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Analytical Evaluation of
Nonlinear Effects on OFDMA Signals

Teresa Araújo and Rui Dinis, Member, IEEE

Abstract—As with other multicarrier modulations, OFDMA
signals (Orthogonal Frequency Division Multiple Access) have
large envelope fluctuations making them very prone to nonlinear
distortion effects.

In this paper we study the impact of nonlinear devices on
OFDMA signals. We present an analytical characterization of
the signals at the output of a nonlinear device that can be used
for obtaining the spectral characterization of the transmitted
signals, as well as the computation of the nonlinear interference
levels on the received signals.

It is shown that the power allocated to each user has a key
impact on the nonlinear distortion effects. For this reason, we
should avoid having low-power and high-power users in adjacent
subcarriers. It is also shown that nonlinear distortion levels are
lower when just a small fraction of the subcarriers is used (i.e.,
when the system load is small).1

Index Terms—OFDM signals, nonlinear effects, intermodula-
tion analysis, wireless access, OFDMA.

I. INTRODUCTION

OFDMA (Orthogonal Frequency Division Multiple Ac-
cess) schemes [1], [2] are OFDM (Orthogonal Frequency

Division Multiplexing) modulations [3], [4] where a different
set of subcarriers is assigned to each user. Therefore, they
combine an OFDM modulation with an FDMA (Frequency
Division Multiple Access) scheme. Moreover, they are suitable
for severe frequency-selective channels (also denoted time-
dispersive) and allow a flexible and efficient management
of the spectrum. For these reasons, they were selected for
future broadband wireless systems [5]–[7]. OFDMA is used
in wireless broadband access technologies IEEE 802.16a/d/e,
commonly referred to as WiMAX [5], [8], and 3rd Genera-
tion Partnership Project (3GPP) Long Term Evolution (LTE),
named High Speed OFDM Packet Access (HSOPA) [6]. It is
also the access method candidate for Wireless Regional Area
Networks (WRAN) [7].

As with OFDM and other multicarrier modulations, the
transmitted signals have large envelope fluctuations and high
PMEPR (Peak-to-Mean Envelope Power Ratio), leading to
amplification difficulties. For this reason, several techniques
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have been proposed to reduce the envelope fluctuations
of OFDMA signals namely through suitable pre-processing
schemes [9]–[11]. As an alternative, we can employ clipping
and filtering techniques, already shown to be effective for
conventional OFDM signals [12]–[14], as well as MC-CDMA
(Multi-Carrier Code Division Multiple Access) schemes [15].

The performance evaluation of multicarrier schemes with
nonlinear transmission (either due to an imperfectly linear
amplification or due to suitable signal processing schemes to
reduce the envelope fluctuations of the transmitted signals),
usually resorts to Monte-Carlo simulations that require a long
computation time; heuristic, "semi-analytical", approaches
have also been proposed so as to evaluate nonlinear distortion
effects (see, e.g., [16]). When the number of subcarriers is
high we can take advantage of the Gaussian nature of the
transmitted signals to characterize statistically the transmitted
signals [12], [15], [17]–[20]. The nonlinear devices considered
in [12], [15], [17], [18] can be regarded as bandpass memory-
less nonlinearities [21] ([15] considers MC-CDMA signals and
[12], [17], [18] consider OFDM signals). [19], [20] consider
quantization effects on OFDM signals, i.e., the nonlinear
devices can be regarded as I-Q memoryless nonlinearities.

This paper deals with the analytical evaluation of nonlinear
distortion effects on OFDMA signals, which, as far as we
know, was not addressed in detail in the literature. We consider
nonlinear distortion effects that are inherent to nonlinear signal
processing techniques for reducing the PMEPR of the trans-
mitted signals (as the ones proposed in [12] for conventional
OFDM schemes). For this purpose, we take advantage of
the Gaussian-like nature of OFDMA signals with a large
number of subcarriers to extend the results of [12], [17],
[22] to OFDMA schemes. Our results allow an analytical
spectral characterization of the transmitted signals, as well
as the computation of the nonlinear interference levels on
the received signals. They can also be used to compute the
corresponding BER (Bit Error Rate). This allows an efficient
approach for studying aspects such as the type of nonlinear
device, the impact of the system load (fraction of subcarriers
used), the set of subcarriers assigned to each user (continuous,
randomly spaced or regularly spaced subcarriers), etc.

This paper is organized as follows: Sec. II describes the
OFDMA schemes considered in this paper. The analytical
evaluation of nonlinear distortion effects on the transmission
of OFDMA signals is made in Sec. III and a set of per-
formance results is presented in Sec. IV. Finally, Sec. V is
concerned with the conclusions of this paper.

II. OFDMA SYSTEM

In this paper we consider an OFDMA system with 𝑃 users
and 𝑁𝑝 subcarriers assigned to the 𝑝th user. The total number
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Fig. 1. OFDMA uplink system with 𝑝 users.

of subcarriers is 𝑁 ′, the number of in-band subcarriers (i.e.,
the number of subcarriers that can be assigned to users) is
𝑁 (it is assumed that 𝑁 ≥ ∑𝑃

𝑝=1𝑁𝑝) and we have 𝑁 ′ −𝑁
subcarriers that are always idle. The idle subcarriers are used
to simplify the design of the reconstruction filter; they can
also be employed to define unused regions of the spectrum
(e.g., when the transmission band is fragmented [23]). Figure
1 illustrates the system in the uplink case.

A. Downlink Transmission

The OFDMA signal can be written as the sum of blocks
generated at a rate 𝑅𝐵 = 1/𝑇𝐵, i.e.2

𝑠𝑀𝐶(𝑡) =
∑
𝑚

𝑠𝑚(𝑡−𝑚𝑇𝐵), (1)

where 𝑠𝑚(𝑡) is the signal associated to the 𝑚th block. How-
ever, to simplify the notation we will ignore the dependence
with the block number 𝑚, focusing on a single block.

The frequency-domain block transmitted on the downlink is
{𝑆𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1}, where 𝑆𝑘 = 𝜉𝑝𝐴

(𝑝)
𝑘 for 𝑘 ∈ Ψ𝑝,

where the sets Ψ𝑝 and {𝐴(𝑝)
𝑘 ; 𝑘 ∈ Ψ𝑝} are associated with

the 𝑝th user (it is assumed that Ψ𝑝 ∩ Ψ𝑝′ = ∅, i.e., different
sets are assigned to different users) and 𝜉𝑝 is an appropriate
weighting coefficient that accounts power control issues. The
time-domain signal corresponding to that block is

𝑠(𝑡) =
∑
𝑛

𝑠𝑛𝑤

(
𝑛𝑇

𝑁 ′

)
ℎ𝑇

(
𝑡− 𝑛𝑇

𝑁 ′

)
,

where 𝑇 is the duration of the useful part of the block,
𝑤(𝑡) is a suitable time-domain window (used to reduce the
out-of-band radiation levels [12]) and ℎ𝑇 (𝑡) is the impulse
response of the reconstruction filter. Clearly, the duration of
the block is the duration of 𝑤(𝑡). The block of time-domain
samples {𝑠𝑛;𝑛 = 0, 1, . . . , 𝑁 ′ − 1} is the IDFT (Inverse
Discrete Fourier Transform) of the frequency-domain block
{𝑆𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1} (as usual, it is assumed that the
time-domain and frequency-domain blocks are periodic, with
period 𝑁 ′, i.e., 𝑆𝑘+𝑙𝑁 ′ = 𝑆𝑘 and 𝑠𝑛+𝑙𝑁 ′ = 𝑠𝑛 for any integer
𝑙).

If 𝐸[𝑆𝑘] = 0 (𝐸[⋅] denotes ’ensemble average’) and

𝐸[𝑆𝑘𝑆
∗
𝑘′ ] =

{
𝐺𝑆,𝑘, 𝑘 = 𝑘′

0, otherwise
(2)

2Although the duration of each block can be smaller or larger than 𝑇𝐵 , it
is usually 𝑇𝐵 .

then it can be shown that the PSD of the OFDMA signal is
given by3

𝐺𝑠(𝑓) =
∣𝐻𝑇 (𝑓)∣2
𝑇 2𝑇𝐵

𝑁/2−1∑
𝑘=−𝑁/2

𝐺𝑆,𝑘

∣∣∣∣𝑊 eq

(
𝑓 − 𝑘

𝑇

)∣∣∣∣2 , (3)

where 𝐻𝑇 (𝑓) = ℱ{ℎ𝑇 (𝑡)} (ℱ denotes ’Fourier Transform’)
and

𝑊 eq(𝑓) =

+∞∑
𝑙=−∞

𝑊

(
𝑓 − 𝑙𝑁 ′

𝑇

)
, (4)

with 𝑊 (𝑓) = ℱ{𝑤(𝑡)}. When the number of used subcarriers
is high4 (

∑
𝑝𝑁𝑝 >> 1) the time-domain coefficients 𝑠𝑛 can

be approximately regarded as samples of a zero-mean complex
Gaussian process. It can be easily demonstrated that𝐸[𝑠𝑛] = 0
and that its autocorrelation is given by

𝑅𝑠,𝑛−𝑛′ = 𝐸 [𝑠𝑛𝑠
∗
𝑛′ ] =

=
1

(𝑁 ′)2

𝑁/2−1∑
𝑘=−𝑁/2

𝐺𝑆,𝑘 exp

(
𝑗2𝜋

𝑘(𝑛− 𝑛′)
𝑁 ′

)
, (5)

i.e., the block {𝑅𝑠,𝑛;𝑛 = 0, 1, . . . , 𝑁 ′−1} is the IDFT of the
block { 1

𝑁 ′𝐺𝑆,𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1}. Moreover

𝑅𝑠,0 = 𝐸[∣𝑠𝑛∣2] = 2𝜎2 =
1

(𝑁 ′)2

𝑁/2−1∑
𝑘=−𝑁/2

𝐺𝑆,𝑘, (6)

with 𝜎2 denoting the variance of the real and imaginary parts
of 𝑠𝑛.

B. Uplink Transmission

For the uplink transmission we have a similar situation: the
frequency-domain block to be transmitted by the 𝑝th user is
{𝑆(𝑝)

𝑘 ; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1}, where

𝑆
(𝑝)
𝑘 =

{
𝜉𝑝𝐴

(𝑝)
𝑘 , 𝑘 ∈ Ψ𝑝

0, otherwise
(7)

The corresponding time-domain signal is

𝑠(𝑝)(𝑡) =
∑
𝑛

𝑠(𝑝)𝑛 𝑤

(
𝑛𝑇

𝑁 ′

)
ℎ𝑇

(
𝑡− 𝑛𝑇

𝑁 ′

)
, (8)

where {𝑠(𝑝)𝑛 ;𝑛 = 0, 1, . . . , 𝑁 ′ − 1} = 1
𝑁 ′ IDFT {𝑆(𝑝)

𝑘 ; 𝑘 =

0, 1, . . . , 𝑁 ′ − 1}, with 𝐸[𝑠
(𝑝)
𝑛 ] = 𝐸[𝑆

(𝑝)
𝑘 ] = 0 and

𝐸[𝑆
(𝑝)
𝑘 𝑆

(𝑝)∗
𝑘′ ] =

{
𝐺

(𝑝)
𝑆,𝑘, 𝑘 = 𝑘′

0, otherwise
(9)

The PSD and autocorrelation of 𝑠(𝑝)(𝑡) are given by

𝐺(𝑝)
𝑠 (𝑓) =

∣𝐻𝑇 (𝑓)∣2
𝑇 2𝑇𝐵

𝑁/2−1∑
𝑘=−𝑁/2

𝐺
(𝑝)
𝑆,𝑘

∣∣∣∣𝑊 eq

(
𝑓 − 𝑘

𝑇

)∣∣∣∣2 (10)

3We consider an even number of subcarriers.
4The number of active subcarriers can be a small fraction of 𝑁 for OFDMA

signals, especially when the number of users is high.
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and

𝑅
(𝑝)
𝑠,𝑛−𝑛′ = 𝐸[𝑠(𝑝)𝑛 𝑠

(𝑝)∗
𝑛′ ] =

=
1

(𝑁 ′)2

𝑁/2−1∑
𝑘=−𝑁/2

𝐺
(𝑝)
𝑆,𝑘 exp

(
𝑗2𝜋

𝑘(𝑛− 𝑛′)
𝑁 ′

)
, (11)

respectively, with {𝑅(𝑝)
𝑠,𝑛;𝑛 = 0, 1, . . . , 𝑁 ′ − 1} = 1

𝑁 ′ IDFT
{𝐺(𝑝)

𝑆,𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1} and

𝑅
(𝑝)
𝑠,0 = 𝐸[∣𝑠(𝑝)𝑛 ∣2] = 2𝜎2

𝑝 =
1

(𝑁 ′)2

𝑁/2−1∑
𝑘=−𝑁/2

𝐺
(𝑝)
𝑆,𝑘, (12)

with 𝜎2
𝑝 denoting the variance of the real and imaginary parts

of 𝑠(𝑝)𝑛 .

III. NONLINEAR EFFECTS ON OFDMA SIGNALS

A. Statistical Characterization of the Transmitted Signals

We consider nonlinear signal processing schemes which
operate on a sampled version of the OFDM signal. More-
over, these nonlinear operations are usually intentional (e.g.,
clipping and filtering techniques for reducing the PMEPR of
the transmitted signals [12]). We will focus on the downlink
transmission, but a similar analysis can be used for the uplink
case. We just have to replace the samples 𝑠𝑛 by 𝑠

(𝑝)
𝑛 , thus

getting the characterization for the 𝑃 uplink transmitters.
The basic downlink transmitter structure considered in this

section is depicted in Fig. 2. The nonlinear device 𝑔𝐶(⋅) is
modeled as a bandpass memoryless nonlinearity operating on
an oversampled version of the OFDMA signal, leading to

𝑠𝐶𝑛 = 𝑔𝐶(∣𝑠𝑛∣) exp(𝑗 arg(𝑠𝑛)). (13)

An optional frequency-domain filtering procedure, through the
set of multiplying coefficients {𝐹𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1}, is
considered to reduce the out-of-band radiation levels inherent
to the nonlinear operation [12]. The transmitter structure of
Fig. 2 is similar to the nonlinear signal processing schemes
proposed in [12] for reducing the PMEPR of OFDM sig-
nals while maintaining the spectral efficiency of conventional
OFDM schemes. For the uplink transmission, the set of coef-
ficients {𝐹𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1} can be used to eliminate
the out-of-band radiation5 as well as the interference levels
between users6, both introduced by the nonlinear device. For
the downlink transmission the set of coefficients {𝐹𝑘; 𝑘 =
0, 1, . . . , 𝑁 ′ − 1} can only be used to eliminate the out-of-
band radiation, not the nonlinear interference between users.

We will take advantage of the Gaussian nature of OFDMA
signals with a large number of subcarriers for the analytical
characterization of the transmitted signals. It is well known
that the output of a memoryless nonlinear device with a
Gaussian input can be written as the sum of two uncorrelated

5Throughout this paper the "in-band" subcarriers are the 𝑁 subcarriers that
can be assigned to users and the "out-of-band" subcarriers are the 𝑁 ′ − 𝑁
idle subcarriers associated to the oversampling.

6Due to the OFDMA nature of the signals, of the 𝑁 in-band subcarriers
of the overall signal only 𝑁𝑝 are in fact in-band subcarriers of the 𝑝th user.
The remaining 𝑁 −𝑁𝑝 subcarriers are outside its in-band region.

{ }C
kS { }Tx

kS{ }C
ns{ }ns{ }kS { }Tx

ns

{ }kF

Fig. 2. Detail of the downlink transmitter structure with nonlinear signal
processing.

components: a useful one, which is proportional to the input,
and a self-interference one [24], i.e.,

𝑠𝐶𝑛 = 𝛼𝑠𝑛 + 𝑑𝑛, (14)

where 𝐸[𝑠𝑛𝑑
∗
𝑛′ ] = 0 and

𝛼 =
𝐸[𝑠𝐶𝑛 𝑠

∗
𝑛]

𝐸[∣𝑠𝑛∣2] =
𝐸[𝑅𝑔𝐶(𝑅)]

𝐸[𝑅2]
(15)

is given by (38), with 𝑅 = ∣𝑠𝑛∣.
Using the results of the appendix, the autocorrelation of

the output samples can be expressed as a function of the
autocorrelation of the input samples, as follows

𝑅𝐶
𝑠,𝑛−𝑛′ = 𝐸[𝑠𝐶𝑛 𝑠

𝐶∗
𝑛′ ] = 2

+∞∑
𝛾=0

𝑃2𝛾+1𝑓
𝑅
2𝛾+1 (𝑅𝑠,𝑛−𝑛′) , (16)

with 𝑓𝑅
2𝛾+1(⋅) given by (40) and 𝑃2𝛾+1 denoting the total

power associated to the Inter-Modulation Product (IMP) of
order 2𝛾 + 1, which is given by (41). Since

𝑅𝐶
𝑠,𝑛−𝑛′ = ∣𝛼∣2𝑅𝑠,𝑛−𝑛′ + 𝐸[𝑑𝑛𝑑

∗
𝑛′ ], (17)

it can be easily recognized that 𝑃1 = ∣𝛼∣2𝜎2 and

𝑅𝑑,𝑛−𝑛′ = 𝐸[𝑑𝑛𝑑
∗
𝑛′ ] = 2

+∞∑
𝛾=1

𝑃2𝛾+1𝑓
𝑅
2𝛾+1 (𝑅𝑠,𝑛−𝑛′) . (18)

It can be shown that

𝐸[𝑆𝐶
𝑘 𝑆

𝐶∗
𝑘′ ] =

{
𝑁 ′𝐺𝐶

𝑆,𝑘, 𝑘 = 𝑘′

0, otherwise
(19)

with {𝐺𝐶
𝑆,𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1} = DFT {𝑅𝐶

𝑠,𝑛;𝑛 =
0, 1, . . . , 𝑁 ′ − 1} and

𝐺𝐶
𝑆,𝑘 = 2

+∞∑
𝛾=0

𝑃2𝛾+1

(𝑅𝑠,0)
2𝛾+1 𝑓

𝐺
2𝛾+1(𝐺𝑆,𝑘) =

= 2

+∞∑
𝛾=0

𝑃2𝛾+1

(𝑅𝑠,0)
2𝛾+1 (𝐺𝑆,𝑘)

2𝛾+1
. (20)

with 𝑓𝐺
2𝛾+1(⋅) given by (45). Clearly

𝐺𝐶
𝑆,𝑘 = ∣𝛼∣2𝐺𝑆,𝑘 +𝐺𝐷,𝑘, (21)

with

𝐺𝐷,𝑘 = 2

+∞∑
𝛾=1

𝑃2𝛾+1

(𝑅𝑠,0)
2𝛾+1 (𝐺𝑆,𝑘)

2𝛾+1
, (22)

and {𝐺𝐷,𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1} = DFT {𝑅𝑑,𝑛;𝑛 =
0, 1, . . . , 𝑁 ′ − 1}. The average power of the signal at the
nonlinearity output, 𝑃𝑜𝑢𝑡, can be obtained from (48), with
useful and self-interference components 𝑆 = ∣𝛼∣2𝜎2 and
𝐼 = 𝑃𝑜𝑢𝑡 − 𝑆 =

∑+∞
𝛾=1 𝑃2𝛾+1, respectively.
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Having in mind (14) and the signal processing chain in
Fig. 2, the frequency-domain block {𝑆𝑇𝑥

𝑘 = 𝑆𝐶
𝑘 𝐹𝑘; 𝑘 =

0, 1, . . . , 𝑁 ′ − 1} can obviously be decomposed into useful
and nonlinear self-interference components:

𝑆𝑇𝑥
𝑘 = 𝛼𝑆𝑘𝐹𝑘 +𝐷𝑘𝐹𝑘, (23)

where {𝐷𝑘; 𝑘 = 0, 1, . . . , 𝑁 ′ − 1} = DFT {𝑑𝑛;𝑛 =
0, 1, . . . , 𝑁 ′ − 1}. Clearly, 𝐸[𝐷𝑘] = 0 and

𝐸[𝐷𝑘𝐷
∗
𝑘′ ] =

{
𝑁 ′𝐺𝐷,𝑘, 𝑘 = 𝑘′

0, otherwise
(24)

Moreover, 𝐷𝑘 exhibits quasi-Gaussian characteristics for any
𝑘, provided that the number of subcarriers is high enough.
Therefore, 𝐸[𝑆𝑇𝑥

𝑘 𝑆𝑇𝑥∗
𝑘′ ] = 0 for 𝑘 ∕= 𝑘′, and 𝐸[∣𝑆𝑇𝑥

𝑘 ∣2] =
∣𝐹𝑘∣2𝐸[∣𝑆𝐶

𝑘 ∣2] = 𝑁 ′∣𝐹𝑘∣2𝐺𝐶
𝑆,𝑘.

B. Signal to Interference Ratio Levels on the Received Signals

1) Multiple Users: Let us consider the transmission of the
OFDMA downlink signal over a frequency-selective channel.
It is clear that the received symbol on the 𝑘th subcarrier is

𝑌
(𝑝)
𝑘 = 𝛼𝜉𝑝𝐹𝑘𝐻

(𝑝)
𝑘 𝐴

(𝑝)
𝑘 + 𝐹𝑘𝐻

(𝑝)
𝑘 𝐷𝑘 +𝑁

(𝑝)
𝑘 , (25)

with 𝐻
(𝑝)
𝑘 and 𝑁

(𝑝)
𝑘 denoting the corresponding channel

frequency response and channel noise, respectively. We can
calculate a signal-to-interference ratio (SIR) on each subcar-
rier, given by

SIR(𝑝)
𝑘 =

𝐸[∣𝛼𝜉𝑝𝐴(𝑝)
𝑘 ∣2]

𝐸[∣𝐷𝑘∣2] (26)

and also an equivalent signal to noise plus self-interference
ratio (ESNR) on each subcarrier, given by

ESNR(𝑝)
𝑘 =

∣𝐹𝑘∣2∣𝐻(𝑝)
𝑘 ∣2𝐸[∣𝛼𝜉𝑝𝐴(𝑝)

𝑘 ∣2]
∣𝐹𝑘∣2∣𝐻(𝑝)

𝑘 ∣2𝐸[∣𝐷𝑘∣2] + 𝐸[∣𝑁 (𝑝)
𝑘 ∣2]

. (27)

When transmitting an OFDMA uplink signal over a
frequency-selective channel, the received symbol on the 𝑘th
subcarrier of user 𝑝 is

𝑌
(𝑝)
𝑘 = 𝛼𝑝𝜉𝑝𝐹

(𝑝)
𝑘 𝐻

(𝑝)
𝑘 𝐴

(𝑝)
𝑘 +

𝑃∑
𝑝′=1

𝐹
(𝑝′)
𝑘 𝐻

(𝑝′)
𝑘 𝐷

(𝑝′)
𝑘 +𝑁𝑘.

(28)
In this case SIR(𝑝)

𝑘 is given by

SIR(𝑝)
𝑘 =

∣𝐹 (𝑝)
𝑘 ∣2∣𝐻(𝑝)

𝑘 ∣2𝐸[∣𝛼𝑝𝜉𝑝𝐴
(𝑝)
𝑘 ∣2]

𝐼
eq
𝑘

, (29)

with

𝐼eq
𝑘 =

𝑃∑
𝑝′=1

∣𝐹 (𝑝′)
𝑘 ∣2∣𝐻(𝑝′)

𝑘 ∣2𝐸[∣𝐷(𝑝′)
𝑘 ∣2], (30)

and ESNR(𝑝)
𝑘 is given by

ESNR(𝑝)
𝑘 =

∣𝐹 (𝑝)
𝑘 ∣2∣𝐻(𝑝)

𝑘 ∣2𝐸[∣𝛼𝑝𝜉𝑝𝐴
(𝑝)
𝑘 ∣2]

𝐼eq
𝑘 + 𝐸[∣𝑁𝑘∣2] . (31)

2) Single User: When we have just one active user, e.g.
the 𝑝th user, and, on the downlink case, we have 𝑌

(𝑝)
𝑘 =

𝛼𝜉𝑝𝐹𝑘𝐻
(𝑝)
𝑘 𝐴

(𝑝)
𝑘 + 𝐹𝑘𝐻

(𝑝)
𝑘 𝐷𝑘 +𝑁𝑘 which gives

SIR(𝑝)
𝑘 =

𝐸[∣𝛼𝜉𝑝𝐴(𝑝)
𝑘 ∣2]

𝐸[∣𝐷𝑘∣2] (32)

and

ESNR(𝑝)
𝑘 =

∣𝐹𝑘∣2∣𝐻(𝑝)
𝑘 ∣2𝐸[∣𝛼𝜉𝑝𝐴(𝑝)

𝑘 ∣2]
∣𝐹𝑘∣2∣𝐻(𝑝)

𝑘 ∣2𝐸[∣𝐷𝑘∣2] + 𝐸[∣𝑁𝑘∣2]
. (33)

For the uplink we have a similar situation, with 𝑌
(𝑝)
𝑘 =

𝛼𝑝𝜉𝑝𝐹
(𝑝)
𝑘 𝐻

(𝑝)
𝑘 𝐴

(𝑝)
𝑘 + 𝐹

(𝑝)
𝑘 𝐻

(𝑝)
𝑘 𝐷

(𝑝)
𝑘 + 𝑁𝑘, for 𝑘 ∈ Ψ𝑝 and

zero elsewhere. This means that

SIR(𝑝)
𝑘 =

𝐸[∣𝛼𝑝𝜉𝑝𝐴
(𝑝)
𝑘 ∣2]

𝐸[∣𝐷(𝑝)
𝑘 ∣2]

(34)

and

ESNR(𝑝)
𝑘 =

∣𝐹 (𝑝)
𝑘 ∣2∣𝐻(𝑝)

𝑘 ∣2𝐸[∣𝛼𝑝𝜉𝑝𝐴
(𝑝)
𝑘 ∣2]

∣𝐹 (𝑝)
𝑘 ∣2∣𝐻(𝑝)

𝑘 ∣2𝐸[∣𝐷(𝑝)
𝑘 ∣2] + 𝐸[∣𝑁𝑘∣2]

. (35)

IV. PERFORMANCE RESULTS

In this section we present a set of results concerning
the performance evaluation of the proposed nonlinear signal
processing schemes that operate on a sampled version of
the OFDMA signal. The considered OFDMA system has
𝑁 = 256 subcarriers and a QPSK (Quadrature Phase-Shift
Keying) constellation, with a Gray mapping rule, on each
subcarrier. The system has 𝑃 = 4 users, not necessarily
active, with an equal number of subcarriers assigned to each
user, i.e., 𝑁𝑝 = 64, 𝑝 = 1, 2, 3, 4. We consider an ideal
envelope clipping, with clipping level 𝑠𝑀/𝜎 = 2.0, unless
otherwise stated. With this clipping level the PMEPR exceeded
only 0.1% of the time (which is almost independent of the
number of used subcarriers [12]) is about 5.7 dB when the
𝐹𝑘 coefficients are used to remove the nonlinear distortion in
the unused subcarriers; for 𝐹𝑘 = 1 (no post-clipping filtering)
the PMEPR is about 3.5 dB and without clipping the PMEPR
is about 8.4 dB. Unless otherwise stated, the oversampling
factor is 𝑀𝑇𝑥 = 𝑁 ′/𝑁 = 2 and the multiplying coefficients
{𝐹𝑘; 𝑘 = 0, 1, ..., 𝑁 ′ − 1} and {𝐹 (𝑝)

𝑘 ; 𝑘 = 0, 1, ..., 𝑁 ′ − 1}
are set to 1 for the used subcarriers and 0 for the unused and
out-of-band subcarriers.

A. Downlink Transmission

In the case of downlink transmission, we consider two
different ways of assigning subcarriers to a given user: regular
grid (RG) or block assignment (BA), as show in Fig. 3. Regu-
lar grid has the advantage of having higher multipath diversity.
This is a consequence of not using adjacent subcarriers for the
same user, which leads to less correlated channel coefficients.
A RG is not suitable for the uplink since it requires perfect
carrier synchronization between users (for BA we can employ
idle subcarriers between blocks to reduce the degradation due
to carrier synchronization errors between users).

In Fig. 4 we compare the theoretical values of 𝐸[∣𝐷𝑘∣2],
measured in dB, obtained using the analytical approach pre-
sented in this paper, with the simulated ones. We consider
the downlink transmission and different cases concerning the
way the power is attributed to the users. The figure clearly



3476 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 9, NO. 11, NOVEMBER 2010

Fig. 3. User subcarrier assignment: regular grid (A) and block assignment
(B).
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Fig. 4. Comparison of simulated (o) and analytical results for downlink
transmission with four equal power 0 dB users (dotted line), just one 0 dB
user active (solid line) and BA with {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 20, 0, 10} dB
(dash-dotted line) or {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 0, 10, 20} dB (dashed line).

shows a good match between theory and simulation, even
when we have only one user (64 active subcarriers). Naturally,
the accuracy of our analytical approach decreases when the
number of active subcarriers is very low.

A comparison of results obtained for self-interference values
with and without the use of oversampling can be found in
Fig. 5 for different number of users (i.e, different systems
loads), with equal power users and block assignment. It can
be seen that we can improve the SIR levels for a fully loaded
system (all users active) and two users active by employing
an oversampling factor of 2 (negligible improvements are
observed with an oversampling factor of 4). If we have just one
user active oversampling is not necessary (i.e., the SIR levels
are almost independent of the oversampling factor when we
have a single user). Total power of the nonlinear distortion
component is independent of the oversampling factor (it is
only a function of the normalized clipping level), but part
of it is outside the used part of the spectrum when we
have oversampling (see also [12]); the same applies when
the system is not fully loaded. The increase in the values
of 𝐸[∣𝐷𝑘∣2] at the edge of the spectrum (𝑁 ′ subcarriers)
observed in (B) and (C) for 𝑀𝑇𝑥 = 1 and 𝑀𝑇𝑥 = 2 is due
to the aliasing effect. For just one user the values of 𝐸[∣𝐷𝑘∣2]
are similar to the ones in the uplink case. Fig. 6 shows the
impact of the normalized clipping level on 𝐸[∣SIR(𝑝)

𝑘 ∣2] with
equal power users for different system loads and oversampling
factors. It can be seen that the improvement obtained by using
an oversampling factor of 2 is independent of the clipping
level. We can notice again that when there is just one user
active, the SIR levels are almost independent of oversampling.
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Fig. 5. Comparison of 𝐸[∣𝐷𝑘∣2] for downlink transmission with equal power
users and BA with all users active (A), user 1 active (B) and users 1 and 3
active (C), for 𝑀𝑇𝑥 = 1 (dotted line), 𝑀𝑇𝑥 = 2 (dash-dotted line) and
𝑀𝑇𝑥 = 4 (dashed line).
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Fig. 6. Variation of 𝐸[∣SIR(𝑝)
𝑘 ∣2] for downlink transmission and BA with

equal power users with all users active (A), user 1 active (B) and users 1 and
3 active (C), for 𝑀𝑇𝑥 = 1 (+), 𝑀𝑇𝑥 = 2 (∘) and 𝑀𝑇𝑥 = 4 (×).

Fig. 7 compares the variation of 𝐸[∣𝛼𝜉𝑝𝐴(𝑝)
𝑘 ∣2] and

𝐸[∣𝐷𝑘∣2] for block assignment and the two different user
attribution of the power control coefficients {−10, 0, 10, 20}
dB used before. From the figure it is clear that increasing
power of the users within the band leads to significantly
lower levels of self-interference and that low-power users
can suffer high levels of interference when they are between
users with higher attributed powers. Figs. 8 to 10 concern the
comparison of two subcarrier assigning schemes: RG and BA.
Fig. 8 compares𝐸[∣SIR(𝑝)

𝑘 ∣2] for the two schemes and different
power users. The SIR levels shown concern the -10 dB-power
and the 0 dB-power users. Equal power users and the two
different user attribution of the power control coefficients
{−10, 0, 10, 20} dB used before are considered. Figs. 9 and
10 show the impact of subcarrier assignment on SIR(𝑝)

𝑘 and
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Fig. 7. Variation of 𝐸[∣𝛼𝜉𝑝𝐴(𝑝)
𝑘 ∣2] (solid line) and 𝐸[∣𝐷𝑘∣2] (dashed

line) for downlink transmission and BA with equal 0 dB power users
(A), {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 20, 0, 10} dB (B) and {𝜉1, 𝜉2, 𝜉3, 𝜉4} =
{−10, 0, 10, 20} dB (C).
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Fig. 8. Variation of 𝐸[∣SIR(𝑝)
𝑘 ∣2] for downlink transmission with equal

power 0 dB users (solid line) and RG (∘) or BA (+), with {𝜉1, 𝜉2, 𝜉3, 𝜉4} =
{−10, 20, 0, 10} dB (dotted line) or {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 0, 10, 20} dB
(dash-dotted line), for the user with 𝜉𝑝 = −10 dB (A) and 𝜉𝑝 = 0 dB (B).

𝐸[∣𝐷𝑘∣2], respectively. Again, we consider two different user
attribution of the same power control coefficients. Clearly,
the BA scheme allows better SIR levels for users with lower
power, although slightly worse for users with higher power.
As in Fig. 7, it can be seen that the performance of low-power
users can be severely affected when they are between users
with higher attributed powers.

B. Uplink Transmission

In the uplink transmission post-clipping filtering is generally
used to eliminate the out-of-band radiation. Fig. 11 compares
the variation of SIR(𝑝)

𝑘 for different attribution of the power
control coefficients {−10, 0, 10, 20} dB in case no post-
clipping filtering is used. Again these coefficients are assigned
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Fig. 9. Comparison of SIR(𝑝)
𝑘 for downlink transmission with RG (A) and BA

(B) with {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 20, 0, 10} dB (∘) or {𝜉1, 𝜉2, 𝜉3, 𝜉4} =
{−10, 0, 10, 20} dB (+).
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Fig. 10. Comparison of 𝐸[∣𝐷𝑘∣2] for downlink transmission with RG (dotted
line) and BA (dashed line), with {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 20, 0, 10} dB (∘)
or {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 0, 10, 20} dB (+), for the user with 𝜉𝑝 = −10
dB (A), 𝜉𝑝 = 0 dB (B), 𝜉𝑝 = 10 dB (C) and 𝜉𝑝 = 20 dB (D).

in two different ways: no particular order or increasing order.
Clearly, we have a behavior similar to the one observed for
the downlink transmission, namely worse SIR levels for low-
power users, especially when they use sets of subcarriers that
are adjacent to high-power subcarriers (i.e., when we have
low-power users close to high-power users). Naturally, if we
have a post-clipping filtering able to eliminate the nonlinear
distortion for the subcarriers that are not used to a given user
then the SIR levels of a given user are only a function of
the clipping for that user, even when we have low-power
users adjacent to high-power users. Therefore, in contrast to
the downlink case, the post-clipping filtering can increase the
system’s robustness significantly.

Let us now consider the transmission over a frequency-
selective channel. Fig. 12 shows ESNR(𝑝)

𝑘 for the 0 dB-power
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Fig. 11. Comparison of SIR(𝑝)
𝑘 for uplink transmission without post-

clipping filtering with {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 0, 10, 20} dB (A) and
{𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 20, 0, 10} dB (B).
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Fig. 12. Variation of ∣𝐻(𝑝)
𝑘 ∣2 (A) and comparison of ESNR(𝑝)

𝑘 (B) for uplink
transmission with post-clipping filtering (solid line) and without post-clipping
filtering and equal power 0 dB users (dash-dotted line), {𝜉1, 𝜉2, 𝜉3, 𝜉4} =
{−10, 20, 0, 10} dB (dashed line) or {𝜉1, 𝜉2, 𝜉3, 𝜉4} = {−10, 0, 10, 20}
dB (dotted line), for the user with 𝜉𝑝 = 0 dB.

user with and without post-clipping filtering for different
attribution of power control coefficients. The results for 4
equal-power users (each with 0 dB) are also included for
the sake of comparison. From this figure it is clear that the
ESNR values are much better when we have post-clipping
filtering, especially for the subcarriers that have deep fading.
This is aggravated for low-power users, especially when they
are adjacent to high-power users.

V. CONCLUSIONS

In this paper we presented an analytical tool to evaluate
nonlinear distortion effects on systems employing OFDMA
signals. Our results allow an analytical spectral characteriza-
tion of the transmitted signals, as well as the computation of
the nonlinear interference levels on the received signals. They

can also be used to find the corresponding BER. A set of
performance results was presented, showing that the power
allocated to each user has a key impact on the nonlinear
distortion effects. Users with smaller allocated power face
stronger interference levels and increasing attribution of power
control coefficients can lead to lower interference levels. It is
also shown that nonlinear distortion levels are significantly
different when just a small fraction of the subcarriers is used
(i.e., when the system load is small).

APPENDIX

Let us consider a Gaussian signal whose complex envelope
𝑥(𝑡) has zero mean and autocorrelation 𝑅𝑥(𝜏). If this signal
is submitted to a bandpass memoryless nonlinearity then the
complex envelope of the signal at the power amplifier output
can be written as

𝑦(𝑡) = 𝑔(∣𝑥(𝑡)∣) exp(𝑗 arg(𝑥(𝑡))). (36)

It can be shown [24] that 𝑦(𝑡) can be decomposed into uncor-
related useful and self-interference components, as follows:

𝑦(𝑡) = 𝛼𝑥(𝑡) + 𝑑(𝑡), (37)

where 𝐸[𝑦(𝑡)𝑥(𝑡 − 𝜏)∗] = 0 and

𝛼 =
𝐸[𝑦(𝑡)𝑥(𝑡)∗]
𝐸[∣𝑥(𝑡)∣2] =

𝐸[𝑅𝑔(𝑅)]

𝐸[𝑅2]
=

=
1

2𝜎2

∫ +∞

0

𝑅𝐴(𝑅) exp(𝑗Θ(𝑅))
𝑅

𝜎2
exp

(
− 𝑅2

2𝜎2

)
𝑑𝑅,

(38)

with 𝜎2 = 𝐸[∣𝑥(𝑡)∣2]/2, 𝑅 = ∣𝑥(𝑡)∣, 𝐴(𝑅) = ∣𝑔(𝑅)∣ and
Θ(𝑅) = arg(𝑔(𝑅)).

It can also be shown [24] that the autocorrelation of
the output samples can be expressed as a function of the
autocorrelation of the input samples, as follows

𝑅𝑦(𝜏) = 𝐸[𝑦(𝑡)𝑦(𝑡− 𝜏)∗] = 2
+∞∑
𝛾=0

𝑃2𝛾+1𝑓
𝑅
2𝛾+1(𝑅𝑥(𝜏)),

(39)
with 𝑓𝑅

2𝛾+1(⋅) given by

𝑓𝑅
2𝛾+1(𝑅(𝜏)) ≜

(𝑅(𝜏))
𝛾+1

(𝑅∗(𝜏))𝛾

(𝑅(0))
2𝛾+1 (40)

and 𝑃2𝛾+1 denoting the total power associated to the Inter-
Modulation Product (IMP) of order 2𝛾 + 1, which can be
obtained from [25]:

𝑃2𝛾+1 =
∣𝑣2𝛾+1∣2

2𝛾!(𝛾 + 1)!
, (41)

where

𝑣2𝛾+1 =

∫ +∞

0

𝑅𝑔𝐶(𝑅)𝑊2𝛾+1

(
𝑅√
2𝜎2

)
, (42)

with
𝑊2𝛾+1(𝑥) =

𝛾!

2
𝑥 exp(−𝑥2)𝐿(1)

𝛾 (𝑥2), (43)

and 𝐿
(1)
𝛾 (⋅) denoting a generalized Laguerre polynomial of

order 𝛾 [26].
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Therefore, the PSD of 𝑦(𝑡) is

𝐺𝑦(𝑓) = ℱ{𝑅𝑦(𝜏)} = 2

+∞∑
𝛾=0

𝑃2𝛾+1

(𝑅𝑥(0))
2𝛾+1 𝑓

𝐺
2𝛾+1(𝐺𝑥(𝑓)),

(44)
where

𝑓𝐺
2𝛾+1(𝐺(𝑓)) ≜ 𝐺(−𝑓) ∗ . . . ∗𝐺(−𝑓)︸ ︷︷ ︸

𝛾

∗𝐺(𝑓) ∗ . . . ∗𝐺(𝑓)︸ ︷︷ ︸
𝛾+1

.

(45)
Clearly 𝑅𝑦(𝜏) = ∣𝛼∣2𝑅𝑥(𝜏) +𝑅𝑑(𝜏), with the autocorrela-

tion of the self-interference component given by

𝑅𝑑(𝜏) = 𝐸[𝑑(𝑡)𝑑(𝑡−𝜏)∗] = 2

+∞∑
𝛾=1

𝑃2𝛾+1𝑓
𝑅
2𝛾+1(𝑅𝑥(𝜏)) (46)

and 𝐺𝑦(𝑓) = ∣𝛼∣2𝐺𝑥(𝑓) +𝐺𝑑(𝑓), with

𝐺𝑑(𝑓) = ℱ{𝑅𝑦(𝜏)} = 2

+∞∑
𝛾=1

𝑃2𝛾+1

(𝑅𝑥(0))
2𝛾+1 𝑓

𝐺
2𝛾+1(𝐺𝑥(𝑓)).

(47)
The average power of the signal at the nonlinearity output is
given by

𝑃𝑜𝑢𝑡 =
1

2
𝐸[𝑔2(𝑅)] =

1

2

∫ +∞

0

𝑔2(𝑅)
𝑅

𝜎2
exp

(
− 𝑅2

2𝜎2

)
𝑑𝑅,

(48)
the average power of the useful component is 𝑆 = ∣𝛼∣2𝜎2 and
the average power of the self-interference component is

𝐼 = 𝑃𝑜𝑢𝑡 − 𝑆 =
1

2
𝑅𝑑(0) =

+∞∑
𝛾=1

𝑃2𝛾+1. (49)
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