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SYNOPSIS

Most integers are composite and most univariate polynomials over a
finite field are reducible. The Prime Number Theorem and a classical
result of Gaufd count the remaining ones, approximately and exactly.

In two or more variables, the situation changes dramatically. Most
multivariate polynomials are irreducible. We present counting results
for some special classes of multivariate polynomials over a finite field,
namely the reducible ones, the s-powerful ones (divisible by the s-th
power of a nonconstant polynomial), and the relatively irreducible ones
(irreducible but reducible over an extension field). These numbers
come as exact formulas and as approximations with relative errors
that essentially decrease exponentially in the input size.

Furthermore, a univariate polynomial f over a field F is decom-
posable if f = g o h with nonlinear polynomials g and h. It is intu-
itively clear that the decomposable polynomials form a small minor-
ity among all polynomials. The tame case, where the characteristic
p of F does not divide n = degf, is fairly well understood, and the
upper and lower bounds on the number of decomposable polynomi-
als of degree n match asymptotically. In the wild case, where p does
divide n, the bounds are less satisfactory, in particular when p is the
smallest prime divisor of n and divides n exactly twice.

There is an obvious inclusion-exclusion formula for counting. The
main issue is then to determine, under a suitable normalization, the
number of collisions, where essentially different components (g, h)
yield the same f. In the tame case, Ritt’s Second Theorem classi-
ties all collisions of two such pairs. We provide a normal form for
collisions of any number of compositions with any number of com-
ponents. This generalization yields an exact formula for the number
of decomposable polynomials of degree n coprime to p. For the wild
case, we classify all collisions at degree n = p? and obtain the exact
number of decomposable polynomials of degree p2.

Keywords. univariate polynomials, multivariate polynomials, fi-
nite fields, counting special polynomials, enumerative combinatorics
on polynomials, analytic combinatorics, generating functions, com-
puter algebra, tame polynomial decomposition, wild polynomial de-
composition, Ritt’s Second Theorem

2010 Mathematics Subject Classification. 0o5A15 (Exact enumer-
ation problems, generating functions), 11To6 (Polynomials), 12Yo5
(Computational aspects of field theory and polynomials)
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ZUSAMMENFASSUNG

Die meisten natiirlichen Zahlen sind zusammengesetzt und die meis-
ten univariaten Polynome tiber einem endlichen Korper sind redu-
zibel. Der Primzahlsatz und ein klassischer Satz von Gaufi zdhlen
ndherungsweise und exakt die verbleibenden Elemente.

Bei Polynomen in zwei oder mehr Variablen wandelt sich das
Bild. Die meisten multivariaten Polynome sind irreduzibel. Wir zei-
gen Zahlergebnisse fiir Klassen multivariater Polynome {iber einem
endlichen Korper, ndmlich die reduziblen, die s-potenzvollen (teilbar
duch die s-te Potenz eines nichtkonstanten Polynoms) und die relativ
irreduziblen (irreduzibel, aber reduzibel in einer Korpererweiterung).
Hierzu préasentieren wir exakte Formeln und Néaherungen mit einem
relativen Fehler der im Wesentlichen exponentiell in der Eingabegro-
e abnimmt.

Desweiteren ist ein univariates Polynom f iiber einem Korper F
zerlegbar, wenn f = g o h mit nichtlinearen Polynomen g und h. Es
liegt intuitiv nahe, dass die zerlegbaren nur eine kleine Minderheit
unter allen Polynomen darstellen. Der zahme Fall, wenn die Charak-
teristik p von F kein Teiler von n = deg f ist, ist gut erschlossen und
untere und obere Schranke an die Zahl der zerlegbaren Polynome
sind asymptotisch gleich. Im wilden Fall, wenn p ein Teiler von n ist,
sind die Schranken grober, insbesondere wenn p der kleinste Primtei-
ler von n ist und n genau zweimal teilt.

Das Zahlen mittels Inklusion-Exklusion liegt nahe, erfordert aber
das Bestimmen von Kollisionen, dass heifst, unter geeigneter Normie-
rung, verschiedener Komponenten (g, h) die das gleiche f ergeben.
Im zahmen Fall klassifiziert der Zweite Satz von Ritt alle Kollisio-
nen zweier solcher Paare. Wir zeigen eine Normalform fiir Kollisio-
nen beliebig vieler Zusammensetzungen mit beliebig vielen Kompo-
nenten. Diese Verallgemeinerung liefert eine exakte Formel fiir die
Anzahl der zerlegbaren Polynome vom Grad n, wenn n teilerfremd
zu p ist. Im wilden Fall klassifizieren wir alle Kollisionen vom Grad
n = p? und erhalten die genaue Anzahl der zerlegbaren Polynome
vom Grad p?.
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INTRODUCTION

| keep six honest serving-men

(They taught me all | knew);

Their names are What and Why and When
And How and Where and Who.*

— Rudyard Kipling

Why is it so hard to count[?]?

— Doron Zeilberger

This introduction answers Kipling’s questions. The remaining
chapters address Zeilberger’s.

1.1 WHY DO WE COUNT?

Die ganzen Zahlen hat der liebe Gott gemacht,
alles andere ist Menschenwerk.3
— Leopold Kronecker

Counting is good for everybody. It brings happiness,* helps democ-
racy,5 and starts sonnets.® It is also said to be a natural sleeping aid
and tranquilizer. So it is no surprise that humans started counting
at least 50000 years ago (Eves, 1990, p. 9). Much more recently, the
German ministry of education named 2008 national year of mathemat-
ics and chose “Mathematik — Alles, was z&dhlt” [Mathematics — all
that counts] as its slogan. In the same year, this author attended the
crypt@b-it summer school at the University of Bonn and discussed his
first counting task with his advisor-to-be on a hike to Castle Drachen-
fels. Six years later, this thesis is the outcome.

! The sources for the quotations are given on pages 137-138.

2 [Text in brackets added by the author, also in other quotations.]

3 God created the integers, all else is the work of man.

4See VENETIA EVRIrtorou, Counting Happiness, short film, 2013.

51t's not the voting that's democracy, it's the counting. — Tom Stoppard
6How do | love thee? Let me count the ways. — Elizabeth Barrett Browning
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For mathematicians, the benefits of counting mentioned above are
pleasant extras, but as Hamming (1987, Preface) emphasizes, “[t]he
purpose of computing is insight, not numbers.” It is difficult to
measure insight, but when queried for the most beautiful theorems,
the readers of the Mathematical Intelligencer ranked six counting re-
sults among their top ten (Wells, 1990). Hence we ask, paraphrasing
Wigner (1960), where this “surprising popularity of counting in math-
ematics” comes from?

A possible answer is given by the numerous proofs of existence
based on counting and the pigeonhole principle. In this context,
counting modulo two may provide a valuable shortcut. But exis-
tence is only half of the story. Lipton (2014) points out that “a com-
mon situation in complexity theory [is] where finding one object is
easy, but finding the total number is hard.” Examples include perfect
matchings and satisfying assignments for formulas. This leads to an-
other possible answer: counting results may be obtained via a clever
parametrization. Here, explicit constructions and understanding of
the (non)uniqueness of the parameters are means for counting but
also of interest on their own. In this spirit, counting is simultaneously
motivation, benchmark, and our ultimate test of understanding.

A classical counting task concerns the number 7t(x) of primes less
or equal than x. Results come in two flavors. On the one hand, the
Prime Number Theorem says that asymptotically, a randomly chosen
integer up to x is prime with probability approximately 1/Inx. The
error term is then closely related to the zeros of the Riemann zeta-
function. On the other hand, computing 7t(x) exactly for ever increas-
ing x is a traditional area of analytic number theory. The current
world record is held by Franke, Kleinjung, Biithe & Jost (2014) with
m(10%%) = 176 846 309399 143 769 411 680.

1.2 HOW IS THIS THESIS STRUCTURED AND WHAT DO WE COUNT?

We can face our problem. We can arrange such
facts as we have with order and method.
— Hercule Poirot

In this thesis, we count classes of special polynomials over finite
tields, approximately and exactly.

¢ In Part i (Chapter 2), we are interested in multivariate polynomi-
als with special factorization patterns.

¢ In Part ii (Chapters 3—4), we investigate univariate polynomials
with respect to their decomposition behavior.

We now highlight the main results. For more on the history and
related work, we refer to the introduction of each part.



1.2 HOW IS THIS THESIS STRUCTURED AND WHAT DO WE COUNT?

The analogue of the Prime Number Theorem for univariate poly-
nomials over finite fields is a classical result of Gaufs. A randomly
chosen polynomial of degree n is irreducible with probability about
1/n and most univariate polynomials are composite. In two or more
variables, the situation changes dramatically. Most multivariate poly-
nomials are irreducible and Carlitz (1963) provides the first count of
irreducible multivariate polynomials.

In Chapter 2, we provide exact formulas for the numbers of re-
ducible (Sections 2.2-2.3), s-powerful (divisible by the sth power of a
nonconstant polynomial, Section 2.4), and relatively irreducible polyno-
mials (irreducible but reducible over an extension field, Section 2.5).
The latter also yields the number of absolutely reducible polynomi-
als. The formulas then lead to simple, yet precise, approximations to
these numbers, with rapidly decaying relative errors. Our contribu-
tions are as follows.

¢ We provide exact formulas for the numbers under considera-
tion using analytic combinatorics. These lead to easily imple-
mentable algorithms. The formulas are, however, not very trans-
parent. Even the leading term is not immediately visible. (The-
orems 2.2.7, 2.4.4, and 2.5.13).

* We use coefficient comparison to derive easy-to-use approxima-
tions to our numbers. The relative error is exponentially de-
creasing in the bit size of the data. However, it is given in
big-Oh form and thus contains an unspecified constant (The-
orems 2.2.16, 2.4.9, and 2.5.27).

¢ Finally, we present “second order” approximations to our num-
bers with explicit constants in the error term using a combina-
torial counting method (Theorems 2.3.3, 2.4.20, and 2.5.32).

After this investigation of multivariate polynomials, we turn in Part ii
to the decomposition of univariate polynomials.

The composition of two univariate polynomials g,h € F[x] over a
field F is denoted as f = goh = g(h), and then (g, h) is a decomposition
of f, and f is decomposable if g and h have degree at least 2. A funda-
mental dichotomy is between the tame case, where the characteristic
p of F does not divide deg g, and the wild case, where p divides deg g.
In the wild case, considerably less is known, both mathematically and
computationally.

It is intuitively clear that the univariate decomposable polynomials
form only a small minority among all univariate polynomials over a
field. There is an obvious inclusion-exclusion formula for counting
and the crux of the matter is to determine, under a suitable normaliza-
tion, the number of collisions, where essentially different components
(g, h) yield the same f. The number of decomposable polynomials of

3
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degree n is thus the number of all pairs (g, h) with degg- degh =n
reduced by the ambiguities introduced by collisions.

The task of counting compositions over a finite field of charac-
teristic p was first considered by Giesbrecht (1988). He shows that
the decomposable polynomials form an exponentially small fraction
of all univariate polynomials. Von zur Gathen (2014a) presents gen-
eral approximations for the number of decomposable polynomials
of degree n. These come with satisfactory (rapidly decreasing) rel-
ative error bounds except when p divides n exactly twice. He also
obtains explicit formulas for the number of decomposable polynomi-
als of degree n when n has at most four divisors. We complement
these results. In Chapter 3, we show how to quickly obtain explicit
formulas at any degree coprime to p and in Chapter 4, we present
approximations with satisfactory relative error bounds at degree p2.

Two theorems by Ritt are the starting point for the study of col-
lisions. Ritt’s First Theorem relates all complete decompositions of
a given polynomial, where all components are indecomposable. In
this situation, Zieve & Miiller (2008) study sequences of Ritt moves,
where adjacent indecomposable g, h in a complete decomposition are
replaced by g*, h* with the same composition, but deg g = degh* #
degh = degg*. Such collisions are the theme of Ritt's Second The-
orem and von zur Gathen (2014b) presents a normal form with an
exact description of the (non)uniqueness of the parameters.

In Chapter 3, we combine the above “normalizations” of Ritt’s
theorems to classify collisions of two or more decompositions, not
necessarily complete and of arbitrary length. Our contributions are
as follows.

¢ We obtain a normal form for collisions of compositions given by
a set of degree sequences and determine exactly the (non)unique-
ness of the parameters (Theorems 3.4.2 and 3.4.5).

e We derive an exact formula for the number of collisions at de-
gree n over a finite field with characteristic coprime to n (Theo-

rem 3.4.9).

* We conclude with a fast algorithm for the number of decompos-
able polynomials of degree n over a finite field of characteristic
coprime to n (Algorithm 3.4.10).

In Chapter 4, we turn to the wild case. The previously known ap-
proximations come with satisfactory (rapidly decreasing) relative er-
ror bounds except when p divides n = deg f exactly twice. The main
result of this chapter (Theorem 4.5.6) determines exactly the number
of decomposable polynomials in one of these difficult cases, namely
when n = p? and hence deg g = degh = p. Our contributions are as
follows.
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* We provide explicit constructions for collisions at degree r
where 1 is a power of the characteristic p > 0 (Fact 4.2.1, Theo-
rem 4.2.22).

» We provide a classification of all collisions at degree p?, linking
every collision to a unique explicit construction (Theorem 4.4.9).

¢ We use these two results to obtain an exact formula for the num-
ber of decomposable polynomials at degree p? (Theorem 4.5.6).

¢ The classification yields an efficient algorithm to test whether
a given polynomial of degree p? has a collision or not (Algo-
rithm 4.4.14).

1.3 WHO, WHERE, AND WHEN?

What we know is a drop,
what we don’t know, an ocean.

— Isaac Newton

Many people have contributed in various ways to the research
in this thesis. You meet them implicitly throughout this thesis and
explicitly in the acknowledgements at the end. Here, we merely sum-
marize the publication history of each chapter.

The results of Chapter 2 are joint work with Joachim von zur Ga-
then and Tuba Viola. We presented them at the meeting of the Ger-
man Fachgruppe Computeralgebra 2009 in Kassel, Germany, and at
LATIN 2010 in Oaxaca, Mexico. They have been published as

¢ JOACHIM VON ZUR GATHEN, ALFREDO VIOLA & KONSTANTIN ZIEG-
LER (2013). Counting reducible, powerful, and relatively irre-
ducible multivariate polynomials over finite fields. SIAM Jour-
nal on Discrete Mathematics 27(2), 855-891. URL http://dx.doi.
0rg/10.1137/110854680. Also available at http://arxiv.org/
abs/0912.3312. Extended abstract in Proceedings of LATIN 2010,
Oaxaca, Mexico (2010).

The results of Chapter 3 have been presented at the meeting of
the German Fachgruppe Computeralgebra 2014 in Kassel, Germany,
at the CRM Workshop on Polynomials over Finite Fields 2014 in
Barcelona, Spain, and at ISSAC 2014 in Kobe, Japan. They are avail-
able as

¢ KONSTANTIN ZIEGLER (2014). Tame decompositions and col-
lisions.  Submitted, 35 pages. URL http://arxiv.org/abs/
1402.5945.  Extended abstract in Proceedings of the 2014 In-
ternational Symposium on Symbolic and Algebraic Computation IS-
SAC ’14, Kobe, Japan (2014), 421—428.


http://dx.doi.org/10.1137/110854680
http://dx.doi.org/10.1137/110854680
http://arxiv.org/abs/0912.3312
http://arxiv.org/abs/0912.3312
http://arxiv.org/abs/1402.5945
http://arxiv.org/abs/1402.5945
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The results of Chapter 4 are joint work with Raoul Blankertz and
Joachim von zur Gathen. We presented them at the meeting of the
German Fachgruppe Computeralgebra 2012 in Kassel, Germany, at
ISSAC 2012 in Grenoble, France, at the BIRS Workshop on The Art of
Iterating Rational Functions over Finite Fields 2013 in Banff, Canada,
and at the Symbolic Computation Seminar, 2013, in Waterloo, Canada.
They have been published as

¢ RAOUL BLANKERTZ, JOACHIM VON ZUR GATHEN & KONSTANTIN
ZIEGLER (2013). Compositions and collisions at degree p2. Jour-
nal of Symbolic Computation 59, 113-145. ISSN o0747-7171. URL
http://dx.doi.org/10.1016/j.jsc.2013.06.001. Also avail-
able at http://arxiv.org/abs/1202.5810. Extended abstract in
Proceedings of the 2012 International Symposium on Symbolic and
Algebraic Computation ISSAC 12, Grenoble, France (2012), 91—98.

Concise versions of some results also appeared in the survey of
von zur Gathen & Ziegler (2015).


http://dx.doi.org/10.1016/j.jsc.2013.06.001
http://arxiv.org/abs/1202.5810

Part1

MULTIVARIATE POLYNOMIALS

| have often wished, that | had employed about the

speculative part of geometry, and the cultivation of the

specious Algebra [multivariate polynomials] | had been
taught very young, a good part of that time and industry,
that | had spent about surveying and fortification (of which

| remember | once wrote an entire treatise) and other
practick parts of mathematicks. And indeed the operations
of symbolical arithmetick (or the modern Algebra) seem to

me to afford men one of the clearest exercises of reason

that | ever yet met with.
— Robert Boyle






COUNTING MULTIVARIATE POLYNOMIALS

The More Variables, the Better?
— Dick Lipton

An earlier version of this chapter appeared as von zur Gathen,
Viola & Ziegler (2013), see Section 1.3 for the complete publication
history.

Concerning special classes of univariate polynomials over a finite
field, Zsigmondy (1894) counts those with a given number of distinct
roots or without irreducible factors of a given degree. In the same
situation, Artin (1924) counts the irreducible ones in an arithmetic
progression and Hayes (1965) generalizes these results. Cohen (1969)
and Car (1987) count polynomials with certain factorization patterns
and Williams (1969) those with irreducible factors of given degree.
Polynomials that occur as a norm in field extensions are studied by
Gogia & Luthar (1981).

In two or more variables, the situation changes dramatically. Most
multivariate polynomials are irreducible. Carlitz (1963) provides the
first count of irreducible multivariate polynomials. In Carlitz (1965),
he goes on to study the fraction of irreducibles when bounds on the
degrees in each variable are prescribed; see also Cohen (1968). In this
work, we opt for bounding the total degree because it has the charm
of being invariant under invertible linear transformations. Gao &
Lauder (2002) consider the counting problem in yet another model,
namely where one variable occurs with maximal degree. The natural
generating function (or zeta function) for the irreducible polynomials
in two or more variables does not converge anywhere outside of the
origin. Wan (1992) notes that this explains the lack of a simple com-
binatorial formula for the number of irreducible polynomials. But he
gives a p-adic formula, and also a (somewhat complicated) combina-
torial formula. For further references, see Mullen & Panario (2013,
Section 3.6).

In the bivariate case, von zur Gathen (2008) proves precise approx-
imations with an exponentially decreasing relative error. Bodin (2008)
gives a recursive formula for the number of irreducible bivariate poly-
nomials and remarks on a generalization for more than two variables;
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he follows up with Bodin (2010). Further types of multivariate poly-
nomials are examined from a counting perspective: decomposable
ones (Bodin, Débes & Najib, 2009, von zur Gathen, 2011), singular
ones (von zur Gathen, 2008), and pairs of coprime polynomials (Hou
& Mullen, 2009).

This chapter provides exact formulas for the numbers of reducible
(Sections 2.2—2.3), s-powerful (Section 2.4), and relatively irreducible
polynomials (Section 2.5). The latter also yields the number of abso-
lutely reducible polynomials. Of these, only reducible polynomials
have been treated in the literature, usually with much larger error
terms. The formulas also yield simple, yet precise, approximations to
these numbers, with rapidly decaying relative errors.

We use two different methodologies to obtain such bounds: gener-
ating functions and combinatorial counting. The usual approach, see
Flajolet & Sedgewick (2009), of analytic combinatorics on series with
integer coefficients leads, in our case, to power series that diverge ev-
erywhere (except at 0). We have not found a way to make this work.
Instead, we use power series with symbolic coefficients, namely ratio-
nal functions in a variable representing the field size. Several useful
relations from standard analytic combinatorics carry over to this new
scenario. In a first step, this yields in a straightforward manner exact
formulas for the numbers under consideration (Theorems 2.2.7, 2.4.4,
and 2.5.13). These formulas are, however, not very transparent. Even
the leading term is not immediately visible.

In a second step, coefficient comparisons yield easy-to-use approx-
imations to our numbers (Theorems 2.2.16, 2.4.9, and 2.5.27). The
relative error is exponentially decreasing in the bit size of the data.
As an example, Theorem 2.2.16 gives a “third order” approximation
for the number of reducible polynomials, and thus a “fourth order”
approximation for the irreducible ones. The error term is in big-Oh
form and thus contains an unspecified constant.

In a third step, a different method, namely some combinatorial
counting, yields “second order” approximations with explicit con-
stants in the error term (Theorems 2.3.3, 2.4.20, and 2.5.32).

Geometrically, a single polynomial corresponds to a hypersurface,
that is, to a cycle in affine or projective space, of codimension 1. This
correspondence preserves the respective notions of reducibility. Thus,
Sections 2.2-2.3 can also be viewed as counting reducible hypersur-
faces, in particular, planar curves, and Section 2.4 those with an s-
fold component. Reducible curves embedded in higher-dimensional
spaces, parametrized by the appropriate Chow variety, are counted
by Cesaratto, von zur Gathen & Matera (2013).

We conclude with open questions and suggestions for future work
in Section 2.6.



2.1 NOTATION

2.1 NOTATION

The method used in proving these and similar
results is not elementary in that it depends on
equating coefficients in equal power series.
However it appears to be the natural one for the
subject, and there seems to be little point to
recasting the proofs in “arithmetic” shape.

— Leonard Carlitz

We work in the polynomial ring Flxj,...,%;] in v > 1 variables
over a field F and consider polynomials with total degree equal to
some nonnegative integer n:

P?}L(F) ={f € Flx1,...,%x;]: degf=n}.
The polynomials of degree at most n form an F-vector space of di-

mension
T+n (r+n)*
br,n = = a7
T T!

where the falling factorial or Pochhammer symbol is
(r+x)F=r+x)-(r—=1+x)---(1+x), (2.1.1)

for any real x and any nonnegative integer r, see Knuth (1992). Over
a finite field IF; with q elements, we have

#PI (Fq) = qPn — Pt = O (1—q O ),

The property of a certain polynomial to be reducible, squareful
or relatively irreducible is shared with all polynomials associated to
the given one. For counting them, it is sufficient to take one repre-
sentative. We choose an arbitrary monomial order, say, the degree-
lexicographic one, so that the monic polynomials are those with lead-
ing coefficient 1, and write

Prn(F)={f € Pi}ln(F): f is monic).
Then

_ #Pim (Fq) b1 1T q Prim
- q—-1 1—q!

The product of two monic polynomials is again monic.

Our exact formulas are derived using a generating series, the
standard tool in analytic combinatorics as presented in Flajolet &
Sedgewick (2009) by two experts who created large parts of the theory.
We first recall a few general primitives from this theory that enable
one to set up symbolic equations for generating functions starting
from combinatorial specifications. A countable set C with a “size”

#Prn(IFq)

7

(2.1.2)

11
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function |- |: € — Z> is called a combinatorial class if the preimage of
any n € Zxo is finite. The number of elements of size n is denoted
by C,, and these numbers are encoded in the generating function C(z)
of the sequence C,:

Clz) =) Cazt€Zxo[4].

n>0

We sometimes omit the argument z. Before we tackle the task of
counting polynomials, let us recall some basics about power series.
An element in the ring of univariate power series over a ring is in-
vertible if and only if its constant term is invertible. We call a power
series original if its constant term vanishes, so that its graph passes
through the origin. The power series

log(1—2z) =— Z % € Q7] (2.1.3)

n>l1

is original and substituting a power series f in another power series
g is well-defined if f is original.

Two combinatorial classes A and B are isomorphic if there is a size-
preserving bijection A — B or equivalently if the generating functions
A and B, respectively, are equal. We recall three basic constructions of
new combinatorial classes from given ones; see Flajolet & Sedgewick
(2009, Section I. 2.).

Let A and B be two combinatorial classes. We define the disjoint
union

AUB ={0} x A}U{{1} x B}.

The size of an element (0, a) or (1,b) is defined as the size of a or b,
respectively. We also define the sequence class

SEQ(A) ={(ex1,...,x¢): £ >0,y € A},

where |(x1,...,&¢)| = ) ;li]. This is a combinatorial class, if A con-
tains no element of size 0. Finally, we derive the multiset class

MSET(A) = SEQ(A)/~,

where (o1, ..., ¢) ~ (B1,...,Be) if there is a permutation o of {1,...,{}
such that o; = (4 for all i. This class contains all finite sequences
of elements from A where repetition is allowed, but ordering is ig-
nored. The generating functions for these constructions are classic
applications of combinatorics.

Fact 2.1.4 (see Flajolet & Sedgewick, 2009, Theorems I.1 and I.5). Let
A, B, and C be combinatorial classes with generating functions A, B, and
C, respectively.
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(i) If A=BUC, then A =B+ C.
(ii) If A =MSET(B) and By = 0, then

B=)_ “g‘)log(A(Zk)),

k>1

where W is the number-theoretic Mobius-function, defined as

1 ifk=1,
w(k) = < (=M ifk is the product of { distinct primes,
0 otherwise.

2.2 GENERATING FUNCTIONS FOR REDUCIBLE POLYNOMIALS

Practice yourself, for heaven's sake, in little things;
and thence proceed to greater.

— Epictetus

“Excellent!”, | cried. “Elementary”, he said.

— John H. Watson

To study reducible polynomials, we consider the following sub-
sets of Py (F):

rn(F) =

L, Prn(F): f is irreducible},
Ry (F)

fe
Prn (F)\N L n (F).

In the usual notions, the polynomial 1 is neither reducible nor ir-

reducible. In our context, it is natural to have R,o(F) = {1} and
Ir,O(F) = Q.
The sets of polynomials

P = U Pr,nUPq)/

n=>0

J= U Ir,n(IFq)/
n=>0

R =P\,

are combinatorial classes with the total degree as size functions and

we denote the corresponding generating functions by P,I, R € Z> [z],
respectively. Their coefficients are

] _ q_brfl/n

Pr =Prn(Fq) =#Prn(Fq) = q°n "' —— =

, (2.2.1)
Rn — Rr,n(IFq) = #Rr,n(IFq)/
In = Ir,n(IFq) = #Ir,n(IFq)/

13
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allpolysGF:=proc(z,N,r) local i: option remember:
sum(’'simplify((g~binomial(r+i,r)-q~binomial(r+i-1,r))/
(q-1))*z"i’,i=0..N):
end:

irreduciblesGF:=proc(z,N,r) local k: option remember:
convert(taylor((sum('mobius(k)/k*
log(allpolysGF(z~k,N,r))’,k=1..N)),z,N+1),
polynom) :
end:

reduciblesGF:=proc(z,N,r) option remember:
allpolysGF(z,N,r)-irreduciblesGF(z,N,r):
end:

reducibles:=proc(n,r)
coeff(sort(expand(reduciblesGF(z,n,r))),z"n):
end:

Figure 2.2.4: Maple program to compute the number of monic reducible
polynomials in r variables of degree n.

respectively, dropping IF4 and r from the notation. By definition, P is
isomorphic to the disjoint union of R and J, and therefore

R=P-1 (2.2.2)

by Fact 2.1.4 (i). By unique factorization, every element in P corre-
sponds to an unordered finite sequence of irreducible polynomials,
where repetition is allowed. Hence P is isomorphic to MSET(J) and
by Fact 2.1.4 (ii),

I= Hlk) log P(z*). 2.2,
k; o logP(z") (2.23)

A Maple implementation of the resulting algorithm to compute
the number of reducible polynomials is described in Figure 2.2.4. It
is easy to program and execute and was used to calculate the number
of bivariate reducible polynomials in von zur Gathen (2008, Table 2.1).
We extend these exact results in Table 2.2.5.

This approach quickly leads to explicit formulas. For a positive in-
teger n, a composition of n is a sequence j = (j1,j2,...,jj;|) of positive
integers j1,j2,...,j5 with j1 +j2 +-- - +]jj; = n, where [j| denotes the
length of the sequence. We define the set

M = {compositions of n}. (2.2.6)
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n #R3,n(]Fq)

1 0

(q°+29°+3q*+3q3+2q%+q)/2

(3q"2+6q"+9q'°+8q” +64¢%+3q"—q°—3q°—3q* +q°+

q)/3

4 (4922 + 8921 +12¢2° +12q" +14q'8 +16q"7 + 18q'® +
16q'° 4+10q"* —13q"2 —20q"" —20q'° —10q° —q3 + 6497 +
79°+49°>—2q> —q?)/4

5 (5937 +10g3® +15¢3% + 15934 + 15933 + 15¢32 +15q3" +
15q3° + 15927 4+ 20q%8 + 25927 +30q2° + 30q%° + 25¢** +
15q237]5q21 *30(]20*45(]]9*60q]8*65q17*55q16*
26q'> +10q' 4+ 40q'3 +50q"% +40q'" +19q'° —10q% —
1047 =59°~q° +q°>+ > +q)/5

6 (698 +12q¢%7 +18¢°° +18¢>° +18¢°* +18¢°3 +18¢°2 +
18¢°1 +18q°° +18q*7 +18q*® 4+ 18q*7 +18q*® +18q*° +
18q* +249* +30q* + 369" +36q*° +30q37 + 2138 +
6q37_3q36_6q35_3q34+3q32_6q31_27q30_60q29_
99 q28 —128 q27 —141q26 —132q2> —104q** —60q23> —3q22 +
702" +144 g2° +201q'7 +203q'8 +147q'7 +51q'® —45q'°> —
102q™ —105q'3 —71q"2 —27q"" +3q'° + 1497 + 11¢% +
5q¢” +3q°+3q°+2q*—2q3>-2q%2—q)/6

N #Ry(Fq)

1 0

2 (q¥+29"+3q°+4¢°+4q*+3q9>+29%+q)/2

3 (3q'846q'7+9q'°+12q"+12q" +12q"3+11q"?2+9q" +
6q'°+2¢”~3q% 64" ~7¢°~60°~2q" +4*+q)/3

4 (4938 +8¢% +12q%° +1693° +16¢3* + 1633 + 16932 +
16937 + 16930 + 16927 +18q?® +20q%7 +22q%° +24q%° +
26q%* +28q%% +26q%* +20q*! +10q%° —4q'? —22q¢'8 —
36q'7 —45q'® — 48q"5 —42q' —34q'3 —21q'2 — 649" +
8q'°+18q7 +20q8+16q” +9q°+2q>—2q*—2q3 —q?)/4

n #Rs5 n (Fq)

1 0

2 (q'942q°+3¢3+4q"+5q°+5q° +4q*+3q>+2q%+q)/2

3 (39¥ 4+6¢%* +9q% +12q*2 +15q%?" +15q%° + 15q"7 +
15q"8+15q" +15q"°+14q"> +12q"* +9q"'3+5q"? —6q'° —
1097 —12q%—12q” —10q°*—5q¢° —2q* +q%*+q)/3

4 (49°° +8q° +12¢°® +169>” +209°° + 20g°° + 209°* +
209%3 +20q°2 +209°" +20g°° +20q% +20q*® +209* +
20q%€ +20q* +20q* +20q* +20q*? +20q*" +22q%° +
24937 +26¢%% +28q37 +30¢%° +3293° 4+ 34¢3" + 364> +
3832 +40q3" +38q3° +32q%7 +22¢%8 +8q%” —109%° —
32q%° —50q%* — 64q*3 — 74q** — 80q*' —79q*° —78q'7 —
74q'® —66q'7 —53q'® —34q" —12q" +10q"3 +29q'? +
42q" +45q'°+40q7 +30q% +18q” +7q°—2q*—2q3—q?)/4

Table 2.2.5: Exact values of #R  (IFq) for small values of r and n. For n < 4,
these are the numbers given in Theorem 2.2.16.
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This standard combinatorial notion is not to be confused with the
composition of polynomials in Part ii.

Theorem 2.2.7. Forr > 1, q > 2, and Py, as in (2.2.1), we have

Ih =0,

u(k) (=1)"
Z ~ > T i By
Tl

JEM, i
form > 1, and therefore
Ro =1,
Ry =Pn+ ) “g(k) > (_GR”P]-]PJ-Z T O
kin JEM, i
form > 1.
Proof. We consider the original power series F=1—P = —3 -, P;z".

The Taylor expansion (2.1.3) of log(1 — F(z*)) in (2.2.3) yields

(k) ¢ F(z°) (k) ¢ (=" i) ¢
O (e

k>1 i>1 k>1 i>1 i>1

k 1)t )
=— Z HL)Z !(P]Zk-FPzZZk-FPg,Z?’k-F...)l,
k>1 >t

Z P]lP)Z B I

kin i>1 jEMox
ljl=1

for n > 1, which proves the claimed formulas for I. The results for R
follow by (2.2.2). O

We check that the formula yields the well-known one, see Lidl &
Niederreiter (1997, Theorem 3.25), in the univariate case, where r = 1.
We then have P; = ¢’ and so Pj, Pj, - - - Pj, = q™/* for any composition
j1 +j2 +---+3ji = n/k. Moreover, the number of compositions of m
with i components is (M- ]1) see Flajolet & Sedgewick (2009, Section

[.3.1). As a consequence we have for k dividing n

—1)! k—1
Z (i)P Pj, - Jl_qn/kz <n{_] )

jeMn/k 1>1
lil=1
_ kqn/k Z(_] )i <n/k) - _kqn/k
T~ i n
1
=— Z n(k)q™'*. (2.2.8)

kin



2.2 GENERATING FUNCTIONS FOR REDUCIBLE POLYNOMIALS

Cohen (1968) notes that, compared to the univariate case, “the
situation is different and much more difficult. In this case, no explicit
formula [...] is available.”

For r > 2, the power series P, I, and R do not converge anywhere
except at o, and the standard asymptotic arguments of analytic com-
binatorics are inapplicable. We now deviate from this approach and
move from power series in Q [z] to power series in Q(q) [z], where q
is a symbolic variable representing the field size. For r > 2and n > 0
we let

1 ] _ qurfl,n

T € Zlql, (2.2.9)

Pn(q) = Pr,n(q) = qul_

where we usually omit r from the notation. As examples, we have

1—q T 1— —r(r+1)/2

Po(q) =1,P1(q) = q‘"ﬁ, and Py(q) = q"(""3)/2 1q_ =
(2.2.10)

We define the power series P,1,R € Q(q) [z] by
Plq,z) = Z Pn(q)z™, (2.2.11)
n>0
p(k) K

I(q,z) = ——logP(q,z"), 2.2.12
(q,2) k; i logPla,z") (22.12)

R(qlz) = P(q/Z) - |(qu)

Now 1—P(q,z") is an original power series, and log P(q,z*) and |
are well-defined, with I(q,0) = 0. For q € Q, the rational functions in
Q(q) without pole at q < q form a ring, the localization Q[ql(q—q)-
If we restrict the power series coefficients to this ring, the evaluation
map which substitutes an integer q for q is a ring homomorphism.
Since P, is actually a polynomial in q, this poses no restriction in our
case, and evaluating q < q maps P(q,z) to P(z) coefficientwise. In
other words, the coefficient of z™ equals

z"1P(q,z) = Pn

by (2.1.2). Furthermore, | and R relate to P in the same way as I and
R do to P, so that

[Zn]l(q/Z) = Iy,
[z"IR(q,z) = Rn.

The formula of Theorem 2.2.7 is exact but somewhat cumbersome.
A main goal in this chapter is to find simple yet precise approxima-
tions, with rapidly decaying error terms. We fix some notation. For
nonzero f € Q(q), degqf is the degree of f, that is, the numerator
degree minus the denominator degree. Thus deg, Pn = by,n — 1 and

17
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deg, (f+ g) < max{deg, f,deg, g}. The appearance of O(q~™) with
a positive integer m in an equation means the existence of some f
with degree at most —m that makes the equation valid. The charm
of our approach is that we obtain results for any “fixed” r and n. If a
term O(q~ ™) appears, then we may conclude a numerical asymptotic
result for growing prime powers q.

We start with a degree comparison for certain products of the
Pi(q) and sometimes omit the argument q.

Lemma 2.2.13. Let v > 2 and n > 0.

(i) Fori,j = 0, we have degq(Pi' P;) < degq Piyj, with equality if and
only if ij = 0.

(i) For1 <k < n/2, the sequence of integers deg (P - Pr_y) is strictly
decreasing in k.

(iii) For 3 < k < n/2, we have degq P%Pn_z > degcl Py Pn_yx, with
equality only for (v,n, k) = (2,6,3).

Proof. (i) The claimed inequality is equivalent to

(r—i—l) N (r—i—)) 1< (T—i-l-f-])/
T T T

which follows by considering the choices of r-element subsets
from a set with r +1i+j elements. Since r > 2, this inequality is
strict if and only if both i and j are nonzero.

(ii) Using (2.2.9), we define a function u as

u(k) = degq(Pk-Pn,k) = (T—:k> + <T+Trl_k> —2. (2.2.14)

We extend the domain of u(k) to real numbers k between 1 and
n/2 by means of falling factorials as in (2.1.1)

w(k) = (r —i—ﬂk)r n (r—i—T;— k)*- s

It is sufficient to show that the affine transformation 1 with
k)= (uk)+2)=(r+ k) +(r+n—k)*-
is strictly decreasing. The first derivative with respect to k is
(r+k)* (r+n—Kk)F

(k) = . — = :
1<Zi<r( i+k i+n—Xk )

Since 0 <i+k<i+n—kforl <k < n/2, each difference is
negative, and so is @' (k).
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(iii) Since r > 2 we have

and equality if and only if v = 2. This proves the claimed in-
equality for n = 6.

For n > 6 we have b,_1,_2> > b;_1 4 and with (2.2.15) follows

br—],n—Z > br,3 —2r—1,
2r+brn2—1>br3+brn_3—2,
degq P%Pn_z > degq P3P,._3,

which proves (iii) for k = 3 and by the monotonicity proven in
(ii) also for all larger k. O

Theorem 2.2.16. Let v > 2 and

T+n—1 1 —
pr,n(q) = Cl( +r )Jrri] % S Q(q) (2.2.17)
(1—q7)
Then
Ro=1,
Ry =0,
Ry = P20 g
1-2q77+2 —2r—1 _ 4—2r—2
= g Tr1)/2  gr(r=1)/2 9 d q
R3 pr,s(q)(1 q +q 30 o) ),
—r(r=1)/2
- (14q (5. 10T )
R4 = pra(q) (1 +q '3 27 —q ) ), (2.2.18)
and form > 5
_(r+m—=2 1)/2 ] + O(q_T(T_])/z)
Rn =prn(q)- (] +q (M) (1) /2, g ) (2.2.19)
Proof. We start the symbolic analog of our approach in the proof of
Theorem 2.2.7 with the original power series F =1—-P = —5% .- Pizt.
The Taylor expansion of log(1 — F(z¥)) in (2.2.12) yields
p_|— Ft u(k) ¢ F(z)
R—P—I—1+Zi+z ” Z T (2.2.20)

i>2 k>2 i>1
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i summands summands with

largest degree in q

[zM]F 2 PiPn—j, P1Pn—1,P2Pn2,
1<j<n/2 P3P,_3 (form > 6)
2
>3 Py Py, Py, PiPn 2

T<jhi<jp<---<ji <,
r+iz+-+ii=n,
ZMF(zF)Y 1 Prx Pr/x
=2 Py Pj,---Py, P1Pn/k—1
T<jir<jz<--<jisn/k,
j1+j2 - +Hii=n/k,

Table 2.2.21: Summands of R and bounds on their degrees in q.

Since R, = [z"IR, we find Ry = 1, Ry = 0, Rz = (P§+Py)/2,
and Rz = P,P; — (P? — P4)/3. Together with (2.2.10), these imply the
claims for n < 4.

When n > 4, the contributions to [z™]R from both sums in (2.2.20)
are displayed in Table 2.2.21, distinguishing the smallest possible
value for i from the remaining larger ones. The third column lists
all summands. We first show that the last column displays the terms
of largest degree in their row, and then compare the summands in
the last column. The terms of [z"]F' are products of i factors

Pi1Pj2"'Pii/ T<ji<jz<---<ji<n,

with j; +j2 +---+ji =n. For i = 2, we find
degq PiPh_1 > degq PoPh_2 > degq PiPn_j (2.2.22)
for all j with 3 <j <n/2 by Lemma 2.2.13 (ii). For i > 3,

degq P%Pn,Z > degq P)'] sz s Pji
for all admissible values of ji,j2,...,ji by repeated application of
Lemma 2.2.13 (i) and a single instance of (ii). Let k divide n. Then
[ZMF(z%) = —Pnjxand 2™} 5, F(z*)! has degree degq P1Pn/x—1

as shown above for k = 1.

We continue the comparison started in (2.2.22) by noting that
degq PP > degq P%Pn,z by Lemma 2.2.13 (i), and degq P%Pn,z >
degq P;Pn_j for all 3 < j < n/2 with equality only for (r,n,j) =
(2,6,3) by Lemma 2.2.13 (iii). Furthermore, since degq Pi > 1, we
have for k > 2

deg, P1Pn 2 > deg, Pn2 > degy Pr /i > degg P1Pu i1,
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by Lemma 2.2.13 (i). Therefore, the summands of largest degree in
q are in decreasing order P1P,_1, P2Pn,_>, and P% Pn_2. Forn =4,
this leads to

Ry =P1P3+P3/2—PiP2(1+0(q "))

P3 Pt =
- P1P3<1 +3p (1-p-(1+0(q )))),

while for n > 5, (r,n) # (2,6) we have
Rn =P1Pn_1+P2Pn_2—PIPy 2(1+0(q "))

(1+ O(q_1 )))). (2.2.23)

P2Pn2 (1 P

= PP (1
hn ]< +P1Pn—1 )

For (r,n) = (2,6), we have (2.2.23) with (1/2+ O(q~")) instead of
(1+0(q~ ).
The estimates (2.2.18) and (2.2.19) follow from

PiPn_1 = pr,n(q)(] - qibril’ni1 )/

—r(r—1)/2
P2Pn 2 — _br71,n—1+br—],21 +O(q =1/ ), and
PiPn_1 1— qT
PZ
Pil — O(qfr(er/Z). n
2

Alekseyev (2000) lists (#1; n(IFq))n>0 as A115457-A115472 in The
On-Line Encyclopedia of Integer Sequences, for 2 < r < 6 and prime
q<7’.

Bodin (2008, Theorem 7) states (in our notation)

_ #IT,TI ~ 7br l,nfr] — q_r

1 #P, 1 1—q "

Hou & Mullen (2009) provide results for #I ,(IFy). These do not
yield error bounds for the approximation of #R,  (IFq). Bodin (2010)
also uses (2.2.3). Without proving the required bounds on the various
terms, as in Lemma 2.2.13, he claims a result similar to (2.2.19), but
only for values of n that tend to infinity and with an unspecified
multiplicative factor O(1) in the place of our (1+O(q~""=1/2))/(1—
q ") in the error term; the latter is independent of n.

Our approach can be described as follows. We start in the usual
framework of algebraic combinatorics with a power series, P =
Zn>o Pnz™ in our case, with well-known integer coefficients. Then
we consider a well-defined series, I = ano I,,z™ in our case, whose
coefficients we want to determine. We find a description of P as f(I)
and turn this around to get I = g(P), usually by Mobius inversion.
For convergent series, we can then apply powerful tools from calcu-
lus, such as singularity analysis, to analyze the asymptotic behavior
of the coefficients.

21
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Since our series are not convergent, we deviate from the standard
approach. The coefficients P;, are rational functions of the field size
q. We introduce a variable q and define a power series P € Q(q) [z],
whose coefficients are rational functions in a variable q, such that
P(q,z) = P. Then g(P) is well-defined, and we set | = g(P q) [z].
Then [z"]1(q,z) = In. We now estimate the degrees of the terms in
g(P). This yields | = h(q)(1+ O(q~ ™)), with a main contribution
h(q) € Q(q) and a relative error O(q~ ™), which is an unspecified
rational function of degree at most —m.

Overall, we first have to determine P, I, f, and g, which is often a
substantial part of the labor in the standard framework. From then
on, our derivation enjoys three advantages.

¢ No convergence of the power series is required.

* A clean concentration on the degrees of the various contribu-
tions, as embodied in Lemmas 2.2.13, 2.4.8, and 2.5.21.

* The degree of a sum of rational functions is bounded by the
degree of the summands.

In the standard approach, the bound for a sum as in the third point
has to be multiplied by the number of summands. As to the second
point, one sometimes sees in the literature a simple claim of what the
main contribution is, without argument. It is not clear whether this
constitutes a mathematical proof in the usual sense. Since our series
are not convergent, the first point is a definitive requirement.

2.3 EXPLICIT BOUNDS FOR REDUCIBLE POLYNOMIALS

It must be easy [...] to bring out a double set of
results, viz. —1st, the numerical magnitudes which
are the results of operations performed on
numerical data. [...] 2ndly, the symbolical results
to be attached to those numerical results, which
symbolical results are not less the necessary and
logical consequences of operations performed upon
symbolical data, than are numerical results when
the data are numerical.

— Augusta Ada Lovelace

We now describe a third approach to counting the reducible poly-
nomials. The derivation is somewhat more involved. The payoff
of this additional effort is an explicit relative error bound in Theo-
rem 2.3.3. However, the calculations are sufficiently complicated for
us to stop at the first error term. Thus we replace the asymptotic
1 —|—O(q_T r=1)/2) in Theorem 2.2. 16 by 1/(1—q -h.

We consider, for integers 1 < k < n, the sets

Rr,n,k(F) = {g -h: ge Pr,k(F)/h S Pr,n—k(F)} C Pr,n(F)‘
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For the remainder of this section we restrict ourselves to finite fields
F4, which we omit from the notation. Then

K (] _ q_br—],k)(] _ q_br—1,n—k)
(T—q )2 ’
(2.3.1)
with u(k) = by x + byn_k —2 as in (2.2.14). The asymptotic behavior
of this upper bound is dominated by the behavior of u(k). Since

#R i < HPL-#PL o = gl

Rink = Rrnn—k, we assume without loss of generality k < n/2.

From Lemma 2.2.13 (ii), we know that, for any r,n > 2, u(k) is strictly
decreasing for 1 < k < n/2. As u(k) takes only integral values for
integers k we conclude that

w(k) _ u(2) e qu?
> o oty gk = (2.3.2)

T—q 1
2<k<n/2 k>0

Theorem 2.3.3. Let r,q > 2, and prn as in Theorem 2.2.16. We have

#RyolFq) =1,
#Rr,1 (IFq) = O/
#R,a(Fg) = 229 (1 =),

2
[#Rr3(Fq) — pr,3(q)| = pr3(q)-q 771/
1 _Zq—r +2q—2r—1 _ q—ZT‘—Z

<pr3(q)-q /2

and forn > 4

— (M) +r(r 1) /2

q
T—ai-qn 3

< pr,n(q) : 3q7(7t21_2)+r("+] )/2.

‘#Rr,nUFq) - pr,n(q)‘ g pr,n(q) :

Proof. For n < 4, the claims follow from Theorem 2.2.16. We remark
that the fraction on the right-hand side of (2.3.4) is actually bounded
by 2/3. For n > 4, the proof proceeds in three steps. We claim

: q_br71,n71+br71,2
< 3.
#Ron < prnl@)(1+ Toa _q,r)), (2:3.6)
_ 1—q7 "
#L, 0 > #Pr (1 _3q-brintr 1_3_] ) (2.3.7)
—b; g 1+T1 B q*T*‘l
#Ryn = prn(q) (] —3q " ﬁ) (2.3.8)

We start with the proof of (2.3.6). Using Riyn = U1crcn/2 Rk
and inequality (2.3.1), we have

#Rr,n < Z #Rr,n,k
1<k<n/2

23
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1 . - -
g (] _qi‘l)z Z q (k)(1 _q bT*],k)(] _q br,‘|’n,k)
1<k<n,/2
1 . B
< (]_q_])z Z q (k)(]_q brfl,k)'
1<k<n/2

For the sum, (2.3.2) shows

1<k<n/2 2<k<n/2
qu(Z)
1—q!
q—u(1)+u(2) )

(T—q N(—q ™)/

<q V1 —q )+

= qu(”(] — qfr)<1 +

Since u(1) =byn_1+7r—1and —u(1)+u(2) = —br_1n_1+br_12,
we conclude that

qbr/nfl +r—1 (] _ q_T) q—br71,n7] +br_12
#Rrm < T+
’ (1—g7")? ( (1—q—‘)(1—q—f)>
qurf1,nfl+br71,2
= Prn 1+
oen(@ (14 =gy =41))
< prnl(q)( +3q7br71,n71+br71,2)‘ (2.3.10)

This proves (2.3.6) and we proceed with (2.3.7). Using (2.3.10), we
have

#I n =#Prn —#Rin

] + 3q_br7],n71 +brfl,2 >
#Pon

—br_intr (] + 3q_br7],n7]+br,]/2)(] . q_.r))
G a0y )

We observe that the exponent —b,_7,_71 + b,_7 is decreasing in
r and n for n > 4. It is furthermore always negative and hence
the fraction (14 3q br-1n-1+br-12) /(1 — q=br-1n) is also decreasing
in q. Therefore it achieves its maximal value for n = 4, r = 2 and
q = 2, yielding 80/31 < 3 as upper bound and proving (2.3.7). For
the last argument, we need (2.3.7) also for n = 3; this follows from
Theorem 2.2.16.

We conclude with the proof of (2.3.8). The subset {g-h: g €
Pr1,h € Iin_1} C Rynx has size #P, 1 -#I,n—1. With (2.3.7), we
find

> #Prn (1= prn(a)

= #Pr,n<1 —q

#Rr,n = #Pr,1 '#Ir,n71

—q~T _ AT
>q" ! 1_2:_1 H#Pr o (1 —3q et )
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2.5F

1.5F

0.5F

n =20

n=>5

ol ‘ ‘ ‘ ‘
/ 5 10 15 20
n=4

Figure 2.3.11: The normalized relative error in Theorem 2.2.16 for r = 2.

_ _ 1—q "
—prnla)(1 =g ) (1 3q o =)

1—qg "1
2 pr,n(q)(1 _3q7b1‘7],n71+rq7>‘

We combine the upper and lower bounds (2.3.6) and (2.3.8). The
maximum of the bounds on the relative error term is

q_br—],n—] +b1'71,2
1T—qT

1
max(gqfr(rfﬂ/l(] . qfrfl ), T q*r> .
q—(rt272)+r(r+1)/z

(1—q (1—q™)

and the observation (1—q~1)(1 —q~") < 8/3 concludes the proof.
O]

The approach of this section also works, with minor modifications,
for n < 4 and can provide a stand-alone proof of Theorem 2.3.3,
without recourse to Theorem 2.2.16.

Figure 2.3.11 shows plots of the normalized relative error (Rn(q) —
prn(@)/(prnl@)q (1 H70H1/2) for ¢ — 2 and n = 4,5,20 as we
substitute for q real numbers from 2 to 20. Theorem 2.3.3 says that the
values are absolutely at most 1/((1 —q~")(1 — q')). Theorem 2.2.16
indicates a bound of 1/2+0o(1) forn =4 and 1+ o(1) for n > 4, but
without explicit error estimate.
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According to (2.3.5), the bound on the absolute value of the rela-
tive error for n > 4 is

q_brfl/nfl"‘brfLZ
(1—g H(1—q)
For n > 4, this is at most 2/3. For n = 4, we can drop the factor
1—q~', since the sum in (2.3.9) consists only of a single summand

and the estimate by a geometric sum is not necessary. This shows
that also for n = 4, the relative error is at most 2/3.

Remark 2.3.12. How close is our relative error estimate to being expo-
nentially decaying in the input size? The usual dense representation
of a polynomial in r variables and of degree n requires by, = (")
monomials, each of them equipped with a coefficient from IF, using
about log, q bits. Thus the total input size is about log, q- b, bits.

This differs from log, q- (by_1n—1 —br_1,2) by a factor of
brn brn 2m+rin+r—1)

br71,n71 - brf1,2 %branfl nr '

Up to this polynomial difference (in the exponent), the relative error
is exponentially decaying in the bit size of the input, that is, (logq)
times the number of coefficients in the usual dense representation. In
particular, it is exponentially decaying in any of the parameters 1, n,
and log, q, when the other two are fixed.

These bounds fit well into the picture described in Section 2 of
von zur Gathen (2008) for v = 2. The family of functions described
there approximates the quotient #R; , /#P> ,, (using our notation). If
we compare them to p,2(q)/#P2n we find that they differ only by the
factor 1 — q~ ™!, which tends to 1 as n and q increase. Our bound
3q~™"3 on the relative error for r = 2 and n > 4 is only slightly larger
than the bound 2q~™"3 in Theorem 2.1(ii) of the paper cited.

The following provides some handy bounds.

Corollary 2.3.13. Forv,q > 2, and n > 5, we have

TqU T <R, (Fg) <6l e

29
] r+n—1 #Rr,n(]Fq )
#Prn(Fq)

7

7q—( ™ )+r < < 3q_(TtET])+T.

4

/

We conclude this section with bounds for the number of irre-
ducible polynomials.

Corollary 2.3.14. Let v, q > 2, and py  as in Theorem 2.2.16. We have
#Prn(Fq) —20rn(q) < #L o (Fq) <#Prn(Fq), (2.3.15)
and more precisely

#lr1(Fq) = #Pr 1 (Fq),
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pr,Z(q)
2

#1,3(Fq) — (#Pr3(Fq) — pr3(q) < pr3(q)- g~ 1772,

#1,5(IFq) = #Py2(Fq) — (1—q ™1,

and for n > 4

#n (F ) — (#Prn (Fq) — prn (@) < prn(q)-3q— () r01)/2,

Proof. The more precise statements follow directly from Theorem 2.3.3
by application of #P;  (IFq) = #R; n (IFq) + #I » (IFq). These imply the
first claim for n < 4. For n > 4, the relative error in (2.3.5) is at most
2/3 < 1 as remarked after the proof of Theorem 2.3.3 and this con-
cludes the proof of (2.3.15). O

2.4 POWERFUL POLYNOMIALS

Writing is nature's way of letting you know how
sloppy your thinking is.

— Dick Guindon

Mathematics is nature’s way of letting you know
how sloppy your writing is.

— Leslie Lamport

For an integer s > 2, a polynomial is called s-powerful if it is
divisible by the s-th power of some nonconstant polynomial, and s-
powerfree otherwise; it is squarefree if s = 2. Let

Qrn,s(F) ={f € Prn(F): fis s-powerful},
S'r,n,s (F) - Pr,n(F) \ Qr,n,s(F)~

As in the previous section, we restrict our attention to a finite field
F =IFq, which we omit from the notation.

For the approach by generating functions, we consider the combi-
natorial classes Q = UnZO Qrn,s and 8 = P\Q, where the explicit
reference to r and s is omitted. Any monic polynomial f factors
uniquely as f = g-h® where g is a monic s-powerfree polynomial
and h an arbitrary monic polynomial, hence

P =S-P(z°%) (2.4.1)

and by definition Q = P —S for the generating functions of § and
Q, respectively. For univariate polynomials, Carlitz (1932) derives
(2.4.1) directly from generating functions to prove the counting for-
mula which we reproduce in (2.4.6). Flajolet, Gourdon & Panario
(2001, Section 1.1) use (2.4.1) for s = 2 to count univariate squarefree
polynomials, see also Flajolet & Sedgewick (2009, Note 1.66). A corre-
sponding Maple program to compute the coefficients of Q is shown
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n #Q2n3(Fq)

o1, O

2
3 q%+q

4 9207 +¢?

5  4’+29°+2¢°+q*

6 qﬂ+2q10+2q9+2q8+q7+q5_q3_q2

7 q16+2q15+2q14+2q13+2q12_|_q11_|_q7_|_q6_q5_2q4_

3
q

8 q22_|_2q21+2q20+2q19+2q18+2q17+q16+q10+q9_
2q7_2q6_q5

9 qZ‘?+2q28+2q27+2q26+2q25+2q24+2q23+q22+q14+
q13_q11_2q10_q9_q7_2q6_q5+q4+q3

n o #Q3n2(Fq)

o1 O

2 @ +q%+q

3 q°+2q°+3q*+2q3+q?

4 q'24+2q""+3q"0+4q” +4q8+49” +2q9°—-2q* 29> —¢?

5 q22+2q21 +3q20+3q19+3q18+3q17+3q16+3q]5+
3" +3q"34+3q"%+3q""+3q'°+2q-3q”" —5q°—5q° —
3q*—¢°

6 037 +2¢%° +393° +3q>* +3¢3 +3¢%* +3q3" +3q3° +
3927 +3q2%2 +39% +3q2° +39*> +3q%* +39*3 +2q%* +
1410 124843917 +4q6+4q15 43¢0 +q'3—4q12—
8q'—11q"°—11¢°-8q%—-3q"+2q°+4¢°+3q* +¢3

n #Q3n3(Fq)

o1, O

2

3 @’+q+q

4 q°+2q°+3q*+2q3+q?

5  q'%42q""+3q"°+3q¢°+3q%+3q9”"+2q¢°+¢°

6 q??2 +2q2' +3q9%° +3q" +3q'8 +3q" +3q"'° +3q"° +
344303 42¢2+q" + "+ ¥+ a7 —q°—2q* — 243 — ¢2

7 q37+2q36+3q35+3q34+3q33+3q32+3q31 +3q30+
3927 +39%2 +39%7 +3q92° +3q*° +3¢** + 3¢ +2¢%% +
q21+q12+2q11+3q10+2q9_3q7_5q6_5q5_3q4_q3

Table 2.4.3: Exact values of #Q: n,s(IFq) for small values of ,n,s.
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spowerfreesGF:=proc(z,N,r,s) local i: option remember:
convert(taylor(allpolysGF(z,N,r)/allpolysGF(z~s,N,r),
z,N+1),polynom):
end:

spowerfulsGF:=proc(z,N,r,s) option remember:
allpolysGF(z,N, r)-spowerfreesGF(z,N,r,s):
end:

spowerfuls:=proc(n,r,s)
coeff(sort(expand(spowerfulsGF(z,n,r,s))),z"n):
end:

Figure 2.4.2: Maple program to compute the number of monic s-powerful
polynomials in r variables of degree n.

in Figure 2.4.2. It was used to compute #Q2>(IFq) for n < 6 in
von zur Gathen (2008, Table 3.1). We extend this in Table 2.4.3.

As in Theorem 2.2.7, this approach quickly leads to explicit for-
mulas.

Theorem 2.4.4. Forr > 1, q,s > 2, Py, as in (2.2.1), and My, as in (2.2.6),

we have
Sn=_  (=1)IP},Pj,---Pj Pnis,
0<ign/s
jeEM;
Qn =— (=PI, Py, - - Py Prie (24.5)
Z ) Jij1
1<i<n/s
jeM;
Proof. We consider the original power series F=1—-P=—5 ;- Pizt
and express (2.4.1) as
S=P- > F(z*)!
i>0
N
= Z Pka . Z <— Z PjZ]s) .
k>0 >0 j>1

Comparison of coefficients provides us with

Sn= ) (=DIIP Py, P, Prss,
o<ign/s
jeMy
and the claim for Q,, = P,, — S, follows. O
For r =1, we have P; = qj and for any composition ji +j2 +- - +
jik of iin (2.4.5)

N R N O N
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Moreover, since
. 1 oifi=1,
s k() (o) -
k>1 o L 0 ifix=2,

see Graham, Knuth & Patashnik (1989, p. 167), we have in the uni-
variate case

i—1 (e 1Yi 0 ifn<s,
Qu=- Y (—1)k<k_]>q“ (oomi =
1<i<n/s gt ifn>s,
Kk>1
(2.4.6)

as shown by Carlitz (1932, Section 6).

To study the asymptotic behavior of S,, and Q, for r > 2 we
again deviate from the standard approach and move to power series
in Q(q) [z]. With P from (2.2.11), we define S, Q € Q(q) [z] by

P=S-P(z*),
Q=P-S.

This is well-defined, since P(z®) has constant term 1 and is therefore
invertible. By construction, we have

Sn(q) - #Sr,n,s (]Fq)/
Qn(q) = #Qr,n,s(]Fq)-

To study the asymptotic behavior, we examine Py - Py,_k. Let

Vrn,s (k) = degq(Pk : Pn—sk)
=(r+k)/r'+ (r+n—sk)/r'—2

and consider v, s(k) as a function of a real variable k (Figure 2.4.7).
In contrast to u(k) from Section 2.2, this function is not monotone in
k.

Lemma 2.4.8. Let r,n,s,q > 2.
(i) The function vy (k) is convex for T <k < n/s.
(ii) For all integers k with 2 < k < n/s, we have

Vrn,s (] ) > Vrmn,s (k)

(iii) For all integers k with 3 < k < n/s, we have

Vrn,s(2) > Ve s(k) if (n,s) # (6,2).
Furthermore,
Vr6,2(2) <Vr62(3) ifr>3,

v262(2) =v262(3) +1.
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25f
20f
15+
n=28

10F
n==6
n=>5

. . . .
15 2 2.5 3 3.5 4

-

Figure 2.4.7: Graphs of v,  2(k) on [1,n/2] as n runs from 4 to 8. The dots
represent the values at integer arguments.

(iv) If (n,s) # (6,2), then

2<k<n/s
Proof. We switch to the affine transformation
9(k) =11 (vin,s (k) +2)
= (r+ k)" + (r+n—sk)F,

which exhibits the same behavior as v, »,s concerning convexity and
maximality.

(i) We have

— . (r+k)*t sz(r +n—sk)"
vilk) = ]<IZ]<T<(i+k)(j+k) - (i—l—n—sk)(j+n—sk)) > 0.

by / .\
i#j

(ii) For n < 2s, there is nothing to prove. For n > 2s, we find
n>s+2>s+1+4+1/(s—1)and forall i
i+n—s)—(i+n/s) =0,
(r+n—s)F —(r+n/s)* >0,
v =v(n/s)=r+D+T+n—s) —(r+n/s)"—1!
=(r+n—s) —(r+n/s)-+r-r' >0.

With the convexity of v, this suffices.
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(iif) Analogously to (ii), it is sufficient to prove v(2) > v(n/s) for
(n,s) # (6,2). If n > 2s?/(s — 1), then n —2s > n/s, so that for
all i
i+n—2s)—(i+n/s) =0

and hence

V(2)—v(n/s)=(r+2)!/2+ (r+n—2s)"— (r+n/s)"—1!
>(r+n—28)X—(r+n/s)t > 0.

If n < 2s?/(s—1),thenn/s < 3 fors >3 orn < 6 and there is
nothing to prove. Finally, the three conditions n < 2s2/(s — 1),
s =2,and n > 6 enforce 6 < n < §, and we compute directly

1
(r+1)>0,

Vr,72(2) =vr,72(3) = 77

1 =1 ifr=2,
Vr6,2(2) = Vr6,2(3) = —E(T—3)(1‘+1)(T+2) —1 {
<0 ifr>3.

(iv) The maximal value of the integer sequence v, s(k) for 2 < k <
n/s is vy n,s(2) by (iii). Each value is taken at most twice, due
to (i), and we can bound the sum by twice a geometric sum as

Zqu/n,s (2)

Z qu,n,s(k) < ZqV'r,n,s(z) Z qfk — . — OJ
2<k<n/s k=0 q

The approach by generating functions now yields the following
result. Its “general” case is (iv). We give exact expressions in special
cases, namely for n < 3s in (ii) and for (n,s) = (6,2) in (iii), which
also apply when we substitute the size q of a finite field IF4 for q.

Theorem 2.4.9. Let v,s > 2, n > 0, and

s 1—q (1 —q ("5
Nems(q) = q( 51174 ()1(_;])2 ) ca(q),

<r—|—n—s> <T+TL—ZS> r(r+1)
0= — — .
T T 2

(i) If n > 2s, then 6 > .

(ii)
0 forn<s,
Mrn,s(q) fors <n < 2s,
Q — _ 7(n+rr:2571)
T ) ens(@ (T
]_qf( r—1 )
'|_qfr[r+1)/2 o 1 2 1_q7r
'(177q*7_q r(r—1)/ $> for2s <m < 3s.

(2.4.10)
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(iii) For (m,s) = (6,2) and v > 2, we have

T+2
Q6 =Mr6,2(q) <1 +q*(ris)7r+1 ] (q_1 (1—q ") (1-q("37))
- U—cr*)(l—q*(rﬂ)

7(1‘3771‘4’6)/6 (]_qfr(r+1)/2)2

—"_ T
1 (1—q ) (1-q ("))
. q—(r3+3r2—10r+6)/6 (1—q ") (1—q"0+1/2)
(1—q*1)(1—q*(7753J)
g (312 r4r—6)/61-q T2
‘a 1-q (%)

_~—T)2
4 q(rer=7r6)/6 Ugq )" ))
(17q*‘)(1*q (4 ))

_ nr,G,Z(q) (1 + q75+(r72)(r7])(1’+3)/6(] + O(qf1 )))
(2.4.11)
(iv) Forn > 2s and (n,s) # (6,2), we have

Qn :nr,n,s(q)(] +q76(] —i—O(q*]))). (2.4.12)

Proof. (i) If n > 2s, then

T+s r(r+1) T4 2 r(r+1)
() ()

(ii) The exact formulas of Theorem 2.4.4 yield

d

WV

Qn =20 forn <s,
Qn =P1Pn_s = T]r,n,s(q) for s <n < 2s,

and for 2s < n < 3s,

Sn =Pn—P1Pn_s— (P2 —P{)Pn_3, (24.13)
Qn = PP+ (P2 —P§)Pn_26

) (14 22Pn2s (1 PY)

PiPns \ P
g
:nr,n,s(q) (1 +q ® qi ntr—s—1
]_q ( r—1 )

.(W_qr(rn/z‘ —‘l_r>
1—q " 1—q ')’
where 6 = —degq(PZPn—ZS/(Pl Pnfs))'

(iii) For s = 2, we evaluate (2.4.5) for

Qs = P1P4 4+ P3 + P35 — P3P, —2P;P;, 4+ P3
=1r,6,2(q)(1 + (P3 + P53 —P{P2 — 2P1P2 + P7)/(P1Py4))

33
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=Tr6,2(9q) (1 + q*"rm“ )+Vir62(3)+1

(o1 0—a N —gq "r13)
(q (1—q ")(1—q *r14) (2.4.14)
—(r3—7r+6)/6__(1—q T""1)/2)2
T (1—q ")(1—q °r14)
q (3T -Tor+6)/6 (1m0 —q T/
(1—q ! )(1,q*br—l,4)
—(r3431r2+41r—6)/6 17q7r[r+1)/2
—2q (r3+43r2+ )/ N Ty
(134 612—7146)/6 (1—q7 )2 )
T (1—q ")(1—q " 14) ) (2.4.15)
= Mre2(q) (1 + q—6+(r—2)(r—1)(r+3)/6(1 + O(q—1 )))’
(2.4.16)
since the sum (2.4.14)—(2.4.15) has nonpositive degree in q and
~Vr62(1) +Vvi6203)+1 = —("33) —1+1 = =5+ (r—2)(r—
1)(r+3)/6.
(iv) Finally, for n > 2s and (n, s) # (6,2), we claim
Sn=Pn—P1Pn_s—P2Py 2(1+0(q" ). (2.4.17)
This implies immediately
Sn - Pn - P1 Pnfs(] + O(q71 ))
(2.4.18)

=Pn(1+0(q" "),

by Lemmas 2.4.8 (ii) and 2.2.13 (i), respectively. We already have
(2.4.17) for 2s < n < 3s from (2.4.13) by Lemma 2.2.13 (i). We
also have (2.4.18) for (n,s) = (6,2) from (2.4.16). This is enough
to obtain inductively

Sn = Pn - Z Snfis Pi
1<isn/s

= Pn - P] Snfs - Z PiSn—is

2<i<n/s
=Pn—P1(Pns —P1Ph_2s(1+0(q "))
— ) PiPnis(1+0(q 1)

2<i<n/s
=Pn—PiPh_¢+P3P_2(1+0(q ")
—P2Pn_2s(1+0(q7 "))
=Pn — PPy — P3Py 2,(1+0(q ")),

using Lemma 2.4.8 (iii) for (n,s) # (6,2) and Lemma 2.2.13 (i).
We conclude with

Qn - P] Pnfs + PZPn—ZS(1 +O(q_]))
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= nr,n,s(q)“ + q_éﬂ + O(q_] )))

by nr,n,s(q) = P1Ph_s and § = _degq(PZPnfzs/(FHPn—s))/
respectively. O

For v > 3, we can replace 1+ O(q ') in (2.4.11) by ' + O(q2).

In the following, the combinatorial approach replaces the asymp-
totic 14+ 0(q ") of (2.4.12) with an explicit bound of 6 in (2.4.22). We
consider for integers 1 < k < n/s the sets

Qr,n,s,k(F) = {9 : h53 g S Pr,n—sk/h S Pr,k} S Pr,n(F)

and have

Qr,n,s(F) = U Qr,n,s,k(F)- (2-4-19)

1<k<n/s

For n < 3s the exact formula (2.4.10) of Theorem 2.4.9 (ii) applies. We
provide explicit bounds for n > 3s.

Theorem 2.4.20. Letr,s,q > 2,n >0, and

ens 1—q)(1—q )
Mems(@) =gl perr 174 ()1(_qq1)2 )GQ(q),

<r+n—s) <r+n—25> r(r+1)
§ = _ _rnr=0
T T 2

as in Theorem 2.4.9.

(i) For (n,s) = (6,2), we have & = v(r + 1)(r2 +9r +2)/24 and
[#Qr6,2(Fq) —Tr6,2(q)l <Mpea(q)-2q 0H 2 DrE3)/6,
(2.4.21)
(i) Form > 3sand (n,s) # (6,2), we have

-5

#Qrn,s (]Fq) —MNrn,s (@) <Mrns(q)- 69 (2.4.22)

Proof. We omit the argument [F from the notation. Considering only
the positive and negative summands of (2.4.15), respectively, we find

#Qr 62 <Mre2(q)(1+2q 0020 0=1043)/6) (5 4 53)
#Qr62 > Nre2(q)(1— g oH 2 rmDre3)/6),

which proves (i).
For the general case (ii), we claim

Bq ) forns)# (62, (429)

7 —r(r—
#Qrmn,s = nr,n,s(q)<1 — Eq 5—( 1)/2> forn > 3s. (2.4.25)

#Qrns <rns(a) (14
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For (2.4.24), we find from (2.4.19)

#QY,TI,S < Z #Qr,n,s,k < Z #Pr,n—sk '#Pr,k
1<k<n/s 1<k<n/s

N L i | el i
- _q—1\2

1<k<n/s (1 q )
= T]r,n,s(q) (1 + q_vr'n'S(])

o (k) (1= g2 1X) (1 — g Prtnsk)
> i L i
(1 _q )(1 —q T—1n s)

2<ks<n/s

] — 7b'r71,k)
< “Vrns (1), E Vr,n,s(k)(q—
\n““/S(q)O e 2<k<n/sq (T—q7") )

Zq —Vrmn,s (1 )+Vr,n/s (2)

(1—q™)(1—q ")

<mensla) (14 ) <mensl@) (145072,

using the bound of Lemma 2.4.8 (iv).

To prove (2.4.25), we observe that Q,n,,1 contains an injective
image of (Prn—s\Qrn—s,s) X Ir1 by (g,h) = g-h®. For n > 3s, we
get from I, 1 = P,

#QT,TL,S = #Qr,n,s,1
> #1 1 - #(Prn—s \Qrns,s)
> #P - (#Prn s —#Qrmss)

- Mrn—s,s(q)(1+ 136qr))
#Prn—s

P MNrn,s (q) . (1 — qu/"—ZS_br,nfs-H‘

(T—q 7)1 — q_bT—],n—Zs)(] + %q_r)
. (T—q )(1—q br1ns) ) (2.4.26)

7 —r(r—
)nr,n,s(q)(]*iq 8-l ])/2);

> Nrn,s(q) - (1

if (n,s) # (8,2) using (2.4.24) for Qrn—s,s With exponent &6 > r by
Theorem 2.4.9 (i).
If (n,s) = (8,2), we modify (2.4.26) according to (2.4.23) and get

#Qr,82 > Mrs,2(q) (1 - %(1 +2qf(rj"3)*r+1)q—5—r(r—1 )/2>

>1rs2(q)(1—2q 0 "0—1)/2),

Combining (2.4.24) and (2.4.25) proves (ii). O

We note that for (n,s) = (6,2), inequality (2.4.22) follows from
(2.4.21) if r = 2 and is false for sufficiently large q if r > 3.
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0.9f

0.8

0.7}

0.6

n=6

0.5F

0.4f

0.3}

n=4

Figure 2.4.27: The normalized relative error in Theorem 2.4.9 (iii)—(iv) for
(rls) = (2/2)

Figure 2.4.27 shows plO’fS of (Qr,n,s (q) _T]r,n,s(q))/(nr,n,s (q) qié)
forr=2,s =2 and n =4,6,10, as we substitute for q real numbers
from 2 to 20.

Remark 2.4.28. As noted in Remark 2.3.12 for reducible polynomials,
the relative error term is (essentially) exponentially decreasing in the
input size, and exponentially decaying in any of the parameters r, n,
s, and log, q, when the other three are fixed.

In the bivariate case, von zur Gathen (2008, Theorem 3.1) approx-
imates the quotient #Q2 , s (IFq)/#P2n(IFq) (using our notation) by

—(2ns—s2+3s—4)/2 (1+ q_1 )1 — q—n+s—1 )
1 J— q—n—1

q

7

which equals the term 12 s(q)/#P2 n (IFq) derived from our analysis
above.
We append handy bounds using Corollary 2.3.13.

Corollary 2.4.29. Forv,s,q > 2, and n > s, we have

! (") 1 <H#Qr s (Fq) < ]oq(r+?7s)+r—1,

Eq
L) < FQuns o) 5 (i) (42740
2 #Pr,n(]Fq) /
L) ¢ BQonalfa) qoq (i),
6 #Rrem (Fg)
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We conclude this section with bounds for the number of s-powerfree
polynomials.

Corollary 2.4.30. Let v,5,q > 2, n > 0, and Ny n,s and & as in Theo-
rem 2.4.9. We have

#Pr,n(]Fq) - 3nr,n,s (q) g #Sr,n,s (]Fq) < #Pr,n(]Fq )/

and more precisely

#Prn(Fq) formn <,

#Pr,n(]Fq) _nr,n,s(q) for s<n<2s,
—d

#Sr,n,s (qu) = #PT'“(]FC]) _nr,n,s(q) <] +q

_(m4r—2s—1

g T —qrrt1)/2
: L 4 n+‘1r‘7$71 : (1 “il, —T for 23 < n < 38/
]_qf( r—1 ) q

_ —r(r—n/zﬂ))
q ]7q*]

|#Sr,6,2(IFq) - (#Pr,n(IFq) _nr,G,Z(q)N < nr,6,2(q)
. 2q75+(r72)(r71 J(r+3)/6

7

and for n > 3s with (n,s) # (6,2)

|#Sr,n,s (]Fq) - (#Pr,n(IFq) _T]T,n,s(q))| < Tlr,n,s(q) : 6q76-

2.5 RELATIVELY IRREDUCIBLE POLYNOMIALS

Premature optimization is the root of all evil.
— Donald E. Knuth

A polynomial over F is absolutely irreducible if it is irreducible over
an algebraic closure of F, and relatively irreducible if it is irreducible
over F but factors over some extension field of F. We define

n(F) ={f € Prn(F): f is absolutely irreducible} C I » (F),
Ern(F) = Ien(F) N A n(F). (2.5.1)
As before, we restrict ourselves to finite fields and recall that all our
polynomials are monic. For a field extension F,« over Fq of degree

k, we consider the Galois group Gy = Gal(quk :Fq) = Zy. Tt acts on
IF ;x[x] coefficientwise and we have the “norm” map

Prn k- Pr,n/k(]Fqk) — Pr,n(IFq)r
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for each k dividing n. Since (@ n,k(9))" = @rn k(g) for any T € Gy
and therefore @, n 1 (g) € Prn(Fq), this map is well-defined.

Relatively irreducible polynomials in P; ,,(IF4) are the product of
all conjugates of an irreducible polynomial g defined over some exten-
sion field IFqk. If g itself is relatively irreducible over IFqk, then there
exists an appropriate multiple j of k and h € P, /;(IF,;) with the
same image @ nx(g) = @rnj(h) in Py (IFq) and the property that h
is absolutely irreducible. So, every relatively irreducible polynomial
is contained in @y k(A n /k(]Fqk)) for a unique k > 1 dividing n.
Furthermore, the absolutely irreducible polynomials in Py (IFq) are
exactly those in @, 1 (A n(Fq)), and we summarize

Ar,n(]Fq) = Qrn,i (Ar,n(]Fq))/ (2-5-2)
E‘r,n(IFq) g U (pT,n,k(A'r,n/k(]Fqk))' (253)
1<k|n

In order to replace the latter by an equality, we let

A:Tl/k(IFqk) = AT/Tl/k(IFCIk) \ U Ar,n/k(IFqS) (254)
s|k,s#k

be the set of absolutely irreducible polynomials over F « that are not
defined over a proper subfield containing IFy, and

Ir,n,k(IFq ) = (Pr,n,k(A:r,n/k(IFqk ))-

Lemma 2.5.5. (i) We have the disjoint union

Ir,n(qu) - U Ir,n,k(IFq) (256)
kin
and more precisely
Ar,n(]Fq) - Ir,n,1 (]Fq)/ (2'5'7)
Er,n(IFq) - U Ir,n,k(IFq)- (258)
1<k|n
(ii) #ln(Fq) = %#A:n e (Fgr).

Proof. (i) Let g € A, k(Fqx). By definition, g is monic. The
k conjugates g°, for o € Gy, are pairwise non-associate if and
only if the coefficients are not contained in some proper subfield
of IF ;. This shows

Ir,n,k(]Fq) - Ir,n(]Fq ). (2.5.9)

Let f € [ n(Fq). Then f = @y nk(g) for some g € A, 1 (Fqx),
with k dividing n as observed in (2.5.3). If g has coefficients
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from a subfield of F«, say g € A;,/k(Fqs) for some s < k
dividing k, then g° equals g for some o € Gy \{id}. Taking the
smallest such s and

h= H gT € Ir,n,k/s(]Fq)r
TEGS

we have h*/$ = @, . (g). Hence @, k(g) is a (k/s)-th power
and therefore reducible, in contradiction to the choice of f. This
shows that g € AJr n/k(Fqx) and a fortiori

F )g U Ir,n,k(IFq)

kin

The disjointness follows from the fact that the factorization of
@rnk(g) forany g € Ar n /k( q«) has exactly k irreducible fac-
tors over Fgn, and (2.5. 6) follows with (2.5.9).

Finally, (2.5.7) and (2.5.8) follow from (2.5.2) and (2.5.1), respec-
tively.

(ii) Let g, h € I, i (Fgx). Then @y k(g) = @rnx(h) if and only if
h = g for some automorphism ¢ € Gy. Sufficiency is a direct
computation and necessity follows from the unique factoriza-
tion of @y n k(g) and @y k(h) over F . Therefore, the size of
each fibre of @k on A /k(IF ) is #Gx = k. O

We omit the parameter r from the notation of the generating
functions and their coefficients. The generating function A+(]Fqk) of
#AS (F q+) is related to the generating function A(Fq) of #A,n(Fq)
by definition (2.5.4) and we find by inclusion-exclusion

) =) ulk/s)A(F

With (2.5.6) and Lemma 2.5.5 (ii), we relate this to the generating
function I(IF ) of irreducible polynomials as introduced in Section 2.2
and obtain

Z D ulk/s)- 2V MA(Fgs),

kln sk
Z Z'”L [z M1(FF gs) (2.5.10)
kln sk

with Mobius inversion.

A Maple program to compute the latter is shown in Figure 2.5.11.
Exact values for #E; ,, (IFq) with n < 6 are given in von zur Gathen
(2008, Table 4.1). We extend this in Table 2.5.12.

For an explicit formula, we combine the expression for I, (IFq) =
I, from Theorem 2.2.7 with (2.5.10).
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n #Ez[n(qu)

1 0

2 (q* — )/2

3 (q° —q?—q)/3

4 (2 ‘°+q -2q°-2q"+q%)/4

5  (q'°+q°—q?>—q)/5

6 (3q18+3q16+2q15_2q12_3q10_3q9_3q8+q6+q5
q*—q*>+2q% +q)/6

7 (@%+a"—q*—q)/7

8 (4q28 +4q26+4q24_6q20_8q18_3q16_4q13+6q10_|_

897 +2q®*—4q" —4q°+q")/8

n #ES,n(qu)

1 0

2 (q° q3—q)/2

3 (q” —q*—q)/3

4 (2q18+2q16+2q‘4+q ~2q7-3q3—-2q9" -3q°+2¢3 +
q°)/4

5 @P+9°+¢°—a¢*—q?—q)/5

6 3938 +3q¢%°+3¢3* +3¢32+3q3° +3¢?8 +2q9%" +3q%° +
2q24_3q22+2q21_6q20_3q19_]1q18_3q17_9q16_
3q15_6q14_3q13_q12+3q11+9q10+4q9+7q8+q7
3q°—=3¢°—2q*+2q3+2q¢%>+q)/6

7 (@*'+4"+qd"—q*—q*—q)/7

n #E4n(Fq)

1 0

2 (¢®+q°—q*—q)/2

3 (4"%+q"+q°—q*—q*—q)/3

4 (2q28_|_2q26+2q24+2q22+2q20+2q18+q16_2q14_
2q13_3q12_2q11 _4q10_2q9_4q8_q6+2q5+2q4+
2¢%+q?)/4

5 (42°+9"+q"%+¢°—q*—¢>—q*—q)/5

6 (39°8 +3q°° +3q° +3q°%2+3q°° +3¢°8 +3¢°° +3q>* +

3q52—i—3q50+3q48 +3q46+3q44+5q42+3q4° +2q3 +
3q38+2q36 q q 9q3273q31710q3073q297
15q28_q27 ]5 3q25 ]4q24_3q23_12q22_3q21_
9q2° —3q'? —4q‘8+3q‘7+9q‘6+7q‘5+16q14+10q‘3+
1292 +7q" +10q'° —2q7 —q® — 697" —7q°* =495 + q* +
2¢>+29*+q)/6

Table 2.5.12: Exact values of #E,  (IFq) for small values of r and n.
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absirreds:=proc(n,r) local k,s: option remember:
add(1/kxadd (mobius(s)*subs(gq=q"s,coeff(irreduciblesGF(

z,n/k,r),z~(n/k))),s=divisors(k)),k=divisors(n))
end:

absirredsGF:=proc(z,N,r) local k,s: option remember:
sum(’'absirreds(k,r)*z"k’,k=1..N)
end:

relirredsGF:=proc(z,N,r) option remember:
irreduciblesGF(z,N,r)-absirredsGF(z,N,r);
end:

relirreds:=proc(n,r)

coeff(sort(expand(relirredsGF(z,n,r))),z"n):
end:

Figure 2.5.11: Maple program to compute the number of relatively irre-
ducible polynomials in r variables of degree n.

Theorem 2.5.13. Fort,n > 1,q > 2, My as in (2.2.6), and P (Fq) = Py,
as in (2.2.1), we have

AO(]FC[):O/
(s) p(m)
An(Fg)=— Y & £
slkin k min/k m
(=)
Z H Jl(qus)P)'zUFqs) 'Pj\j\(]Fqs)'
]EMn/[km
EO(IFq): ’
1
En(Fq)=— ) 1D u(s)n/k(Fqs) (2.5.14)

(=1l
> i Pj, (Fqs)Pj, (Fqs) - - Py, (Fys).
JEMu/ (km)

We check that for r = 1 we obtain the expected result

ifn=1,
An(IFq) = q

0 ifn>1.
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To this end, we use the well-known fact that

1 ifn=1
u(s) = '
> {O

s|n ifn>1.

From (2.5.15) and (2.2.8) we have

nAn(Fg)= ) pls)u(tlgs = ) u(s)un/(ka))g’
i
=D ™) uslum/(ka)) =) q™) uls) ) ulns/(mk)
T tea /K min sk
=) q™) uls)) umn/(mj))
min s|m jln/m
ifn=1,
quZu(S)Zu(i){q o
min s|m iln/m 0 ifTL>],

where a = n/(kt), m = as, j = k/s, and i = n/(mj).

The remainder of this section deals with the case r > 2. For the
approach by symbolic generating functions, we define, with I(q, z) as
in (2.2.12), the two power series A, E € Q(q) [z] by

Aolq) = |o(q) =0,
Z Z w(s)ly(q®) € Zlq] forn >0, (2.5.15)

kln sk
z)=) Anlq)z" €Zlql[4],
n>0

E(q/Z) - I(q/ ) _A(q/ )
1<k|n sk

Then

An(q) = #A:n(Fq),
En(q) = #Er,n(]Fq)-

The inner sum of (2.5.16) has degree degq In/k(qk) in q. Let n be
composite and { its smallest prime divisor. For k = {, this inner sum
consists of only two terms and we find

1
Enl@) = ¢ Un/e(@) el = Y 1 3 wlshylg

E<k\n s|k

1
_ 7(Pn/€(q2) o Rn/f,(qe) . In/((q)) + O(qmaxkk\n Wr,n(k)),

{
(2.5.17)
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summand deg,

Pn/ﬁ(qe) e(br,n/(’,_]) =wrn({)

Rn/e(q") Ubypne—1 +1—=1) =wrn () —L(br_q /e —7)
In/((q) br,n/f —1= %Wr,nw)

Y tekin /(") <maxgoyn wrn(k)

Table 2.5.19: Summands of E and their degrees in q.

40
35t
30t
25f
20t n =10

10 \
n=4

N
IN
ok
©
=
o

Figure 2.5.20: Graphs for w; ,, (k) on [{, n] for composite n in the range from
4 to 10, where £ denotes the smallest prime divisor of n. The
dots represent the values at divisors of n.

with

Wrn (k) = deg, (In/k(q"%)) = deg, (Pr/i(q")) = k((r +1/k)E/r1— 1)
(2.5.18)
for any divisor k of n. Table 2.5.19 lists the degree in q for all sum-
mands in (2.5.17). We consider w; , as a function on the real interval
[1,n], see Figure 2.5.20.

Lemma 2.5.21. Let v > 2, n be composite, { the smallest and k, the second
smallest divisor of n greater than 1.

(i) The function wy (k) is strictly decreasing in k on [1,n].
(ii) For composite n # 4,6, we have

Wr,n(E) _Wr,n(kl) _Wr—l,n(e) > 0. (2'5'22)
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(iii) For composite n > tk, different from 12, we have
Wr,n(e) — Wr,n(kZ) - er1,n(£) P 10g2 n—2. (2-5-23)
This also holds if n =12 and r > 3.

The inequality (2.5.22) is false when n is 4 or 6, and (2.5.23) is false
forn=12,r=2.

Proof. (i) We compute

:M(l— Z 1.7)—1. (2.5.24)

If r > 3, then

for all 1 < k < n, which proves wy , (k) < 0.
If r = 2, we evaluate (2.5.24) as

k) =

WZ,n (

(H—n/k)(2+n/k)<]_ 1 )_ . n?
2 T+k/n  1+2k/n - 2k2

to find w) (k) < O for all k.

For (ii) and (iii), we first show that the sequence a,n = wyn({) —
Wr_1n(l) =Wy n(k2) = by 11 — k2(byn /x, — 1) is monotonically
increasing in r. We have

rn — Qr—1n = by /e 2 —Kabynjk, 1 20

if and only if
r+n/t—2)t
= >
A S /1

and prove the latter by induction on r > 2.
For r = 2, we have to prove

n(ky —40) > 2Lk;. (2.5.25)

Ifk, =£0+1, then { = 2, k; = 3 and since we exclude n = 6, we have
n > 12 to show (2.5.25). If k, > €+ 2, we distinguish two cases. Now,
k; = nif and only if n = ¢2. Since we exclude n = 4, we then have
¢ > 3 and (2.5.25) follows. If k, # n, then k; < v/n < n and therefore
20ky; < 2/ < (ko2 —On.

For the induction step, we have

n/M—2+r n/—2+r
r—1,n P
n/ka—1+r" n/ky—14r

= 1y

Ar,n =A
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where the last inequality is equivalent to n(k, —£) > fk,, which fol-
lows from (2.5.25).

With this monotonicity of a,,, in 1, it is sufficient to check (ii) and
(iii) for the smallest admissible value of r.

(i) We have

n/m n
Arn = 5 (f T 2). (2.5.26)
For
e n=1{%(+£4,
e n="_(ky, n#6,or
e n=12,

this is non-negative by direct computation, and in the remaining
case, n > (k; different from 12, by (iii).

(iii) For n > fk, different from 12, we have n/{ —n/k, > 3 and find
with (2.5.26)

ayn = 5 >log,n—2.

n
2
Forn = 12 and r > 3, we compute directly a3, = 10 >
log, 12 —2. O

This lemma allows us to order the summands in (2.5.17) by degq,
and the approach by generating functions gives the following result.

Theorem 2.5.27. Let r,n > 2, let £ be the smallest prime divisor of n, and

0 r+n/(’,71
gt 9=

ernl(q) = m € Q(q),
K= (e—1)(<r_:_+]“/€) —1)+1.

Then the following hold.
(i) E1(q) =0.

(ii) If nis prime, then

—r(n—1) (1 _qir)“ _qin) >

En(q) = ern(@)(1-q ™) (1-q =40 —a=]

(iii) If n is composite, then k > 2 and

En(q) = ern(q)(1+0O(q "))
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Proof. For n =1, the sum (2.5.14) is empty and this shows (i). Forn =
¢ prime, (2.5.14) simplifies to En(q) = (11(q") —11(q))/¢ = (P1(q") —
P1(q))/¢, since |1 = P71 by Theorem 2.2.16 and (ii) follows.

For composite n, the product (¢ —1)(b,_; /¢ — ) is positive and
therefore k > 2. We recall the summands of (2.5.17) in Table 2.5.19.
Lemma 2.5.21 (i) shows that max;_y |n Wrn(k) = wrn(kz) and we
find

—_

En(q) = E(Pn/f(qe) - Rn/@(qe) - In/@(q)) + O(qwrn kZ))

Since b,_1 5, /¢ —1 > 0 for composite n, we identify with Lemma 2.5.21
(i) as main term Pn/e(q‘)’)/ﬂ = ern(q)(1— q*ebr—l/“/‘f). For the sum-
mands of

Rudldl)  Inla) )
Pnse(qt)  Pnjelqt)
+O(qwrn kZ) degqpn/f(qe))

En(q)/ern(q)

(] _ qfﬂbrfl,n/l) (] _

we find as degrees in q

—tby 1m0 < K,
deg, Rn/e(qh) — deg, Pr/e(q) = —L(by 100 —T1) < —K, (2.5.28)
degg In/e(q) —degy Pr/e(q") = (€= 1)(br /e — 1) < =k, (2.5.29)
Wrn(k2) —deg, Pr/e(q) < —lby 1/ e—1) < —k (2.5.30)

for n # 4,6 by Lemma 2.5.21 (ii). When n is 4 or 6, the last inequality
in (2.5.30) is false, but still
wrn(k2) —degy Prn/e(qf) < —x. O (25.31)

On closer inspection, it is possible to partition for each compos-
ite n the range for r into two non-empty intervals, where either the
difference in (2.5.28) or the difference in (2.5.29) dominates all others.
This provides tighter bounds at the cost of further case distinctions.

The combinatorial approach yields the following result.

Theorem 2.5.32. Let r,q > 2, and e€rn, and « as in Theorem 2.5.27.
(i) #E,1(Fq) =0.

(ii) If nis prime, then

#Er,n(qu) _ €r,n(q)(] . qfnr) (] . qfr(nfl) ((]1 _qq_:))((]] —(;]_:T)))’

(2.5.33)
0< er,n(q) _#Er,n(ﬂ:"q) < 3q_r(“_”.

(iii) If n is composite, then

HEr n(Fq) —ern(q)l < ernlq)- 3q".
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Proof. The exact statements of (i) and (ii) were already shown in The-
orem 2.5.27 and in (2.5.33) we have q~"("~1) /16 as upper bound for
q~ ™" and 32q—"("=1) /15 as upper bound for the last subtracted term.

For (iii), let £ be the smallest and k; the second smallest divisor of
n greater than 1. We prove that

#Ern(Fq) > €rn(q)(1—3q7%), (2.5.34)
#Ern(Fq) < ern(q)(14+2q Crme=1)) forn #4,6, (2.5.35)
#Er n(Fq) < ernl(q)(14+q7 ") forn =4,6. (2.5.36)

We begin with (2.5.34) and have from Lemma 2.5.5 (ii)

1
#Er,n(IFq) 2 #Ir,n,(’,(IFq) = E#A::n/g(IFq"/)

1

= E(#Ir,n/ﬂ(Iqu) —#Ln/e(Fq)),

since { is prime and there are no proper intermediate fields between
Fq and Fq.. With the lower bound on the number of irreducible
polynomials from Corollary 2.3.14 this yields

—_

#Er,n(]Fq) > E(#Pr,n/ﬂ(ﬂ;ql) _2pr,n/€(qe) _#Pr,n/f(qu))

= - _ o 1 qf({r
€br by qne—r) 49
er,n(q)(1 —q 1/t —2q In/e—T) ] q—f
—q*“*”(br,n/e*”(] —q bri]’nﬂ)“ —q_e)>
1—q!
= —q “(q" —tr+ — 1—q %
b.r7 n 4 1 brf n ]7
€r,n(q)<1 q K(q I/ 4 2q 1n/etT+ o

_ —brq,n/e)(] _ *f)
() by —trrtir 14 q
+d 1—q! )

ern(q)(1—q “(1/16+8/3+1/4))
er,n(q)“ _3q_K)-

A\,

For the lower bounds (2.5.35) and (2.5.36), we have from Lemma 2.5.5 (ii)

1
#Ir,n,k(qu) = *#A:n/k(ﬂjqk)

k
< ]E#Pr,n/k(IFqk)
B wrn(k)]_q_k(nﬂ:ﬁ;q)
T e e

with wy (k) as defined in (2.5.18). We obtain with (2.5.8)

H#En(Fq) < ) #lonx(Fq)

T<k|n
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] — q_kbrfl,n/k

< win(k), 4 0 T
<2 K(1—q %)
1<k|n
]_q ebr Tn/t q kbrfln/k
— W'rn WTT'L -
— i—q Y 2 k(T —q7%)

<ern(@(1+q 0 Y %qw*'““‘)), (2.5.37)

{<k|n

since (1—q %)/(1— q_ka*"“/ k) is monotone increasing with k.
For n = {2 or n = (k,, we compute directly from (2.5.37)

1
#E,2(Fg) < ernl(a)(1+ Eq*wr,nmwr,n(n)),

¢ )
< —Win (€)+win(k2)
#E1 0k, (Fq) < em(q)(1 +q (kz n ))
< ernl(q)(1+ qiwrf“(z)err,n(kz))l

respectively. These prove (2.5.35) for n # 4, 6, since —wq 1 ({) + Wy n(k2) <

—Wr_1n(f) < —x by Lemma 2.5.21 (ii), and they also show (2.5.36) for
n = 4,6 with (2.5.31).
For n > {k,, we show

q,wr,n([,) Z ngr,n(k) < ququ,n(@) (2 5 38)
> < . 5.

{<k|n

We use the coarse bound #{k: £ < k | n} < n/2 = 2logan-1
2q'°82"=2 and show the stronger

q—Wr,n(e)qung n—2 qu,n(kZ) g Zq_wrfl,n (e)

or equivalently

Wi n () +wrn(k2) < —wr1n(8) —log, n+2.

Forn # 12 or n = 12 and r > 3, this follows from Lemma 2.5.21 (iii).

For r = 2 and n = 12, it suffices to evaluate left- and right-hand side
of (2.5.38) to find 5/6q~ "% < 2q~'? as claimed.

Finally, we combine the bounds (2.5.34), (2.5.35), and (2.5.36) with
—Wr_1n({) < —k from (2.5.30). O

Figure 2.5.39 shows plots of (Exn(q) —ern(q))/(ern(q)q™*) for
r=2and n =4,6,8,9, as we substitute for q real numbers from 2 to
10.
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0.4
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-0.6

Figure 2.5.39: The normalized relative error in Theorem 2.5.27 (iii) for r = 2.

Remark 2.5.40. The bivariate result of von zur Gathen (2008) approxi-
mates the ratio #E; ,, (IFq) /#P2 n (IFq) by

qfnz(eq)/(ze)(] —q "
(=g 90 —q 1)

This differs from the approximation by €2 (q)/#P2n(IFq) in Theo-
rem 2.5.32 by a factor of 1 —q~ " 1.

We append some handy bounds.

Corollary 2.5.41. Let r,n,q > 2, and { be the smallest prime divisor of n,
then

] T+n 2 n

ﬂqZ( +r/8)4‘ < #Er,n(IFq) < qu(wr/e),/z’
Lo  #onlBa) 2 (oo
8¢ #Prn(Fq) ~ (L
Lt  #onFo) 2 (rimyie(p) e
8¢ #l,n(Fq) L

The last inequalities follow with Corollary 2.3.13 for n > 5 and
by computation with the exact expressions otherwise. We conclude
with bounds for the number of absolutely irreducible polynomials by
combining Corollary 2.3.14 and Theorem 2.5.32.

Corollary 2.5.42. Let v,n,q > 2, and p(q) as in (2.2.17). Then
#Pr,n(]Fq) _4pr,n(q) < #Ar,n(]Fq) < #Ir,n(]Fq) < #Pr,n(]Fq)/
where the 4 can be replaced by 3 for n > 3.
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2.6 CONCLUSION AND FUTURE WORK

Civilization advances by extending the number of
important operations which we can perform
without thinking about them.

— Alfred North Whitehead

We have provided exact formulas for the numbers of reducible
(Sections 2.2—2.3), s-powerful (Section 2.4), and relatively irreducible
polynomials (Section 2.5). The latter also yielded the number of abso-
lutely reducible polynomials.

Further types of multivariate polynomials that are examined from
a counting perspective include singular bivariate ones (von zur Ga-
then, 2008) and pairs of coprime polynomials (Hou & Mullen, 2009).
It remains open to extend the methods of this chapter to singular mul-
tivariate ones and achieve exponentially decreasing error bounds for
coprime multivariate polynomials.
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DECOMPOSABLE POLYNOMIALS

Science is knowledge which we understand so well that we
can teach it to a computer; and if we don't fully
understand something, it is an art to deal with it. [...] We
should continually be striving to transform every art into a
science: in the process, we advance the art.

— Donald E. Knuth

All is fair in war, love, and mathematics.
— Eric Temple Bell






You probably think that one knows everything
about polynomials. Most mathematicians would
think that, including myself.

— Serge Lang

The composition of two univariate polynomials g,h € F[x] over a
field F is denoted as f = goh = g(h), and then (g, h) is a decomposi-
tion of f, and f is decomposable if g and h have degree at least 2. In the
1920s, Ritt, Fatou, and Julia studied structural properties of these de-
compositions over C, using analytic methods. Particularly important
are two theorems by Ritt on the uniqueness, in a suitable sense, of de-
compositions, the first one for (many) indecomposable components
and the second one for two components, as above. Engstrom (1941)
and Levi (1942) proved them over arbitrary fields of characteristic
zero using algebraic methods.

The theory was extended to arbitrary characteristic by Fried &
MacRae (1969), Dorey & Whaples (1974), Schinzel (1982, 2000), Zan-
nier (1993), and others. Its use in a cryptographic context was sug-
gested by Cade (1985). In computer algebra, the decomposition me-
thod of Barton & Zippel (1985) requires exponential time. A funda-
mental dichotomy is between the tame case, where the characteristic p
of F does not divide deg g, and the wild case, where p divides deg g,
see von zur Gathen (1990a,b). (Schinzel (2000, § 1.5) uses tame in a dif-
ferent sense.) A breakthrough result of Kozen & Landau (1989) was
their polynomial-time algorithm to compute tame decompositions;
see also von zur Gathen, Kozen & Landau (1987), Kozen, Landau &
Zippel (1996), Gutierrez & Sevilla (2006b), and the survey articles of
von zur Gathen (2002) and Gutierrez & Kozen (2003) with further
references.

In the tame case, Schur’s conjecture, as proven by Turnwald (1995),
offers a natural connection with the multivariate polynomials of Chap-
ter 2. In this situation, f is indecomposable if (f(x) —f(y))/(x —y) is
absolutely irreducible. Aside from natural exceptions, the converse is
also true.

In the wild case, considerably less is known, both mathematically
and computationally. Zippel (1991) suggests that the block decompo-
sitions of Landau & Miller (1985) for determining subfields of alge-
braic number fields can be applied to decomposing rational functions
even in the wild case. A version of Zippel’s algorithm by Blankertz
(2014) computes in polynomial time all decompositions of a polyno-
mial that are minimal in a certain sense.

It is intuitively clear that the univariate decomposable polynomi-
als form only a small minority among all univariate polynomials over
a field. There is an obvious inclusion-exclusion formula for counting.
The main issue is then to determine, under a suitable normalization,
the number of collisions, where essentially different components (g, h)
yield the same f. The number of decomposable polynomials of degree
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n is thus the number of all pairs (g, h) with deg g- degh = n reduced
by the ambiguities introduced by collisions. An important tool for es-
timating the number of collisions is Ritt’s Second Theorem. The first
algebraic versions of Ritt’s Second Theorem in positive characteristic
p required p > deg(goh). Zannier (1993) reduced this to the milder
and more natural requirement g’ # 0 for all g in the collision. His
proof works over an algebraically closed field, and Schinzel’s (2000)
monograph adapts it to finite fields. Von zur Gathen (2014b) gives a
normal form with an explicit description of the (non)uniqueness of
the parameters.

The task of counting compositions over a finite field of character-
istic p was first considered by Giesbrecht (1988). He showed that the
decomposable polynomials form an exponentially small fraction of
all univariate polynomials. Von zur Gathen (2014a) presents general
approximations to the number of decomposable polynomials. These
come with satisfactory (rapidly decreasing) relative error bounds ex-
cept when p divides n = deg f exactly twice.

Zannier (2007, 2008, 2009) studies a different but related question,
namely decompositions f = g o h in C[x] of sparse (or lacunary) polyno-
mials f, where the number t of terms is fixed, while the correspond-
ing degrees and coefficients may vary. He shows that the sparsity of
f implies the sparsity of h, proving a conjecture by Schinzel, and also
gives a parametrization of all such f, g, h in terms of varieties (for
the coefficients) and lattices (for the exponents). Fuchs & Peth6 (2011)
and Fuchs & Zannier (2012) follow up with complete descriptions of
sparse decomposable rational functions.

In Chapter 3, we classify all collisions of compositions given by a
set of degree sequences via a generalization of Ritt’s theorems. This
gives an exact formula for the number of decomposable polynomials
of degree n over a finite field of characteristic coprime to n.

In Chapter 4, we classify all collisions at degree p2. This deter-
mines exactly the number of decomposable polynomials in one of
the open wild cases.



COUNTING DECOMPOSABLE POLYNOMIALS: THE
TAME CASE

Algebraists like algorithms. Algebra began as a
search for algorithms for solving equations, and
algebra has never lost its taste for finding recipes
for solving classes of problems.

— Al Cuoco, E. Paul Goldenberg, June Mark

An extended abstract of this chapter will appear in the Proceed-
ings of ISSAC "14, see Section 1.3 for the complete publication history.

Ritt’s First Theorem relates complete decompositions of a given
polynomial, where all components are indecomposable. Zieve &
Miiller (2008) turn it into an applicable method and Medvedev &
Scanlon (2014) combine this approach with results from model the-
ory to describe the subvarieties of the k-dimensional affine space that
are preserved by a coordinatewise polynomial map. Both works lead
to slightly different canonical forms for the complete decomposition
of a given polynomial. Zieve & Miiller (2008) study sequences of
Ritt moves, where adjacent indecomposable g,h in a complete de-
composition are replaced by g*, h* with the same composition, but
degg = degh* # degh = degg*. Such collisions are the theme of
Ritt’s Second Theorem and von zur Gathen (2014b) presents a normal
form with an exact description of the (non)uniqueness of the param-
eters under Zannier’s assumption g’(g*)’ # 0.

This chapter combines the above “normalizations” of Ritt’s theo-
rems in the tame case to classify collisions of two or more decom-
positions, not necessarily complete and of arbitrary length (Theo-
rems 3.4.2 and 3.4.5). This yields a fast algorithm for the number
of decomposable polynomials of degree n over a finite field of char-
acteristic coprime to n (Theorem 3.4.9 and Algorithm 3.4.10).

We proceed as follows. In Sections 3.1-3.2, we fix some notation
and establish basic relations. In Section 3.3, we introduce the rela-
tion graph of a set of collisions which captures the necessary order
and possible Ritt moves for any decomposition. In Section 3.4, this
information leads to a complete classification of collisions by Theo-
rems 3.4.2 and 3.4.5. We derive a formula for the number of such col-
lisions over a finite field (Theorem 3.4.9) and obtain a fast algorithm
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for the number of decomposable polynomials of degree n over a finite
field of characteristic coprime to n (Algorithm 3.4.10). We conclude
with open questions and suggestions for future work in Section 3.5.

* We obtain a normal form for collisions in the tame case de-
scribed by a set of degree sequences for (possibly incomplete)
decompositions (Theorems 3.4.2 and 3.4.5).

¢ The (non)uniqueness of the parameters leads to an exact for-
mula for the number of such collisions over a finite field with
characteristic coprime to their degree (Theorem 3.4.9).

¢ We conclude with a fast algorithm for the number of decompos-
able polynomials of degree n over a finite field of characteristic
coprime to n (Algorithm 3.4.10).

3.1 NOTATION AND PRELIMINARIES

However contracted, that definition is
the result of expanded meditation.

— Herman Melville

A nonzero polynomial f € Fx] over a field F of characteristicp > 0
is monic if its leading coefficient lc(f) equals 1. We call f original if its
graph contains the origin, that is, f(0) = 0. For g, h € F[x],

f=goh=g(h) € FIx] (3.1.1)

is their composition. If deg g,degh > 2, then (g, h) is a decomposition
of f. A polynomial f € F[x] is decomposable if there exist such g and
h, otherwise f is indecomposable. A decomposition (3.1.1) is tame if
p tdegg, and f is tame if p { deg f.

Multiplication by a unit or addition of a constant does not change
decomposability, since

f=goh<=af+b=(ag+b)oh

for all f, g, h as above and a,b € F with a # 0. In other words, the set
of decomposable polynomials is invariant under this action of F* x F
on F[x]. Furthermore, every decomposition (g, h) of a monic original
f can be normalized by this action, by taking a = Ic(h)~' € FX,
b=—a-h(0) €F, g* =g((x—b)la~') € Flx], and h* = ah +b. Then
f=goh=g*oh* and g* and h* are monic original.

It is therefore sufficient to consider compositions f = g o h, where
all three polynomials are monic original. For n > 1 and d a positive
divisor of n, we write

Pn(F) ={f € F[x]: f is monic original of degree n},



3.1 NOTATION AND PRELIMINARIES

Dn(F) ={f € Pn: f is decomposable},
Dn,a(F) ={f € Pn: f=goh forsome (g, h) € Pq X Py, /q}. (3.1.2)

We sometimes leave out F from the notation, when it is clear from the
context, and have over a finite field IF4 with q elements

#Pn(Fq) =q™ . (3-1.3)

It is well known that in a tame decomposition, g and h are uniquely
determined by f and deg g and we have over F; with p {n

#Dy a(Fq) = g4t/ 472, (3-1.4)

The set Dy, of all decomposable polynomials of degree n admits
the covering
Dn = U D'rL,d~ (315)

dn
T<d<n

In particular, D,, = @ if n is prime. Our collisions turn up in the
resulting inclusion-exclusion formula for #D, (IFq) if n is composite.

Let N = {1 < d < n: d| n} be the set of nontrivial divisors of n.
For D C N a nonempty subset of size k, we define the set

Dn,D = ﬂ D'rt,d
deD

of k-collisions and obtain from (3.1.5) the inclusion-exclusion formula

#Dn(Fq) = ) (1% > #D,p. (3.1.6)
k>1 DCN
#D=k

For #D = 1, the size of Dy, p is given in (3.1.4). For #D = 2, the
central conceptual and computational tool is Ritt’s Second Theorem
as presented in Theorem 3.1.10 below.

For f € P (F) and a € F, the original shift of f by a is

flal _ (x —f(a))ofo(x+a) e Py(F).

Original shifting defines a group action of the additive group of F on
Pn(F). The following lemma describes its stabilizers and orbits in the
tame case.

Lemma 3.1.7. Let n > 1, coprime to the characteristic of F, and f € Py,.

(i) The stabilizer of f under original shifting is F if n = 1 and {0} other-
wise.

(i) For F = Fq a finite field with q elements, the orbit of f under original
shifting has size 1 if n = 1 and size q otherwise.
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Proof. (i) If n = 1 then f = x and fl%) = x for all a € F. Otherwise, the
coefficient of x™ 1 in (%) is na 4 f,,_;. Since char(F) {n, this is equal
to fn—1 if and only if a = 0. (ii) follows from (i). O

Original shifting respect decompositions in the sense that for each
decomposition (g, h) of f we have a decomposition (gihla)] nlaly of
flal and vice versa. We denote (g[h(a)],h[a]) as (g,h)[“].

Ritt (1922) presented two types of essential 2-collisions at degree
n:

k k

x€ o x*w(x€) = x*ewe(x¢) = xkwe o x¢,

Ta(x,z°) 0T (x,2) =Ti.(x,2) =TI (x, zY o Ti(x,z), (3.1.8)

where n = de, w € F[x] of degree s, d = s-e +k, T} is the dth Dickson
polynomial of the first kind, and z € F* = F\{0}. Then he proved that
these are all possibilities up to composition with linear polynomials.
This involved four unspecified linear functions, and it is not clear
whether there is a relation between the first and the second type of
example.

Von zur Gathen (2014b) presents a normal form for the decompo-
sitions in Ritt’s Theorem under Zannier’s assumption g’(g*)" # 0 and
the standard assumption gcd(e, d) = 1. Without loss of generality, we
use the originalized dth Dickson polynomial Tq(x,z) = Tj(x,z) —T3(0,2)
which also satisfies (3.1.8). This normal form is unique and particu-
larly simple if p { d.

For coprime integers d > 2 and e > 1, we define the sets

Pa fore=1,
8516): x*we ePg:d=s-e+kwithl <k<e (3.1.9)
and w € F[x] monic of degree s} otherwise,

iTée) ={Ta(x,z%) € Pa: z € ]FCXI}

of exponential and trigonometric components, respectively. We some-
times omit the exponent e = 1 from the notation. For d < e, we have
s =0, k =d in (3.1.9), and therefore

el =[x,

For two sets A, B of polynomials, we write AoB ={goh: (g,h) €
A x B} for the compositions of A x B and AP = fflal f e A, a e P}
for the original shifts of A.

Theorem 3.1.10. (Ritt’s Second Theorem, Normal Form, tame case) Let
d > e > 2 be coprime integers, and n = de coprime to the characteristic of
F. For f € Dy, (q,e), we have either (i) or (ii) and (iii) is also valid.

(i) (Exponential Case) There is a unique monic original g € 8512) and a
unique a € F such that

f=(gox)e.
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(ii) (Trigonometric Case) There is a unique monic original Tn(x,z) € T
and a unique a € F such that

f=Ta(x, z)[a}.

(iii) If e = 2, then case (ii) is included in case (i). If e > 3, they are
mutually exclusive.

Furthermore, we have

B o
o (Efie) o elNF T otherwise,

#D(a,e) =4 (1 +(1=8e2)(q—1)),
where & denotes Kronecker’s delta function.

If p { n, then the case where gcd(d,e) # 1 is reduced to the
previous one by the following result about the left and right great-
est common divisors of decompositions. It was shown over alge-
braically closed fields by Tortrat (1988, Proposition 1); a more con-
cise proof over C using Galois theory is due to Zieve & Miiller (2008,
Lemma 2.8). We use the version of von zur Gathen (2014b, Fact 6.1(i)),
adapted to monic original polynomials.

*

Proposition 3.1.11. Let d, e, d*, e* > 2 be integers and de = d*e* coprime
to the characteristic of F. Furthermore, let goh = g* o h* be monic original
polynomials with degg = d, degh = e, degg* = d*, degh* = e*,
¢ =gcd(d,d*), and v = gcd(e, e*). Then there are unique monic original
polynomials s and v of degree { and v, respectively, such that

g=sot, h=uov,

gt =sot", h* =u*ov,

for unique monic original polynomials t, t*, u, u* of degree d/f, d* /¢, e/r,
and e* /v, respectively.

Together with Theorem 3.1.10, this determines D,, p for #D = 2
exactly if p { n.

3.2 REFINEMENT OF FACTORIZATIONS

Adrian Albert used to say that a theory is worth
studying if it has at least three distinct good hard
examples. Do not therefore define and study a new
class of functions, the ones that possess left upper
bimeasurably approximate derivatives, unless you
can, at the very least, fulfill the good graduate
student's immediate request: show me some that
do and show me some that don't.

— Paul Halmos
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In the previous section, we dealt with 2-collisions of bi-decompo-
sitions goh = g* o h*. In this section, we generalize them in two
respects. First, every decomposition may have more than two compo-
nents and second, more than two decompositions may collide.

Let d = (dy,d2,...,d¢) be an ordered factorization of the integer
n=dj-dy---dg into £ divisors d; > 1 of n, for 1 < i < £. We define
the set

Dn,d(F) ={f € Py: there are g; € Py, for 1 <i <
with f =gjo---0qe}

of decomposable polynomials with decomposition degree sequence d of
length |d| = {. This generalizes the set D, 4 as defined in (3.1.2) for
a positive divisor d of n and we have Dy, 4 = Dn 4 for d = (d,n/d).
See Knopfmacher & Mays (2006) for a survey on enumerating and
generating all ordered factorizations of a given n.

If p { n, then the degree sequence determines the components
uniquely and thus

Dng=Pq,0Pg,0---0Pq,

2.1
#gn,d(]Fq) = q_e+21<ige di, (3.2.1)

where d = (d4,d>,...,d¢) is an ordered factorization of n.
For a nonempty set D = {dM,d2), ... d(e) of ¢ distinct ordered
factorizations of n, we define

Dn,D(F) = ﬂ Dn,d
deD

= {f € P,,: there are ggk) €P. m for1<i<d®|,1<k<e

1

d

. k k
with f = gg )O"'Og|(d“)<)|}'

In the tame case, the structure and size of Dy, p for #D = 1 is de-
scribed in (3.2.1). The goal of the remaining chapter is to determine it
for #D > 1. In this section, we replace D by a normalization D*, where
all elements are suitable permutations of the same ordered factoriza-
tion of n. Then, we define the relation graph of D* that captures the
degree sequences for polynomials in Dy, p (Section 3.3). Finally, we
describe Dy, p as compositions of the trigonometric and exponential
components defined in (3.1.9) and determine the (non)uniqueness of
this composition (Section 3.4).

Let d = (dy,d,) and e = (eq,ez) be two distinct ordered factor-
izations of n with { = gcd(dj,e1) and r = ged(dz, e2). We define
d*=({,dy/¢,dy/r,rv) and e* = ({,e1/{, e /1,7), where we omit entries
equal to 1. Then

Dn,{d,e} = Dn,{d*,e*}
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by Proposition 3.1.11 (“C”) and a direct computation (“2”). Fur-
thermore, e* is a permutation of d* since ged(di/{,e1/l) = 1 =
ged(d,/r,e2/7) and thus dq /¢ = e /7, dy/r = e1 /(. In the tame case,
this yields

Dider =PeoDnyer) (dr/0,dy/r),(da/r,dr 700} © Pr

due to the absence of equal-degree collisions. We generalize this pro-
cedure to two ordered factorizations of arbitrary, possibly distinct,
lengths.

Let us introduce some notation for an ordered factorization d =
(d1,dz,...,d¢) of n. A refinement of d is an ordered factorization
d* = (djy, ..., d7 0, 5,0, A5 e, diys oo Ay ) of nowith dy =
H1<k<mi di for all 1 < i < ( and we write d* | d. A refinement of
d, where all entries are primes is called complete. Refinement defines
a partial order on all ordered factorizations of n. Every complete
refinement is minimal and the trivial factorization (n) is the unique
maximum. For d* | d, we have directly

Dnd 2 D g (3.2.2)

We call the underlying multiset of divisors d = {dj,d2,...,d¢}
the support of d. Two ordered factorizations d = (dy,...,d¢) and
e = (er,...,e¢) of n with the same support define a permutation
o = o(d, e) of the indices 1,2,...,{ via

di = eq(i) (3-2:3)
for 1 <1 < L. We require

o(i) < o(j) for all i < j with d; = d;

to make o unique. In other words, o has to preserve the order of
repeated divisors. If we have, even more restrictively,

o(i) < o(j) for all i < j with ged(di, d;) > 1, (3.2.4)

then we call d and e aligned.
Complete refinements d* of d and e* of e, respectively, are aligned
and we derive from (3.2.2)

Dn,{d,e} 2 Dn,{d*,e*}' (325)

But, we ask for aligned refinements that yield equality in (3.2.5). A
basic step to this end is described by the following lemma.

Lemma 3.2.6. Let n be coprime to the characteristic of F, d = (d1,...,d¢)
and e = (eq,...,em) ordered factorizations of n, and gy ogao---o0gg =
hiohyo---ohy two decompositions of f € Py with degree sequences d
and e, respectively. For all 1 <i<{land 1 <j < mwith
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ng(d1 LN -di_1 'di,€1 LN ~e)-_1) =
ng(d1 * e -di_],€1 C e ~€j_] -e)’), (3.2.7)

we have unique monic original polynomials u, v, u*, and v* of degree c =
ged(dy, e5), di/c, ¢, and e;/c, respectively, such that

gi =uovand hj =u*ov*, (3.2.8)

Therefore, f has decomposition degree sequences d* = (ds,...,di—1,¢,di/c,
diy1,...,de) | dif 1 < ¢c < di, and e* = (er,...,¢5_1,¢,¢5/c,
ej+1,...,€g) |ezf1 <c< €.

Proof. Let 1 < 1 < £ and 1 < j < m such that (3.2.7) holds and
define G =gjo---ogi—jand H=hjo---ohj_7 of degree D;_; and
E;_1, respectively, where an empty decomposition is equal to x. Then
Proposition 3.1.11 applied to the bi-decompositions

Go(gio---oge) =Ho(hjo---ohy) (3.2.9)

guarantees for the left components the existence of unique monic orig-
inal s, t, and t* with degrees b = ged(Di_1,Ej—1), D{_; = Di_1/b,
and E]-L] = Ej_1/b, respectively, such that

G=sotand H=sot", (3.2.10)
ng( 1 17 J 1) =1 (3.2.11)

Condition (3.2.7) provides gcd(D;_1 - di, Ej_1) = gcd( i-1,E5-1-¢5).
We divide by b to find ged(di, E{ ;) = gcd(Di_;,e;). These geds
equal 1, since E’ _; and D{_; are coprime, and in partlcular

ged(di, Ej_1) = ged(Di_q,¢j) =1 (3.2.12)

for all d{ | d; and e].’ | ej.
We substitute (3.2.10) back into (3.2.9), cancel the common left
component s, and consider the bi-decomposition

(t ©) 91) e} (91+1 0+--0 ge) = (t* o h]) ° (h]+] 0---0 hm) (3.2_13)
For the left components, we compute with (3.2.11) and (3.2.12)

ged(deg(togi), deg(t” ohj)) = ged(D - dl,E] 1°€5)
D/

=ged(D{ 1, E/_4) - ged( o

i—1
&€ d(D/ j—1

i—17

: cd(d' EJ{“ )- ecd(d;, e:)
8 e ged(D_,, EL,) BT

&

) ¢

)



3.2 REFINEMENT OF FACTORIZATIONS

Thus, Proposition 3.1.11 applied to the left components of (3.2.13)
yields unique monic original T, v, ", and 1 of degree ¢, D/_;di/c, c,
and Ej’ _1¢€j/c, respectively, such that

togi=Tov,

2.1
tohy = om, (3-2.14)

For the right components of each collision in (3.2.14), we compute
with (3.2.12)

gcd(deg gi, degy) = ged(di, Di{_;di/c)

= ged(dy, dl/C) ged(c, Di_q) =di/c,
gcd(deghy, degn) = ged (e
(

= gcd e),e)/c) gcd(c,E] 1) =ej/c,

respectively. Thus, a final application of Proposition 3.1.11 to (3.2.14)
yields the unique decompositions of g; and h; claimed in (3.2.8). O

The two refinements d* and e* defined in Lemma 3.2.6 have the
common element ¢ and describe the same collisions asd = (d;y, ..., d¢)
and e = (ey,...,em) do. This is the basic step in the following proce-
dure to find refinements having common support and describing the
same collisions.

We build an (¢ + 1) x (m + 1)-matrix C(©) of positive integers by
taking an { x m-matrix of all 1’s at the top left and adding a border
column and row, at right and bottom, respectively, containing d and
e, respectively, plus 1 at position (£+ 1, m+ 1), that is

1T ... 1 d4
R 0
cl = = (e 1gigery € NIEHIXOmD),
1T ... 1 dg 1<jsm+1
el em |

(3.2.15)
We extend this recursively to a sequence of integer matrices C(%) €

INUEFDXm+T) for 1 < k < &m, by writing k = (i —1)m +j with

unique 1 < !Z and 1 < j < m, computing ¢ = ged(c J:w]r%,céi] 1])),
and defining Ck) as Clk w1th the three modifications

k k k—1) k-1

( . c, CEH)IH +— CEer]/C and cu)1 g c£+1 ])/c. (3.2.16)
If ¢ = 1, we have C(¥) = C(x=1) Otherwise, the matrices C'*) and

Ctk=T1) differ at the positions (1,j), i,m+1),and (£+1,j) viz

(k—T) (k—1)

clk) — ¢ ¢, m—H/ clk=1) — 1 im+1
(k—1) (k—1)
(41, /¢ Cot1j

(3.2.17)
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and are identical at all other positions.

Every matrix C™ for 0 < k < tm, provides two ordered factor-
izations d*) and e!®). For d(*), we read C(¥) row-by-row skipping
entries equal to 1 and skipping the bottom row. Similarly for e!*),
we read C(¥) column-by-column skipping entries equal to 1 and skip-
ping the right column. We have d(®) = d, e/®) = e by (3.2.15) and
d6) | dlk=1) oK) | e(k=1) for 1 < k < ¢m. We call the final d(*™) the
refinement of d by e, denoted by d /e, and also have (‘™) = e / d, see
Proposition 3.2.19 (iii). Algorithm 3.2.18 summarizes the outlined pro-
cedure and returns d / e and e / d. These refinements are aligned and

describe the same collisions as d and e do, see Proposition 3.2.19 (iv).

Algorithm 3.2.18: Refine d by e and e by d

Input: two ordered factorizations d = (dy, ..., d¢) and
e=(e1,...,em)ofn
Output: two aligned refinements d* | d and e* | e

1 ... 1 d

1 k< Oand Cl® = (CE?)) 1<ige+1 &
o1 <m4+1 1 1 )
e em |

2z fori=1,...,{do

3 forj=1,...,m do
4 k< k+Tand C*) « CD /o k=({i—-1)-m+j */
k—1 k—1
5 C<_'a‘%CCl(Cg,wn+%'CIEH,)')j
(k) (k) (k—T1) (k) (k—T1)

6 Cij € CCimyr € cilmﬂ/c, and Coi1 ¢ Copn)j /c
7 end
8 end

/% read CU™) row-by-row skipping entries equal to 1

and skipping the bottom row x/

fm) ., (fm
9 d* «+ d(fm) = (CE/J. ) if Ci,j ) > 1) 1<k<e(m+1)
k=(1—1)(m+1)+j
1<i<L1<<m+ 1

/* read CY™) column-by-column skipping entries equal

to 1 and skipping the right column */
em) .o (8
10 e* « eltm) = (CgljmJ if Cgljm) > 1) 1<k<m(e+1)
k=(G—1)(£+1)+i
1<G<m, 1<+

*

11 return d*, e

Proposition 3.2.19. Let d = (dy,...,d¢) and e = (eq,...,em) be two
ordered factorizations of n and C(%) ¢ N(HDX(m+1) "0 < % < tm, the
sequence of integer matrices defined by (3.2.15) and (3.2.16). Then the fol-
lowing holds.
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(i) For1<i<{ 1< ] m, and 0 < k < {m, the product of all entries
in the 1th row of C'¥) is d; and the product of all entries in the jth
column of C) is e;.

(ii) For 1 <i<i <l+1,1<j' <j<m+1,and (i—1)m+j’
\Em,wehave

) =1.

ng( i,j ’Cl’]/ -

(3.2.20)

Furthermore, every entry in the bottom row and every entry in the
right column of the final C“™) is equal to 1.

(iii) Algorithm 3.2.18 works as specified. Furthermore, on input d and e,
it returns d J/ e and e J/ d using {m gcd-computations and 20m exact
divisions on integers < n.

(iv) We have D, (4.} = D {d/jee} = Prnideydy = Pnidjeeydr

Proof. (i) For k = 0, the claim follows from (3.2.15) and we proceed
inductively. For k > 0, we write k = (1 —T)m+j’ with1 <i’ <fand
1< ] < m. Then the i’th row in C*) is obtamed from the i’ th row in
Clk= by replacing entries equal to 1 and cl m +1 by ¢ and c1 m +1 /
respectively as shown in (3.2.17). Similarly, the j’th column in clk
is obtained from the j’th column in C*~") by replacing entries equal
to 1 and cyfj])} by ¢ and c‘(,’]iﬂ?/ ¢, respectively. These are the only
substitutions. They leave the product of all entries in the ith row and
the product of all entries in the jth column unchanged and thus equal
to d; and e;j, respectively.

(i) Let ko = (i—1)m+j’. Then ged(c lmﬂ,c&"])] ) = 1 since the

(ko—1) _(ko— 1

subst1tut10n (3.2.16) factors out ged(c im+17Cest

') when defining
ko)

Clko), We have j’ < j and ko <k, thus C; ];) is a divisor of cl 1
Also, i <1’ and ko < k yield le J, | CEJr1 ;- This proves (3.2.20).

For all 0 < k < ¢m, we have 1 at the position ({+ 1, m + 1)
of C(K). We denote the top left { x m-submatrix of C*™ by D =
(c.(em))Kig,KKm, the bottom row of CtmJ, excluding the 1 at po-

i
sition ({+1,m+1), by B = (Cl(’f:?)]

of C!™) again excluding the 1 at position ({+1,m+1), by R =

(¢m)
clem) — (P R)
B 1

im+1

Let D, R, B denote the product of all entries in D, R, B, respectively.
From (i), we have n = DR = DB, thus R = B. Taking i’ = (+1,
j =m+1, and k = {m in (3.2.20) we find that every entry in R is
coprime to every entry in B. Thus, gcd(B,R) = 1T and we conclude
R=B=1.

(iif) The outputs d* and e* are refinements of d and e, respectively,
by (i). The common support of d* and e* is the multiset of entries in

)1<j<m, and the right column

(c )1<i<g, that is
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D(M) that are greater than 1 by (ii). We now show that d* and e* are
aligned.

Assume that all entries of D(‘™) are greater than 1 and therefore
d* =e* = {ngm): 1 <1< 1 <j<m}isamultiset of size {m. We
define a permutation o on {1,...,{m} via o(k) = (j —1){ + 1, where
k=({1—1)m+jwith1 <i<{ 1<j<mand have

(€m)

_ * *
ij = dyp = €o(k)

Letk <k/={"—-1m+j <tmwith1 <1 <4 1<j <m We
prove that o(k) > o(k’) implies ged(d}, di,) = 1. The conditions on k
and k’ are equivalent to i < i’ and j > j’ and the claim follows from
(3.2.20).

In the general case, where p(tm) may contain 1’s, the restriction
of o from above to indices k = (1 — 1)m + j with cgﬁ-m) > 1 provides
the required permutation.

We have d* = d / e by definition. We check directly that if the
order of the inputs to the algorithm is reversed, then the final state is
the transpose of C(™), Thus e / d = e*.

Finally, the only arithmetic costs are the gcd-computations in step 5
and the integer divisions in step 6.

(iv) We begin with the first equality and show inductively

®n,{d(k—”,e} = Dn,{d(k],e} (3,2.21)

forall 1 <k < {m.

Letk=(1—-Tm+jwith 1 <i<{1<j<m Ifc=1in(3.2.16),
then d¥) = d(*=1) and (3.2.21) holds trivially. Otherwise, d(¥) is
the proper refinement of d(*~1), where the entry cEk_l% in d(*=1) is
replaced by the pair (c, cikn;u /c). Thus, we have “2” in (3.2.21) by
(3.2.5).

For “C”, we denote by D the denote the top left i x j-submatrix of
C(x=1), by R the top right (i —1) x (m + 1 —j)-submatrix of C(*~1),
and by B the lower left (¢ 4+ 1 —1) x (j — 1)-submatrix of Ck=1). This
yields the partition

R
D (k—1)
(k—1) 1" ¢y
C — im+ ,
1
B (k—1) )
Cot1

where 1’ and 1 denote the row and the column vector consisting of
m—j and { —1i ones, respectively. Let D, R, B denote the product of all

entries in D, R, B, respectively. We have gcd(R,B) = gcd(c(k_” B) =

im+1/
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gcd(R, céi?,]j)) =1 Dby (ii). Let i* denote the index of cgk_1% in d(k=1)

1,m+

and j* denote the index of cl(,iﬂ) in e(*=1). Then

k—1 k—1 k—1 k—1 k—1

— ged(DBc* "), DR) = D = ged(DB, DRe/, 1)

i,m+1
k—1 k—1 k—1 k—1 k—1
= ged(dj " aif T el el e

k=1) { = i*, and

and we apply Lemma 3.2.6 with d = d(*71), e = el
j =j* to find “C” in (3.2.21).

Finally, interchanging the roles of d and e yields

Dijder = Dnjdyee) = Dndesd)
= Dndyeet N Dndesdt = Dndjee/ddel = Dnidjeeydys

where the last equality follows from the fact that the refined com-
position degree sequence d / e implies d and similarly e / d implies
e. ]

For squarefree n this is similar to the computation of a coprime
basis (or gcd-free basis) for d U e, if we keep duplicates and the order
of factors; see Bach & Shallit (1997, Section 4.8). For squareful n, the
factors with gcd > 1 require additional attention.

Example 3.2.22. Let n = 7! = 5040. On input d = (12,420) and e =
(14,360), Algorithm 3.2.18 runs through the states

11 12 2 1 6
CO=1{1 1 40|, cV=11 1 40|,
14 360 1 7 360 1
2 6 1 2 6 1 2 6 1
C@=11 1 42| c¥=|7 1 6|, cW=[7 60 1
7 60 1 1 60 1 11 1

and provides as aligned refinements

d/e=(2,6760)]d,
e/d=1(2,7660)|e.

If the characteristic of F is greater than 7, then any f € D,, (4.} has a
unique decomposition f = aocgob with a € P2, g € D4z ((67),(7,6)1s
and b € Pgo due to the absence of equal-degree collisions.

Algorithm 3.2.18 returns the “coarsest” aligned refinements of
two given ordered factorizations. Two ordered factorizations that are
already aligned remain unchanged.
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Lemma 3.2.23. For two ordered factorizations d and e of n, the following
are equivalent.

(i) dand e are aligned.
(ii) d / f and e jJ f are aligned for all ordered factorizations f of n.
(iii) d/e=dande /d =e

Proof. Assume that d = (dy,...,d¢) and e = (ej,...,e) are aligned

and 0 = o(d,e) is the unique permutation on {1,...,{} satisfying

(3.2.3) and (3.2.4). We extend o to {1,...,{+ 1} viao(l+1)=C0+1.
On input d and e, Algorithm 3.2.18 begins with the state

1 e 1 d] 1 e 1 €s(1)
cor_ [ e Do

1 eee 1 de 1 e 1 €o(0)

er ... ep 1 e1 ... € 1

and terminates with the state C(¢*) defined by

@) {c‘li =eqq) ifj=o(i),

Ci; )
’ 1 otherwise,

forall 1 <1i,j <{+1. Thus, it returns d and e and (iii) follows.
Let f = (f1,...,fm) be an ordered factorization of n. On input d,
f and e, f, respectively, the initial state of Algorithm 3.2.18 is

1 1 d1 1 1 €1
“ | and

1 1 de 1 1 (74

f1... fm 1 f1ooo. o 1

respectively. Let C and D, respectively, denote the final state, respec-
tively.

We define the permutation T of the indices I = {1,...,{+ 1} x
{1,...,m}of Cby t(i,j) = (0(i),j) for T <1 <l+1, T <j<m+1.
We take the lexicographic order on I, corresponding to reading row-
by-row, and claim

Cij = dr(ij), (3-2.24)
ged(cij, ciyr) =1, (3.2.25)

for all (1,j), (i/,j’) € I with (i,j) < (i/,j') and (i,j) > t(i’,j’).
Assume for contradiction that (i,j) is the minimal index where
some prime p divides d(4),j, but not c; ;. The product of all elements
in the ith row of C is d; and the product of all elements in the o(i)th
row of D, namely ey (;) = di. There is therefore some column index
j" such that p | di;» and j’ > j by assumption. Similarly, there is some
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row index i’ such that p | di/j. This is a contradiction to Proposi-
tion 3.2.19 (ii) and proves (3.2.24). Similarly, if there is some prime
dividing ¢, but not d.

The conditions on (i,j) and (i’,j’) imply o(i) > o(i’). But then
cij | di and ¢y | dir and ged(dy, di/) = 1 since o(i) > o(i’) and
i < i’. This proves (3.2.25).

Together, if we restrict T to the indices with c;; > 1, we obtain a
map from the indices of d / f to the indices of e / f satisfying (3.2.3)
and (3.2.4) and (ii) follows.

Conversely, we assume (ii). Thend / (n) =d and e / (n) = e are
aligned and (i) follows.

Finally, we assume that Algorithm 3.2.18 returns d and e on in-
put d and e. Then they are aligned by Proposition 3.2.19 (iii) and (i)
follows.

O

Given a set D with more than two ordered factorizations, we re-
peatedly replace pairs d,e € Dby d / e and e / d, respectively, until we
reach a set D* of refinements invariant under this operation. We call
a nonempty set D of ordered factorizations normalized if all elements
are pairwise aligned. A normalized D* with Dy, p+ = Dy, p is called a
normalization of D.

This process terminates by Lemma 3.2.23. The result depends
on the order of the applied refinements, but any order ensures the
desired properties.

Proposition 3.2.26. Let n be a positive integer and D a set of ¢ ordered
factorizations of n. There is a set D* of at most c ordered factorizations of n
with the following properties.

(i) D* is normalized.
(i) Dnp* = Dnp.

(iii) D* can be computed from D with at most c(c —1)/2 calls to Algo-
rithm 3.2.18.

Proof. For c =1, we have D = {d} and D* = {d} satisfies all claims.

For ¢ = 2, we have D = {d, e} for ordered factorizations d # e, and
D* ={d / e, e / d} satisfies all claims by Proposition 3.2.19.

Letc>2and D ={d"),...,d°)}. By induction assumption, we can
assume all dV) for 1 <i < ¢ — 1 be pairwise aligned. Let d(¢) = f and
D* = {dM) yf,d2 yf,...,dle=1) yf,f ydV}). Clearly D p = P p-
and it remains to show that all elements of D* are pairwise aligned.

By construction, we have d(1) / f aligned with f / d(!) and by tran-
sitivity of alignedness the (ii) suffices.

O
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We call any D* satisfying Proposition 3.2.26(i)-(ii) a normalization
of D. Also, we call D normalized, if D = D*. For a normalized D =
{d): 1 < k < ¢}, we have the same support d™ forall 1 < k < cand
call this multiset the support of D, denoted by D.

Example 3.2.27. We add the ordered factorization f = (20,252) to D =
{d, e} from Example 3.2.22. Then the normalization obtained via the
process described above consists of

d*=(d/e)/f=1(2237,512),
e =(e)d) /f=1(2723512), (3.2.28)
*=f/(d/)e) =(2,253712).

For the last refinement, Algorithm 3.2.18 runs through the states

111 1 20 221 5 1
CO=11 11 1 252[,¢c®=1]1 11 1 252],
267 60 1 13 7 12 1
221 5 1
C® =113 7 121
111 1 1

If the characteristic of F is greater than 7, than any f € P, (4} =
P {d* e £} has a unique decomposition f = aogob with a € P,
9 € D210,(2,3,7,5),(7,2,3,5),(2,5,3,7)} and b € P12 due to the absence of
equal-degree collisions. The support of the normalized {d*,e*,f*} is
the multiset {2,2,3,5,7,12}.

3.3 RELATION GRAPH OF D

Mathematicians love to build bridges between
apparently disconnected fields, hoping to get a
better perspective of both.

— Andrew Granville

For an ordered factorization d = (dq,dy,...,d¢) of n, we define
its relation graph as the (vertex-)labeled directed graph G4 with

e vertices 1,2,...,4,
e Jabel d; attached to vertex i for 1 <1 <,
¢ and directed edges i —jforall 1 <i<j <.

The underlying undirected graph is complete and therefore G4 is a
tournament. For a tournament G, the following are equivalent.

* G is transitive, that is every path i — j — k for vertices 1, j, k of
G implies an edge i — k in G.
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Figure 3.3.1: Relation graphs of Examples 3.2.22 and 3.2.27; in the latter, 2;
denotes the ith 2 in each ordered factorization for i =1, 2.

* G has a unique Hamiltonian path, that is a path in G that visits
every vertex of G exactly once.

A relation graph satisfies these conditions. The transitivity of “<”

in the specification of the edges implies the transitivity of G4 and
1 —2— .- = {isits unique Hamiltonian path.

Now, let D ={d(V),d(2),...,d(¢)} be a normalized set of ¢ ordered
factorizations ordered lexicographically. We start with the relation
graph Gy and for each k > 1 add directed edges i — j for all
1 <i,j < Lwith o(d),d)) (i) < o(d1),d*))(j). In other words, we
build the union of all G4 for d € D, where we identify vertices via the
o (and choose labels according to d(!)). The resulting graph is called
the relation graph of D, denoted as Gp. The underlying undirected
graph is still complete, but since Gp may contain bidirectional edges
this may be no tournament. Furthermore, it may be intransitive and
contain several Hamiltonian paths. See Figure 3.3.1 for the relation
graphs of Example 3.2.22 and Example 3.2.27.

A Hamiltonian path p = vi = v; — -+ = v; in a directed
graph G with vertices {1,2,...} defines a unique permutation o, of
{1,2,...,4} such that op(i) = op(i+ 1) isanedgein G for 1 <i < (
and then op(i) = vi. A pathp =vi = vy = --- = vy is transitive, if
its transitive closure is a subgraph of G. In other words, p is transitive
if vi <~ vjisanedgein G forall 1 <i<j < (1.

For a relation graph G on { vertices with labels dy,d>,...,d; and
n = []1<ic¢ di, we define

Dg ={f € Pn: for every transitive Hamiltonian path
e] < --- 4 epin G, there are g; € P, for 1 <i<{
with f =gj0g20---0gg}

If G = {d} is a singleton, we have Dg = P4q. If G = d — ¢, we
have Dg = P40 Pe.
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Proposition 3.3.2. Let n be a positive integer, D a normalized set of ordered
factorizations of n, and G the relation graph of D. We have

Dnp =Dg.

Proof. Every transitive tournament Gq for d € D, has d as its unique
transitive Hamiltonian path. Since G is the union of all such Gy, we
have “2”.

For “C”, we have to show that every polynomial with decomposi-
tion degree sequences D also has decomposition degree sequence d*
for every transitive Hamiltonian path d* in G. We proceed on two
levels. First, we derive all transitive Hamiltonian paths in G from
“twisting” the paths given by D. Second, we show that the corre-
sponding “twisted” decomposition degree sequences follow from the
given ones.

Let d* be a transitive Hamiltonian path in G and d € D arbitrary.
We use BUBBLE-SORT to transform d into d* and call the intermediate
states after k passes d®) 0 <k <, such that d(©) =d and d(¢) = d*.

Algorithm 3.3.3: Bubble-Sort d according to d*
2 k< 0,d% «d
while d(¥) £ d* do

3
4 k+ k—+1,dR) « dk=T1) /* copy previous state x/
5 fori=1,...,{—1do
6 o=o(d™,d*)
7 if o(i) > o(i+1) then
8 ‘ (dgk),dgﬂ) — (dﬁ)wdgk)) /* swap */
9 end
10 end
11 end
12 c+ k
k)

In other words, d*) is obtained from d(k—1) by at most ¢ — 1
“swaps” of adj i i i i (k)
ps” of adjacent vertices. Figure 3.3.4 visualizes a swap of d;
and d&J] as in step 8. The fundamental properties of BUBBLE-SORT
guarantee correctness and ¢ < {({ —1)/2, see Cormen, Leiserson,
Rivest & Stein (2009, Problem 2.2).
Furthermore, the following holds.

(i) Every pair (dgk),dgﬂ) of swapped vertices in step 8 is con-

nected by a bidirectional edge in G.
(ii) Every d®) 0 <k < ¢, is a transitive Hamiltonian path in G.

For (i), we have the edge dgk) « d™ from d*1) and the edge

i+1
diicr) = dg{r)] — dgk) = dg ;) from d* with o as in step 6.
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Figure 3.3.4: A “swap” between two transitive Hamiltonian paths d;_1 +
di « diy1 + digz2and di_q1 + di « disq + dig2 along the
bidirectional edge between d; and di1.

For k = 0, (ii) holds by definition. For k > 0 it follows inductively
from k — 1, since a swap merely replaces the 4-subpath di_1 <+ di +
dit1 ¢ dis2 by di—1 < dit1 < di < di42, where the outer edges
are guaranteed in G by transitivity of d*~1) and the inner edge by
(i). Thus, the swapped path is also a transitive Hamiltonian path in
G.

Now, we mirror the “swaps” of vertices by “Ritt moves” of com-
ponents as introduced by Zieve & Miiller (2008).

Claim 3.3.5 (Ritt moves). Let gjo---ogy = hjo---o0hyg be decompo-
sitions with degree sequence d and e, respectively. Let d and e be aligned,
oc=o(d,e),and 1 <i<lwitho(i) >oc(i+1). Then

* *
gi°9i+1 =91 ©9i

with deg(gi) = deg(gi, ) and deg(gi+1) = deg(g}). Therefore, if some
monic original polynomial f has decomposition degree sequences d and e,
it also has the decomposition degree sequence d* = (di,...,di—1,di41,
di,di2,...,de).

The claim is based on the following lemma.
Lemma 3.3.6. Let d and e be aligned ordered factorizations, o = o(d,e),

1<i<|d,and j = o(i). Then

ng(d1'...'di,1,€1'...-€j,1)
:gcd(d1~...~di_1-di,e1-...~e]~_1)
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=gcd(dy ... di—1,e1-...-€j_1-¢;).
In particular, (3.2.7) holds.

Proof of lemma. For any 1 < k < j, with ged(ey, ej) = ged(ey, di) > 1,
we have o 1(k) < i due to (3.2.4). In other words, o~! maps all
indices 1 < k < j, where gcd(ey,d;i) > 1, into the set {1,...,i—1}
Therefore

€1 ... 61
cd ,di) =1,
& (gcd(d1-...-di,1,e1-...-e]~,1) l)
ng(d1-...-di_1-d1,€1-...-ej_1)
:gcd(gcd(dp...-di_he]-...-ej_1)di,e1-...~e,-_1)
:ng(d]~...'di,],€1'...'€j,]). L]

Letj/ZO'(i+1)<O"(i):j,A:g1Ow-ogii],C:giJrzo...ogz,
A/:h1o---ohj/_],B/:hj/+] O--~Ohj,],a1’1d CI:hj+1O~~-ohg,
such that

Aogiogi+]OC:A/Ohj/OB/Oh]'OC/.

Lemma 3.3.6 for i and i+ 1 yields

ged(deg(A o gi),deg(A’ o hj o B’)) = ged(deg(A),deg(A’ o h;jr o B')),

ged(deg(A o gi o git1),deg(A’)) = ged(deg(A o gi), deg(A o hy)),

respectively. From the former, we derive

I = eed deg(A’oh; 0 B’)

— 89 gcd(deg(A),de (A’oh; 0B')
deg(A’ohy)
A),deg (A’Oh )

)

= gedlgy, ged(deg(

And then continue the latter as
ged(deg(A o gi 0 git1),deg(A’))

= ged(deg(A o gi), deg(A’ o hy/))

_ "o hir)) - . deg(A’ohy/)
= ged(deg(A), deg{A"ehy)) - 8ed(9u o qrqesia), deg(A o hy))

= ged(deg(A), deg(A' o hy/)). (3.3.7)

Let G = giogi11 and H = h;. We have gcd(di, di11) = 1 due to the

“twisting condition” o(i+ 1) < o(i) and thus gcd(deg(G), deg(H)) =

diy1. We apply Lemma 3.2.6 with g; = G, hj = H, and ¢ = di47 in
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Figure 3.4.1: The three strongly connected components of each relation
graph in Figure 3.3.1, respectively.

the notation of that claim, and find, since (3.3.7) provides condition

(3-2.7),
G=gjo 9f+1

with deg(g;) = di+1 and deg(g{, ;) = d; as required.

Repeated application of Claim 3.3.5 shows that for every f € D;, p,
d € D, and every transitive Hamiltonian path d* in G, we have d'*) as
in Algorithm 3.3.3 as decomposition degree sequence. In particular,
dle) =d*. O

3.4 STRUCTURE AND sI1ZE OF D, p

Measure what is measurable,
and make measurable what is not so.
— Galileo Galilei

Every directed graph admits a decomposition into strictly con-
nected components, where any two distinct vertices are connected by
paths in either direction. Since a relation graph G is the union of di-
rected complete graphs, its strictly connected components G;, T <1 <
{, are again relation graphs and form a chain G7 + G, + --- < Gg.
Figure 3.4.1 shows the connected components of the relation graphs
Figure 3.3.1
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Theorem 3.4.2. Let n be coprime to the characteristic of F, D a nonempty
set of ordered factorizations of n, and G the relation graph of D with strongly
connected components Gy < Gz < - - < Gyq. Then the composition map

IT DPc. = Da, (gi)i<i<e g10920...9¢ (3-4-3)
1<i<e

is bijective. Thus,

®G :DG1 OQGZO”'O®G(
and over a finite field F = IFy with q elements, we have

#Dg = |] #Da..

1<ige

Proof. The map (3.4.3) is injective due to the absence of equal-degree
collisions. To show that it is surjective, we show that for any f € Dg,
we have uniquely determined g; € Dg, such that f =gjogz0---0gy
and for any tuple (gi) € [ [.

For f € Py, where n = [], cg Vv, we show that the following are
equivalent.

(i) The polynomial f has decomposition degree sequence d for ev-
ery transitive Hamiltonian path d in G.

(ii) The polynomial f has decomposition degree sequence d = d; «+
d2 < .- < dg for every concatenation of transitive Hamiltonian
paths di in Gj for T <i < L.

Assume (i) and let d = dy < d + --- < dg be the concatenation
of transitive Hamiltonian paths d; in G; for 1 <1i < £ as in (ii). Then
di is a Hamiltonian path in G. Since the underlying undirected graph
of G is complete, we have d; < d; in G for any vertices d; € G; and
d; € G; in distinct strictly connected components with i < j. Thus d
is also transitive and f has decomposition degree sequence d by (i).

Conversely, assume (ii) and observe that the decomposition of G
into strictly connected components induces a decomposition of every
transitive Hamiltonian path d in G into Hamiltonian paths d; in G;.
These are transitive, since transitivity is a local condition and f has
decomposition degree sequence d by (ii).

Uniqueness and thus the counting formula follow from the ab-
sence of equal-degree collisions in the tame case. O

We split the edge set E of a strictly connected relation graph G
with vertices V into its uni-directional edges ? ={(u,v) €E:(v,u) ¢
E} and its bi-directional edges (2-loops) E = {{u, v} C V: {(u,v), (v,u)} €
E} =E\ E. We call the corresponding graphs on V the directed and the
undirected subgraph of G, respectively. The directed subgraph of G is
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Figure 3.4.4: The strongly connected component on 4 vertices of Figure 3.4.1
decomposed into its undirected subgraph (red) and its directed
subgraph (blue) with MAX-SINK-sorting 7 < 2 <5 < 3.

a directed acyclic graph since G is the union of transitive tournaments.
The undirected subgraph of G is connected. It is also the union of the
permutation graphs of oy, 1 <k < c.

The directed subgraph G captures the requirements on the posi-
tion of the degrees in a decomposition sequence. The undirected sub-
graph G captures the admissible Ritt moves d’apres Zieve & Miiller
(2008) and thus the requirements on the shape of the components.

Every directed acyclic graph admits a topological sorting vi,v2, ..., ve
of its vertices, where a directed edge v; < v; in 8 implies 1 < j, see
Cormen et al. (2009, Section 22.4) or (Knuth, 1973, Exercise 2.3.4.2.4).
A directed acyclic graph may have several distinct topological sort-
ings. Tarjan (1976) suggested to use DEPTH-FIRST-SEARCH on G. The
time step, when DEPTH-FIRST-SEARCH Visits a vertex for the last time,
is called the finish time of the vertex and listing the vertices with in-
creasing finish time yields a topological sorting. The result is unique,
if the tie-break rule in the expansion step of DEPTH-FIRST-SEARCH is
deterministic. We use the following terminology.

Let U(v) denote the open G-neighborhood of a vertex v. It is
always nonempty. We call a vertex v locally maximal, if its value is
greater or equal than the value of every vertex in U(v). Since ver-
tices with equal values are never connected by an edge in G, a locally
maximal v is always strictly greater than all vertices in U(v). Further-
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more, there is at least one locally maximal vertex, namely a “globally”
maximal one. There is a unique enumeration of the locally maximal
vertices dq,d>,...,dm such that

d1<—d2<—---<—dm

is a directed path in G. Furthermore, we define for 1 <i < m,

Vi = U(di)\U(di41) and Wi = Vi U{di},
Vo=Wp={ve G: noedged; +vin G forany 1 <i<m},
<

Vi1 =Wnmy1 ={ve G: noedgev + d;jin G forany 1 <i< m}

The Wi, 0 < 1 < m+1, form a partition of all vertices of 3 and
we formulate the tie-break rule for DEPTH-FIRST-SEARCH as follows.
Given vertices w € W; and v € Wj with 1 < j, the vertex u is pre-
ferred. Given vertices u,v € W;, the vertex with the larger value
is preferred. Since vertices with equal value are always connected
by a unidirectional edge in C due to (3.2.4), the search has never
to choose between to vertices with the same value and DEPTH-FIRST-
SEARCH with this tie-break rule yields a unique topological sorting.
We call it the MAX-SINK topological sorting of c. Figure 3.4.4 shows
the largest strongly connected component of Figure 3.4.1 and its Max-
SINK topological sorting.

Theorem 3.4.5. Let G be a strongly connected relation graph with at least
two vertices, G its directed subgraph, and G its undirected subgraph. Let
dy,da, ..., de be the MAX-SINK topological sorting of 8 and let ey be the
product of all vertices in the open G-neighborhood of di. For every f € Dg
either (i) or (ii) holds, and (iii) is also valid.

(i) (Exponential Case) There are unique g; € 851?) for T < i< and

a € F such that
]

f=(g1ogao---ogg) e
(ii) (Trigonometric Case) There are unique z, a € F with z # 0 such that
(a]

f:Td]dzu-d@(X/Z) .

(iii) If G contains no edge that connects two vertices both larger than 2,
then the Trigonometric Case is included in the Exponential Case. Oth-
erwise, they are mutually exclusive.

Furthermore,

F m
D =Ty aya. UES 0l oo oglim)yiFl, (3.4.6)
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The e; are well-defined, since there are no empty neighborhoods
in the connected graph G with at least two vertices.

Proof. We begin with the proof of existence, then show uniqueness
and conclude with the “converse” (3.4.6).

The Max-SINk topological sorting dq,d;, ..., d of 8 yields a tran-
sitive Hamiltonian path

d=dy <dy<---<dy

in G. For the rest of the proof, we identify the MmAx-sINK topological
sorting with the corresponding transitive Hamiltonian path.

We (re)label the locally maximally vertices dj,d,...,dm and the
elements of V; as dg”,dm,. . .,dgei) for0<i<m+1and {; = #V;

1
such that

d=(a",...,al% a;,a'", ..., a\", a,,al", ...,
d(em71), dm/ d1(111), e, dg‘m) d(” d(em+1)

m—1 sV mA170 0 Y41 )
= (VO/ d] /V] 7 dZI ey dm/ er Vm+1 )/
where the V; are read as tuple (dg”,diz),...,dgei)). Then f has a
decomposition

f:G(()1)o..-oG(()ZO)OG] OG%1)0-..0G281)oGzOG(21)O...(3.4.7)

oGe“i])onoGQ)o---oGﬁm)oGgl1o---oGEﬁ:ﬁ]])

with ng) € iPdm for 0 <i<m+1,1<j <Y, and Gy € Py, for

1

1<i<m

We assume for the moment that all edges in G contain a 2. Then
Theorem 3.1.10 reduces to the exponential case, and we proceed as
follows. First, we show that every ng) forT<i<m, 1<), is
of the form ggai] for unique g; € 851%1)) and unique a; € F. Then, we
extend thistoi=0and i =m+1. Finally, we show that the shifting
parameters a; are “compatible” such that a single shifting parameter
a suffices.

For every 1T < i < m, we use BUBBLE-SORT Algorithm 3.3.3 with
Lemma 3.4.8 to obtain the decomposition degree sequence

A

(VO/ d]/\/]/ ey d'i,lv'i,/ dgeiJr])/ e d‘(mi)/ di+‘|,v1+‘|, ey dm/Vm/ VTTL+1 )/

1
where U(d;) = V; U {dg‘)"‘+1 ), .. dgmi)} and the latter elements have
(3)

been omitted from Viii,...,Vm. We have e; = Hléjémi d;”" and

this implies the two decomposition degree sequences

(V(),d‘],V‘[,...,di,ei,di+1,Vi+],..

-/dm/Vm )/
(V0/d1rv1/---/ei/di/di+1/\7i+1/---/derm .

rvm+1
/Vm—H)
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Thus, there are unique g; € Effii) and a; € F such that in (3.4.7), we
have

. (€3)
GiOGEU O"'OG%E&) _ (gioxdi]) o-~-OX(di ))[ad‘

The same form applies to i = 0, since there is at least one dgj) with
1<i<m, 1<j <Y thatis in the C-neighborhood of some element
of Vp due to the strong connectedness of G. And since there is no
locally maximal element in Vy all components are of the form xdo
with possible some shift applied. Every connection in G relates the
corresponding shifting parameters and since G has a Hamiltonian
path, they are all determined by a single choice.

Now to the general case, where some collisions may be trigono-
metric, but not exponential. For any two locally maximal vertices d;
and d; there is some vertex d € U(d;) N'U(d;). This shows that ei-
ther all blocks fall into the exponential case or all blocks fall into the
trigonometric case. The two cases are disjoint if and only if there is
some edge in G that connects two vertices both with value greater
than 2.

The stabilizer of original shifting is {0} for nonlinear monic origi-
nal polynomials and there are no equal-degree collisions. Hence the
representation is unique.

The converse (3.4.6) is a direct computation. O

Lemma 3.4.8. Let i < j and d; in the open G-neighborhood of di. Then for
every 1 < k < j, we have dy in the open G-neighborhood of d; or d; or both.

Proof. The tournaments underlying G are acyclic. Therefore, if d; <
dx < dj and dj < dy, then at least one other edge is bidirectional,
too. ]

The classification of Theorem 3.4.5 yields the exact number of de-
composable polynomials of degree n over a finite field IF.

Theorem 3.4.9. Let G be a strongly connected relation graph of n with
undirected subgraph G. Let d1,d3, ..., d, be the vertices of G and e; be the
product of all vertices in the (open) G-neighborhood of d;. Let 0gp be 1if
there is no edge in G between two vertices both larger than 2 and let 5 , be
0 otherwise. Then

#D qdi] ZfG :{d}/
G= e ,
q-(ITa,ec qldi/ed +(1 —8g2):(q@—1)) otherwise.

Proof. For G = {d}, this follows from (3.1.3). Otherwise from the
(non)uniqueness of the parameters in Theorem 3.4.5. O

We are finally ready to employ the inclusion-exclusion formula
(3.1.6) from the beginning. For a nonempty set D of nontrivial di-
visors of n, it requires #D,, p = #Dy, p for D = {(d,n/d): d € D}.
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We compute a normalization D* by repeated application of Algo-
rithm 3.2.18 and derive the relation graph of D*. Then #D,, p = #Dg
and the latter follows from Theorem 3.4.2 and Theorem 3.4.9.

Algorithm 3.4.10: Count decomposables

Input: positive integer n
Output: #D,, (F) as a polynomial in q for n coprime to q
1 if n =1 or n is prime then

2 ‘ return 0

3 end

4 total + 0

s N«—{l<d<n:d|n}

6 for o #D C N do

7 D+ {(d,n/d): d € D}

8 D* +— normalization of D

9 G < relation graph of D’

10 collisions < 1

11 for strongly connected components G; of G do

12 G;j + undirected subgraph of G;

13 if G) = {d} then

14 ‘ connected + q9~!

15 else

16 {d1,d2,...,d(}<—Gj

17 fori=1,...,¢do

18 U; < open neighborhood of d; in Gj

19 €y Hveui Vi

20 end

21 connected < []4,cg, 9 Ldi/ei]

22 if some edge in Gj connects two vertices both larger than
2 then

23 ‘ connected < connected + q — 1

24 end

25 connected < connected - q

26 end

27 collisions < collisions - connected

28 end

29 | total < total + (—1)*P - collisions

30 end

31 return total

This is easy to implement, see Algorithm 3.4.10, and yields the
exact expressions for #D, (IF4) at lightning speed, see Table 3.4.11.
The expressions fit within the bounds given by von zur Gathen (2014a,
Theorem 3.2) and match the explicit formulas in the cited work for
composite n with one or two nontrivial divisors.



84

COUNTING DECOMPOSABLE POLYNOMIALS: THE TAME CASE

Let ¢ be the smallest prime divisor of n and T the number of
positive divisors of n. The naive method for counting the number of
decomposables at degree n loops over all T — 2 nontrivial divisors d
of n, computes the composition of all P4 x P,, /4, and stores them in
a sorted list to catch duplicates. This requires O(q‘'*™/*=2) memory
and O(tq**™/*=2) compositions of polynomials of degree at most
n/{.

General bounds on T are T > 3, if n is composite, and limsup(Int
Inlnn/Inn) = In2 by Wigert (1907), so that T = O(n'/(oglogn)) gee
Hardy & Wright (1985, Theorem 317), For the average as n — oo,
Dirichlet provides x ! 2ngx T(M) =Inx+2y—1+ 0(x9~1/2), where
v is Euler’s constant, see Apostol (1976, Theorem 3.3). Improving the
error term is known as Dirichlet’s divisor problem and the most recent
value is 0 = 131/416 =~ 0.31490 by Huxley (2003).

Algorithm 3.4.10 requires 27~2 — 1 evaluations of the collision
counting formula and stores at most n integer coefficients. More
importantly it requires only integer and graph operations, indepen-
dent from q, while the naive method requires field operations and
therefore depends on q.

3.5 CONCLUSION AND FUTURE WORK

As long as a branch of science offers an abundance
of problems, so long it is alive; a lack of problems
foreshadows extinction or the cessation of
independent development.

— David Hilbert

We presented a normal form for multi-collisions of decomposi-
tions of arbitrary length with exact description of the (non)uniqueness
of the parameters. This led to an exact formula for the number of such
collisions of degree n over a finite field of characteristic coprime to n.
We concluded with a fast algorithm to compute the exact number of
decomposable polynomials of degree n over a finite field IFy in the
tame case.

We introduced the relation graph of a set of collisions which is
related to transitive tournaments and permutation graphs. The rela-
tion graph of a single polynomial may be of independent interest as
a data structure. Furthermore, it would be useful to characterize sets
D of ordered factorizations that lead to identical contributions #D;, p
and to quickly derive #D,, p (e} from #D,, p or conversely. Finally,
this chapter deals with polynomials only and the study of rational
functions with the same methods remains open. Here, Gutierrez &
Sevilla (2006a) provide counterexamples to generalizations of Ritt’s
First Theorem to rational functions.
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n #Dn(Fq) lower bound, upper bound
4 q?
6 2q¢°—q?
8 24— g3
9 ¢
10 2q5—q3
5
12 2¢°+2¢°-3q* —q%+q 24°—q%2¢° —q* - 195
q
14 2q7_q4
15 29°-2q%+q
6
16 2¢°+¢°-3¢°+4* 2¢°~¢°2¢% —¢° — 195
q
18 297 +2q"-4q° +¢’ 2¢° ~26%2¢° — 395 —q°
q
7
20 2q0+2¢7-3¢° 2q'°-q%2q"°—q° — 395
21 2q8—q®—q?+q¢
22 2q" —qf
9
24 29'2+2q¢°+2¢%-39"-6q°+4¢° — g+ 2q'?—q7,2q"2 -+ —¢’
2q%— ’
a’—q
25 q°
26 2q13_q7
27 2q107q6
9
28 29" +2¢°-3¢8 29" —q%,2q" ¥ - 39
q
11
30 245429 +2¢° —q¥ —647 +q* + ¢ 2q'°-24%,2q" - 39 g8
q
10
32 2q'°+2q'°-3q7 397 +44°—¢° 2q'°—q7,2q'0—¢7 - 315
q
33 29%—q'—q’+q
34 297 —¢’
35 2q'°-2q%*+q
13
36 2q'84+2q"3 +2q"1 -2q0—6q% —3q¢"+ 2q'8—q'0,2q"8 291 —q'°
6q° ’
38 2q19_q10
39 29" —¢—q’+q
12
40 2q°+2q'2—q"" —6q%+4q” —q%+q 2¢%°—q'",2¢%° —q"" - 387
q
15
2 2q7 424" +q" —6q"+¢°+20>—q> 292" -2q'1,2q* -1 —q"
q
13
4 2q22+24" -3q"2 272 -q'%,2¢2 —q"2 - 315
q
12
45  2q'°+2q'2-3q¢ —q’+q 2q'°—q%2q'~ 395 — ¢
q
46  2g3—q"2
17
48 22 +2q"7 +2q" 343 +2q"2 64"~ 2¢*' —q"%,2¢ — 517 g
6q°+q%+12q" —69°+3q3—3q%+q !
49 q'?
13
50 2925 +q% -3¢+ 2% -2q13,2¢% "3 - 15

1
I

Table 3.4.11: Exact values of #D, (IF ) in the tame case for composite n < 50,
consistent with the upper and lower bounds (in the last col-
umn) or exact values (no entry in the last column) of von zur
Gathen (2014a, Theorem 3.2). The computation took 8.53 s (av-
erage over 100 trials) with Sage using a single core 2.4 GHz

CPU and 4 GB RAM.






COUNTING DECOMPOSABLE POLYNOMIALS: THE
WILD CASE

The creator of the new composition [...]
is an outlaw until he is a classic.
— Gertrude Stein

An earlier version of this chapter appeared as Blankertz, von zur
Gathen & Ziegler (2013)", see Section 1.3 for the complete publication
history.

In this chapter, we study only equal-degree collisions of f = goh =
g* o h*, where deg g = deg g* and thus degh = degh*. The main re-
sult (Theorem 4.5.6) determines exactly the number of decomposable
polynomials in one of open difficult cases, namely when n = p? and
hence deg g = degh = p.

This is shown in three steps. First, we exhibit some classes of
collisions in Section 4.2. Their properties are easy to check. In the
second step we show that these are all possibilities (Theorem 4.4.9). In
Section 4.3 we use ramification theory of function fields to study the
root multiplicities in collisions, and in Section 4.4 classify all collisions
at degree p2. In the third step we count the resulting possibilities
(Section 4.5). We conclude with open questions and suggestions for
future work in Section 4.6.

Our contribution is fourfold.

e We provide explicit constructions for collisions at degree 12,

where 1 is a power of the characteristic p > 0 (Fact 4.2.1, Theo-
rem 4.2.22).

» We provide a classification of all collisions at degree p?, linking
every collision to a unique explicit construction (Theorem 4.4.9).

¢ We use these two results to obtain an exact formula for the num-
ber of decomposable polynomials at degree p? (Theorem 4.5.6).

! Notice: this is the authors’ version of a work that was accepted for publication in
Journal of Symbolic Computation. Changes resulting from the publishing process, such
as peer review, editing, corrections, structural formatting, and other quality control
mechanisms may not be reflected in this document. Changes have been made to this
work since it was submitted for publication. A definitive version was subsequently
published as Blankertz, von zur Gathen & Ziegler (2013).
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* The classification yields an efficient algorithm to test whether
a given polynomial of degree p? has a collision or not (Algo-
rithm 4.4.14).

4.1 DEFINITIONS AND EXAMPLES

If one should try to define algebra, it might be said
that algebra deals with the formal combinations of
symbols according to prescribed rules.

— Opystein Ore

We consider a field F of positive characteristic p > 0. Composition
of g and h with linear polynomials introduces inessential ambiguities
in decompositions f = go h. To avoid them, we normalize f, g, and
h to be monic original, that is with leading coefficient 1 and constant
coefficient o (so that the graph of f passes through the origin); see
von zur Gathen (2014a).

For a nonnegative integer k, an (equal-degree) k-collision at degree
n is a set of k distinct pairs (g, h) of monic original polynomials in
F[x] of degree at least 2, all with the same composition f = goh of
degree n and degg the same for all (g,h). A k-collision is called
maximal if it is not contained in a (k + T)-collision. We also say that f
has a (maximal) k-collision. Furthermore, g is a left component and h
a right component of f. For n > 1, we define

Pn(F) ={f € F[x]: f is monic original of degree n},
Dy (F) ={f € Pn(F): f is decomposable},
Cnx(F) ={f € P(F): f has a maximal k-collision}.  (4.1.1)

Thus #P(Fq) = g™~ '. We sometimes leave out F from the notation
when it is clear from the context.

Let f € P,, have a k-collision C, f' # 0, and m be a divisor of
n. If all right components in C are of degree m and indecomposable,
then k < (n—1)/(m —1); see Blankertz (2011, Corollary 3.27). For
n = p?, both components are of degree p and thus indecomposable
and we find k < p + 1; see also von zur Gathen, Giesbrecht & Ziegler
(2010, Proposition 6.5 (iv)). For counting all decomposable polyno-
mials of degree p? over Fg, it is sufficient to count the sets Cpzx of
polynomials with maximal k-collision for k > 2, since

#Dp2 = qP 2= 3 (k—1)-#Cpap. (4.1.2)
k>2
Lemma 4.1.3. In a decomposition (g, h), g is uniquely determined by goh
and h.

Proof. Let f = goh. Consider the F-algebra homomorphism ¢: F[x] —
Flx] with x — h. Its kernel is trivial, since h is nonconstant, and thus



4.1 DEFINITIONS AND EXAMPLES

@ is injective. Hence there is exactly one u € F[x] such that ¢(u) =f,
namely u = g. O

Furthermore, g is easy to compute from g o h and h by the gener-
alized Taylor expansion; see von zur Gathen (1990a, Section 2). The
following is a simple example of a collision.

Example 4.1.4. Let r = p®. For h € P,.(F), we have
x'oh =@, (h)ox", (4.1.5)

where @, is the eth power of the Frobenius endomorphism on F, ex-
tended to polynomials coefficientwise. For h # x', we have a 2-
collision {(x", h), (@+(h),x")} and call it a Frobenius collision.

In the case r = p, we have the following description.

Lemma 4.1.6. (i) Assume that f € P,,2(F) has a 2-collision. Then it is a
Frobenius collision if and only if f' = 0.

(ii) A Frobenius collision of degree p? is a maximal 2-collision.

Proof. (i) If f is a Frobenius collision, then f’ = 0 by definition. Con-
versely, let f € P2 (F) with f’ = 0. Then f € F[xP] and thus f = goxP
for some monic original polynomial g. Let f = g* o h* be another
decomposition of f. By Lemma 4.1.3, f and h* determine g* uniquely,
hence h* # xP and h*’ # 0. Thus from f’ = g*’(h*)-h*’ = 0 follows
g*’ = 0 and hence g* = xP. Furthermore, f = xP o h* = @ (h*) o xP
by (4.1.5), g = @p(h*) by the uniqueness in Lemma 4.1.3, and f is a
Frobenius collision.

(ii) Let f = xP oh = @p(h) o xP, with h # xP, be a Frobenius col-
lision, and (g*, h*) a decomposition of f. Then 0 = f' = g*'(h*)-h*’
and thus g*’ = 0 or h*’ = 0. If h*’ = 0, then h* = xP and thus g* =
@p(h), by Lemma 4.1.3. If g*' =0, then ¢g* = xP and f = @, (h*) o xP
as in (i). Thus @, (h*) = @y (h) by the uniqueness in Lemma 4.1.3,
which implies h = h*. O

If F is perfect—in particular if F is finite or algebraically closed—
then the Frobenius endomorphism ¢, is an automorphism on F. Thus
for f € P2 (Fq), f " = 0 implies that f is either a Frobenius collision or

2
xP

For f € P (F) and w € F, the original shift of f by w is

1 = (x —f(w)) o fo (x + W) € P (F).

We also simply speak of a shift. Original shifting defines a group ac-
tion of the additive group of F on Py, (F). Indeed, we have for w,w’ € F

(FDIT = (x = £ (W) o # o (x + W)
= (x = (F(w' +w) = f(w))) o (x—f(w)) o Fo (x+w) o (x + W)
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= (x—f(w' +w))ofo(x+w +w)=Fv+wl

Furthermore, for the derivative we have ("))’ = f’ o (x + w). Shift-
ing respects decompositions in the sense that for each decomposition
(g, h) of f we have a decomposition (gl Wl of £ and vice
versa. We denote (g™ hwh as (g, h)M],

4.2 EXPLICIT COLLISIONS AT DEGREE TZ

A good theorem has two proofs
and one counterexample.

— Volker Strassen

This section presents two classes of explicit collisions at degree 12,

where 1 is a power of the characteristic p > 0 of the field F. The col-
lisions of Fact 4.2.1 consist of additive and subadditive polynomials.
A polynomial A of degree r* is r-additive (or r-linearized) if it is of the
form A =} ik aix™ with all a; € F. We call a polynomial additive
if it is p-additive. A polynomial is additive if and only if it acts addi-
tively on an algebraic closure F of F, thatis A(a+b) = A(a) + A(b) for
all a, b € F; see Goss (1996, Corollary 1.1.6). The composition of addi-
tive polynomials is additive, see for instance Proposition 1.1.2 of the
cited book. The decomposition structure of additive polynomials was
tirst studied by Ore (1933). Dorey & Whaples (1974, Theorem 4) show
that all components of an additive polynomial are additive. Gies-
brecht (1988) gives lower bounds on the number of decompositions
and algorithms to determine them.

For a divisor m of r — 1, the (r, m)-subadditive (or (v, m)-sublinearized)
polynomial associated with the r-additive polynomial A is given by
S = x(Xocicx aix(T=1/M)m of degree r*. Then A and S are re-
lated as x™ o A = Sox™ and fall into the First Case of Ritt’s Second
Theorem. Dickson (1897) notes a special case of subadditive polyno-
mials, and Cohen (1985) is concerned with the reducibility of some
related polynomials. Cohen (1990a,b) investigates their connection
to exceptional polynomials and coins the term “sub-linearized”; see
also Cohen & Matthews (1994). Coulter, Havas & Henderson (2004)
derive the number of indecomposable subadditive polynomials and
present an algorithm to decompose subadditive polynomials.

Ore (1933, Theorem 3) describes exactly the right components of
degree p of an additive polynomial. Henderson & Matthews (1999)
relate such additive decompositions to subadditive polynomials, and
in their Theorems 3.4 and 3.8 describe the collisions of Fact 4.2.1 be-
low. The polynomials of Theorem 4.2.22 popped up in the course of
trying to prove that these examples might be the only ones; see the
proof of Theorem 4.4.9. In Section 4.4, we show that together with the
Frobenius collisions of Example 4.1.4, these two examples and their
shifts comprise all 2-collisions at degree p?.



4.2 EXPLICIT COLLISIONS AT DEGREE TZ

Fact 4.2.1. Let v be a power of p, u,s € F*, € € {0, 1}, m a positive divisor
ofr—1,0=(r—1)/m, and

f=S(ws,¢e,m)=x(xTt) —eus™! +us™ )™ € P.2(F),

(4.2.2)
T={teF:t"" —cut+u=0} 4
Foreacht € T and
g=x(x*—ust™hHm,
h=x(x*"—st)™ (4-23)

both in P..(F), we have f = g o h. Moreover, f has a #T-collision.

The polynomials f in (4.2.2) are “simply original” in the sense that
they have a simple root at 0. This motivates the designation S.

Proof. For t € T, we have

xt—st)™M(xf(xt —st)" —usTtT )™
xt(xt—st)" — (x* —st)us"t )™
r4-€ STtTXE

o usrt—l X€ + uST—H )m

XZ(T—H) _ ST(tT —|—U.t_] )X(’, +usr—|—1 )m
—eus™xt 4 us™H )™ =1,

This proves that (g, h) is a decomposition of f. While f does not
depend on t, the #T different choices for t yield #T pairwise different
values for the coefficients of x™ ¢ in h, namely

hy_¢=—mst #£0. ]

The polynomial S(u,s, e, m) is r-additive for m = 1 and (v, m)-
subadditive for all m. Bluher (2004) shows that for ¢ = 1 and FNF,
of size Q, the cardinality of T is either 0, 1, 2, or Q + 1. This also holds
for ¢ = 0. In either case, T is independent of m and {. If T is empty,
then S(u, s, ¢, m) has no decomposition of the form (4.2.3), but r + 1
such decompositions exist over the splitting field of the squarefree
polynomial y™! — euy +u € Fly].

For a polynomial f € P (F) and an integer i, we denote the coeffi-
cient of x' in f by fi, so that f = x™ + 2 i<ion fixt with f; € F. The
second degree of f is

deg, f = deg(f —x™). (4-2.4)

If pInand p { deg, f, then deg, f = deg(f’) + 1.

Fact 4.2.5 (von zur Gathen, Giesbrecht & Ziegler (2010), Proposition
6.2). Let v be a power of p, and u, s, ¢, m and u*, s*, €*, m* satisfy the
conditions of Fact 4.2.1. For f = S(u,s, e, m) and f* = S(u*,s*, ¢*, m*),
the following hold.
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(i) For ¢ =1, we have f = {* if and only if

(u,s,6, m) = (u*,s*, e*, m")

(ii) For ¢ =0, we have f = f* if and only if

41

(us™ 1, e,m) = (u(s*)", %, m").

(iii) The stabilizer of f under original shifting is F if m = 1, and {0}
otherwise. For F = IFq, the orbit of f under original shifting has size
1if m =1, and size q otherwise.

(iv) The only polynomial of the form (4.2.2) in the orbit of f under original
shifting is f itself.

Proof. The appearance of O(x!) for some integer i in an equation
means the existence of some polynomial of degree at most i that
makes the equation valid.
Let { = (r—1)/m. Then gecd(r,{) = ged(r,m) = 1 and {m =
—1 mod p. We have
f= X(XE(rJr]) _ EuSng +usr+1 )m

21

— X(XT‘ — ir—1

2
—meus"x"

2 2
+musr+1xr —Lr—0—1 —|—O(Xr —2(%—1))

=x" —meus™x" T
+ mus'r—!—] XTZ—ZT—Z + O(sz—zer)’ (426)
fr2_gp = —meus’, (4-2.7)
fa g =mus"t! #£0, (4.2.8)
2 —r ife=1,
deg, f = (4.2.9)

2 —lr—( ife=0.

From the last equation, we find ¢ = 1if r | deg, f, and &€ = 0 otherwise.
For either value of ¢, deg, f determines { and m = (r — 1) /{ uniquely.
Similarly, deg, f* determines ¢*, £*, and m* uniquely. Therefore, if
deg, f = deg, f*, then

(e,€, m) = (%, 0%, m"). (4.2.10)

Furthermore, m and the coefficient f,»_,,_, determine us™' =
fr2_gr_¢/m uniquely by (4.2.8). Similarly, m* and 7, ,. . deter-
mine u*(s*)™*! uniquely. Thus, if m = m* and f,2__, =f
then

*
T2 Qrr—g*/

us™ ! = ur(s*)TH (4.2.11)
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(1) If (w,s,e,m) = (u*,s* ¢e*, m*), then f = f*. On the other hand,
we have f2_,. = —mus” # 0 in (4.2.7) and with (4.2.8) this deter-
mines uniquely

s=—Tr2_gr_o/Tr2_er)

2.12
u=—fo_,./ms" =fa_,./s". 4 )

This implies the claim (i).

(ii) The condition (us™"', e, m) = (u*(s*)™*', e*, m*) is sufficient
for f = f* by direct computation from (4.2.2). It is also necessary by
(4.2.10) and (4.2.11).

(iif) For m = 1, f is r-additive as noted after the proof of Fact 4.2.1
and ™ = f for allw € F. For m > 1 and w € F, we find

2 2_ 2_pp
f[w] —x" —meus™x" €r+musr+1xr Lr—¢

L ppusTH Tyt -i-O(xTZ_eT—e—Z) (4.2.13)
f?zvlh = f2_gp = —Mmeus’, (4.2.14)

(w]
frvzv—er—e =f2 g = mus' ! #0, (4.2.15)
fivzvlhfeq =wus™ . (4.2.16)

We have f = IO by definition and f # V) for w £ 0 by (4.2.16) and
us™1 £0.

(iv) For m = 1, the claim follows from (iii). For m > 1 and w €
F, assume o = S(ug, so, €0, mo) = f™! for parameters ug, So, €0, Mo
satisfying the conditions of Fact 4.2.1. Then deg, fo = deg, f'*) by
assumption and

20 ife=1,
deg, fiwl = deg, f = ’ ’ ne (4.2.17)

2—ftr—¢ ife=0,

from (4.2.13) and (4.2.9). Thus, we have { = {y by (4.2.10). The coeffi-
cient of x™ ¢ T i 0in fo and wus™ 1 in £ by (4.2.6) and (4.2.16),
respectively. With us™ ' # 0, we have w = 0 and fo = fl°! = f. O

Algorithm 4.2.18 identifies the examples of Fact 4.2.1 and their
shifts. The algorithm involves divisions which we execute condition-
ally “if defined”. Namely, for integers the quotient is returned, if it
is an integer, and for field elements, if the denominator is nonzero.
Otherwise, “failure” is returned. Besides the field operations +, —,
-, we assume a routine for computing the number of roots in F of a
polynomial. Furthermore, we denote by M(n) a number of field oper-
ations which is sufficient to compute the product of two polynomials
of degree at most n.

Theorem 4.2.19. Algorithm 4.2.18 works correctly as specified. If F = F,

it takes O(M(n)log(nq)) field operations on input a polynomial of degree

n=r2
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Algorithm 4.2.18: Identify simply original polynomials

Input: a polynomial f = )_; fix' € P.2(F) with all f; e Fand r a
power of charF
Output: integer k, parameters u, s, e, m as in Fact 4.2.1, and
w € F such that f = S(u, s, ¢, m)™! has a k-collision
with k = #T as in (4.2.2), if such values exist, and
“failure” otherwise

1 if deg, f = —oo then return “failure”

2 if | deg, f then

3 e+ 1

4 0+ (rz—deng)/r and m « (r—1)/L if defined

5 8 — —f2_gr_¢/fr2_g, if defined

6 else

7 e+ 0

8 €%(r2—deg2f)/(r+1)andm<—(r—1)/€ifdefined
9 s <« 1

10 end

11w —fa_g_o/s" if defined

12 if us = 0 then return “failure”

13 W< mfo oo 1/f2 g if defined
14 if = S(w, s, e, m)™! then

5 | ke#yeF:y™*! —euy+u=0}
16 return k,u,s, e, m,w

17 end

18 return “failure”
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Proof. For the first claim, we show that for ug, so, €9, mo as in Fact 4.2.1
and wo € T the algorithm does not return “failure” on input f =
S(ug, o, €0, Mo) [wol

We have deg, f > 0 by (4.2.17). Thus, step 1 does not return
“failure”. By the same equation, we have r | deg, f if and only if
g0 = 1. Therefore, ¢ = ¢y after step 3 or 7, respectively, and since
(4.2.17) determines £y = (r—1)/mo uniquely, we find { = {y, and
m = (r—1)/lp = mg after step 4 or 8, respectively. If ¢ = 1, then step
5 computes s = so from (4.2.12), (4.2.14), and (4.2.15). Furthermore,
step 11 computes u = up from (4.2.8) and (4.2.15). If ¢ =0, then

S(uo, s0,0,m)Wel = (x(x T fupsE )™Vl = S(ugsp ™, 1,0, m) 0ol

(4.2.20)

Therefore, we can choose s = 1 in step 9 and set u = —{f>_,._, =
uosgﬂ by (4.2.8) and (4.2.15) in step 11. For either value of ¢, we have
us # 0 from upsp # 0 and step 12 does not return “failure”.

For m =1, we have

S(u,s,e,1)™o! =S(u,s,¢,1)°

by Fact 4.2.5 (iii) and w = fo/f1 = 0 in step 13 is a valid choice. For
m > 1, we find wy from (4.2.15) and (4.2.16) as

w=mf o 1/fr2 g = Wo.

A polynomial f of the assumed form passes the final test in step 14,
while an f not of this form will fail here at the latest. The size k of the
set T={t € F: """ — eut +u = 0} is computed in step 15 and f is a
k-collision according to Fact 4.2.1.

In the following cost estimate for F = IFy, we ignore the (cheap)
operations on integers. The calculation of the right-hand side in
step 14 takes O(M(n)logn) field operations, and the test another n
operations. In step 15, we compute k as deg, (gcd(y9 —y,ytH —
euy +u)) with O(M(r)(log q +log)) field operations. The cost of all
other steps is dominated by these bounds. O

Let CS&(F) denote the set of polynomials in P,, (F) that are shifts
of some S(u,s, e, m) with T as in (4.2.2) of cardinality k. Over a fi-

nite field, #Cg)k(]Fq) can be computed exactly, as in von zur Gathen,
Giesbrecht & Ziegler (2010, Corollary 6.3).

Proposition 4.2.21. Let r be a power of p, q a power of r, and T the number
of positive divisors of r — 1. For k > 2, we have

(tq—q+1)(q—1)?(r—2)

20— 1) fr=2
() (g ) — g+ Ng-Ngq-1 .
#Cr2 ) (Fq) a qt(r)z(in — ifk=r+1,

0 otherwise.
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Proof. We count the polynomials in CS,)k(]Fq) by counting the admis-
sible parameters u, s, ¢, m, w modulo the ambiguities described in
Fact 4.2.5.

For ¢ =1, we count the possible u € F§ such that Yy —uytuc
IFqly] has exactly k roots in [F4. Let a,b € ]Ffj[< and u=a""b". The
invertible transformation x + y = —ab~'x gives a bijection

{xelFé:xT“ +ax+b=0}+{y e]FCX]:yT“ —uy+u=0}%L

Theorem 5.1 and Proposition 5.4 of von zur Gathen, Giesbrecht &

qu,g,k of pairs (a,b) € (Fg )2
such that x™*! + ax+ b has exactly k roots, as described below. Every
value of u corresponds to exactly q — 1 pairs (a,b), namely an arbi-

trary a € IF; and b uniquely determined by b" = u~'a™1. Hence,

there are exactly C(qz,r),k /(q—1) values for u where #T = k. Form =1,

the orbit under original shifting has size 1 by Fact 4.2.5 (iii) and tak-
ing into account the q — 1 possible choices for s we find that there are
cgz,r)’k polynomials of the form S(u,s, T, 1)W1 For m > 1, the orbit
under original shifting contains exactly one polynomial of the form
(4.2.2) by Fact 4.2.5 (iv) and has size q by (iii). Taking into account the

q — 1 choices for s and the T — 1 possible values for m, we find that

(2)
q,rk

For ¢ = 0, we have S(u,s,0,m)™ = S(us™',1,0,m)™! as in
(4.2.20) and T ={t € Fq: t""! + us™"! = 0} as in (4.2.2). This set has
exactly y = ged(r+1, q — 1) elements, if —u is an (r + 1)st power, and
is empty otherwise. Then #T =k > 2 if and only if k = y and —u is an
(r+1)st power. There are exactly (q—1)/y distinct (r+ 1)st powers in
IFZI< and therefore exactly (q —1)/vy distinct values for us™71 such that
#T = vy. With 6 being Kronecker’s delta function, we find, as above,
that there are &, i - (q — 1)/y polynomials of the form S(u,s,0, 1)l
in ijl)k(IFq) and &, k- (t—T1)q(q—1)/y of the form S(u,s,0, m) (w]
with m > 1.

This yields

Ziegler (2010) determine the number c

there are ¢ (t—1)-q polynomials of the form S(u,s, 1, m) w],

—1
#CS,)]((]Fq) =(tq—q+1)- <C£]2r)k 0y k a Y ) .

The work cited above provides the following explicit expressions for
k > 2, with g =14

(q—1)(qr—2q —2r+3)
e - 2(r—1)
qr,2 (q—1)?(r—2)
2(r—1)
(g—1)(q—1?)

2 r(r2—1)
arr i1 = (q=1)(q—1)

r(r2 —1)

if g and d are odd,

otherwise,

if d is even,

if d is odd,
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and cEﬁl/k =0 for k ¢ {2,r+ 1}. Furthermore, we have from Lemma

3.29 in von zur Gathen (2014a, Preprint)

1 if d is odd and r is even,
y=gcd(r+1,19-1) =142 if d is odd and r is odd,

r-+1 if diseven.

The claimed formulas follow from

(q—1*(r—2) ..
1 -1 if k=2,
(2) q-—
Colptdyk—=1¢ (g=1(g—71) .
q,1,k Y, ~t*t 1 7 —
Y T‘(Tz—]) ifk=r+1,
0 otherwise. [

For a prime p > 7, we have T > 4. Large values of T occur when
m = exp(klogk) is the product of the first k primes and p < m® the
smallest prime congruent 1 mod m for Linnik’s constant C. Then k ~
log m/loglogm > C~'logp/loglogp and t > 2k > 2C 'logp/loglogp,
By Heath-Brown (1992) and Xylouris (2011) we can take C just under
5. Except for the constant factor, T is asymptotically not more than
this value (Hardy & Wright, 1985, Theorem 317). Luca & Shparlinski
(2008) give general results on the possible values of t. It follows that

S ..
#Ciz}z(qu) ~1q3/21sin q30(p!/1o8logP),

The odd/even distinctions for q, r, and d cancel out in the formula
of Proposition 4.2.21. This might indicate that those distinctions are
alien to the problem.

The second and new construction of collisions goes as follows.

Theorem 4.2.22. Let v be a power of p,b € F*, a € F\ {0,b"}, a* =b"—aq,
man integer with 1 <m <r—1and ptm, m* =r—m, and

f=M(a,bm)=x"" (x—b)™™ (x™+a*b "((x—b)™—x™))™
* * * m*
. (xm +ab " ((x—b)™ —x™ )> ,
g :X’m(x’_a)m*/
h=x"+a*b " (x™ (x —b)™—x"),
)

m

* m*( *
7

g =x
h*=x"+ab " (x™(x—b)™ —x").

X—a

(4.2.23)
Then f = goh = g*oh* € P.2(F) has a 2-collision.

The polynomials f in (4.2.23) are “multiply original” in the sense
that they have a multiple root at 0. This motivates the designation
M. The notation is set up so that * acts as an involution on our data,
leaving b, f, r, and x invariant.
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Avanzi & Zannier (2003) study collisions goh = goh* with a
polynomial g and nonconstant rational functions h, h* over C. Mike
Zieve (2011) points out that the rational functions of case (4) in their
Proposition 5.6 can be transformed into (4.2.23). Zieve also mentions
that this example already occurs in unpublished work of his, joint
with Bob Beals.

Proof. Let

H=h/x™ =x™+a"b "((x—b)™—x™),

. . . 2.2
H* =h"/x™ =x"™ +ab " ((x—b)™ —x™ ). (4-224)

Then h—a = (x —b)™H* and h* — a* = (x — b)™ H. It follows that
goh=g oh* =x™™ (x —b)™™ H™(H*)™ = . (4.2.25)

If g = g*, then the coefficients of X"~ in g and g* yield mb"™ = 0,
hence p | m, a contradiction. Thus f is a 2-collision. O

For r < 4, there is no value of m satisfying the assumptions. The
construction works for arbitrary a € Fand 1 < m < r—1. But
when a € {0,b"}, we get a Frobenius collision; see Example 4.1.4.
When p | m, we write m = p®mg with p { mp and have f = xP¢ o
M(a, bP‘, mp) o xP° with 1/p® instead of t in (4.2.23). When m is 1
or r — 1, an original shift of (4.2.23) yields a polynomial of the form
S(u,s,e,m). Indeed, for m =1, letw = a*b"+!, ¢ = (ab' )" — a*,
and

(—aa*d'~",1,0,r—1,—a*b' ", ab’ ") ifc=0,

(¢/s",—aa*b'""/c,1,r—1,—c/a,c/a*) otherwise.

(w,s,e,m, t,t") :{

Then M(a,b, 1)) = S(u, s, ¢, m), (g,h) Wl is of the form (4.2.3), and
sois (g*, h*) W with t replaced by t*. Furthermore, for m =r—1, we
have M(a,b,r—1) = M(a*,b,1) and the claimed parameters can be
found as described by interchanging a and a*.

Next, we describe the (non)uniqueness of this construction. We
take all polynomial gcds to be monic, except that ged(0,0) = 0.

Proposition 4.2.26. Let v be a power of p, b € F*, a € F\{0,b"}, man
integer with 1 <m <r—1and p{m, and f = M(a,b, m) as in (4.2.23).
Then the following hold.

(i) In the notation of Theorem 4.2.22 and with H and H* as in (4.2.24),
we have gcd(m, m*) = 1 and the four polynomials x, x — b, H, and
H* are squarefree and pairwise coprime.

(ii) The stabilizer of f under original shifting is {0}. For F = Fq, the orbit
of f under original shifting has size q.
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(iii) For ap,bo, mo satisfying the conditions of Theorem 4.2.22, we have
M(a, b, m) = M(ap, b, mo) if and only if (ap, bo, mo) € {(a, b, m),
(a*, b, m*)}. If we impose the additional condition m < /2, then
(a,b, m) is uniquely determined by M(a,b, m).

(iv) There are exactly two polynomials of the form (4.2.23) in the orbit of
f under original shifting, namely f and £'°) = M(—a*, —b, m).

Proof. (i) If d > 1 was a common divisor of m and m*, then d | m +
m* = r and thus d would be a power of p—in particular p | m, a con-
tradiction. Thus ged(m, m*) = 1. From mH —xH’ = m* a*b! T (x —
b)™ 1 and H(0) - H(b) # 0, we find that H is squarefree and coprime
to x(x —b), and similarly for H*. Since H | h, H* | (h —a), and
ged(h,h—a) =1, we have ged(H, H*) = 1.

(ii) For the coefficient of x4 T—2
find

in the composition f = goh, we

frzfrfz = Jr—1 (h12~_1 - hrfz),

since r > 2. For the shifted composition ™! = gl"(W)l o kWl we have
the coefficients

gM — g, 1 = —m*a #£0,
) = h,y = —ma*(=b)! " £0,
Yy = he_2 —why_,

fivzvlr—z =gr_1(hf_; —he2+Whe_1).

Thus, f,2_,_, = fivzvlr_z if and only if w = 0.

(iii) Sufficiency is a direct computation. Conversely, assume that
f = M(a,b,m) = M(ap,bo, mp) = fo. From (i) and the multiplicity
mm* of 0 and b in f, we find mm* = momg and by = b; see (4.2.25). If
necessary, we replace (a, b, m) by (a*, b, m*), and obtain my = m. Di-
viding f and fo by x™™ (x —b)™™" yields H™(H*)™ = HJ'(H5)™
by (4.2.25). Hence by (i), we find Hp = H and thus ap = a.

(iv) We find fl®! = M(—a*,—b, m) by a direct computation. Con-
versely, we take ap, bg, mp as in Theorem 4.2.22 and assume that
v = M(ag, bg, mo) = fo. By (iii), we may assume that m, my < /2.
We have

m—1 (X o a)m*f1

g’ =m*ax
h = ma*b]—rxm*—1 (X_b)m—1,
£/ =(g"on) 1’

_ mm*aa*b17r(x(x _ b))mm*f1 Hmi] (H*)m*f] )

4

(4.2.27)

Now (i) and p { mm* show that f” has roots of multiplicity mm* —
1 exactly at 0 and b and otherwise only roots of multiplicity at most
m* —1 < mm* — 1. Furthermore, (f™)’ = f/(x +w) has roots of
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multiplicity mm* — 1 exactly at —w and b —w. Similarly, fo has roots
of multiplicity momg — 1 at 0 and by, and all other roots have smaller
multiplicity. It follows that mm* = momg and m = mo. Furthermore,
one of —w and b —w equals 0, so that w € {0, b}. Hence

((10, bO/mOIW) € {(a/ b/ m, O)/ (a*/ b/ m*,O),
(—a*,—b,m,b),(—a,—b,m*,b)}. O
We now provide the exact number of these collisions over IFg,

matching Proposition 4.2.21. When r < 4, there are no polynomials
of the form (4.2.23).

Corollary 4.2.28. For v > 3 and F = [F, the number of polynomials that
are of the form (4.2.23) or shifts thereof is

qla—N(g-2)(r—I-2)
; .

Proof. There are q—1, q—2, and r —r/p — 2 choices for the parame-
ters b, a, and m, respectively. By Proposition 4.2.26 (iii), exactly two
distinct triples of parameters generate the same polynomial (4.2.23).
By (ii), the shift orbits are of size q and by (iv), they contain two such
polynomials each. O

Over a field F of characteristic p > 0, Algorithm 4.2.29 finds the
parameters for polynomials that are original shifts of (4.2.23), just as
Algorithm 4.2.18 does for original shifts of (4.2.2). It involves con-
ditional divisions and routines for extracting pth and square roots.
Given a field element, the latter produce a root, if one exists, and
“failure” otherwise. If F is finite, then every element has a pth root.
The algorithm for a square root yields a subroutine to determine the
set of roots of a quadratic polynomial.

Theorem 4.2.30. Algorithm 4.2.29 works correctly as specified. If F = [Fq,
it takes O(M(n)logn +nlog q) field operations on input a polynomial of

degree n = 12,

Proof. For the correctness, it is sufficient—due to the check in step 23—
to show that for ap,bp, mp as in Theorem 4.2.22 and wy € F, the
algorithm does not return “failure” on input f = M(ag, bg, mo) Mol
As remarked after Theorem 4.2.22, we have r > 5 and by Proposi-
tion 4.2.26 (iii), we may assume my < r/2. Furthermore, (4.2.27)
determines lc(f’) # 0 explicitly and step 1 is defined. The square root
in step 2 is defined, since for p = 2, mp and r — my are odd and all
exponents in the monic version of (4.2.27) are even.
By (4.2.27) and Proposition 4.2.26 (i), we have after steps 1 and 2

o Mo (r=mo)~T Mo Tpyer—mo-1 ifp>2,
0= pmo(r=mo)=1)/2py(mo=1)/2ppu(r=mo=1)/2 3
(4.2.31)
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Algorithm 4.2.29: Identify multiply original polynomials

N

g s W

O 0 3 o

10
11

12

13

14
15
16
17
18
19
20

21

22
23
24
25
26
27

Input: a polynomial f € P,2(F) with r a power of p = charF

Output: parameters a, b, m, as in Theorem 4.2.22, and w € F
such that f = M(a, b, m)™! if such values exist, and
“failure” otherwise

fo < f'/lc(f’) if defined

if p = 2 then fy + fg)/z if defined

f1 < fo/ ged(fo, f}) if defined

if degf; < 4 or degfy; > r+ 2 then return “failure”

determine the maximal k such that f¥ | fo via the generalized

Taylor expansion of fy in base f;

if p =2 then k + 2k

m <+ minfk+1,r—k—1}

if m < 2 then return “failure”

ifp=2orptm?+1 then

| 2 ged(fi ™, fo)/ ged(f] ™, fo)

else

f3 < fo/ged(fi~™ ', fo) if defined

determine the maximal £ such that p* divides every

exponent of x with nonzero coefficient in f3

f 1/pt . .
3 < f3'" if defined
i)+ fg/gcd(fg,,fé)
end
if deg f; # 2 then return “failure”
compute the set X of roots of f, in F
if #X < 2 then return “failure”
write X as {x1,x2} and set b < x5 —x7 and w + —xq
compute the set A of roots of y? — by —m 2b" ' c(f') € Fly]
in F
fora e A do
if f =M(a, b, m)™ then
‘ return a,b, m,w

end
end
return “failure”
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with @ = (x +wo)(x —bg +wp), Ho = Ho (x +wp), Hj = H* o (x +
wop), and H and H* as in (4.2.24) with ap, ag, bo, mp, mj instead of
a,a*, b, m, m*, respectively. By Proposition 4.2.26 (i), these three poly-
nomials are squarefree and pairwise coprime. Let 3, ¢, €* be o if p
divides the exponent of ¢, Hp, Hj, respectively, in (4.2.31), and be 1
otherwise. Then

(pmo(rfmo)f176Hglo*1*ﬁHST—m0—1—a* lfp > 2,
ged(fo, fy) = (,o(m‘)“*m‘))*])/2*5H(()m°_”/2_E
'HS(Tfmof‘l)/ZfE* lfp :2

This gcd is nonzero, and step 3 computes

f1 = fo/ ged(fo, f5) = @ HEHE .

We have
1 ifp=2orpfmi+1, ( )
= 2.32
0 otherwise. 423
For odd p, this follows from my(r—mp) —1 = —mé — 1 mod p, and

for p = 2 from 4 { m% + 1. The sum of the exponents of Hy and H}
in (4.2.31) is r— 2 for odd p and r/2 — 1 for p = 2. In either case, it is
coprime to p and at least one of ¢ and ¢* equals 1. If p > 2and ¢ =0,
then mp = 1 mod p, and thus m3 = 1 mod p. Hence p { m3 + 1 and
b = 1. Similarly, ¢* = 0 implies = 1, and we find that at least two of
5, ¢, and ¢* take the value 1. This also holds for p = 2.

Since deg ¢ = 2, degHp,degHF > 2, and degHo +degH§ =7,
this implies 4 < degf; < r+ 2 and step 4 does not return “failure”.
The exponents in (4.2.31) satisfy mp—1 <r—mp—1 < mp(r—mg) —
1. If p > 2, then k as determined in step 5 equals mo —1if ¢ =1, and
r—mo — 1 otherwise. In characteristic 2, step 6 modifies k € {(mo —
1)/2, (r—mo —1)/2}, so that in any characteristic, step 7 recovers m =
mp > 2 and step 8 does not return “failure”.

The condition in step g reflects the case distinction in (4.2.32).

e If the condition holds, we have 6 = 1 and
ged (1™, fo) = " MHEMT Vg (rome)
ng(ﬂ*mq,fo) _ (prfmqHg(m—l)Hgs*(rfmfl),
and therefore f; = ¢ in step 10.
e Otherwise, we have 6 =0,p>2, e =¢* =1,
fo = (pm(r—m)—1H(T)n—1H6r7mf1
ged(fi ™1 fp) = Hg“‘H;gT‘m“,

7

and f3 = ™™= in step 12. After step 14, we have f3 = ¢
for some e with p f e and f, = 0/ 1 = in step 15.
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In any case, we have f; = (x +wp)(x —bo +wp) with distinct roots
—wp and bp —wy in F, and steps 17, 18, and 19 do not return “failure”.
We determine a, b, and w in steps 20-23. In step 20, we have (b, w) €
{(bo,wo), (=bo, Wwo — bo)}, depending on the choice of the order of x;
and x;. Since f = M(ag, by, m)Wel = M(bg — ag, —bg, m)Wo—bol gc-
cording to Proposition 4.2.26 (iv), we have f = M(a, b, m) W1 for some
a € {ap, bj — ao}. The leading coefficient of f’ is —m2ab' " (b" —a)
by (4.2.27) yielding a quadratic polynomial in Fly] with roots a and
b" —a for step 21. There, we find A = {a, b" — a} and step 23 identifies
a.

For the cost over F = IFg, the conditions in steps 4 and 8 ensure
that all powers of f; in the gcd computations of steps 10 and 12 have
degree at most (r+2)(r —2) < n and we have O(M(n)logn) field
operations for the quotients, gcds, and products in steps 1, 3, 10, 12,
15, and 23. The f;-adic expansion of fy is a sequence ag,...,ay—1 €
Fq[x] such that fo = } 5 aif} and dega; < degfy forall i < v.

We may bound v by the smallest power of 2 greater than deg o/ deg f;.

Then v < 2degfy/ degf; and for k in step 5 we have k+ 1 = min{0 <

i < v: ai # 0}. We can compute the expansion with O(M(v deg f1)logv)

tield operations; see von zur Gathen & Gerhard (2013, Theorem 9.15).
Thus the cost of step 5 is O(M(n)logn) field operations. The calcula-
tion of the right-hand side in step 23 takes O(M(n)logn) field opera-
tions, by first substituting x +w for x in M(a, b, m) as in (4.2.23), then
computing its coefficients and leaving away the constant term. We ig-
nore the (cheap) operations on integers in the various tests, in step 13,
and the computation of derivatives in steps 1, 3, and 15. The polyno-
mial square root in step 2 and the p‘th root in step 14 take O(nlog q)
field operations each using 14/ P = U /P foru e F4 and the small-
est c > 1 with q¢ > p*. Taking the square roots in steps 18 and 21 can
be done deterministically by first reducing the computations to the
prime field IF,,, see von zur Gathen & Gerhard (2013, Exercise 14.40),
and then finding square roots in IF,, by exhaustive search. These take
O(log q) and O(y/n) field operations, respectively, since n = r?is a
power of p. N

4.3 ROOT MULTIPLICITIES IN COLLISIONS

The aim of research
is the discovery of the equations
which subsist between the elements of phenomena.

— Ernst Mach

In this section we describe the structure of root multiplicities in
collisions over an algebraic closure of F under certain conditions.
In Section 4.4 these results will be used for the classification of 2-
collisions at degree pz. For the classification, its proof, and the lem-
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mas in this section, we follow ideas of Dorey & Whaples (1974) and
Zannier (1993); an earlier version can be found in Blankertz (2011).

After some general facts about root multiplicities, we state an as-
sumption on 2-collisions (Assumption 4.3.8) under which we deter-
mine the root multiplicities of their components (Proposition 4.4.4).
In Example 4.3.13 we see that the 2-collisions in Fact 4.2.1 and in The-
orem 4.2.22 satisfy this assumption. Then we recall the well-known
relation between decompositions of polynomials and towers of ratio-
nal function fields. We reformulate a result by Dorey & Whaples
(1974) about the ramification in such fields in the language of root
multiplicities of polynomials (Proposition 4.3.23) and derive further
properties about the multiplicities in collisions for which Assump-
tion 4.3.8 holds.

We use the following notation. Let F be a field of characteristic
p > 0 and K = F an algebraic closure of F. For a nonzero polynomial
f € Flx] and b € K, let multy, (f) denote the root multiplicity of b in f,
so that f = (x — b)™t (flyy with u € K[x] and u(b) # 0. For ¢ € K, we
denote as f~'(c) the set of all b € K such that f(b) =

Lemma 4.3.1. Let f = goh € P, (F) and ¢ € K. Then

“T(e) = Uhq

acg'(c)
is a partition of £ (c), and for all b € £~ (c), we have
multy (f — ¢) = multy, () (g — ¢) - multy (h —h(b)). (4.3.2)

The partition of f~'(c) from Lemma 4.3.1 is illustrated in Fig-
ure 4.3.3, where we write g~ '(c) = {ap,aj,az,...} and h™'(a;) =
{aio, ai1, ai2, ... fori > 0.

Proof. Letb € Uaeg h*1( Jand a € g~ '(c) such thatb € h='(a).
Hence f(b) = g(h(b)) gla) = c and thus b € f'(c). On the
other hand, let b € f~'(c) and set a = h(b). Then b € h~'(a) and
a € g '(c), since g(a) = ( (b)) =c. Hence b € Uyeq-1(c) M ' (@)
Moreover if b € h™T(a)Nnh'(ap) for some a, ag € K, then a =
h(b) = Qp.

For (4.3.2), let b € f7'(c), a = h(b), e = multy(g —c), and
eo = mult,(h—a). Then g—c = (x—a)¢G and h—a = (x —b)¢H
for some G, H € K[x] with G(a)-H(b) # 0. Thus f—c = g(h) —
¢ = (h—a)®*G(h) = ((x —Db)°H)¢G(h) = (x — b)¢¢°H®G(h) with
(H®G(h))(b) = H(b)*G(a) #O0. O

Lemma 4.3.4. Let f € K[x] and b € K. Then b is a root of f" if and only if
there is some ¢ € K with multy, (f —c) > 1. Moreover, for any c € K with
p t multy, (f — ¢), we have multy (f') = multy (f —c) — 1.
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Figure 4.3.3: Partition of f~'(c)

Proof. Let b be a root of f” and set ¢ = f(b). Then b is a root of f — c.
We write f —c¢ = (x —b)u for some u € K[x]. Then f' = (f—¢)’ =
u+ (x —b)u’, and thus u(b) = f'(b) = 0. Hence b is a multiple root
of f—ec.

Now, let ¢ € K with e = mult, (f —¢). Then f —c = (x — b)®u for
some u € K[x] with u(b) # 0 and f' = (f—c)’ = (x —b)¢ T(eu+
(x —b)u’). Thus, b is a root of f’ if e > 1. This proves the converse.
Moreover, if p 1 e then (euw+ (x —b)u’)(b) = eu(b) # 0 and hence
mult, (') =e—1. O

We use the following proposition. The second part was stated as
Proposition 6.5 (i) in von zur Gathen, Giesbrecht & Ziegler (2010) for
F=F,.

Proposition 4.3.5. Let v be a power of p and f € P,2(F) have a 2-collision
C such that degg = degh = r and g'h’ # 0 for all (g,h) € C. Then
f’ # 0 and the following hold.

(i) There are integers dq and d, such that deg g’ = dy and degh’ = d;,
forall (g,h) € C.

(ii) Furthermore, if v = p, then d1 = d;.
Proof. (i) Let (g,h) € C and f = goh. Then
degf’ =degg’- degh+degh’. (4.3.6)

Since g’h’ # 0, this is an equation of nonnegative integers. More-
over, degh’ < degh = r and thus degg’ and degh’ are uniquely
determined by deg f’ and r, which proves the claim.
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(ii) For r = p, let { = deg, g and m = deg, h with the second
degree deg, as in (4.2.4). Since g'h’ # 0, we find dy =degg’ =(—1
and d; =degh’ =m—1 for all (g, h) € C and it is sufficient to show
{ = m. We have

g=x"+gx'+0x" 1),
h=xP+hx™+0(x™ )

with g¢, hm € FX. The highest terms in h' and g o h are given by

he = (xP + hpx™ +0(x™ )"
— Xf‘p + max(€—1 Jp+m + O(X(E—l Jp+m—1 )/

goh=xP"+hDx™ +O(x(™~1IP) + gpx'P + tgehymx ! )p?m )
+O(X(€f1)p+mf1) _i_O(X(zf])p). 4.3.7

Algorithm 4.10 of von zur Gathen (2013) computes the compo-
nents g and h from f, provided that hy,—1 # 0. We do not assume
this, but can apply the same method. Once g; and h,, are deter-
mined, the remaining coefficients first of h, then of g, are computed
by solving linear equations of the form uh; = v, where u and v are
known at that point, and u # 0. Quite generally, g is determined by
f and h, see Lemma 4.1.3.

For (g*,h*) € C, we find that (g¢, hi) = (g7, hy,) implies (g, h) =
(g*, h*) by the uniqueness of the procedure just sketched. Inspection
of the coefficient of x(*"1/P*™ in (4.3.7) shows that g, = gj if and
only if h;, =hJ,.

Now take some (g*,h*) € C and assume that { # m. Then
deg,(goh) is one of the two distinct integers mp or {p. If m > ¢,
then h}, (and hence hy,) is uniquely determined by f, and otherwise
g¢ is. In either case, we conclude from the previous observation that
(g,h) = (g*, h*). This shows { = m if (g, h) # (g*, h*). O

A common right component (over K) of two polynomials h, h* € K[x]
is a nonlinear polynomial v € K[x] such thath =uovand h* =u*ov
for some u, u* € K[x]. We now state an assumption which we use in
Proposition 4.3.23, the lemmas thereafter, and in Proposition 4.4.4.

Assumption 4.3.8. Let f € P (F) have a 2-collision {(g, h), (g*, h*)}.
We consider the following conditions.

(A1) The derivative f’ is nonzero.

(A2) The degrees of all components are equal, that is, deg g = deg g*
degh = degh*.

(A3) The right components h and h* have no common right compo-
nent over K.
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(A4) For all ¢ € K, neither g — ¢ nor g* — ¢ have roots in K with
multiplicity divisible by p.

(As) The degrees of g’ and h*' are equal.
Lemma 4.3.9. Let f € Py, (F) have a 2-collision {(g, h), (g*, h*)}.

(i) Assumption (A1) holds if and only if all derivatives g’, g*', W/, and
h*’ are nonzero.

(ii) If h or h* is indecomposable, then (A3) holds. In particular, it holds
if degh = degh* is prime.

(iii) If deg g =p and (A1) holds, then (A4) holds.
(iv) Ifn = p? and (A7) holds, then (As) holds.

(v) If (A1), (Az), and (As) hold, then degg’ = degg*’ = degh’ =
degh*'.

Proof. (i) The claim follows from the fact that f" = g’(h)-h’.

(ii) Assume that h is indecomposable. Then a common right com-
ponent of h and h* would imply h = h* and thus (g, h) = (g*, h*),
by Lemma 4.1.3, a contradiction. Hence (A3) holds. Moreover, poly-
nomials of prime degree are indecomposable.

(iif) If a root multiplicity of g — ¢ was divisible by p for some
¢ € K, then g—c = (x— a)P for some a € K. This would imply g’ =0,
contradicting (A7). Similarly, for all ¢ € K the root multiplicities of
g* — c are not divisible by p. Thus (A4) holds.

(iv)—(v) We can apply Proposition 4.3.5, since degg = degg* =
degh = degh* by n = p? or (A;), respectively, and g’h/g*’h*’ # 0
by (A1) and (i). Then (ii) of the cited proposition shows degg’ =
deg g*’ = degh’ = degh*’, proving (iv) and (v). O

In Example 4.3.13 we show that Assumption 4.3.8 holds for the
collisions in Fact 4.2.1 and in Theorem 4.2.22. We need the next two
propositions to check (A3) for these collisions.

Proposition 4.3.10. Let 1 be a power of p, let a, a* € F and m be a positive
divisor of v —1,{ = (r—1)/m, and

h=x(x*"—a)™,
h* =x(xt —a")™.
If h and h* have a common right component, then h = h*. In particular,

the right components in 2-collisions of the form as in Fact 4.2.1 have no
common right component.

Proof. By Henderson & Matthews (1999, Theorem 4.1) it suffices to
prove the claim for additive polynomials, that is, for m = 1. Further-
more, we can assume without loss of generality that F is algebraically
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closed. Let v € P,v(F) be a common right component of h and h*
with h = uov and h* = u* ov for some u,u* € Ppk(F), v >1,and
r = p**Y. Then u, u*, and v are additive polynomials; see Cohen
(1990b, Lemma 2.4). By Ore (1933, Theorem 3 in Chapter 1) and since
F is algebraically closed, we may assume v = 1 and v = xP — bx, for
some b € F. Foru =3 ooy uixP', we have

h=x"—ax=uo (xP —bx)

i i
=wx" + Z (ui—1 —uib? )xP —ugbx.
1<i<k

Thus ux = 1 and ui_1 = uibpi = Higjgkbpj, for 1 <1i < k. More-
over, a = uob = []oj<k bP’ is uniquely determined by b. Thus
a=a*and h="h" O

Proposition 4.3.11. Let r, b, a, a*, m, m*, g, and h be as in Theo-
rem 4.2.22. Then g and h are indecomposable.

Proof. Let g=uov withu € Pi(F), v € P¢(F), k{ =1, and ¢ > 1. Then
p | £. By Lemma 4.3.1 we have

L'Jvi1 (a0) =g~ '(0) = {0, a}. (4.3.12)

aoGu_] (0)

Since v is original, we have {0} C v=1(0) C {0,a}). If v 1(0) = {0},
then v = x! and thus p | £ | m, by (4.3.2), in contradiction to p { m.
Thus v—'(0) = {0, a}. Since the union in (4.3.12) is disjoint, we find
that u='(0) = {0} and 0 is the only root of u. Hence u = x* and
k | gcd(m, m*) =1, by (4.3.2) and Proposition 4.2.26 (i). Therefore u
is linear and thus g is indecomposable.

By (4.2.24) and Proposition 4.2.26 (i), we find h = x™ H and h —
a = (x — b)™H* with squarefree polynomials H and H*. Thus h!®! =
x™H for squarefree H = H* o (x + b). We find that h is decomposable
if and only if h!®! is decomposable. By Proposition 4.2.26 (iii) either
m > r/2 or m* > r/2. If m > r/2, then we rename h as h!®), H as H
and m as m*. We have in either case m* > r/2.

Now let h = uov with u € P (F), v € P¢(F), k{ =1, and £ > 1.
Then p | £. The only multiple root in h is 0, since H is square-
free, by Proposition 4.2.26 (i). Its multiplicity is multg(h) = m* =
multp(u) - multy(v). Thus multy(v) | m* and hence p { multy(v).
Since the multiplicities of v sum up to {, which is divisible by p, there
is another root by # 0 of v. Then 1 = multy, (h) = multy(u) - multy, (v)
and thus multg(u) = 1. Hence multy(v) = m*. We have £ > m* > r/2,
thus £ = r and u is linear. O

Example 4.3.13. Assumption 4.3.8 holds for the #T-collisions in Fact 4.2.1
with #T > 2 and the 2-collisions in Theorem 4.2.22. In both cases (A3)
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holds by definition. Assumption (A3) follows from Proposition 4.3.10
and from Proposition 4.3.11 and Lemma 4.3.9 (ii), respectively.
The derivatives of the components in Fact 4.2.1 are

g/ _ —usTt_] (XE _usrt—1 )m—1,

h' = —st(x! —st)™ . (4-3-14)
Since u, s, t € F*, we find degg’ = degh’ = {(m —1) > 0, indepen-
dent of t € T, and thus (As) holds. By (4.3.6), degf’ > 0 and thus
(A1) holds. If there is c € K such that g — ¢ has a multiple root b € K,
then b is also a root of g’ by Lemma 4.3.4. Since g'~1(0) € g~'(0) by
(4.3.14), we have only simple roots in g —c for ¢ # 0. The multiple
roots of g have multiplicity m and (A4) follows from p{fm |r—1.
For the collisions in Theorem 4.2.22, (A4) follows similarly from
p f mm*. Finally, (A7) and (As) are satisfied by (4.2.27) and a, a*,
b e F~.

Lemma 4.3.15. Let f € F[x] be monic and y be transcendental over K(x).
Then f —y € K(y)[x] is irreducible.

Proof. Assume f —y = uv for some u,v € K[x,yl. The degree in y
of f —y is deg (f —y) = 1 = deg, u+deg, v. Thus we may assume
deg, u=1and deg v =0. Then av = —1, where a € K[x] is the lead-
ing coefficient of uin y. Thus v € K[x]* = K* and f —y is irreducible
in K[x,yl. A factorization of f —y in K(y)[x] yields a factorization
in K[x,y], by the Lemma of Gauf;, see Lang (2002, Corollary 2.2 in
Capter IV). Hence f —y is also irreducible in K(y)[x]. O

Let f € P,,(F) with f/ # 0 and y be transcendental over K(x). Then
f—y € K(y)[x] is irreducible and separable over K(y), by Lemma 4.3.15
and since the derivative of f —y with respect to x is (f —y)’ = f’ # 0.
In particular, f —y € F(y)[x] is irreducible and separable. Let o € K(y)
be a root of f —y. Then K(y)la] = K(x) is a rational extension
of K(y) of degree n. Let M be the set of intermediate fields be-
tween K(«) and K(y) and R = {h € P,,(K): m | n and thereis g €
P /m(K) such that f = g o h} be the set of right components of f.

Fact 4.3.16 (Fried & MacRae (1969), Proposition 3.4). Let f € P, (K)
with £ # 0 and let o« € K(y) be a root of f —y € K(y)[x]. Then the map

R—=M,

h s K(h() (4-3.17)

is bijective.

The fact follows from Fried & MacRae (1969, Proposition 3.4). In-
deed, for each u € K[x] of degree m there is exactly one v € P, (K)
such that u = { o v for some linear polynomial ¢ € K[x]; see von zur
Gathen (2013, Section 2).
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The sets R and M can be equipped with natural lattice structures
for which (4.3.17) is an isomorphism.

We now use the theory of places and ramification indices in func-
tion fields; see Stichtenoth (2009) for the background. A place in a
function field L over K is the maximal ideal of some valuation ring
of L over K. For an finite extension M of L a place p in M is said
to lie over a place P in L if P C p. Then we write p | P and de-
fine the ramification index of p | P as the integer e(p | P) such that
vp(a) =e(p | P)-vp(a) for all a € L, where v, and vp are the corre-
sponding valuations of p and P, respectively; see Stichtenoth (2009,
Proposition 3.1.4 and Definition 3.1.5).

Later, we translate this into the language of root multiplicities of
polynomials. First, we need the following result, which is proven in
Dorey & Whaples (1974, Lemma 1) for rational function fields under
the assumption that the characteristic of K is zero. Our proof avoids
this assumption.

Theorem 4.3.18. Let L, M, M*, N be function fields over K such that
L € M,M* C N are finite separable field extensions and M ® M* =
MM* = N. Let P be a place in L, and p, p* be places over P in M and M*,
respectively. Assume that at least one of the ramification indices m = e(p |
P) and m* = e(p* | P) is not divisible by the characteristic of K. Then there
are ged(m, m*) places q in N which lie over p and over p*. Moreover, for
such a place we have e(q | P) = lem(m, m*).

Proof. Abhyankar’s Lemma says that for a place g in N over p and
over p*,
e(q| P) = lem(m, m"), (4-3-19)

see Stichtenoth (2009, Theorem 3.9.1). Now we proceed as in Dorey
& Whaples (1974). For places p, p*, and q over P in M, M*, and N,
respectively, we denote by A = f, ﬁp, K/l\*p*, and N9 the completions
of L, M, M*, and N with respect to P, p, p*, and q, respectively. The
tensor product N @m MP is the direct sum of the completions of N
with respect to the places in N over p, and M* ® A is the direct sum
of the completions of M* with respect to the places in M* over P; see
Neukirch (1999, Proposition 8.3 in Chapter II). Since M @1 M* = N,
we have

@Nq =N @y MP = M* @ M ey MP = M* @ MP
qlp
=M@ (A@A MP) = (M* @1 A) @4 MP

where the last direct sum is taken over all places pj in M* over P. We
show that M*?” ® A MP is the direct sum of the completions of N with
respect to the places that lie over p and p*. For this purpose, consider
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the (external) composite fields of M*P" and MP in an algebraic closure
Q of N9; those are the field extensions I' C C O of A such that there
are two field homomorphisms which map M*P" and Mp respectively,
into I" and whose images generate I'. Then M*p ®a MP is the direct
sum of the composite fields of M*?P" and MP; see Jacobson (1964,
Theorem 21 in Chapter I). Each such composite field I is isomorphic
to a summand in B, N4 , by the Krull-Remak-Schmidt Theorem; see

Lang (2002, Theorem 7.5). Thus there exists q | p such that ' = INER
Since T is an extension of M*p we find q | p as claimed. On the
other hand, for a place q in N over p and p*, Ncl is a composite field
of M*?" and M? and thus isa summand in M*P" A MP.

The summands of M**" RN MP are of degree lem(m, m*), by
(4.3.19), and the A-dimension of M*?" @, MP is mm*. Thus there
are mm*/lem(m, m*) = ged(m, m*) places over p and p*. O

In the following we link the notion of places and ramification
indices to the notion of roots and root multiplicities. Let K(t) be a
rational function field. Then the local ring O, = {g/h € K(t): g,h €

K[t],degg < degh} is the 1/t-adic valuation ring of K(t) and P, =
(1/1)O« is its maximal ideal. For ¢ € K, the local ring Oy ={g/h €

K(t): g,h € K[t],h(c) # 0} is the (t — c)-adic valuation ring of K(t)
and P; = (t —¢)O¢_ is its maximal ideal. We denote the (t — c¢)-adic
valuation by vp_. Then we have for f € K[x]

vp, (f(t)) = mult. (f). (4.3.20)

Since the irreducible polynomials in K[t] are linear, the places P, and
P. for all ¢ € K are pairwise distinct and comprise all places in K(t);
see Stichtenoth (2009, Theorem 1.2.2). We call the places P. finite
places. The map

K — {P: P is a finite place in K(t)},
(4.3.21)

c— Pe
is bijective.
Lemma 4.3.22. Let f € P, (K) with f' # 0, let o € K(y) be a root of
f—y e K(y)[x], let b,c € K, and let P. and qy, be the corresponding finite
places in K(y) and K(«x), respectively. Then qy | Pc if and only if f(b) =
Furthermore
e(qp | Pe) = multy (f —c).

Proof. Let qp | Pc. Then y—c € qp and thus f(a¢) —c = y—c =
(e —b)g/h for g,h € Kla] with h(b) # 0. Hence, f(b) —c = (b —
b)g(b)/h(b) = 0.

Conversely, let f(b) = ¢. Then x —b | f(x) —c in Kla] . Let
(y—-c)g/h € P. for some g,h € Kly] with h(c) # 0. Then h(f(b)) =
h(c) # 0 and thus (y —c)g/h = (f(a) —c)g(f(a)) /h(f(«)) € qu.
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By (4.3.20) and since vp_ (y —c) = 1, we have e(qy | Pc) = vg, (y —
c) = Vg, (f(or) —¢) = multy, (f —c). [

Proposition 4.3.23. Let ¢ € K and f € P (F) have a 2-collision {(g, h),
(g%, h*)} satisfying (A1)~(A4) in Assumption 4.3.8. For a € g~ '(c) and
a* € g* ' (c), there are exactly ged (multq (g — ¢), multy«(g* —c)) roots
b € f'(c) such that h(b) = a and h*(b) = a*. Furthermore, for each
such root b we have

multy, (f — ¢) = lem (mult, (g — ¢), multg«(g* —¢)) . (4.3-24)

Proof. By (A1) we have f’ # 0 and thus f —y € F(y)[x] is irreducible
and separable; see Lemma 4.3.15 and the paragraph thereafter. Let
« € K(y) be a root of f —y, M = K(h(«)) and M* = K(h*(«)), as in
(4.3.17). Then « is a root of h — h(«) and by Lemma 4.3.15, h — h(«)
is irreducible in M[x]. Thus the minimal polynomial of x over M is
h —h(«), and similarly the minimal polynomial of h(x) over K(y) is
g —y. Hence [K(x): M] = degh and [M: K(y)] = deg g. Figure 4.3.25
illustrates the relation between these field extensions and their respec-
tive minimal polynomials.

/\m
N

Figure 4.3.25: Lattice of subfields

By Fact 4.3.16 and since MM* C K(«), there is a monic origi-
nal v € K[x] such that MM* = K(v(«)). Since M C MM?*, there is
u € K[x] such that h =uov, by applying Fact 4.3.16 to K(o) | M. Sim-
ilarly, there is u* € K[x] such that h* = u* ov. Hence v = x, by (A3),
and MM* = K(«). Moreover, MM* is contained in M ® ;) M* as a
direct summand; see Jacobson (1964, Theorem 21 in Chapter I). Their
K(y)-dimensions both equal deg f = deg g- degh = (deg g)?, by (Ay).
Thus M ® () M* = MM* = K(a). Let P. be as in (4.3.21). Since, by
Lemma 4.3.22, the root multiplicities of g — ¢ are the ramification in-
dices of the places over P, in M, (A4) rules out finite wildly ramified
places in M | K(y). Thus we can apply Theorem 4.3.18, as follows.
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Figure 4.3.26: Roots and multiplicities

Let m = multq(g — c) and m* = multq-(g* — ¢), see Figure 4.3.26.
By Lemma 4.3.22, there are finite places p, and p}. over P. in M and
M*, respectively, with m = e(pq | Pc) and m* = e(p}. | Pc). Then,
by Theorem 4.3.18, there are gcd(m, m*) places q over py and p}. in
K(et). By the bijection (4.3.21), for each such place q there is b € K
such that q = qp, and by applying Lemma 4.3.22 to K(«x) | M and to
K(x) | M*, we find b € h='(a) nh* T(a*) C f~'(c). On the other
hand, for b € h='(a) N h*~"(a*), the place qp lies over p, and pj..
Thus #h~'(a) Nh* ' (a*) = ged(m, m*) and multy, (f —¢) = e(qp |
P.) =lcm(m, m*), by Theorem 4.3.18. O

Combining (4.3.24) and (4.3.2), for b € K, a = h(b), a* = h*(b),
and ¢ = f(b), we find multy(g — c)- multy (h— a) = multy(f—c) =
lem (multq (g — ¢), multy+(g* — ¢)) and thus

multy (h— a) = lem (multg (g — ¢), multg+<(g* —¢)) /multq (g —c).
(4.3.27)
Hence, the root multiplicities of h — a are determined by those of
g—cand g* —c.
From Proposition 4.3.23 we derive further results about the root
multiplicities of f, g, and g*.

Lemma 4.3.28. Let ¢ € K, r be a power of p, f € P,2(F) have a 2-collision
{(g, ), (g%, ")} satisfying Assumption 4.3.8, and let a € g '(c)and e =
mult, (g — c). Then the following hold.
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(i) We have
ged{multy-(g* —c): a* € g e)y=1. (4-3-29)

In particular, if e divides multq+(g* — c) for all roots a* € g*'(c),
then e = 1.

(ii) The multiplicity e either equals 1 or divides multy«(g* — c) for all
roots a* € g* ' (c) but exactly one.

Proof. (i) Let d be the gecd of all root multiplicities of g* —c. Then d
divides Za*EQ*’](c) multe-(g* —c) = deg(g* —c) = r. Thus dis a
power of p and hence all multiplicities of g* — c are divisible by p if
d > 1, which contradicts (A4), and (i) follows.

Before we start with the proof of (ii), we introduce some notation
and results for arbitrary ¢ € K, a € g~'(c), and a* € g* "(c). We
define

i(c,g) =) multa(g"),
agg~'(c)
i(c,h*) = ) multy(h*'),
bef-1(c)

jla,a*) =) multy(h*’),
beh—1(a)nh*~ ' (a*)

(4.3-30)

and have

Y ilc,g) =degg’,

cek
Z i(c,h*) = degh” ’/
ceK (4.3.31)
Zj(a/ (1*) :i(clh*)l
aeg'(c)
a*eg*f'l (C)

since Ucng*1 (c) =K, UCer*1 (c) =K, and

#1(e)= [Jn (@) n (@)

aeg~'(c)
a*eg*f] (C)

by Lemma 4.3.1.
By (A4), p t multy(g —c) and thus multy(g’) = multq(g—c) —1,
by Lemma 4.3.4. Hence for c € K we have

i(c,g) = Z(multa(g —c)—1)=degg— #g_] (c). (4.3.32)
aeg'(c)

Let e = mult,(g—c) and e* = multq+(g* —c). By Proposition 4.3.23,
the set h~'(a) N h*~"(a*) has size gcd(e,e*) and for a root b €
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h~"(a) N h*~'(a*), we have mult,(h* — a*) = multy(f —c)/e* =
lem(e, e*)/e*, by (4.3.27). Thus mult,(h*’) = lem(e,e*)/e* — 1 by
(A4) and Lemma 4.3.4 and we have

jla,a*) =gcd(e, e*)- (lcm(e,e*)/e* —1) = e—gecd(e, e*).  (4.3.33)

We now show

Y jla,a) ze—1. (43-34)

a*eg*(c)

Let ag, ..., aj be the roots of g* —c in K and e] = multq:(g* —c) be
their multiplicities. If e divides all e}, then e = 1 by (i) and (4.3.34)
follows trivially. If e divides all e except exactly one, say e { e§ and
elef for1 <i<{, then the ged of e and e divides all e and hence
d1v1des ged{el: 0 < 1 < {} = 1; see (4.3.29). Thus gcd(e ey) =1,
jla,ay) =e—1by (4.3.33), and (4.3.34) follows.

Now assume that e does not divide at least two e, say e { e}
and e { ej. Then gcd(e, ef) # e, ged(e, ef) < e/2, and j(a,af) > e/2
by (4.3.33) for i = 0,1. Hence, (4.3.34) holds with strict inequality.
Summing both sides of (4.3.34) over all roots of g — c yields

i(c, ") Z)aa >Zmulta —c)—1)=1i(c,g)
acg'(c) aeg'(c)
a*eg* ' (c)

by (4.3.30) and (4.3.32). With (4.3.31), this leads to
degh*’ > degg’,
a contradiction to (As). O

Lemma 4.3.35. Let c € K, v be a power of p, and let f € P> (F) have a 2-
collision {(g, h), (g*, h*)} satisfying Assumption 4.3.8. Then the following
statements are equivalent.

(i) g — c is squareful.
(i) g* — c is squareful.
(iii) f — c is squareful.
Furthermore, if g — c is squareful, then g — c has at most one simple root.

Proof. Assume that g — c is squareful. Then there is a root of g —c¢
with multiplicity greater than 1. This multiplicity divides all multi-
plicities of g* — ¢ but exactly one, by Lemma 4.3.28 (ii). Hence all
multiplicities of g* — c but at most one are greater than 1. Thus g* —c¢
is squareful and has at most one simple root. We interchange the
roles of g and g* in Lemma 4.3.28 and obtain the equivalence of (i)
and (ii) and the last claim.
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Now let a € K be a multiple root of g —c, and b € h~'(a). Then
multy (f — ¢) = multy(g —¢) - multy (h —h(b)) > 1, by Lemma 4.3.1,
and thus f — ¢ is squareful.

It is left to prove that if f — c is squareful, then g —c or g* —c is
squareful. Let b € K be a multiple root of f —c. Then 1 < multy (f —
¢) = lem(multy, (p)(g — ¢), multy«(,)(g* — c)), by Proposition 4.3.23.
Thus multy, (p)(g —¢) > 1 or multy«(p)(g* —c) > 1. O

Lemma 4.3.36. Let r be a power of p, and let f € P2 (F) have a 2-collision
{(g, ), (g%, h*)} satisfying Assumption 4.3.8. Then the following hold.

(i) There is at most one c € K such that f — c is squareful.
(ii) Forallc € K, #g7'(c) = #g*_] (c).

Proof. (i) Assume g — c is squareful, for some ¢ € K. Then g—c
has at most one simple root, by Lemma 4.3.35. Thus r = degg =
Y acqg1(c)multa(g—c) = 1+2(#g ' (c) —1). Hence #g~'(c) < (r+
1)/2 and thus i(c,g) = r—#g '(c) > (r—1)/2, by (4.3.32). Now, if
there is another value c¢o € K\{c} such that g —c¢ is also squareful,
then r—2 > degg’ = ) .cxilc,g) > r—1, by (4.3.31). By this con-
tradiction, there is at most one ¢ in K such that g — ¢ is squareful.
Hence there is at most one ¢ in K such that f —c is squareful, by
Lemma 4.3.35.

(ii) If g — c is squarefree, then so is g* — ¢, by Lemma 4.3.35, and
both have exactly deg g = deg g* = r roots. If g — c is squareful, then
by (i), ¢ is unique with this property and thus the roots of g’ are the
multiple roots of g — c by Lemma 4.3.4. Hence

degg’ = multyeg-1(c) mult, (g’) = i(c,g) = degg —#g ' (c)
(4-3-37)
by (4.3.32). Interchanging the rdles of g and g* shows degg*’ =
deg g* —#g*'(c) and Lemma 4.3.9 (v) yields deg g’ = deg g*/, thus
#g7"(c) =#g9" ' (c). O

The previous lemmas deal with the root multiplicities over K. The
next lemma shows that certain parameters are in F, when F is as-
sumed to be perfect.

Lemma 4.3.38. Let T be perfect, c € K, v be a power of p, and f € P2(F)
have a 2-collision {(g, h), (g*, h*)} satisfying Assumption 4.3.8. Then the
following hold.

(i) If f — c is squareful, then c € F.

(i) If g—c = g7 g32 for some monic squarefree coprime polynomials
g1, 92 € K[x] and integers my # m,, then c € Fand g1,g2 € FIx].

(iii) If a € Fand h—a = hi"h3" for some monic squarefree coprime
polynomials hy,hy € K[x| and positive integers mq # my, then
h] , hz c F[X].
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Proof. Since F is perfect, K is Galois over F. An element c € K is fixed
by all automorphisms in the Galois group Gal(K | F) if and only if
ceF

(i) Let f — ¢ be squareful and o € Gal(K | F). Then o(f —c) = f —
o(c) is squareful as well. Indeed, if f —c = (x — a)?u for some a € K
and u € K[x], then o(f —c) = (x — ca)?c(u). But by Lemma 4.3.36 (i),
c is unique and thus ¢ = o(c). This holds for all 0 € Gal(K | F) and
hence ¢ € F.

(ii) Since m; # my, g —c is squareful and thus f — c is squareful,
by Lemma 4.3.35. By (i), we find ¢ € F. Let 0 € Gal(K | F). Then
g7'93% = g—c = o(g—c) = o(g1)™o(g2)™2. Since my # my,
unique factorization implies that gi = o(gi) and thus g; € F[x] for
i=1,2.

The proof of (iii) is analogous to that of (ii). O

4.4 CLASSIFICATION

There is no ... Mathematician so expert in his
science, as to place entire confidence in any truth
immediately upon his discovery of it ... Every time
he runs over his proofs, his confidence encreases;
but still more by the approbation of his friends;
and is raised to its utmost perfection by the
universal assent and applauses of the learned world.

— David Hume

We use the results of the previous section to describe in Propo-
sition 4.4.4 the factorization of the components of 2-collisions at de-
gree 12 satisfying Assumption 4.3.8 over a perfect field F. All non-
Frobenius collisions at degree p? satisfy this assumption and in The-
orem 4.4.9 we provide a complete classification of 2-collisions at that
degree over a perfect field. That is, the 2-collisions at degree p? are
up to original shifting those of Example 4.1.4, Fact 4.2.1, and The-
orem 4.2.22. This yields the maximality of these collisions (Corol-
lary 4.4.11) and an efficient algorithm to determine whether a given
polynomial f € P2 (F) has a 2-collision (Algorithm 4.4.14). In the next
section we use this classification to count exactly the decomposable
polynomials over a finite F.

Let F be a perfect field and denote by K = F an algebraic closure
of F.

Definition 4.4.1. Let v be a power of p and f € P.2(F) have a 2-
collision {(g, h), (g*, h*)} satisfying Assumption 4.3.8. We call f multi-
ply original if there is some ¢ € K such that f — ¢ has no simple roots
in K. Otherwise, we call f simply original.

By Lemma 4.3.36 (i), there is at most one ¢ € K such that f —
c is squareful. Since F is perfect, such a c lies in F if it exists, by
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Lemma 4.3.38 (i). Furthermore, if f is multiply original, then there is
some ¢ € F such that f —c is squareful. If f is simply original, then
either f — c is squarefree for all ¢ € K or there is a unique ¢ € F such
that f — c is squareful and has a simple root.

Example 4.4.2. Assumption 4.3.8 holds for the 2-collisions M(a, b, m)
of Theorem 4.2.22 and the #T-collisions S(u, s, e, m) of Fact 4.2.1 with
#T > 2; see Example 4.3.13. Moreover, a polynomial M(a, b, m) has
no simple roots and is therefore multiply original. When #T > 2, then
f = S(u,s, ¢, m) is squareful with a simple root if m > 1, and f —c is
squarefree for all c € Kif m = 1.

Proposition 4.4.4 and Theorem 4.4.9 answer the converse question,
namely whether every simply original or multiply original polyno-
mial can be obtained as S(u, s, ¢, m)™) or M(a, b, m)™/, respectively.
We need the following graph-theoretic lemma.

Lemma 4.4.3. Let G = (V, E) be a directed bipartite graph with bipartition
V = A UA*, where the outdegree of each vertex equals £ > 1 and #A =
#A* = L+ 1. Then some vertex in A is connected to all other vertices in A
by a path of length 2.

Proof. Let A ={0,..., ¢}, A* ={(+1,...,20+ 1}, and M the (2(+2) x
(2€ + 2) adjacency matrix of G having for each edge from i € AUA*
to j € AUA* the entry 1 at position (i,j) and entries o everywhere
else. Since G is bipartite, we have

M:ON,
N* 0

where N and N* are (£ + 1) x ({ + 1)-matrices satisfying the following
properties by the assumptions of the lemma.

(i) Each row in N has exactly one entry o and all other entries 1.
(ii) Exactly £+ 1 entries of N* are o and all other entries are 1.

The number of paths of length 2 that connect a vertex i € A to a
vertex j € A is given by the entry (i,j) of

w2 (N-N° 0
0 N*N/

If every column of N* contains at least two 1’s, then N - N* has only
positive entries, because of (i), and every vertex in A is connected to
all other vertices in A by a path of length 2. Otherwise, N* has a
column j that contains at most one 1. Because of (ii), every different
column of N* contains at most one 0. Because of { > 1 and (i), all
entries at (j,j’) with j* # j in N-N* are positive. Starting from j we
can reach all other vertices by a path of length 2. O
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Thanks go to Rolf Klein and an anonymous referee for this proof,
much simpler than our original one.

Proposition 4.4.4. Let 1 be a power of the characteristic p > 0 of the perfect
field F and let f € P,2(F) have a 2-collision {(g,h), (g*, h*)} satisfying
Assumption 4.3.8. Then exactly one of the following holds.

(s)

(m)

The polynomial f is simply original. Let m = (r—1)/(r—1—
degg’). Then there are w € F and unique monic squarefree poly-
nomials f, g, R, g*, and h* in F[x], none of them divisible by x,
with f of degree (v2 —1)/m and the other four polynomials of degree
r—1—degg’ = (r—1)/m such that

R = xhm™, (4.4.5)
(g9 W =x(g)™,
(h*)[w] — X(ﬁ*)m

Ifdeg f’ > 0, then w is unique. Otherwise, factorizations (4.4.5) with
the claimed properties exist for all w € F.

The polynomial f is multiply original and there are a, b, and m as in
Theorem 4.2.22 and w € F such that

W = M(a, b, m)

and the collision {(g, W)™, (g*, W*)™) is as in Theorem 4.2.22.

Proof. Every polynomial satisfying the assumption of the proposition
is either simply original or multiply original by Definition 4.4.1. So,
at most one of the two statements holds and it remains to exhibit
the claimed parameters in each case. We begin with two general
observations.

(i) Ifdegf’ =0, then f —c is squarefree for all ¢ € K, by Lemma 4.3.4.

(i)

Thus f is simply original. Moreover, f*! has derivative (")’ =
f’o(x+w) =f" € F* for all w € F and is therefore squarefree.

If degf’ > 0, then there is some ¢ € K such that f —c has
a multiple root by Lemma 4.3.4. Moreover, ¢ is unique by
Lemma 4.3.36 (i), and in F by Lemma 4.3.38 (i). Let #g~'(c) =
¢+ 1 be the number of distinct roots of g —c in K. Then, by
Lemma 4.3.36 (ii), g* — c also has { + 1 roots in K and

t=r—1—degg’ >1, (4.4.6)

by (4.3.37). Let ap,...,a¢ and ag, ..., aj be the distinct roots of
g —c and g* —c, respectively, and let e; = multq, (g —c) and
e} = multy: (g* —c) be their multiplicities, that is,

g—c= [ x—a0)®, g—c= ][] x—a))% (447

0<ige 0<ige
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By Proposition 4.3.23, for each i and j the set Bij; = h~'(a;) N
h* ] (a;") C K has cardinality gcd(ey, e]?").

We now deal with the two cases of the theorem separately.

Case (s): Let f be simply original. First, if deg f’ =0, then deg g’ =
0, by (4.3.6). Hence m = (r—1)/(r—1—degg’) = 1 and vl —
gl o Wl — (g*) (MWl o (h*)D] is squarefree for all w € F, by (i).
Thus the monic polynomials f=f/x, g =ghWl/x, h = hW)/x,
g* = (g*)[h*(w)]/x, and h* = (h*)™!/x are also squarefree and not
divisible by x, and (4.4.5) holds for all w € F.

Second, we assume deg f’ > 0 for the rest of case (s). By (ii), there
is a unique ¢ € F such that f — ¢ has multiple roots and we assume
the notation of (4.4.7) for g—c and g* — c. By the definition of simple
originality, f — ¢ has a simple root, say by € f~'(c). Furthermore,
g—c and g* — c also have simple roots, since

1 = multy, (f — ¢) = lem(multy (p,)(g — ¢), multy«(p,)(g" —¢))

by Proposition 4.3.23. But g —c and g* — ¢ have at most one simple
root by Lemma 4.3.35. We may number the roots so that these unique
simple roots are ap = h(bp) and aj = h*(bo), both with multiplicity
eo =¢ej=1,and e, el > 1foralli>1.

By Lemma 4.3.28 (ii) and using ej = 1, each e; with i > 1 divides
all e;‘ with j > 1. Similarly, each e}k with j > 1 divides all e; with
i > 1. Thus all these multiplicities are equal to some integer m > 2,
and with r = degg = 1+ {m from (4.4.7), we have m = (r—1)/{ =
(r—1)/(r—1—degg’) by (4.4.6). Therefore

~TN ~*)m

g—c=(x—aop)d™, g"'—c=(x—a})(g

with monic squarefree polynomials § = [[1¢ic,(x —ai) and §* =
[Ticice(x—a}) € Kix]. We find ao, a5 € F and g, §* € FIx] by
Lemma 4.3.38 (ii).

Next, we show that h — ap and h* — aj have the same root mul-
tiplicities as g* — ¢ and g — ¢, respectively. For 0 < i < {, we find
from (4.3.27) with the unique b; € Bp; and the unique b} € B as
implicitly defined in (ii) that

multy, (h — ap) = lem(multq, (g — ¢), multqy (g"—c))
= multaf(g* —c),
multy: (h" — ag) = multq, (g —¢).
Since #Bo,0 = 1 by Proposition 4.3.23, we have by = b{ and arrive at
h—ag = (x—bo)h™, h*—a} = (x—bpo)(h*)™

with monic squarefree polynomials h = [T;<;<,(x —b;) and h* =
[Ti<ice(x—b}) € KIx]. Again, we find by € F and h, h* € Flx], by
Lemma 4.3.38 (iii).
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ﬁ: ho (x+bp)

Finally, we let w = by, § = QO( + ap), ,
=h-§(xh™). Then h(by)

Q*o(x—i—a(’;),ﬁ*:ﬁ*O(x—i-bo) and f
f(bo) = g(h(bo)) = g(ap) = ¢, and

Q

~

[

x—c)ogo(x+ag) =xg™,
x—ag)oho (x+by) =xh™,

(g9)"
(h*)bv

x—c)og o(x+ay) =x(g")™
x—ag)oh*o (x+bo) = x(h*)™

(
(
(
(

with squarefree monic g, §*, h, and h* of degree { = r—1—degg’.
Furthermore, §(0) = g(ao) = H1<i<z(a0 —ay) # 0. This shows
that § is coprime to x and similar arguments work for §*, and for
h and h* with by # b; for i > 1, since h(bg) = ag # a; = h(by)
for i > 1. Moreover, f = h- H1<1<2(Xﬁm — ai + ap) is monic and
not divisible by x, and "W = glhW)l o KWl — (xg™) o (xA™) = xf™.
Since Bpo = {bo} and lcm(ey, ej) = 1, we find that f — c has a simple
root bo, by Proposition 4.3.23. Furthermore, f —c has } ; ;- #Bi;j =
20+ ¢>m = {(r+ 1) roots with multiplicity m. Thus f is squarefree
and of degree {(r+1) = (r> —1)/m, and the values as claimed in (s)
indeed exist.

For the uniqueness in the case degf’ > 0, we consider another
factorization fWol = xfI' satisfying the conditions of case (s). Then
f(x) —f(w) = fW o (x —w) = (x —=w)(f(x —w))™ and f(x) — f(wg) =
fwol o (x —wp) = (x — wo)(fo(x —wp))™. The value for ¢ such that
f —c is squareful with a simple root is unique for a simply orig-
inal polynomial with degf’ > 0, as remarked in (i). Thus ¢ =
f(w) = f(wp) and (x —w) (f(x —w))™ = (x —wp)(fo(x —wg))™. Since
deg f’ > 0, we have deg g’ > 0 and m > 1. Unique factorization yields
w =wgp and f = fy. An analogous argument works for §, §*, h, and
h*.

This concludes case (s), and we continue with the case (m).

Case (m): Let f be multiply original. Then degf’ > 0 by (i) from
the beginning of the proof. By (ii), there is a unique c € F such that
f —c is squareful, and then f — ¢ has no simple root by Definition 4.4.1
of multiple originality. By Lemma 4.3.35, ¢ —c and g* —c are also
squareful.

Assume that g — ¢ has a simple root. Then { > 0 and we may
number the roots of g — ¢ such that egp = 1 in the notation (4.4.7). By
Lemma 4.3.35, g — ¢ has at most one simple root and thus e; > 1.
By Lemma 4. 3 28 (ii), eq divides all ej but one and we may number
the roots of g* — ¢ such that eq | e for 1 < j < L. Interchanging the
rOles of g and g* in Lemma 4.3. 28 (ii), we have ey | ey since ey =
1. Combining these divisibility conditions shows ef | ged{el: 0 <
j < {} and we find ej = 1 from (4.3.29). Hence there exists some
b € K such that multy, (f — ¢) = lcm(e, ej) = 1, by Proposition 4.3.23,
contradicting Definition 4.4.1 of multiply original by the uniqueness
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of c. Therefore g — ¢ has no simple root and e; > 1 for alli > 0. An
analogous argument for g* shows e} > 1 for alli > 0.

We now proceed in three steps. First, we determine the factor-
izations of g —c and g* — c. Second, we derive the factorizations of
h —a; and h* — a} for the roots a; € g~ '(c) and ai € g**1 (c), re-
spectively. Third, we apply an appropriate original shift and prove
the claimed form.

To compute {, we translate Proposition 4.3.23 into the language of
graphs. We consider the directed bipartite graph on the set V=AU
A* of vertices, with disjoint A ={i: 0 < i< {ffand A* ={i": 0 <i < (L
The set E of edges consists of all (i,j*) with e; | e]?‘ plus all (i*,j) with
el | ej. Each vertex has outdegree {, by Lemma 4.3.28 (ii), since no
root is simple. If £ > 1, then by Lemma 4.4.3 some vertex i in A is
connected to all other vertices in A. Then e; > 1 divides all other
multiplicities of g — ¢, which contradicts (4.3.29) with g instead of g*.
Hence { = 1 and therefore

g—c=(x—ap)®(x—ay)°T,

g —c=(x—ay)®(x—aj)¥

with T < ej,ef <r—1, fori = 0,1. We know by Lemma 4.3.28 (i)
applied to g and g*, respectively, that gcd(ep,e1) = ged(ef, e7) =1
and since e;, el > 1 for i = 0,1, each e; divides exactly one e;‘, by
(i) of the cited lemma, and similarly each e} divides exactly one e;.
By renumbering if required, we assume ey | ej. If e | e, then
gcd(ep,e1) = ep > 1, a contradiction to Lemma 4.3.28 (i). Therefore
e] | eo and we have ey = ej. Similar arguments show ej | e and
e1 | e5, and hence e; = ej. We write m = ey = e} and m* = ey = ej.
Then m and m* are coprime, m* = r —m, since r = ep + e, and
p t m, by (As). Lemma 4.3.38 (ii) yields distinct ap,a; € F and
distinct aj, aj € F with

m*

M(x—ar)™,

g—c=(x—ao)

g-—c=(x— aS)m*(x— aj)™.

For the sets B; ; defined in (ii), we find #Bgo =#Bq1 =1, #Bo1 =
m, and #B; o = m*. The multiplicity of each b;; € By satisfies

m* ifi=j=0,
Iem(e;y, e;*) o
mlﬂtbi/]-(h_ai):T: m ifi=j=1,
' 1 otherwise,
by (4.3.27), and similarly
m  ifi=j=0,
multy, (h* — a]?*) =<{m* ifi=j=1,

1 otherwise.



4.4 CLASSIFICATION

Writing Bp o = {bo,0} and B1,; ={b1,1}, this shows

h—ao = (x—bo,0)™ Ho, h—ay = (x—b1,1)™Hp,

h* —ag = (x —bo,0) " Hp, h—aj=(x—b11)™ Ho
with squarefree monic Ho = [ [, , (x—b) and Hy = [Ty, ,(x—b)
that do not vanish at bgo or by . Lemma 4.3.38 (iii) implies that
b0,01b1,1 € Fand Hy, HZS € Flx].

We use this information to apply the appropriate original shift
to our decompositions. Let w = bgo, a = a; —ap, a* = aj —aj,
and b = by 7 —bp,, with all differences being different from o, and
squarefree monic H = Hp o (x +w) and H* = H{o (x +w). Then
h(w) = ao, h*(w) = a3, g(ao) = ¢*(a3) = ¢, and

g = XM (x — )™,
W =x™H, hM —a=(x—b)™H", e
h*W = xmy*, R g* = (x—b)™ HL
Equations (4.4.8) yield a system of linear equations
x™H— (x—b)™H* = q,
—(x=b)™H+x™H* = a*
over F(x) in H and H*. We apply Cramer’s rule and find
H=(ax™+a"(x—b)™)/b",
H* = (a*x™ +a(x—b)™)/bT,

and a4+ a* = b", since H is monic. Therefore, the polynomials
H and H* are as in (4.2.24) and fW = glhW)l o Riwl — ymm®(x
b)™™ H™(H*)™" = M(a,b, m), as in Theorem 4.2.22. O

For 2-collisions at degree pz, we can refine the classification of
Proposition 4.4.4.

Theorem 4.4.9. Let F be a perfect field of characteristic p and f € P,2(F).
Then f has a 2-collision {(g,h), (g*, h*)} if and only if exactly one of the
following holds.

(F) The polynomial f is a Frobenius collision as in Example 4.1.4.

(S) The polynomial f is simply original and there are u, s, €, and m as in
Fact 4.2.1 and w € F such that

fivl — S(w,s, &, m)

and the collision {(g, h) wl (g*,h*) W is contained in the #T-collision
described in Fact 4.2.1, with #T > 2.

123



124

COUNTING DECOMPOSABLE POLYNOMIALS: THE WILD CASE

(M) The polynomial f is multiply original and there are a, b, and m as in
Theorem 4.2.22 and w € F such that

fvl — M(a,b, m)
and the collision {(g, W)™, (g*, h*)™"1} is as in Theorem 4.2.22.

Proof. By Lemma 4.1.6 (i), f is a Frobenius collision if and only if
' =0.

The rest of the proof deals with the case f’ # 0. Assumption 4.3.8
holds by Lemma 4.3.9, the assumptions in Definition 4.4.1 are satis-
fied, and f is either simply original or multiply original.

For a multiply original f, Proposition 4.4.4 yields the claimed pa-
rameters directly, and we now show their existence in the simply
original case.

We take w, m, §, h as in Proposition 4.4.4 (s) and have

g[h(WH =xg™,
hW = xh™,

We determine the form of g and h. Let ¢ = degg = (p —1)/m.
The derivative of gi"™)) is §™=1(g + mxg’), and its degree equals
degg’ = p—1—¢ by (4.4.6). Thus degg’ = (m — 1)+ deg(g§+
mxg’) = degg’ +deg(g+ mx§’) and deg(g + mxg’) = 0. We write
§ = Yocice9ix" with §; € F for all i > 0. Then §+ mx§’ =
Y o<ice(T+mi)gix' and we have §o # 0 and (1+mi)g; = O for
alli>1.Since 1+mi #0in F for 1 < i < ¢{, it follows that §; = 0 for
these values of i. Thus we get § = x* — g and §o # 0. An analogous
argument yields h = x* — hy with hg # 0. Therefore, we find

) = x(xHPFD) — (AP 4+ go)x! + Goho)™. (4-4.10)
Let
(QOFLO,],O,FLO) if ﬁg—i_go =0,
(w,s,6,t) =< ((A§ +80)P"/(doho)P,
doho/(R8 +§0),1,ho/s) otherwise.

In both cases, u, s, and t are in F* and the equations Pt —eut+u =
0, hp = st, o =usPt~ !, and f = gtWI o WWl = S(1, 5,6, m) hold.

Similarly, we find g*[h*(w)] = x(x' — gy)™ and h* W= x(xt — ﬁg)m
for some §;, ﬁg € F%, and derive the parameters u*, s*, ¢*, and t*
analogously. Since f™ = g*I" Wl o p*WI it follows from (4.4.10)

that ﬁg +§go = (ﬂg)p + g5 and goho = QZ;FLE;. Hence ¢ = ¢*, u = u*,
and s = s*. Since the decompositions are distinct, we have t # t*
and thus (g,h)™! and (g*, h*)™! are both of the form (4.2.3) with
different values for t. O

Corollary 4.4.11. (i) A polynomial in case (S) of Theorem 4.4.9 has a
maximal #T-collision with T as in (4.2.2).
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(ii) A polynomial in case (M) of Theorem 4.4.9 has a maximal 2-collision.

Proof. For a polynomial f with collision C and w € F, we write C™ =
{(g,")™: (g,h) € C} for the corresponding collision of f (wl,

If f is a Frobenius collision as in case (F) of Theorem 4.4.9, then
f is maximal by Lemma 4.1.6 (ii). Now let f be a polynomial with
a 2-collision C = {(g,h), (g*, h*)} that does not fall into case (F) of
Theorem 4.4.9.

(i) If f falls into case (S) of Theorem 4.4.9, we have by that theorem
u, s, ¢, and m as in Fact 4.2.1 and w € F such that f = S(u, s, e, m) [=w]
and C C D(u,s,¢&,m)™™, where D(u,s, ¢, m)="! denotes the #T-
collision described in Fact 4.2.1 shifted by —w.

Take another decomposition (go, ho) # (g, h) of f. We apply The-
orem 4.4.9 to f with 2-collision Coy = {(g,h), (go, ho)}. Due to the
mutual exclusivity of the three cases this falls again in case (S), and
we obtain ug, sg, €9, and mg as in Fact 4.2.1, and wy € F such that
f = S(ug, so, €0, Mo) o) and Cy C D(uo, so, €0, mo) 0!, Thus,

fovel = S(u, s, e, m)Wo = S(uy, 80, €0, Mo).

By Fact 4.2.5 (iv), the only polynomial of the form (4.2.2) in the orbit of
S(u, s, &, m) under original shifting is the polynomial itself. Therefore,

S(u,s, e, m) = S(uo, so, €0, Mo). (4-4.12)

If m > 1, then the stabilizer of S(u,s, e, m) under original shifting
is {0} by Fact 4.2.5 (iii) and we have w = wy. Otherwise, m = 1
and S(u,s,e,m), D(u,s,e,m), and D(up, so, €0, mp) consist only of
additive polynomials which are invariant under original shifting. In
that case, we can assume w = wy without loss of generality.

If e =1, then Fact 4.2.5 (i) yields (u, s, e, m) = (ug, so, €0, mp) from
(4.4.12) and therefore D(u, s, ¢, m) =Wl — D(uy, so, €0, Mo) =) con-
tains (go, ho). Otherwise, ¢ = 0 and Fact 4.2.5 (ii) provides (usP+1 ¢,

m) = (uong, €0, M) from (4.4.12). By the definition of D(uy, so, €o,

mo) "ol via Fact 4.2.1, there is some ty € F satisfying tgﬂ = —up
such that
(ho(=wo)] _ p—mo __ Pi—1ymo _ p—m _  pi—1ym
9o =x(x Upspty )™ =x(x usPt— )™M,

h([)fv\)o] _ X(prmo _ Soto)mo — X(prm _ St)m

for t = tgso/s € F. Since t satisfies tP™' = —u, this shows (go, ho) €
D(u,s, e, m)=wl,

(ii) Let f fall into case (M) of Theorem 4.4.9 and take another de-
composition (go, ho) # (g, h) of f. We apply that theorem to f with
2-collisions C and Cyp = {(g,h), (go, ho)} and obtain a, b, m and ay,
bo, mp as in Theorem 4.2.22 and w, wy € F, respectively, such that

f = M(a,b,m)™ = M(ap, by, mo) 0],
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C = E(a/b/ m)[_w]’ and CO = E(aO/bO/ mo)[—Wo}/

where E(a, b, m)[="! denotes the 2-collision defined in (4.2.23) shifted
by —w, and E(ag, bo, mo) [=wol jg analogous. We have

M(a,b, m) wo—w] _ M(ag, bg, mo). (4.4.13)

The only polynomials in the orbit of M(a, b, m) that are of the form
(4.2.23) are M(a, b, m) itself and M(a, b, m) [b] according to Proposi-
tion 4.2.26 (iv); and by (ii), the stabilizer of M(a, b, m) under original
shifting is {0}. Hence, wo —w =0 or wo —w =b.

If wo = w, then M(ap,bp, mp) = M(a,b, m) from (4.4.13) and
with (iii) of the cited proposition

(ag,bo, mp) € {(a,b,m), (a*, b, m")}.

If wo = w+ b, then M(ao, bo, mg) = M(a, b, m)®) = M(—a*, —b, m)
and again with (iii)

(0.0, bO/ mO) S {(—(l*, _b/ m)r (—(1, _b/ m*)}
In either case, we check E(ag, bg, mo)""o! = E(a, b, m)-"! directly
and therefore (go, ho) € C. O

In particular, the polynomials of case (M) have no 3-collision. We
combine Theorem 4.4.9 with the algorithms of Section 4.2 for a gen-
eral test of 2-collisions in Algorithm 4.4.14.

Algorithm 4.4.14: Identify 2-collisions

Input: a polynomial f € P,,2(F), where p = charF
Output: “(F)”, “(S)”, or “(M)” as in Theorem 4.4.9, if f has a
2-collision, and “no 2-collision” otherwise
1 if f € FxP]\{xP’} then return “(F)”
2 if Algorithm 4.2.18 does not return “failure” on input f, but
k,u,s, e, m,w then
‘ if k > 2 then return “(S)”
end
if Algorithm 4.2.29 does not return “failure” on input f then
‘ return “(M)”
end
return “no 2-collision”

[s- RN B S L

Theorem 4.4.15. Algorithm 4.4.14 works correctly as specified. If F = Fq
and n = p? = deg f, it takes O(M(n)log(pq)) field operations.

The correctness follows from Theorem 4.4.9. Its cost is dominated
by that of Algorithm 4.2.18, where the logn factor is subsumed in
log(pq) since n = p? and pq > p?. If f is found to have a collision,
then that can be returned as well, using Example 4.1.4 for (F).
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4.5 COUNTING AT DEGREE p?

My work always tried to unite the truth with the
beautiful, but when | had to choose one or the
other, | usually chose the beautiful.

— Hermann Weyl

The classification of the composition collisions at degree p? yields
the exact number of decomposable polynomials over a finite field IF.

Theorem 4.5.1. Let p be a prime and q a power of p. For k > 1, we write
ck for #Cpa \ (IFq) as in (4.1.1), & for Kronecker's delta function, and t for
the number of positive divisors of p — 1. Then the following hold.

¢ =2 2qP T 42— (tq—q+1)(g—T1)(gp—q—p)

_(1_5plz)q(q—1)(q2—2)(p—3), ’ ws2)
co=qP -1+ (ta—q +21();q_—1)1)2(p —2)

401 _5plz)q(q—1)(q4—2)(p—3), )

Cpr1 = (Tq—q;(lp)g(z;)(q—p)/ s

ck=0, ifkg{1,2,p+1} (4.5.5)

Proof. For k > 2, we consider Cy = sz,k(IF q)- Theorem 4.4.9 pro-
vides the partition

ce=cyuc® ouc™,
where the sets on the right-hand side correspond to the cases (F),

(S), and (M), respectively. Lemma 4.1.6 (ii), Proposition 4.2.21, and
Corollary 4.2.28 imply that

P11 ifk=2,
#C{P:{q

0 if k >3,
(tq—q+1)(q—1*(p—-2) ..
. 2p—T) ifk=2,
#C > =< (1q—q+1)(q-T)(g—p) .
ifk=p+1,
p(p?—1) P
0 otherwise,

o {(1 AL ICRIC R [ R

k
0 if k > 3.
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Summing up yields the exact formulas (4.5.3), (4.5.4), and (4.5.5).
Finally, there is a total of q?r—? pairs (g, h) € P,(Fq) x P,(Fq) and
therefore (4.5.2) follows from

=g =) ke O
k>2

Equation (4.1.2) now yields the counting result of this chapter,
namely the following exact formula for the number of decomposable
polynomials of degree p? over Fq.

Theorem 4.5.6. Let IFq be a finite field of characteristic p, & Kronecker’s
delta function, and T the number of positive divisors of p — 1. Then

(tq—q+1)(g—T)(gp—p —2)
2(p+1)
q(g—1)(q—2)(p—3)

4

#D 2 (Fq) =q*P 2 —qP ' +1—

- (] - 6p,Z)

Proof. By (4.1.2) and Theorem 4.5.1 we find

#D 2 (Fq) = q*P % —c2 —pepi1,

from which the claim follows. O
For p = 2, this yields

2+q2
#Da(Fq) = g2 =51 —,

consistent with the result in von zur Gathen (2013). Furthermore, we
have

#Do(Fq) = q* (1 — %(qq +q2—q3— q4)> forp =3,
#D,2(Fq) = q*P—2 (1- q P!
—I-O(q*Zp*S“/d)) forq=p%andp >5.
We have two independent parameters p and d, and q = p¢. For
two eventually positive functions f, g: N? — R, here g € O(f) means
that there are constants b and c so that g(p,d) < c-f(p,d) for all p

and d with p+d > b. With the bounds on T mentioned after the
proof of Proposition 4.2.21, we have the following asymptotics.

Corollary 4.5.7. Let p >5,d > 1, and q = pY. Then
1 = q¥P2(1—2q P £ O(q 2P T5HI/Ay),
c2=q" ' (1+0(q PHH1/dy,
Cpir = (T_1)q373/d (1 n O(quax{Z/d,1f1/d})>
-0 <q373/d+1/(d10glogp)> ‘
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Von zur Gathen (2014a) considers the asymptotics of

#D,,/q? 2 if n = ¢2,
am #D,,/2q" /2 otherwise,

where { is the smallest prime divisor of n. It turns out that for any
composite n, lim SUP oo Van = 1, and that liminfq_ oo vgn = 1
for many n. But when ¢ divides n exactly twice, denoted as ¢* || n,
determining the limes inferior was left as an open question. If n = ¢2,
we obtain from Theorem 4.5.6

li =1

Jim, Vo
for any prime { > 2. For n = 4, the sequence has no limit, but oscil-
lates between close to liminfq_, V4,4 = 2/3 and lim sup q—roo Va4 =
1, and these are the only two accumulation points of the sequence
Vga. If €2 || nand n # €2, the question of good asymptotics is still
open, as it is for v4,n when q is fixed and n — oco.

46 CONCLUSION AND FUTURE WORK

| have another question for your answer.

— Joachim von zur Gathen

In the wild case of univariate polynomial decomposition, we have
presented some (equal-degree) collisions in the special case where the
degree is T2 for a power T of the characteristic p, and determined their
number. We gave a classification of all 2-collisions at degree p? and
an algorithm which determines whether a given polynomial has a 2-
collision, and if so, into which class it falls. We computed the exact
number of decomposable polynomials of degree p? over finite fields.
This gave tight asymptotics on vqn = #Dn/q?*' 2 for ¢ — oo, when
n = 2 is the square of a prime .

The question of good asymptotics for vq,, when g is fixed and
n — oo is still open. More work is needed to understand the case
where the characteristic p is the smallest prime divisor of the degree
n, divides n exactly twice, and n # pz. Ritt’s Second Theorem cov-
ers distinct-degree collisions, even in the wild case, under Zannier’s
mild condition g’(g*)’ # 0. It would be interesting to see a similar
classification for general equal-degree collisions. Finally, the study of
rational functions with our method remains open.
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SOURCE CODE

Rule 8: The development of fast algorithms is slow!

— Arnold Schénhage

Beware of bugs in the above code; | have only
proved it correct, not tried it.

— Donald E. Knuth

With this situation [closed source] two of the most
basic rules of conduct in mathematics are violated:
In mathematics information is passed on free of
charge and everything is laid open for checking.

— Joachim Neubdser

We have implemented all our counting formulas to adhere to Don
Knuth’s warning. We also gladly follow Joachim Neubiiser’s appeal
and make the implementations public. The Sage code is available at

® https://github.com/zieglerk/multivariate_polynomials and
® https://github.com/zieglerk/polynomial_decomposition

for Part i and ii, respectively.
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