ¥ is log-concave on (0, aq) is proved in [SY78],
Theorem 1.3 (vii)] and improved to strict log-concavity in [SY78, Theorem 4.2].
Clearly, the log-concavity of y — ﬁ(”)(e_y) is a stronger assertion then the log-

concavity of the derivatives 7(")(z) and the proof using Lemma below suggests
that it is the more natural result.

For the reader’s convenience we split the (lengthy) proof of Proposition into
several intermediate results.

LEMMA 5.5.3. Let 1) € N oo(m) and thus (0T) = co. For any j > 1, set

Ri(y) =& (max(y,j ")), y > 0.

Then, for any j > 1, there exists I; € £ such that its law is absolutely continuous
with a density v; which is characterized, for any b € R, by

Rj(y)
J
m dy

(5.57) Fo, (ib) = / eibzvj (z)dz = e—¢i(=ib) _ oJ57 (eftv—1)
0
Moreover, for any j > 1, the following holds.
(1) Supp I = [0, 00).
(2) v; € CNi(Ry) NCNi—1(R), where N; = [%;(07)] —1=[R(71)] — 1.

(3) Then there exists a decreasing positive sequence a, = (an(j));<,<n; with
ao(j) =00 > a1(j) > ... > an;(j) > 0, such that, for every 0 <n <Nj,

v§n) >0 on (0,a,(j)) and vj(-n) <0 on (an(j),an—1(4)).

(4) Let, for n <Nj, Bn(j) =sup{y > 0; k;(y) > n}. Also, for any n > 1,
(5.58) a, = lim a,(j) > Bn =sup{y > 0; K(y) > n} >0,

j—o0
(5) We have, for any x > 0,

(559 2@ = G0 - )+ / " (e — y)dR;(9).

REMARK 5.5.4. We stress that I; does not belong to the subclass of positive self-
decomposable laws arising from ¢ € NS (m), that have support [%, 00) ,t < 00, see

Proposition [5.2.]([2).
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Proof. First, since for every j > 1, K; defines a non-increasing function on R4
with %;(07) = R(j 1) < oo, the right-hand side of is the Fourier transform
of a random variable I; € £, whose distributions, as mentioned earlier, are abso-
lutely continuous. Furthermore, since %;(07) < oo, therefore I; € I5 in the sense of
[SY78| p.275]. Since gj = 0 then Supp I; = [0, 00) follows from [SY78, Theorem
1.3, (vii)]. Also from [SY78| Theorem 1.2] then v; € CNi (Ry), from [SY78| The-
orem 5.1, (i)] then v; € CNi=!(R) and from [SY78, Theorem 5.1, (i)] there exists

a,, = (an(j))lgngNj with ag(j) = 0o > ai(j) > ... > ax;(j) > 0 such that vj(ﬁ) is

positive on (0, a,(j)) and negative on (an(j), an—1(j)), for 1 <n < Nj. Thanks to
[SY78| Theorem 5.1, (5.2) and (5.3)],

an(j) > Bn(j) = sup{y > 0; K;(y) > n}

and the fact that 8,(j) = B, = sup{y > 0; K(y) > n} for all j big enough, for
n < N; gives (5.58). Item is [SY78| Corollary 2.1(2.34)], wherein 9 = 0 since
we have no drift in the exponent of (5.57) and the integration is on (0, 00). O

LEMMA 5.5.5. Fiz n € N. If 5;(07) > 2n + 5, then U§") is log-concave on
(0, ant1(4))-

Proof. Let ®;(07) > 2n+5. Since v; € CNi~! (R) and di;(y) =0,y € (0,571),
see Lemma by differentiating (5.59), we get for (at least) k < Nj —2 =
[R;(0T)] — 3 and any x > 0,

2 o~ 1 ‘o ~
E00) @) = @07 =2 @)+ [ o =),
(5.61) xvj(-kH) () = (Rj(07)—2- k)vj(-kﬂ)(x) + / vj(-kﬂ)(m —y)dR;(y).
0

Also (5.60) and (5.61)) are elementary consequence to [SY78| p. 297, 1.-1 and (5.4)]
and a simple integration. Next, note that d&;(y) = 0dy, for y € (0,57') and
therefore on z < 57! (5.60]) reduces to the simple differential equation

2 () = 7;(0%) — 2)0i) (2).

Hence v;(z) = CzF1©) =1 for some C' > 0 and z € (0, j71). Therefore setting

W”@:ﬁM%MWw%W“wW=@@wfd<$MW»~

J J dx Uﬁn) (’JI)

we get then that Vj(") < 0on (0,j71). Moreover, since £;(0") > 2n+5, z — v<n)(x)
is strictly log-concave and increasing for € (0,57!) and thus from Lemma/5.5.3|[3))
and the properties of the sequence a, we conclude a,1(j) > j~!. Assume now
any1(j) > 771 and that there exists x¢ € (j’l,anﬂ(j)) such that Vj(")(xo) =0
and Vj(n)(a:) < 0 for z € (0,20). Multiplying first (5.61]) for & = n at the point xg

by v§n) (zo) and then for k =n —1 by —’Uj(»n+1)($0) at the point 2y and adding the
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two expressions, we get the identity

2oV (w0) = —vi" (wo)vy" " (wo)
(n+1) (n+1)
" v To—Y v T N
(5.62) [ - el ><xo>< e S i ”)dmj(y).
it vj (o —y) U, (zo)

From zg < an4+1(j) and z — v](»n) (z) is increasing on (0, an4+1(j)) as z — v( +1)( )

is positive on (0, a,+1(j)), see Lemma 1| then —Uj(n)(aio)vj(-nﬂ)(xo) < 0 in
L+ D)
(=

(5.62)). Also Vj(") < 0on (0, z0) means that z — -~

’U(~ ) x
J

the integrand in (5.62) is positive. However, as &; is non-increasing on R, d&;(y)

defines a negative measure for y € [j 7!, 00) and di;(y) = 0dy, for y € (0,571), we

deduce that the integral in (5.62) is negative too. Therefore Vj(n) (z0) < 0 which isin

contradiction with the definition of o, i.e. Vj(")(:vo) = 0. Thus, if 5;(07) > 2n+5,

v](»n) is log-concave on (0, a,+1(j)), completing the proof. O

decreases on (0, zg). Thus

LEMMA 5.5.6. Let 1) € Noo,oo(m). Then, for all n > 0, lim;_, UJ(.") = 7 yni-

formly on R,.. Consequently, (™) is log-concave on (0,an;1).

Proof. Since 1 € N, oo(m) C Noo(m) then K(0T) = oo, see Proposition
5.2.1)(1)). Pick j such that ;(0%) > 2n +5 and v, corresponding to it as in Lemma
5.5.3 From [SY78| Lemma 2.4 (2.17)] for the first relation and for the
second we get that

(5.63) | o, (i ‘ o (|b]7>*7®) and |.7-'A(2b)| =" 0 (|b|™), for any u > 0.
Therefore, for any b € R and k < n + 2,

[ ol @y = #97, ) and. [ o0 gy = 4 Fo (i),
0 0

Therefore, by Fourier inversion, for any k < n + 2,

1 o0
sup ‘vy“)(x) - ﬁ(k)(x)‘ <o / 6" | F,,, (ib) — Fo(ib)| db.
z>0 T J _x

However, (5.63) implies, for [b| > 1 and some C' > 0, that |F,,( ib — Fo(ib))| <
C|b|=2"=5. Also, from the definition %;(y) = & (max(y,j ")), (5.10) and (5.57),
we have lim; o Fy, (ib) = F5(ib) pointwise. Therefore the domlnated convergence

theorem applies and yields v( ) o) uniformly on Ry, for any k¥ < n + 2.

"
This allows to show that <log ’UJ(» )> — (log 17("))” for z € (0,a,,,) with @, ., =
lim an11(j) defined in (5.58). Since from Lemma [5.5.5  we have that v§n) is log-

J—00
concave on (0, a,11(j)) then (™ is log-concave on (0,a,,,). Next, we show that
Qi1 > Gpg1,n > 0. From [SY78| Lemma 4.4], we conclude that

lim a1(j) = a1 = q4.
j—o0
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Assume that @, ; < ap41, n > 0. Then Lemma5.5.3([3) and j such that %;(07) >

2n + 5 imply that v](-nﬂ) (an+1(j)) = 0. Choose (an+1(Ji))i>1 such that

lliglo An+1 (Jl) =0pyq-
Then the uniform convergence of v§"+1) to p(n 1) p(n+1l) € ¢ (R), see Proposition
0.2.1

and 7"t > 0 on (0,a,.1), see Lemma yield with the help of

;" (@n41(j)) = 0 that

0= lim 0" (a,41 (1)) = 7"V (a,41) > 0,

=00 7

that is a contradiction to a,,,; < ap41. Therefore (") is log-concave on (0, @y, 1).
O

Finally, to prove the condition (@, it remains to show that, for all n > 0,
(5.64) Y fay) = e ™0 (e7Y) is log-concave on (—10g an41,00).

Since multiplication by e~ does not alter the log-concavity property we check
that

(5.65) y — 0™ (e7Y) is log-concave on (—10g a1, 00).

Relation (5.65)) comes from Lemma which can be seen to be applicable to 7(™)
as follows. First set v = D™ and choose A = an+1 > 0 and note, from Lemma

5.3.1)(1), that v > 0 on (0,a,) 2 (0,an+1). Next, clearly from Proposition 5.2.1|.,
v € C®(R) and v = v = v’ =0 on (—00,0]. Also Lemma [5.5.6| gives that v is
log-concave on (0,a,+1). Finally, from (5.36)), since (5.66) and (5.67) hold with
u=mn+1and with x =% and [} &(y)dy < oo, we conclude that ‘fol ydﬁ(y)’ < oo

and therefore (5.65) indeed holds true.

LEMMA 5.5.7. Let A > 0, v : (0,4) — RT and v,v",v" : [~00, A] — R. Assume
that v(z) = v'(z) = v"(z) =0, forz <0, v € C*((—o0, A]) and v is log-concave on
(0, A). Moreover, let for any x € (0, A) and some u € Ry, the following equations
hold

(5.66) () = —unla) + [ (ol = ) = vlo) dulo)

(5.67) 20" (x) = —(u+1)v'(x) + /000 (W'(z —y) —v'(2)) dr(y),

where £ : Ry — Ry is non-increasing and ‘fol yd/i(y)’ < oo. Then, even y —

v(e™Y) is log-concave on (—In A, 00).

Proof. Differentiating y — logv(e™¥) twice and performing a change of vari-
ables it suffices to show that for any z € (0, A)

V(z) = zv(z)v/(z) + 220" (z)v(z) — 22(v'(x))? < 0.
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Multiplying (5.66) (resp. (5.67)) by v(z) (resp. zv(x)) and then (5.66)) separately

by —xv'(x), we evaluate V' by substitution to get that for any = € (0, A),
V@) = —ue) o) [ o) - o(a)dn(y)
0
— (u+ 1) (z)xv(z) + 2v(2) / v'(z—y) — v (2)dr(y)
0

+  uzv'(x)v(x) — 20 (2) /000 (v(z —y) —v(x)) ds(y)

= —av'(2)v(@) —uv?(z) + v(w)/ (v(z —y) — v(x)) dr(y)

0
+ ) / (' (@ — ) — v'(x)) di(y) — 20/ () / (v(z — ) — v(z))dr(y).
Note that from the equation we also get that
o' (#)av(z) — wP(z) = —v(z) / (v(z — y) — v(x)) dr(y)
and thus
V(z) = 20(z) / (' (@ — ) — ' (2)) di(y) — 2 () / (v(z — y) — () ds(y).

Note, that since v > 0 on (0, A) and v = v = 0 on (—00,0], we have that, for
z € (0,4),

V(x)

o ([ o= = epte - pasty))

= ([ o@pte o (CEZ2 T o)) <o
; EEmaT

since by assumption v is log-concave and thus x — (logv)’(z) is non-increasing on
(0,A), v > 0 and dk(y) defines a negative measure because £ is non-increasing.
This settles the claim that y — v(e™Y) is log-concave on (—In A, c0). O

5.5.2. Condition (). For any n > 0, set @, = min(a,, 3) (where we recall

that the a/,s are defined in Lemma |5.3.1{[1))) and
(5.68) fan W) = fa(W)ysimazty, ¥ ER,

where from (5.64), f.(y) = e~™D(") (¢~¥). Then, according to Lemma since
v > 0 on (0,a,) we have clearly f,, > 0 on (Ina,!, o). We shall check that

n

condition @ holds for f, . We start with the following result.

LEMMA 5.5.8. For anyn > 0 both fq, and Fy,(2) = [ fan(y)dy have a very thin
x

tail.

Proof. Fix n > 0. First, plainly f, ,, satisfies (5.52]). Moreover, from ([5.38) of
Lemma [5.3.2] we have for any k > 1,

; ky — (k=n)y5(n) (=Y — T3 —k+ns3(n) _
(5.69) ylgr{:oe fan(¥) ylir{:oe v\ (e™Y) ili%x v\(z) =0,
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i.e. (5.53) holds and therefore f, , has a very thin tail. We now turn our attention
to Fy, . The fact that F, () = [ fan(y)dy is ultimately positive is clear. Finally,

x
using again the definition of f, ,, we observe that, for any £ > 1 and for x > —Ina,,

—x

T Fn(x) = ekm/ e_"yﬁ(")(e_y)dy:ekm/ w7 (w)du
T 0

< ekz—nwi)(n—l)<e—aj).

We stress that for the last inequality we have used that (" ~1) is non-decreasing on
(0,ay), see Lemma This together with ([5.69)) completes the proof. d

To prove that condition (ED holds, it remains to check the asymptotic equivalence of
the bilateral moment generating functions, i.e. Fy, (u) ~ Fy, . (u). We stress that
this equivalence requires a specific behaviour of the Mellin transform of 7 along
imaginary lines. We split this verification into several intermediate lemmas as their
results are required for other purposes. We shall need the following technical lemma
which allows to study f,, via v,, as defined in .

LEMMA 5.5.9. Let v € N(m) and N, > 2. Then, for any x > 0, n € N with
n < N¢ —2 and for any a < 1 —dy, there exists a constant C = Cp 4 > 0

(5.70) ‘W) (x)‘ < Coem,

Proof. First, from Theorem [5.0.1((1)), we have My, (2) € A(a,,o0)- Then, from
(5.12) of Proposition and
1 7z

- )
M) = ——
@) =50 =
which is contained in Lemma [5.3.3{|1]), one can deduce the following relationship
between Mellin transforms

1
(5.71) My, (2) = M, (2-2)= Ele (1-2), 2 € C,,00),

where we recall that, for any ¢ € N(m) we have ¢(0) =m > 0, Ti¢p(u) = up(u +
1) € N(¢(1)) and My, (1 —-2) = E {IJZ] The requirement N, > 2 is to ensure

that the Mellin transform My, (resp. My, ) is absolutely integrable against any
polynomial of order k¥ < N, —2 on C, with a > dy (resp. smaller than 1 —dy), see
(5.3). The estimate is obtained by following a similar line of computation as for
the proof of Lemma [5.3.5) (]

Our next Lemma specifies some preliminary properties of the bilateral moment

transforms to interval of R. Recall that (u), = %

LEMMA 5.5.10. Let ¢ € Ny oo(m). For all n > 0, we have, for u > 0, that

(5.72) Fio(u) = My, (u+1) =m (u), My, (u+1) = (u)y My, (—u),

where M, is the moment transform of vy, recalling from that
Fn(y) = eYvp(e¥) = e ™M (e7Y), y € R.
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Proof. From (5.71)) we have that My, € A(_,1) and since
Up(z) = 27 (7Y

we get that, for u > 0,

(5.73) My, (u+1) = / Y~y (y)dy.
0

To use integrations by parts fot the last integral, we need to verify in the process
that

lim 2" 4D () = lim 2" 0 (1) = 0.
z—0 T—00

The first limit follows from (5.38)). The second one is deduced from (5.70)) since

xn—u—l+1a@v—0(x” < Ckb_u+1_g

holds for any = > 0, a < 1 — dy and we choose a € (1 —u,1 — dgy). Therefore, we
get that

My, (u+1) = (u)y My, (—u) = m (u), My, (u+1),

where for the latter we have invoked (5.71). Finally, from the definition (5.56) we
conclude (5.72)) via the computation

Fp,(u) = /Reuyfn(y)dy:/o :qufnflll;(n)(irfl)da::/o vy, (z)dx
M,, (u+1).

‘We now check the asymptotic equivalence of the upper tail of the moment generating
functions of f,, and f,,, see (5.68), which completes the verification of condition

LEMMA 5.5.11. Let ¢ € Ny oo(m). Then, for any n > 0, we have

(5.74) Fpon(w) X Fy, ().

Proof. Set
fan W) = fa(¥) = fan®) = fa(y) = Fu)ysmmazty ¥ ER, 0 >0,
see , and note that, for u > 0,
Fr,(w) = Fp,  (u) + Ff, (u) = My, (u+1)

Ap41 o0
= / y" o (y)dy + / y D (y)dy,
0 An+1

where we recall that @, = min (a,, ) and we have used (5.72)) and (5.73)) for the
second and third identities. Moreover, we get, with u > 2n, that

oo
/ Y10 () dy

An+1

(5.75)

oo
<cafi [y wldy
a

n+1
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with C' > 0 throughout being a generic constant depending at most on n. However,
it is immediate from (5.41) of Lemma with p =0, a = 2 that

o0
l y 2o (y)|dy < C,
An+1

and thus from (5.75) we get that

/ ") (1) dae

An+41

< Can—i—l—u.

(5.76) |77, ()| = n

Furthermore, using that (™ is non-decreasing and positive on (0,an+1), see Lemma
5.3.1[D), 7"~V (0) = 0, see (5.40) with £ =0and n—1—u < —n < 0 when u > 2n,
we obtain that

[t

An+1 a?z+1
Ffon(u) / "M (1) da > / 2™ () da
0 0

n

~2
an
S g2n—2-2u i 70 (2)da = @272 2up(n—1) (@.,)
> ay v\ (x)de = ag\ v aoyq) -
0

Clearly, then, from (5.76)), we have that

]:f‘“‘ (u) C agﬁ_u — C Gu—n+3 u2oo (1)
Fro ()| =~ oD@, a2 22 o0 (a2,) n+1 )
since @p4+1 < % Therefore, Fy, (u) = ffa,n (u). O

5.5.3. Condition (d). Since we have shown that the conditions (a]) and (b))
hold, we proceed by discussing the asymptotic properties of Fy, (u). The next result

is in fact a restatement of ([5.2)) of Theorem for f,.

LEMMA 5.5.12. For any n >0 and ¢ € N(m)

(5.77) F(u) X Cym (u);) /o)™ = B(u)e™),
where (u)} = (u), V1, Cy >0 and G(u) = [“Ing(r)dr.

Proof. Relation (5.77) follows immediately from (5.72) and (5.2). O

The last lemma shows that the functional form of the asymptotic of Fy, (u), u — oo,
is as required in condition (c). In order to check that the terms appearing in the
large asymptotic behaviour of Fy, satisfy the conditions in , we need to
modify the function G which is simply defined on R,. To this end, we note that,
for u > 0,

(5.78) GO (y) = “Z((;‘)).

Since G (1) > 0, we may for instance consider the function

Gi(u) = G(u)lpu>1y

N (c:(2>(1>u2 +(6') - @) ut Gy -6y + G<22>(1)) Tu<tys

2
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which is strictly convex on the real line. However, since the remaining conditions
involve only the large asymptotic behaviour of G; or related functionals at oo, there
is no loss of generality of keeping the notation G throughout. In the same vein we
simply write

IS S £ (D)
VG (u) ¢ (u)

We first have the following result.

(5.79) sa(u)

LEMMA 5.5.13. For any ¢ € N(m) it is true that lim,_, sg(u) = co.

Proof. Since ¢ € By then Proposition gives p(dy) = I(y)dy. Then,
from item and (4.3]) of Proposition we have that sg*(u) = ‘25((5)) is the
Laplace transform on R of the measure (0250 + ,&) *T with fi(dy) = yu(dy), y > 0.

Therefore lim,_, s5>(u) = 0 since (025y + fi) * Y is integrable in a neighbourhood
of zero. O

Our first result provides a necessary and sufficient condition in terms of ¢ for sg to

be self-neglecting, see (5.51)) for a definition, and B(u) = (u);" v/¢(u) to be flat with
respect to G, see (5.54). This together with (5.77) will ensure that F;, satisfies

(c)-

PROPOSITION 5.5.14. Let ¢ € Bpr. Then,
u?¢/(u)\ w (T(0)\*
. li = i =
o) (0) = - () 0
and the latter limit is infinite if and only if ¥ € Now(m). As a consequence
$(u + asg(u))

5.81 lim =1

( ) U—»00 gf)(u)

uniformly for a-compact intervals of (— (ﬁ) : ,oo) and
(5.82) i Yutasa)

e )

uniformly for a-compact intervals of R < 1 € No(m). Thus, ¥ € Noo(m) is
a necessary and sufficient condition for F ,n > 0, to satisfy the condition .
Consequently, for any ¥ € N (m), is satisfied.

Proof. From (j5.79)) note that ([5.80) is a restatement of Proposition which
also asserts that the limit of (5.80) is infinite if and only if ¢ € N (m). Let ag > 0.
Then, for any a € (0,a),

u+tasg(u)
b (u+ asa(u) = o) + / ¢ (s)ds < §(u) + aos(w) (u),
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where the last inequality follows from the fact that ¢’ is non-increasing due to
Propositiond.1.1{[2]). Therefore, as ¢ is also non-decreasing, we have that

w < 1+a08(;(u)¢)/(u) -1+ ap

¢(u) ¢(u) sa(u)

Since from Lemma [5.5.13} lim,_,+ sq(u) = oo, we get (5.81)) for compact intervals
1

of R,. Choose arbitrary but fixed ag € (0, (ﬁﬂ) 2). From (5.80) there exists

1<

ug = u(ag) > 0 such that for all u > ug, 0 < 1 — g™ < 1. This, together with
¢" <0,¢" >0onRT, see ([4.3), which implies that ¢ is a concave function on R,
gives for all u > ug and a € (0, ag) that

+ igSQ ( )¢>N(U) 1 4o a(2) ¢N(u)

o(u) — sgu) 2 ¢'(u)’
Since lim, 00 a/sg(u) = 0 to show that (5.81)) holds it suffices to show that

9wy = ye II(y)dy
lim = lim = = =
u=oo ¢'(u)  umoo g 4 [F yemwII(y)dy

where we have used Proposition for the form of ¢/, ¢"”. When o2 > 0 it is
immediate whereas otherwise the limit follows a standard routing based on the fact

that y2TI(y) 2o (yﬁ(y)) Next, s¢ > 0 on Ry and we observe, for any n > 0, that

= S (IR )

Uy u?¢’ (u)

Hence, ¢ € N (m) is necessary and sufficient for B(u) = (u);} \/¢(u) to be flat,
i.e. that

=1

. (ut C‘SG(U));L) d(u+ asg(u))
(5.83) ul;rréo U?;L) )

uniformly for a-compact intervals of R. We proceed by showing that (5.80) is
sufficient for sg to be self-neglecting which by the definition of a self-neglecting

function, see (5.51)), the form of s¢g, see (5.79)), and (5.81]) is equivalent to showing
(5.82). Let us assume that o> > 0. Then (5.82) follows from ¢(u) ~ o?u and

¢ (u) T 62, i.e. Proposition 4.1.1{{3). Let 02 = 0. Pick a € (0,do). Then we again
use that ¢’ is non-increasing and the second representation of ¢’ in (4.3)) to get

&' (u + asc (u)) foo e~ y(utasc(W)yTI(y)dy

_Jo
S o)
( 3G<u))_2 Iy e (et ) 4
= 1+a
u oW
> <1 n asG u))—Q fooo e~ Wyll (y) dy > <1 o sG(u)>—2 |
u ¢’ (u) u
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where we have also used that II is non-increasing and 1+ au~'sg(u) > 1. Clearly,
then the right-hand side converges to 1 if and only if ¥ € N (m). Similar compu-
tations give

¢'(u—asg(u) [y e Ve yll(y)dy

e ¢'(v) R 7¢’(u)
(e et ()

and we conclude the proof of (5.82). Therefore, from (5.77), Fy, satisfies the
condition holds if and only if ¢ € Ny (m). The proof is thus completed. O

5.5.4. End of the proof of Theorem Let ¥ € No,oo(m). We
apply Proposition [543 to the functions f, via their truncation f,, > 0 on

((ln an) ) see - Lemma [5.5.8| gives the first part of Proposition 5.4.3@

that is Fa n( f fan(y)dy and even f, , are of very thin tail. The fact that

Fp(u) X F fa,n( u) follows from Lemma which proves (). Condition (b)
for f, follows from the second claim of Lemma [5.5.1] The first condition of item
is Lemma, When ¢ € Ny 0 (m) the properties flatness and asymptotic
parabolicity of 3, G follow from Proposition after observing from Lemma

(.5.12 that

G(u) = /1u Ing(r)dr =ulng(u) — 1u Tzég) dr —In¢(1)
and f(u) = Cym (u)n)/d(u). Therefore, we conclude that holds, that
is
ful) & = Z W a0,

V21 sa+(y)
To get G* and * we use the definition of the Legendre transform ([5.50). Hence-
forth,

Yy

e ol 1) Ly
G () =sup{yu-Gu)} = yole)-Glole)) = [ Ear [ X g,

u€R m r

since the relevant supremum is attained for u = p(e¥) satisfying y = G'(u) = ln ¢(u)
and ¢ : [m,00) — [0,00) is the inverse function of ¢. To compute sg- we just
differentiate twice G* to get
1 1
sg=(Y) = = = e_y(b/ © eY)).
W= e Vee@) e

Finally, since 8*(y) = 8(u), y = G'(u) see Propositionm we get that

(
B(y) = Ble(e?)) = Cym(p(e?)ny/d(p(ev)) = Cym(p(e?))n VeV

and clearly

B (y) = Cymv/evep" (e¥).
Therefore, collecting all the results so far and applying (5.55)) we get that

1 B*(y) —G*(y) C'wm v iy S
e ~ ——¢ e eY)e
V2 sa- () V2 ZHeEVieen)

_f:Ly sa(TT') dr

faly) =
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From (5.56) we know that f,(y) = e¥v, (¢¥) = e~ (e~¥) and hence
Cym e ()
~(n) (,— Sy (n+1)y v) e/, dr
1% e ~ e e m
(™) R = We
Thus (5.47) and (5.48) hold. Relation (5.49)) then follows from (5.16)). This con-

cludes the lengthy proof of Theorem [5.4.1

5.6. Proof of Theorem [5.0.5|
Let us recall, from Proposition that
1_ /1
(5.84) v(z) = il (x) ,

with 7 the density of I, where T1¢(u) = ugy(u) = up(u+1) € N(¢4(1)). Since,
from ([5.48) of Theorem we know the small asymptotic behaviour of any
derivative of 7; an application of the Faa di Bruno formula with &, = Z?Zl Jk;

and k, = Y1,

=G

_ Z n'ul - ﬁ( )kj
n—nkn—knj 1k'H( J=1

V%k) (x* )x*”’k

k; gives that

(5.85) = (=" m
kn=n;kn=k Hj:l kj'
0 né'rllﬁml —n+1 / —fm Mdy n")ollc(x)
Y A D R
Fen=nikn=k
where as usual p1(z) = =, v1(¢(u + 1)) = w is the inverse function of ¢1(u) =
d(u+1), my = ¢1(0) = ¢( ) and we have used that under the sum with k,, = n, k,, =
k, we have H ( 1z~ ) = (=1)npnk H(j)kJ Since limy, o0 @1(u) =
Jj=
limy oo @1 (u + 1) = oo, the leading term in the last sum of - is for k1 =n
and ky = ... = k, = 0 or equivalently k, = k,, = n. Recall that ¢(¢(u)) = u and
m = ¢(0). Thus, we get that
pr(r) = )—1~<p( ), #i(r) =¢'(r),
T
/ (pl(r)dr = / / (T)dr—lnx+ln(m1).
r r
my m m

Plugging these relations in (5.85) we get with Cy, = C’ﬁweﬁrl 2 that

~(n 1 ') n C —n n z p(r) 7’
(5.86) " (x) X (-1 \/—2%95 2, /o (@) " (z)e™ m S
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Then differentiating n times the relation (5.84)), we get employing ([5.86)) that

n o0 = (T (k+1)'A(n—k) 1
@) F Y () (k) e (2
k=0
0o n Cy 1 _ [z el g, n n—k
(5.87) (-1 — ¢ o Z (k+1)le" F(2)
V2w an k=0 k
0 n Cyp 1 e o) g,
To(—1)n—L xn,/ z)"(z)e Jm T,

where for the last sum we have used again the fact that ¢™(z) dominates all other

terms. This proves (5.7)) of Theorem|5.0.5l Next, assume that o > 0, and note that,
since ¢ (u) ~ o2, see Proposition [4.1.1{{3), we have from ¢/ (¢(y)) ¢'(y) = 1, y > m,
that ¢'(y) - X 672 and p(y) = 0~ 2y. Moreover, from the first expression of (.2

with i = II, since ¢ € By, ¢ solves on (m, o)

y=o(p(y) =m+ o p(y) + ¢(y) /OOO e~ ?WUTI(w)du = m + 0%o(y) + ¢ (y) H(y),

where the last identity sets a notation. Re-expressing
y = oply) =y — ey H(y) —m,

(1) and @o(y) := @(y)H(y) = o(y). Thus, (5.8) follows
% (y — ¥o(y) —m) in the exponent of (5.7)) and applying
¢ (y) X 072 and p(y) X 0~ 2y. Assume in addition that II € RVHQ( ) We refer

to [BGT8T| for a detailed account on this set of functions and to ) for their

explicit definition. Then a classical Tauberian theorem gives that H( ) 2 oy~ (y)
with ¢ a slowly varying function and subsequently that

we obtain that H(y) = o
from substituting o(y) =

() = [ e TuduS T (1= 0) 5 4(y).
Thus since p(y) ~ o2y

Po(y) = o) H(y) < o (1 —a) o*(W)l(e(y)) < al (1 —a) o >*y*L(y),

which concludes the proof of this case. If now ﬁ(()*) < 00, then from the iden-
tity

o) = p () = plo) [ T wpdu = [ (1 e ey

combined with ¢(y) X 02y we finally get lim, . ¢(y)H(y) = ﬁ(()*). Next, we

assume that 02 = 0 and ¥ € N, with a € (0,1), that is ¥(y) ~ Cay'™ and
it

thus é(y) ~ Cay®. A standard result from [BGT87] tells us that p(y) <~ Cq = yé.

Finally, from the monotone density theorem thanks to the monotonicity of ¢’, see
Proposition 4.1.1§[2), ¢/(y) T aCay® ! and from the identity 1 = ¢/(o(y))¢' (y)

1
we conclude the statement as we have ¢/(y) < a~'Cq *y= 1. This completes the
proof of Theorem [5.0.5
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5.7. End of proof of Theorem [1.1.1

We proceed by describing the dual semigroup. We start by recalling that for any
1/) € N it is shown in [BY02al, Lemma 2], that, for any f, g € By(R.), writing here
fo x)dx, one has the following weak duality relationship

(th7 g) = (f7 th)

where (f{t>t20 is the (minimal) Feller semigroup of the self-similar process (with 0 an
accessible absorbing boundary when m > 0) associated via the Lamperti mapping
to the dual Lévy process ¢ = —¢ with Laplace exponent @(u) = —Y(—u),u < 0.
Note that, actually, in the aforementioned paper, this duality is stated for m > 0
but the case m = 0 follows from their proof without any modification. In all cases

the Lebesgue measure £(dx) = dz is an excessive reference measure, i.e. f[A(t g <{&g,
g > 0. Then, from (2.18)), we deduce the identities

(588) (Ptfvg) = et(Klfe*tfa de‘g) = et(.ﬁ}?lfe*‘detg) = et(fa ?tg)

where the last identity is used to set a notation. By following the same computation
than above, one easily shows that P is also a Feller semigroup on (0, 00) and §ﬁt g=
g[?l_e—tdetg < e7t€g. The identity combined with the invariance property
of the measure v(z)dz yields

et(f’ﬁty) = (Pf,v) = (f.v),
that is the positive and continuous function v on (0,t) is a —1- invariant function
for P. Thus, we may define for any z € (0,t), Pyg(z) = V(x) Pwg(z), ie. P*
is a Doob-h transform of P, which defines at least the semigroup of a standard

process, see [KW65|. Then, with the obvious notation, we deduce the weak duality
relationship, with v(x)dx as reference measure,

(589) (Ptf7 ) = €t<f7ﬁtgy) = (fa Pt*g)ua
and vP}g = [;° V(z Ptgl/( Jv(z)dr < vg. Finally, from Theorem 1| we

get that v € Co(R4) for any N, > 1. Since P is a Feller semigroup on (0, c0)
and, for any g € Cp(R4), vg € Co(R4), we deduce that Pivg € Co(Ry) and thus
Prg € ¢(0,t). Moreover, the inequality, valid for any x € (0, ),

1P g(0)] < l9lloc ~— PtV( ) = [19lleo

( )
implies that P* is a Feller-Dynkin semigroup on (0, t) for any N, > 1. In all cases, by
considering in the extension P € B(L?(v)) gives that P* admits a contraction
semigroup extension in L?(v) which completes the proof of Theorem [1.1.1|[4). It
simply remains to provide the expression of the generator associated to the Feller-
Dynkin dual semigroup when N, > 2 to complete the proof of Theorem [1.1.1
Proceeding as in , we get, with the obvious notation, that for any f: Ry — R
such that y — f(y) = f(e¥) € C¥([—00,0c)), Gf(x) = Gof(x) + 2f'(x),o >
0, where éo is the generator of the self-similar semigroup K associated via the
Lamperti mapping to J(u) = t¢(—u) and its expression can be found in [Lam72].
Now, since for N, > 2, we have from Theorem that v € C2(R,), and thus for
any f: R4 — R such that (fv). € C*([—o0,o0]), we have G* f(z) = V(x)GI/f( x).
Some easy algebra completes the proof of 1tem . Finally the last item follows first
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from the fact that when II = 0, then P is the semigroup of a diffusion which is well
known to be self-adjoint in L2(v), where v(x)dx is the so-called speed measure,
see Example Otherwise, the conclusion is obvious as the semigroup P is
associated to a process having only negative jumps whereas its adjoint have only
positive jumps, see and the fact that the direction of jumps is left invariant
by h-transform.






CHAPTER 6

Bernstein-Weierstrass products and Mellin
transforms

In this Chapter, we study in depth the Mellin transform of the variables V,, and
I, defining, when ¢ € N and ¢ € By, the invariant measure and the intertwining
operator, respectively. We point out that we actually focus on a generalization of
these sets of random variables, i.e. for ¢ € B, see for definition. Indeed, our
approach is comprehensive enough to extend the results without any specific efforts
to the general framework. We point out that these variables have been the focus of
interest of a number of intense studies in the probabilistic and harmonic analysis
literature over the last decade, see Section below for a review on these classes of
variables. This part also complements to the right-half plane, that is C(g ), a very
interesting research developed by Webster [Web97] on the positive real line for
functional equations of the form below. This study is completed in [PS18al].
To state the main results of this Chapter, we introduce the following notation. For
a function ¢ : C — C, we write formally the generalized Weierstrass product

e 1 £ (k) 2w,

o) ot

(6.1) W(z) =

where also formally

(6.2) Ys = lim (Z : —In g ))

k=1

Note that if ¢(z) = z, then Wy corresponds to the Weierstrass product represen-
tation of the Gamma function I', valid on C\ {0,—1,—2,...}, and 4 = ~ is the
Euler-Mascheroni constant, see e.g. [Leb72|, justifying both the terminology and
notation. We recall , i.e. for any ¢ € B, Wy(1) =1 and for any n > 1,

»(n+1) H¢

We point out that the definition (1.19)) extends to any ¢ € B, i.e.

dy = sup{u < 0; ¢(u) = —o0 or ¢(u) =0} € (—o0,0].
Here are the two main results of this Chapter.

THEOREM 6.0.1. Let ¢ € B.

91
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(1) There exists a positive random variable Vg, whose law is determined by
its entire moments

(6.3) E [Vqﬂ =Wy(n+1), neN.
If in addition ¢ € Bar, then the following identity in law holds

(6.4) v, 2 v,

where Y(u) = up(u) € N and recall that Vy, was defined in Proposition
2.3.1[1) (note that since NN B =0 the notation is consistent).

(2) The product Wy in is absolutely convergent on C(q, ) with 0 <

76 +Ing(1l) < ¢((11)) < o0, and, on Cy ) if $(0) > 0 and dy = 0
Thus, always Wy € A(a,,00) and if addition ¢(0) > 0 and dy = 0 then

W¢ S A[07oo).

(3) Finally, writing My, (z) = E [Vgil} for the Mellin transform of Vy, we
have on C g, o)
(6.5) My, (z) = Wy(2),

and, Wy is the unique solution, in the space of Mellin transforms of prob-
ability measures, to the following functional equation with initial condition

(6.6) Mu(z+1) = ¢(2)My(z) with My(1) =1,
valid on C (g, ) and on Cyy ) provided that #(0) > 0 and dy = 0.

Since the proof of Theorem is straightforward, we supply it here. The
relation can be found in [BYO01, Proposition 1] whereas the identity in
law can be deduced, by moments identification, from the expression ,
ie. My, (n+1) = Wg(n+1),n > 0, when ¢ € N and hence ¢ € By. The
remaining claims are proved in Section

We proceed by stating bounds on Wy for ¢ € B along with detailed information
regarding the asymptotic behaviour of Wy for ¢ € Bar, which, according to (6.4)
and (6.5), boils down to the Mellin transform My, with ¥(u) = ug(u) € N. We
recall that the asymptotic behaviour of My, , on the positive real line has been
presented in of Theorem Another purpose of the next proposition is
to elucidate the role played by the classes Ng = {¢ eN; 9, > 0} where ©,

| lllm fo In (|¢(bz’b+§b ) dy, and N, introduced in the Table [1| and |2| in Chapter
b|—

More detailed statements about these asymptotic estimates together with further
examples are provided in the sections below, which also contain the proof
of the following assertion.

THEOREM 6.0.2. (1) Let ¢ € B. Then, for any a >0 and b € R,
(6.7) Wy + i) = YDV pieyap)
\¢( +Zb)|
_ [ [¢(bly+ilbD]
where Oy (a,|b]) = fflT\ In ( S(57) ) and for any b € R,
™
0<O,(a ) < 7.
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(2) Let ¢ € N and hence ¢(u) = @ € By

a) For any p = 0,1,..., any real number u < max(N, — 1,0), recalling

F 0,1 ng l b < N 1,0 i
from (1.8) that N, = [@—‘ — 1 with N, = oo if I(0") = oo, and
a > dg, we have that

(6.8) Jim (bW (a -+ ib)] = 0.

In particular, v € Nw if and only if holds for all u > 0 and
a > d¢.

e have O, € |0, 5| with the following specific values.
b) We h @¢ 0,3 ith the followi ifi l

(i) if Y € Np then ©, =75 and ¢ € No,
(ii) if ¥ € No, a € (0,1), then O, = Fa and ) € N,

(iii) if Tl(y) = y~* Iny|? Tjo,1/2)(y) then ©4(|b]) = In®b and ¢ €
Noo \N@

Theorem [6.0.2|(T]) is proved in section [6.5.1, the proof of Theorem [6.0.2J2(b)i),
6.0.2)2(D)iil) and Theorem [6.0.2|[2(b)iii)) is given in section [6.8.1] [6.8.2] and [6.8.3))
respectively. Finally, the proof of Theorem [6.0.2(2a)) is discussed in the following
remark.

REMARK 6.0.3. Identities and yield that W, = My, and the necessary
and sufficient conditions for the polynomial decay of W, along imaginary lines
stated in follows readily from the estimates on My, . Recall that
was obtained by means of the Riemann-Lebesgue Lemma combined with the general
theory of the class of self-decomposable variables.

REMARK 6.0.4. We emphasize that our developments on Bernstein-Weierstrass
products offer a unified and comprehensive treatment of some well known and
substantial special functions. In order to illustrate this fact, without aiming at
being exhaustive, we simply mention two examples. First, note that, with o2 =

m = 0 and u(dy) = 5“‘7“@) 0<g<lin , then ¢4(u) = 117_‘1; € B\ By,
and Wy, = [y is the q gamma function, Wthh has been studied intermittently
for over a century and originally introduced by Thomae in 1869. Moreover for

d(u) = ¢a 1 (%) = F(“(J”l € By, see (L15) for the definition of ¢/ —,, then

Wy boils down to the ratio of the Barnes gamma function. Note albo that our
work reveals some interesting connections between these special functions and the
spectral theory of some non-self-adjoint contraction semigroups.

REMARK 6.0.5. The upper bound for ©4(a, |b]) in , i.e. 7, is attained precisely
when ¢(u) = u and b = oco. This is the case when ¢(u) = u? and Vj is an
exponential random variable, whose Mellin transform is simply the gamma function.
In this sense the gamma function envelops from below the rate of decay of all Mellin

transforms My, (z) along complex lines.

REMARK 6.0.6. We mention that to obtain the bounds (6.7)) valid along imaginary
lines, we resort to the Weierstrass representation of W, and elaborate upon an
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approach which has been used to derive estimates of the gamma function and can
be found for instance in [Olv74l Chap. 8].

The proofs of Theorem [6.0.1] and Theorem [6.0.2] are given after a short review on
exponential functionals of subordinators which appear in definition ([1.13) of the
intertwining operator.

6.1. Exponential functional of subordinators

We present here some basic facts on the so-called exponential functional of Lévy
processes, a random variable which has been intensively studied during the last two
decades, something which seems to be attributed to its close connection to numerous
mathematical fields, such as probability theory, harmonic and real analysis and
mathematical physics, to name but a few. We refer the interested reader to the
survey paper of Bertoin and Yor [BY05] and the paper by Berg and Durédn [BDO04].
Its original study, in the case of subordinators, traces back to the work of Urbanik
[Urb95] and the characterization of its distribution through its Mellin transform for
the entire class of Lévy processes has been achieved by the authors. This has been
announced without proofs in [PS13b] and we refer also to [PPS12] and [PS12al
for previous developments in this direction. We refer to [PS18a] for the detailed
proofs of this comprehensive result and for the most recent developments regarding
the exponential functionals. Let us now proceed with the definition of this random
variable when the Lévy process is a subordinator, that is, a non-decreasing Lévy
process, and we mention that the case when it is a spectrally negative was already

introduced in Chapter |5{|5.1). For any ¢ € B, that is from (4.2)),
(oo}
(69) s =m+otut [ (=) aldy), w0,
0

where m, z,02 > 0 and p is a Lévy measure such that fooo (I Ay)p(dy) < oo, we

write
o
I¢. = / e_”t dt
0

with (1;)¢>0 & (possibly) killed subordinator with Laplace exponent ¢ (see Chapter
for exhaustive information on Bernstein functions). Since from the strong law
of large numbers, lim; ,o, %t = E[m] € (0,00] a.s., we have I, < oo a.s., see
e.g. [BYO05| Proposition 1]. We now collect some basic known properties that are
useful in our context.

PropPOSITION 6.1.1. Let ¢ € B.

(1) The law of I, is absolutely continuous with density denoted by v and with
support [0,0’2] if 02 >0 and [0,00) otherwise.

(2) Its Mellin transform M, satisfies the following functional equation, with
initial condition My, (1) =1,

(6.10) My(z+1) = %ﬂ¢(z), My(1) =1,

valid on C(g o) and My, € A(,c0)-
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(3) Its law is moment determinate, and, for any n > 0, we have that

n!
11 )= ——.
(6.11) Mi (1) = o
(4) Finally, E [e“lﬂ < o0, for any u < ¢(o0), where ¢(c0) is finite if and
only if 02 = 0 and 1(0") < oo, see for the definition of the measure
I

Proof. The absolute continuity of the law of I4 is shown in the proof of
Theorem 2.4] whereas its support is derived in [HR12] Lemma 2.1]. The

characterization of My, as a solution to the functional equation (6.10) is given
in [MZ06l Theorem 1]. E [I};} = Mp,(u+1) < oo for u € (—1,00) follows
from (6.10). The expression of the integer moments of Iy (6.11) can be found
in [BYO05]. Finally, the claim E [¢*/¢] < oo for any u < ¢(c0) is immediate from
(6-13), Wy (n+1) = [T;_, ¢(k), the monotonicity of ¢, see Proposition(4.1.1{[2]), and

the Taylor expansion of the exponential function. The very last assertion follows

from with v = oo. O

We end this part with the following statement which provides additional insights
on the variable I4 and its proof is postponed to section

PROPOSITION 6.1.2. Let ¢ € B. Then z — My, (z) = V‘l;i?)z) € A0, 15 the unique

solution in the space of Mellin transforms of probability measures to the functional
equation valid on the strip C ). If, in addition, ¢(0) = m = 0, ¢ does
not vanish on iR\ {0} and ¢'(07) < oo, then z — My, (z) = Vgi% € Ajo,o0) s the
unique solution on Cjg -

6.2. The functional equations and (6.10) on R

We start the proof of the main results of this Chapter with the following result which
can be seen as a generalization of the Bohr-Mollerup-Artin classical characterization
of the Gamma function. It is essentially due to Webster [Web97].

LEMMA 6.2.1. Let ¢ € B. Then, we have, for all u > 0,
(6.12) My, (u) = Wy (u),

with 0 < v +lng(1l) < % < 00. Moreover, My, is the unique positive log-convex

solution to on Ry. Similarly, we have, for all u > 0,

(6.13) My, (u) = V%

and, My, is the unique positive log-convex solution to (6.10) on R.

Proof. From the items and @ of Proposition for any ¢ € B, the
mapping u — ¢(u) is positive and strictly log-concave on (0,00) and the limit in
holds. This means that the multiplier ¢ in satisfies the conditions of
[Web97|, Theorem 7.1], which states that the limit defining 7, in exists and
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Wy in (6.1) is the unique positive log-convex solution of on R, . We complete
the proof of (6.12)) by observing that My, (1) =1, for any n € N\ {0}

(6.14) My, (n+1) =Wy (n+1 H (n)My, (n),

and, by recalling that the mapping u > My, (u), as the moments of order greater
than —1 of a positive random variable, is a positive and log-convex function on
R . Thus, necessarily My, (u) = Wy(u) on Ry. The bounds for v, are provided
in the comments preceding [Web97, Theorem 7.1]. Next, note, from , that

% =1, for all v > 0, and from Proposition @. that U — (u)
is log-concave and positive on R;. Thus, we can apply again [Web97, Theorem
7.1] to the functional equation with initial condition to conclude that it has,
on R, a unique positive log-convex solution say ﬂqa given by the following infinite

product representation

lim, o0

615)  My(u) = e~ ) f 0
( ) My(u) =e U 1;[ , for any u > 0,

where with g(u) = u/¢(u), 74 = v — 74 in [Web97, Theorem 7.1] comes from the
computation

= nl;r&(Z}i—lnn—(Z : —In¢( )))

Therefore, one may rewrite (6.15)) using (6.1)), for any u > 0, as follows

(6.16) My (u) = Vl;f(‘i)

By proceeding as in the previous case, we conclude the proof of (6.13]) after recalling
that My, (n+1) = 70 ./\/l1¢( n) for n € N\ {0}. O

As the Mellin transform of some positive variables which have all moments of or-
der greater than —1 finite, see and , it is well-known that both My,
and M7, admit an analytical extension to (at least) C(y ). Thus, the uniqueness
property stated in Theorem m (resp. Proposition , that is W, = My,
(resp. WL(,, = Mj,) is the unique solution in the space of Mellin transforms of prob-
ability measures of the functional equation (resp. (6.10), is an immediate
consequence of an analytical extension argument combined with the uniqueness
property established on the positive real line in and of Lemma .
The next two sections contain the justification that the Bernstein-Weierstrass rep-
resentation of My, and My, is also valid on C g -
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6.3. Proof of Theorem [6.0.1]

We start by recalling that the proof of Theorem was given right after its
statement and the proof of Theorem follows, directly from the discussion
above, once the analyticity property stated in Theorem 7 that is Wy €
A(0,00), is justified. To complete the proof of Theorem it remains therefore
to extend analytically the function Wy to the positive half-plane. Let now ¢ € B,
and, for the reader’s convenience, we recall, from Section for any a > 0 and
b € R, the following notation

A d(a) = R(Avd(a)) = R (B(a+ib) — b(a)) = / (1 cos(by)) e Vu(dy),

o) = 3(Au(a)) = S (8(a + ) - 9(a)) = 0%+ [ " sin(by)e " u(dy).

For z € C(g ), i.6. 2 = a+1ib, with a > 0 and b € R fixed, we write formally

(6.17) Zy(2) = ﬁ mei}%ﬁy b,

k=1

and, for any k> 1,

A — ¢(Zk)ef o' k) 5

¢ (k)

- lar) ’

where, for any number x and integer [, we set ; = x +[. Then, we get that

p(k) 2w, P(k) 2

ek ? es® AL,

b(zk)  ¢lag)

Thus, from (6.I) and W, solution on Ry to (6.6), see Lemma then on
Cio.00)

Wo(z+1) = ¢(2)Wyl2) = dpla)We(a)e " [T A,
k=1
(6.18) = pla)Ws(a)e " Zy(2),

provided the last infinite product is absolutely convergent on C (g ) which by a
standard result in complex analysis will follow if Y - |A,§1 - 1| < 0o0. To prove
the latter it suffices to show that >~ | |4y — 1| < co. To achieve this, first, observe
that

(619)  Ac—1 = (HA?¢<ak>+m§¢<ak>>e_wb_

P(ak)

. 2 "(q
Since from ([#26), 0 < Af¢(ar) < % [¢"(ax)| and a ¢¢(g))

increasing on R because ¢ is completely monotone and ¢ is non-decreasing, see

Proposition [4.1.1{[2]), we get with the help of (4.5) and (4.28) for the last inequality

is plainly non-
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below that
— | AF¢(ar) b |9 (ar)
; ¢(ax) 2 = | olax)
v (16" (14 a)l < ¢ (u) >
Z (et al d
=3 ( o(1+a) +/aﬂ o) | ™
(6.20) SR AN

(1+a)?® 1+a

Thus, it remains to show that .~ | |Ax| < co, where

< iA%gﬁ(ak)) _o )
Ay =14+ =22 e o — 1
* < P(ak)

(6.21)

o+ 222 (B0 e

with Ci(b) = cos (%b) and Si(b) = sin (%b) We have, using the esti-

mates (4.26)) in the second inequality and (4.4]) in the second and third inequality,

that
|

> 5 (14 e
b ) < .

IN

IN

k=1
ag

(6.22) < i%z (1 +

k=1

Let us now consider the second term on the right-hand side of (6.21]). Since from
(4.4) we have that 0 < limg, ‘Z)(—;l)) < limg_ s % =0, then for any k > ko(b) large
enough,

o oK)\’
S =05 +O<<¢<k>) >

, 2
Therefore, as from (4.4) > 72, (M) <>y k% < 00, to prove the summability

b (k)
of the second term in (6.21)) it remains to prove the finiteness of the sum

>

k=1

Aola)  SB)| _ S (R )
so S| < ;'b'<¢<k> S
2 |AF ¢(a) — b (ar)|
AP it

(6.23)
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Since from Proposition|d. 1.) U ‘f;(( )) is non-increasing on R, we get that

= ) ) = (k) ¢+ [a] + 1)
Z(wf) ¢<ak>) = Z(wf) ¢<k+m+1>>

k=1 k=1

ftﬂ+1

(6.24) = Z (:) + [a] < oco.

On the other hand, the form of A and the second expression for ¢ in (3 yield
that

A0 b6/ < [ fsin) byl =ity
< <|b|3 ety + [ (1+b|y>e%<dy>>
0 o1
<

(b? o))+ [+ |b|y>e“kyu<dy>) ,

Tel

where for the last inequality we have used the upper bound

\b|/‘ \ e u(dy) < /‘ e u(dy) S/o yre Y pu(dy) = |¢" (ar)| -

Thus, as a — [ @) is non-increasing on R, with the help of (6.20) and (4.28]) for

¢(a)
the third inequality, we get, writing C,;, = b? ( @1 2a*+ﬁ1> and recalling that
ar =a+k,
& Ri ) %) —ary
S AR o(ar) = bs'(ar)|  _ 232 19/ () J3 (U Pply)ev p(dy)
Pt ¢(ar) T g ) = p(ax)
o [ (L [bly)e™ ¥ pu(dy)
< Cuw+
= e Z o(1+ a)
. fﬁ (14 [bly)e= 5= u(dy)
< b +
= e o(1+ a)
[T+ ply)emvem u(dy)
< Cab + u

#(1+a) (1 - e_ﬁ>

_Dble1 oo
B ble™ T [T em Y pu(dy)
Cuw + Pl < 00.

¢(1+ a) (1 —e*ﬁ)

For the third term in (6.21), we have, using the second relation in (4.26) and
| sin(y)| < |y|, y € R, in the first inequality and (4.4) in the second, that

(6.25)

(6.26)

A (/5(11@ 2 ¢ (ax)| |¢' (k)|
2 ‘<bz¢<k> < Em“’
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Then, we put (6.24) and (6.25) in (6.23) which together with (6.22)) and (6.26)

is used in 1) to conﬁrm that >~ |Ax| < co. The latter triggers with the
help of and (6.19) > op, |4k — 1] < oo and hence Y77, [4; ! — 1] < oo.
An apphcatlon of Montel’ Theorem in (6.18)) yields that the right-hand side of
(6.1) defines a holomorphic function on (C(O,oo) and since Wy (u + 1) = My, (u+1)
for u > —1, see , we have proved Theorem for 2 € C(g,00).- When
»(0) = m > 0, we check that all computations above extend to the imaginary
line 4R as (6.20), (6.22), (6.24), (6.25) and (6.26) do not explode for a = 0, and
Wg(0) = m~! € (0,00) thanks to (6.6). Next, if d, < O then plainly ¢ > 0
on (dg,0). Clearly, then the infinite product in extends holomorphically to
C(dy,00)- Indeed, only at most [—dg] + 1 of its terms are with argument whose
real part is in (dg,0) and their product defines an analytic function. The rest of
the product is absolutely convergent and defines a holomorphic function as already
proved above. Since W, extends analytically to C(g, o) the proof of Theorem
6.0.1|(2) and hence of Theorem is therefore completed.

6.4. Proof of Proposition [6.1.2

Proceeding as in the proof of Theorem [6.0.1} to show that M, in (6.16) extends to
a holomorphic function in Cg ), we set for any z = a +ib, a > 0,

Vi _ I'(2) ¢(z) o= o(z+k) _itb/(k)
Mo = oy g™ bH S m
I(=) 6(2)

_ a)e P1eb .
e O

This completes the proof of Proposition for z € C(g,0) since My = M 5 on
R, from and [];2, Ay < oo from the proof of Theorem where the
uniqueness argument was also discussed. If ¢(0) = 0, ¢ does not vanish on iR\ {0}
and ¢'(07) =02 + [ fi(y)dy < oo then since ¢ # 0 we have that ¢/(0%) > 0 and
36 extends to iR. Hence through (6.10) and (6.15)) the left- and right-hand side

of Mz, (2) = Wﬁi) extend to (C[Om).

We mention that, as from Theorem [6.0.1, My, = Wy, the results regarding es-
timates of the Mellin transform My, , throughout the rest of this chapter will be
stated in terms of Wy.

6.5. Proof of Theorem [6.0.2{|l): Bounds for W

In this part, we derive general bounds for the absolute value of Wy along imagi-
nary lines which provide some bounds for the Mellin transforms My, and My,.
This will serve us to obtain exact asymptotic estimates along imaginary lines for
[Wy| and [M7y,|, that we shall exploit to establish smoothness properties of the
invariant density as well as existence and smoothness properties of the sequence
of co-eigenfunctions. To obtain our results, we resort to the Bernstein-Weierstrass
product representation of the Mellin transform and extend an approach which has
been used to derive estimates of the gamma function, which can be found for in-
stance in [Olv74, Chap. 8]. Before stating the next result, we revisit and introduce
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some notation. Let us recall that, for any function ¢ € B and numbers a and b > 0,
we write

o ¢(bu +ib)]|
6.27 O4(a,b :/ In (' du.
(6.27) son = | S
Furthermore, we set formally, for a,b € R,
17 IT»”(MM;T\ o Cutin]® )1 ¢'ta)
Bolab) = ¢ HE Tmom oo et
and
) -1 )
+ib+1)] |p(k + a +ib)]
6.28 Zi(ab) = /121 ,
(6.28) s(@0) dla+1) kHO ok + a)
-1
where we use the convention [[ = 1. We are ready to state the following re-
k=0
sult.

PROPOSITION 6.5.1. Let ¢ € B. For any b € R\ {0} and a > 0, we have
(1) 0 < Oyla b)) < .
(2) e7% < Ey(a,|b]) < ee.
(8) Moreover, if a > dg, | € N such that a+1> 0,

Wol@)  _ [Wylatib)| _ Wele)
Zh(a o) = e MO = 7T (o, o) By(a+ 1, b])

If (0) =m > 0 and dy = 0 then (6.29)) extends to a = 0.
(4) With a > 0 and ! € N, we have that

—61©4 (a+L,0]) | Af i1b
< T M (kD] gy,
PRCESAL) W (@) 2, (e 16]) [T (a + 6]

(6.29) Ey(a +1, b))

(6.30)

REMARK 6.5.2. The upper bound for ©4(a, |b|), that is, 7, is attained when ¢(u) =
u and b = co. In this case Wy(z) =T'(2).

Proof. Note that for ¢ € B, z = a + ib with a,b > 0, and with the usual
notation for Ay, Ab% and Abs used in Section we have that
; is
sl |, 00 (1 A8)
¢(a) ¢(a) ¢(a)

since, from (4.26]), Ageq’)(a) > 0. Thus, we get that ©4(a,b) > 0. Next, using the
first identity in (4.2]), we deduce that

(6.31)

Bou+ ) < moto? b ib| v [ ()
0

1 o0
\/1+ 2 <m + o%bu + bu/ eb“yu(y)dy>
0
1

IN

(6.32)
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Hence, after performing an obvious change of variables, we get that

° 1 ™
O4(a,b) S/o In <“1+u2> du = 5

which concludes item (T)). From (6.18), we have that

dla+k)
o(z+ k)

63 W) = Wala) 2]
k=1

e )
=Wl S 12,

Let in the sequel z = a+ b, b > 0, a > dy or a > 0, if ¢(0) =m > 0 and dy = 0,
and [ € N such that a; = a +1 > 0. Then, we denote by

l

(6.31) 1zl =11

6(2) i

¢ (ax)

Sn(ar,b)
¢ (a+ k +1b) ’

lim e
n—o0

where we recall that ax = a + k and we have set

Ak+1
=1
Sp (ag, b n(H |¢ak+l+lb|>

Therefore, from (6.33)) and (6.34]) it remains to estimate S, (a;,b), as n — oo. For

this purpose we rewrite

= P(art1)
Sp(a,b) = In (H |p(agyi + ib |>
b
— _,;) (In |p(arss +ib)| — In ¢(ar11)) +IHW.

Then the approximation techniques developed in [Olv74l Section 8.2(2.01)] for
the gamma function are valid for any twice differentiable function f such that
Jo 1" (u)| du < 0o and take the form

S Ak /f )+ LF(0) + /32‘32 ~1D ),
k=0

where Bj is the Bernoulli number and Ba(u) the Bernoulli polynomial as defined
in [Olv74] Section 8.1]. Applying this to the sum in S, (a;,b) above with f(u) =

In (%) ,u >0, we get

N <¢(az+n +ib)| plar)
2 \lo(ar +ib)| p(ain)

) + Ef(n, ay) — Ef(n,al + ib),
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where formally Ef (n, 2) = [ w (In |¢(u + 2)|)” du. Next, note that
mcwwm+m0
2 & 2
Ald(arn) | (A%(am)) . (Ab ¢<al+n>> )

¢(al+n)
In (‘1 n AR @(arn) + A7 ¢(arin)
= 1 In (1 +2
2 P(ai4n) P(ar4n) P(ar4n)
) | VIl ¢ )’

¢(al+n)
d(ar4n) 4 P (ar4n) 2 (ar4n)

where we have used (4.26) for the inequality. Thus, from (6.31)) for the first in-
equality and (4.4) and (4.5]) for the second, we deduce that

) |m%%+@> 1 202 bt + v?
637 0< lmhIhn{———— ) <=-1limIn(1+ + =0

Using the same inequality as in (6.36) to the integral term appearing on the right-
hand side of (6.35]), and the estimates in (4.28)), we conclude, thanks to the domi-
nated convergence theorem, that, for any a;,b > 0,

o [ (1B e et i)
(6.3 S 0 hl( ¢(u+ ar) )du_/o hl( o(u+ar) )du'

Since ¢ is log-concave on Ry, see Proposition [4.1.1][2)), which means that its second
derivative does not change sign, then by the estimate [Olv74l Section 8.2(2.04)]
(with m =1 and f(u) = In¢(a; 4+ u) in the notation of [Olv74l Section 8.2(2.04)]),
we get that

1
(6.36) < 2h1<1+-w|

(639) lim |ES (.| < g lim 0n<1n¢<al+u>>”du—émf

1
< )
~ 8ay

where, we have used that (4.4]) implies lim,, a;’((zzi:)) = 0 and the last inequality
itself. Next, we focus on Ef (n,a; + ib). Since (In|p(u +ib)])" < |(In g (u + ib))”| ,

as (Ing(u+ib))" = (In|p(u+ b)) + i (arg(d(u + ib)))”, we have according to
[OIv74] Section 8.2(2.04)] again that
. B .
nhﬁn;o |ES (n,a; +ib)|

(6.40) < ;/000 |(ln¢)(u—|—al+ib))//}du
/W¢@+m+wwww+m+wy4ww+m+ww
0 (¢ (u+a;+ ib))2
(19" (u+ib)| |6 (u+ib)|\?
/. <|¢><u+z’b>| (Garw) )d“

R W Ol () 2v/10 + 10
/. (m w19 (50) )dug S

du

| =

I
| =

(6.41)

IN

1
8
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where for the final two inequalities we have employed all the estimates of (4.28]).
Collecting (6.37)), (6.38), (6.39) and (6.40)) we immediately deduce the upper bound

. L= (18 )] (19 kBN 1 (@)
Jin Sofant) < 5 [ <|¢<u+z’b>| () )d 5 )
) /Ooln<|¢(g(+j_l+;b)|>du+;1n<¢(Zl(+)ib)>,
0 U+ ap aj
(U N e 1 (ot i)
() ot + 3 (5

The lower bound is the same but with error term In (E4(ay, |b])). Therefore, from

(6.34), the definition of Z., see (6.28)) and the definition of Zy, see (6.17), we get
that

IN

o~ 16104 (a1, b)) é(a) _ da) T
Bl =z = |¢<z>|‘Z¢(z)"I¢<z>IH

1 e Ib1©®s(arb)
E4(ar,b) Zé)(a, z)
Then (6.42)) via (6.33]) proves (6.29), which establishes the whole item (3] since we

have allowed for all possible values of a claimed in item . The case when b < 0
is dealt with in the same manner since, for all @ > 0 and b € R,

(6.43) Sp(a —ib) = —S¢p(a+1ib) and  Re(a + ib) = Re(a — ib).

Item follows by gathering the very last upper bounds in (6.39)) and (6.40)). The
bounds (6.30]) follow from Proposition since My, (z) = % and the previous
result. d

ok +a)
o(k + 2)

(6.42)

6.5.1. Proof of Theorem [6.0.21)). Choosing ! =0 in (6.29) and using the
definition of Zg(a, |b]) given in (6.28)), one gets, for any b € R and a > 0,

160 (a,]b]) ¢(a)

IN

(W (a+i[b])]
¢(a) W¢(a)e_|b‘®¢(a1|b‘)
|p(a+ib)|  Ey(a,[b])
We complete the proof of item by using the bounds for Ey (a,|b]) stated in

Proposition [6.5.1](2).

<

6.6. Large asymptotic behaviours of W, along imaginary lines

From the bounds , which hold for any ¢ € B, we are able to derive precise
information regarding the decay of |[Wy| and [ M, | along imaginary lines. We em-
phasize that these asymptotic estimates are interesting in their own right as we of-
fer comprehensive statements for the entire class of Bernstein-Weierstrass products
which encompasses many substantial special functions. However, our motivation
to investigate in depth and accurately this large asymptotic behaviour comes from
several substantial issues that arise later in this work, such as the existence and
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uniform asymptotic bounds of the sequence of co-eigenfunctions, and, that can be
solved by means of Mellin transform techniques.

6.6.1. Necessary and sufficient conditions for exponential decay of
Wg. We start by providing necessary and sufficient conditions for the exponential
decay of |[Wy| along imaginary lines in terms of ¢ € B and its characteristic triplet
(m, o2, u). Below the notation

Fla+ib) X gla+ib) (resp. fla+ib) < gla+ib)),

for z = a +ib € C means that there exist positive finite constants c¢_(a) and ¢4 (a)
(resp. a positive finite constant ¢4 (a)) such that

fa—l—zb‘ — | f(a +ib)
< lim |[—/——=%
|b‘_>oo a+1ib Ibl—oo | g(a + ib)
Tim f(a"'?'b)
|b]—oo | g(a + ib)

(6.44) c_(a) ‘ < ct(a)

] < ¢y (a)),

(resp.

PROPOSITION 6.6.1. Let ¢ € B.
(1) For any a > 0, writing ©4(a) = lim ©y(a, |b]) and simply ©, = ©,(0),

|b] =00

we have that ©, = ©,(a) and
77
(6.45) 0, ¢ [0, 5} :

(2) For any ¢ € B and a > 0, we have that

—Fl o o—Fll o

N — S |Ws(a +1b)].
b2 |¢(a +ib)|

(6.46)

(3) Y € Neg, i.e. 9, > 0, if and only if, for any a > 0 and € > 0, we have
that

L (@,

2 SWalatib) 2
IE xS e

If (0) =m > 0 and dy = 0 then the estimate extends to a = 0.

(6.47)

In all cases, we can retrieve, from Proposition the positive constants c_(a)

and cy(a) defined in (6.44).

REMARK 6.6.2. Estimate (6.47) together with My, = Wy being the Mellin trans-
form of v yield the validity of (L.37) which in turn shows that v € A(Q,), i.e. it

is holomorphic in the sector C (@¢) = {z € C; |argz| < @¢} and verifies Theorem
5.0.2(3)), i.e. ¢ € Ng implies that v € A(8,).

REMARK 6.6.3. We mention that in some statements here and also below we focus
on the case, ¥ € N, i.e. ¢ € By. However, up to some minor and obvious modifi-
cations, they can easily be extended to the general case ¢ € B. We also point out
that the estimate below can serve for more precise study of the asymptotic.
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Proof. Recall the definition of B, (6.27), and put ©4(0, |b|) = ©4(|b]). First,
from ([6.31) in the first inequality and (6.32)) in the second, we have that

o

O4(a, b]) = O4(|b]) — /O‘b' In (Wb(uﬂm> i

o(|blu)
0,(b]) — /0m In (,/1 + u12> du

(6.48) = 04(b) - % In <1 + i’;) — arctan <£|> = 0,(b]) — o (1).

Hence, from Proposition [6.5.1{(1]), we deduce that

©4([b1)

vV

Y

0, = lim O(a.|p]) = lim O,(]) € [0.5]
[b] =00 |b] =00
and, the proof of is completed. We prove by using the lower bound in
(6.29) with I = 0 since from the second claim of Proposition we have that
|p(2)| = 02|z| +0(|z]), as 2 = a+ib, a > 0 fixed and as |b| — co. Next, let 0,>0
then follows from the upper bound of with [ = 0 and . Since
all constants in Proposition are explicit we can recover the constants c4(a).
This ends the proof. O

We proceed by providing sufficient conditions for © 4 > 0, that is for the exponential
decay of the Mellin transforms along imaginary lines which are stated in Theorem
1.2.1{(1)).

6.7. Proof of Theorem [1.2.1{(1))

Let us first prove that ¢ € Mg implies t = ¢ (c0) = co. Thanks to (6.29) with [ =0
it will suffice to show that for some a > 0, bO© (a,b) = o (b), as b — oo, since then
we get lim O (a,0) = ©, = 0, that is a contradiction with the definition of N,

b—oo
see Table |2, However, ¢(u) = ug(u) with ¢ € By, and if ¢ (00) = IIOY)+m=
Jo T(y)dy + m < oo, then o = 0 and for any fixed a > 0

. o0 1— iby —bayﬁ d
i 202 D) g, S (L) e M)y
b—o0 gi)(ba) b—00 gi)(ba)
since limy_, oo ¢(ba) = ¢(00) < 0o and
lim / (1- e“’y) e_bayH(y)dy’ <2 lim e "W (y)dy = 0.
b—oo | /o b—oo Jo

Therefore, from the definition of © (a,b), see Theorem and (6.32) which
ensures the application of the dominated convergence theorem we deduct that

(1
bO(a,b) = o (b). Next, we show that if 1) € N, i.e. lim % > 0 or 02 > 0 then
U—r 00

©4 > 0,ie ¥ € No. Let first assume that 0 > 0 and recall that ¢(ba-+ib)—¢(ba) =
AFp(ba) +iAF p(ba), see Section 4.3/ for more information on these functions. The
positivity of the integrand that defines ©4(a,b), see (6.31]) and (6.27)), the fact that
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Al p(ba) > 0, the definition of O, see Proposition [6.6.1{{T) and Fatou’s lemma
yield that

I 2
20, =2 lim In (Wb(a—|—z))|) da > / lim In {1+ (bd)(ba)> da.
b—o0 JO ¢(ba) 1 b—oo (b(ba‘)
By means of Proposition 4.1.1){3) we have that ¢(ba) = 02ba + o (ba). This coupled
with the first set of inequalities in (4.29)) of Lemma [4.3.2] which is applicable since
@ € By, gives that for all b big enough and a > 1
AP p(ba) S o?b+ (e7™ — 72 fo% sin(by)(y)dy
o(ba) - 202ba
1
o+ Cre™ (1 —e7™) [ yTI(y)dy
- 202a ’
where for the second inequality we have used sin(by) > Cyby, for some Cy > 0 valid

ony € (0,7). Since limp_, o0 fo yl(y)dy = 0, as fol y2I(dy) < oo, see (4.18), we
get the bound

1 [~ 1

This completes the proof for b — oo and 0% > 0. If b — —o0, 02 > 0, the arguments
around (6.43)) provide the same lower bound. Assume that o2 = 0, b > 0. Observe
that

% /1(ba + ib)| < Af(ba)
030 €= tin [T (GG Janz [ i o (10 S e

thanks to (6.31) and the Fatou’s lemma. Note that, for any a > 0,

Aot = [ " cos(y) eI (V) dy.

From the inequality 1 — cos(y) = 2 (sin (y/2))* > 2 (%)2 valid on y € (0,1), we get
that

R e 2 —a
(6.51) MMWQZﬁAQM)@>3eH@>

Recall that AF¢(ba) > 0. Thus, from (6.50), the positivity of the integrand therein
and the fact that ¢ is non-decreasing, we confirm that

(6.52)  ©, = lim O4(p)) > /1 Y R 2 1 )
. = oo 0 T o e 3r2° bo(b)
Since b (b) = 1 (b) and 1 € Ng with 02 =0, we deduce, with hm ?l)((b)) > (Cy >0,

that the following inequality holds

1
2C.
e, > /1n(1+32_a)d >0,
0

which gives the proof for b — 0o, ¥ € Ng and 02 = 0. The case b — —oo comes
from (6.43)). Relation (1.16)) follows from the global asymptotic (4.7) for ¢ given in

Proposition 4.1.1 .
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6.8. Proof of Theorem : Examples of large asymptotic
estimates of |Wy|

For the eigenvalues expansions of the gL semigroups, it is important to provide
precise bounds for the norm of the sequence of co-eigenfunctions. Among the
different strategies we implement to get such estimates is the Mellin transform
technique. For this reason, in this part, we deepen our analysis on the asymptotic
estimate of [W(a+ib)| by either computing ©,, for substantial subclasses of By, or,
detailing the exact subexponential decay for some subclasses. The results presented
below extend with minor modifications to |Wy(a + ib)| for ¢ € B.

6.8.1. Proof of Theorem [6.0.2|2(Db)i): The case ) € Np. In the case
2

o > 0, le. ¢ € Np, we obtain precise bounds particularly when in addition

II(0") < oo, or, if we have a good control on the tail II. For this purpose we
introduce the following notation. For any a > 0, b € R, we set

(6.53) L(a, |b]) = 012/01@—% sin (“’;)’H(y)d;

and
L(a, |b]) < L(]b|) = sup L(0,r).
r<|b|

PROPOSITION 6.8.1. Let ¢y € Np. Fiz any a > dy = sup{u < 0; ¢(u) =
—o0 or ¢p(u) = 0}. Then

150 2 D) S (bt o~ BT
T S IWela+ib)| S [bl” 7 2em2 ,
2

(6.54)

with L (|b]) = o (]b]). Moreover, when ﬁ(O*) < oo, we have L([b]) = O (In(|d])),
and, if for all y € (0,1), II(y) < Cy~% with o € (0,1), then

(6.55) L(b)) = O (pl*) -

The proof of Proposition [6.8.1]is postponed after the following lemma whose state-
ment requires some further notation. Set ¢(z) = zg(z) and write formally

e Vg%

o0 1o
H g(k) 62(%5)) z
o0z UG53
where v, = 74 — 7 and v is the Euler-Mascheroni constant. We first show that
Wq € Agg,,o0) and give bounds on ’Wg(z)|

(6.56) W,(z) =

)

LEMMA 6.8.2. Let ) € Np.
(1) Then W, € A(dy,00) and we have, on C(q, ), that
(6.57) Wy(z) =T (2)W 4(2).
(2) There exists ko = ko(m,c?) € N\ {0} such that, with z = a +ib,a > 0,

e~ Who (a+ib)—L(a,|b]) |Wg (a+ib)|
<
Cho(a, [b]) B W, (a)

(6.58) < Chy (a1, [b])eXro (@D FL(a[b),
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where L(a,|b|) is defined in (6.53)),

(6.59) Wy, (z) =In

1,2, g(k+a)
k gk0+2 and

lim 2;,(z) = lim ln‘Hk 0 g(k+a)

|z| =00 |z| =00 k+z

4771
o) I =T
Cuofa i) = (14 ) 7 P SR

REMARK 6.8.3. The mapping z — (1) = ﬁ has a root at zero if m > 0, which

compensates the pole coming from I'(z) in - to ensure that W,(0) = E [V¢_1] =

#(0) = m. If W, extends further to the left then a zero of % at zero coming

from a term in the product in (6.56|) cancels the impact of the poles of I'(z) at
p=—1,-2,.

Proof. Since g(z) = M7 we get, from and the Weirstrass product rep-
resentation of the gamma function, that formally holds provided W is holo-
morphic. Due to its definition in 7 this will follow if the involved infinite
product is absolutely convergent. However, since the products defining W, and I'
are both absolutely convergent on C g ) from W is absolutely convergent
on C( ) and the analyticity follows When d¢ < O - follows from an argu-
ment involving the recurrent equation (6.6). In the sequel we provide the bounds
for ‘Wg(z)’ To this end put z = a +ib, a > d¢, b > 0, and set

T e gk sw, gla)e 2 gl z—a«;»b
Wil = T Ugwege™ H .

= W)W (2),

and, we proceed to estimate ’W;a)(z) . Since ¢ € By, then Proposition |4.1.1{(8)

gives that ji(y) = ﬁ(y), y > 0, and then the first identity of (4.2) gives on C(4, o)\
{0} that

g(z) = ¢(z) _n +02 —|—/ e_zyﬁ(y)dy.
z z 0
For any u =a+k > 0and b > 0,
o) e ey SO e Ty
— = o —
s 102 (G 4[5 emam () dy

pm (u,b) + pri(u, b)
L+ pm (u, ) + pni(u,b)’
where each term p or p in the last expression matches the corresponding term
in the middle one. Set C = mo~2. We have the following bounds |pr(u,b)| <

—2 f uyH dy,

1+

C Cb
P
u+b and  |pm (u,b)| < u(u+b)

(6.60) [ (u,0)] <
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which all tend to zero as u — oo. Thus, for u > ug > 0, where ug = ug(m, o?),
such that

- 1
L (D) ~ Ipn(u, D) > 5.
we have using ‘1 — e_iby‘ = 2 |sin (%’) ’ that
g9(u) _1‘
g(u +1b)
2Cb 2 [ =
< ——+ = U1 — e TI(y)d
< gt e Ty
4Cb 4 & = 1 b\ | =
6.61) < ——m+ — “YTI(y)d “Wisin | —= || II(y)dy | .
w060 < o ([ e+ [ el ()| Ty )

Splitting the product that defines W;a) at ko = ko(m,0?) = [ug] + 2 + |a, using
(6.61)), (6.59) for the definition of Wy, and In(1 + =) < z, x > 0, we get that

In ‘W(“) (a+ ib)‘ — 10 Wy, (a + ib)

> ||

oo

< g(k+a) _q
k—l—a—i—zb)
<
- zk: k+a+b)
4 (> Iy (ko) -
([ e [l (3) o)
— b 46 (k0+a)
< 4 — -— L
S Z(k+a)(k+a+b) +a2(/1 ey HW)dy + (”b)>

k>2

where implicitly in the last term of the inequality to get L(a,b) we have used
1—eY>y/eon (0,1). Furthermore, since

> ’ <1'/A1—1d—11+b
(k+a)k+a+d) — Ao 1 \r+a r+a+bd e 14+a)’

k>2

we obtain, with Cj,(a,b) defined in the statement of the lemma, that

e~ Wk, (a+ib)—L(a,

b) — (a )
< ‘Wé ) (a+ Zb)’ < Ch, (a’b)emko(a+lb)+L(a,b).

Cko (a, b)
The bounds (6.58) follow for b > 0. The case b < 0 is dealt with similarly as in
(6.43]). O

Proof of Proposition[6.8.1. The lower bound in is the lower bound in
(6.47). Wegetfromthat Wy (2)| = [T(2)W4(z )|.Forz:a+z'b,a>0and
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|b| large enough the upper bound in (6.54)) follows from the classical asymptotic for
the gamma function, i.e. for a > 0 fixed,

(6.62) IT(a+ b)) % Culp|* 250,

where C, > 0, combined with and taking into account all polynomial depen-
dence on |b]. If dy < 0 and a € (dy,0] then the functional equation relates
the asymptotic of |Wy(a + ib)| to that of |[Wy(a + [-ds — 1] + ib)|. The polynomial
decay in is again |b| = %77 as on each iteration of (6.6) we collect a term
of the type, for a fixed a, |¢(a + ib)| < o2|b], see Propositio. Next, recall
the definition of L(a, |b]), see (6.53), and therefore, observe, using |sin(y)| < |y| A1,
that, for any 0 < e < 1,

L(0, L
0< tim D@D s DO L (D)
lb—oo |0 |b|—o00 ] lblo0  [b]
1+ d
e_ I(y)<¥ €—
< /H(y)dy+ lim f()y/ 1(y)dy,
0 [b] =00 b 0

which shows that L(|b]) = o(|b|) since fol ﬁ(y)dy < o0, see (4.18)). Finally, it

remains to study L(|b|) for specific instances. First, when II(07) < oo, we have
that

sup L(0,r) = L(|p]) < TI(0) /lb Mdr < T(0") In(|d]).
r<|b| 0 r

Then, if for some « € (0,1), ﬁ(y) 20 (y~?), then trivially

o (P11 gy dr o
(6.63) L(jol) < Culpf* | jsin (5)| -1 < Calbl®,
which completes the proof of our Proposition a

6.8.2. Proof of Theorem [6.0.2|2(b)ii): The case ¥ € N,. We continue
to apply the theory developed above to functions ¢ which are regularly varying at

infinity without aiming at the most general case of regular variation. We simply
attempt to illustrate the tractability of our approach with the aim to compute
explicitly and easily ©,. We now show that for ¢ € Ny, with a € (0,1), we have
Oy = Fa > 0. To this end set C = C,I'(a+1). Since ¢ € N, ¢ € By from

Proposition @i we get that 02 = 0, fi(y) = II(y), y > 0, and ﬁ(y) R Cy=® ac
(0,1). The latter and a standard Tauberian theorem imply that Proposition [4.1.1{[7)

can be augmented to ¢(alb]) = CT (1 — a) a®|b|*. Next, for fixed a > 0 and |b| — oo,
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we get from the first expression for ¢ in ([#.2)) and ji(y) = II(y) e

Cy~* that

o(|bla + |b])
_ m+(|b|a+i|b|)/ e~ iM=1av T (3 dy
0

m+ (a+i) </OO° cos(y)ev°TT <Iill) dy—i /OOO sin(y)e Tl <|Z|> dy)

< O™ (a+1i) (/ cos(y)e’yad—y —z‘/ sin(y)eyady>
0 0

y* Yy

Cb|*(a + i)/ eyt W _ CT(1 — a)(a +i)*[b|.
0 ye

In the last integral we have used Cauchy’s theorem on the closed contour [0, Ba +
i8], [Ba+1i8, 8], [3,0] with 8 — oo to the function e”*2~* which is holomorphic on
C(0,00)- Since Proposition [6.6.1)(1]) holds we compute from (6.27) with a = 1 and

the asymptotic relations above

b o |(b(bua+ib)|) _ o (|¢(ba+ib)|> T
O =, 1“( o) )" / Tl G (7 ) Rt

3

-

The dominated convergence theorem holds thanks to inequality (6.32])

6.8.3. Proof of Theorem [6.0.2([2(b)iil): Examples of subexponential
decay of |W,|. We further illustrate our approach by detailing more examples

that reveal again that for several important families of Lévy measures, we can
derive explicit bounds for the rate of decay of |Wy(z)|.
PROPOSITION 6.8.4. Let 9 € N\ Np, i.e. 02 =0, and fix a > dy.

(1) Assume that for some o € (0,1), lim y*II(y) > 0 and (<) =t < oo.
y—0

Then, there exists Cg o > 0 such that

St [e3
[Wy(a+ ib)| < e”Caaltl”,

(2) Let us assume that lim yII(y) > 0, then there exists Cy > 0 such that
y—0

|b

o0
[Wy(a+ib)| < e e,

(3) Let us assume that TI(y) = y~* [Iny|* Lio,1/2(y) then

o0 .
(Wy(a+ib)| < e (D),
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Proof. First, we observe that by combining (6.51) with (6.52)), we get, for
beR,

I
bles(b) > |b|/ In 1+cy|b|q§(|g|>)

()
b
(6.64) > |blln |1+ Cy ,
bl ([0])
where C; = Ce™! > 0. The two first statements are direct applications of (6.64)).
Indeed, if ¢(c0) < oo then from (4.8)) co > H(O+ ) > fo y)dy > all(a), for any

€ (0,1). Thus lim,_, all(a) = 0 and so with In(1 + ) R zin (6-64) we conclude
the claim using lim y*TI(y) > 0. Item follows from (6.64) and lim yII(y) > 0.
y—0

y—0

Item follows similarly by observing that for u > 1/2; ¢(u) = ﬁ and plugging
this expression in (6.64). O

6.8.4. Asymptotic of the Mellin transform in the case ¢y € N<,. Finally,
we study the case when ¢ € NS, i.e. [I(0") < oo and 02 = 0, which corresponds
to the Laplace exponent of a spectrally negative compound Poisson process with a
positive drift.

LEMMA 6.8.5. Let v € N&. Then, ¢(u) = f e~ WII(y)dy + ¢, where recall that
t = ¢(c0) = II(0F) +m. Then, for z € C(d¢7oo )s
o ok)
6.65 We(z) = .
(6:65) o0 =5 U e

On the real line Wy(u)r™ is bounded and decreasing, as v — oo, and for fized
a>0,

(6.66) lim [Wy(a +ib)| =

|b] =00

Proof. Since nl;rrgo In¢(n) = Int then from (6.2) nlgréo >ory % =lInt+ vy
and (6.65)) follows immediately from (6.1). To conclude the other statements we
study the product in . As

U W¢ H ¢ is bounded and decreasing on R,
we deduce that Wy(u) € [0,1]. It remains to show . For any a > 0, we
employ 6.29) with { = 0. Substituting the expression ¢(z) = f e YT (y)dy + ¢
in we get that

v — [ et tTI(y)dy
v— [ e tuTl(y)dy
JoT et (1 — e ) T(y)dy
¢ (bu)

b0, (a, b)) = b/ In

b

o0
b/ In

b

1+ du.
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Since ¢ is non-decreasing choose a > 0 big enough so that

S et (L - e ™) T(y)dy| _ TI(0%) 1
= o(bu) =fw@ "7

Using, In|1 + z| > C|z|, with some C > 0, for all |z| < 3, we get that

L > > —byu (1 _ ,—iby\ T
bO4(a, |b]) > czS(a)b/g /0 e (1 —e ") I(y)dy| du.

From Lemma Jo° e tvusin(by)(y)dy = AF¢(bu) > 0. Therefore, we com-
plete the proof by estimating from below with the real part of the expression above

that is
lim b / et (1 — cos(by)) T(y)dydu
b—o0 a 0
oo
— .d

= lim e~ (1 — cos(by)) H(y)—y
b—oo J i

- 1 ~ Y (] — m(Y @
[ ()

= OQ.

Thus, limp_,o 04 (a, |b|) = oo and from (6.29) with [ =0 holds for all a big
enough since all other quantities in ((6.29) with I = 0 are bounded when IT(0*) < oco.

However, from we also deduce that holds for all a > dg.

O



CHAPTER 7

Intertwining relations and a set of eigenfunctions

In this chapter, we elaborate and exploit intertwining relations that relate the
entire class of generalized Laguerre semigroups to the classical Laguerre semigroup
of order 0. This commutation relation between NSA semigroups and a self-adjoint
semigroup is the central concept in our development of the spectral decomposition
of these operators. In this perspective, it is proved to be very useful to characterize
a set of eigenfunctions of the gl semigroups and to provide properties of this set
regarded as a sequence in a Hilbert space.

Let us recall that @ = (Q)¢>0 denotes the classical Laguerre semigroup associated
via the Lamperti bijection to 1 (u) = u?, i.e. 0> = 1,m = 0 and Il = 0 in ,
and its associate Feller process is a diffusion. Basic facts about this semigroup are
reviewed in Example where, for instance, one finds that it is self-adjoint in
L2(g) where

e(z)=e" x>0,

is the density of an exponential distribution of parameter 1. We also recall that,
for any ¢ € Byr, the Markov multiplicative operator Zy is defined, for at least any
f € Cb(R+)7 by

(7.1) Zyf(z) =E[f(xly)], z >0,

where, with n = (7:):>0 a subordinator with Laplace exponent ¢, I, is the positive
random variable

oo
(7.2) Iy = / e~ dt.
0

We have all ingredients to state our first main result of this chapter.

THEOREM 7.0.1. Let ¢ € N and recall that ¢(u) = @ € Byr. Then, for any
t > 0, we have the following intertwining identity

(7.3) PIyf =1yQuf

valid for all f € L%(e). Moreover, the following properties of the intertwining
operator hold.

(1) Iy € B(L?(e), L* (1)) N B(Co(R+)).
(2) Ran(Z,) = L2(v). However, there exists C > 0 such that for all f € L*(v),

1 Zs f1l = C|fl]
if and only if (u) = o%u?, 0 > 0.

115



116 7. INTERTWINING RELATIONS AND A SET OF EIGENFUNCTIONS

(8) Ly is a Markov operator determined by its integer moments, and we have,

for any z € C(_q ) and x > 0, recalling that p.(v) = 27,

I'(z+1)
7.4 Zyp- — 2 p. (z).
(7.4) D= () Wi ” (z)

REMARK 7.0.2. We point out that the intertwining identity ([7.3) generalizes to
all v € N the relation obtained by Carmona et al. [CPY98| between the so-
called saw-teeth process and the Bessel process, that is when ¥(u) = u“l‘i;“,
O<a<l<a+bd.

To state the next result concerning the characterization and properties of a set of
eigenfunctions, we introduce notions discussed in detail in Chapter We say that
a sequence (P,),>o in the Hilbert space L?(v) is a Bessel sequence if there exists
A > 0 such that the inequality

(7.5) STHL PP < ANl
n=0

holds for all f € L%(v). If in addition Span(P,) = L?(v) and there exists B > 0
such that for all finite scalar sequences (¢p)n>0

oo
§ cn Py
n=0

then (P,),>0 is a Riesz basis in L?(v). Finally, we recall the notation Py(z) = 1
and for n € N, P, is the polynomial defined by

7.7 n(x) = -1 ki(k) zk

(17) Pale) = D gk et

where from Wy(n+ 1) = [1r_; ¢(k). The polynomials (P,),>o can be seen
as the Laguerre polynomials perturbed by the Stieltjes moment sequence of the
intertwining operator Zg, see . To state the next result we need the following
terminology which is due to Blumenthal and Getoor [BG61]. For a Bernstein
function ¢, we define its lower index as follows

o 2
(7.6) BY <
n=0

v

(7.8) ¢ = sup{a>0; ILm u %P(u) = oo} = lim In $(u) €10,1],

u—oo DU

with the usual convention sup{@)} = 0. This quantity appears in substantial path
properties of the associated subordinators, and, for instance, we point out that
¢ corresponds to the Hausdorff dimension of their range and is related to their
packing dimension, see e.g. [Ber96, Chap. III] and [Sav14].

THEOREM 7.0.3. Let ) € N.

(1) For any n > 0,t > 0, P, is an eigenfunction for P, associated to the
eigenvalue e=™, i.e. P, € L2(v) and

(7.9) PPp(x) = e " Py ().
We also have, for any n € N,
(7.10) [ Pull, < 1.



(2)
(3)

(7.11)

(4)

(5)

(7.12)

(7.13)
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Moreover Span(P,) = L?(v) and (Pp)n>0 is a Bessel sequence but it is
not a Riesz basis in L2(v).

The sequence of polynomials (Py,)n>0 satisfies, for anyn > 2, the following
three term perturbed recurrence relation

Po(z) = (2 _ 711) Por () n;(l)P,&flf (z) - (1 _ i) o),

where . o)
k
79&
kzzo Wrip(k+1)
and the transform Ti¢p(u) = A5 é(u+1) € By is discussed in Proposition

7.1.1(9).

The sequence (Pp)n>o0 is formed of orthogonal polynomials in some weighted
L2 space if and only if ¢(u) = o%u® + mu,0? > 0,m > 0, i.e. (Pp)n>0 is
the sequence of Laguerre polynomials of order m > 0, see and
for definition.

The polynomials (Pp(—x))n>0 are the Jensen polynomials associated to
the entire function

1 x"
5 -
we(@ Z « Wy(n+1) n!’
i.e. for any x,t € R, we have that

eJW¢ (xt) ZP

Moreover, denoting o4 (Tesp. t¢) the order (resp. the type) of the entire
function Ty, , we have

and

. lim ¢(n)n %’

n—oo
Note that oy = 1 if and only if ¢ = 0, and, in this case, ty = %, with the
usual convention é = 0. Finally, we have, for large n, any x > 0 and
any integer p,
PP (—2) = O (E4(nz)e ™" (Ir(n) + Ir(—n))) = O (n+Ey(na) ),

where, for any € > 0, we set

z° ex® 20T
Es(x) = 9" "Tioct,coop + €7 Tiiymop +€° 7 Lgymoo}
and Jr is the modified Bessel function of order 0.

REMARK 7.0.4. The entire function Jyw, was introduced by the first author in
[PatQ9] as the increasing 1-invariant function of the self-similar semigroup K and
boils down, when 1 (u) = u?, i.e. Wy, =T, to Jr, which explains the notation.
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REMARK 7.0.5. Although we shall provide another proof, we mention that prop-
erty regarding the necessary and sufficient conditions for the orthogonality of
(Pr)n>o0 can be deduced from an elegant result of Chihara [Chi68] stating that the
Laguerre polynomials are the only sequence of orthogonal polynomials generating
the so-called Brenke type function of the form .

The remaining part of this chapter contains the proof of these two statements as
well as the uniqueness of the invariant measure.

7.1. Proof of Theorem [7.0.1]
7.1.1. Factorization of invariant measures. To prove the identity
(7.14) PI,f = ZT4Q:f, for any f € L%(¢) and t > 0,
i.e. the intertwining relation of Theorem [7.0.1{(7.3) we proceed in two steps. First,
we establish this identity in the space Co(R4). Then, we show that it extends to
L2(e). For the first step, by recalling from Definition the notation
th = Hn(t+1)dt+1f7 t>0, f € CO(E+)7

i.e. K is the Feller semigroup of a conservative self-similar Markov process on [0, c0),
we observe that relation ([7.14) considered on Co(R. ) is equivalent, because of the
deterministic space-time transformation, to the intertwining relation, for any f €

CO (@4‘)7

(7.15) KI,f =T,K"f t>0,

where we recall that K(©) stands for the semigroup of a Bessel process of dimension
2, see (3.7)). Now, to prove (7.15]) we resort to a criterion which has been provided
by Carmona et al. [CPY97, Proposition 3.2]. More precisely, they showed that the

intertwining relation (7.15]) is valid on Co(R ) whenever the following two conditions
are satisfied.

(1) The ensuing factorization of entrance laws, which characterizes the invari-
ant measures in our setting,

K\, f(0) = K17 £(0).
holds. Since according to with ¢t = 1 we have that

Kif0) = [ Faw(e)ds = Vo f),
0
we emphasize that, in our notation, this factorization translates to
(7.16) VoI f(1) = Ef(1),
where the Markov operators are defined in Lemma below.

(2) The operator associated to the entrance law of the semigroup K is injective
in Co(R4). More specifically, by means of the self-similar property of index
1 of the semigroup K, this means that

(7.17) for any f,g € Co(Ry), if for all t > 0, Vy f(t) = Vyg(t) then f =g.

Factorization (7.16) is the purpose of Lemma Lemma provides the

condition (717
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LEMMA 7.1.1. Let ¢ € N and recall that ¢ (u) = up(u). Then, we have the following
factorization of the multiplicative Markov operator £ associated to an exponential
random variable e of parameter 1, i.e. with

Ef(x) = E[f(ze)) = / flay)evdy, f € Co(®,),
it holds that
(7.18) Ef(x) = VoI,f(x) = ToVyf(a), x> 0,

where we have set Vy, f(x) = E[f(2Vy)] with V,, defined in Proposition |2.5.1|(1]).
Let g € L2(g) then (7.18)) holds with f = g at x = 1.

REMARK 7.1.2. We mention that, in the special case ¢(0) = 0, identity can
be reformulated as the factorization of the exponential law identified by Bertoin
and Yor [BY02b]. We also point out that in Lemma below, under some
additional conditions, we shall provide another factorization of this type which is
useful for proving the completeness property of the sequence of co-eigenfunctions

(Vn)nzo in L? (l/)

Proof. Since ¢ € N, ¢ € By, and we know from (6.4) of Theorem [6.0.1{[1)
and Proposition [6.1.1)(3) that both operators Z,; and V, are moment determinate

and more precisely we have, for any n > 0, z > 0, p,(z) = 2", using (6.11]) and

(2-20), that

(7.19) Zypn(x) = n ] pn(z) and  Vypn(z) = We(n + 1) p,(z).

W¢ (n +1
Hence,

ZoVypn(x) = VypLppn(z) = nl pp(x) = Epn(z)
and identity follows from the fact that the law of the exponential random
variable e associated to £ is also moment determinate. If g € L?(¢) then

19112 = £9*(1) = VyTog*(1) = ZyVyg* (1)

follows from elementary application of Fubini’s theorem. O

We proceed with the following corollary which is a consequence of the Bernstein-
Weierstrass representation of the Mellin transform developed in Chapter [0}

COROLLARY 7.1.3. For any ¢ € B, we have My, (z) # 0, for any z € C(g, o),
and, if in addition ¢(0) = m > 0,dy = 0, then My, (z) # 0, for any z € Cjg -
Similarly, My, (z) # 0 on the strip C ). And, if in addition ¢(0) =m =0, ¢
does not vanish on Co \ {0} and ¢'(07) < oo then My, (z) # 0 on the strip Cjg o).

Proof. The proof follows from the one of Theorem m (resp. Proposition
6.1.2)) of the absolute convergence of the complex logarithm of My, (resp. My,),

see from ([6.18) onwards. d

Recall that L°(A) stands for the set of measurable a.e. bounded functions on
A C R. The next result proves the second condition, that is (7.17]).

LEMMA 7.1.4. For any ¢ € N, Vy, € B(Co(Ry)) and is one-to-one in L™= (R;.).
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Proof. From the definition of a Markov operator, for any f € L*°(R,) and
yeR,
(7.20) Vo f(e!) =E[f(Vpe!)] =E[fe (y +InVy)] = fe x ve(—y),
where we have set
Ve(y) = e Yv(e™), fe(y) = f(e¥) € L(R)
and * stands for the standard additive convolution. Assume that there exists g €
L*>°(R) such that
Vyg(e’) = ge x Ue(—y) =0, for all y € R.

Then, according to the Wiener’s Theorem, see e.g. [BGT87, Theorem 4.8.4(ii)],
we have, for some b € R, that

12 M= [ et = [ e =o
0 R
which contradicts Corollary where it is stated that My, is zero-free at least

on z € C(o) and we know from (6.4 that for ¢ € By, Vg @ Vi and thus
My, = My, O

Now it remains to show that the intertwining relation (7.14)) extends from Co(R )
to L2(g). To this end, we first prove the following.

7.1.2. Proof of Theorem |7.0.1|1). First, observe that Z, is plainly linear.
Next, let f € L2(¢) and using Hélder’s inequality and the very last claim of Lemma

we get that

IZfI2 < / T, 2 (e)(x)de = VyT, f2(1)

(7.22) EFQ) =|IfIIZ < o0,
which shows that Z, € B(L2(e),L?(v)). The fact that Z, € B(Co(R4)) follows

immediately by the dominated convergence which completes the proof of Theorem
7.0.1(1)).

7.2. End of the proof of the intertwining relation ([7.3)

We recall that C.(R; ), the space of continuous functions with compact support in

R, is dense in L?(¢) and since Zy € B(L?(¢),L?(v)), and, from Theorem [1.1.1|(3),
forallt >0, Q; € B(L%(¢)) and P, € B(L?(v)), we conclude the extension of (7.14))
from Cq(Ry) to L2(g) by a density argument.

7.3. Proofs of Theorem and

Let ¢ € N and thus ¢ € By. Next, we recall that, for any n > 0, p,(z) = 2™, and

from (7.19) we have immediately that p,, € L2(v), n > 0. Also from 9 (u) = ug(u)

and (7.19) the monomials are eigenfunctions for Z, in L?(v) and

B n! _ (n!)?
Wo(n+1) iy ¢(k)

for all n > 0. Moreover, as the probability measure v(x)dx of the positive random

variable V;, is moment determinate, see Theorem|6.0.1{|1), the polynomials are dense

Itﬁpn(x) Pn (37) = Anpn(x)a



7.3. PROOFS OF THEOREM [7.0.1|(2) AND 121

in L?(v), see [Akh65| Chap. 2, Cor. 2.3.3, p. 45], which proves Ran(Zy) = L?(v) in
L2(v). To prove the last claim of item , we check with the notation above and
P(u) = up(u) that, for all n > 0,

1Zspally = Nillpalls = AXaWo(2n + 1)

o (49)
e ()

Since ||p,||?2 = T'(2n + 1), we get that Z, is not bounded from below if and only
if

2 p(k)
oz e ()
hm 72 = hm —k
n—o00 HanE n—oo HZ:l (¢]§2))
2—1 (w(k+n2))
(7.23) = lim N g

I ()

Next, note from (1.3)) that an integration by parts yields that

k i
1/}]52) =g’ + % + / eikyﬂ(y)dy,
0

where we recall that ﬁ(y) = fyoo TI(r)dr, see (1.5). If 02 > 0, and, assume without
a loss of generality that o2 = 1, then from ([7.23)) it suffices to show that

- o+ @k(n) " mn
. k(n+k . _
Jim 3o | 1- ——— < =l > (gt )
k=1 1+ 2+ [ e mIL(y)dy =
0

= —OO,
where we have set -
P = [ M- e )y,
0

If m > 0 the claim is clear. If m = 0, unless II(dy) = 0dy, y > 0, which holds if
and only if

Ti(0+) = /0 " yIi(dy) = 0,

we have since II is non-increasing on R and II(0*) > 0

e Y

n o] _ oo —
— lim » R — e (y)dy = — (y)dy = —cc.
nggok_l/o e (1 —e™)(y)dy /0 T o= W)y

If 02 = 0 the claim is obvious by noting that from the first equality in (4.2)) of
Proposition we get that k=21 (k) = k~'¢(k) is non-increasing to zero, as
k — oo, and therefore the last product in ([7.23)) is bounded from above by

Yin+l)  _ gn+1) =, (1)
(n+1)292(1)  (n+1)92(1) '
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Thus Zy is not bounded from below whenever II is not the zero measure on R or
m > 0. Otherwise, ¢(u) = o>u and by moment identification from (7.19) we have
that v(z) = 0~ 2¢7° %, 2 > 0, and Iy @ ;-2 That is for all f € L3(v), we have
that

Zo /]2 = / P o 2x)o e rd = || ]2

and the claim follows. This completes the proof of Theorem since item (3)) is
easily deduced from the first identity in (7.19)).

7.4. Proof of the uniqueness of the invariant measure

The intertwining relation allows also to prove the uniqueness of the invariant mea-
sure, that is v(x)dx is the unique invariant measure of the Feller semigroup (P;):>o.
Indeed, assume that there exists a measure 7(dx) # v(z)dx such that for all

f € CO(R-"-)?
PP = if = / f(@)p(dz).

From Theorem [7.0.1|[I)) we have that Zs € B(Co(R.)). Since Co(R) C L2(¢) then
the intertwining relation (7.3)) holds in Co(R,) and we obtain that

o(x)dz = /Ooo,, (;) D(Zy)dx,

where ¢ is the density of Iy, see Proposition , is an invariant measure for the
classical Laguerre semigroup @, and, thus by uniqueness of its invariant measure
v(x) = e(x) = e, x > 0. Hence, the factorization holds with V, replaced
by V that is the Markov operator associated to the variable V with law 7. By taking
Mellin transform on both sides of this new factorization and noting from Corollary
that Mz, (z) = vii@) is zero-free on C(g o) we get that My, (2) = My(2),
ie. v(dx) = v(z)de.

Therefore,

7.5. Proof of Theorem [7.0.3]

Let ¢ € N. Using the form of the Laguerre polynomials, see (3.4]), the first identity
of (7.19) and the linearity of Z,, we first note, for any n > 0, that

n n q;k
(7.24) ZyLn(x) > (1" (k>E 73] 5

k=0

7.2 = -1 k& k—p (2).
(7.25) S = P
As, for all n > 0, £,, € L?(¢) and Z,, € B(L?(¢),L?(v)), we get that P,, € L3(v),
and,
PIyL, () = TpQiLn(x) = e ™ TyL, (2),

where we have used successively the intertwining relation (7.14]), the eigenfunction
property of the Laguerre polynomials, see (3.6)), and, again the linearity property
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of Z4. This proves the first claim of Theorem [7.0.3(|1). The second one, i.e. the
bound ([7.10)), is obtained by observing that, for any n € N,

||Pn||l/ = ||I¢£n||l/ < ||£nHE =1,

where we used that Zy € B(L%(¢),L*(v)) is a contraction, see (7.22), and the
Laguerre polynomials form an orthonormal basis of L?(g). Next, using the fact
that V, is moment determinate, see T heorem, the polynomials are dense in
L%(v), see [Akh65] Chap. 2, Cor. 2.3.3, p. 45|, which gives that Span(P,,) = L?(v)
in L2(v). Moreover, for any f € L?(v), the Bessel property of the sequence (Py,)n>0
is obtained from the following relations

o0

STULPLP = Zlf,%ﬁ Z (T3 fo Ln)el” = T3 1112
n=0

IIme

where we have used the Parseval identity for the Laguerre polynomials (£,)n>0
in L?(¢) and that T € B(L?*(v),L?(¢)) is a contraction as the adjoint of the con-
traction Z, € B(L?(g),L?(v)), see Theorem . Next, assume that (Py,)n>0
is a Riesz basis, then being already a complete Bessel sequence it means that for
every sequence (s,),>0 in ¢2(N) there exists a unique f € L?(v) such that, for any
n >0,

(7.26)

IN

Sn = (Pn, v
Since (L£y)n>0 is an orthonormal basis in L?(g), we have that (s,)n>0 € (*(N) if
and only if there exists a unique g € L?(¢) such that for each n € N, s,, = (L,,, g)e-
Therefore,
sn = (Pn, Flv = (ZpLn, flv = <£naI:;;f>E

implies that the equation Z§ f = g must have a unique solution for any g € L?(¢).
In turn this means from the open mapping theorem that, with the obvious notation,
Iy = Zy" is bounded from below which from Theorem 2) provides a contra-
diction and completes the proof of item (| . Next, from the three term recurrence
relation satisfied by the Laguerre polynomials, see , combined with the identity

(7.24), we get easily, by linearity, that, for any n > 2,

TyLn(z) =T, ((2 + _1n_ x) Loo1(z) — (1 - i) cnz(x)>
_ <2 - i) Poi(x) — 2%(-1)’“(”2 l)E [If;“} %]:

(1
(- ra

The recurrence relationship ([7.11)) follows after observing that
1
k+1] _ k
E [Itb ] - ¢(1)E [17’1¢] ’
where the transformation 71¢(u) = J47¢(u+1) € B was introduced in Proposition

4.1.1{(9). Finally, from a classical result in the theory of orthogonal polynomials, see
e.g. [Sze75 Theorem 3.2.1], the sequence of polynomials (P,)n>0 is orthogonal in

Pn(z)



124 7. INTERTWINING RELATIONS AND A SET OF EIGENFUNCTIONS

some weighted L? space if and only if there exist real constants A,,, B,,C,, n > 2,
such that,

(7.27) Pn(z) = (Anx + Bp)Pr_1(x) + Cp, Pp_2(z).

First, equating the coefficients of the monomials 2™, 1 of ([7.27)) we get, since Wy (n+
1) = [1p_, ¢(k), that

1
$(n)
Then, equating the monomials z, "' in (7.27)) and from the expressions for A,,, C,,
we get that
o(1) ¢(n—1)
Bp=2-22 o -8 .
o) oy Y

This allows us to check that relation ((7.27)) holds if and only if the following equation
is satisfied

(n=2)¢p(n) — (n—1)d(n — 1) + ¢(1) = 0.
It is easy to verify that ¢(n) = o?n + m, with o2,m > 0, is a solution to this
equation. To show that there do not exist other solutions, we set

OO
M= Gur oy "=

and, observe that ¢ is a solution to the functional equation

gln+1) = g, n > 1,
with g(1) = 1. Hence,
Jy OB =0 2

pn+2)—o(1) n+1’

which completes the proof of (4). Next, from [CC89, Proposition 2.1(ii)], easy
algebra yields the identity (7.12]), i.e.

(o) tn
t _
e Jw, (xt) = ;Pn(—m)a,

for any x,t € R. Furthermore, we observe, forany p=1,...,n—1, and x € R, and,
modifying slightly here the notation to emphasize the dependency on ¢, that

n

0 L(k+1) (n) —-p
(PR(=a))? = T(k—p+1) W¢(l§+ 1)xk

k=p
_ F(n+1) nz_f) ("e") 2
P(n—p+)We(p+1) &= W, (k+1)
(7.28) = F(n 1 1) Por,(—x),

F(n—p+DWy(p+1) "7
where we recall that since ¢,(u) = ¢(u + p), we have, from (6.14),

W, (k +1) = ¢k + p) W, (k) = W
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_ logg(n)\ T _ 1 1
(e S0) —rge o

of the order of the entire function Jyy, as well as the lower bound for its type
@
- 1

lim ¢(n)n ¢

n—oo

The expression

)

ty > (1+¢)e

have been found in [BP14l Proposition 5.2]. We simply reproduce here the proof
of the expression of the type when 04 = 1 or equivalently when ¢ = 0. We recall
that

n

1 T
Iw, (@ Z « Wo(n+1) nl”

From the classical formula of the type of an entire function, see e.g. [Lev96l Chap. 1,
Theorem 3], with 0, = 1, using the asymptotic equivalent of

Wy(n +1) = Cyy/p(n)ef™, G(n / In ¢(u)du
1
in (5.2)) and the classical Stirling estimate

o 1 1
F(n + 1) ~ 7%7’1"_26_”,

we get that

i n" B I Ing(n)  Gn)\) _1
to =72, (F(n+ Wy (n+ 1)) = o, P <_ < o n)) v

where we have used the fact that In ¢(n) = O (Inn), which follows from Proposition
4.1.1{(3), and, by I'Hépital’s rule,

lim Gln) = lim In¢(n) =In¢(co) =Int.

n—oco N n— 00

Next, observe that, for any p > 0, with ¢,(u) = ¢(u + p) as above,

1 1
os — (14 1m 0B EPY T ( y, ledm)lossmtp))
! n—00 IOg n n—00 log gb(n) lOg n

where the last identity holds when ¢(o0) = oo using
p
6(n) < o(n+p) < (£ +1) o(n),

which follows from (4.4)) and Proposition |4.1.1{[2)), and is obvious when ¢ (c0) < oc.
Also using [Lev96, Chap. 1, Theorem 3] it can be shown that t; = t4, Next, from

(7.12), we get, after performing a change of variables, that, for all n,z > 0,

n! o~ dz

n! - dz
n z
= -—x % eij¢(z)7zn+1’
nT
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where the last contour is a circle centered at 0 with radius nxz > 0. Then, the
definition of the order, see [Lev96l Chapter 1], yields that for any « > 0 and for
large n,

max |Jw, (2)] < Eg(nx),

|z|=nz

where we recall that, for any € > 0,
o o [
Eg(x) = e'o® ¢H{0<t4,<oo} + e ¢H{t¢:o} +e’ L, =c03-

Hence, we get, that for large n and for all z > 0,

2

n|67n1nn

= 5¢("=’U)T (Ir(n) +Ir(-n))

= 0 (5¢(nx)e% 1“") ,
where we have used the integral representation of the modified Bessel function

Jr(n) = l/ emosfag,
0

™

| 27
|P’ﬂ(_m)| S 5¢(nx)&e—nlnn/ encosede
0

see e.g. [LebT2, (5.7.4) and (5.10.8)], and, for the last inequality the bound n! <
el=npnts, Finally, from (7.28]),
I'(n+1) 2 P
P(n—p+1) ’
ty = ty, and 0y = 04 we complete (7.13) since then £4(x) = &4 (x). The proof of
Theorem [7.0.3] is thus concluded.



CHAPTER 8

Co-eigenfunctions: existence and characterization

In this chapter, we initiate our lengthy study, that will also cover the two following
chapters, on the eigenfunctions of the adjoint semigroup P*, which we recall is
discussed in Theorem [[.1.1] We also name them the co-eigenfunctions of P. More
specifically, we say that, for some t > 0 and n > 0, V,, is a co-eigenfunction for
Py, or equivalently, an eigenfunction for its adjoint P} in L?(v), associated to the
eigenvalue e~ " if V,, € L2(v) and

PV, =e "V,
which can be rephrased as, for any f € L?(v),
(8.1) <f» PVn)y = (P f, Vi) = e_nt<fa Vn>l/'

The investigation of co-eigenfunctions turns out to be more delicate than the one
of eigenfunctions. Indeed, from the adjoint intertwining relation, see , they
are defined, whenever they exist, as the image of the Laguerre polynomials by
an unbounded from below operator, see (8.4). This forces us to develop several
strategies to provide relevant information regarding the co-eigenfunctions such as
existence, characterization, completeness and norm estimates. The next theorem,
which is the main result of this chapter, deals with the two first issues. Before
stating it, we recall, from Chapter |1} that

Ny = {1/1 eEN;o?>0o0rII(0T) = oo} , t = 00l250) +m+ﬁ(0+)

and N, = {ﬁ(gﬂi‘ — 1 with N, = oo whenever I1(0") = oo.

THEOREM 8.0.1. We have that V,, defined for any x > 0 by
RMy(z) (z"v(z))™ _wy(x)
viz)  alv) v(z)

(8.2) Vn(z)

nt in each of the following cases:

is a co-eigenfunction associated to the eigenvalue e™
(1) ¥ € Ny and n > 0, and, in this case,

Vo € C((0,1)),

(2) $ €N and 0 <n < 100
If € N&, we have, for n < Ny,

V, € N ((0,1))

TI(0")
2t 7’

V. ¢ L2(v).

127

Finally, if Ny > 1 then for any n >
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REMARK 8.0.2. Note that the final claim elucidates that V,, ¢ L?(v) for all n >
o+
H(20r ) with N, > 1. This phenomenon tells us that then the corresponding eigen-
values e=™ of the adjoint semigroup P are part of the residual spectrum. It seems
rare in the literature to quantify such a cut-off between the point and the residual

spectrum for such a general class of operators.

Ti(o+
REMARK 8.0.3. Note that the condition in item , for any n < H(20t ), is sharp

in the sense that for the existence of co-eigenfunctions of a specific gl. semigroups,
see Example [3.0.4] this is a necessary and sufficient condition.

The rest of this chapter is devoted to the proof of this theorem. We start with the
following claims on the adjoint intertwining relation.

PROPOSITION 8.0.4. Let v € N and recall that ¢(u) = @ € By
(1) For anyt >0 and g € L2(v), we have the following intertwining relation
(8.3) Q9 =1,F g,
where I € B(L%(e),L2(v)) is the adjoint of T,.
(2) Ker(Zy;) = {0}. However, Ran(Z3) = L2(e) if and only if ¢ (u) = Cu?.
(8) For any n € N, the equation
(8.4) ;9= ~Ln

has at most one solution in L2(v). Moreover, if, for somen € N, V,, €
L2(v) is a solution to the equation (8.4) then V, is a co-eigenfunction for
P, associated to the eigenvalue e™™.

Proof. First note that the claim T € B(L*(¢),L*(v)) follows readily from

Theorem|[7.0.1][T). Then, from the intertwining relation stated in Theorem[7.0.1][7.3),
and the self-adjoint property of Q;, we get, for any t > 0, f € L?(¢) and g € L*(v),
that

(85) <f7 I:;Pt*g>e = <PtI¢f7 g>u = <I¢Qtf, g>e = <f7 QtI;g>€7

which proves the identity (8.3). Next, the claim Ker(Zj) = {0} of the second item
is obtained from the fact that Span(P,) = Ran(Zs) = L?(v), see Theorem .
The fact that Ran(Z}) = L*(¢) if and only if ¢(u) = Cu® follows readily from
Proposition [7.0.1}2). Since Ker(Z3) = {0}, the equation has at most one
solution in L#(v). Hence, if V), is a solution of then V,, = (I;)_llln, where
(I;;)_l is the unbounded inverse of Z3. Therefore, since from the intertwining ,
we observe that Q:Z;V, € Ran(Iq*b), we get that

PVe = (T)7'QIpVa = (I;) 7' QiLy

(8.6) e_"t(l':;)_lﬁn =e "V,

which concludes the proof. [
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The description of the range of Z7 and of its unbounded inverse seem to be very
difficult problems. Thus, to identify and to provide conditions for the existence of
co-eigenfunctions, we implement the following two-steps program. First, by con-
sidering the formal adjoint of Z, in L?(R;), we transfer equation defined in
L%(v) into a Mellin convolution equation that can be studied in L2(R ) or even in
the sense of Mellin distribution, see below for a precise statement. Then, by
means of Mellin transform techniques we study to obtain, in distributional
sense, necessary and sufficient conditions for existence, uniqueness and description
of its solution. In particular, we get a characterization in terms of the Rodrigues op-
erator acting on the density of the invariant measures v. Then, applying the variety
of results on v (smoothness, positivity, small and large asymptotic equivalents or
bounds) developed in Chapter [5| we obtain (almost) necessary and sufficient condi-
tions for the existence of a unique solution to the original equation considered
in the Hilbert space L?(v).

8.1. Mellin convolution equations: distributional and classical solutions

Let us start by introducing the necessary notation to formulate the distributional
setting of Mellin transforms and we refer to [MIL86l, Chap. 11] for a concise descrip-
tion. We denote by E, ; (resp. E;,q)’ with p < ¢ reals, the linear space of infinitely
differentiable functions f defined on R, such that there exist two strictly positive
numbers a and a’ for which, for all k¥ € N,

f'(k)(l’) L o (xp+afk71) and f(k)(x) N (IQ*alfkfl) 7

(resp. the linear space of continuous linear functionals on E,, endowed with a
structure of a countably multinormed space as described in [ML86) p. 231]). We
simply write

(8.7) E - Uq>0E07q

with E’ standing for the corresponding linear space of continuous linear functionals
on E. We also recall, from Proposition [6.1.1|(1)), that P (I, € dy) = «(y)dy, y > 0,
and, Zy f(z) = [ f(zy)u(y)dy for a smooth function f.

LEMMA 8.1.1. Let ¢(u) = ud(u) € N.

(1) T, € B(L%(pa)) where we recall that po(z) = 2=, x > 0, with o € (0, 1).
Ifm =0 and ¢'(07) < oo then one may choose o« = 0. Moreover, denoting
by fg the adjoint of Ty in L2(pa), we have for any f € L%(pa) that, for
almost every (a.e.) x > 0,

(8.8) 79 f(x) = / " ey ) pay)dy,

where we recall that T(y) = ¢(1/y)1/y with ¢ the density of Iy. The adjoint
when o = 0 can be formally defined through the right-hand side of ,
in the case m > 0, for any f € L*(Ry) such that [° | f(zy)[ti(y)dy < oo
for a.e. x > 0.
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(2) We have that T} € B(L2(v),L%(¢g)). It is the linear operator characterized,
for any f € LQ(U) and a.e. x > 0, by

(8.9) T3 f () / f ey (ey)ily)dy ()Iqst()
where

Ty f(x) / flzy)ily)dy

(8) Moreover, we have v € Ej q Jor every ¢ >0 and T € Ep 1, for all p < 1.

Consequently, for any w c Eo,q, with ¢ > 0, we have that
(8.10) (TYw, Fey 8oy = (W.Zof)Ey B0y Vf € Bog,

where we have set I(;/w = wy/t and w+/t is the Mellin convolution operator
in the space of distributions, see [ML86l, Chapter 11.11] for definition and
notation.

REMARK 8.1.2. It is worth pointing out that the left-hand side of implies
| 1ty )ity < oo
0

simply by the virtue of the fact that Z, € B(L?(e),L?(v)) whereas f¢ may not
belong to B(L?(R4),L?(R;)), see item ().

REMARK 8.1.3. Note that for w € L(Z), we have the identities

2w = wv/ale) = [0 (D)) = [ ety = Zoulo)

which justifies the notation above.

Proof. Plainly, Z is a linear operator. Next, since for any a € (0,1), My, (a) =

E [Ig_l} < 00, see Proposition |6.1.2) we have, from the Cauchy-Schwarz inequality

and a change of variables, that, for any f € L?(pa),

T fIE, < E[/owf%m)pa(x)dx]=MI¢(a> /OOOfQ(w)pa(ff)dw

= M (@) |IfI.,

which proves Z, € B(L?(p,)). The latter is valid for a = 0 whenever M, (0) < oo
which, according to Proposition is true if m = 0 and ¢/(0") < co. For any
1,9 € L?(pa), we have, after performing a change of variables and using Fubini’s
Theorem, that

Tt = | h / " J(ey)y)dyg(e)pa(x)de

// ry”’ F(r)palr)dr

= <f7 ¢g>pa7
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which yields (8.8]) and item as the last claim is obvious. Since, from Proposition
7.0.1{{1), Z, € B(L?(¢),L?(v)) then Z; € B(L?*(v),L*(¢)). For any f € L?(¢), f >0
and g € L2(v), g > 0,

@t = [ [ fenidigomois
= /oo f(r)s_l(r) /00 u(r/z)g(x)v(z)/zdee(r)dr
0 0

= / f(r)eil(r)/ g(rv)v(rv)i(v)dve(r)dr
0 0
= (fie ' Togv)e.
Thus, we conclude . Let us consider item . Since the mapping
2= M (2) = Mg, (2) = M; (1 = 2) € Ajg,)

and [My, (z)| < Mg, (R(2)) < oo, for z € C(g ), see Proposition we deduce
from [ML86, Theorem 11.10.1] that ¢ € Ej ,, for every ¢ > 0 and v € E,, ; for every
p < 1. The proof of is immediate from [ML86] 11.11.1] checking that, for
any f € Eoq, ¢ >0,

Tof) = [ Sy = 61w, ko,
and thus
(TYw, Fey B0, = WV 6 Py Bay = (0. L6y B

where the last relation is simply [ML86| Definition 11.11.1]. O

Recall that the Rodrigues operator is defined as R f(z) = L (a:"f(m))(n)

PROPOSITION 8.1.4. Let ¢ € N, and, for any n € N, we write
en(x) = Ln(2)e(z) = RMe(2).
(1) Then, for any n € N the Mellin convolution equation
(8.11) 7Y f(z) = en(2)
has a unique solution, in the sense of distributions, given by
wy (z) = RMy(z) = %(m”y(x))(”) €E.
Its Mellin transform is given, for any z € C( o), by

(_1)n F(Z) (Z)
T(n+1)D(z—n)" "7

(8.12) My, (2) =

(2) In fact, writing po(z) =272, z > 0, with —00 < a < 1 — 2dy,

(a) if € N then, for any n >0, w, € L? (pa) NCF(Ry), and,
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(b) if v € NS, we have the following cases.

mot) 1 mo+) 1
If?’LENg:{pGN; ( )—§>Oand0§p< (t)_Z} then
(8.13) w, € L? (pa)
whereas,
— mo+) 1 mo+) 1
ianNgz{pEN; ( )—§<0(mdp:0, 0r,p>(t)—2} then
wn¢L2(pQ).

Moreover, for any n < N, w, € CN<="((0,t)) and if in addition
N, > 1 then w, € Cp* "' (Ry).

(3) Finally, if N > 2 we have, for any n < N, and x > 0, that

(8.14) Zwn(o) = [ waleniln)dy = 20(0).

REMARK 8.1.5. Tt is possible that n = 27 — 1 in jtem (@). Then whether
w, € L2(R,) or not can be extracted from the behaviour of the slowly varying

function / that appears in Theorem [5.0.2(5.4), and, from [SY78| (1.9)], which can
in turn be expressed in terms of the excursion measure n defined in (5.26)). Clearly,

though, in any case, w, ¢ L2(Ry), if n > N, + 1.

Proof. Let ¥ € N. Recall from Lemma that I%/w = wy/ t. Take
w € B ,, ¢ >0, and, with z € C(g 4), note that p.(r) = v* € Eg 4. Then, we have
that

Mzgw(z) = (W, P2-1)E)  Eo, = (W, ZoP2—1)E) , Be,, = M, (2)Mu(2),
where we have used that
Iqbpz—l(x) :Pz—1($)/\/l1¢ (2),
see (7.19). However, since, for any n € N, L,(z) = R(:();)(r), see (3.3), that is
en(z) = RMWe(2) we get, from [ML86, 11.7.7], that

(=D" _T(2)
n! F(z—n)r(z).

Putting pieces together, we get that the Mellin transform of a solution to (8.11))
takes the form

M., (2) =

_ D" Tk k) (=) T()
(8.15) My(z) = nl T(z—n) My,(z)  T(n+1)T(z— n)MVw(Z),

where for the last identity we have used from Proposition that My, (z) =
V‘E(Z)’ and, from (6.4) and (6.5)), that My, (2) = Wg(z). Next, since, from Theorem
6.0.1{3), we have that, for z € C(g ), 2 = My, () is analytical with

My, (2)] < My, (R(2)) < oo,
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we deduce, from [ML86, Theorem 11.10.1] that v € E ,, for any ¢ > 0. Hence,

by means of [ML86 11.7.7], we have that with f = w, = Ry, f € By, and f
is a solution to . The uniqueness of the solution and thus follow from
the uniqueness of Melhn transforms in the distributional sense. For 1tem (12), from
the expression of M,, in , we first observe, from Theorem again,
that for all n > 0, My, € A(,00)- Then, the classical estimates of the gamma
function combined with the asymptotic behaviour of My, in , yield for
any o < 1 —2dg and any v < max(N, — 1,0) that, for large |b],

1-— 1-—
e, (52 40) = (b e, (552 40) ) =0 (5.

Since N, = oo when 1) € N, the proof, in this case, follows easily from this estimate
by appealing, for the C5°(R.) property to a standard Mellin inversion argument,

explained in (1.36)), and, for the L2 (pg) property, to the Parseval identity (1.39)),
since for all n € N, recalling that p,(z) = %,

1 a
b'—>‘/\/l3 (2—Hb>‘ ‘Mwn( 5 —Hb)

and hence z — z~ 2w, (z) € L*(R, ), that is w, € L2 (pa). For ¢ € N it can be

checked immediately from [PS18al Theorem 5.2] that, if n < H(Oﬂ -3

€ L*(R)

€ L*(R)

1—
b ‘b”MW (2a+z’b)

and fails to be square integrable provided n > et _ % Therefore, the Parseval

identity (1.39)) gives the same condition to distinguish whether p_ 2wy belongs to

L2(R,) or not. Next recalhng, from Theorem , that v € CN‘((O t)), and,
for N. > 1, v € C0 (R+), we get the stated equwalent properties for w, and
complete the proof of the item . We proceed with item and thus assume that
N, > 2. To prove we first note that

[ ety = [ et (3) ao

Then ([5.46) yields that for any n < N — 2 and any @ > d, there exists a constant
C = C, 5 > 0 such that for any z >0

@)™

Then we get for an such @ that

~ > 1 /1
Tolwy|(z) < / wy (zy)|—t (> dy
¢|wn|(z) ; [wn ( )\y ;
= [ -1 1
< OL,“/ ya71—2L () dy
% Jo y° \Y

Cnﬁ —
= 1‘5’ MI¢(a) < 09,

—-a

since My, € A(p,) in any case, see Proposition Hence, f¢wn is well defined
d

in the sense of (8.8) with a = 0 and it is a proper product convolution. Clearly,
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then, for any n < N, — 2,
Mz, (2) = M, ()M, (2) = Me, (2),
where the latter follows precisely as in (8.15)) above. |

8.2. Existence of co-eigenfunctions: Proof of Theorem [8.0.1

From Proposition 8.1.4(2) and v > 0 on (0,t), Theorem [.0.2|(1)), we conclude
from the definition of V, = w, /v, see (8.2), that V, € cN+="((0,v)). Assume
for a moment that for some n € N we have that V,, € L?(v). Then from
IiVn = %iﬁwn and f¢|wn| = [ lwn(xy)]i(y)dy < oo. Hence, holds and
yields that

1
€
Finally, implies that V), is a co-eigenfunction of P; associated to the eigenvalue
e~". Therefore, it remains to show that V,, € L?(v). This is a difficult question
which requires, in particular, several of the very precise estimates developed in
Chapter We now observe that, for some n € N, V,, € L2(v) if and only if the
function

* - En

2
@v@)™) " 2w
8.16) Fy(z) = (n!)*V?2 =( == L'((0,1)).
(8.16) Fu(x) = (n)*VE(2)v () e vy €L(0.0)
Since v > 0 on (0,t) with v € CNv (0,t), see Theorem , for n < N, it
suffices to check the integrability of F), in neighbourhoods of 0 and t. In the case
1 < N, < oo, for n > Ny, we shall show by other means that V,, ¢ L?(v).

We state the following result after recalling, from the bound (5.5|) stated in Theorem
that for any ¢ € N and any a < dg, A € (0,v), there exists Cy, 4 > 0 such
that for all = € (0, A)

(8.17) v(xz) > Cyaz 2

LEMMA 8.2.1. For ¢p € Ny and n € N or ¢ € NS and n € Na, see (8.13)), we
have that x — F,(x)l{y<ay is integrable on Ry for any A € (0,t). However, if
Y e NS and © — 2w (2)ljz<ay € L2(Ry) for some A € (0,¢) then Fy(2)l<ay
is not integrable on R .

Proof. From (5.12) we have that v(z) = 27201 (1) with 7; the density of a
self-decomposable random variable which is known to be unimodal and hence 7; is
ultimately non-increasing, see [SY78, Theorem 1.1]. Therefore, for any x < A <t
we have that v(z) < C'z~2, for some C = C(A) > 0. This bound and the one
recalled in , yield that, for any n € N, for any a < dy and z € (0, 4),

2
(318 Cotul(@)pen) < Ful@)ljpes, = 2

v(z)
The upper bound with a € (2dgy — 1,d,) together with Proposition gives
the first claim for the integrability on Ry of z + Fy,(2)[{z<4y, for any A € (0,t).
The lower bound proves the second claim for the non-integrability. [

]I{x<A} < Cg a2t wi(x)
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Upon the classes considered, the study of the integrability property of F;, at t
requires different analysis that we split into several parts.

8.3. The case ¢ € Ny oo-

We start by investigating the case when ¢ € N o, that is when N, = v = oo, and,
from Theorem we obtain the following.

LEMMA 8.3.1. Let ) € Ny . Then, for any n € N, there exists Cy, > 0 such that

(8.19) (a"w(x))"™ X <—1>”5%W@"(x)e‘fi”<y>?,

where @(¢(x)) = x. Consequently, for any n € N, and A > 0, F,(x)ljy>ay is
integrable on R.

Proof. Recall that (5.7)) claims that, for any n € N,

% —n Oy " (@) oy du
(8.20) () X (=) () e I W
V2T Al
from which we deduce that

" v(r (")%&e*f,itp(y)% (¢ n F(n+1) _1\n—k n—kx
() % S T3 () T e

Since lim,_,~ ¢(z) = 00, hence ¢™(x) is the leading term and (8.19)) holds. From
the third equality in (8.16]), using the asymptotic relation (8.20) for n = 0 and twice

(18.19), we get that

- (@™’

T
> %W(ﬁ2n($)6_ I So(y)% 2 (xQnV(:L,))(Q") )

Finally, from the upper bound ([5.46)), we get, with k = 2n and @ > 1 therein, that
for any x > 0, there exists a constant C = Cy,, 7 > 0 such that

‘ (.’E2nl/(x)) (2n) S foﬁ,

which shows that F,,(z)l;,> 4y is integrable on R, and completes the proof of the
lemma. U

Lemma and Lemma complete the proof of Theorem [8.0.1j{1) when
Y € Noo,oo- We proceed with the remaining case of [8.0.1f(1]), that is ¢ € N \

Noo,o0-
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8.4. The case ¢ € Ny \ N, 0

We now discuss the case t < co and N, = co. Expanding the third expression in
(8.16)), to obtain the integrability of F), in a neighbourhood of v < oo it suffices to
show, for any 0 < i+ j < oo, that

(8.21) lim Y20 (@)

=0.
e V(.’L‘)

To this end we introduce the linear space
CX(Ry)={feC®Ry);VIEN, rypy <tand Suppf = [0,1]},

where

(8.22) ry=sup{0 <z <t f(z) =0} €[0,1],

and prove the following.
LEMMA 8.4.1. If ) € N \ Noo,o then v € C° (Ry).
Proof. Since from Theorem [5.0.2[2a]), we have v € C® (R™), we simply need

to check that, for all n € N, 7, < v. From (5.84) and the middle identity of
(5.85) on (0, ), we get, recalling that k, = Y7, jk; and k, = Y_"_, k;, that, for

alln € N,
1 R 1 (n)
—o (=
22 '\ g

(8.23) (—=1)" Zn: (;)W 3y

m=0

v (z)

(n—m)! ﬁk) (xfl) g ntm—k

[T k!

)

Ep=n—m

kn=Ek

with 77 the density of I, and T1¢(u) = ug(u+1) € N(4(1)) has associated Lévy
measure IT;. From Proposition [5.1.1)@2)), TT; (0%) = T[(0*) = oo, and clearly

v = li_)m Ppu+1)=¢(c0) =r.

Hence

T
From Lemma , for each n € N, there exists a%l) > % such that, for all
0<Il<n, ﬁy) > 0 on (%,a%l)). Thus, from (8.23)), r, ) < t for all n € N, which
completes the proof. O

LEMMA 8.4.2. If ¢ € Noo \ Noo oo then for any i,j € N, we have

@) (@)
(8.24) lim 22OV @)
ot v(x)
Proof. We work by induction in i + j for the whole class C° (Ry). When
i+j =0, for any f € € (R4) (8.24) reduces to limgq, f(z) = 0 which holds
since by definition € (Ry) € € (R4) and Suppf = [0,t]. Assume (8.24)) is valid
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for some n =i+ j and all f € C° (R;). Consider i + j = n + 1. Then, by the
L’Hospital’s rule
() ) () (-1 (i-1) ()
o9t LUy (2NN i),
ate  f(a) ate 9(x) 9(x)
where g = f’. Since g € € (R4) we see by the induction hypothesis that the

limit to the right vanishes. This proves (8.24) as v € C° (R4 ) according to Lemma
B41l 0

Lemmas [8.2.1}8.4.1| and [8.4.2 conclude Theorem [8.0.1f|1) in the remaining case,
ie. ¢ € Noo \ Nog,oo. We proceed with Theorem [8.0.1{[2) and the final claim of
Theorem R.0.11

8.5. The case 1) € N<.

In this case we have that t < oo and N, < oo.

LEMMA 8.5.1. Let vp € NS. Then, for any A € (0,¢), Fy(2)lz>ay is integrable
(resp. not integrable) on Ry if 0 <n < 0 ) (resp. H(QO:) <n <Ny Ne>1)

REMARK 8.5.2. The case ooeh) _ n depends on the slowly varying function ap-

2t
pearing in ([8.20)).

Proof. From Theorem [5.0.2f(2c|), we deduce, after expanding the right-hand
side of (8.16) that, for any n =1,..., Ny,
(v (x))z
v(z)

where C,,C' > 0 and [ a slowly varying function at 0. This completes the proof. [

oot
T

(8.26) Fo(z) ~ C, —n=L(

H{m<t} ~ (j(t - x) v — x)H{z<t}a

Note that always Vo = 1 € L?(v). Next, we assume first that
(0+)

Ne =T T-1>1

which implies that if n € N and n < (Qt ) then n € Ny, see (8.13). Then, Lemmas

and - give that V E L2(v) for any 0 < n < H(O HOT) - Also, Lemma

shows that V,, ¢ L2(v) if &) ) «n <N, N> 1. Assume from now on that
+ 1

and N, > 0. Then necessarily, from Proposition|8.1.4{[2)) we have n € Ny and hence
wy, ¢ L2(R4). The latter may be due to either w? is not measurable and in this

2
case the proof is completed since from (8.2), V2 = “u_ or the measurable function

w2 is not integrable on an open set E C (0,t) with the possible alternatives

i) 0,v ¢ E or/and

ii) w? is not integrable at t or/and
iii) w? is not integrable at 0.
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If i) holds then, since ¥ > 0 and continuous on (0, t), see Theorem [5.0.2{[1]), then
plainly w,, ¢ L?(R,) implies that V,, ¢ L2(v). If i) holds, then since from Theorem

50229
T o) -1
I/({E) ~ C(t - (E) N l(t - x)]l{z<t}v
where C' > 0 is throughout genemc and [ a slowly varymg function at 0. Then,

assuming first that N, = [H(O )] 1> 1 leads to ( 2 > 1 and hence there exists
C, A > 0 such that

A w? (:17) v T

iz [ i o [wiwar> o [ ui@ar= .
o v() A A

which gives the statement in the case N; > 1.

The case iii) is dealt with as follows. Since w, ¢ L?(Ry) then from Proposition
8.1.4|2) we have that even z — zw,(z) ¢ L2(Ry) and if z — z2w?2 () fails to be
integrable at O then Lemma furnishes that V,, ¢ L2(v). Otherwise, clearly, at
least case i) and/or case ii) must be valid for w,, and hence V,, ¢ L?(v). This, com-
pletes the proof of Theorem . Next, we discuss the final claim of Theorem
8.0.1L The claim V, € cN+=" ((0,t)), n < N,, follows from Proposition ,

(8.2) and v > 0 on (0, t), see Theorem [5.0.2)(1)).

We close this chapter with the following additional properties of the adjoint inter-
twining operator.

LEMMA 8.5.3. Let ¢ € N.
(1) Then Ran(Z};) = L*(¢) and Ker(Zy) = {0}.

(2) For any o € (0,1) we have that Ran(I¢)L2(pu) = L2(p,) whereas when
Y € Ny with m = 0 and ¢’ (01) < oo, this extends to o = 0, i.e. to
L*(R4).

Proof. From Theorem 1)) and (8.4) we have, for any ) € N, and n € N,
Vo € L?(v) and T3V, = L. Hence Span(£ ) L?(e) entails that Ran(Z}) = L*(¢)
and N
Ker(Zy) = Ran(Zy)" = {0} .
This proves item . Next, let us consider, for any 5 > 0, the power series
We(n+1+p5)
_ ,8 ¢ 1) ™
fa(z) Z n+1+ﬁn'( )t
= xﬁfg(x).
From and Proposition |4.1.1{(3]), we get that
lim W¢("+1+6> 200
n—oo Wy(n+ B)n(n+ )  n—ocn(n+ )

Thus, fg is an entire function. Clearly, from Theorem 1} Wy € A(o,00) and
hence

(8.27) Mgp(z) =T(2)

Wy (—z+1+ )
F(—z+1+p0)

€ A0,148)-
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To show that Mgy is the Mellin transform of f3 we proceed as follows. First, for
any n € N, b € R, the recurrence relation of the gamma function yields

I'(—n—3%+ib) | 1 I (n+ 3+ ib)
Dn+3+8-ib)| TI|-n—L+ib+j||T(n+35+05+ib)
Then, from the latter and [PKOI, (2.1.16)] applied with z = n + 3 + ib we get
uniformly for b € R

I (—n— 3 +ib) 1 1
T'(n+3+3—ib) 152 [-n — 5 +ib+ ] In+ 5 +ib]*+7
I (3) !

I2(n—2%)|n+L4ib["*Fn— 1 +ib|
Moreover, from (6.5)), Wy is a Mellin transform of a nonnegative random variable
and therefore

3 . 3
’W(z; (n+2+6+lb>' §W¢ (n+2+6> .
From the estimates above and the fact that Mg in (8.27)) extends to a meromorphic
function on C(_ ¢}, we obtain

Wy (n+ 3+ B) 1

I2(n—13%) |n+3+ib["Fln—1+ib|

Since 8 > 0 the right-hand side of is integrable along any line —n—%—i—ib, n e
N. Inspection of the steps above shows that similar integrable bound for |Mg|,
whose proof is based directly on the decay of Wy since Ny = oo > 2, see ,
holds even with n = —1. Therefore, by Mellin inversion, a shift of contour and an
application of the Cauchy Theorem, we get, for any M € N, that for some function
h:Ry —R

529 st (0= o) <o

1 [ 1 1
hz) = - 272 P Mg (2+ib)db

M
_ Won+1+8)  \n n

(8.29) = n:om(_l) T
1 (o)

4 1
+ M=\ (—M —5+ ib> db.

2 J o

To conclude that h = f3, see (8.27), it remains to show that the very last term
vanishes as M — oo. First, we invoke (5.2]) and Proposition 4.1.1f{3) to check that
for large M,

W¢ (M—|— g +ﬁ> S M1/26M(lnM+lno2+o(l))'
Second, the Stirling asymptotic yields
F2 <M+ ;) Z 6%]\/Iln(M).

Hence, for any fixed = > 0

3
lim M Wy (M +3+ 5) < lim M%xMeM(lnM-&-lnaZ—i-o(l))—%Mln(M) -0
M—o0 2 (M 4 %) ~ M=o
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and using (8.28]) we get that

Mﬁ (—n— % +ib>

and hence the integral in (8-30) goes to zero as M — oco. Thus, Mg is the Mellin
transform of fz and

1 D(3+ib)Wy(14 B8 —ib
aty (Lo i) - TG0 45—
2 I'(1+ 8 —ib)
From the asymptotic estimates (9.7) for the gamma function combined with (5.3))
with u = 2, since N, = oo, we get that, for |b| large enough,

IMs(1/2 +ib)| < C|b| =772,

—3nln(n)

< 1
~ |b|2+5

€

Thus, for any 8 > 0,

IMp(1/2 +ib)| € L*(R)
and from the Parseval identity for Mellin transform, see , we deduce that
fs € L*(R4). Choosing 8 = /2, a € [0,1), then f,/o(z) = xo‘/Qfa/g(a:) and
therefore f, /o € L%(pa). For A,z > 0, set

2/2(®) = faya (Az).
Then fé‘/g € L?(pa) since fo/2 € L?(ps). By dominated convergence, one shows
using (8.27) and Proposition that

_ OOW<n+1+a/2) n n+a/ _ a/2 —Ax
I¢f2/2(.’lﬁ) = I¢ <n¥O F(fl+1+0[/2)n!(_l) ()\5[;) + 2) _()\.’)3) /e A

= pa/Q()‘z)eiAz'
Hence I¢fa>\/2 € L%(p,) and p_a/QI(bf;‘/Q € L2(Ry). Since, withe_y(z) = e™* 2 >
0, the linear hull of {e_», A > 0} is dense in L?(R) and Z,, € B(L?(pa)), « € (0,1),
see Lemma [8.1.1{(1]), we get that
Ran(Zy) s,y = L?(pa)-
Finally, when ¢ € A" with m = 0 then Z,, € B(L?(R,)) and this shows that in this

case Ran(qu)Lz(R” =L2(R,). O



CHAPTER 9

Uniform and norms estimates of the
co-eigenfunctions

With the aim of characterizing the domain of the spectral operator, we continue our
study on the co-eigenfunctions by focusing on their asymptotic estimates for large
n considered in different topologies. We emphasize that the problem of estimating
the norm of V,, in L2(v) for large n seems extremely delicate as one is dealing with
a weighted Hilbert which, in general, should require uniform asymptotic estimates
for the co-eigenfunctions V,(z). We point out that there is a rich and fascinating
literature on uniform asymptotic expansions of the Laguerre polynomials which
reveals already that this issue even in a simple case with explicit expression and
several representation at hand is far from being trivial, see e.g. [Sze75] and [Tem90]
for a thorough description. In this direction, we also mention our recent work
where such uniform asymptotic analysis is conducted for some generalized Laguerre
polynomials leading to the concept of reference semigroup that we elaborate in the
next chapter. We carry out three different approaches that give the bounds for w,,
or V, stated below, two are of complex analytical nature whereas the last one relies
on probabilistic arguments. Recall that, with

. ([ 1e(by + ib)|)
0, =1 In| ———%*)d
=? \b|ljmoo 0 " < o(by) .

we have the class
No ={veN;8,>0} and dy = {u < 0; p(u) =0 or p(u) = —oo}.
Also recall that

_ (@"v(x))™
THEOREM 9.0.1. (1) Let us assume that v € Ng. Then, we have for any

a>dg (ora>0if $(0) >0 and dy = 0), for any € > 0 and n large,
uniformly on x > 0,

(9.1) 2%|wy (z)| = O (n%—ae(TQ¢+e)n) 7
where we recall that T@¢ = —Insin©,. Therefore, recalling that pa (z) =
= x>0, ac(0,1), we have, for large n, that
(9.2) [lwa]] = O (n%_“e(T@WLE)") ,
(9.3) H“’ — 0 (nhectaston),
Pa|lp,

forany dy < a < 3 in (0.2) and dy < a < 2 in (9.3).

141
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(2) Let ¥ € Ny, i.e. P(u) X Cou®tt a € (0,1),Cq > 0. Then the following
estimates hold.

(a) For any a > dy and € > 0,

(9.4) Dn =0 (n%_ae(T’f@“)") ,
Uy llz,
where we recall that T, = —Insin (%a) and
1
vy(z)=e"" 2>0,7y>1+a.
(b) Recalling that Ty, ,, = max (Tﬂa,l + pi), where p,, is the largest
solution to the equation (1 —p)écos (W) = %, we have for
large n and for any € > 0,
(9.5) [Vall, = O (eTreratn)

REMARK 9.0.2. We point out that a better pointwise handle of w,, () in the scenario
of item ([2)) is attained in (9.19) but this does not allow for the improvement of the
norm estimate.

REMARK 9.0.3. To derive the estimates (9.5)), we resort to the Phragmenn-Lindel6f
principle. This approach requires that the asymptotic behaviour of v is character-
ized in terms of a conformal mapping forcing us to specialize to the class N,.

9.1. Proof of Theorem [9.0.1{|1) via a classical saddle point method

FixneN,a>dy, —a¢ Nand z=a+1ib. As 1 € No C Ny oo, then Ny = 00, see
(1.8), and there exists a constant C, > 0 such that for any b € R

(9.6) My, (a +ib)| < CpeQslblto(bl)
with ©, € (0, 5], see Theorem [6.0.2((2b). Note that (8.12) gives the Mellin trans-
form of w,,
_ (=1)"P(z)
M) = T 3 1T -y 1 )
Since My, € A(q,,00), see Theorem [6.0.1{3), then plainly M., € A(4,,o0). Thanks
to and Lemma with N, = oo, Mellin inversion, see ([1.36)), yields, for

x > 0, that
E .
Wn(@) = 2ri J, v F(n+1)I'(z —n)
and, since for the integrand |f(a + ib)| = | f(a — ib)|, we get that
W [® IDatib) |
<
o ()] < C /0 T Py M (o i)l

where throughout C stands for a generic positive constant. Recalling the for-
mula

My, (2)dz,

—100

™

T(a+ib—n)|[L(n+1—a+ib)| = |sin(m (@ —n —ib))|’
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and the uniform bound
Isin(m(a + ib))| < Ce™®!
together with the exponential decay in we get, for any a > dg, that
<|r i0)| [T 1-— b
o] < e [T BTG L et i)
0 P(n+1)
Next, using the asymptotic relation (9.7), we get, for any 0 < e < ©,,, that
. _ .
lwn(z)] < C’:v_a/ Mot a+lb)|e(%_g¢+e)
e Tt
Hence, using [PKO01l Lemma 2.6], we obtain, for large n, that

e(w—@¢)b+o(b)db.

bdb.

lw,(x)] < Cxn'™® ¢ 5 — 9y te

Tnt+1) " ( 2
The Stirling approximation for I' (n 4 1) in shows that holds. To prove
it suffices to integrate for a > % in a neighbourhood of infinity and to
integrate for dy < a < % in a neighbourhood of zero. Finally, it is trivial to
extend our estimate ([9.1) for a = 0. Similar arguments give completing the

nlnn—n T )n-i-%—a

proof of Theorem

For the convenience of the reader, we recall the following auxiliary well-known result
on the asymptotic of the gamma function that was used in the previous proof, see
e.g. [PKO1] (2.1.8)].

LEMMA 9.1.1. For any fired a € R

(9.7) ID(a + ib)| X Cylb|* 251,
where Cy > 0. We also have the Stirling approximation
(9.8) T(n+1) X V2mn T3¢ "

9.2. Proof of Theorem [9.0.1((2) via the asymptotic behaviour of zeros of
the derivatives of v

We start with the following useful Lemma.
LEMMA 9.2.1. Let 1) € Nog oo. Then, with the notation of Lemmal[5.3.1) there exists

a sequence G, = (@n, = a,* > 0)y>0, such that for any n € N, for any D € (0,1)
and x> D7 ta, 1 >0

9.9) @) < (ui)np)"“) (n!)2e0<n)@,
(9.10) ‘(x"u(m))(”) < ((1?:))"“) (n!)%e°™y (D).

Proof. Let ¢ € N oo, i-6. t = ¢(00) = 0o. Recall that (5.84) states v(z) =
9~c_2i71 (z71). Then, from (5.85), we get, recalling the notation k, = Z?Zl k; and

kn =325, jkj, that

(n) n
(1 _ (—1) n! lA(k) 1
(”1 <x)> TR 2 kkﬂ@!...knlfk”l z)
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Next, we use the estimates (5.39)) applied to 73 with 1/v = 0. Therefore, for k < n
we get
1

)
Daj1

1

_ 1 1
x> (Dapy1)” =D Gpy1 > D gy =

where D € (0,1) and hence with D = 25 we arrive at

o) (271) < KD 2*Dy (D)) .

Thus from the expression above we obtain with p(n) the partition function of n,
that, for all z > D~ '@, 41,

(9.11) ‘(ﬁl(x‘l))(”)‘ < (E” v 1) (n!)?p(n)z "%y ((Dx) ™).
Thus, for > D™'a, 1, from and v(r) = 2720, (x_l) we get via
‘,/(n) (x)’

A
s
S
&
\
NE
—
3

YDt (5 1)

m=0 zmte
< 27 "w(zD)D? (ﬁn v 1) i (Z) (m 4+ D((n —m))2p(n —m)
m=0
<

7 "v(zD) (En v 1) (n!)2n?p(n)
= z "w(zD) (En \Y 1) (n!)2e0™)

where we have used the celebrated asymptotic formula

p(n) - eﬂw/Zn/B
4n\/§ ’

which can be found in [Usp20]. Similarly, for 2 > D~ 'a, 1, using (9.11]) again,
we get, for n > 2, that

@)™

_ ‘(x”_2ﬁ1(x_1))(n)

D ((De)™) K n (=2 —aem N e(n— m
— () (D" v 1) (0= m))? p(n — m)

x m) (n—2—m)!

3
I

< DvtaD) (B i) 3 2

n—2

< v(zD)p(n)(n))? (5” v 1) 3

m!

< ev(zD) (En v 1) (n!)2e°™

which completes the proof of (9.10). When n = 1 a similar inequality holds. (]
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We are ready to prove Theorem [9.0.1)(2). Recall from Lemma that

¢
E(y):n(/ eesds>y>7 for y > 0,
0

with & defined in Proposition and n,e,¢ in (5.2.1). Note that, for 0 < € <
1

¢
n(C>y)§n</0 e“5d5>y> gO(n(C>ey)),

where the first inequality is absolute since ¢; > 0. For the second observe that

¢
(9.12) n(/ eesds>y> < n( sup es>—lne> +n(¢>ey),
0 0<s<(

and, note that since ¢ € Ny C N oo then

lim n (¢ > ey) = oo,
y—0

see Lemma [5.2.5((2)), whereas

n| sup es > —lne | < oo.
0<s<¢
Next, recall, from (5.26)), that n(¢ > y) is the tail of the Lévy measure associated
to ¢ € B and
P((u) = ¢(u)¢ (¢(u)) = u, u > 0.

Put a5 = o+ 1. Since v € Ny, ¥(u) X Cou from a classical result, see
e.g. Proposition 1.5.15], we have ¢(u) ~ C;*u=1 and thus

~ 0 [6 J

Aly) =n(C>y) ~ C™ e

Since ¥ € Ny o then v = oo in Lemma [5.3.1|[I)) and with a,, > 8, = sup{y >
0; ®(y) > n} therein, we deduce that

an > By <X n”.

We also have, from (9.10), that, for any fixed D < 1 and z > D~ 'a_ !

n+1>
@)™ pr
o(n)
p < <(1 — Dy \% 1) nle®™ v (Dx).

x

(9.13) |wp(z)| =

2

Thus, recalling that 7y(z) = e *", 2 > 0, with v > a1 = a + 1, and, since
ap > fn X n7% we can assume that a,! < n® for all n big enough to get

that
2a," 2 2n°1 9 2
/ w"(z)daj </ Ii}n(fﬂ)dx < - ||wn|| _ eo(n)||wn||2'
0 0 vy (z) Uy ((2n)r)
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Next, the bound (9.13) with D = %, for # > 2a;! and the asymptotic equivalent
(5.9) for ¢ € N, yield for large n and with some generic constant C' > 0 that

e < (@) ™)

ne1 Uy(2) = (n)? Jyue Uy (x)

o 2 (x

< (n|)2eo(n)/ i (é)da:
omer V(@
00 1 o oL

S (n|)2eo(n)/ efczaerW de < (n|)2eo(n)€77n o
2n%1

< 67%”1+é

Therefore,
W,

< e [[* +o(1)

97
and (9.2)) provides (9.4).
9.3. Proof of Theorem through Phragmén-Lindel6f principle

This part aims to provide norm estimates of the co-eigenfunctions V), in the weighted
Hilbert space L2(v) when 1 € N,. The approach we develop here is based on the
Phragmén-Lindeldf principle which allows us to obtain precise bounds on a sector
of the complex plane for the invariant density v and its derivatives. In this vein
we denote by 6, the angle of analyticity of v, i.e. v € A(f,). We first state the
following bound, which is an extension of .

LEMMA 9.3.1. Let ¢ € No. Then, for alln,k € N and a > dy (or a >0 if dp =0
and $(0) > 0), we have, for all z € C(Q,), that

(9.14) (@)™ < c(larg 20) |21+,
where C(|arg z|) = C(n, k, a,|arg z|) > 0 is increasing in | arg z| for fived n, k,a.
Proof. Recall that since ¢ € Ng then v € A(8,) from Theorem [5.0.2|(3)), and,

from Proposition [6.0.1{[2) combined with the upper bound in (6.47)), that, for all
€ > 0 and a as in the statement, its Mellin transform is for large b,

My, (a+ib)| = [Wyla+ib)| = O (e=(Gse)01).

This enables to use the inversion formula ([1.38)), to get that for all n,k € N, a as
above and z > 0,

1 k a+n—k+ioco
(a:"v(x))(k) = ! / x5 (s — k) My, (s +n —k)ds
2mi a+n—k—ioco
_ <_1)k n—k atieo —s _
(9.15) = 5t (s =) My, (s)ds.

Let now z € C(@4) and choosing € > 0 above such that . = ©4 — € —argz > 0,
we get that

a+100
/ 2z %(s —n) My, (s)ds

—100

§¢/ |(a+ib—n)k|670“b|db<oo.
2

— 00
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The upper bound is then easily derived by means of this latter bound com-
bined with an obvious extension of the identity . Finally, the monotonicity
in | arg z| of |z~ | = |z|~%el 2821l yiclds the same property for C(n, k, a, | arg z|)
for fixed n, k, a. (I

We proceed with the following estimates.

LEMMA 9.3.2. Let ¢ € N, i.e. ¥(u) ~ Cou®tl o € (0,1). Then, for any n > 0,
zeC (ga), we have that for any 0 < € < T, there exists C = C(e,n) > 0, such

_1
that with ¢, = aCy

= arg z 1
015) 0 (14 2) < G (=)

Proof. We first consider the case n = 0 and we set, for 0 < e < § and z > 0,
V(@) = v (1+2%)e(z) = v (1 + z%) o™
Then, the asymptotic bound . for v (1 4+ z%) entails, that, for large = > 0,
|Ve(f£)| _ |l/(1+f£ ) ( )| <e —Ca(l— cose)ero(z)

Therefore since v € Co(R4.), see Theorem [5.0.2|(2al), there exists a constant Ce > 0
such that

(9.17) sup |Ve(2)] < C-.
x>0

On the other hand, Theorem [6.0.2((2(b)ii)) implies that ¥ € Ng with ©4 = Za and,
thus thanks to Theorem ‘j veA (ga). Hence, V. € A (g) . If z. € C with
argZ. = 3 — ¢, then 1+ 2% € C (Za). Thus, estimate applied to v (1 4+ Z¢)
with a > 0,k =n = 0, yields
(9.18) Ve@)l = [v(1+7Z2)ee (zo)]

= A+ <C N+ <0

T ~ ~ (T
QE*QG(§7 )’ e*Ce<§*€) >0
and we have used that since argz. =
lec (Ze)| =

Therefore, we deduce from the bounds (9.17) and (9.18]) that the function V. is
bounded on the boundary of the sector

(C+<§—e>:{z€(c;0< arg(z)<g—e}.

It is obvious, again from estimate (9.14) with n = k = 0 and some a > 0, that, for
any z € C* (5 — ¢€), we have that

Vo(2)| = ‘,,(1 420 ¢ealle

where C' = C(a,a (% —€)) > 0 is the constant in Lemma and C(a,-) is
increasing. Thus

where

=1.

i(arg z4€)

< Cebe cos(arg z+€)|z|

|V;(Z)| < Clele cos(arg z+e€)|z|



148 9. UNIFORM AND NORMS ESTIMATES OF THE CO-EIGENFUNCTIONS

then 1 < &, an

T _¢o

for all z € C* (% —¢). Since, clearly for any 0 < ¢ < %,

2
application of the Phragmen-Lindelof principle, see e.g. [Tit39], yields that, for
any z € CT (Z —¢),

[Ve(2)| < C.

where

C. = max(C.,C.) > 0.
Thus, for any z € C* (£ —¢),

|V(1 +Za)| < 666_60‘ cos(alrgz+e)\z\7

and we conclude that

- argz 1
v (1+ 2)| < Coeeo cos(Ma=te)lzle

The case argz € (— (5 —€),0) is identical. This proves the statement for n = 0.

The case n > 1 follows similarly using the asymptotic equivalent (5.9)) valid for v
for all n > 1. O

Our next lemma gives the bounds to complete the proof of the estimates in Theorem
9.0.1)(2b)).

LEMMA 9.3.3. Let ¢v € N,. Then, for every x > 2, we have that for any p €

(O,sin (ga)), e >0 and n >0, there exists C = C(p,€) > 0 such that

- 1
(9.19) w,(z)| < CR(x — 1)e” Cerr=D®
where
Ry(z) =144t
xr) = — JE—
’ p plz—1)
and
Cop = Ta (1= p)* cos (amsm(ﬂ) N )
«

Proof. Recall that since ¢ € N, then v € A (ga). Then, an application of

the Cauchy integral representation yields, for p € (0, sin (204)) and any = > 1 and
r1 =z — 1, that

@)™ |1 ¢"v(C)
lwn ()| = | %i%((—m)”ﬂdc
@ + pa |

< sup |1/(1+a:1 (1+pei9))

P I 6ef0,2q]

b

where the integral is over the circle
C={z€C;|z—1x| <px1}C(C(ga).

Next, observe on the one hand, that

n

< R(21) = R}z — 1)

T+ px1
pr1
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and, on the other hand that

sup ‘1/ (1+a (1+ pew))| < sup|v(1+2)]
0€[0,27] zeC

< sup |v(1+2)
2€Cp, 2,

where
CCC,s ={2€C; R(2) > (1—p)z1 and | arg z| < arcsin p}.

To complete the proof, one bounds the last term by means of estimate (9.16|) applied
to |v (1 + z)| with |z| = (1 — p)z; and arg z = arcsin (p). O

We are now ready to derive the bound Theorem [9.0.1j|2b)). To this end, for any
A>2 néeN, we write

V(z) = Va(@)jo<a<ay + Vo(2)liasay
= 1, (7) +Un(z).
Next, choose p € (O,sin (ga)) such that

(1—p)= cos (arcsm(p)) = % +h,

[0

for some h € (07 %), and choose ¢, €; so small enough that

T(p,h, € €1) = (1+2h)cos (€) — (1+e€1) —2(1— p)= sin ((arcs;“(p))) sin (€) > 0.

Since from there exist C'4 > 0 such that for x > A,
V() = Cae e DE re),
the bound with € combined with an expansion of
cos(x + y) = cos(x) cos(y) — sin(z) sin(y)
gives, for some constant C' = Cj ¢ 4,, > 0, that

oo 2
Wl = [

4 v(z)

% a(a—1)% (2(1—p) & cos (=R L) (14
< CR,%”(A_U/ =T (@= 1) (21=p) cos (22 1e)—(14er)) o
A
= CR,QJn(A _ 1) /°° 6_60(1_1)%T(p’h’€’51)d1‘
A
< C'RMM(A-1),

since R)(r) is decreasing in x. Thanks to (9.1)), for any = > 0, a > dy and

€€ (O, goz),
2 1-2a ¢ (T I o
wi(z)=01(n sin (§oz—e> x ,

where recall that dy <0, see (1.19). Theorem [5.0.4)(5.5)) yields that for z < A and
any a = —dg + ¢,
v(z) > Cox®
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and henceforth

A 2 —on A
/ wy, (2) de = O | nt—204in (Ea -~ e) / p—2ds—2c+ds—c g,
o v(@) 2 0

as long as € < 1/3. Therefore, we conclude in this case as well that

v, |7 =0 <n12a sin (Ia — e) 2n>
=nllv — 2 .

Combining the estimates for ||v,,||2 and |[7,,||2 we complete the proof of (9.5)).



CHAPTER 10

The concept of reference semigroups: L*(v)-norm
estimates and completeness of the set of
co-eigenfunctions

We develop here the concept of reference semigroups whose main underlying idea
can be explained as follows. It consists in identifying gL semigroups P which sat-
isfy the following two criteria. First, their special structure permits to study their
spectral decomposition in detail. In particular, one has accurate information on
their sequence of co-eigenfunctions such as precise norm estimates and complete-
ness. Furthermore, there should exist a subclass of gl semigroups such that for each
element P in this class we have the adjoint intertwining relation PfA* = A*P: ,
where A* is the adjoint of a bounded operator. Indeed, under these conditions
one has, with the obvious notation, V,, = A*V,, providing readily the existence
as well as bounds of the norms of V, in the L?(v) topology. Another delicate is-
sue that is of great interest concerns the completeness properties of the sequence
(Vn)n>o0. Assuming that this property holds for the sequence of co-eigenfunctions
of the reference semigroup P, one may deduce this property for (V,)n>0 as soon as
the bounded operator A* has a dense range. Although this approach may be ex-
tended to more general classes, we present below two different reference semigroups,
namely the one-parametric class of self-adjoint Laguerre semigroups and the two-
parameter family of Gauss-Laguerre semigroups whose detailed spectral analysis
has been conducted by the authors in [PS17] and are reviewed in Example
above. In particular, this approach enables us to deal with the spectral expansion
in the full Hilbert space of the perturbation class Np, that is when o2 > 0. It is
worth pointing out that one of the main technical difficulty in implementing this
approach is to identify intertwining operators which are bounded in the appropriate
Hilbert spaces. One of the key steps in achieving this aim is the new development
on Bernstein functions presented in Proposition [£.2.2] namely that a subset of the
cone of Bernstein functions is invariant under multiplication. Recalling the nota-
tion ¢, (a) = Lo+l (atl)

Flntatl) for n € N and a > 0, we are now ready to state the
following.

THEOREM 10.0.1. (1) Letvp € Np. Then, for any € > 0 and large n,
(10.1) [Vl = O(e™).

If in addition ﬁ(O"’) < oo then, recalling that m =
large n,

(10.2) [WVnll, = O (n®),

151

o+
%éo), we have for
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and the sequence (\/cn(m)V,,)n>0 is a Bessel sequence in L?(v). Finally,
if —dgy > 0, then for any € > 0 such that d. = —dg — € > 0, the sequence

Py is a Bessel sequence in L2(v).
cn(de) n>0

(2) Let p € Nym with (a,m) € R = {(a,m); a € (0,1] andm > 1 — 1},
Then, for large n, with T, = —In(2% — 1), we have that

(10.3) WVally = O (™).

(3) Recall from (T34) that Ni% = {eNom; dp <1—5 — 5=} and as-
sume that ¥ € Np U./\/(ff:n. Then,

Span(V,,) = L2(v).

The rest of the chapter is devoted to the proof of this Theorem and is structured
as follows. Estimates (|10.1)) and ((10.3) are settled in [10.1.2} the completeness of
Vhn, i.e. item is proved in 10.2t estimate (|10.2) and the succeeding claims of

are proved in |[10.1.1

10.1. Estimates for the L?(v) norm of V,
10.1.1. The small perturbation case. Recall that, for any a € (0,1] and
m>1-1
I'ou+ om + 1)
Fau+aom+1—a)
see ([L.15), and, put ¢f(u) = ¢f'(u) = u+ m. Note also that, for any z €
Clom—1,00);

U= ¢§,m(u) = € By,

INoaz+am+1)

(10.4) Wyr (z+1) = Tlom + 1)

LEMMA 10.1.1. Let ¢p € Np with ﬁ(O*) < oo. Then, for any m > m = @,

o2
Pm(u) = % € B. With V., (resp. Ew) denoting the Markov operator associated
to the variable V., (resp. Vi ), we have the following factorization of multiplicative

Markov operators

(10.5) ExVin = Vi Em = Vy.

Moreover, V., € B(L?(v),L2%(¢,,)), em(z) = F(fni"_:_l)e*‘”dx, x > 0, and the follow-
ing intertwining relation
(106) ng)v¢|n = V¢m Pt

holds on L2(v) for all t > 0, where Q™ = ( §"‘))t20 is the classical Laguerre

semigroup of order m, see Chapter @ Consequently, the sequence (v/¢p(M)Vy)n>0,
(n+1)(m+1)

iy 1S 0 Bessel sequence in L?(v) with bound 1 and for

where ¢, (m) =
any n >0,

(10.7) 1< |Vally < ' (m) = O (n™).
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Proof. Note that ¢ € B is given in Proposition [£.:2.2] Next, observing, from
(719), (6.3), (T0.4) with o = 1 and

E[VE]=We,(n+1)=]] Lk)k

3
+

=
[

that for any n > 0 with p,(z) = 2",

EnVonpal(l) = E[V2IE[Vi] = — Wy(n+1)
= prn(l)v
we get the factorization (10.5) by moment determinacy of the involved operators.

Replicating the bound (7.22) in the proof of Proposition we get that V, €
B(L%(v),L?(g,,)) and V,,, is a contraction. To prove (10.6) note, with the help of

and , that

Zn E {me} (i) Z" F(m+1)(})
kzo(_l)k We(k+1) "= kzo(_l)kr(m +k +k1) '
(10.8) = cpu(m) LM (2).

We refer to Example [3.0.1] in Chapter [3] for a detailed description of the Laguerre
semigroup of order m > 0. Then, from the eigenfunction property of P,,, we have,
for any t,x > 0,

Vo PPa(e) = ¢V, Pule) = ¢ "en(m)LL (@) = Qe (m) L0 (2)

Since Vy, is moment determinate, see Theorem we have Span(P,,) = L?(v), see
[AKh65]. Thus, the intertwining holds on a dense subset, and, by continuity
of the involved operators, on L?(v). Finally, repeating the computation with
the intertwining relation (10.6)) and using that Q™ is self-adjoint with coeigen-

functions (E%m)) , see Example |3.0.1, we deduce, with the obvious notation,
n>0
that

Vi Pn(z)

m

Vi L (2) = Va(2).

The last relation concludes that the sequence (1/c¢,(m)V,,)n>0 is a Bessel sequence
and that holds by replicating the computation and utilizing that
(v/en(m)Lp™),>0 is an orthonormal sequence in L2(g,,), Vi € B(L*(em), L?(v))
is a contraction and m > m. O

We proceed by an additional factorization of the entrance law. It will be useful
for getting a better upper bound for the spectral operator norm and also later in
this chapter to prove completeness of the sequence of co-eigenfunctions. Recall that
Em(x) = 1“(1975@711)6_17 x>0,m>0,and &, f(z) =E[f (vepn)], with simply € = &,
is the Markov operator associated to e,,, that is the gamma random variable with
density function &,,. Let

(10.9) (@) = / " )yt vrdy
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stand for the weighted Laplace transform with weight a € R and write simply
£=1£.

LEMMA 10.1.2. Let ¢p € N with —dg > 0. Then, for any € € (0,—dy), writing
de = —dg — € > 0, we have that

o (1) = ———(u) € B.

u + de
For every function f : Ry — R and x > 0 such that &_|f|(z) < oo, we have that
(10.10) Ea f(x) = VyTLs, f(x) =Lg, Vy [ (),
9z (v) = Vy f(xv) is ta, (v)dv—a.e. finite, where 1a, is the density of Iy, and
o0 de o, —Y S de -4
yre —1-d yre =
& = 2~ dy= e 2 4
@) = [ e g = [ g
—l-dc g 1
(10.11) _ TS
I'(de +1)

All claims above hold with dc = 0 if dy = 0.

Proof. Since ¢ €¢ N with
—dy = —sup{u <0; ¢(u) =—o0 or ¢(u) =0} >0
then m = ¢(0) > 0, ¢ > 0 on (dg,0) and thus, for any € € (0, —dy), the mapping
u— ¢(u) = ¢(u—d.) € B since ¢(0) = ¢ (—d.) > 0 and clearly ¢’ is completely

monotone. Hence,

u
b () = ——0w) = ——du+a.) € B,
see Proposition 4.1.1)(9). On the other hand, as, for all n > 0,
ok (de +1)
W, 1) = k)= ——————n!W, 1
65, (N +1) ng+dé¢( ) Tnia 1) s(n+1),
we deduce that
n! Mn+de+1)

VL, Pr() Ws(n+1) pa(z) = Pn(@) = Ea.pn(2).

T W (n+1) T(d, +1)
The latter by moment determinacy completes the proof of (10.10f) since we conclude

that .
e [T (= dy
ey A ) R

All other claims, by a Fubini argument, follow via the classical decomposition f =
f+ — f- provided that &g |f|(z) < oo, for some x > 0. The case dy = 0 is the
same. (]

LeMMA 10.1.3. Let ¢ € Np with TI(0") < co. Then —dy € [0, 2] with —dy = 1
only when TI(0F) = 0. Moreover, if —ds > 0, then for any 0 < € such that
d. = —dg — € > 0, with the notation of Lemma Ty, € B(L*(v),L2(eq,))
and, the following intertwining

(10.12) Ty, Q") = PT,,
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holds on L?(eq,) for all t > 0, where Q) = (die))tzo is the classical Laguerre
1
semigroup of order d., see Chapter H Consequently, (cn 2 (de)Pn) o’ is a Bessel

sequence in L2(v).

Proof. The fact that —dy € [O, %] follows directly from Proposition
and ¢ > 0 on (dy, 0), see (L.19). By using the factorization and following a
line of reasoning similar to the proof of Lemma and Theorem [7.0.3] we settle
easily the claims. ([l

10.1.2. The large perturbation case and beyond.

LEMMA 10.1.4. Let 1 € Ny with (a,m) € R and ®g (1) = -2

RO
(1) Then, there exists a Markov operator Ve, . associated to the variable
Vo such that the factorization of operators
Vq)a,m

holds. Moreover, Vo, . € B(L?(v),L*(eq,m)) and the following intertwin-
ing relation

a,m’

Vor . =Vy

P™Vg, = Vs, P,

holds on L?(v) for all t > 0, where P(*™) = (Pt(a’m))tzo is the Gauss-
Laguerre semigroup described in Example [3.0.5.

(2) Consequently, we have the following estimate, for large n,

(10.13) [Vl = O (e""=).
In particular, if 1 € Np, then for any € > 0 and large n,
(10.14) [ Vall, = O (e").

(8) For any (a,m) € R, Nom C No with Fa <O, <

ISIE]

Proof. Since 1) € Ny m, by definition, see Table [2] in Chapter [T} the mapping

U m is completely monotone. Thus, according to [BD04, Theorem 1.3],

the sequence (an)n>0, where ag = 1 and a, = [[}_; Pa,m(k),n > 1, is a Stieltjes
moment sequence, which entails that there exists a unique Markov operator Vo, .
such that, for n,x > 0,

~ Wy(n+1)I'(am +1)
 T(an+am+1)

E [Vq’,’a’m] Pn () pn(®)

W¢(TL +1)
(10.15) = )
where we used for the last equality . From this characterization, by following
a line of reasoning similar to the proof of Lemma we easily derive the fac-
torization of Markov operators, the continuity of Vs, .., the intertwining relation
as well as its dual version. Estimate is deduced from the dual intertwining
relation which yields in this case that

Valle = Vi, V™0 < (V™o = 0 (€"7),

Vq)a,m pn (x)

,m

a,m
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where the last bound can be found in Example (3.11). For the second item,

since according to Proposition , we have for any ¢ € Np with I1(0") = oo,
that for any 0 < « < 1, there exists m > 0 such that @4 n = % € B and hence
Vs, ., is a Markov operator. We deduce from which holds for all
a € (0,1) in this case and

limT, =limIn(2* — 1) = 0.
atl atTl
The case ¢ € Np with ﬁ(O‘*‘) < oo was treated in Lemma |10.1.1] Finally, from

(10.15), we deduce that, for any z € C(q,,_ o) With dg, ,, =dy V (—m — é),
_ W¢(Z + 1)
V‘I’a,mpz(x) - W¢§ R (Z 4 1)pz($)

Thus, since Vs, , is a Markov operator, we have for any z = a+1ib with a > dg,, .,

W¢(z +1)
Wo (2 +1)

m

W¢(a + 1)
" W (a+1)

% ’W¢R (z+ 1)‘ Next, note that the ex-
d)(l.m am

pression ([10.4) combined with the 'Stirling approximation yield that, for any
a>—-m-— =

a?

or equivalently [Wy(z+1)| <

‘W¢§.m(a + b + 1)) = Ca|b‘a+am+%e_%a\b|’0a >0,

and hence, from the condition (6.47)), we get that Wyr € Nz, which completes
the proof as from Theorem [6.0.2([2b}), we have ©, < 7. a

10.2. Completeness of (V,,),>0 in L*(v)

We shall take two different paths to prove the completeness of (V)0 in L2(v).
The first one, when ¢ € Np, i.e. 02 > 0, is based on the factorization identity
(7.18) which allows to derive a non-trivial injectivity property of the operator Vy
in the weighted Hilbert space L%(v). As we can not show this property beyond
this case, we resort to another approach for the case 1 € Ngr \ Np, for which
an analytical extension property for the Mellin transform of the invariant density
is needed. However, we stress that both approaches stem from the concept of
reference semigroup as they require the precise estimate of ||V, ||, derived in the
previous chapter.

10.2.1. The case ¥ € Np. We split the proof into several intermediate re-
sults. We start with a general statement, that will also be used later in Chapter
which provides, in particular, pointwise bounds for |w,,(y)| which depend solely
on the analyticity of v.

PROPOSITION 10.2.1. (1) Let v € A(O) with © € (0,%], i.e. v is analytic
in C(©) = {z €C; |argz| <©O}. Then, writing 3 = - and To =
—1Insin ©, we have, for any y > 0, that

(10.06)  3dw(y) = — ( v )—an@)z“, o] < e,

1—=2 1—=2

n=0
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where we recall that d.f(x) = f(cx). Moreover, for any t > Te, y > 0,
there exists F(y,t) > 0 such that, for any n > 1,

(10.17) wa(y)| < F(y, t)e™.
Finally, as a function (y,t) — F(y,t) is locally uniformly bounded on
R+ X (T@7OO).
(2) Let € Np. Then, for any f € L?(v) and any |2| < 1,
n=0

Proof. Let 0 < 0 < © and let C = C, (ysinf) be the circle with centre y > 0
and radius ysiné < ysin © enclosing the ball C. Then C C C(©). Thus, for any
y > 0 and z, we have 3y € C if and only if

32| = ﬁ < sin#.
Choosing such z, for any y > 0, using twice Cauchy’s theorem over C, we get, for
any M € N, that

TR WS (A2 ) B R (O SRS (9 d) -
> un S QTi;)(f e

5 (= N v©

- 2wif‘<1 (C—y) ) C—zydC
M+1 y

- "’dﬁ”(y)‘;n?{(czcy) <(C;yd4’

3 v(Q) ..
G C_aydC—ZdzaV(y)

where

merely because jy € C. However, if furthermore, |z| < 1?:2120 then szy‘ <1,(ecC,

and letting M tend to oo we conclude ((10.16)) for |z| < 1?;29. Next, since v € A (©)

then 3 d,v (y) is analytic for |2| < e~7®, that is when |arg(y3)| = |arg(3)| < ©, and
then the convergence of the series ZZOZO wy, (y)z" extends on this region via ((10.16)).
Then, (10.17)) follows by trivially estimating the representation

1| [ 3dv(y)
wnw)] = 5 | X2

i

over the circle Co (e7?), ¢t > To. The final claim of the first item follows since
v € A(©). When ¢ € Np, ie. 0? > 0, (10.16]) holds with Tg = 0 because thanks

to Theorem [6.0.2(2(b)i) and Lemma we have that v € A (%), that is v is
analytic in C(g o). Moreover, the bound (10.14) yields that, for any f € L2(v) and

any € > 0,

/0 F@ @)y = (FL Val)w < 1l Valls < Ce™
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Thus, we get by an application of Fubini’s Theorem that, for any |z| < 1,

Vofl=2) = 3 /Oof(y)v
= / an 2"dy
= Z(f,Vn>l,z"

n=0

O

Before proving the main ingredient for the completeness of the sequence (V,,),
in L2(v) we collect additional information.

PROPOSITION 10.2.2. Let v € Np and fix x € (0,202). If dy = 0 then for any

f e L), E|f|(x) < oo and if dy < 0 then, with dc = —dy — €, Eq | f|(z) < o0 if
€€ (0 - d"’
Proof. Let 1 € Np, f € L?(v) and choose d* > 0. From (10.11])
1 e "
w18)  gwlfl(3) = [T U@ <00 sl <
0

Let 0 < £ = 555 + h, for some h > 0, that is # € (0,202). Then

0o 2 0o 00
( [y eidy) < [T pwesEay [T ety < o
1 1 1

since from (5.8)) v(y) < ez toW and f € L2(v). From v > 0 on R, see Theorem
502,

([ i) < [ /yz;;dyS||f|V/01§?;dy.

Since v(y) > Cy1y~2 where a < dy, see of Theorem m then

VLot
viy) -~ @

Putting d* = dc = —dg — € the last integral is finite if € € (0, 1_3d“’) and a is close

to —d¢. O

LEMMA 10.2.3. Let ¢ € Np and f € L2(v). If Vy f(x) =0 for any = € (0,2) then,
forae. y>0, f(y) =0

Proof. Let ¢ € Np with d* = 0 when dy = 0 and d* = d. = —d — ¢, for some
€€ (0 - d"’), when dg < 0. Next, fix z < 202. Therefore, from Proposition [10.2.2
we get that E+|f|(x) < co. Recall that ¢g-(u) = ﬁqﬁ( u) € B, see Lemmam
Since ¥ € Np then ¢(u) < o?u, see Pr0p051t10n . Hence, ¢g- (u) < ou and
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fl(z) < oo then ((10.10)) is applicable

we conclude that o2, = 02. Thus, from &;-
and yields

Ear f(z) = /0 7Vt () gy () dy = 0,

since g+ has support on [0,072], see Proposition [6.1.1)(1), and by assumption
10.11]

Vyf(zy) = 0 when zy < 20%2; = 2. Therefore, from (10.11)), for all z > 5!

207
L4+ f(z) = 0. Choose z¢ > # The same arguments as in the proof of Proposition

for f € L?(v) lead to
fly) =y e ™V f(y) € L*(Ra).

Since for all > zq, £f(z — zo) = L£q4-f(z) = 0, the injectivity property of the
Laplace transform £ entails that for a.e. y > 0, f(y) = f(y) = 0, which completes
the proof. 0

Next we finish the proof of the completeness of the sequence (V,,)n>0 in L(v).
Assume that f € L?(v) and (f,V,), = 0,¥n > 0. From Proposition we
deduce that V, f = 0 on (0,2). The statement follows by invoking Lemma
which gives f = 0 a.e. and the fact that in a separable Hilbert space, the concept
of total sequence and complete sequence coincide.

10.2.2. The case 9 € Ngf)m \ NVp. Assume that ¢ € N:ffm \ Np, ie. 02 =

0 and froni [T34), v € Nam with dy < 1 — % — 5. Recall that eqm(z) =

Im+é716722
T'(am+1)

sequence (V,,)n>0 in L2(v), we argue as follows using the notation and results of

Lemma First, note that from the identity Vg ﬁa’m)(x) = Vp(x),n >0,
then (Vy)n>0 C Vg (L2(eq,m)). Second, Span(V*™) = L?(eq,m), see [PS1T]
Proposition 2.1(2)], and Vi € B(L*(eq,m),L?*(v)). Third, if Ran(Vj ) = L*(v)
then classical approximation’yields the completeness of (V,,),>0 in L? (1/) It remains
to prove the latter. By linearity and density of the set of polynomials in L2(v), it
is furnished if there exist F,, € L?(eq,m), for all n > 0, such that Vi F,(x) =
pn(x) = ™. We consider the following convolution equation 7

, ¢ > 0, see Example [3.0.3((3.10). To prove the completeness of the

(10.19) Vo, . Fo(z) = v(z)pa().

a,m

Following a reasoning similar to the proof of of Lemma , we have, for
a.e. z > 0 and integrable f, f = feq,m, that

s ) = P fern() e T
thawmf(‘r) - y(:)g)VCI)a‘mf a,m( ) y(;[;)vq)“""f( )
(10.20) = o | feeanenrenn

with v, m the density of the variable Vg, . We solve (10.19)) from the perspective of
Mellin distributions as described in Proposition [8.1.4] Henceforth, by means of the
Mellin transform of ((10.19)) and the functional equation satisfied by Wy, that



160 10. THE CONCEPT OF REFERENCE SEMIGROUPS

is Wy(z+1) = ¢(2)Wy(z), one gets, for R(z) > dz’m = max(d¢, 1—1—m),

_W¢(z—|—n —a+am+1)
M, ) = =05 H oz+i) (am PR
where Wy (z +n) = [~ 2* " v(x)pn(z)dz and

I'(am+1)

z—1

o dx =W, ’

/0 T Vam(r)da ¢<Z>I‘(az—a+am+1)

see ([10.15) for the latter. Thus, for any € > 0, a > dg’m and large [b|, since
lp(z)] = O(|z]) for |z| = |a + ib|, |b] large enough and a fixed, see Proposition
4.1.1{(3]), we have that

|Mpn(a+ib)| < ola+n+ib)|"|T(ala+ib) —a+ am+ 1)

< Ca7n|b‘n67%(a7€)|bl

for some C,, > 0. Hence, by the Parseval identity for the Mellin transform,
see (5.42)), we have that there exists F},, € L?(R,) a solution to the convolution
equation (|10.19) above. From (|10.20]) it remains to show that, for any n > 0,

F, = eF—"m € L2(eq,m). However, by Mellin inversion, we get, for all z > 0 and

a>dg"™, that

Folz) = 1 /a“oo $72W¢(Z +n) Moz —a+am+1)
" B a—1i00 W¢(2) F(am+ 1)
Thus, for all z > 0, a > dg’m and € < o,

- dz.
21

(10.21)  |Fu(e)| < ox*a/ ePIT(ib + (@ — 1)a+ am + 1)[db < Cuz—.

Moreover, after an obvious change of variables in [PKO1, Lemma 2.6] we get
that

|F(2)] < CaMemcos@)en
for some M > 0, € small and all > 1. From this estimate and the notation

m4+L —:r,7
emm(x) = F(T—il)’ T > 0,

F(x)
€qm ()
if e < &%, For eA"((i)]I{xq} € L2(eq,m) consider (10.21)) with e small enough that
a = 1 — % — 55 —€>dy™. Then F2(z)e b (z) < 271F¢ 2 < 1, and thus, we

deduce that F € L%(eq,m), which completes the proof.

La>1y € L’ (€a,m)



CHAPTER 11

Hilbert sequences, intertwining and spectrum

This part, which ends by the proof of Theorem [[.5.1] aims at establishing some
interesting and new connections between three different concepts: intertwining re-
lation, Hilbert sequences arising in non-harmonic analysis and spectrum of non
self-adjoint operators. We present and prove several results, sometimes in a slightly
more general context than the one of the current work. For sake of clarity, we pro-
ceed by recalling a few definitions that were introduced in Section [IT} concerning
the spectrum of linear operators. First, a complex number A € S(P) belongs to the
spectrum of the linear operator P € B(L?(v)), if P — AI does not have an inverse
in L?(v) with the following three distinctions. A € S,(P), the point spectrum, if
Ker(P — AI) # {0}, A € S.(P), the continuous spectrum, if Ker(P — A\I) = {0}
and Ran(P — A\I) = L?(v) but Ran(P — M\I) € L?(v), and, finally A € S,.(P), the
residual spectrum, if Ker(P — A\I) = {0} and Ran(P — AI) € L?(v). Clearly,

S(P) = S,(P) US.(P) US,(P).

Let XA € S,(P) be an isolated eigenvalue. Then its geometric multiplicity, denoted
by M, (A, P) is computed as follows

(11.1) M,y (A, P) = dim Ker(P — AI),

that is the dimension of the corresponding eigenspace. Its algebraic multiplicity,
denoted by 91, (A, P) is defined by

(11.2) Mo (A, P) = dim | ] Ker(P — AI)*.
k=1

Note that always My(A, P) < M, (A, P). Next, keeping notation similar to the rest
of the paper, let us assume that there exists Z € B(L?(¢), L?(v)), such that for any
Jel(v),

(11.3) PIf =1IQf,

where P € B(L%(v)) and Q € B(L?(¢)) is self-adjoint. Moreover, we suppose that
S(Q) = S,(Q) = (M, € C)p>0 and write (L£,,)n>0 for the associated sequence of
eigenfunctions, with Span(L,) = L2(¢). Although most of the results presented
below may also hold in a more general settings, for sake of clarity, we focus on
the conditions of the present work. We say that Z is an intertwining operator.
It is immediate that the adjoint intertwining relation holds, that is with Z* €
B(L2(v),L?(¢)) the adjoint of Z, we have that, for any g € L?(v)

(11.4) I*P*'g=QI"g

161
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where P* € B(L?(v)) stands for the adjoint of P. There is a substantial literature
devoted to the study of intertwining relations. A natural problem is to under-
stand how the spectral properties of an operator are preserved under such type
of transformation. In our context, this issue is still unclear since without any ad-
ditional assumptions one can find examples where the spectrum of one operator
may not intersect the spectrum of the other one. A natural requirement is that
the intertwining operator Z is an affinity, that is a bounded operator admitting a
bounded inverse. In such case, @@ and P are called similar and the two spectra co-
incide. In this direction, we mention the recent paper of Inoue and Trapani [IT14]
where it is proved that a closed operator admits a non-self-adjoint resolutions of
the identity if and only if it is similar to a self-adjoint operator. There exists an
intermediate notion, called quasi-similarity, that is when Z € B(L?(g), L?(v)) is one-
to-one and has a dense range, which was first introduced by Sz.-Nagy and Foias,
see [SNF67], in their theory considering an infinite dimensional analogue of the
Jordan form for certain classes of operators; it replaces the familiar notion of sim-
ilarity which is the appropriate equivalence relation to use with finite dimensional
Jordan forms. However, two operators can be quasi-similar and yet have unequal
spectra, see e.g. [Hoo72|]. For normal operators this cannot happen: it follows
from the Putnam-Fuglede commutativity theorem that if two normal operators are
quasisimilar, they are actually unitary equivalent, see [Dou69, Lemma 4.1], and
therefore have equal spectra. Finally, we refer to [AT13| for a recent account of
similar and quasi-similar operators.

We are now ready to state the following relations between point spectra and multi-
plicity of eigenvalues, recalling that S(Q) = S,(Q) = (An)n>0 and we write (L£,,)n>0
the associated set of eigenfunctions.

PROPOSITION 11.0.1. Assume that the intertwining relation (11.3) holds with Z €
B(L?(e), L*(v)).

(1) If for somen >0, L,, ¢ Ker(Z), then A, € Sp(P).

(2) Finally, if T is one-to-one with T1 =1 then Sp(Q) C S,(P) and for any
nZO;fm(Q,)\)_ (P,/\)andim( ) a( 7/\n)

REMARK 11.0.2. Note that it is possible that S,(Q) C Sp(P). Indeed there may

exist P, € L2(v) \ Ran(Z) an eigenfunction of P associated to the eigenvalue ), €

C\Sp(Q)-

Proof. Since by assumption P, = ZL, # 0, we deduce from (|11.3) together
with the linearity of Z that

PP, =1IQL, = \IL, = X\, Pn,

which completes the proof of the first statement. Both facts S,(Q) C S,(P) and
for any n > 0, My(Q, A\,) < M, (P, \,,) follow by a similar line of reasoning and
employing the fact that Z is one-to-one. Finally, if for some n € N, there exists an
integer p and L,, # 0 € L?(¢) such that

(Q— )\nl)P+1Ln =0and (Q — \y1)PL,, #0
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then, since Z is one-to-one with with 71 =1,
(P — X\ 1)P"TL, =0 and (P — \,1)PZL, # 0,
which completes the proof of the fact that M, (Q, A\n) < Ma (P, \y). O

The next result discusses the consequence of the completeness property of a set
of eigenfunctions on the residual spectrum and on the (geometric and algebraic)
multiplicity of the eigenvalues of the adjoint operator. Note that the proof of the
latter result is based on a substantial property of biorthogonal sequences in Hilbert
space that we had recalled above, namely that a complete sequence in a separable
Hilbert space admits at most one biorthogonal sequence. We also recall that a
sequence that admits a biorthogonal sequence is said to be minimal and a sequence
that is both minimal and complete, in the sense that its linear span is dense in
L%(v), will be called exact.

PRroOPOSITION 11.0.3. Let us assume that there exists a sequence of eigenfunctions
(Prn)n>0 of P associated to the sequence of distinct eigenvalues (Ay)n>0 such that
Span(P,,) = L2(v).

(1) S.(P) = 0. If in addition (Pp)n>0 is minimal, then for alln > 0, X, €
Sp(P*) and
Mo (A, P*) = My(\,, P*) =1

(2) If for alln, L, = P, and for some i, Ly ¢ Ran(Z*) then Ay € S.(P*).

Proof. Let us assume that there exists a complex number ¢ € S,.(P), that is
P — g1 is one-to-one but does not have a dense range. Since ¢ ¢ S,(P), we have
for all n > 0,
(P - ql)Pn = (>‘n - q>,Pn 7é 0,
which yields to a contradiction as Span(P,) = L?(v) and proves the first claim.
Next, for any n,m > 0, using that (V,),>0 is biorthogonal to (P,),>0 and that
V,, # 0, we have that

(11.5) (P"Vn — AV, Py = Vi, PPr)y — Andnm = (A — An)0nm = 0.
That is

P*V, — X\, V,, € Span(P,)* = {0}
since by assumption Span(P,) = L?(v). Thus, we deduce that X\, € S,(P*).
Assume now that there exists ng € N such that 9, (\,,, P*) = 2. That is there
exists U, € L?(v) such that Uy, # 0, Uy, # Vi, and P*0,,y = ApyUn,. Thus, for all
m > 0, we have

(116) )‘n0<tp’maﬁno>u = <’vap*ﬁno>u = <P,Pm;ﬁno>u = >\m<,Pm»ﬁno>u

that is for some C' € R, (P, Uy ) = Cdpmn,- Note that we may choose Ty, such that

C = 1. Indeed as P* is linear, C' # 0 because otherwise v,, = 0 as Span(P,) =

L2(v). Thus the sequence (,),>0 defined by 9, = lvno + %@no and otherwise

2
Op, = vy, is another biorthogonal sequence to (P,)n>0. However, as mentioned

before the statement, this is impossible as Span(P,) = L?(v) which implies the
uniqueness of the biorthogonal sequence. Hence for all n > 0,

My (A, P*) = 1.
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Next, let n > 0 and note that if dim Ker(P* — X, 1)? = 1 then
Mo (An, P7) = lim dim Ker(P" - A, 1)F = dim Ker(P* — \,1) = 1.
—00

Indeed, assume that there exists V,, € L2(v) such that (P* — \,1)3V,, = 0, then
necessarily (P* — A\,1)V,, = 0, that is V,, € Ker(P* — A\,1), since the converse
inclusion always holds, this gives the statement for k¥ = 3. A recurrence argument
yields the claim for all k¥ > 2. Hence it remains to show that
Ker(P* — X\,1)? = Ker(P* — \,1).
To this end, assume that there exists
Vi # V, € Ker(P* — N\, 1)%,

that is since we have

dim Ker(P* — A\,1) = My(\,, P*) =1,

(P* =\ 1)V, =CV,

for some real constant C' # 0. Thus

(P*Vou, Prdo — AV, Prdy = C Vi, Pr)oe
Using the eigenfunction property of P,, and the biorthogonality property, we get

0=Xo Voo, Pr)v — M (Vio, Pr) = C #£ 0,

which completes the proof of the first item through a contradiction argument. To
prove the second item we assume that A; € S,(P*), that is there exists V; € L?(v)
such that P*V; = Az Vi. Next, since ZL,, = P, for all n > 0, we easily deduce that
7 has dense range in L?(v) and thus Z* is one-to-one in L?(v). Thus, we deduce from
the intertwining relation and Proposition[11.0.1|that Z*V;, = L5 which yields
to a contradiction as it is assumed that L5 ¢ Ran(Z*). Hence Az € S,(P) \ Sp(P*)
which implies that Ker(P* — \;1) = {0} with

Ran(P* — A\z1)" = Ker(P — A\p1) # {0},
that is, Ay € S,.-(P*), which completes the proof. O

We complete this part with the following result which provides, in the context of
intertwining relation, a set of sufficient conditions for the characterization of the
point and residual spectra. Note that this type of condition seems to be weaker
than the one appearing in the intertwining literature. Indeed, we are able to extract
this information without the assumption that either the intertwining operator has
a bounded inverse or the linear operators P belong to some special classes of linear
operators.

PRrROPOSITION 11.0.4. Assume that the intertwining relation holds with T €
B(L?(¢),L?(v)), Ran(Zy) = L%(v) and assume that there exists a sequence (Pp)n>0
of eigenfunctions for P associated to the set of distinct eigenvalues (Ap)n>0. If in
addition the sequence (Pp)n>0 is exact and its biorthogonal sequence (Vp)p>o 18
complete, then

SP(P*) = SP(Q) = SP(P)v S’I‘(P*) = S’I"(Q) = S’I‘(P) =0

and
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Proof. Since Ran(Z,) = L?(v) and thus Ker(Z3) = {0}, we get, by means of
the intertwining relation , its adjoint version , the minimality of (P, )n>0
and Proposition that

Sp(P*) € 5p(Q) € Sp(P).
Moreover, as both sequences (P,)n>0 and (V,)n>0 are complete we have from
Proposition that
S (P) =S, (P*) = 0.
Next, from the identity Ker(P — A1) = Ran(P* — A1)", we easily deduce the inclu-
sions
Sr(P*) CSp(P) C S.(P*)USy(P"),

which provides that S,(P*) = S,,(P) and completes the proof of the first two claims.
Finally the last one follows from Proposition [[1.0.3] O

11.1. Proof of Theorem [I.5.1]

We recall that the item was stated in Theorem @ and proved in that
Chapter. Let now 1 € No. Then, from Theorem [8.0.1] we have that, for all n > 0,
V,, € L?(v) and the equation in Propositio entails that £, = Z7V,.
Hence, since from , Pm =ZLyLm, m > 0, we get that

<7DmaVn>l, = <I¢£m7vn>,, = <£maI;;Vn>E = <Em;£n>€ = 6nm7

which proves that (V,),>0 is minimal. Its uniqueness property follows since the
sequence (P, ), >0 is exact which itself is a direct consequence of item . We com-
plete the proof of this item by means of item combined with the fact that
a sequence which is biorthogonal to a Bessel sequence is a Riesz-Fischer sequence,
see e.g. [CCLLO02, Proposition 2.3(ii)]. Assume now that ¢ € Np UN,;ifin. Then,
the claims of item (3]) follow readily from the fact that Span(V,) = L?(v) which is
found in Theorem [10.0.1}(3). For the last item (4), assuming first that ¢ € N, the
inclusion & C S,(P) is given in Theorem [7.0.3|(L), whereas the last claim of (4al),
ie. Sp(P) =0, is deduced from Proposition|11.0.3((1)). Theorem (resp. Propo-
sition [T1.0.3|(T))) gives the first (resp. second) claim of the item (4b]). Item (fd)

follows by combining the previous item (3|) with Proposition [11.0.4l Finally, the
last item is immediate from Theorem







CHAPTER 12

Proof of Theorems [1.3.1], [1.3.7| and

Let first 0 € N. Then the expressions of P,, as stated in ([1.21]) have been derived in
Theorem . Next, from the intertwining relationsh and the expansion
(3.2)) of the Laguerre semigroup of order m = 0, we get, in the L?(v) topology, that
for any g € L2(¢), t > 0,

PTyg=TsQug=Ts Y e "9, Ln)e Ln=> e "(g,Ln)ec Pu,
n=0 n=0

where the last identity is justified by the Bessel property of the sequence (Py,)n>0
combined with ((g, £,,)c)n>0 € £?(N), for any f € L?(e). Next, since from Theorem

7.0.14[1) Z, € B(L*(¢),L?(v)) and from Theorem [7.0.1§@2), Ran(Zy) = L*(v), we
have that its pseudo-inverse Z! | see [BIGO02] p.234] for definition, is densely defined
from L?(v) into L?(¢). Thus, for any f € Ran(Z,), t > 0,

(12.1) Pf = Y e ™I f,Ln)e Pn inL3(v),
n=0
and, the two linear operators in (12.1]) coincide on a dense subset of L2(v).

12.1. Proof of Theorem [1.3.1/(2)

We have here ¢ € NS and in particular v < oco. First, note that identity (12.1))
proves ([1.24) of Theorem [1.3.1f|2). Next, from (7.13) and the notation there, we

get that, for all pe N and large n
(12.2) ]ng’)(x)] < PP (—z) <nPT3E(nz) = O (np+%e%n) .

Then, writing cf (f) = (Igs fyLn)e, we get, with € (0, K), for any K > 0, any
f€eRan(Zy) and t > 0

IN

fj e el (f) PP (x)
n=p

O w0 )
n=p

< oY w9 ()
=p

where C' > 0. Since, from the discussion above, (cf,(f))n>0 € ¢3(N) for all f €
Ran(Z,), we get that for all k,p € N

d* >

%(Ptf)(”) (@) =D (=m)fe el (f) PP (@),

167
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where the series is locally uniformly convergent in €, = {(t,x) € R ;2 < tt}, which
completes the proof of Theorem [1.3.1{(2]).

12.2. Proof of Theorem [1.3.1(1)

We prove Theorem [1.3.1|[La]) for the domain
(12.3)

Dy = DY (L) U (12 (pa) UD (L2(7,))UDYe  (L2()) UDN(L2(0)).

We make the following observations first. For any ¢ > 0 consider the linear space
D(Sy) = {f € L3 (v); (P.f, Vn), € (*(N)}. Let S,:D(S;) — L?(v) be the spectral
operator defined by

Stf(x) = Z <Ptf7 Vn>y Pn(x) = Z e—nt <f7 Vn);; ,Pn(x)

n=0 n=0

Note that P, = S; on Ran(Z,) C D(S;) and thus D(S;) = L?(v). Indeed, ¥ € Ny
implies V,, € L2(v), n > 0, see Theorem with ZfV, = L,. Then, for
any f € Ran(Zy), (I:; f,Lyn)e = ( f,Vn)y and from (12.1)), for any f € Ran(Zy),
>0,

o0

(12.4) P, f(z) Z V) Pa(z)  in L2(v).

This incidentally proves of Theorem for Dé\[‘x’ (Ran(Zy)). Since
Ran(Z,) = L2(v), by the bounded linear transformation theorem, we get that P, is
the unique linear continuous extension of S; in L2(v). In order to characterize the
domain of the spectral operator and show that each member of Dr in is a
subset of this domain, we present several methodologies to show that for some L
a linear subspace of L?(1) we have, for all f € L, ((P.f, Va),), 5 € (*(N) and as
a consequence P;f = S;f in L?(v). Although, we know that P, = S; on Ran(Z,)
and also Ran(Z,) = L?(v), it may not be trivial to show, even when S;f € L?(v)
for f € L, that S; is also continuous in L?(v) on this subspace.

12.2.1. Hilbert sequence argument. Recall that 1 € N. The following
statement holds.

PROPOSITION 12.2.1. Write V+ = Span(Vn)J‘. Then, for any t >0, P,V+ C V+
and Ker(P;) C V+ = Ker(S;). Moreover, if Span(V,)) = L?(v) then Ker(P;) = {0}
and for any f € L?(v) and t > 0 such that ((Pif,Vn),), o € ¢*(N) we have that
P f =S, f in L2(v).

Proof. 1f f € V+ then from (8.1), we have for any n € N, (P.f,V,), =
e ™ (f,V,), = 0 that is P,f € V. A similar argument yields Ker(P;) C V*.
With still f € V+, we have that

oo

Sif = ZPtf, = e ([, V), Pr =0 € LP(v),

n=0 n=0
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that is V4 C Ker(S;). Next, let f € Ker(S;). Then, as (Vy,, Pn)n>o0 is a biorthogo-
nal sequence, see Theorem [1.5.1{[2]), we have, for any m > 0, that
0= <Stfa Vm>y = eimt <f7 Vm>y )

that is Ker(S;) C V4. Assume now that Span()V,,) = L2(v) and f, t are such that

(Pef, V) y) so € 2(N). Since (Pn)n>o is a Bessel sequence, see Theorem 7.0.3(2),
then -

Sif = APf. V), Pn € L2(v).

n=0

Thus, as (V,,, Pn)n>0 is a biorthogonal sequence, we have, for any m > 0, that

<Stf7 Vm>y = <Ptf7 Vm>y 9

which provides the statement as in a Hilbert space the notions of complete and
total sequences coincide, i.e. V& = {0} if and only if Span(V,,) = L3(v). O

12.2.2. A density argument via the intertwining operator. As we can
prove the completeness of the sequence of co-eigenfunctions for some classes and
thus invoke Proposition [12.2.1] in this part we develop another technique, which
relies on a density argument, to show that the two operators coincide on a subspace.
More specifically, consider the Hilbert space L with norm ||.||r, generated by a non-
negative measure on R* with density L and L C L?(v) such that Z, € B(L) with
E(I(z,)”‘m = L. Note that in this case L C L?(v) implies that v is absolutely

continuous with respect to L and the C||.||L > ||.||v, for some C € (0,00). Assume
further that for any f € L, we have, for some functions V,, € L, that

(12.5) (£, Vo), S NIIL [|Valle with [[Va]lL = O (n%e™T),

for some T',a > 0 and n large. This implies that, for all ¢t > T, (e ™™ (f,Vp),)n>0 €
£2(N). Since (Pp)n>0 forms a Bessel sequence with Bessel bound 1, see Theorem

7.0.3((2) and (7.26]), then for all f € L and ¢t > T,

Sif = Z (P f, Vn>y Pr, = Z e (fs Vn>u Pn=S8 ((e_nt (f, Vn>u)”20) € L2(V)’
n=0

n=0
where

S: (en)nzo € P(N) = > cnPp € L2(v),

n=0
see (|1.31)), is norm bounded by 1. We aim to show that S;f = P.f. From the
assumption Ra’n(I(ﬁ)H‘HL = L there is (fim)m>0 € L such that lim,, oo Zp frn = f

in L. Putting for any n,me N, g€ L2(v),
cn,t(g) = e—nt <g7V’V‘L>y )

we have, from ([12.4]), for all ¢ > 0, and in particular for all ¢ > T and m > 0,
that

PZsfn(®) = Y can(Tofm) Pala)  in L2(v).
n=0
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Therefore, we get that, for t > T,

IPZsfm — SefI2 = [1S(cne(Zofm — )7
< Y A Tofm = 1) SN Tofm — FIRD e IVall?
n=0 n=0

< CillZofm — fIE

where oo > C; > 0 and we have used ([12.5) for the two last inequalities. Thus
lim,, 00 PiZyfm = Stf in L2(v). However, as P; is a contraction in L?(v) and
lim,,— 00 Zp frn = [ in L2(v), we conclude that Pif = S;f

We now apply the previous results to all domains in ((12.3]).

First, if ¥ € Np (resp. ¥ € NR) , since from (resp. ([10.3), we have for
large n and € > 0, |[V, ||, = O (e) (resp. |[Vu||l, = O (e75™)), we deduce, from the
density argument presented in with L = L2(v), the convergence in L?(v) of
the spectral operator for the domain

D)™ (L*(v)) U DR (L (v))
and thus (1.20) of Theorem ll for those. If, furthermore, v € Ngf)m, see

(1.34) for the definition, the Hilbert sequence approach developed in the subsection
12.2.1] can be used as in this case Span(V,) = L?(v), see Theorem [1.5.1{{3). We
continue with v € N, and hence the domains

DY (L2(7,)) UDpe  (L2(v))

TasPa

1
from ([12.3). Note that for any f € L?(7,), 7, (z) = max (V(x), e“) ,x >0, >
a + 1, the Cauchy-Schwarz inequality yields that with V,v = w,, n > 0,

[(f; V)l =

Wn,

IN

||.fHU,Y = O (e(Tﬂ'a +E)7’L) ;

Vy

p’Y

where, for large n, we have used the estimate (9.4) with a > % and any € > 0.
Fp(;(_fi) dx is a probability measure on R with [J* e“w., (z)dx <
oo for some € > 0, we have that it is moment determinate and thus the set of
polynomials is dense in L?(77,,), see [Akh65]. Hence

ﬁ(I@ =17 (7).

Moreover as plainly

-1z
By resorting again to the density argument outlined in the subsection [12:2.2] with
L =12(7,)C L?(v) or L = L?(v) and using in this latter case the estimate (9.5), we

get that P, = S; thus (1.20) of Theorem for the domains DJ}/M (L*(7,))
and DY*  (L2(v)) with

T, = —Insin (ga) < Tr, p. =max (Tﬂa,l + p;l) ,

see Theorem[9.0.1{[2b). Note that often % ,. > T, which makes the two different
domains valuable.
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Finally, by a similar token, for any ¢ € Ng, and f € L3(pa), Pa(z) = 27%, 2 >
0, a € (0,1), using the estimate (9.2, we get, for any € > 0, that

[ Vabol = '<f if>

w.
11l \

IN

=0 <e(T@¢+E)") .

> llpa

This combined with the fact that Ran(I¢)H.Hp = L?(pa), see Lemma8.5.3([2)), and

L2(p,) € L2(v), thanks to Lemma [5.3.5 being applicable with n = k = 0, @ = a,
N

yield the validity of (|1.20)) of Theorem |1.3.1{|1a]) for the domain DT§¢ (L%(pqa)) and

@
hence we have established the whole of Theorem |1.3.1{(1a)). Theorem isa
direct consequence of (12.4) and (12.2)). Theorem [1.3.1}[Id) also follows the same

way noting that when v = oo, (12.2)) gives that

PO (@) = 0 (™),

for all € > 0. Theorem [1.3.1)(1d)) is then trivial.

12.3. Heat kernel expansion

This part is devoted to the proof of Theorem [1.3.1{(3]). To this end, we assume that
1 € Ng and recall, from Theorem [I.2.1|[1)) that, in this case, t = oo, and, from
Theorem [1.2.1|3d), that Nz C Ng. Moreover, we set

T =Te, =—Insin@, if ¥ eENoorT=Tg NTe, if ¢ € N,

where we recall that T5 = —In(2% — 1) with where for any ¢ € Ng we have
defined

1
a:sup{0<a§1;3m>—1and¢€]\fa,m}.
«a

With this notation, we introduce the linear operator S; defined formally, for any
t>1T, by

Sif(x) = / T (Ze“wz)wn(y)> dy = / " Hw)Si, (@),
n=0

Our ultimate aim is to show that S, f = P,f for functions f with compact support
in order to obtain the expression of the heat kernel. To do so we first recall the
pointwise bounds for |w,(y)|, which depend solely on the analyticity of v, that

were stated in Proposition [10.2.1)(10.17). It says that if v € A(©) then for any
t>To,y>0,andn > 1,

(12.6) lwn(y)| < F(y, t)e™,

where the function (y,t) — F(y,t) is locally uniformly bounded on R x (T@¢, 00).

The next result shows that for f € C.(R,), we have that S;f = S;f for all ¢ big
enough.
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PROPOSITION 12.3.1. Let v € A(©) then for |z| < e~Te, with Te = —Insin©, we
have that, for any f € C.(R4),

Sif (@) =Sif(x) = e (£, V), Pul),

n=0

where the series converges locally uniformly in (t,z) on (Te,00) x Ri. Finally,
Sif € L2(v) fort > Te.

_ Proof. We show that for any f € C.(Ry), we have, for t > Tg, Sif(z) =
Sif(x). Let K = Suppf € (0,00). Then, since t = oo, from (12.2)), which gives
that

P (@) = 0 (™),

for all € > 0, and (12.6)) we deduce that for any t > ty > T, with ¢y fixed, and any
€ E€ (0715 — to)

> [ 1@l )iy P o)
n=0
< sup Clynta) o e [ 15 (w)ldy(Pa(a)
yeK n—0 K
< O e TP, (x)
n=0
(12.7) < C) enlithmd <oo,
n=0

Then an application of Fubini’s theorem yields, that for any f € C.(Ry) and t > To,

S@) = [ 10X e Puawn )iy
n=0

3P / F(w)wn(y)dy
= Stf(x).

Finally, S; f € L2(v), for t > T, follows from (Pn) >0 being a Bessel sequence and
(e™™ (£, Vys),) € £3(N) which in turn is a consequence of the first computation in

[T2D. O

From the proof of Theorem [1.3.1{[l) we have that P,f = Sif for the domain
Neo

DT(_)Q; (L%(pa)) that is for all f € L2(p,), t > Te,, when ¢ € Ng. However,

as in the proof of Lemma veA (@¢) and therefore from Proposition [12.3.1
we have that S;f = S,f, for t > Te, and f € C.(Ry). As C.(Ry) C L%(pa) we
conclude that the semi-group is absolutely continuous with density

P(z,y) =Y e " Py(x)wn(y),
n=0
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fort>Teg,, (z,y) € RT x RT. Then the expression ([1.25)), that is

d* — -
g P y) = Y (e P (@)l (y)

n=p
follows from (12.2) with v = oo, which gives that ) x)‘ = O (e™), for all

e > 0, and an easy extension of (10.17) which yields [w? (y)| < F,(y, t)e'™, t > Ts,
where F, has the same properties of F'. For the final part of the proof of Theorem

l| assume that v € A (g) Therefore, Proposition [12.3.1| gives that S;f =
Sif € L2(v), for all t > 0 and f € C.(Ry). We prove the following result which
relates S to the semigroup P.

PROPOSITION 12.3.2. Assume that S;f = Sif € L2(v), for allt > 0, f € C.(Ry)
and that, fort > to(f), Pof = Stf. Then

Pf = Sif = S:f,
for allt > 0.

Proof. Fix a > 0, write, for any M € N,

M
SMF =" (f. V), P

n=0
and SMf = 8,f—SMf. Let now f € C.(R,) and note that with any t > 0, M € N,
1PiSaf = Saveflls < PSS f = Sabefllw + 11520 f 1w + [12S2 £,
1524 e f 11w + 11P:S2 £11.

since

M
PSYf = Py e "(fV

M

= D e M (V) Py = ST

n=0
Now, as P, € B(L2(¢),L2(v)), we get that
[1PeSaf = Saseflly < [1SaLef Il + 115" Fll-
Letting M — oo and using the fact that S, f, Seyrf € L2(v) we conclude that

PtSaf == Sa+tfa
for all ¢ > 0. Therefore, from the assumptions, for ¢t + a > to(f) we have that
Sa—‘,—tf = Pa+tf and thus

PP.f =PSaf
and hence P, f — S, f € Ker(P,). However, if we conclude that P, f —S,f € D(G,),
the domain of the infinitesimal generator (in L2(v)) G, of P, then a classical
result of strongly continuous semigroups yields P,f = S, f. Choose furthermore
f € C®(Ry). Then, since the gL processes are Feller processes, see Deﬁnition
we know that f € D(G) C Co(R, ), where G is the generator of the Feller semigroup
of the gL process, as a semigroup in Co(R, ). However, from and f € CP(Ry)
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it can be easily seen that ||Gf||oc < oo and hence f € D(G,) C L%(v), where
D (G,) is the domain of the extension of G to G,. Therefore,

P.f € D(G,) C L*(v).
It remains to show that S, f € D(G,). Clearly,

. PtSaf - Saf BT Sathf - Saf
lim —— = lim ———~
t—0 t t—0 t

T - —na (]‘ B eint)
S et P

and we can take the limit under the sum to verify that S,f € D(G,) C L3(v)
thanks to (Pn),, is a Bessel sequence and

(em“ <" vn>y) e 2(N)

t n>0

since S,f € L2(v). Thus, Sof = P.f for f € C®(R,). For, f € C.(R;) we can
approximate. ([l

We can now conclude the claim of Theorem [1.3.1{[3)). Indeed, from Proposition

12.3.1{ Sif = Sif, t > 0, for any f € C.(Ry), since v € A(%). However, since
when ¢ € Ng and (¢,t, f) € Dr, for t > Tg,, we have that P,f = S;f. Thus,

Proposition [12.3.2] implies that
P.f =S = S:f,

for all ¢ > 0, and the kernel expansion follows immediately. Besides, when ¢ € Np
then v € A (%), see Lemma Lemma [12.3.3| gives the second such condition

in item .

12.3.1. Laguerre type expansions of the invariant density.

LEMMA 12.3.3. Let ¢ € N\ Np. Then, writing

B o ln‘znz (_1)k n\ We (k+1) (Wy ‘
R, — - Tm k=0 (k) T(k+1) ( T )

n— oo 2\/ﬁ ’

we have that v is holomorphic in the parabolic domain

Cp,, ={z=a+ibeC; b’ < AR, (a+ Ry)}.

In particular, if Ry = oo, then v € A(%).

Proof. We first prove that when o2 = 0 then ”; € L?(Ry) and hence ¥ €

L2(e). The fact that ”; is integrable on (0, 1) is clear from Theorem applied
with n =k =0 and a € (0,1). For the interval (1, 00) we use Theorem [5.0.5([5.7)),

that is o
oo L / — 7 p(y)
v(x —— /¢ (x)e” Im v .
(z) o ¢'(z)

Since 0 = 0 then Proposition [4.1.1{[3)) gives that ¢(z) = o(z), ¢'(z) = o(1) and
thus lim, oo 271 (2) = 0o and

ST o) _p _
e~ ImeWF < gmrmm < o
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Then, for x > 1 with some constant C' > 0
V() < O¢(z)e? o)
< O (x)e Im “p(y)%ye(x).

Hence the integrability on (1,00) of "?2 follows easily. Thus, in L?(e),

405 (L) ot

Next, observe that, for any n > 0,

(L2 = /O (@)L (2)dz = Vo Ln(1)

3
= n\ Wy(k+1)
- Z(l)k(k> F(?k—i—l) ’

k=0

where we have used the linearity of the Markov operator Vy, and the expression
(2.20) of its moments. The statement regarding the analyticity of v follows from
[Pol47] and the last claim follows readily. O

12.4. Expansion of the adjoint semigroup: Proof of Theorem [1.3.7]

Let ¢ € Ng, from (1.25) and the duality property, we have, for any ¢ > To =
—Insin (©), that

Pr(,0) = 3 e V() Pul@)v(@)
n=0

where the convergence is locally uniform on R x R;. Next, note that for any
g € L?(v), an application of the Cauchy-Schwarz inequality yields, for any n €
N,

(12.8) [Klgl 1Pol), | < MlglloIPll < llgllo

where [|Py,|l, < 1 from (7.10). This combined with bound (12.6) allows an appli-
cation of Fubini’s theorem to get, for any ¢t > Tg, that

Prow) = | T @) Y e V() Palw (@)
n=0

(129) = Z <g7PTL>1/ eintvn(y)v

n=0
where the series converges uniformly on Ry and completes the proof of item .
For item , as Y € Np C Ng with 0 < m = %@ < 00, from Theorem
10.0.1{(T), we have that (y/c,(m)V,,),>0 is a Bessel sequence, where

T(n+ Dl(m+1) o

A e Ny =0 ().
Hence, with (12.8]), we have that
—1

(Vealm) e (g, P),) €2 (M)
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for all g € L?(v). Therefore, from the synthesis operator

S (en)n>0 = S((cn)) ch (\/ m)V, )

associated to the Bessel sequence (v/¢,(m)V,,)n>0, see (1.31)), we get that the ex-
pansion ([12.9) converges in L?(v) and coincides with P;g, for all ¢ > 0.

12.5. Proof of of Theorem Rate of convergence to equilibrium.

Let first ¢ € A. Then, note that for any f € Ran(Zy), writing f = Z,f, f € L?(e),
we have from the factorization (|7.18)), that for any x > 0,

vf =visf = VyIpf(l) = €f(1) = ef = Lyef(x),
where the last identity follows from the facts that ef is a constant and Zy is a

Markov operator. Hence, assuming in addition that f is not a constant, we have,
for any t > 0,

IPf = vfl

1Zs (QiF — D2 < N1Zsl11? 1Qef — &2
2 I[f — 5f||s o2t 2
fﬁ f v
1 Zo|l] =12 IIf —vfll

where we have used successively the intertwining relationship (11.3]), the fact that
T, € B(L%(e),L3(v)) is a contraction, see (7.22)), and the exponential decay of the
Laguerre semigroup, see [BGL14l, Chap. 4]. Moreover since

I1f = w1 < Tl - efll2,

we get the inequality

I1f — f\l2 -
This ends the proof of item . We proceed with item . Next, for any (¢, f,t) €
Dr such that there exists, for any n > 0, V,, € L,
1€ V) | < L Vil with [[Va[[ = O (n%e™T)
we have, for any ¢ > T > 0, writing ¢, ,(f) = (P,f, Pn), for n > 1 and & (f) =0,
and k = [2q],
2

1B vfIB = |3 (B, Pale)|| = 18 ()P

n=1 v

< ium Ze—%ﬂ £iVa), P
n=1

(12.10) - i@‘Q"t|<f—Vf,Vn>yl2

n=1

< |If-vfli f}e”"tnvnnﬁ < CLllf —vfll} f}n’“e*%“m

n=1 n=1
< 2150L\/<62(t_i)_1>(k)|f—Vf||i,
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where C, > 0 and we used the synthesis operator associated to the Bessel sequence
(Pn)n>0, see (1.31)). When ¢ € Ny note from (10.13)) that ||V, || < Cpe"T=, k=0
and we conclude the proof of Theorem _ he first inequality of Theorem
1.4.1)(3) follows similarly from with CL =C,., for any t > € > 0 and any

e > 0. Finally, let v € Np with H(O“‘) < oo and from, Lemma [10.1.3} recall
that

m +T1(01) +
2 >4 =ddia;>0p

where d. = —d,—e€ > 0, for some € > 0. Then, from Lemma|10.1.1Jand when —dg4 >

0, Lemma|10.1.3} we have that both sequences —Pn__ and (M) V) n>o,
auences (2] and (Ve

, are Bessel sequences in L?(v) with bound 1. Next,

m:

) _ T'(n+1)I'(m+1)

where ¢, (m Rt mtT)

observe that since

e 2(n=Dte (a+)c (m) 71:[2 o (n +m—j )
g e e ——

¢1(dd)en (m) s n+de—j
we get that
—2(7L—1)t d+ 2
(12.11) sup & f"( Dam) <m+ ) <1,
n>1 c(dd)en(m) de +2

which holds if and only if t > Ty = 31n (;H> Hence, for any f € L2(v) and

a2
t>Tw=1In (E—H>, we have

1Pf —vfll) = \|Stf—l’f||2=||3(5nt( NI
< L [ vamm) |
- S e |
- o o e (v [
< Frre Ll vemm) |
< eI vl

where we used, for the third equality, the biorthogonality of the sequences (Pp,)n>0
and (V,,)n>0 and the fact that Py = 1, the equivalence for the second
inequality and, to obtain the last bound the synthesis operator associated to the
Bessel sequence (y/¢,(m)V,,)n>0 . This proves for t > Ty,. Finally, since for
any t < T,

mAl o d +2m+1

at +1 Tdf+1m+42
as m > df, invoking that P; is contractive, we complete the proof of this statement
and hence of Theorem [[4.1l
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