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Zusammenfassung

Der Gegenstand dieser Arbeit ist eine detaillierte Untersuchung von Rho-Invarianten auf To-
talrdumen von Faserbiindeln. Die Grundidee ist, mit Hilfe der Theorie adiabatischer Grenz-
werte von Eta-Invarianten die Berechnung von Rho-Invarianten weitestgehend nach Faser
und Basis des Biindels zu trennen. Mit einer adiabatische Metrik auf einem Faserbiindel
wird die Metrik der Basismannigfaltigkeit so skaliert, dass sich die Geometrie des Biindels
immer mehr einer Produktsituation annéhert. Fiir die Eta-Invariante ist dieser Prozess in der
Literatur weitreichend untersucht worden. Aus diesem Grunde beschéftigt sich ein gewisser
Teil der Arbeit damit, die sehr technischen Aspekte der lokalen Indextheorie fiir Familien
von Dirac Operatoren im Falle des ungeraden Signaturoperators zu formulieren und bekannte
Resultate in einen Kontext zu setzen, der die Behandlung von Rho-Invarianten ermoglicht.

Die resultierende Formel driickt die Rho-Invariante als Summe dreier Terme aus, die
jeweils sehr unterschiedlicher Natur sind. Zunéchst wird ein hdher dimensionales Analogon
der Rho-Invariante der Faser iiber der Basis integriert. Dieser Term ist von lokaler Natur
auf der Basis, enthilt jedoch globale spektrale Information der Faser. Der néchste Term ist
im Wesentlichen eine Rho-Invariante der Basis, wobei der zugrundeliegende flache Zusam-
menhang auf dem Biindel der Kohomologiegruppen der Faser definiert ist. Als letztes tritt
ein rein topologischer Term auf, der mit Hilfe der Spektralsequenz des Faserbiindels berech-
net werden kann. Insgesamt stellt diese Formel also eine Zerlegung der Rho-Invariante des
Totalraums dar, die der Struktur des Faserbiindels gerecht wird.

Das Hauptaugenmerk dieser Arbeit liegt jedoch darauf, diese abstrakte Formel fiir Bei-
spielklassen von gefaserten 3-Mannigfaltigkeiten explizit anzuwenden. Genauer beschéftigen
wir uns mit S'-Hauptfaserbiindeln iiber kompakten Riemannschen Flichen und mit Ab-
bildungstori, deren Fasern ebenfalls eine kompakte Riemannsche Fliche ist. Fiir die erste
Beispielklasse lassen sich U(1)-Rho-Invariaten bereits ohne Anwendung dieser allgemeinen
Formel ad hoc berechnen. Insbesondere ergibt sich so die Gelegenheit, diese verschiedenen
Herangehensweisen miteinander zu vergleichen und den systematischen Vorteil der allgemei-
nen Formel zu testen.

Fiir 3-dimensionale Abbildungstori liefert die dargestellte Theorie ebenfalls die Moglich-
keit, Rho-Invarianten explizit zu berechnen. Wir beschrinken uns zunéchst auf den Fall,
dass die Monodromieabbildung von endlicher Ordnung ist. Hier ldsst sich eine allgemeine
Formel herleiten. Um eine weitere interessante Klasse von Abbildungstori zu untersuchen,
werden U(1)-Rho-Invarianten in dem Fall betrachtet, dass die Faser ein 2-dimensionaler To-
rus ist. Insbesondere hyperbolische Monodromieabbildungen erfordern hier eine besondere
Aufmerksamkeit. In diesem Fall treten in natiirlicher Weise Logarithmen verallgemeiner-
ter Dedekindscher Eta-Funktionen auf, aus deren Transformationsverhalten sich eine sehr
zufriedenstellende Formel fiir U(1)-Rho-Invarianten herleiten lésst.
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Summary

The content of this thesis is a detailed investigation of Rho invariants of the total spaces
of fiber bundles. The main idea is to use adiabatic limits of Eta invariants to obtain a
formula for Rho invariants that separates the contribution coming from the fiber and the
one coming from the base. An adiabatic metric on a fiber bundle rescales the metric of the
base manifold in such a way that the geometry of the fiber bundle approaches a product
situation. Concerning the Eta invariant, this process has received a far-reaching treatment in
the literature. For this reason, one concern of this thesis is to formulate the technical aspects
of local index theory for families of Dirac operator in terms of the odd signature operator,
and place known results in a context which permits the treatment of Rho invariants.

The resulting formula expresses the Rho invariant as a sum of three terms, each of which
is of a very different nature. First of all, a higher dimensional analog of the Rho invariants
of the fiber has to be integrated over the base. This term is of a local nature on the base,
but contains global spectral information about the fiber. The next term is essentially a
Rho invariant of the base, where the underlying flat connection is defined on the bundle of
cohomology groups of the fiber. Lastly, there is a purely topological term, which can be
computed from the spectral sequence of the fiber bundle. Together, this formula casts the
Rho invariant of the total space into a form which incorporates the structure of the fiber
bundle in a satisfactory way.

The main concern of this thesis is, however, to use this theoretical formula to compute
Rho invariants for explicit classes of fibered 3-manifolds. More precisely, we consider prin-
cipal S'-bundles over closed, oriented surfaces as well as mapping tori with fiber a closed,
oriented surface. For the first class of examples, one can compute U(1)-Rho invariants with-
out using this general formula. In particular, this yields the opportunity to compare the
different approaches and test the systematical advantage of the general formula.

For 3-dimensional mapping tori, the presented theory can also be used for explicit com-
putations. We first consider the case that the monodromy map is of finite order. In this
case, a general formula for Rho invariants can be derived. To investigate a further inter-
esting class of mapping tori, we consider U(1)-Rho invariants in the case that the fiber is a
2-dimensional torus. Here, hyperbolic monodromy maps deserve particular attention. When
discussing them, the logarithm of a generalized Dedekind Eta function naturally appears. A
satisfactory formula for U(1)-Rho invariants of hyperbolic mapping tori can then be deduced
from a transformation formula for these Eta functions.
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Introduction

The Rho Invariant for Closed Manifolds. In their famous series of articles [7, [8, @],
Atiyah, Patodi and Singer established an index theorem for manifolds with boundary. Part of
their motivation was to find a generalization of Hirzebruch’s Signature Theorem to manifolds
with boundary and give a differential geometric explanation for the signature defect.

We recall this briefly. Let W be a closed, oriented 4-manifold, and let Sign(W) be its
signature. Then the Hirzebruch’s Signature Theorem states that

Sign (1) = /W p1 (TW). (1)

Here, pi(TW) is the first Pontrjagin form, and since W is closed, it is a characteristic
class independent of the connection used to compute it. Let us now assume that W has a
boundary M. If a : (W) — U(k) is a unitary representation of the fundamental group,
one defines a twisted signature Sign, (W) using cohomology groups with local coefficients.
Then an application of the signature formula and its twisted version to the closed double
W Uy —W shows that the difference

Sign,, (W) — k - Sign(W)

depends only on the topology of the boundary OW = M as well as the restriction of « to
m1(M). This signature defect is in general non-trivial. Moreover, the signature itself fails
to be multiplicative under finite coverings of manifolds with boundary. Both observations
show that the signature of a manifold with boundary is in general not expressible as in ([1f).

The Atiyah-Patodi-Singer Index Theorem for manifolds with boundary identifies the
correction term in great generality. For a formally self-adjoint elliptic differential operator
D of first order, acting on sections of a vector bundle over a closed manifold M, one defines
the Eta function

sgn(A
n(D,s) = Z 8|§)\|(s ), Re(s) large. (2)
0#Aespec(D)

The function n(D,s) admits a meromorphic continuation to the whole s-plane, and it is
a remarkable fact that s = 0 is not a pole. The Eta invariant n(D) is defined as this
finite value. Then a special case of the Atiyah-Patodi-Singer Index Theorem for a compact,
oriented 4-manifold W with boundary M is

Signa (W) = 5 [ o (TW.9%) —n(B). )

viii
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Here, pi (T'W, V9) is the first Pontrjagin form, computed with respect to a metric g in product
form near the boundary, A is a flat U(k)-connection over M whose holonomy coincides with
|, (ar), and—most importantly—BY’ is the odd signature operator on M. It is defined on
differential forms of even degree with values in the flat bundle F as

BYw = (—1)P(xdg — da¥)w, w € Q*(M,E).
A simple consequence of is that
Sign, (W) — k - Sign(W) = n(BY) — k - n(B~). (4)

The right hand side of is called the Rho invariant pa(M). It is defined for every odd
dimensional manifold M and flat unitary connection A over M, without any reference to
a bounding manifold. Moreover, p4(M) turns out to be independent of the choice of the
metric used in defining the involved odd signature operators. Therefore, it is an intrinsically
defined smooth invariant of M, which extends the signature defect.

Since the Eta invariants appearing in the definition of p4 (M) are non-local spectral
invariants, it is difficult to compute Rho invariants directly without using property .
However, one cannot always find a bounding manifold in such a way that the flat connection
extends. Therefore, intrinsic methods to compute Rho invariants are in demand. The
concern of this thesis is to investigate an intrinsic approach to this problem in the case that
the manifold M is the total space of an oriented fiber bundle of closed manifolds.

Adiabatic Limits of Eta Invariants. In a remarkable paper of Witten [97], Eta invariants
appeared in the interpretation of anomalies in physics. Associated to a family of Dirac
operators is a determinant line bundle over the parameter space, first described by in [83]
by Quillen. It comes equipped with a natural connection, defined in terms of the Ray-Singer
analytic torsion [87]. The topology of this line bundle encodes the obstruction to defining in a
consistent way a regularized determinant associated to the family of Dirac operators. In the
physicists terminology, there is no “local anomaly” if Quillen’s connection on the determinant
bundle is flat. However, the bundle might still not be trivial, and this “global anomaly” is
encoded in the holonomy of Quillen’s connection. Witten suggests an interpretation of this
holonomy using the Eta invariant. For example, a family of spin Dirac operators is naturally
associated to a fiber bundle over the parameter space B whose fiber F' is a closed spin
manifold. Here, we also restrict to the case that F' is even dimensional. Pulling back this
structure using a closed loop ¢ : S — B leads to a fiber bundle F < M — S'. Now Witten
considers an adiabatic metric, that is, a family of submersion metrics of the form

ge = —5 D Gu, (5)

where g, is a metric on the vertical tangent bundle of M. Then, if D. denotes the Dirac
operator associated to on the total space M, Witten suggests that the holonomy of
Quillen’s connection around the loop ¢ : S' — B is given by

gig(l] exp (2min(De)).

The mathematical treatment of this holonomy theorem is due to Bismut-Freed [I8] and
Cheeger [26].
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Motivated by this geometric interpretation, Bismut and Cheeger [16] gave a formula for
the adiabatic limit of the Eta invariant, and generalized it to fiber bundles F' — M — B
with higher dimensional base spaces. Using ideas of Bismut’s local index theory for families
[14], they construct a differential form 77 on B, whose value at each point = € B depends only
on global information of the fiber over . Under the assumption that the fiberwise Dirac
operator is invertible, they prove that

i (D) = [ A(TE, V)5 (©)
E— B

where A(TB,V98) is the Hirzebruch A-form of B. Very roughly, a consequence of (©) is
that the adiabatic limit of the Eta invariant is a simpler object than the Eta invariant itself,
since it is local on the base. The main matter of this thesis is to analyze in which way this
effect can be used to simplify explicit computations of Rho invariants of fiber bundles.

Dai’s Adiabatic Limit Formula. The Rho invariants we are considering are associated to
the odd signature operator. Here, the kernel of the vertical operator forms a vector bundle
(M) — B whose fiber over each point is isomorphic to the cohomology of F'. Therefore,
the invertibility hypothesis leading to (@ is too restrictive. Fortunately, the result of Bismut
and Cheeger has been generalized by Dai [30] to a setting which applies in particular to
the case we are interested in. The bundle (M) — B of vertical cohomology groups
is endowed with a natural flat connection V7. Using this, one associates a twisted odd
signature operator Dp ® V7 over the base. Then Dai proves the following, very remarkable
adiabatic limit formula.

Theorem 1 (Dai). Let F' — M — B be an oriented fiber bundle of closed manifolds with
odd dimensional total space, endowed with a submersion metric. Let BSY be the family of
odd signature operators on M associated to an adiabatic metric. Then

lim n(BLY) = 2l"%] / L(TB, V%) Njj+ $n(Dp @ V%) + 0.
E— B

Here, b is the dimension of B, and the differential forms E(TB, VB) and 7 are the Hirzebruch
L-form and the Eta form of Bismut-Cheeger, respectively. Moreover, o is a topological
mvariant computed from the Leray-Serre spectral sequence.

We will give more details on the terms appearing here in the main body of this thesis.
However, we already want to stress that n(DB ® V‘%) and o are of a very different nature
than the integral of the Eta form. Where the latter is local on the base and contains
spectral information about the fiber, the twisted Eta term is a spectral invariant of the base
which contains cohomological information of the fiber. Moreover, since ¢ arises from the
Leray-Serre spectral sequence it is purely cohomological. In this respect, Theorem [I] is a
very satisfactory decomposition of the adiabatic limit into contributions coming from the
base and the fiber, respectively.

Concern of this Thesis. Since the treatment in [30] is more general than what we have
stated in Theorem [l Dai’s adiabatic limit formula continues to hold for the odd signature
operator twisted by a flat connection A over M. We will see that there are natural analogs
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N4, Dp ® V#4» and o4 of the quantities appearing in Theorem As the Rho invariant
pA(M) is independent of the metric, it is immediate, that with respect to every adiabatic
metric,

pa(M) = lim n(BY.) — k- lim n(B2).

Then, Theorem (1] yields

Theorem 2. Let A be a flat U(k)-connection over M. Then with respect to every submersion
metric

b+1

pa(M) =27 / E(TB,VB) A (Ma—k-7)
B
+10(Ds © V1) ~ bn(Dy © V) +04— k-0

Now, the main matter of this thesis is to investigate how this rather straightforward
consequence of Theorem [I] can be used for explicit computations of Rho invariants. Due
to the technical nature of local families index theory, our first concern is to assemble the
building blocks we need, and specialize many known results to the case of the odd signature
operator. The motivation here is certainly not to exhibit new results, but to present the
theory in such a way that it becomes accessible for a treatment of Rho invariants of fiber
bundles. Therefore, our perspective will usually be a geometric one rather than discussing
analytical difficulties. For a discussion of these aspects, we usually refer to the wide variety
of literature. Nevertheless, we include proofs of some folklore results, for instance a fibered
version of the Hodge decomposition theorem, and a result about how to achieve that the
mean curvature of a fiber bundle vanishes.

Apart from the theoretical discussion, our true focus is on explicit examples. We will
examine two important classes of fibered 3-manifolds in detail.

Circle Bundles over Surfaces. The simplest class of fiber bundles for which a discussion
of Rho invariants is meaningful, is given by principal S'-bundles over Riemann surfaces.
Nevertheless, this family of manifolds already deserves some attention as it is a model for
two important classes of manifolds, namely 3-dimensional Seifert fibrations and higher di-
mensional principal bundles.

In this spirit, Nicolaescu [78|, [79] has analyzed the Seiberg-Witten equations of Seifert
manifolds, and parts of our discussion are influenced by his work. Given a closed, oriented
surface 3, and an oriented principal bundle S! < M — ¥, we will see that we can represent
every flat U(1)-connection A over M by pulling back a line bundle of degree k over ¥. In
terms of this data, the Rho invariant associated to A is given as follows, see Theorem

Theorem 3. Assume that | # 0, and that qo € [0,1) is such that k/l = qo mod Z. Then
pa(M) = 2U(g5 — qo) +sgn(l).
If 1 =0, so that the fiber bundle is trivial, all Rho invariants vanish.

We shall include two proofs of this result. The first one in Chapter [2| uses only basic
considerations about the geometry of fiber bundles, and the second one in Chapter [3| shows
how Theorem [2] can be used for this class of examples.
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3-dimensional Mapping Tori. The second family of manifolds we will consider are fiber
bundles ¥ < M — S', where ¥ is again a closed, oriented surface. A manifold of this type
is determined by an element f of the mapping class group of . Due to the rich algebraic
structure encoded in the latter, we have not attempted to treat the class of 3-dimensional
mapping tori in full generality.

What we shall do instead, is to assume first that the monodromy f of the mapping torus
M is of finite order. Under this assumption, the formula of Theorem [2| for the Rho invariant
of a flat U(k)-connection A over M reduces to

pa(M) = in(Dp @ V7)) — kn(Dp @ V7).

In Theorem [£.2.4] we shall give an expression of the right hand side in terms of Hodge-de-
Rham cohomology of ¥, thus obtaining a cohomological formula for the Rho invariant. Since
the precise statement would need a longer preamble, we refer Chapter [4] for details.

After this we will consider U(1)-Rho invariants of a mapping torus T]%/[, where the fiber is
the 2-dimensional torus 72, and M € SLy(Z)—the mapping class group of T2. One naturally
has to distinguish between three cases, depending of whether M is elliptic, parabolic or
hyperbolic. The first two cases are rather special, and we shall not discuss them here. The
explicit formulee for the corresponding Rho invariants can be found in Theorem [£.4.4] and
Theorem [4.4.8] respectively.

The case of a hyperbolic monodromy matrix requires more background material. Here we
will use ideas of Atiyah [3], who gives a far-reaching treatment of the untwisted Eta invariant
for mapping tori with fiber T2. In particular, he uses the relation to Hirzebruch’s signature
defect to show that for a hyperbolic element M = (2%) € SLy(Z), the Eta invariant of the
odd signature operator with respect to a natural metric on T]%/[, is given by

ov a+d
n(B®) =

Here, s(a,c) is the Dedekind sum

— 4sgn(c)s(a,c) —sgn (c(a+ d)). (7)

cl—1

|
s(a,c) = > Pi(%)p(5), (8)
k=1

where for z € R,

0, if x € Z,
P1($>: 1 .
r—[z] -3, ifz¢gZ

Atiyah also relates the Eta invariant to the classical Dedekind Eta function, which is defined
for a point ¢ in the upper half plane as

1 [e.9]

77(0) = q(?l H(l - qg)a qo ‘= e?m’a‘
n=1

One can define a natural logarithm of 7, and the transformation property of logn under the
action of elements of SLa(Z) has a long history, going back to Dedekind [34]. For an element
M = (2Y) € SLy(Z) with ¢ # 0, this transformation formula states that

logn(Mo) —logn(o) = %log (5;1;;2) + m’(alLQCd —sgn(c)s(a, c)) 9)
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Here, the logarithm on the right hand side is the standard branch on C\ R™, and s(a, ¢) is
the Dedekind sum (). Atiyah’s explanation of the relation between (9)) and the formula
makes essential use of the idea of taking the adiabatic limit.

Motivated by this, we will study in detail the expression [, g1 74 appearing in Theorem
for the case of a flat U(1)-connection over a hyperbolic mapping torus over S!'. Using
ideas related to Kronecker’s second limit formula, we will cast it into a form, where the
logarithm of a generalized Dedekind Eta function naturally appears. We will then employ
a transformation formula due to Dieter [35], to obtain the analog of @ for the logarithm
of this generalized Dedekind Eta function. From this we shall deduce the main result of
Chapter [4, see Theorem

Theorem 4. Let M = (2 4) € SLa(Z) be hyperbolic, and let (v1,v2) € R*\Z? with vy € [0,1)

satisfy
M) = qa-mt () e z2.
mo V2

This defines a flat connection A over T]%/[, and

lel—r

pa(T3) = 2022 — ) — 43" Pi(2) +sgn (c(a+ d) — sgn(c)d(vr) (1 — 6(™2))
k=1
— 2Py (%21) = 26(m) (P (™) - Py (4m)),
where r € {0,...|c| — 1} is such that m; =r mod ¢, and 0§ is the characteristic function of

R\ Z.

Although this formula might appear to be somewhat involved, it is satisfactory in two
ways. First of all, the involved terms are easy to compute for explicit choices of M = (CCL Z)
and (v1, ). Secondly, we shall see that it contains previous computations of Chern-Simons
invariants by Freed and Vafa [42] as a special case. In this respect, the author hopes that
a possible generalization to SU(2)-connections will reprove results of Kirk and Klassen
[67] and might shed a new light on Jeffrey’s conjecture [54] concerning the spectral flow

associated to twisted odd signature operators on a mapping torus of the form considered here.

Outline of this Thesis. We end the introduction with a very brief outline of this thesis.
We will keep this rather short since the beginning of each chapter contains a more detailed
outline of its contents.

e Chapter (1] is a survey of results from index theory that we will need. In particular,
we shall introduce the signature of a manifold, discuss its relation to index theory,
and recall the Atiyah-Singer Index Theorem in its cohomological version for geometric
Dirac operators. Then we introduce the Eta and Rho invariant, and discuss how they
appear in the index theorem for manifolds with boundary. We also place some emphasis
on variation formulse and sketch how they are related to local index theory.

e In Chapter [2] we start with the discussion of fiber bundles. We will introduce the
geometric setup, paying close attention to the structure of the odd signature operator.
Then, we shall encounter the basic idea of adiabatic limits and use this to give an
elementary proof of Theorem [3| above.
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e Chapter [3] contains the main theoretical part of this thesis. Here, the main objective
is to introduce all quantities appearing in Theorem After discussing the bundle
of vertical cohomology groups in some detail, we will give a heuristic derivation of
Theorem (1} For this, we also include a short survey of local families index theory. All
this discussion will lead to Theorem [2} which we will then use to reprove Theorem
in a more abstract way.

e The content of Chapter [ is the discussion of 3-dimensional mapping tori along the
lines we have already outlined above.

e For the reader’s convenience, and to keep our discussion more self-contained, we have
also included a couple of appendices, which contain material that we freely use, but
that would lead to far afield if discussed in the main body of this thesis.

— Appendix [A] contains a discussion of Chern-Weil theory in a way which is partic-
ularly well-suited for the applications we need. Moreover, we have included some
aspects concerning Chern-Simons invariants, as they appear throughout our dis-
cussion.

— Since the Rho invariants we are interested in depend only on the gauge equivalence
class of the involved flat connection, we include some remarks concerning the
moduli space of flat connections in Appendix [B] We start giving some details on
the relation to representations of the fundamental group. Moreover, the moduli
space of flat connections over a mapping torus is discussed, since we need this
in Chapter We end this appendix with a brief survey of the moduli space
of holomorphic line bundles over a Riemann surface, which is an ingredient for
discussing flat U(1)-connections over principal S!-bundles over surfaces.

— Appendix [C] contains some computations. On the one hand, we need explicit
values of basic Eta and Zeta functions to which we reduce most computations in
the main body of the thesis. On the other hand, we shall discuss the Dedekind
sum in and its generalization, establishing a relation among them which we
need to prove Theorem

— Finally, Appendix [D] includes some more analytical details concerning the heat
operator. Specifically, we will give some remarks concerning families of heat
operators, and derive the variation formula for the Eta invariant.
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Chapter 1

The Signature Operator and the
Rho Invariant

In this chapter we will survey some results from index theory, which we need in our discussion
later on. The objective is not to give a systematic treatment but merely to introduce the
objects we are interested in and to fix notation. For this reason we shall include proofs only
if they enrich the discussion and do not lead too far afield.

We start with a brief discussion of the signature of a closed manifold, placing emphasis
on the generalized version where the intersection form is associated to a flat unitary vector
bundle. Introducing the signature operator relates the signature to the index of an elliptic
operator, and this leads us to a discussion of the main facts concerning the heat equation
on closed manifolds. Although our focus is on the signature operator and its odd dimen-
sional analog, we present the Atiyah-Singer Index Theorem in its version for geometric Dirac
operators. This is because many ideas in the later chapters are influenced by local index
theory which is more transparent when formulated in terms of Clifford modules and Dirac
operators.

Then we will introduce the object which constitutes the main topic of this thesis—namely
the Eta invariant of an elliptic operator on a closed manifold. Variation formulae for Eta
invariants will play a prominent role in the discussion in the next chapters. Therefore, we
discuss this topic in some detail. Most notably, the behaviour under the variation of a flat
twisting connection leads naturally to the first appearance of a Rho invariant as the difference
of certain Eta invariants.

After this we describe—briefly leaving the realm of closed manifolds—how the Eta in-
variant arises as a correction term in the index theorem for a manifold with boundary. From
then on the focus will be on the case that the elliptic operator in question is the odd signature
operator. From the signature theorem for manifolds with boundary we derive some general
and well-known properties of the Eta invariant. In particular, the relation of Rho invariants
to Chern-Simons invariants will be exhibited.

We close the general discussion of this chapter with a short outline of how local index
theory methods for odd dimensional manifolds can be used to obtain important properties of
Rho invariants without referring to the Atiyah-Patodi-Singer Index Theorem. Our interest
in this is not only of a purely academic nature, as similar ideas are the ones underlying local
families index theory, which we will need in the context of fiber bundles in Chapter
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1.1 The Signature of a Manifold

1.1.1 Intersection Forms and Local Coefficients

Let M be a closed, oriented and connected manifold of dimension m. On the real cohomology
groups there exists the intersection pairing

HP(M,R) x H"P(M,R) = R, (a,b) — (aUb, [M]),

where (.,.) is the Kronecker pairing, U is the cup product, and [M] denotes the fundamen-
tal class of M determined by the orientation. Expressing HP(M,R) in terms of de Rham
cohomology groups, the intersection pairing is induced by

QP(M) x Q" P(M) — R, (o, ) — /M aAp.

As a consequence of the Poincaré duality theorem, the above pairing is non-degenerate. In
particular, if dim M = m is even, there is a non-degenerate bilinear form

Q: H™?(M,R) x H™?*(M,R) — R, (1.1)

which is called the intersection form of M. If (m = 0 mod 4) the intersection form is
symmetric, and if (m =2 mod 4) it is skew. Recall that the signature of a symmetric form
is the number of positive minus the number of negative eigenvalues.

Convention. We also use the convention that the signature of a skew form is the number
of positive imaginary eigenvalues minus the number of negative imaginary ones.

Definition 1.1.1. Let M be a closed, oriented and connected manifold of even dimension
m. Then the signature of M is defined as

Sign(M) := Sign(Q).

Remark. In topology, the intersection form is usually considered as a form over Z. If one
uses cohomology groups with integer coefficients, one has to divide out the torsion subgroup
of H™/2(M,Z) to get a non-degenerate form. Moreover, note that if we want to work
with complex coefficients, we have to extend () anti-linearly in, say, the first variable to get a
(skew) Hermitian form. Then the signature is also well-defined and agrees with the signature
of the underlying real form. Note, however, that if a skew form comes from a form over R it
has zero signature since its eigenvalues come in conjugate pairs.

Cohomology with Local Coefficients. We will also need a twisted version of the inter-
section form. For this we briefly recall the construction of cohomology groups with local
coefficients. We refer to [33, Ch. 5] for more details and proofs.

Let M be a connected manifold, not necessarily closed, and let M be the universal cover
of M. Let m = w1 (M) be the fundamental group of M, and let C[r] denote the group algebra
of m. The fundamental group acts from the right on M , so that the cellular chain groups
Cp(M) are C[r] right modules in a natural way. This is because a cell decomposition of M

induces via lifting of cells a cell decomposition of M which is compatible with the action of
mon M.
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Now let o : m — U(k) be a unitary representation, and let
CP(M, Eo) := Homepy (Cy(M),Ch).

Here, the action of C[r] on C* is by matrix multiplication = ~— a(z)~™'. The differential
on cochains on M turns C*(M, E,) into a complex. As for untwisted cellular cohomology,
the homology of this complex does not depend on the particular cell decomposition and the
chosen lifts.

Definition 1.1.2. Let M be a compact, connected manifold, and « : 7 (M) — U(k) a
representation. Then the homology of C*(M, E,) is denoted by H®*(M, E,) and is called the
cohomology of M with local coefficients given by a.

If we now assume that M is also closed and oriented, then there exists a non-degenerate
pairing
HP(M,E,) x H" ?P(M,E,) — C (1.2)

induced by the cup product on the cohomology of M and the scalar product on CF. If M is
of even dimension m this yields a bilinear form

Qo : H™?(M, E,) x H"*(M, E,) — C,
which we call the twisted intersection form.

Definition 1.1.3. Let M be a closed, oriented and connected manifold of even dimension
m, and let o : (M) — U(k) be a unitary representation of the fundamental group of M.
Then the twisted signature of M is defined as

Sign,, (M) := Sign(Q.),

where we use again the convention that the signature of a skew form is the number of positive
imaginary eigenvalues minus the number of negative imaginary ones.

Remark. As we will see soon, the twisted signatures we have just defined give no new
topological information for a closed manifold M. However, their version for manifolds with
boundary are a non-trivial generalization of topological importance. Nevertheless, we have
included the definition here to keep the discussion parallel.

Local Coefficients and Flat Bundles. Twisted cohomology groups can also be defined
in terms of differential forms. Let £ — M be a Hermitian vector bundle of rank k, endowed
with a unitary connection A. This gives rise to a twisted version of the exterior differential

da: QP(M,E) — QPTYM,E), diy(w®e)=dw®e+wA Ae.

The square of dy4 is given by exterior multiplication with the curvature Fy € Q2 (M , End(E)).
Therefore, we get a complex (Q'(M JE),d A) precisely if A is flat.

Definition 1.1.4. Let £ — M be a Hermitian vector bundle of rank k, endowed with a
unitary flat connection A. Then we denote the homology of (Q°(M, E),da) by H*(M, E,)
and call it the cohomology of M with values in the flat bundle (E, A).
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We briefly sketch the relation between cohomology with local coefficients and cohomology
with values in a flat bundle. As a general reference, we refer to [86, Sec. 5.5]. In addition,
we have included a detailed discussion concerning the equivalence of flat connections and
representations of the fundamental group in Appendix The language there is in terms
of principal bundles, but the translation to Hermitian vector bundles is done without effort.

Let M be a connected manifold, not necessarily closed, and let E be a flat unitary bundle
over M with connection A. As explained in Appendix we can lift every closed loop ¢ in
M horizontally to E with respect to A. The starting point and the end point of the lifted
loop lie in the same fiber of £ and since A is unitary they differ by the action of an element
in U(k). This construction gives rise to the holonomy representation of the based loop group
of M, see on p. Since A is flat, the holonomy representation depends only on
homotopy classes. Thus, we obtain a representation

holy : m (M) — U(k),

which is precisely the object we need to define cohomology with local coefficients.
Conversely, let us start with a representation a : (M) — U(k) of the fundamental
group. Via the action of 71 (M) as the group of deck transformations we may interpret the
universal cover M as a m (M)-principal bundle over M. The representation « defines an
associated vector bundle -
Eo=M xqCF — M.

Since « is unitary, one can define a natural Hermitian metric on E,. Moreover, the trivial
connection on M x CF descends to a unitary, flat connection A, on F,.

When taking suitable equivalence classes, the above constructions are inverses of each
other, see Appendix Then there is the following twisted version of the de Rham Theo-
rem, see for example the discussion in [86, p. 154].

Proposition 1.1.5. Let M be a connected manifold, and let E& be a Hermitian vector bundle
with flat connection A. If a : w1 (M) — U(k) is the holonomy representation of A, then there
s a natural isomorphism

H*(M,Eq) = H*(M, E,).

Moreover, if M is closed, the twisted intersection pairing of (1.2) corresponds under this
isomorphism to the bilinear form on H®*(M,Ey) induced by

QP(M,E) x Q" P(M,E) — C, (w,n)+— /M<w/\77),

The notation (wAn) is shorthand for taking the exterior product in the differential form part
and pairing with the Hermitian metric in the bundle part.

Having the above canonical isomorphism in mind, we will henceforth not carefully distin-
guish between H®*(M, E4) and H*(M, E,,). Similarly, when concerned with the intersection
form, we will also write Q4 and Sign 4 (M) if the focus is on a flat connection rather than a
representation of the fundamental group.
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1.1.2 Twisted Signature Operators

Historically, one of the starting points of index theory is the observation that the signature
can be described as the index of an elliptic operator. Before we can define the signature
operator, we need to fix some notation and conventions. Since they are of a purely linear
algebraic nature, we formulate them for an oriented vector space V of dimension m over R
which plays the role of the cotangent space T, M.

Algebraic Preliminaries. Let V' be an Euclidean vector space with scalar product g, and
let A®*Ve denote the complexified exterior algebra. We endow it with the Hermitian metric
g given by extending g antilinearly in the first variable. Then

gn(a, B)vol(g) =a AxB3, o, Bc AV,

where vol(g) is the volume element given by ¢g and the orientation of V' and x is the complex
linear extension of the Hodge * operator. V acts on A®*V via exterior multiplication

e(vla=vAa, acA®V.
Using the metric g, one defines an interior multiplication by requiring that
i(v)w = g(v,w) and i(v)(aAB)=i()(a)A L+ (=1)aAi(v)s,

for every v,w € V and a, f € A*V with o homogeneous of degree |«|. For v € V' we extend
i(v) and e(v) complex linearly to A®*Vg, and define the Clifford multiplication

¢:V — Endc (A*Ve),  c(v) :==e(v) —i(v). (1.3)
Then, for allv e V,
c(v)? = —g(v,v), c(v)" = —c(v).

This means that ¢ extends to a complex representation of the Clifford algebraﬂ
c¢: CI(V,g) — Endc (A*Ve).

Equivalently, this is a representation of the complexified Clifford algebra Clc (V). We define
the symbol map
o:Clc(V) — AV, ar— c(a)l. (1.4)

The symbol map o is an isomorphism of vector spaces, but certainly not of algebras. The
-1

inverse o~ is called the quantization map. Using this we define the chirality operator
r=il"" co o (vol(g)) : AV — AV (1.5)

Here, [mTH] denotes the integral part of mT‘H The following result is straightforward, see
[13, Prop. 3.58].

'Recall (e.g. from [I3} Sec. 1.3]) that the Clifford algebra C1(V,g) of an R vector space V with a metric g
is the R algebra generated by V' and the relations

c(v)e(w) + c(w)e(v) = —2¢g(v,w), v,w € V.
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Lemma 1.1.6. The chirality operator T satisfies

2 =1d and T =7=71"1

On APV it is explicitly given by

(p—1)
. (71>p p2 1 +mp ik*p, (1.6)

where k := [mT—&-l] and *,, is the complex linear Hodge * operator on APVc. Moreover,

roc(v) = (—1)"e(w)or and Toi(v)=(-1)"e(v)or.

Convention. From now on we will always drop the subscripts C. Thus, for a real vector
space V', we will use A*V to denote the complexified exterior algebra, and CI(V') will denote
the complexified Clifford algebra.

The Signature an the Index. Now let M be an oriented manifold of dimension m,
endowed with a Riemannian metric g. We fix a Hermitian vector bundle £ — M of rank k,
endowed with a unitary connection A. Let Q°®(M, E) denote differential forms with values
in E. The Riemannian metric g and the bundle metric on E define an L? scalar product on
Q°(M, E). With respect to this, the formal adjoint of the twisted exterior differential

da:Q*(M,E) — Q*"Y(M,E)
is given in terms of the chirality operator 7 = 737 from ((1.5) by
dy = (~1)"*rodaor, (1.7)

see [13], Prop. 3.58]. Here, 7as acts only on the differential form part. Note that we are using
that A is unitary. Now (1.7) implies that the twisted de Rham operator d4 + d'; satisfies

7(dg +dYy) = (=1)™(dy + dYy)r. (1.8)

Let us assume from now on that m is even. Since 7 is an involution, we may decompose
Q°(M, E) into the £1 eigenspaces of 7,

Q'(M,E)=Q"(M,E)® Q™ (M, E).
It follows from (|1.8]) that we can decompose

0 D,

da+dy = <DX ; ) where DY : QT (M, E) — Q™ (M,E), D, = (D})".

Definition 1.1.7. Let M be an even dimensional, oriented Riemannian manifold, and let
FE — M be a Hermitian vector bundle with a unitary connection A. Then

D} QY (M,E) — Q (M, E)

is called the twisted signature operator of M twisted by A.
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Since the signature operator is an elliptic operator of first order and M is a closed
manifold, we have a well-defined index problem. The name signature operator is only justified
if A is a flat connection, since then the index of D7 is indeed the twisted signature Sign 4 (M).

Proposition 1.1.8. Let M be a closed, oriented and connected Riemannian manifold of even
dimension m. Let E be a Hermitian vector bundle, endowed with a unitary flat connection
A. Then

Sign, (M) = ind(D}).

Proof. Although this result can be found in many textbooks, we include its proof as related
arguments will appear again. First of all, since (D})! = D7,

ind(D}) = dim (ker DY) — dim (ker D7) (1.9)
To identify Ker Di in cohomological terms consider the twisted Laplacian
Ay = (da+dy)?*:Q(M,E) - Q*(M,E). (1.10)

The twisted version of the Hodge isomorphism identifies H?(M, E 4) with the space of har-
monic forms

HP(M,Ey) = (kerAA) ﬂQp(M,E).

It follows from (|1.8) that the chirality operator 7 commutes with Ay, hence it induces
an involution on #*(M, E4). On %m/Q(M, E4) the chirality operator is 7 = i*%, where
k :=m? /4. Using this the intersection form can be expressed in terms of harmonic forms as

QA(a,ﬂ):/ <a/\ﬂ):(a,ik7ﬁ)L2, a,ﬁe%ﬂmﬂ(M,EA).

M

Therefore,
Sign(Q4) = Sign(i*7| yms2),

where we use the same convention as before regarding the signature of a skew endomorphism.
We deduce that

Sign(Q4) = dim ™2 (M, E4)* — dim ™2 (M, E4)~.
If p # m/2, there are isomorphisms
oF e = (2P @%”mfp)i, d*(a) := La £ 1a).
From this and from the fact that Ker(da + d%) = Ker A4 we find

dim (ker DF) = dim (J™/2(M,EA)) + Y dim (#7(M, Ey))
p<m/2

Thus, all terms in (|1.9) are cancelled except the one in the middle degree so that

ind(D%) = dim 2#™/2(M, Ea)t — dim s#™/%(M, E4)~ = Sign(Q.4) O
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Remark. We have already pointed out that for closed manifolds the twisted signatures do
not carry interesting topological information. If the flat twisting bundle is trivial, this can
be deduced from the above result: Let A be a flat connection on the trivial vector bundle
E = M x CF, and let Dj be the associated signature operator. Furthermore, let ng denote

the signature operator associated to the trivial connection on E. Clearly, DX — Dggk is
an operator of order 0. On a closed manifold adding a 0-order perturbation to an elliptic
operator of first order does not change the index. This is because it is a compact perturbation
of a Fredholm operator in the appropriate Hilbert space setting. Therefore,

Sign, (M) = ind(D}) = ind(DZ,) = k - ind(D") = k - Sign(M).

This means that the only new information encoded in the twisted signature is the rank of the
twisting bundle. We will see in Corollary [1.2.10| below that this is also true for flat twisting
bundles which are topologically non-trivial.

1.2 Dirac Operators and the Atiyah-Singer Index Theorem

The famous index theorem equates the index of an elliptic operator over a closed manifold
M with the integral over certain characteristic classes over M. In this section we briefly
recall the definitions occurring in the index theorem for Dirac type operators.

1.2.1 The Index and the Heat Equation

We first recall some facts about the spectral theory of formally self-adjoint elliptic operators
on closed manifolds, see e.g. [49] Sec.’s. 1.3 & 1.6].

Definition 1.2.1. Let M be a Riemannian manifold, and let £ — M be a Hermitian vector
bundle. We denote by
2l =2 (M, E)

the space of formally self-adjoint elliptic differential operators of order d.
Theorem 1.2.2. Let D € Wg’e(M, E), and assume that M closed.

(i) The operator D extends to an unbounded self-adjoint operator in L*(M, E) with domain
the Sobolev space L%(M, E). It defines Fredholm operators

D:L% ,(M,E)— L}M,E), secR,
with Fredholm index independent of s.

(ii) There exists a constant C' such that for all ¢ € C>°(M, E)

lellzz < C(llellzz + 1 Dellz2).- (1.11)

(iii) The spectrum spec(D) is a discrete subset of R consisting of eigenvalues with finite
multiplicities. There is an orthonormal basis of L?>(M, E) consisting of smooth eigen-
vectors.
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(iv) If we define
N(A) := #{A\, €spec(D) | |\ <A}, A0,

then for some constant C' > 0

N(A) ~ CX™ g5 X — oo. (1.12)

(v) If D has a positive definite leading symbol, then the spectrum spec(D) is bounded from
below.

The Heat Kernel. We now specialize to a second order operator, H € ﬁfe(M ,E), and
assume that H has positive definite leading symbol. Clearly, the model we are having in
mind is a generalized Laplacian, i.e., an operator H € ﬂfe(M , E) such that its principal
symbol o(H) satisfies

o(H)(z,€) = [¢]5idg,, &€ T, M.

Recall that the heat equation with initial condition ¢ € L?(M, E) in terms of H is the partial
differential equation
(£ +H)pt)=0, t>0, ©(0)=¢. (1.13)

Formally, if {\, }»>_n, denotes the set of eigenvalues of H with eigenvectors ¢,,, the solution

to 18
o(t) = = > e on(pn, 9)

n>—no
/ D e on(@)(n(y), p(y)) volar(y).
n>—no
Thus, e~ is an integral operator with kernel
ki(z,y) = = > e pu(x) @ pn(y) € C®(M x M,ERE").  (1.14)
n>—ng

Here, for vector bundles £ — M and F' — N, we employ the standard notation
EXF :=nmyEQnyF — M x N, (1.15)

where mj; and 7y are the natural projections. The formal expression (|1.14]) can be made
precise using the following basic estimate.

Lemma 1.2.3. Let 0 < Ay < A1 < ... denote the positive eigenvalues of H, and let A_1 <
. < Ay, denote the finite number of eigenvalues of H which are less or equal than 0. Let
{on}n>—ny be a basis of smooth eigenvectors and for N € N consider

N
kY (z,y) = Y e Pron(x) @ ph(y) € C°(M x M,ER E").

n=-—ng

Then for every k € N and tg > 0 there exists a constant C such that for every N € N and
t > tg we can estimate

[ @) = e M on@) @ Giw)|| , < Cem
n<0
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Proof. Sobolev embedding [49, Lem. 1.3.5] and the elliptic estimate (1.11)) imply that for
I > k + m/2 there exist constants C1, Cs such that for all n >0

lenlles < Cullenllzz < Collenllze + 1Henll2) = Co(1 + A/?).

Thus, for some other constants C7 and Cs,

—tA

le™ (@) ® pr )l ex < Cre™™ (1+47) < Coe™/2(1 +47),

where we have used that for x = A\t > 0
2 < Cre®?  and thus, z'e ™ < Cje /2.
Now for each n > 0 we have A\, > A\g and thus for ¢ > tg

eft/\n/Q(l_i_tfl) Sefto)\n/Q(l_i_to ) (t to))\o/Q Ce to)\n/Q 7t)\0/2

where the constant C' depends only on ¢y and [. Putting the pieces together we find that
there exists a constant C' such that for every N > 0 and ¢t > ¢,

N
H Ze P (2) ® SDn(y)HCk < Cet0/2 Z o—torn/2
n=0

Now the eigenvalue asymptotics (1.12)) shows that Zflv:o et /2 ig absolutely convergent
for N — oo. Absorbing this to the constant, we get the desired result. O

The above result shows that the kernels k¥ () converge for N — oo to the expression
(T.14), uniformly with respect to all C*. Hence, we can define e *# for ¢ > 0 by

()@ = [ bl e volu), ¢ € M. D).
In Appendix we give an expression for et using the spectral theorem. It is then easy
to check that the collection e * forms a strongly continuous semi-group in each Sobolev
space L2(M, E), i.e.,

e (HH — o=sH—tH — 5pg %in% e tH p — ¢llrz =0 for each p € LM, E),

see also Proposition Moreover, et is smooth in t and does indeed solve the heat
equation (1.13)). In addition, each e *# is trace class, and

Tre tH :/ trp [ki(z,2)] vola (),
M
where trg : C°°(M,End(E)) — C°°(M) denotes the fiberwise trace.
More generally, given an auxiliary differential operator D : C*°(M, E) — C*(M, E) of

order d > 0, the uniform bound of Lemma [1.2.3| ensures that we can apply D under the
integral to get

De () :D(/M ki(z,y)p(y) vola (y / Dyki(z, y)e(y) volu (y),
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where D, means applying D with respect to the x variable. Thus, the operator De *# has
a smooth kernel
Dyki(z,y) € C°(M x M,ER E*),

so that De ' is trace class. The estimate in Lemma implies the following basic
estimate on Tr(De~ ).

Proposition 1.2.4. For every tg > 0 there exists a constant C such that for all t > tg
| Te (De™ ™ Ppoe))| < Ce™7,

where Ao is the smallest positive eigenvalue of H and Py ) s the spectral projection of H
associated to the interval (0, 00).

Proof. The kernel of et Po,00) is given by

ke(w,y) == ki(z, ) = Y e on() @ 01 (y).
n<0

Then we find that for ¢ > ¢g

| Tr (De_tHP(O,oo)H = ) /M trp [Dxi{}t(.'ﬂ, y)] y=z VO].M(:C)‘
< 1k(E) vol(M) || Dke(2,9)]| o
S Cl ng‘t(xay)Hcd S C’2 e_t)\o/27

where in the last line we have used that D is a differential operator of order d and then

Lemma [[.2.3] O

The McKean-Singer Formula. We now turn our attention to first order differential
operators. To be able to restrict to the formally self-adjoint case, we use the following
construction: Let Dt : C®°(M,E") — C*°(M,E~) be an elliptic differential operator of
first order, acting between Hermitian vector bundles E* and E~. We define E := ET @ E~,
and consider

D:= (DO+ %_) . O®(M, E) — C®(M,E), where D~ :=(D"). (1.16)
Certainly, an operator of this form is formally self-adjoint and elliptic.

Definition 1.2.5. Let £ — M be a Hermitian vector bundle endowed with a splitting
E=EtQE".

(i) Let 0 : E — E be the involution on E given by o|gp+ = £id. Then o is called the
grading operator of E.

(ii) An operator D € @Slﬁe(M, E) is called Zy-graded if
{D,o}=Do+0cD =0.

Note that—unless stated otherwise—we are using commutators and anti-commutators
in an ungraded sense. Clearly, D is Zs-graded if and only if it is of the form ([1.16]).
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(ili) For T € C°°(M,End(E)), we define fiberwise supertrace of T' as

strp(T) == trg(cT) € C°(M).

(iv) If D € 2} (M, E) is Zy-graded, and M is closed, then the heat supertrace associated
to D is defined as , ,
Str(e P7) :=Tr (Ue*tD ).

Note that in (iv) the operator H = D? is positive and splits as H = H, & H_, where Hy
are formally self-adjoint, positive operator as well. Thus, we are in the situation considered
before so that the respective heat traces exist, and

Str(eftDQ) = Tr(e ) — Tr(e tH-) = Tr(eft(DJr)tDJr) - Tr(eftDJr(DJr)t).
Now, as an elliptic operator on a closed manifold DT has a well-defined Fredholm index
ind(DT) = dim (ker D) — dim (ker(DT)") = Str(F),

where Py : L?(M, E) — ker(D) is the orthogonal projection on the kernel of D. The famous
McKean-Singer formula [69] relates this index and the heat supertrace.

Theorem 1.2.6 (McKean-Singer). Let M be a closed manifold, E — M a Hermitian vector
bundle, and let D € P} (M, E) be Zs-graded. Then for all t > 0

ind(D") = Str(e P%).

Proof. Since D? has no negative eigenvalues, we have Py + Po,00) = Id. Then the estimate
in Proposition [1.2.4] implies that there exist constants ¢ and C such that for large ¢

‘ Str(e*tDz) — Str(Py)| = | Str(e*tDzP(o’oo))} < Ce .

Thus, ,
tlim Str(e7tP7) = Str(Py) = ind(D™).

remains to chec at Str(e~tP%) is independent of ¢ > 0. For this, we note that the heat
It to check that Str(e~t"

equation ylelds
—tD? 2
d e tD D2€ tD .

dt

The basic trace estimate then implies that Str(e*P%) is differentiable in ¢ with
d —tD? 2 —tD2
4 Str(e™P7) = — Str(D%e"7").
However, since D anti-commutes with o, we infer from the trace property that
Str(DQe_tDQ) = Tr(aD2e_tD2) =— Tr(DJDe_tDZ) = — Tr(o’e_tD2D2) = — Str(DQe_tDZ),

so that indeed Str(D2?e~P*) = 0. O
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Heat Kernel Asymptotics. So far, the treatment of the heat kernel has been of a func-
tional analytic nature. The only input are the basic properties of elliptic differential operators
on closed manifolds as in Theorem However, one important missing piece is the anal-
ysis of the heat trace as t — 0, which requires further work. We summarize the following
from [49, Sec.’s 1.8 & 1.9].

Theorem 1.2.7. Let M be a closed manifold, and let H & WE,E(M, E) have positive definite
leading symbol. Let D : C*°(M,E) — C*®(M,E) be an auziliary differential operator of
order d >0, and let ki(x,y) denote the kernel of De 1.

(i) There exists an asymptotic expansion

o
x) ~ Ztnigﬂiden(aﬁ), ast— 0,
n=0

with e, € C* (M, End(E)) such that e, (x) is locally computable from the total symbols
of H and D near . If n+d is odd, then e, = 0.

(i) The trace of De ! admits an asymptotic ezpansz’on

Tr(De ) = / tr [ki(z, 2)] volu (z n(D,H), ast— 0.
M

The asymptotic expansion can be dzﬁerentzated i t, and the a, are given by
an(D,H) = / trg [en] volyy .
M

The Index Density. As a consequence of the McKean-Singer formula and the asymptotic
expansion of the heat trace, we get the following result of [69] and [5].

Theorem 1.2.8. Let e,(xz) be the coefficient appearing in the asymptotic expansion of
e 0% (2, x) as in Theorem|1.2.7. Then

/ trs[en] vol ind(D"), if n = dim M,
strple,] volys =
i M 0, if 7 < dim M.

Remark.

(i) For aparent reasons, the differential form strgle,,] volys with m = dim M is called the
index density of DT .

(ii) As mentioned in Theorem the coefficients e,, vanish if n is odd. This implies
that the index of DT vanishes if M is odd dimensional.

We also want to note an important consequence of the local nature of the e,,. Assume that
two operators D € 2! (M, E) and D’ € 2! (M, E') are locally equivalent. This means that
for every x € M, there exists a neighbourhood U of x and a local isometry @ : E|y — E'|y
such that

doDod ' =D" overU. (1.17)

Since the sections e, and €], in the respective asymptotic expansions of the heat kernels
are computable from the total symbols over U, relation (1.17) implies that strg[e,]|lv =
strp[e}]|u. This has the following consequence.
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Corollary 1.2.9. Let M be a closed manifold, E — M a Hermitian vector bundle, and let
D e 2! (M,E) be a Zy-graded operator.

(i) Ifm: M — M is a k-fold regular cover, and
D: COO(M,W*E) — COO(]\//.?, ' E)
is the natural lift of D to ]\7, then

ind(D1) = k - ind(D™).

(i1) If A is a flat connection on a Hermitian vector bundle F of rank k over M, and if Dz
is the operator D twisted by I and A, then

ind (D}) = k - ind(D™).
Proof. For (i) one notes that the e, are the lifts to M of the e,. Thus,

/A str«plen] volg; = /A 7t ( strplen] VOIM) =k- / strglen] volas,
M M M

where we have used that VOI(M ) = k-vol(M). For (ii) note that choosing local trivializations
for F' which are parallel with respect to A, one finds that the flat bundle F is locally
isomorphic to M x C* endowed with the trivial connection. This yields that D, is locally
equivalent to D®F. O

As we have seen in Proposition the signature of a closed manifold equals the index
of an elliptic differential operator of first order. Hence, Corollary proves our earlier
assertion that the twisted signatures do not contain new information other than the rank of
the twisting bundle.

Corollary 1.2.10. Let M be a closed, even dimensional manifold.

(i) If w: M— Misa k-fold regqular cover, then

Sign(]\/J\) =k - Sign(M)

(ii) If A is a flat connection on a Hermitian vector bundle E of rank k over M, then

Sign 4 (M) = k - Sign(M).

1.2.2 Geometric Dirac Operators and the Local Index Theorem

Theorem [1.2.§]is the starting point for local index theory. Since the coefficients e, are—in
principal—locally computable, a strategy to prove the Atiyah-Singer Index Theorem is to
identify the index density strg[e,,] volys with a Chern-Weil representative of an appropriate
characteristic class. Note, however, that Chern-Weil classes are expressions in the curvature,
whereas the e,, a priori contain higher order derivatives of the connection. Nevertheless, this
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strategy works for an important class of differential operators, which we describe briefly.

Geometric Dirac Operators. Let (M, g) be an oriented, Riemannian manifold, and let
E — M be a Hermitian vector bundle. FE is called a Clifford module if it is endowed with a
bundle map ¢ : T*M — End(E) such that for every £ € T*M

c(€)? = —léf;idp  and  c(6)* = —c(¢). (1.18)

A Clifford module is called Zs-graded if E is Zs-graded and if ¢(§) is an odd element of
End(E) for all £ € T*M. Provided that E is endowed with suitable connection, we can
construct a natural first order differential operator:

Definition 1.2.11. Let E be a Clifford module over a Riemannian manifold (M, g).

(i) A connection V¥ on E which is compatible with the metric is called a Clifford con-
nection if for all e € C°(M, E) and ¢ € QY (M)

[VE e(©)]e = VE(c(§)e) — c(€)VFe = o(VIE)e,
where VY is the Levi-Civita connection acting on forms.

(ii) If V¥ is a Clifford connection, we define the associated geometric Dirac operator by
D:=coVE.C®(M,E)— C®(M,E).
Here, we are viewing the Clifford structure as a bundle map ¢: T"M ® F — E.

(iii) A geometric Dirac operator is called Zg-graded if E is a Zo-graded Clifford module,
and the Clifford connection respects the splitting £ = ET & E~.

Remark 1.2.12. One often defines a Dirac operator to be a formally self-adjoint elliptic
operator whose square is a generalized Laplacian. It is straightforward to check that geo-
metric Dirac operators have this property. However, not every Dirac operator is a geometric
one. In Section we sketch how to associate Dirac operators to generalized connections,
in particular Clifford superconnections, thereby obtaining a larger class of Dirac operators,
see also [13], Prop. 3.42].

Canonical Structures on Clifford Modules. As pointed out, the index density is a
purely local object. The reason for studying geometric Dirac operators is that Clifford
modules have a canonical local structure which we now describe briefly. For proofs we refer
to [13), Sec.’s 3.2 & 3.3].

We assume from now on that m = dim M is even. Some aspects of the odd dimensional
case are contained in Section [1.2.3]and Section [1.5.2]in a special case. Let us further assume
for the moment that M is spin. Without going into the details of the definition and the
topological restrictions that this imposes on M, we note that it implies that there exists
a unique irreducible Clifford module S of rank 2™/2 over M, called the spinor module. It
follows from the representation theory of Clifford algebras that

End(S) = CI(T*M). (1.19)
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The Clifford module S is naturally Zs-graded, and is an isomorphism of Zs-graded
algebras. Here, the grading on Cl(7*M) is the one induced via the symbol map from the
even/odd grading on differential forms. Now, every Zs-graded Clifford module E can be
decomposed as £ =S ® W, where W carries a trivial Clifford structure. Moreover,

End(W) = Ende(E) == {T € End(E) ’ [T,c(a)]s =0 forall a € T*M}, (1.20)
and
End(E) = C(T*M) ®, Endcy(E). (1.21)

Here, [.,.]s and ®; are the commutator and the tensor product in the Zs-graded sense. If o
denotes the grading operator of F, there exists a unique decomposition

o=TQow € Cl(T*M) ®s Endci(E), (1.22)

where 7 := ™/ 2¢(volyy) is the chirality operator, and oy is a grading operator on W. Now,
if T € End(W), then one verifies that

trg [(7° @ ow)T| = %SH‘E[TT]. (1.23)

Strw(T) = trw[UwT] = Qm/

1
rk(S)

Moreover, the spinor module S comes equipped with a canonical Clifford connection V<
which is induced by the Levi-Civita connection V9 via . From this one gets a 1-1
correspondence between Clifford connections VZ on E and connections of the form V° ®
14+ 1® VW, where VW is a Hermitian connection on W. The curvature Fgw satisfies

Fgw = Fyr — R® € Q*(M,Endq(E)), (1.24)
where for any orthonormal frame {e;} of TM
RS = $9(R9(ei,ej)en, e1)e Al @ c(ef)e(eh). (1.25)

Here, R € O? (M ,End(TM )) is the curvature tensor of the Levi-Civita connection.
We now note that the right hand sides of ((1.20)), (1.23|) and ((1.24)) can be defined globally

on M without referring to the spinor module S. Thus, we can introduce corresponding
objects also in the case that M is not spin. In particular, the definition of Endg(FE) in
(1.20) is meaningful for every Clifford module E.

Definition 1.2.13. Let M be an m-dimensional manifold, where m is even, and let F be a
Zo-graded Clifford module over M, endowed with a Clifford connection V.

(i) Let R® be defined as in (T.25). Then we can decompose
Fyr = R° + FP/S) where FF/S € 02(M,Endai(E)).
The term FE/S is called the twisting curvature of E.

(i) If T € C°°(M,Endci(E)), then its relative supertrace is defined as

1
strgs(T) == 2 strp(7T).
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(iii) The relative Chern character form of E is given by

chp (B, V) i=strg g [exp (= F/%)] € Q«(M). (1.26)

Remark. It follows from (|1.23|) and (1.24) that if M is spin so that £ = S ® W, then
chg/s(F, VE) = stryy [exp( FW)}

In particular, if W is ungraded this coincides with the Chern character form of W as in
Definition [A.1.3] In general, if W = W @® W ~, the relative Chern character is the difference
of the Chern characters of W and W™, see also ([3.16]).

The Local Index Theorem. We can now state a version of the local index theorem as in
[13, Thm. 4.2].

Theorem 1.2.14 (Patodi, Gilkey). Let M be a closed, oriented Riemannian manifold of
even dimension m, and let E — M be a Zs-graded Clifford module with Clifford connection
V¥ and Dirac operator D. Let e, (x) be the coefficient appearing in the asymptotic expansion
of e7tP*(z,x) as in Theorem . Then

(A(TM, V9) A chyys(E, VE))[m]’ if n = dim M, (1.27)
0, if n < dim M, '

strglen] volps(x) = {
where the Hirzebruch g-form s as in Definition and (.. .)[m] means taking the m-form
part of a differential form.

Remark 1.2.15. There is a stronger version of the local index theorem due to E. Getzler,
see [44] and [13, Thm. 4.1], which we also want to recall. Let o : Cl(T*M) — A*T*M be
the symbol map , and use this to endow CI(T*M) with a Z-grading. With respect to
this let Cl,,(T* M) be the subbundle of C1(T*M) of elements of degree < n. Then it can be
shown that

en, € C™ (M, Cln(T*M) Rs Endm(E)).

The stronger version of the local index theorem is the formula

g

(47)™/? Z o(e,) = det'/? <s1nf(]£92/2)> A exp(—FE/9),

n<m
where RY is the Riemann curvature tensor. For the definition of the right hand side, see
Appendix in particular (A.1l)) and Definition [A.1.4] m Now the supertrace of elements in
CI(T*M) vanishes away from degree m. Hence, Theorem m 4| follows by computing the
supertrace of 7 and taking into account the powers of 5= appearing in our definition of A and
chpg. In Section @7 we will sketch a proof of a variation formula for the Eta invariant
based on this more general local index theorem.

A direct consequence of the local index theorem and Theorem is the famous
Atiyah-Singer Index Theorem for geometric Dirac operators in its cohomological version.
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Theorem 1.2.16 (Atiyah-Singer). Let M be a closed, oriented Riemannian manifold of
even dimension m, and let E — M be a Zo-graded Clifford module with Clifford connection
V¥ and Dirac operator D. Then

ind(D") = / A(TM, V) A chys(E, V).
M

In terms of characteristic classes,

ind(D*) = (A(TM) U chg/s(E), [M]).

1.2.3 Hirzebruch’s Signature Theorem

A special case of the Atiyah-Singer Index Theorem is one of its predecessors, the Hirzebruch
Signature Theorem. It arises if the geometric Dirac operator in question is a twisted sig-
nature operator. Therefore, we now collect some details about the structure of the exterior
algebra as a Clifford module.

Clifford Structures on the Exterior Algebra. Let M be an m-dimensional closed,
oriented Riemannian manifold. For the moment we do not assume that m is even. We
consider the Clifford structure

c: T*M — End (A'T*M), c(§) =e(&) —1i(9),

see ([1.3). The Levi-Civita connection V9 acting on forms is a Clifford connection, and we
get a geometric Dirac operator

d+d' =coV9:Q*(M)— Q*(M).

There are two natural gradings on A®*T™* M, one given by the even/odd grading and one given
by the chirality operator 7. We know from Lemma that if m is even, Clifford multi-
plication is odd with respect to both gradings. However, if m is odd, Clifford multiplication
commutes with 7 so that in this case we do not get a Zs-graded Clifford module. Moreover,
if M is spin and even dimensional, then

AT*M = CI(T*M) = End(S) = S ® S*,

which means that the twisting bundle is isomorphic to the dual bundle S* of S. This
motivates the following

Definition 1.2.17. Let M be a manifold of dimension m, not necessarily even. We define
a transposed Clifford multiplication

¢:T"M — End (A*T*M), €(§) :=e(&) +i(€).
The transposed Clifford multiplication has the following properties.
Lemma 1.2.18. Let {¢'} be a local orthonormal frame for TM.

(i) With the obvious abbreviations, we have

S 4 FE =28, and 4+ =0.
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(ii) If we define T := i"2HE e then
2=(-1)™, and T=71o0(-1),
where v : A*T*M — N is the number operator given by v(w) = k if w € AFT*M.

(iii) Let GI(T*M) denote the subbundle of End (A'T*M) generated by transposed Clifford
multiplication. Then R
CIT*M) = Endc) (A*T*M),
where Endcy is defined as in (1.20)) with respect to the even/odd grading.

We shall not include the proof which is straightforward but a bit tedious. Part (i) and
(iii) of Lemma can be found in [I3], p. 144]. Part (ii) can be easily proved by induction
on m. However, we want to point out that part (iii) implies that we have an isomorphism
of Zs-graded algebras,

End (A*T*M) = CU(T*M) @, C{(T*M), (1.28)

which is (1.21)) translated to the case at hand. Moreover, part (i) of Lemma [1.2.18| shows
that the decomposition (|1.22)) in the case at hand is

()" =7®T7.

Remark. In the case that m is even, one might expect that the decomposition for
End (A'T*M ) with respect to the 7-grading is given by together with the grading
operator 7 ® 1. However, with respect to this, the endomorphism ¢(«) for v € T*M is even,
and this is incompatible with part (i) of Lemma To stay in the Zo-graded formalism,
one would have to consider yet another kind of Clifford multiplication, namely

¢:=¢o(-1)":T"M — End (A*T*M).

This generates a subalgebra C1(T*M) of End (A'T*M ) of purely even degree with respect
to T so that ~

End (A'T*M) =ClT"M) @, C(T*M).
Fortunately, in the discussion to follow, we are interested only in elements of GI(T *M),
respectively C1(7T* M), which are of even with respect to the even/odd grading. For elements

of this form, ¢ and ¢ coincide up to sign. More precisely, if {e;} is a local frame for T'M,

then for all £ < m/2
L dm (1) g

Hence, even if it is incorrect from a formal point of view, we use the transposed Clifford

multiplication ¢ also in the case that A*T*M is graded by 7.

Traces of the Exterior Algebra. Let my : CI(T"M) — C be the projection onto the
subalgebra C C CI(T*M). One easily verifies that [ CI(T*M), C(T*M)] N C = {0}, so that
we can define a trace on C1(T%M) by

trep := 22w : CU(T*M) — C,

see [44] Thm. 1.8]. In the same way, we get a trace trcy on CAI(T*M). Note that in the case
that m is even, the natural supertrace of [13, Prop. 3.21] is given by

strey := trgpor : CI(T" M) — C.
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Proposition 1.2.19. With respect to the decomposition (1.28) we have
trae = tro) @trer,
where trpe is the natural trace on End(A*T*M).

Remark. We include a proof, since the treatment in [13] considers only the case that m is
even. There are some non-trivial sign difficulties involved, since involves the graded
tensor product, whereas trg; and Ea are traces rather than supertraces. Yet, for elements
of pure degree,

trar@tra((a®a) (b ® b)) = (=) trey(ab)irai(ab)
= (=) trcy (ba)tren (ba) (1.29)
— (—1)lalblal g i (b @ B)(a © ).
Moreover, for trgi(ab) and trey(ab) to be non-zero it is necessary that [a| = |b] and |a] = 1]
In this case the sign in is always +1. Hence, trg ®trcy is indeed a trace.

Proof of Proposition|1.2.19. Since the assertion is local, it suffices to consider an m-dimen-
sional Euclidean vector space V. Let us first consider the case V = R, and let e be a unit

vector. Then
A*R =C @ Ce = C%

Consider the following elements of End(C?)

(0 -1\ . (01 4 omee (10
c.—lo,c.—lo,ann.—o_l.

Then CI(R) C End(C?) is the algebra generated by Id and ¢, and GI(R) is generated by Id
and ¢. Moreover, c¢ = —cc = —n, which implies that all monomials in ¢ and ¢ have vanishing
trace except ¢’¢” = Id. In this case,

(") = tr(1d) = 2 = tres () v (@),

which yields the claimed formula in the case that V = R.

We now assume that the claim holds for and m-dimensional vector space V', and want to
prove it for V @ R. Let {e;} be an orthonormal basis for V', and let e be a unit vector in R.
For an ordered multi-index A = (i; < ... < i) we consider the following sets of generators

ea=ey N... e, €AV, ca:=c(ey)...cle;,) € CIV),
and for o € {0,1},
ean=eaNe® e A*(VBR), can:=cac® e Cl(VaR),

where ¢ := ¢(e). In the same way we define ¢4 € Cl(V) and CAa € CI(V ®R). Then a short
computation shows that

trA'(VEBR) CA ocCB,ﬁ Z Z CA aCB,ﬁeC'V y €EC ’Y>

|C|<m ve{0,1}
Z Z |B||a| CAEB)(CO@G)@C,')M eC,’Y>
|Cl<m~e{0,1}

= 3 (—1)BlaHCUaB) ((cazp)ec , e traen(c?E?).
Cl<m
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From the case m = 1 we know that tryer(c®e®) = 0 if (o, 3) # (0,0). In this case the factor
in the last line above is +1 and so

tTA-(V@R)(CA,aEB,ﬁ) = traey(cacB) trA-R(Ca/Cﬂ). (1.30)
Now by induction we have
trasy = troyy) ®treyvy,  trasr = troyr) @troyr)- (1.31)
Moreover, as in ([1.29) one checks that with respect to

CIV ®R) @5 CI(V @ R) = (CL(V) @5 CI(V)) @5 (CLR) @5 CI(R))

one has
traver) @trawaer) = (traw) Otray) © (trar) Otram)),
which together with (1.30)) and ([1.31]) proves the assertion for V & R. O

Local Index Density and the Signature Theorem. As in the above prooflet V' := T M
for some x € M, and let R be an element in the Lie algebra so(V) C End(V). Let V¢ be
the complexification of V. Then iR € End(V¢) is a self-adjoint endomorphism, and we can
define cosh(iR) € End(V¢) via the spectral theorem. Since the eigenvalues of iR are real,
and cosh is a positive function on R, we can define

detl/Q(cosh(iR)) := y/det (cosh(iR)).

It follows from the spectral theorem that
det!/? (cosh(iR)) = exp (5 tr [log cosh(iR)]),

which agrees with the definition in . Note, however, that the context here is slightly
different since we are considering elements in so(V) whereas in we are considering
elements of the algebra (A®VC™) @ End (V).

We then have the following version of [13, Lem. 4.5]

Lemma 1.2.20. Let V be an m-dimensional oriented Euclidean vector space, and let R €
so(V). Define R S
R := —1(Re;, e;)c'd € CL(V™),

where {e;} is any orthonormal basis for V, and ¢ = ¢(e*). Then
trai[exp(iR%)] = 2™/2det'/?(cosh(iR/2)).

Proof. Let k € N be such that m = 2k or m = 2k + 1. Since R € so(V) we can find an
orthonormal basis {e;} such that

R(€2j_1) = 9]‘62]‘, R(ng) = —9j62j_1, j = 1, NN k, and R(€2k+1) = 0, (1.32)
where the last condition has to be considered as empty if m is even. Then

RS =-4> ;e e,
J<k
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Since ¢?71¢% and ¢%~1¢% commute for i # j, one finds
exp(iR®) = [ exp ((—i;/2)%1e%) = [ (cosh(ej /2) — isinh(6; /2)521'—1521‘),
j<k J<k
where the last equality follows from the relation (¢%/71¢%/)2 = —1. By definition of the trace

on 61(1/*)7 we find
‘c/ra[exp(iﬁs)] = om/? H cosh(f;/2).

J<k

On the other hand, for all z € C

cosh[(g ‘OZ>] — cos(2) (é ?) cosh(0) = 1,

from which it follows that

\/det cosh(iR/2)) H \/cosh(6;/2)? Hcosh (0;/2). O

i<k i<k

The next result can be found in [13] p. 145]. Although the treatment there is only for
m even, one verifies without effort that it holds for odd m as well.

Lemma 1.2.21. Let (M,g) be an oriented Riemannian manifold with Riemann curvature
tensor R9 € Q*(M,End(TM)). In a local orthonormal frame {e;} for TM write

RI = %Rin]el A\ ej & (Gl ® ek)’ and le” = glnsz = g(_R(eZ7 ej)ek, €l)~
Define RS € O?(M,C(T*M)) as in (L.25), and
RS = —%leijei Ael @ e Q2 (M, GI(T*M))
RA'T*M

Then, the curvature of the induced connection on A*T*M decomposes as

RAT*M _ pS | RS,

Lemma [1.2.20| extends to the case R € A2V @ so(V), where (A.1]) is used to define the
right hand side, see [13, pp. 144-146]. Then Lemma [1.2.20| and Lemma [1.2.21| imply the
following

Proposition 1.2.22. Let (M, g) be an oriented Riemannian manifold of dimension m, and
let RY be the Riemann curvature tensor. Then

A(TM,V9) Atre [ exp(5= RY)] = 2™/2L(T M, V9).
with the Hirzebruch E-form, see Definition .

From Proposition [1.2.22] and Theorem [1.2.16] we obtain the index theorem for twisted
signature operators.

Theorem 1.2.23 (Atiah-Singer, Hirzebruch). Let M be a closed, oriented Riemannian man-
ifold of even dimension m. Let E — M be a Hermitian vector bundle with connection A.
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i) The index of the twisted signature operator DY is given by
A

ind(D}) = 2m/? / L(TM,V9) A ch(E, A).
M

(ii) If A is a flat connection, and E has rank k, then

Sign 4 (M) = k/M L(TM,V9) = k- (L(TM),[M]), (1.33)

where L(TM,V9) is the Hirzebruch L-form as in (A.4]).

1.3 Manifolds with Boundary and the Eta Invariant

1.3.1 The Eta Function

Let (M, g) be a closed, oriented Riemannian manifold of dimension m. Let E — M be a
Hermitian vector bundle, and let

D : C®(M,E) — C®(M, E)

be a formally self-adjoint elliptic differential operator of first order, i.e., D € t@sle(M VE).
As M is closed, the growth of the eigenvalues of D are controlled by (1.12]). This allows us
to make the following definition.

Definition 1.3.1. The FEta function of D is defined for s € C with Re(s) > m as

n(D,s) := Z Sgﬁf:\)

0#Mespec(D)

Via a Mellin transform, the Eta function is related to the heat operator e~tD? in the
following way

1 o0 .
n(D,s) = )/O Tr (De *P*)t*2 dt, Re(s) > m, (1.34)

L
where I'(s) is the Gamma functionEl,

I'(s) ::/ e 't 1dt, Re(s) > 0.
0

Note that for (1.34]) to exist we are using that De™tP? s trace class, and that there exist
constants ¢ and C' such that for large ¢

| Tr(De tP%)| < Ce .

This follows from Proposition [1.2.4] because using the notation introduced there, we have
Tr(De_tD2) = Tr (De_tDQP(Opo)). Thus, (1.34) yields a holomorphic function in the half
plane Re(s) > m.

2See Appendix for some facts about the Gamma function which we will use freely.
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As we have noted in Theorem there is an asymptotic expansion

o0
r(De™ ) ~ tn_?_lan , ast—0, .
Tr (De~tP D 0 1.35
n=0

where a, (D) is an integral over a quantity locally computable from the total symbol of D.
Substituting the asymptotic expansion into ([1.34) and dividing the integration into fol + floo
one easily verifies that for each NV > 0

N

n(D, s) = r(slgl) (;ff’;’(ﬁ)s +hN(s)), (1.36)

where hp(s) is holomorphic in the half plane Re(s) > m — (N 4+ 1). Since I‘(%)fl is an
entire function, one can use this to deduce

Proposition 1.3.2. The Eta function n(D,s) extends uniquely to a meromorphic function
on the whole plane with possible simple poles for s € {m —n|n € N}.

Regularity at s = 0. We note that F(%)_l has no zeros to cancel the possible poles.
This is an important difference between the Eta function and the Zeta function of, say,
a generalized Laplacian, see e.g. [I3 Prop. 9.35]. Therefore, the following result is very
remarkable. For references we refer to Remark [1.3.5] below.

Theorem 1.3.3 (Atiyah-Patodi-Singer, Gilkey). Let D be a formally self-adjoint elliptic
differential operator of first order on a closed, Riemannian manifold M. Then the Eta
function n(D,s) has no pole at s = 0. If D is a geometric Dirac operator, n(D,s) is
holomorphic for Re(s) > —1/2.

Definition 1.3.4. Using the result of Theorem we can define the Fta invariant of D
as

n(D) :=n(D,0).
Moreover, we define the £-invariant and the reduced &-invariant by

n(D) + dim(ker D)

§(D) = : ,

and [£(D)]:=¢&(D) mod Z.

Remark 1.3.5. To further stress the non-triviality of Theorem [1.3.3] we want to give some
historical remarks.

(i) Atiyah, Patodi and Singer first deduced the regularity of the Eta function at 0 from
their proof of the index theorem for elliptic differential operators of first order on
manifolds with boundary, see [7, Thm. 3.10]. The improved regularity for geometric
Dirac operators is [7, Thm. 4.2].

(ii) Later, the same authors generalized the result to pseudo-differential operators of ar-
bitrary order on closed, odd dimensional manifolds using K-theoretic arguments and
the regularity results for geometric Dirac operators, see [9, Thm. 4.5].
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In [48], Gilkey was able to generalize Theorem to the case of even dimensional
manifolds, again for the much larger class of formally self-adjoint elliptic pseudo-
differential operators, see also [49] Sec. 3.8].

Gilkey [47] also initiated the study of the regularity of the local Eta function of an
elliptic operator D,

n(D,s,x) = F(sl‘gl) /000 tr (kt(;r,a:))t%dt, (1.37)

where k;(x,7) is the kernel of De~*P . Studying various examples, Gilkey found that
n(D, s,x) is in general not regular at s = 0.

Later Bismut and Freed were able to refine the result of Atiyah-Patodi-Singer for
geometric Dirac operators. They showed using local index theory techniques, that
the local Eta function n(D,s,x) of a geometric Dirac operator is holomorphic for
Re(s) > —2, see [I8, Thm. 2.6]. Their result implies that for a geometric Dirac
operator one can define the Eta invariant directly by

n(D) = \/17? /0 RRIEE (De P dt. (1.38)

Lemma 1.3.6. Let M and N be closed, oriented Riemannian manifolds, with Hermitian
vector bundles E over M and F over N. Let D € 2} (M,E) and B € 2} (N, F).

(i) Assume that there exists and isometry ¢ : M — N, and a unitary bundle map ® : E —

F covering ¢ such that
DPoD=Bod.

Then n(D) = n(B). In particular, if M = N, E = F and {D,®} =0, then n(D) = 0.

(ii) If M = N, then

n(D & B) = n(D) + n(B).

(iii) Assume that D is Za-graded with grading operator o on E. Consider the operator

Sket

D®1+0c®B on C’OO(MXN,E&F),
with the fiber product EX F as in (1.15). Then

n(D®1+0®B)=ind(D")-n(B).

ch of proof. Part (i) and (ii) of the above result are immediate for n(D, s) for Re(s) large,

since the whole spectrum has the respective properties. By meromorphic continuation, they

cont

inue to hold for s = 0. We sketch a proof of (iii).

First note that D ® 1 and ¢ ® B anti-commute as operators on C* (M x N, EK F)
Therefore,

(D ® 1 + o ® B)e—t(D®1+U®B)2 _ (D ® l)e—t(D2®1+1®B2) + (O’ ® B)e_t(D2®1+1®BQ)_
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To compute traces one may choose an orthonormal basis of L? (M x N,EX F) of the form
{pi ® 9¥;} with p; € C*°(M, E) and ¢; € C*°(N, F). Then one easily finds that

Tr (<D ® 1>e—t<D2®l+1®BQ>) +Tr ((0 ® B)e‘t(D2®1+1®BQ))
_tD? B2
= TrLQ(M,E) (De tD )TrLQ(N,F) (6 tB )
D2 B2
+StrL2(M,E) (6 tb )TI'LQ(N’F) (Be tB )
Since D is Zy-graded, oDe tP? = —De tP?5 and thus,
Tr (Deftlﬂ) =Tr (UQDeftDz) =—Tr (gDe*tDQU) = —Tr (DeftDQ)’

where we use the trace property in the last equality. Therefore, Tr (De*tDQ) = 0. Moreover,
Theorem [1.2.6] asserts that for all ¢ > 0,

Str (e_tDQ) = ind(D™).

We conclude that for Re(s) large,

1 & s—
n(D®1+0®B,s) :1/ Str (e*tDQ)Tr (Be*tBQ)t = dt
L(3%) Jo
= ind(D") - (B, s).
By meromorphic continuation, part (iii) follows. O

The Rho Function. We now want to use the local nature of the coefficients a, (D) appear-
ing in ([1.36]) to introduce the Rho function—respectively, the Rho invariant.

Definition 1.3.7. Let D € 2! (M, E), and let A be a flat connection on a Hermitian vector
bundle of rank k. Denote by Dy4 the operator D twisted by A, and use the notation D®*
for the operator D twisted by the trivial flat bundle C*. We then define the Rho function
of D4 as

,O(DA,S) :n(DA,S) —U(D%,S), seC.

Moreover, we define the Rho invariant of Dy as
p(D4) := p(D4,0).

From Theorem we know that the meromorphic functions n(Dy4, s) and n(D®*, s)
have no pole in 0. Thus, the Rho invariant is well-defined. However, unlike in the case
for the individual Eta invariants, this already follows from the local nature of heat trace
asymptotics.

Proposition 1.3.8. Let D4 and D%, where A is a flat U(k)-connection. Then the Rho
function is holomorphic on the whole plane, and for all s € C, we have
1

,O(DA,S) = F(%)

o0
/ [Tr (Dae™tP%) — Tr (DPFe 1 P%) %2 dt, (1.39)
0
in particular,

p(Da) = ;7? /0 T[T (DgetPA) - T (DPRe ™) dt,
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Proof. For Re(s) > m, we already know from that p(Dy, s) is holomorphic and that
is the correct formula. Moreover, as for the Eta function, we can split up the integral
and use that [~ extends to a holomorphic function on C. Concerning fol, we now make the
following observation: As we have already seen in the proof of Corollary the operators
D4 and D® are locally equivalent. Then Theorem implies that all coefficients of
the asymptotic expansions of Tr (DAe_tDzl) and Tr (D@ke_t(D®k)2) as t — 0 agree, since
they are local in the total symbols of the involved operators. Thus, for all N there exists a
constant C' such that ast — 0

| T (Dae™tPA) — Tr (DFe 1 P7%)| < OV,

This shows that the integral

1
/ [Tr (DAe—tDE\) g (Deake—t(peék)z)]tsgldt
0

exists and defines a holomorphic function for all s € C with Re(s) > —(N + 1). Continuing
in this way, one finds that p(D4, s) is holomorphic for s € C. O

1.3.2 Variation of the Eta Invariant

While the Eta invariant is a spectral invariant and thus encodes global information about
the manifold and the operator, its deformation theory turns out to be expressible in terms
of heat trace asymptotics, thus being a local quantity. We have included further details in
Appendix [D and summarize only briefly what we need here.

Families of Operators. Let M be a closed manifold of dimension m, and let £ — M be
a Hermitian vector bundle. Let U € RP be open, and let (Dy)ycy be a p-parameter family
of differential operators on C*°(M, F) of order d. Choosing local frames for E we can write
locally

Dy= > as(z,u)dy, (1.40)
la]<d
where oo = (a1, . .., ) is a multi-index, x = (1, ..., %) is a local coordinate chart on M,

and the aq(z,u) are matrix valued functions.

Definition 1.3.9. The p-parameter family (D, ),cy is called smooth if for every local frame
and coordinate chart, the functions as(x,u) as in (1.40) are smooth, jointly in x and w.

We also need a functional analytic consequence of the geometric notion of smoothness
we have just defined. Let s,s' € R and denote by %(L2, Lg,) the space of bounded linear
operators L? — L? endowed with the operator norm ||.||s,s. The proof of the following
result is straightforward.

Lemma 1.3.10. Let (Dy)yeu be a p-parameter family of differential operator of order d > 0
which is smooth in the sense of Definition[1.5.9. Then for all s € R, we have a smooth map

U— B(L2, 4, L?), ur— D,
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For more details on the following results we refer to Appendix[D] in particular Proposition

and Proposition

Proposition 1.3.11. Let (D,)ucr be a smooth one-parameter family of formally self-adjoint
elliptic operators of first order on C*(M, E), and let am(dtﬁu , D2) denote the constant term
in the asymptotic expansion of

Vi Tr (PuetPi) ast — 0. (1.41)
Then the following holds.

(i) Assume that dim(ker Dy,,) is constant. Then the meromorphic extension of (D, s) is
continuously differentiable in u, and

2a1(Du) = = 7= am(“g2, D3). (1.42)

(ii) Without the assumption on ker(D,,), the reduced &-invariant [£(Dy)] € R/Z is contin-
wously differentiable in u, and

LE(DY)] = —Z= am(%R+, DY). (1.43)

An immediate consequence of the local nature of am(dz v D?) is the following result, see

[8, Thm. 3.3].

Corollary 1.3.12. Let (Dy)uer be a smooth one-parameter family of operators in
:@sl’e(M, E), and let A be a flat connection on a Hermitian vector bundle of rank k. Denote
by (DAw)uer the one-parameter family of operators obtained by twisting with A.

(i) If the kernels of Dy, and Dy, are of constant dimensions, then the Rho invariant
p(Day) is independent of u.

(ii) In the general case, only the reduced Rho invariant,

[p(DA,u)] = [f(DA,u)] —k- [é(Du)]a
is independent of u.

Proof. Asin the proof of Proposition the operators D 4 ,, and D%F are locally equivalent

smooth families in the sense of ([1.17). Since the twisting connection is independent of
k

u, the families (d%? )ueR and (d[;z’“)ueR are locally equivalent as well. Now, the a,, in

the asymptotic expansion of (1.41) can be computed locally from the total symbols of the

involved operators, and so
ok dD 4
am(dl;{j > (qujk)Q) = am( d;j’ s (DA,u)Q)'
Since n(DP*) = k- n(D,), the result follows from (1.42) respectively (T.43). O

Remark. One can also use Proposition and proceed as in Appendix |D|to differentiate
under the integral to proof part (i) in Corollary This has the advantage that it is
a bit less involved than the proof of the variation formula of the individual Eta invariant,
since one does not have to deal with meromorphic continuations. However, the main steps
remain the same.
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Spectral Flow. The smoothness of [{(D,)] shows that the discontinuities of £(D,,) as u
varies are only integer jumps. Heuristically, this is due to the fact that the Eta invariant
is a regularized signature so that whenever an eigenvalue of D,, crosses 0, it changes by an
integer multiple of 2. This can be made more precise using the notion of spectral flow, which
we now introduce briefly.

For a smooth one-parameter family of formally self-adjoint elliptic operators (Du)ue[&b],
it can be shown that the associated family of compact resolvents varies smoothly with v in
the operator norm on L?(M, E), see the proof of Theorem for some related ideas. This
implies that the eigenvalues of D, can be arranged in such a way that they vary continuously
with w. In particular, we can find a partition a = ug < u; < ... < u, = b such that for each
i€ {l,...,n} there is ¢; > 0 with

ci ¢ U spec(Dy,). (1.44)

UE [U;—1,u4]

For u € [u;—1,u;] denote by Py ,j(u) the finite-rank spectral projection associated to eigen-
values in the interval [0, ¢;]. We then define the spectral flow in the spirit of [82].

Definition 1.3.13. Let (Dy)ye[e,p) be a smooth one-parameter family in @ge(M, E), and
let a =up < uj <...<u,=>be a partition such that there exist ¢; as in ((1.44). Then the
spectral flow between D, and Dy is defined as

n

SF(Du)uciay = Y _ 1k (Ploe(ui)) — 1k (P, (ui-1)).
=1

Figure 1.1: Spectral Flow

Without going into further details, we note that the spectral flow is well-defined and
independent of the choices made. Moreover, as indicated in Figure there is a built-in
convention of how to count zero eigenvalues at the end points. For more details and gener-
alizations we refer to [20], [65 82]. In the situation at hand, there is also the approach as in
[89] using Kato’s selection theorem.
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The Variation Formula. With the notion of spectral flow at hand, we can now state a
result on the variation of the Eta invariant, due to Atiyah, Patodi and Singer in [9]. We
sketch a proof in Corollary see also [61], Lem. 3.4].

Proposition 1.3.14. Let (Du)ue[a,b] be a smooth one-parameter family of operators in
@;S(M, E), where M is closed. Then

b
E(D1) = 6(Da) = SF(Du)ucian + | AlEDdu

1.3.3 The Atiyah-Patodi-Singer Index Theorem

To relate the Eta invariant to the index theorem, we have to leave the realm of closed
manifolds briefly.

Product Structures at the Boundary. Let N be compact manifold with boundary
ON = M. We equip N with a metric gy of product type near the boundary, i.e., we
assume that a collar of the boundary is isometric to (—1,0] x M endowed with the metric
g = dt®> + gpr, where gy is a metric on M. If N is oriented, we get an induced orientation
on (—1,0] x M which we use to orient M. This is the outward normal first convention, see
Figure Atiyah, Patodi and Singer in [7] use a different convention, which explains some
sign differences.

(—1,0] x M

Figure 1.2: Collar and orientation convention

Definition 1.3.15. A Zs-graded, formally self-adjoint elliptic differential operator of first
order D : C*(N,E) — C*(N, E) is called in product form if the following holds.

(i) On a collar of M
ET|(Z1,0xm = 7 Er,

where 7 : (=1,0] x M — M is the projection, and Ej; is a Hermitian vector bundle
over M.

(i) If ~y is the bundle isomorphism E*|y; — E~ |y, given by applying the symbol of D
to the outward normal unit vector, then

DT = ’y(% — DM), over (—1,0] x M,
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where D) is a formally self-adjoint elliptic differential operator of first order on Ejy,
called the tangential operator.

An operator of the above form can be extended canonically to an operator on the closed
double
X =N Uy —N.

Here, —N denotes N with the reversed orientation. One uses 7 to glue E|gn to E’(’)(—N) to
get a bundle Ex — X, and the operator D extends naturally over X. For more details and
a detailed proof of the following we refer to [21, Thm. 9.1].

Proposition 1.3.16. If D is in product form, then the natural extension
Dx : C*(X,Ex) — C®(X, Ex)
1s invertible and extends D in the sense that DX]Coo(NE) =D.

Boundary Conditions and the Index Theorem. To formulate an index theorem for
D one needs to introduce suitable boundary conditions in order to render D Fredholm.
As observed by Atiyah and Bott [4], most geometric Dirac operators do not admit local
boundary conditions that set up a well-posed boundary value problem. Atiyah, Patodi and
Singer [7] solved this by introducing the following global boundary projection.

Definition 1.3.17. Let D € ,@;6(1\7, E) be Zs-graded and in product form, with tangential
operator Dys. The Atiyah-Patodi-Singer projection

P>(Dyp) : C®(M, Eyp) — C®(M, Exy)

is defined as the spectral projection onto the subspace spanned by the eigenvectors of Dy
corresponding to eigenvalues > 0.

Then the index theorem for manifolds with boundary in [7, Thm. 3.10] reads

Theorem 1.3.18 (Atiyah-Patodi-Singer). Let N be compact, oriented Riemannian manifold
of dimension n with boundary ON = M, and let

D:C>(N,E) - C®(N,E)

be a Zo-graded, formally self-adjoint elliptic differential operator of first order. Assume that
the metric and D are in product form in a collar of M. Let

C®(N,E*; P5) :={o € C®°(N,E") | P~(Dun)(¢|m) =0},
where P>(Dyy) is the projection of Definition . Then
DT . COO(N, E+;PZ) — COO(N, Ef)
has a natural Fredholm extension with

ind (D*; P5) :/NstrE[gn]volN —&(Dyy). (1.45)

Here, £(Dyy) is the &-invariant as in Definition and ey (x) is the coefficient of the
constant term in the asymptotic expansion ast — O of the heat kernel e~tD% (z,x) associated
to the extension Dx to the closed double X.
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Remark. We are following [7] and use the operator Dx on the closed double to define
the index density. Clearly, this is an ad hoc method which allows to use the asymptotic
expansion of the heat trace in its version for closed manifolds as in Theorem [T.14 However,
the trace expansion can be formulated in a much more abstract functional analytic setting
to incorporate the case of manifolds with boundary, see [24] for an expository account.

If dim IV is even and D is a Zo-graded geometric Dirac operator, the index density can
be made explicit using the local index theorem for closed manifolds. One obtains the index
theorem for geometric Dirac operators on manifolds with boundary, see [7, Thm. 4.2].

Theorem 1.3.19 (Atiyah-Patodi-Singer). Let N be compact, oriented Riemannian manifold
of even dimension n with boundary ON = M, and let D : C*°(N,E) — C*°(N, E) be a Zs-
graded, geometric Dirac operator which is in product form near M. Then the index of
Dt :C*®(N,E*;P>) — C*(N,E")
s given by
ind (D*; P>) :/ A(TN,V9) A chgs(B,VE) — &(Dar), (1.46)
N

where A\(TN, V) is the A\—form of Definition|A.1.4| with respect to the Levi-Civita connection
V9 and chgg is the realtive Chern character ([1.26)).

1.4 The Atiyah-Patodi-Singer Rho Invariant

In Proposition we have seen that the signature of closed manifolds equals the index of
the signature operator. One motivation that led Atiyah, Patodi and Singer to the discovery
of Theorem was the search for a generalization of this to the case for manifolds with
boundary. We thus briefly recall the definition of the signature of a manifold with boundary.

1.4.1 The Signature of Manifolds with Boundary

Let N be a compact, oriented and connected manifold of dimension n with boundary dN.
Then ON is closed and naturally oriented, but we allow that it consists of several connected
components. Let a: m(N) — U(k) be a representation of the fundamental group. Via the
map induced by the inclusion 9N < N, the representation « restricts to w1 (9N ). There is a
relative version H*(N,ON, E,) of cohomology with local coefficients, whose construction we
will not describe in detail. We only note that the machinery of algebraic topology—Ilike cup
and cap products, Poincaré duality, and exact sequence of pairs—extends to this contextﬂ
In particular, there is a relative intersection pairing

HP(N,E,) x H*"?(N,ON,E,) — C, (a,b) — (aUb, [N,0N]),

where the fundamental class [N,0N] is the generator of H,(NN,0N) determined by the
orientation. Via the de Rham isomorphism, the relative cohomology groups are isomorphic
to de Rham cohomology with compact support in the interior of NV,

HP(N,0N, Eq) = HP(N, E,).

3However, one has to be careful with the Mayer-Vietoris sequence and excision, where one has to use van
Kampen’s Theorem to relate the representations of the involved fundamental groups.
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Here, we also use E, to denote the flat vector bundle determined by «. With respect to this
identification, the intersection pairing is induced by

OP(N,E,) x QI7P(N, E,) — C, (w,n)r—>/N<w/\17>.

Now assume that 7 is even. There is a natural map H"?(N,dN, E,) — H"/?(N, E,) which
we can combine with the intersection pairing to define a twisted intersection form

Qo : HY?(N,ON, Ey) x H"*(N,0N, E,) — C.

As for closed manifolds, the intersection form is skew for (n =2 mod 4) and symmetric for
(n =0 mod 4), but it is in general degenerate.

Definition 1.4.1. Let N be a compact, connected manifold with boundary of even dimen-
sion n, and let a : 1 (N) — U(k) be a representation of the fundamental group . Then the
twisted signature of M is defined as

Signa(N) = Sign(Qa)7
where we use the earlier convention regarding the signature of a skew endomorphism.

Remark. To turn @, into a non-degenerate form, one needs to restrict to
H"*(N, E,) := im (HY*(N,dN, E,) — H"?(N, E,)).
Then Poincaré duality ensures that we get a non-degenerate form
Qo : HY*(N,E,) x H"*(N, E,) — C.
Since this process just eliminates the radical of )y, it is immediate that
Sign Qo = Sign Q.

1.4.2 Twisted Odd Signature Operators

To state the relation of the signature on a manifold with boundary to the index of the
signature operator, we first need to understand the structure of the signature operator near
the boundary. Therefore, we now consider the model case of a cylinder, and derive the
formula for the odd signature operator.

Let M be a closed, oriented manifold of odd dimension m and consider the cylinder
N := R x M. We use the natural splitting 7*"N = R & T*M to orient N and make the
identification

O : C°(R,Q°(M)) & C(R,Q°(M)) = Q*(N), ®(wp,w1) = dt Awp + wi,
where t denotes the R coordinate. Clearly,

dN(I’(WQ,wl) =dt A (815001 — dMWO) + del = (I)(Gtwl — ndL)(],del). (1.47)
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We now endow N with a metric of product form g = dt? + g, and denote by 7y and 7/
the chirality operators on Q°*(N) and Q°(M), respectively. Then one checks that

TN(I)(LU(), wl) = (I)(TMwl, TMwO) .
From this we obtain isomorphisms
Oy C®(R,Q(M)) = QF(N), w— ®(w,+1yw).

Let DY, : QT (N) — Q(N) be the signature operator. Then a short computation using
(1.47) and the formula ((1.7) for the adjoint differential yields

@:IOD}CO@+ :TM(at — Tmdy —dMTM)-

The same continues to hold if £ — M is a Hermitian vector bundle, and when we twist with
a unitary connection A on 7*FE in temporal gauge, i.e., a connection of the form A := 7*a.
Here, m : N — M is the natural projection and a is a unitary connection on E. We summarize
what we have observed so far.

Proposition 1.4.2. Let Dj be the signature operator on the cylinder N = R x M twisted
by a unitary connection A = w*a in temporal gauge. Then DZ s isometric to

(0 — By) : C°(R,Q*(M,E)) — C*(R,Q*(M, E)),

where
B, :=71u (da +db) = Tprdy + daTas (1.48)

Definition 1.4.3. Let a be a unitary connection over an oriented Riemannian manifold M
of odd dimension. The operator

By := Balgev(u,p) : Q7 (M, E) — Q% (M, E)
is called the odd signature operator on M twisted by a.
Remark 1.4.4.

(i) Note that the operator B, does indeed preserve the even/odd grading,
B, = B @ B4 . Q%V(M, E) @ QY (M, E) — Q% (M, E) ¢ Q°Y (M, E).

Moreover, BSY and B%I are conjugate via 737. The kernels of B, and BS are of a
topological nature, since

ker(B,) = ker(d, + d.) = s#*(M, E,), ker(BY) = (M, E,).

(ii) It is straightforward to check that the odd signature operator is a geometric Dirac
operator in the sense of Definition [I.2.11] Here, one defines the Clifford structure by

T M @ AT M — AYT*M, ¥ (w = Tm(§Aw —i(§w). (1.49)
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Paying close attention to the various identifications made, one also verifies that the
map

v AT M — AT M
corresponds to Clifford multiplication

en(dt) : ATT*N |y — A™T*N|y.

Hence, Proposition shows that DZ is of product form in the sense of Definition
Lo 19

(iii) To give an explicit formula, let m = 2k — 1. Then one can check, using the formula
(1.6) for 7as, that for all w € QF

Baw = —iktpe+l) ((—l)p *dg — dg * )w.
In particular for p = 2g¢,

B%w = i"(=1)1 (xd, — do*)w.

1.4.3 The Signature Theorem for Manifolds with Boundary

Having identified the tangential operator, the APS projection sets up a well-defined index
problem for the signature operator on manifolds with boundary. Moreover, the Atiyah-
Patodi-Singer Index Theorem for geometric Dirac operators and the index theorem for
the twisted signature operator in Theorem calculates its index. If the twisting bundle
is flat, this index is related to the signature for manifolds with boundary as introduced in
Section [1.4.1] However, this relation is more difficult to establish than in Proposition [1.1.8
for the case that the manifold is closed. We only state the result and refer to [7, Sec. 4] for
the proof. A concise discussion also be found in [21, Sec. 23].

Theorem 1.4.5 (Atiyah-Patodi-Singer). Let N be a compact, oriented Riemannian manifold
of even dimension n with boundary ON = M, and let E — N be a Hermitian vector bundle
of rank k with a unitary connection A. Assume that the metric is in product form, and that
A is in temporal gauge A = w*a on a collar of M. Let DX be the twisted signature operator
on N, and let

P=(a): Q*(M, E|y) — Q*(M, E|n)
be the APS projection in Definition of the tangential operator B,. Then
ind (D}; P>(a)) = 2"/2/ L(TN,V9) A ch(E, A) — £(B,).
N

Moreover, if A is flat, then
ind (D}; P>(a)) = Signy (N) — 3 dim(ker B,),

and therefore,

Sign 4 (N) = k - /N L(TN,V9) — n(B).
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Remark. In the last equation, the occurrence of BSY stems from the relation
&(Ba) = n(BYY) + & dim(ker By),
which follows from Remark (1).

Rho Invariants. Motivated by Theorem Atiyah, Patodi and Singer [8] introduced the
Rho invariant, which we have already briefly considered in Proposition [I.3.8 and Corollary
1.3.12, We now treat the Rho invariant associated to the odd signature operator in more
detail.

Definition 1.4.6. Let M be a closed, oriented Riemannian manifold of odd dimension m,
and let A be a flat unitary connection on a Hermitian bundle E of rank k. Then the Rho
mmwariant of A is defined as

paA(M) := p(BY') = n(BY') — k- n(B).
We have the following immediate consequences of what we have discussed so far.
Proposition 1.4.7.

(i) If A" is a flat connection, unitarily equivalent to A, then par(M) = pa(M). In partic-
ular, the Rho invariant depends only on the holonomy representation

holy : w1 (M) — U(k).

For this reason, we also use the notation po (M) if the focus is on representations of
the fundamental group.

(ii) The Rho invariant is independent of the metric used to define n(B%’) and n(B®).
Therefore, it is a smooth invariant of M and A.

(iii) If N is a compact, oriented manifold with boundary ON = M, and the representation
a:m (M) — U(k) extends to a unitary representation 3 : w1 (N) — U(k), then

pa(M) = Signg(N) — k - Sign(N).
Proof. Part (i) follows from the fact that the Eta invariant does not change, if we transform
with a unitary bundle isomorphism. Part (ii) is a consequence of Corollary [1.3.12] (i), since

the dimensions of the kernels of B and B¢ are independent of the metric. Part (iii) follows
immediately from the signature formula of Theorem [1.4.5 O

Remark 1.4.8.

(i) Part (i) of Proposition[1.4.7]shows that the Rho invariant can be interpreted as a map,
defined on the moduli space of flat connections

p:M(M,U(/@))HR, [A] — pa(M).

In the explicit examples in Section [2.3] and Chapter [4] we will use this and consider
particularly well-suited representatives for gauge equivalence classes of flat connections.
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(ii) Proposition m (iii) gives a negative answer to the question of whether Corollary
1.2.10] continues to hold for the signature of manifolds with boundary. As mentioned
in the introduction, an explanation of this signature defect was one of the motivations
leading to the discovery of Theorem and the Rho invariant is indeed an intrinsic
characterization of this.

(iii) Rho invariants do in general give non-trivial invariants. As an easy example we consider
M = S'. We view S! as a subset of C, endowed with the metric of length 27. A flat
U(1)-connection on the trivial line bundle is determined by its holonomy €@ € U(1)
with a € R. The corresponding odd signature operator is easily seen to be

B = (%, —ia) : C(81) — C=(SY),
where with ¢ € C*°(S') and z € S,
Zep(2) = G,_op(ze™).
Therefore, B;Y¢ = Ap if and only if
Aa€Z and @(z) = 22T(1).

This implies
n(BY,s) = Z w, Re(s) > 1.

In Proposition (i), we have included a computation of the value of the meromor-
phic continuation of this expression at 0. The result is, see also Definition

0, fora =0 mod Z,
2a9 — 1, forap € (0,1) and a =ap mod Z.

n(B;") = 2Pi(a) = {

(iv) We want to point out that the Rho invariant is a true extension of the signature defect.

More explicitly, there are Rho invariants which cannot be calculated using the formula

of Proposition m (iii). As an example, consider a compact oriented surface ¥ with

one boundary component 9% = S'. Then the fundamental class of S! is a commutator

in 71 (X), see for example the discussion in Section[2.3.1] This implies that a non-trivial
U(1)-representations of 71 (S!) cannot extend to a representation of 7y (X).

1.5 Rho Invariants and Local Index Theory

1.5.1 Relation to Chern-Simons Invariants

As seen in Proposition [1.4.7], the Rho invariant can be computed in a purely topological way
if the representation a extends over a bounding manifold. However, we have already pointed
out that this situation is often too restrictive. Therefore, intrinsic methods to compute Rho
invariants are of great interest. One observation for applying topological tools is the relation
of Rho invariants to Chern-Simons invariants. We refer to Appendix [A] for definitions and
basic properties of Chern-Simons invariants, and make the relation more precise now. The
following result goes back to [8, Sec. 4], see also [60, Sec. 7].
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Proposition 1.5.1. Assume that M is a closed, oriented Riemannian manifold of odd di-
mension m. Let Ay be a smooth path of connections on a fired Hermitian vector bundle
E — M. Then the reduced &-invariant satisfies

1 1 .
/ de(By)]dt = 275 / L(TM, V) A cs( Ao, Av),
0 M

where cs(Ag, A1) is the transgression form of the Chern character, see Definition .
We postpone the proof and mention some consequences.
Corollary 1.5.2. Let A; be a smooth path of connections on E.

(i) The following variation formula holds

€(Ba,) — £(Bag) = SF(Ba,)ueio) + 275 /M L(TM, V%) A es(Ao, Ay).

(ii) If Ao and Ay are flat, and M is 3-dimensional, then
pa, (M) = pa,(M)+4CS(Ap, A1) mod Z.

Here, CS(Ag, A1) is the Chern-Simons invariant associated to the Chern character, see

Definition and (A.7).

(iii) Assume that A; is a path of flat connections and that either Ay and Ay reduce to
SU(k)-connections or (dim M =3 mod 4). Then

n(BZVl) — n(Bfifg) =2 SF(BZ\;)te[D,l] — dim ker Bfﬁlvl + dim ker BZ‘;.

In particular,
PA, (M) = PAy (M) mod Z.

Remark 1.5.3.

(i) Corollary[1.5.2|(ii) shows that on a 3-manifold the reduction mod Z of the Rho invariant
is up to a constant the Chern-Simons invariant of the corresponding flat connection.
Therefore, the reduced Rho invariant is the integral over local invariants of the con-
nections. Now, the unreduced version is essentially this “local” contribution plus a
spectral flow term which encodes “global” topological information.

(ii) Under the hypothesis of part (iii) the reduction mod Z of p4, (M) is constant. In other
words, the Chern-Simons invariant is constant on connected components of the moduli
space of flat connections. Therefore, unreduced Rho invariants associated to one-
parameter families of flat connections have only integer jumps, which occur precisely
at the points where the rank of the twisted cohomology groups changes. Indepen-
dently, Farber-Levine [39] and Kirk-Klassen [58, [(59] have developed powerful methods
to compute this spectral flow term in purely cohomological terms.

We will now give a proof of Proposition based on the signature theorem for manifolds
with boundary in Theorem We shall also sketch a different proof using Getzler’s
approach to local index theory in Section below.
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Proof of Proposition[1.5.1 Consider the cylinder N := [0, 1] x M, endowed with the product
metric gy = du® + 7*g. Here, we are using u to denote the coordinate on [0,1], and
m: N — M is the natural projection. We endow 7*F with the connection

Xt =du A % + W*Atw(u),

where ¢ : [0,1] — [0, 1] is a smooth function such that for some £ > 0,

0, ifu<e
W) =12 ’ 1.50
() {1, ifu>1-—¢, ( )

see Figure For fixed ¢, the connection A is in temporal gauge on a collar of ON.

Therefore, we can apply Theorem |1.4.5(for each ¢ to the signature operator D} and conclude
t

that

€(Ba,) — &(Ba,) =22 | L(TN,V%)Ach(r*E, A) mod Z.
N

Since gy is the product metric on N it is straightforward to check that

L(TN,V9) = 7*L(TM, V).
Then, if [ N/M denotes integration along the fiber, see Proposition [2.1.12| below, we observe
that

L(TM, V) A / ch(*E, A;)

/E(TN,VQN)Ach(w*E,At):/
N N/M

M

= / E(TM, Vg) A CS(Atgo(u))‘
M

Here, we have used Lemma [A.2.1] in the second line to replace [y M ch(m*E, Kt) with the
transgression form of the Chern character computed with respect to the path u — A, ).
If we choose a different path, the result will differ by an exact form on M, see Proposition
for a proof. This allows us to remove the function ¢ and use the path u +— Ay,. Then

cs(Ayp(uy) = cs(Ao, A;) mod dQ(M).
Since M is closed, this shows that

+1

€(Ba,) — €(Ba) = 2"7 /M L(TM, V9) A cs(Ag, 4;) mod Z,

which implies Proposition [1.5.1 O
Proof of Corollary[1.5.3. Part (i) is an immediate consequence of Proposition and
Proposition Next, we note that

§(Ba,) — £(Bag) = n(B%,) — n(BY,) + dimker(Bj) ) — dim ker(Biy). (1.51)
Using part (i) and reducing mod Z one finds that

+1

n(BY.) —n(BY) = 2" / L(TM, V9) Acs(Ag, A)) mod Z.
M
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Ao Ay

0,1] x M

{

0 1

Figure 1.3: Cylinder N and the cutoff function ¢

Now, if we assume that m = 3, the E—forrg equals 1, and we obtain part (ii). Concerning
part (iii), we now consider the connection A := dt A % + A; on the cylinder [0, 1] x M. Since
we are assuming that A; is a path of flat connections, we have

Fr=din A, and exp(diA§A) = 1+di A G A

This implies

/ L(TM,V9) A cs(Ag, Ay) = / T L(TM,V9) Atrp [exp(s=F7)]
M [0,1]xM

_ / L(TM,V9) A 4 trp[Ay — Ay,
M

If Ag and Ay are SU(k)-connections, then trg[A; — Ag] = 0, so that the integrand vanishes.
On the other hand, if (m = 3 mod 4), the integrand has no degree m part so that the
integral vanishes again. In both cases, part (iii) follows from part (i) and (1.51]). O

Variation of the Metric. As already pointed out in Remark an important tool for
studying the Rho invariant is studying its variation under deformations of the flat connection.
However, the moduli space of flat connections is often discrete or at least disconnected.
Therefore, it is not always possible to find a path of flat connections which joins given
endpoints. However, in many cases one can deform the geometry of the underlying manifold
in such a way that twisted Eta invariants become computable. The main concern of this
thesis are Rho invariants of fiber bundles, and as already explained in the introduction there
are powerful methods to deform the geometry to a much simpler situation. One underlying
result is the following, which is an analog of Proposition see [8 Sec. 2].

Proposition 1.5.4. Assume that g; is a smooth path of Riemannian metrics on a closed,
odd dimensional manifold M, and denote by V9t be the associated one-parameter family of
Levi-Civita connections. Moreover, let A be a flat connection on a Hermitian vector bundle
E — M of rank k. Then

n(BY,g1) —n(BY,90) =k / TL(V%, V),
M
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where TL(V9,V9') is the transgression form of the L-class of TM, see Remark .

Proof. As before, let N := [0,1] x M be the cylinder, endowed with the bundle 7*FE and the
connection A := dtA % +7*A. In contrast to the proof of Proposition the connection A
is flat, since A is independent of t. Let o : 71 (N) — U(k) denote the holonomy representation
of A. Recall that Sign, (N) is defined using the homomorphism

H* (N, M, Eq) — H*(N, Ey).

However, in the case at hand, this map is trivial as M is a deformation retract of N, and «
is compatible with the natural retraction. Therefore, Sign,(N) = 0.
Now let ¢ be a cutoff function as in ((1.50)), and endow N with the metric

gN == dtz + W*g¢(t).

Let V9N be the Levi-Civita connection associated to gy. Since g is in product form near
the boundary and Sign 4 (N) = 0, Theorem yields

n(BY 1) — (B g0) = k- /N L(TN, Vo),

Moreover, V¥ is in temporal gauge on a collar of the boundary, so that we can deduce from

Proposition and Remark that

/ L(TN, vov) — / TL(V, V). 0
N M

Remark 1.5.5. In the next chapter we will also encounter a one-parameter family of con-
nections (Vt)te[o,u on T'M which is not associated to a family of Riemannian metrics. Nev-
ertheless, we can study the associated family of generalized odd signature operators

Dy :=c" oV :QV(M) — Q%Y (M),

where c®V is Clifford multiplication as defined in (1.49). Certainly, the operators D; will in
general not be formally self-adjoint, even if all V! are compatible with the metric. Without
going into detail, we note that a certain restriction on the torsion tensor of V! guarantees that
we get formally self-adjoint operators. Then we can use the variation formula of Proposition

1
£(D1) — £(Do) = SF(Dy)efo + /0 4 [¢(Dy] dt.

However, since (Dt)te[o,l] is not a family of geometric Dirac operators, the local variation can
not be identified using Theorem Yet, if we are interested in Rho invariants, it follows
from Corollary|1.3.12[that for any flat U(k)-connection A, the local variations of (D?k)te[m]
and (DAJ)te[O,I] agree. In particular,

p(Da1) = p(Dao) +SF(Dai)icp,1) — k- SF(Dt)iepo,1)- (1.52)
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1.5.2 The Variation Formula and Local Index Theory

In the remainder of this chapter we sketch a proof of Proposition based on local
index theory techniques. Mainly, this is because the underlying ideas will be helpful in
the discussion of Rho invariants of fiber bundles in Chapter [3] Aside from that, a proof of
the variation formula in Proposition which does not rely on the index theorem for
manifolds with boundary, underlines the intrinsic nature of Rho invariants.

The setup. Assume that M is a closed, oriented Riemannian manifold of odd dimension
m, and let A, be a smooth path of connections on a fixed Hermitian vector bundle £ — M.
We want to have an explicit formula for the variation -4 [¢(Ba,)] of the reduced &-invariant,
where

Ba, = 7(da, +dby,) : Q*(M,E) — Q*(M, E).
Proposition shows that
where a,,(Bj4,) is the constant term in the asymptotic expansion of
Vit Tr (%eiﬂgiu), ast — 0.
For brevity we will also use the common notation
dBa, —tB?
am(Ba,) = LIM Vt Tr (Sgiee™Pu). (1.53)
In the case at hand, it is immediate that

e = el )

Now, to get a formula for a,,(Ba,), we can fix u. To keep the notation short, we thus extract
the following setup with which we will work

Definition 1.5.6. Let A be a connection on E, and let A € Q! (M,End(E)). Define
Dp:=ds+dy:Q(ME)— Q*(M,E),

and denote by
ki(z,z) € C°°(M,End(A*T*M ® E))

the restriction to the diagonal of the kernel
ki(z,y) == (\/%C(A)e_tDi>(9:,y).
With this notation our goal is now to compute
I;Ij\é[ trae T Mo E [Tk:t(:):,x)].
According to we can decompose

End(A*T*M @ E) = C(T*M) ®, Endc) (A*T*M @ E),
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where R
Endg (A'T*M (%9 E) =Cl(T*M) ® End(E).

The local index theory proof of Proposition [[.5.1] will follow from the following odd dimen-
sional version of [13, Thm. 4.1], see also Remark [1.2.15

Theorem 1.5.7. Let M be a Riemannian manifold of odd dimension m, and let ky(z,x) be
as in Definition|1.5.0 There is an asymptotic expansion

ki(z,x) ~ (47t)~ Zti ), ast—0,
such that
kn(z) € O (M, Clys1(T* M) @ Endey (A*T*M & E)).

With respect to the symbol map o : Cl(T*M) — A*T*M, one has

m—

Z = det!/? (s'mlf(g}éjﬂ)) A (A A exp(—F)),

where RY is the Riemann curvature tensor, and F' is the twisting curvature, defined in a local
orthonormal frame {e;} for TM by

F:=Fga, — %g(Rg(ei, ej)ek, el)ei ANed @ e e O? (M, Endc (A'T*M ® E))

Here, V49 is the connection on A*T*M @ E induced by the Levi-Civita connection and the
connection A on E.

Before we sketch how Theorem can be proved along parallel lines as in [I3, Ch. 4],
we deduce the following consequence which gives an alternative proof of Proposition [1.5.1

Proposition 1.5.8. Assume that M is a closed, oriented Riemannian manifold of odd di-
mension m. Let A, be a smooth path of connections on a fixed Hermitian vector bundle
E — M. Then the reduced &-invariant associated to the family Ba, = T(dAu —l—df%) satisfies

L[e(Ba,)] =2"7 [ L(TM,V9) A 5 trg [ Ay, Aexp(=Fa,)],

where Fy, is the curvature or A,.

Proof. For fixed u we use the notation of Definition and let A := A, and A := %Au.
Then Proposition shows that with the kernel k;(z, z)

1
A[¢(Ba,)] = — | raerner [Thi(z, )] vol . (1.54)
-V JM

It follows from Theorem [1.5.7] that

I;IM trA'T*M@E [Tkt(.%', J})] VOlM = (47T)_m/2 / trA-T*M®E [Tkm_l] VOlM .
-0 Jm M
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As in Proposition we can decompose
trae poE = trel ®t/r-c\;1 R trg .
Now, the definition of tr¢y is in such a way that for a € CI(T*M)

0, ifa € Cly(T*M),
trai(ra) = {27”/2 ifa=r

This implies that for all k € C* (M7 End(T*M ® E))

/ traeT* Mo E [TH] voly = 2m/2/ Z*mTH(’Ea ®trE) [U(H)],
M M

where the factor i~ "2 arises from the fact that o(r) = i volps. Then, we can use

Theorem [1.5.7] again to infer that
(47r)m/2/ trA‘T*M®E [Tkm—l] VOlM —
M

V2r(2mi)~ /

det!/? (M) A (trar @ trg) [A A exp(—F)].
M

sinh(R9/2)

Now, we decompose F' = RS + F4, where RS is the twisting curvature of A*T*M as in
Lemma [1.2.21] and Fa € Q?(M,End(E)) is the curvature of A. Then one computes

(27Ti)_mT+1 /M det!/? (%) A (Ea ®trg) [A A eXp(—F)]

_ / A(TM,V9) A (it ® trp) [ A A exp( F)]
M
——/‘&ﬂ%V%A&E@qﬂ%ﬁ%bﬁq{%AAap@j@]
M
= —2’"/2/ L(TM,V9) Atrp [=A A exp (& Fa)],
M

where we have used Proposition|1.2.22|in the last line. Using (|1.54)), the proof of Proposition
[L.5.8 is finished. O

Getzler’s Rescaling. We now want to motivate why Theorem [1.5.7] can be proved in
the same way as the local index theorem [I3, Thm. 4.1]. Since it is also basic for the
considerations in the next chapters, we first want to extract one of the main ideas of Getzler’s
approach in [45]. This is to consider an appropriate rescaling of the Riemannian metric.

Let M be a closed manifold, and let g be a Riemannian metric. For ¢ > 0 consider the
rescaled metric g; := t~1g. We define a rescaled Clifford multiplication by

ct: (T"M,g:) — (A*T*M,g), (€)= Vt(el€) —i(€)), (1.55)

where i(£) denotes inner multiplication by £ with respect to the fixed metric g on A*T*M.
One easily checks that

c(§)? =—t- ¢z =—I¢l, and ()" =—c(§) wrt. g (1.56)
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This means that ¢; defines a Clifford structure for ("M, g;) on the bundle (A*T*M,g).
Since the Levi-Civita connection VY is invariant under rescaling with a constant parameter,
it defines a Clifford connection for every t,

(V9. c(8)] = cr(VIE), &€ QY (M).

We thus get a family of de Rham operators Dy, defined in a local orthonormal frame {e;}
for (T'M, g) by '
Dy == (e))VE, = Vi(d 4+ db) - Q* (M) — Q*(M). (1.57)

Here, d' is the adjoint differential with respect to the fixed metric g.

Remark. It might be confusing that the de Rham differential d is also rescaled, although it
is defined without using a metric. This is due to the fact that we are fixing g as a reference
metric on A*T*M while varying the metric on 7% M.

We wish to make this more precise, and take g; as a metric on A*T*M rather than the
fixed metric g. Consider

G (T°M,g) — (AT*M,gi), (€)= e(€) — 4(©), (1.58)

where now, i;(§) is inner multiplication with respect to g¢. Note that i;(£) is related to inner
multiplication with respect to g via i;(§) =t -i(£). From this, one deduces that

@€ = —t g2 = —leP, and ()" = —c(€) Wt g (1.5)

Hence, ¢; defines a Clifford structure for (7*M, g;) on the bundle (A'T*M , gt). The relation
between ¢; and ¢; is as follows.

Lemma 1.5.9. There is an isometry of vector bundles given by
8 : (AT*M,g) — (A*T*M,g), &(a) = (V)a,

where a is homogenous of degree |c|. Moreover, the Clifford structures ¢; and ¢ are related

by
Etzét_loctoét.

The proof is straightforward and is left to the reader. We also note that if dgt denotes
the adjoint differential with respect to g, then

Vi(d+d') =60 (d+dh) oo

This explains in more detail why the de Rham differential in is rescaled.
Now, one of the ideas underlying Getzler’s approach in [45] can be expressed in the simple
identity
e tD? = e_SDt2|s:1, (1.60)

where D is the de Rham operator with respect to g, and Dy is the rescaled de Rham operator
(1.57). The deep insight behind (1.60]) is that the asymptotic expansion as ¢ — 0 of the
kernel of e *P” can be related to the Euclidean heat kernel since—very roughly—the metric
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g converges locally to a Euclidean metric as t — 0.

Remarks on the Proof of Theorem We shall make the above idea only a bit
more precise, and refer to [13, Sec. 4.3] for more details. Let x € M, and let V := T, M. We
choose a ball U C V of radius less than the injectivity radius of M, so that exp, : U — M
parametrizes a normal neighbourhood of =z in M. Using parallel transport along geodesic
rays with respect to the flat connection A, we can identify the bundle E|y with the trivial
bundle U x E,. Hence, for y € U we can consider

h(t,y) == e_tD?“(epr(y),:U) € End(A*V* ® E,), (1.61)

and
Blt,y) i= (Vie(A)e™™PA) (exp,(y), 2) € End(A*V* @ ). (1.62)

Using the symbol map o : C1(V*) — A*V*, we get sections
o(h),o(k) € C®(R* x U,A*V* ® Endci(A*V* ® E,)).

Now Getzler’s rescaling method can be described as follows: We fix U as the coordinate
space, but replace the metric on M by ¢; := t"'g. This implies that the new system of
normal coordinates is given by

exp, oVt : U — M, 1y exp(Vty).

On Endg(A*V* ® E,), we fix the reference metric given by g and the metric on E, but we
use the rescaled metric on Cl1(V*). According to Lemma this means that the symbol
map has to be replaced by

oy =0 oo :CI(V*) = A°V*.
One checks that if £ € V* C CI(V*) and a € CI(V*), then
oi(& - a) = €N oy(a) — VEi(€)a(a), (1.63)
where i(&) is interior multiplication with respect to the fixed metric g.

Definition 1.5.10. Let s € R* be an auxiliary parameter as in (1.60). Then the rescaled
heat kernel is defined as

h(s,t,y) == t" %0, (h(st,Vty)) € A°V* @ Endi(A°V* ® E,).

As remarked in [I3, p. 155] the extra factor ™2 enters because h(t,y) is a density in
the y variable. Now Getzler’s local index theorem can be reformulated as follows, see [13,
Thm. 4.21].

Theorem 1.5.11. The limit limy_,o h(s,t,y) exists. Fory =0 and s =1,

RY/2

) _ —m/2 1/2
lim (1, #,0) = (4m) "/ *det <sinh(R§£/2)

) Aexp(—F),

where R} is the Riemann curvature tensor at x and F is the twisting curvature, defined in
Theorem |1.5.7



1.5. RHO INVARIANTS AND LOCAL INDEX THEORY 47

Remark. In [I3], Theorem|1.5.11|is proved under the assumption that m is even. However,
a close examination of all intermediate steps shows that this restriction is not necessary. In
particular, [I3, Prop. 4.12] continues to hold for odd m as well. The argument is similar to

(1.32) in the proof of Lemma |1.2.20
Using (1.62)) we now define as in Definition [1.5.10
k(s t,y) := t™ 0y (k(st,Vty)) € A*V* @ Endai(A*V* @ E,).

For y € U let A, € A'V* ® End(FE,) denote the pullback of A to U at the point y. Then
(1.63]) shows that

k($7t7y) = A\/Ey A h(87t7y) —ti (A\/iy)h(sﬂf?y)a

and Theorem [1.5.11| implies
Corollary 1.5.12. The limit limy_,o k(s,t,y) exists. Fory=0 and s =1,

RY/2

. 1 — (4 —m/2 2 ers
lim k(1,¢,0) = (47) "/ *det sinh(RY/2)

) A (Am A exp(—Fx)).
On the other hand—as in the even dimensional case—the rescaled kernel satisfies
m—1
lim k(1,£,0) = (47) "2 ) o (ka(2)),

where the k,, are the coefficients appearing in the asymptotic expansion in Theorem [1.5.7
This together with Corollary [I.5.12] finishes the outline of the proof of Theorem [I.5.7]
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Chapter 2

Rho Invariants of Fiber Bundles,
Basic Considerations

In this chapter we start to work on the main topic of this thesis. Our concern is to investigate
how the structure of an oriented fiber bundle of closed manifolds can be used to analyze Rho
invariants of its total space.

For this reason, we will first give a detailed summary of some geometric preliminaries as
they appear in the theory of Riemannian submersions and in Bismut’s local index theory for
families. Since we are dealing with the odd signature operator, our emphasis is to understand
the structure of the space of differential forms. In particular, we obtain descriptions of the
exterior differential, the adjoint differential and the Levi-Civita connection, which account
for the special situation arising in the context of the total space of a fiber bundle.

After having established how the odd signature operator can be expressed in terms of a
submersion metric, we describe the idea of an adiabatic metric on a fiber bundle. This is the
main tool on which our discussion of Rho invariants of fiber bundles relies. Very roughly,
the idea is to rescale the metric on the base manifold in order to deform the geometry of the
fiber bundle to an “almost product” situation. Using the variation formula, we shall see that
the Eta invariant of the odd signature operator has a well-defined limit under this process,
which is called the adiabatic limit. As the Rho invariant is independent of the underlying
metric, we can then replace the Eta invariants in its definition by adiabatic limits.

With this idea in mind, we will analyze the first class of examples, namely principal
circle bundles over closed surfaces. Thanks to the low dimensions of fiber and base as well
as the enhanced symmetry provided by the principal bundle structure, one can compute
Rho invariants without having to use the more advanced theory of Chapter |3} Nevertheless,
adiabatic metrics will already play a prominent role in the discussion.

49
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2.1 Fibered Calculus

2.1.1 Connections on Fiber Bundles.

Let F < M 5 B be an oriented fiber bundle, where all manifolds are assumed to be closed,
connected and oriented. Let TYM := ker 7, be the vertical subbundle of TM. Then TYM
is involutive, i.e., if [.,.] denotes the Lie bracket on C*°(M,TM), we have

[U,V]eT’M, UV eC®M,T°M).
We now assume that M is endowed with a connection, i.e., a vertical projection
PY:TM — TM.
This induces a splitting
TM =T"'M & T°M, T"M :=ker P",

and 7, : T"M — 7*TB is an isomorphism. In the following we usually identify 7" M
and 7*T'B via this isomorphism. Given a vector field X € C*°(B,TB) we can use the
connection to lift X horizontally to a vector field X € C°°(M,T"M). We will frequently
use the following easy result, see [I3, Lem. 10.7].

Lemma 2.1.1. Let V. € C®(M,T"M) be a vertical vector field on M, and let X €
C*(B,TB) be a vector field on B. Then

(X", V] € C®(M,T"M).

The horizontal distribution T7M is in general not involutive. The following quantity
measures the failure of being so.

Definition 2.1.2. The curvature form of the connection P is given by
Qe C®(MA*T"M* @ T°M), QX,Y):=-P'([X,Y]),
where X, Y € C®(M,T"M).

Riemannian Connections on Fiber Bundles. We now assume that the fiber bundle is
equipped with a submersion metric. This means that with respect to the splitting TM =
7T B & TYM induced by the connection, we take a metric of the form

g="7"95 D gu, (2.1)

where g, is a Riemannian metric on TV M, and gp is a metric on B. We will frequently write
g = gB D gu, the pullback and the identification TM = n*T'B & TV M being understood.

Remark. Note that our point of view is somewhat reversed to the situation encountered in
differential geometry. Recall, see e.g. [R1, pp. 212-214], that a Riemannian submersion is
defined as a submersion 7 : (M, g) — (B, gg) such that the push-forward 7, : (kerm,)* —
T B is an isometry. Then one deduces that M is a fiber bundle over B, endowed with a natural
connection given by the orthogonal projection onto ker w,. Moreover, via the isomorphism
(ker 7r*)J- & 7*T B the metric g is of the form gg @ g,. In contrast to this point of view, we
start with a fiber bundle, choose a connection and then endow the vertical and the horizontal
bundles with metrics. This is because we often want to fix only a vertical metric.
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Given a vertical metric g,, the following result provides a natural connection V¥ on T M,
see [13, Prop. 10.2].

Proposition 2.1.3. Let g, be a metric on T M, and let P¥ be a vertical projection. Then
there is a natural connection V¥ on T M defined by

VV:=P"oV9o P,

where VY is the Levi-Civita connection associated to a metric of the form (2.1). The con-
nection VY is independent of the choice of the metric gg on B. It is compatible with g, and
torsion free when restricted to TV M , i.e.,

VYV - VLU = [U, V], U,V eC™(M,T'M).

Remark 2.1.4. The connection V¥ can be thought of as a family of Levi-Civita connections
parametrized by B, when we consider every fiber F¥ C M endowed with the metric induced
by gy|r. This might give a good intuition why V" is canonically associated to g, and
independent of gp.

Definition 2.1.5. Let g, be a vertical Riemannian metric. Then we define the Weingarten
map

W e C®(M,T"M* ® End(T"M)), Wx(V):=V%V - P*([X,V]),

where V € C®(M,T°M) and X € C™(M,T"M). The mean curvature of V¥ with respect
to the vertical projection PV is defined as

ky = ky(P%, g,) € C¥(M, T"M*),  ky(X) = tr,(Wx),
where X € C®°(M,T"M) and tr, : End(T?M) — C is the fiberwise vertical trace.
Remark.

(i) If {e;} is a local orthonormal frame for T M, we have
tro(Wx) = > go(Viei — [X,eilei) == g0([X el ). (2.2)

This is because V? is a metric connection so that
gu(Vkei, ei) = Xgu(ei, ei) — go(ei, Vxei) = —gu(Viei, ).

(ii) In the literature, one finds different conventions of how to define the Weingarten map.
First of all in Riemannian geometry, one usually defines it as the negative of what
we have defined. Moreover, one often normalizes the mean curvature by a factor of
(dim F)~1. We chose to follow the conventions of [13, Sec. 10.1].

Associated to the metric gg on B, there is the Levi-Civita connection VZ. Apart from
the Levi-Civita connection V9 on T'M we can thus form the direct sum connection

Ve .=rmvBa Vv (2.3)
with respect to the splitting TM = 7*TB & TV M. Note that if X" is a horizontal lift and if
V' is vertical, then V@X h = 0. Clearly, the connection V® preserves the metric g = gg ® g
However, it is not necessarily torsion free. Hence, it does usually not coincide with the Levi-

Civita connection of M. Following [14, Sec. I] we introduce the following natural tensors
which measure the difference of V¥ and V9.
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Definition 2.1.6. Let V@ be defined as in (2.3)) and let V9 be the Levi-Civita connection
associated to the metric . Define

S:=VI—-V® e C®(M,End(TM)),
and let € be its metric contraction
0X)Y,Z) = g(S(X)Y, Z), XY, Z e C®(M,TM).

Since both connections V¥ and V9 preserve the metric, the tensor # is antisymmetric in
Y and Z. Therefore, it is a section of T*M ® A2T*M. Also note that the above tensors are
related to the O’Neill tensors of the Riemannian submersion, see [81, pp. 212-214]. The
following result describes all non-trivial components of 6, see [16, Sec. 4 (a)].

Proposition 2.1.7. The tensor 0 is independent of the chosen metric gg on B. Moreover,
if X, Y are horizontal vector fields, and U,V are vertical vector fields, then

H(X)(V,Y) =0(V)(X,Y) = 39(UX,Y),V), OU)V,X)=g(VEV, X),
where ) is the curvature of the fiber bundle, see Definition |2.1.2,
We also note the following formulz for § and the mean curvature k,.

Lemma 2.1.8. Let g, be a vertical Riemannian metric. Then for U,V wvertical and X
horizontal

H(U)(V> X) = _%XX(gv)(Uv V),

where Lx denotes the Lie derivative in the X direction. If k, € C*°(M, T"M*) is the mean
curvature of g,, then

kv(X) trv gX gv = ZH ez elv

where {e;} is an arbitrary local orthonormal frame for TV M.

Proof. Let U,V be vertical and X horizontal. Then by definition of the Lie derivative
gx(gv)(U, V) = ng(U7 V) - gv([Xv U]? V) —9v (U7 [X7 V])

where we have used that V" is a metric connection. This shows that

try [Lx(gv)] = 2ng (Ve — [X, €], €) = 2try(Wx) = 2k, (X).

(2.4)

Now choose a metric gg on B and endow M with the submersion metric g = g & ¢g,. By
definition of V", we can replace g, and V" in (2.4)) with g and VY, respectively. Since V9 is
torsion free, we find
XX(QU)(Ua V) = g(vg(U - [X7 U]? V) + g(U> Vg{v - [Xa V])
=g9(V{X,V) +g(U, V] X)
=g(X,-VV = V{U) = —29(X, VEV) + g(X, [U, V]).
Now, [U, V] is vertical, so that we find using Proposition that
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Convention. At this point it is convenient to introduce a convention regarding local com-
putations. We will always denote by {e;} a local, oriented frame for T"M and by {f,}
a local, oriented frame for TB. The horizontal lifts to a frame for T"M will be denoted
with the same letters. Upper indices denote the dual frames and the summation convention
will be understood. Indices a,b,c, ... always refer to horizontal directions and ¢, j, k, ... to
vertical ones. If we have chosen metrics g, and gg, we will always choose local orthonormal
frames. Whenever we do not want to distinguish horizontal and vertical directions, we use
the notation {E;} for the frame {fi, fo,...,€e1,€2,...} with uppercase indices I, J, K, .. ..
Moreover, if V is a connection on a vector bundle over M, we will use the abbreviations V,,
VZ', V[ for Vfa, Vei, VE,”

As an example regarding this convention, we write the tensor 6 of Definition [2.1.6] as
0= %HIJKEI (%9 E’ VAN EX.

Then Proposition shows that if we distinguish vertical and horizontal direction, the
functions 05k satisfy the relations

Oaib = —Oabi = Oiab = 39(Qaps €),
—bia; = 0jia = 9(Viej, fa), (2.5)
eajk = Qijk: = eabc =0.

Oija =

Another Natural Connection. The connection V* associated to a vertical Riemannian
metric is not the only natural connection on TVM. For X € C*(M,T"M) consider the
vertical projection of the Lie derivative Zx, i.e.,

LU T'M — T°M, Z%(V):= P'[X,V].

Note that Lemma yields that if X is a horizontal lift, then [X, V] is automatically
vertical. For general X € C®(M,T"M), V € C®*(M,T"M) and ¢ € C®(M) we have

LR (V) = P (p[X, V] + (Xp)V) = o.Z% (V) + (Xp)V
and, since X is horizontal,
ox (V) =P (o[X, V] = (Vo) X) = 025 (V).
Therefore, we can define a connection on TV M as follows:

Definition 2.1.9. Let V" be the natural connection associated to a vertical metric g,. We
define the connection V¥ on TYM by

VY :=V{, UeC®M,T'M), and V% :=.2%, XeC®M,T"M).

If g is a metric on B with Levi-Civita connection V?, we also define a connection on
TM =n*TB ®TM via N B
Ve .=r'vEB g V.
Clearly, the definition of %} for horizontal X is independent of any choice of metric.

However, for vertical U we cannot use the Lie derivative to define 6}’1 which is why the
connection V¢, enters the definition.
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Lemma 2.1.10.

(i) For X € C>®(M,T"M) N
Vi (90) = Zx(9v),

i.e., 63( does in general not preserve the metric g,. Similarly 6@, does in general not
preserve the metric g = gg ® gy -

(ii) The torsion of V® coincides with the curvature of the fiber bundle,

T(V®) = Qe 0 (M,A’T"M* @ T°M).

Proof. Part (i) is clear by definition. For part (ii) we use local orthonormal frames {f,} and
{e;} for TB and T"M according to the convention on p. Then one computes

6?6]‘ — 6?61 = erj — V;’ez = pv (erj — V?Cz) = P”[ei, ej] = [Ci, 6]‘],
62‘9@ — 6?]% = 6261' = P"[fa,€i] = [fa,ei], and
639](}) - 6?.](‘0, = ﬂ-*(vffb - vbea) = 7.‘-*[fadfb] = [fa7fb]h = [fmfb] + Q(fmfb)-

Note that in the first and third row we have used that V9 respectively V2 are torsion free,
and in the second row that [fg, e;] is vertical as f, is a horizontal lift, see Lemma O

2.1.2 Differential Forms on a Fiber Bundle.

Let F < M 5 B be an oriented fiber bundle as above. The natural exact sequence
T°M — TM — 7*TB
translates to exterior bundles as
7T APT*B — APT*M — AP(T°M)*.
In terms of differential forms, the pullback of forms gives a natural inclusion
7 QP(B) — QP(M).

Definition 2.1.11. Let w € Q*(M), and let i(.) denote inner multiplication with a vector
field. Then w is called

(i) horizontal if i(V)w =0 for all V- € C*°(M,T"M),
(i) basic if w = 7*« for some a € Q°*(B), and
(iil) wvertical if i(X)w = 0 for all X € C>®(M,T"M).

We denote by €25 (M) the algebra of vertical differential forms, and by 2} (M) the algebra of
horizontal differential forms.
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Remark.

(i)

(i)

(iii)

(iv)

Note that the definition of vertical forms requires the choice of a vertical projection
PY . TM — TYM, whereas horizontal and basic forms are defined independently of
such a choice. Moreover, PY gives an identification

O : C®(M,A(T"M)*) — QUM), D(w)(X,...,X,) = w(P'Xy,...,P'X,).

We will usually suppress this isomorphism from the notation and identify a section of
(T M)* with a vertical differential form.

A horizontal form w can always be written (non-uniquely) as a sum
w=> @i(ma), @i €C®(M), a;€Q(B).
i

Thus, one a somewhat formal level,
Qj, (M) = 7 Q*(B) @ C* (M),
where the tensor product is over 7*C*°(B).

More generally, we can decompose every differential form w on M as
w=Y AP, €M), QM)
i

and so
OF(M) = P 7P(B) @, QM) = @ QPI(M). (2.6)
p+q=Fk pt+q=k
Here, ®; is a graded tensor product over 7*C°°(B). We will often write ® instead of
®s, keeping in mind that there is a grading involved.

So far we have only implicitly remarked on our orientation convention. We use the
basis first orientation which can be described as follows: In ([2.6)) we consider the case
k =dim M, p=dim B and ¢ = dim F. Let volg(gg) € QP(B) and volp(g,) € Q¥(M)
be oriented volume forms associated to metrics gg and g,. Then we orient M according
to the prescription

vola(g) = 7 (volg(gB)) A volp(gy). (2.7)

Integration Along the Fiber. If the fiber bundle is endowed with a connection and a
vertical metric, there is a natural right-inverse for the map 7* : QP(B) — QP(M). We recall
the following well-known facts, see e.g. [22, Sec. 1.6].

Proposition 2.1.12. There is a natural homomorphism of C°°(B) modules,

/ QO E A Q%(B),
M/B

called “integration along the fiber”, which is uniquely defined by the property that

/a/\(/ w) :/ TraAw, acQimBkpy e Qbdm P,
B M/B M
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Moreover, for a and w as above,

dB/ w:/ dyw and a/\/ w:/ ™o A w.
M/B M/B M/B M/B

Definition 2.1.13. Let volp(g,) € Q3™ (M) be the vertical volume form associated to a
vertical metric, and let

velg.) = [ volelgn) € C(B)
M/B
be the function which associates to a point y € B the volume of the fiber over y. Then we

define the basic projection on horizontal forms as

Ip: QM) - Q*(B), Mgw):= UF(lgv) /M/Bw Avolp(gy).

Here, the normalization factor enters since we want IIp(7*«a) = « for every a € Q°(B).
We also want to point out that if we allow conformal changes of the vertical metric, we can
easily achieve that vp(g,) = 1. This is the content of the following simple result.

Lemma 2.1.14. Let n :=dim F, and let g, be a vertical metric. Define

u = tlog (m*vp(gy)) € C°(M).

T n
Then the metric G, := e~ 2“g, has unit volume along the fibers, i.e., vp(g,) = 1.

Proof. Let {e;} be a local, oriented orthonormal frame for ("M, g,). Let u be defined as
above, and let €; := exp(u)e;. Then {¢;} is a local, oriented orthonormal frame with respect
to the metric g,, and

volp(gy) = eEALL A = (e_"u)e1 A ANe" = (ﬁ*vp(gv))_l volr(gy)-
This yields that vp(g,) = 1. O

One might expect, that there is a canonical description of the kernel of IIg. This is
indeed true. However, the corresponding result is not completely straightforward. We give a
proof in Chapter [3] see Proposition For the time being we need a better understanding
of the calculus for differential forms on fiber bundles.

2.1.3 The Exterior Differential of a Fiber Bundle.

Let F — M 5 B be an oriented fiber bundle of closed manifolds as before. Let E — M be
a Hermitian vector bundle which admits a flat connection A. We denote by Qi (M, E) the
space of vertical F-valued ¢-forms, i.e., the space of sections of ATYM* ® E. The canonical
connection VY in Proposition together with A induces a natural connection

VAV Q2 (M, E) — QY(M) @ Q(M, E).
Moreover, we get a vertical differential

day: QUM E) — QY (M, E), da,=e AV,
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where {e;} is any local orthonormal frame for TVM. As in ([2.6]), we can split the space of
E-valued k-forms on M as

OF(M,E)= € "(M,E).
ptq=k

The vertical differential then extends to Q°*(M, E) by requiring that
das(a®@w)=(—1Pa®daw, a®@weQPI(ME).

On the other hand, the connection A defines a total exterior differential d4 on Q°*(M, E). It
inherits a bigrading

dy = Z dij, where d;;j: QPY(M,E) — QP (M E)  for all p, q.
i+j=1

We now want to describe this in terms of the data introduced in Section m Let V¥ be
the connection on T?M as in Definition 2.1.9] It induces a connection on vertical differential

forms, which we denote by the same letter. Similarly, we obtain a connection V® on A*T*M ,
and using A, we define VA® on A*T*M @ E.

Remark. There is a subtlety concerning the action on vertical differential forms of the

connection %UX}” if X" is the horizontal lift of a vector field X on B. Since on TVM, the

action of ﬁvxh is given by the Lie derivative, one might expect that the same is true for its
action on forms. However, it is in general not true that Zyrw is automatically vertical for
a vertical differential form w, compare with Lemma For example, if w € Ql(M), then
the Cartan formula yields

Lxn(w)(Y") = (X" 0 dw)(Y") = —w([X",Y"]) = w(Q(X,Y)).

This is in general non-zero, so that .Zyrw is in general not a vertical form. Thus, 67)’@ agrees
in general only with the vertical projection £y, of the Lie derivative.

As always let { f,} be a local frame for T'B, and write {) = % A fP @, for the curvature
of the fiber bundle.

Proposition 2.1.15. The total exterior differential dg on Q°*(M, E) splits as
da =dap+dan+i(€2),
where for w € Q*(M, E)
dapw = fE AV, and (Qw = 34N FO N i(Qup)w.
Here, i(Qqp) denotes interior multiplication with Qg € C°(M,T"M).

For convenience we sketch a proof, although the result is well known, see [13], Prop. 10.1]
or [I9, Prop. 3.4]. Before we do so, let us point out that there is no d_; o contribution to
d A, which is due to the fact that the vertical distribution is integrable, see [74, p. 58].



58 2. RHO INVARIANTS OF FIBER BUNDLES, BASIC CONSIDERATIONS

Proof of Proposition [2.1.15. We assume for simplicity that A is the trivial connection on the
trivial line bundle. Recall, e.g. from [13] Prop. 1.22], that if V is a torsion free connection
on T'M, then d can be expressed in terms of V as the composition

Q*(M) % QM) ® Q°(M) <2 QL (M). (2.8)

Here, the second arrow means contraction with exterior multiplication. Let g be a metric of
the form gp® g,. It follows from Lemmal[2.1.10] that we can define a torsion fred!] connection
V on TM by N

Vx:=V% - 10(X,.), XeC®M,TM).

Let {f.} and {e;} be local orthonormal frames for T'B and T M respectively. Since d satisfies
the Leibniz rule it suffices to compute de’ and df®. From (2.8)) and the definition of V® we
get
de' = el AVje' + f* AV, e

=2 V}’ei + N (= e (Vaer)ek — ei(Vafb)fb)

= dve’ + [OA (= e ([fasen])e” — €' (=3 w) /)

= dpe’ + fOAVEe + Le'(Qu) fO N fE.
This is the required formula for de’. On the other hand, since V; acts trivially on basic
forms, and Q(fs, fc) has no horizontal component, one easily finds that

df* = fP AV 4= AV O
Since A is flat we have d% = 0. This implies the following.

Corollary 2.1.16. Let {.,.} denote the anti-commutator of two operators in the ungraded
sense. Then

A%, =1(9Q)? =0, d4,+ {dawi(Q)} =0,
{daw,dan} = {dani(Q)} =0.

More on the Mean Curvature. From Proposition[2.1.15] we can also deduce the following
formula which relates the mean curvature with the differential of the vertical volume form,
see [13, Lem. 10.4]. In the theory of foliations, this is known as Rummler’s formula, see e.g.
[95, p. 38].

Proposition 2.1.17. Let volg(g,) be the volume form associated to a vertical metric. Let
ky, € QLO(M) be the mean curvature form. Then

dpr volp(gy) = ky Avolp(gy) +1(2) volr(gy).

Proof. Since volp(g,) has maximal vertical degree, Proposition [2.1.15 implies that

dar volr(gv) = dp volp(gy) +1(2) volp(gy).

LClearly, we could also use the Levi-Civita connection associated to the metric g. However, its explicit
formula is more complicated (see also Remark [2.1.20| below).
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If {fs} and {e;} are local frames for T'B and TVM, we compute

dpvolp(gy) = f* /\V”(VOIF ) = f* A V(D) Aie ) (volr(gv))
=—f° /\ej( fas ek )e Ni(e; (Volp(gv))
= —f* Ne ([fa, ex])6F Avolp(gy)
== gu([fas €5l €5) f* A volr(go).
J

Now, ([2.2)) identifies the last line with &, A volg(gy). O

Corollary 2.1.18. Let volp(gy) be the volume form associated to a vertical metric g,, and
let vp be the volume of the fiber as in Definition [2.1.15 Then the basic projection of the
mean curvature form is given by

p(k,) = dplog(vr) € QY(B).
Proof. We differentiate vp and use Proposition [2.1.17| to find that

dpvp = dB/ VO]F(gv) = / dys V01F<gv) = / ky /\VO]F(gv) = VR HB(]CU). Il
M/B M/B M/B
Corollary shows that the basic projection of the mean curvature form gives a
trivial element in the cohomology of the base. Moreover, it vanishes if the metric g, has
constant volume along the fiber. As we have seen in Lemma this can be achieved
by a conformal deformation of the vertical metric. In Section we will transfer a result
of [36] from the theory of foliations to the situation at hand and show that one can always
deform the vertical projection and the vertical metric of the fiber bundle in such a way that
not only the basic projection but the mean curvature form itself vanishes.

2.1.4 The Levi-Civita Connection on Forms and the Adjoint Differential

To study the de Rham operator on a fiber bundle F — M 5 B, we also need to understand
the adjoint differential d’,, where A is a flat connection on a Hermitian vector bundle £ — M.
For this we will use the local formula

dy = —i(E") VI

where {E;} is a local orthonormal frame for TM, and V49 is the Levi-Civita connection on
forms twisted by A. We want to use this formula to split d' in terms of its bidegrees with
respect to the decomposition . For this we need to relate the Levi-Civita connection
VA9 on forms with the connection VA®. Recall that in Definition[1.2.17 we have introduced
a transposed Clifford as

¢:T*M — End(A*T*M), (€)= e(€) +i(€).

Lemma 2.1.19. Let E — M be a Hermitian bundle which admits a flat connection A.
Then, on A*T*M ® E, the difference of VA9 and VA% is given by

VA = vAS 4 1(c(0) — 2(0)),
where 0 is the tensor defined in Definition [2.1.6]
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Proof. Let {E;} be a local orthonormal frame of TM with dual coframe {E’}. Then by
definition of S and 0,

(VP9 = V19) = (V19 = VIOV B Ni(Ey) = B (S(Ep) Ex) e(E")i(E)
= —Orxye(EX)I(EY).
On the other hand,
S(e(0r) —2(0r)) = Y01 K (c(B?)e(EX) — (E))a(BF))
= — 2017k (e(EN)I(BX) —i(E7) e(BY))
= — 201k e(EX)I(E) + 3017k e(EF)(EY) = —01k5 e(EX)i(E),

where in the last line we have first renamed J and K in the first summand and then used
antisymmetry of 077k in J and K for the second summand, see ([2.5]). O

Remark 2.1.20. One could use the above result to give a different proof of Proposition

by writing out locally
da = E' AV = EEAVY® — 01 BN A EX A(EY)
Splitting this into horizontal and vertical contributions, and using , one verifies that
da=day+ [N (VIS =00 e Ni(eD)) +i(Q).
Comparing this with Proposition [2.1.15| we see that in particular,
V2 = VY — Ogja " Ni(ed). (2.9)

A more invariant description of the term occurring here is as follows: Define a tensor field
B € C®(M,T"M* ® End(A*TM*)) by requiring that

go(@, B(X)B) = Z%(9.)(c, B), X € C®(M,T"M), «a,5 € Q3(M).
Then Lemma m (or a direct computation) easily implies that
B(X) = X%jq " Ai(ed). (2.10)
We now have the following analog of Proposition for the adjoint differential.

Proposition 2.1.21. Let E — M be a Hermitian vector bundle which admits a flat con-
nection A. Then the twisted adjoint differential splits as

diy = iy, + di gy +1(),
where the terms are given in local orthonormal frames {e;} and {f,} by
dly, = —i(e") o VI QP1 — grat,
dy = —i(f" o (VE® + B(fa) + ko(fa)) : QP9 — QP11
i(Q)" = (/) i(f*) e(Qap) : Q7 — QP72

Here, B(f,) is defined as in (2.10), k, is the mean curvature form, and e(Qgp) denotes
exterior multiplication with the dual of Qqp € C°(M,T"M).
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Remark 2.1.22. The definition of the connection V¥ and the relation (2.9) between V¥
and VY shows that we can write alternatively

df47v = —i(e') o %;‘»@ L QPa QP
dfq,h = — i(fa) o (%aA@ + 23<fa) + kv(fa)) .Opa _, QP14

Proof of Proposition[2.1.21] For convenience we drop again the reference to the flat connec-
tion. According to Lemma [2.1.19[ and the local formula for d' we have

d' = —i(ENVY +i(EN01 sk e(E7)i(EX).
Splitting this into horizontal and vertical parts and checking bidegrees one finds
d = — i(ej)Vg9 + i(ej)Gjab e(f4)i(f°) + i(f*)0ay; e(f2)i(e?) = — i(ej)V?B.
Here, we have used the relation 0u,; = —0;4, see . Similarly,
diy = —i(f)Vg +i(e))0ira e(e) i(F*) = —i(f)(VE = Ojrai(e’) e(e"))
= —i(/*)(VE + O (e(e)i(el) = 7)) = =i(F") (Vi + B(fa) + kol fa)

where we have used symmetry of 6, in j and k, the definition of B(f,), and Lemma m
Lastly, one has

() = i(f")0pe(e?)i(f0) = —2i(F*)i(f?) e(Qp)- O

Partial de Rham Operators. Having established the description of the adjoint differential
in analogy to Proposition [2.1.15] we can now split the twisted de Rham operator on M.

Definition 2.1.23. We use the abbreviations
DA,v = dAﬂ, -+ di&,m DA,h = dA,h + th,h? and T := I(Q) + i(Q)t.

The operators D4, and D 4, are called the vertical respectively horizontal twisted de Rham
operator on M.

Remark 2.1.24.

(i) Tautologically, the de Rham operator on M splits as

Dy=Dyy+Dap+T:Q%(M,E)— Q (M, E). (2.11)

(ii) The vertical de Rham operator is a first order differential operator acting fiberwise, i.e.,
[Day, 7] =0 for all p € C°°(B). This means roughly, that it can be thought of as a
smooth family of first order elliptic differential operators on A*T*F ® E|p parametrized
by B, see Definition We refer to Section for some more details. Clearly, an
analogous statement cannot be formulated for the horizontal de Rham operator D4,
unless the horizontal distribution is integrable.
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(iii) We want to add some remarks about the effect the splitting has on the spectrum
of Dy. Let us assume that A is the trivial connection. The appearance of the mean
curvature form in the formula for dﬁl shows that in general, Dy will not restrict to an
operator on basic forms, see Definition Instead, if Dp denotes the de Rham
operator on B,

Dp(n*a) = n*(Dpa) —i(ky)7*a, a € Q*(B), (2.12)

where i(k,) denotes interior multiplication with the mean curvature form. However—as
already pointed out—we will see in Section that upon changing the vertical metric
and the horizontal distribution, we can achieve that k, vanishes. In this case
shows that eigenforms of Dp lift to eigenforms of Dy. Since D, vanishes on basic
forms, this produces eigenforms of D,, + Dj,. In particular, spec(Dp) C spec(D, + Dy).
However, the full de Rham operator on M is given by , and T will in general
not act trivially on 7*Q®(B). This should give a hint at why—even in the case that k,
vanishes—the relation between the spectrum of Dj; and the spectra of Dy and D, is
non-trivial. We refer to [50, Ch.’s 3&4] for a detailed study of related questions.

Some Commutator Relations. The explicit description of the adjoint differential has the
following consequence, see also [I, Prop. 3.1] for a generalization.

Proposition 2.1.25. Let {f,} be local orthonormal frame for TB, and define a bundle
endomorphism

K :=—i(f*) o (2B(fa) + ko(fa)) : A°T*M — A*T* M. (2.13)

Then
dA,vdil,h + df47hdA,v =da,K + Kdyg,.

Proof. If {e;} is a local orthonormal frame for TV M, one checks that
VA€ 0dp,=da, o VA,
Since %f’@fa = 0, this implies
dawo (i(f*) o V) + (i(f*) o VIH®) 0 dy = 0.
Now Remark yields that
dig gy = —i(F) 0 (Vi + 2B(fa) + ku(fa)-
Then, with K as in , one easily verifies that indeed
dawdyp + dypday = dayK + Kday. O

Corollary 2.1.26. The anti-commutator {Da, Dan} is a first order differential operator
acting fiberwise.

Proof. According to Corollary [2.1.16] and the corresponding statement for the formal ad-
joints, we have
{dap,day}t =0 and {df;"h,diw} =0.

This implies
{Daw, Dan} = {daw,d'y,} +{d% o dap} = {daw, K} + {K', dY4 .},

which is C°°(B) linear and thus a first order differential operator acting fiberwise. O
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2.2 Rho Invariants and Adiabatic Metrics

2.2.1 The Odd Signature Operator

As before let F < M 5 B be an oriented fiber bundle of closed manifolds, and let £ — M
be a Hermitian vector bundle endowed with a unitary flat connection A. We endow TV M
with a metric g, and B with a Riemannian metric gp, and consider the associated submersion
metric g := g D gv.

If dim M is odd the odd signature operator on M twisted by A is given in terms of the
partial de Rham operators introduced in Definition as

BY =7yDay +myDap + T : Q¥ (M, E) — Q% (M, E), (2.14)

where 7) is the chirality operator on the total space M of the fiber bundle. It is useful to
identify Q¢ (M, E) in terms of the splitting TM = 7*TB & TM. From (2.6 we see that

OV(M,E)= Y 70(B)®QI(M,E).
p+q=0(2)

Using this identification, we define
O:Q%M,E) - 1*Q*(B)@Qy(M,E), ®(a®w)=a®®@w’+ (e’ w’),

where a¢/° and w®/° refer to the even/odd degree parts. Since it is straightforward, we skip
the proof of the following result.

Lemma 2.2.1. Assume that M is odd dimensional.
(i) If the fiber F is even dimensional, then ® gives rise to an isometry
®: QV(M,E) = mQ%(B) ® Q%(M, E),
and the odd signature operator is equivalent to

®oBY o® ' =Dy, +1yDan+T

(ii) If F is odd dimensional, then
d: QV(M,E) = mQ*(B) ® Q% (M, E),

and
PoBY od ' =7yDay+ Dap+1uT.

The Vertical Chirality Operator. For a more explicit formula for the odd signature one
needs to understand how the chirality operator splits with respect to . In the general
setting at hand we will not give a detail account but add some remarks which will be used
in the examples below.
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Definition 2.2.2. Let M be endowed with a vertical metric g, and let n := dim F'. Then
the vertical chirality operator 7, : QL (M) — Qy~ (M) is defined with respect to an oriented,
orthonormal frame {e;} for TV M by

Ty = i[nTH]cv(el) coep(e).

Here, ¢, : T"M* — End (A'T”M*) is the vertical Clifford multiplication,
co(€) = e(§) —i(), €€ Q(M).

The vertical Clifford multiplication extends naturally to vertical differential forms, and
up to the normalization factor, 7, is Clifford multiplication with the vertical volume form.
In particular, it is independent of the chosen frame. We also recall the convention that
if g =g P gy, we orient M using

volps(g) = W*(VOIB(QB)) Avolp(gy).
Lemma 2.2.3. Let 7 be the chirality operator on Q°*(B), and let (7*a) Aw € QP9(M).
(i) Assume that F' is even dimensional. Then

v (T o Aw) = 7 (Tpa) A Tyw.
(ii) If F is odd dimensional, then

™ (Tpa) A Tyw, if B is even dimensional,

Tv(Tr e Aw) = (—1)P - {

—i -7 (Tpa) A Tpw, if B is odd dimensional.

The proof is a bit tedious but straightforward and shall be skipped.

Remark. In Proposition [2.1.21| we have described the adjoint differential d’y using the local
formula dy = —i(E!) o V7. However, as in (I.7), we also have the description

dt = (—1)m+1TM o ClA O TMp,

where m = dim M. Using this together with Lemma and Proposition [2.1.15] one could
give a different proof of Proposition [2.1.21] Clearly, the main point is then to compute
Tamd A, Tv, Which amounts to proof that

7 [V, 7] = 2B(X) + ko(X), X € C®(M,T"M). (2.15)
Conversely, (2.15) can be verified using Proposition [2.1.21| and ([2.9)).

2.2.2 Adiabatic Metrics on Fiber Bundles

In a similar way as in Section [1.5.2] we now want to rescale the metric on the fiber bundle
F — M 5 B. Yet, the important difference is that we only rescale the metric on the base
manifold. In order avoid square roots of e, we are using €2 rather than e to rescale the
metric.
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Definition 2.2.4. Let gg be a metric on B and g, be a vertical metric. For € > 0 we define
the adiabatic metric

ge == 298 D go. (2.16)

Associated to each g., we have a Levi-Civita connection V9. Note that unlike in the
case of a single manifold, the family V9 is not independent of € since we only scale the base
metric. However, the direct sum connection V® is independent of ¢ since both, VZ and
V¥ are, see Proposition[2.1.3] Similarly, the tensor 6 as in Definition is independent of .

Adiabatic Families of Odd Signature Operators. Now let £ — M be a flat unitary
bundle with connection A, and let V49 and VA be the induced connections on A*T*MQE.
We can use Lemma [2.1.19 to write

VA = vAD 4 L (0) - 2.(0)). (2.17)

Here, Clifford multiplication is defined with respect to the fixed metric ¢ = gp @ g, on
AT*M, i.e.,

c=(f*) = ec(f?), cele’) =cle'), E(f?) =ee(f?), (') =el(e),
compare with .

Lemma 2.2.5. For each e > 0, the connection VA9 on A*T*M ® E is compatible with the
fixed metric g = gp ® g, Moreover, it is a Clifford connection with respect to c., i.e.,

(VA9 e (€)] = e (VH€), € € QY (M).

Sketch of proof. Lemma is basically [13, Prop. 10.10]. The main observation there is
that V49 is compatible with g and satisfies

[vA,@j c&‘(é)] - CE (V@f), é‘ E Ql (M)
On the other hand, according to , we need to consider
e (0(X)) — 2. (6(X)) € C*(M,End(A*T*M ® E)), X € C™(M,TM).

Since ¢, and ¢. are defined with respect to the fixed metric g, and since 6(X) is a 2-form,
one finds that ¢-((X)) and ¢.(6(X)) are self-adjoint with respect to g. This implies that
VA9 is compatible with the metric. Lemma [1.2.18] (i) shows that for & € QL(M)

[66(9) —55(9),05(5)] = [05(9),05(5)]
As in [13] Prop. 10.10] one then finds that

[VAS 4 L1e(0), ()] = e (V9€),

which proves that V49 is indeed a Clifford connection. O
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Remark 2.2.6.

(i) Again, it might be confusing that all connections VA9 are compatible with the fixed
metric g on A*T*M. This is due to the fact that we have defined V49 in such a way,
that it already incorporates the isometry of Lemma [1.5.9] which in the case at hand
takes the form

Oc (Q'(M,E),ge) — (Q'(M, E),g), de(mra ANw) = el a A w.

(ii) We also want to point out that the chirality operator 7y on (Q*(M, E), g) does not
change with ¢. Indeed, it is immediate that volys(g:) = e~ 4™ B voly;(g) from which it
follows that

ce(volar(ge)) = c(voln(g))

Definition 2.2.7. Let g. be an adiabatic metric on M, and assume that m = dim M is odd.
We define the adiabatic family of odd signature operators as

BY.:=7mMDay+e-TuDan+ e ryT : Q% (M,E) — Q% (M, E). (2.18)

The definition is in such a way that BY’_ is given by Clifford contraction of V49 with
respect to the Clifford multiplication 7as o ¢.. Thus, all By’ are geometric Dirac operators
on Q°¥(M, E) which are formally self-adjoint with respect to the L2-structure induced by
the fixed reference metric g. The € factors occur since each horizontal Clifford variable is
scaled with .

Adiabatic Limit of the Eta Invariant. The family of operators BY’, converges pointwise
to TarD Ay, which is not an elliptic operator. Therefore, the following result is remarkable,
see also [16, Prop. 4.3].

Proposition 2.2.8. Let g. be an adiabatic metric on the total space of a fiber bundle F —
M 5 B, and assume that m = dim M is odd. Let A be a flat U(k)-connection, and let
77(Bf4‘:€) be the family of Eta invariants associated to the adiabatic family of odd signature
operators By’ _. Then the “adiabatic limit of the Eta invariant” exists in R. More precisely,

lim (B3 = n(B) + b+ [ TL(V7,V9),
E— M

where TL(V9,V®) is the transgression form of the L-class with respect to the connection V9
and V¥ on TM.

Proof. Fix € € (0,1). Then Proposition shows that

W(B5) =B + k- [ TLVI, 9%, (2.19)
M
Moreover, we deduce from Proposition that

/TL(vg,vgs):/ TL(vg,v@)+/ TL(V® V%).
M M M
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As in Definition consider

S=V9—-V¥ and S°=V¥% -V
It is straightforward to check that

P'S*=P"S and P"S®=e2P"S,

where PY/" . TM — T¥/"M is the vertical, respectively horizontal, projection of the fiber
bundle. Hence,
lim V¥ = V% 4 PYS,

e—0

and the limit is uniform in e. Therefore,

lim [ TL(V® V%) = / TL(V®,V® + PS).
e—0 M M

Now, a consequence of Proposition is that for fixed X € C°°(M,TM), the only non-

trivial component of P*S(X) is

PUS(X):T"M — T M.
In particular, P'S(X) and all its powers are trace-free which implies that
TL(V® V¥ + P’S) =0.

Hence, we can take the limit in (2.19) and get

li n(BY.) = n(B) + k- [ TLV9,99). =
- M

Remark. So far Proposition is not of particular value for explicit computations of
n(BY'). First of all, we do not yet know anything about the adiabatic limit lim._.o7n(BY,).
However, in Chapter [3| we will describe how powerful methods of local families index the(;ry
give an alternative expression of the adiabatic limit in more topological terms. Another
aspect worth mentioning is that the Chern-Simons term [,, TL(V9, V¥) can be very difficult
to compute, see e.g. [79] for very explicit computations in the case of circle bundles over
surfaces.

Concerning Rho invariants we already know at this point that the transgression term
does not play a role. This is because the transgression term is the same for BY and the
untwisted odd signature operator B¢, since A is flat. Moreover, according to Proposition
the Rho invariant is independent of the metric, so that we have the freedom of choosing
particular well-suited vertical and horizontal metrics. Summarizing these observations, we
obtain the following result, which is the underlying idea for our discussion of Rho invariants
of fiber bundles.

Corollary 2.2.9. With respect to all adiabatic metrics g on M we have

pa(M) = lim 5y (BS.) — & - lim n(BE")

e—0



68 2. RHO INVARIANTS OF FIBER BUNDLES, BASIC CONSIDERATIONS

2.3 The U(1)-Rho Invariant for Principal S'-Bundles over
Surfaces

In this section we will see how the idea of Corollary is already helpful for explicit
computations, even without employing more abstract theory we will encounter in Chapter
We give an elementary computation of Rho invariants for the simple but already non-
trivial example of a principal S'-bundle over a closed surface. We content ourselves with
the U(1)-Rho invariant since all phenomena related to adiabatic limits appear. Some parts
of our discussion are borrowed from [79]. The setup there is the Spin® Dirac operator which
is, however, closely related to a twisted odd signature operator.

Before we can start with the discussion of the odd signature operator on a principal S'-
bundle over a Riemannian surface, we need an explicit description of flat U(1)-connections.

2.3.1 The U(1)-Moduli Space

Let X be a closed, oriented surface of genus ¢, and let S' < M 5 ¥ be an oriented principal
circle bundle. Since H?(X,Z) = Z, such a bundle is classified up to isomorphism by its
degree [ € Z. Given that, there is a very explicit construction, which we describe now.

Topological Description. Let D C ¥ be an embedded disc, and let ¥y := X \ D. Clearly,
H?(D,7Z) = {0}, and the long exact cohomology sequence of the pair (3g, 9%0) implies that
H?(X,7) = {0} as well. Since principal S-bundles are classified by their first Chern class,
this shows that the restriction of S' < M 5 ¥ to D and X is trivializable. Fixing an identi-
fication D = —0%( = S as oriented manifolds, we conclude that—up to isomorphism—the
bundle 7 : M — ¥ is given by a glueing function of the form

©:0(Dx SY) = 3(8g x SY), @(z,\) = (z,27'\), (2.20)
where z € S = 9D = —9%,. We want to use this description to determine the fundamental
group of M. For elements a,b € 71(3) we write [a,b] = b~la"!ba, which according to

our convention means to first follow the path a, then b and then the same again with the
orientations reversed.

Lemma 2.3.1. Let S' — M 5 X be an oriented principal circle bundle of degree | € Z.
Then the fundamental group of M has the presentation

g
mi (M) = <a1;bl7 o ,Ggybgﬁ‘ H[ai;bi] = Centfal>,
i=1

where ay,by, ..., aq,by are lifts to M of the standard generators of m% and vy is the homotopy
class of the S*-fiber.

Proof. Let ¢ be the homotopy class of 9%j. Then the canonical generators of 71(3g) are the
ones indicated in Figure It is well known, see e.g. [40, Sec. II1.3.5], that

g
m1(X0) = <a1,b1, . ,ag,bg,c‘ H[ai,bi] = c_1>.
=1
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Figure 2.1: Generators of m(Xo)

Write
(0D x SY) = {(&.7|[7,d =1), m(8(So x SY)) = {e,v|[y,d = 1).
Note that ¢ is annihilated under the inclusion 9D < D. Moreover, the map (2.20]) induces

a map on fundamental groups

oo (0D x S)) = m(0(T0 x 8Y)), () =7, @ul@ =77l

Van Kampen’s Theorem now shows that
g

m(M) = (o, by, ag, by, e, 7| [Tlaisbid = ¢4, Vi fai, o] = bin) = 1e ™ =)
i=1

which by cancelling ¢ coincides with the claimed presentation. O

Since Hy = my/[my,m1], it follows immediately from the above Lemma that
Hl(M,Z) :Hl(E,Z)@Zl, (221)

where we set Z; = Z if | = 0. As the first homology group Hi(X,Z) is equal to Z%9, we
deduce that

Hom (H:1(%,Z),U(1)) = U(1)%.
The long exact coeflicient sequence shows that this 2g-dimensional torus can be identi-

fied with H'(X,R)/H(X,Z). From (2.21) one can now determine the moduli space of
U(1)-representations, which is the topological version of moduli space of flat Hermitian line

bundles, see Proposition

Lemma 2.3.2. Let M — X be an oriented principal circle bundle of degree I. Then the
moduli space of flat Hermitian line bundles on M is given by

U(1)% x 7y, ifl#0,

M(M,U(1)) = {U(1)29+1, if 1 =0.



70 2. RHO INVARIANTS OF FIBER BUNDLES, BASIC CONSIDERATIONS

Remark 2.3.3. Note that in the case | # 0 it follows from Poincaré duality H,(M,Z) =
H?(M,Z) and that Tor H?(M,Z) = Z;. Hence there are flat line bundles which are
topologically non-trivial. This corresponds to the above decomposition of M (M , U(l)) into
[ different components. We have included some more details on flat line bundles which are

topologically non-trivial in Appendix see in particular Lemma

Flat Line Bundles over M. We now need a description of M (M, U(1)) in terms of flat
line bundles. We will see that every flat line bundle over the total space M arises as the
pullback of a line bundle on the base ¥. Since M — ¥ is a principal S'-bundle, there exists
an associated Hermitian line bundle L — ¥ which clearly has to play a particular role. Much
of the discussion to follow is inspired by [78), Sec. 3.3], although we include some more details
and put more emphasis on the explicit description of the U(1)-moduli space.

We will work with respect to a fixed connection on the principal S'-bundle. For this we
first endow 3 with a Riemannian metric gs; of unit volume. As noted in Appendix this
amounts to fixing a complex structure on 3. We identify the Lie algebra of S! with iR. Let
e be the vector field on M associated to the S'-action,

elp = %‘tzop-eit, pE M.
A connection on the principal bundle 7 : M — ¥ is a 1-form iw € Q(M,iR) such that
we)=1 and Rjw=w,

where R+ denotes right-multiplication, compare with (B.I). Let F, € Q%(%,iR) be the

curvature of iw. Since the cohomology class of 5= F, represents the rational first Chern class
of the bundle 7 : M — ¥ we can choose w in such a way that

— sdw = £t F, = 17" voly . (2.22)

Let . — ¥ be the line bundle associated to the principal bundle structure. The connec-
tion w induces a natural connection A, on L. We write L,, for the line bundle L endowed
with this particular connection A,,. As explained in Appendix this is the same as fixing
a holomorphic structure on L. The following simple observation relies only on the principal
bundle structure and not on the particular structure group U(1) or the dimension of the
base.

Lemma 2.3.4. The pullback 7*L,, — M is canonically trivial and the pullback connection
w* A, satisfies
A, = dy + iw.

Proof. Recall that the associated bundle L, — X is defined by the pullback diagram
MxC —— M

| |
MxC/~ — ¥

where (p,v) ~ (pz, 2~ ) for all z € S'. Since 7*L,, is given by the same pullback diagram,
we tautologically get M x C = n*L,,. Under this identification,

TC®(8, Ly) = {p: M — C | p(pz) = 2" o(p)}.
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The pullback connection 7* A, acts on equivariant functions ¢ as
(7" Au)xe = X o = dup(X) — XY,

where X"v denotes the horizontal /vertical projection of X with respect to the connection
iw. The latter is explicitly given by

X;,’ = %‘Op - exp (tiw(Xp)) =w(X)elp.
If ¢ is an equivariant function, then e = —ip. Therefore,
Xyp = —iw(Xp)e(p).
Extending by the Leibniz rule to all functions on M, we get
A, = dy + tw. O

Now let L4 — X be an arbitrary Hermitian line bundle of degree k with a holomorphic
structure given by a unitary connection A, see Appendix It follows from Proposition
that upon transforming A with a complex gauge transformation f € G¢ we may—and
will—assume in the following that

s Fa = kvols . (2.23)

In general, to achieve this, we really need to transform with a complexified gauge transfor-
mation and not just a unitary one, see Proposition

Lemma 2.3.5. Assume that 1 # 0, and let q :== k/l. Then the connection
Ay =m"A—qiw on7m"Ly
is flat. Moreover, the holonomy of A, along the S*-fiber «y is given by

holy, (v) = exp(2miq).

Proof. By functoriality, we have Fy~4 = 7*F4. Thus, it follows from assumptions (2.22)) and
(2.23) that the curvature of A, satisfies

Fy, =7m"Fp — qidw = —27T2'(k: - ql)w* voly, = 0.

To compute the holonomy, let p € M be arbitrary and let v(¢) = p - exp(it) with ¢ € [0, 27|
parametrize the fiber containing p. Clearly, holz«4(y) = 0 and w, ) (7(t)) = 1. Therefore,

hol, (v) = exp ( - / —qiw) = exp (qi/o27r Wy (1) ("y(t))dt) = exp(27iq). O

.
The Moduli Space of Flat Line Bundles. After this preparation, we can now give
the geometric description of M (M, U(1)). Recall that Pic(X) denotes the Picard group of
holomorphic line bundles over ¥, see Definition
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Proposition 2.3.6. Let | # 0 and let M(MjU(l)) be the moduli space of flat line bundles
over M. Then w induces a natural surjection

7" : Pic(¥) — M(M,U(l)), [La] — [W*LAquL

where A, is defined as in Lemma . There is a natural Z-action on Pic(X) given by
(La,k) — La® LY, and with respect to this,

Pic(X)/Z = M(M,U(1)).

Proof. Let L4 — X be a holomorphic line bundle. Assume that B is another unitary con-
nection on L, satisfying condition (2.23)) and inducing an equivalent holomorphic structure,
ie.,

B=A+ ufldu, for some u € G°.

Condition means in particular that F4 = Fg, which implies that in fact u € G. From
this we obtain that
B, = Ay + 7" (v 'du), for some u € G.
i.e., the flat connections B, and A, on m*L4 are equivalent. This shows that the map in
Proposition is well-defined.
To verify that it is surjective, let L — M be a flat Hermitian line bundle with connection

A. Let v denote the generator of the S'-fiber in 7y (M). Then Lemma, shows that ' is
a commutator. It follows that for some k € Z,

hol ;(7y) = exp(2mik/l). (2.24)

Now let L4 — X be an arbitrary holomorphic line bundle of degree k. We infer from
and Lemma that 7 L4 ® L~!, endowed with the connection 4,®1—1® A, is a flat line
bundle on M with trivial holonomy along the fiber . This easily implies that it is equivalent
to the pullback #*Cp of the trivial line bundle over ¥ endowed with a flat connection B.
Thus, as line bundles with connection,

L= W*(LA (= (CB),

which proves surjectivity of the map in Proposition [2.3.6

As we have seen in Lemma the pullback 7*L,, with connection 7*A,, — iw is the
trivial flat line bundle. Using this one observes that the map 7* is invariant under the natural
Z-action on Pic(X). Assume now that 7*L4 = 7*Lp for two holomorphic line bundles over
>, of degree k and m respectively. Since their holonomies along ~ agree, it follows that
m — k = nl for some n € Z. Thus,

™(Lp® L") =7*LE" and 7*B=nm"A+n-iw.

We deduce that Lg = L ® L™ as holomorphic line bundles, which is what we needed to
prove. ]

Remark 2.3.7. Recall that the S'-bundle 7 : M — ¥ gives rise to the Gysin sequence

L= HYD) 25 H2() IS HA(M) =5 HY(S) — 0,
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see [22, Prop. 14.33]. Here, ¢ = ¢(M) € H?(X) is the first Chern class (or Euler class) of

the oriented S'-bundle. If we are assuming that [ # 0, the map H°(X) =, H2(X) gives
an isomorphism in de Rham cohomology. This implies that for cohomology with integer
coefficients, the map 7* : H%(X,Z) — H?(M,Z) appearing in the Gysin sequence surjects
onto the torsion subgroup of H?(M,Z). It is related to the map 7* of Proposition by

the following diagram
Pic(¥X) ——  H?*(M,7Z)

c1

- <

M(M,U(1)) —— Tor (H*(M,Z)).
C1
Note also that the first Chern class ¢; is equivariant with respect to the Z-action on Pic(X),
c1(La®LE%) = ¢1(La) + k- ¢(M).

Using Proposition one can now interpret the above diagram as the geometric version

of Lemma in the case [ # 0.

The structure result Proposition [2.3.6|excludes the case that the circle bundle is of degree
[ =0, i.e., isomorphic to ¥ x S'. However, a geometric description in this case is easy to
find directly. As in Remark (iii), a flat line bundle L, over S! is the trivial line bundle
endowed with the connection d — gz~ 'dz for some ¢ € R. Here, we view S' as a subset of
C, and z~'dz expresses the Maurer-Cartan form of S*. Clearly, L, and L, are unitarily
equivalent if and only if ¢ — ¢’ € 2miZ. Without effort one verifies the following result.

Lemma 2.3.8. If M = ¥ x S is the trivial circle bundle over 3, then
M(Z,U(1)) x M(S',U(1)) = M(M,U(1)).
Here, the isomorphism is given by
([Lal, [Lq]) = [La B L],

where L X Ly is the fiber product defined in (1.15), endowed with its natural connection.

2.3.2 The Odd Signature Operator.

We now want to identify the odd signature operator on the total space of a principal circle
bundle over a closed, oriented surface. Certainly, the underlying principal bundle structure
will play an important role, and many features generalize to arbitrary principal bundles
with compact structure group. However, we will not give many comments about these
generalizations.

Fibered Calculus on M. To start, we need to identify some of the quantities defined
in Section in the case at hand. Let iw be a connection on the principal S!'-bundle
7 : M — X. Since the vector field e associated to the S'-action gives a trivialization of the
vertical tangent bundle, we get a vertical projection

P":TM - T°M, X w— w(X)e.
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With respect to this, the curvature €2 in the sense of Definition[2.1.2]is related to the curvature
of iw by
QXYM = —w([ X", Y")e = dw(X", Y")e = —iF,(X,Y)e,

where X and Y" are horizontal lifts of vector fields X,Y on ¥. In particular, when we fix
a metric gy of unit volume and require that w satisfies (2.22)), we have

QX" Y™ = —27lvolg (X, Y )e. (2.25)

We now endow TYM with the vertical metric g, := w ® w, and consider the submersion
metric g = gs @ gy-

Lemma 2.3.9.

(i) With respect to the trivialization given by e, the canonical connection V' on T'M is
the trivial connection, i.e.,

be=0, XeC®(MTM).

(i) If X € C™(3,T%), we have
th (6) = [Xh7e] =0, and g}éh(gv) =0.

In particular, the connection Vv from Definition agrees with VY, and the mean
curvature ky, as well as the tensor B in (2.10) vanish.

Proof. The connection V"V is compatible with g,. Hence,
0= gv( UX€> e) + gv(ev vq)](e)a

which yields Ve = 0. This proves (i). Since iw is a connection, we have R’;w = w. This
implies that the metric g, = w ® w is invariant under the flow associated to the vector field
e. Since m*gy is constant along the fiber, we find that for all vector fields X on X

0=Z(g9)(X" e) = g([e, X"].e) + g(X", [e,€]).

As [e,e] = 0 we conclude that g([e, X"],e) = 0. This implies that [e, X"] = 0, because
Lemma ensures that the vector field [e, X"] is vertical. In particular, since

Lingo(e,e) = Xh(gv(e, e)) — ZQU([Xh, el, e),

we deduce that the vertical Lie derivative of g, vanishes. Using its very definition, we see
that the tensor B is indeed trivial. Moreover, we know from Lemma that the mean
curvature is given by the trace of £y, (gy). Thus, it is also is zero. Moreover, using part (i)
we find that the derivations Zyn and V¥, agree on e. Since both satisfy the Leibniz rule

they are necessarily equal. Hence, by definition, the connection VY agrees with VY. O
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Rho Invariants for Trivial Circle Bundles. Before we continue with the general discus-
sion, we assume that [ = 0 so that M = 3 x S'. We endow M with the natural connection
iw = 2z~ 'dz given by the Maurer-Cartan form on S'. Choose a flat line bundle L — M, i.e.,

L=Ls®L,— % xS,
where L4 and L, are flat line bundles over X respectively S 1 see Lemma We identify
QY x ST L) =Q%%, L) @ C(SY).
Using Lemma [2.2.7] and Lemma we can write the odd signature operator as
Bag =By, =17 ®B;+Da®1,
W?ere D4 is the twisted de Rham operator on ¥ and B, is the odd signature operator on
" By = —i( — ig) : C(SY) — C*(5Y).

Hence, By, is of the form considered in Lemma [1.3.6] (iii). According to the Hirzebruch
Signature Theorem, the index of DX vanishes for all flat connections A on ¥ and so

n(Ba,g) = ind(D}) - n(B,) = 0. (2.26)

Therefore, all Rho invariants for the trivial circle bundle ¥ x S! vanish.

The Structure of B4 4 in the General Case. We now assume that [ # 0. Let Ly — X
be a line bundle of degree k endowed with a Hermitian connection A which satisfies the

condition of ([2.23)),

%FAZR‘-VOIZ.

We endow the pullback L := 7n*L s — M with the flat connection of Lemma [2.3.5] i.e.,
Ay =1"A—iquw, q:=k/L

Since L is the pullback of L4, we alter the identification slightly to

Q°(M,L) =7"Q%(3,La) @ Q5 (M).
As in Lemma [2.1.15] we write the twisted de Rham operator as

da, = dgp +dap +i(),
where
dgw = dy —iq e(w), daj =e(f)Va"® = (7*da) ® 1 +e(f) ® VL. (2.27)

As always e(.) denotes exterior multiplication and {f1, f2} is a local orthonormal frame for
.
To describe the odd signature operator, we split the space of L-valued differential forms

of even degree as in Lemma
QV(M,L) =7"Q%X,La) @ C(M).



76 2. RHO INVARIANTS OF FIBER BUNDLES, BASIC CONSIDERATIONS

Proposition 2.3.10. With respect to the above identification, the odd signature operator is
given by
BA,q =Ty ® Bq,v + DA,h +7mT,

where the individual terms are
Bq,v:—i(.i”e—iq), DA,h:DA®1+C(fa)®$};,

and
T 0 on QY9 g QL0
T =
M —27l  on Q%9

Moreover, we have the (anti-)commutator relations
[1® Bgy,Dap] =0 and {75 ® Bgy,Dap} =0. (2.28)
Proof. Let a € m*QP(X, L) and ¢ € C>°(M). Then,
(1 Dga)(@ A 9) = (=1)PTas (@ A (Dgup)) = (r50) A (7 Dy,

where we have used Lemma [2.2.3] in the last equality. Now, checking the factors of i in
Definition one finds that 7,(w) = —i. Thus,

(o Dg)p = (Tvdgw)p = 7o (dv - Z'C]W)SO = Tv(w)(ge - iQ)QO = _i(ge - iq)so.

According to Lemma the horizontal part of B 4 coincides with the horizontal de Rham
operator

D = dan+dyy, = e(fIVE? —i(f)(VE® +2B(fa) + ku(fa)).
Here, we have used Proposition and . Hence, we deduce from Lemma m that
Dap=c(fIVI® =Dy@1+c(f*) @ VL.
For the last term appearing in the formula for B4 , note that
T(a® @) = e(f1)e(f*)i(2) —i(f1)i(f?) e(2),
where shows that 19 = —2mle. Therefore, T is non-zero only on 92, and

(TpT) (volg Ap) = TM( — 2l i(fl) i(fz) vols, /\cpw)
= —27l(ms(1) A p1y(w)) = 27l voly; A¢p.
In this computation we have used Lemma to express 7Tps in terms of s and 7,. Also
note that 7 (1) = i voly and 7,(w) = —1.
Lemma (ii) implies that the bundle endomorphism K as defined in (2.13)) vanishes.
Thus, we deduce from Proposition [2.1.25| that

dgd'y j, + dy jdgw =0, and  DgyDap + DapDyy = 0. (2.29)

Also Dy and c¢(f®) anti-commute with 75, since ¥ is even dimensional. This yields the
relations in (2.2§]). O
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The Spectrum of Bg,. The vertical odd signature operator B, is not elliptic, since its
principal symbol vanishes in all directions orthogonal to the fiber. Thus, we do not know
much about the spectrum of B, by employing the general theory. However, due to the
Sl-symmetry, we can determine its eigenvalues by hand.

Remark. Before we state the next result, recall that L, — X denotes the line bundle associ-
ated to M endowed with the connection A, induced by w. As we have seen in Lemma[2.3.4]
the pullback 7*L,, — M is isomorphic to the trivial line bundle. Under this identification, a
function ¢ € C*°(M) is the pullback of a section s, € C*(X%, L) if and only if

1

e(p-2)=2"1p(p), peM, zeS (2.30)

Moreover, the Lie derivative is related to the connection A, via
S(thp) = Aw(X)Sga- (231)
We refer to the proof of Lemma for more details.

Lemma 2.3.11. Assume that | # 0, and let L4 be a holomorphic line bundle over ¥ of
degree k. Moreover, let q := k/l, and let L = w*L4 be the associated flat line bundle over
M. Then

ker (Bgy — A) # {0} if and only if A+ q € Z.

Moreover, if A+ q € Z, then
ker (Bqﬂ, — )\) = r*C*(X,Lp,), where Lp, :=Ls® L;(’H'q).

The operator D 4, restricted to Q°*(3) ® ker (qu — )\) corresponds under the above isomor-
phism to
Dp, : Q*(%,Lp,) — Q*(X, Lg,),

where By = A® 1+ 1® —(A+ q)A, is the natural connection on Lp, .

Proof. Let ¢ € ker(Bg, — A). According to Proposition [2.3.10| this means that
Zep=1i(qg+ M.

For t € R and p € M let $;(p) := p(p - ). Then, since e is the vector field generated by
the S'-action,

i(g+A)t

G0 =Z(@) =ilq+ )@, ie, Gi=c .

t

This implies that ¢ + A € Z or ¢ = 0. Rewriting the result in terms of z = e’ we see that

p(p-2) =2 0(p), zeS"
As in (2.30]) this means that we can identify ¢ with a section
p e C®(,La® L7 ") = n*C™(Z, Lg,).

Tracing the proof backwards shows that conversely every such element gives an eigenvector
of By,. The assertion about Dy, easily follows from (2.31]) and Proposition [2.3.10 O
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Remark 2.3.12. Without going into details, we want to mention that we have actually
determined the full spectrum of B,,. We note without proof that B, , is essentially self-
adjoint in 7°Q°*(X, L4) ® C*°(M) and that implies that it commutes with the formally
self-adjoint elliptic operator Dy, + By ,. This suffices to guarantee that spec(By,) consists
only of eigenvalues—though, with infinite multiplicities. Then Lemma implies that

spec(Bgy) = {A | A+ q € Z}.
Moreover, as in the case of eigenvalues with finite multiplicity, we can decompose

TS, L)@ C(M) = P Q(E)@ker (B —-N) = P Q(.Ls,).
A€spec(Bg,v) Aespec(Bg,v)

We also want to note that this decomposition is essentially the decomposition of the infinite
dimensional S'-module 7*Q°*(X, L4) ® C*°(M) into its irreducible components. A similar
situation should occur for general Lie groups.

2.3.3 The Eta Invariant of the Truncated Odd Signature Operator.

The fact that the commutators in in Proposition are zero allows us to give
an elementary computation of Eta invariants, see [T9, App. C] for a related treatment.
However, the Eta invariant of the full signature operator is not directly tractable. Therefore,
we introduce the following.

Definition 2.3.13. Let L4 — ¥ be a line bundle of degree k, and let L := 7*L4 be the
corresponding flat line bundle over M. We call the operator

By, =72 ®Byy+Dap on Q%% La) @ C®(M)
the truncated odd signature operator twisted by L.

Remark 2.3.14. The connection V¢ from together with A, induces a connection
VA4® on A*T*M ® L. Then the truncated odd signature operator is given by Clifford
contraction of V4@, Therefore, it is almost as good as a geometric Dirac operator. However,
V449 is not a Clifford connection since it is compatible with V® and not with the Levi-
Civita connection V9. As remarked earlier an operator of this type is in general not formally
self-adjoint. However, in the situation at hand, Bi g 8 clearly formally self-adjoint, since
By, and Dy, are.

Since Bﬁf g 15 an formally self-adjoint elliptic differential operator on a closed manifold,
its Eta function is well-defined and for Re(s) large,

1 o s—1
"B ) = prey [ B e (— ¢85,

Moreover, Theorem implies that the meromorphic extension of n(Bi ” s) has no pole
in 0. Our strategy is now to compute the Eta invariant of the truncated odd signature
operator explicitly and determine its kernel, see Proposition and Proposition
Then in Section 2.3.4] we will use these results to determine the Rho invariant of the full
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odd signature operator B4 ,. For this we want to use the variation formula of Proposition
1.3.14] for Eta invariants so that we will need to understand the spectral flow between B% q

and B, 4. However, the difference By 4 — Bi q might be “too large” compared to Bi 4 to get
a good control of the spectrum near zero. As we will see the solution to this problem is to
study an adiabatic metric. After this short digression on our strategy let us now investigate
the truncated odd signature operator.

Proposition 2.3.15. Let S' <— M 5 X be a principal circle bundle of degree | # 0. Let
Lag — X be a line bundle over X of degree k, and let L := n*La be the corresponding flat
line bundle over M. Then, with ¢ = k/l,

n(BY ) = 2P (q),

where Py is the second periodic Bernoulli function, i.e., if ¢ — [q] = qo with qo € [0,1) and
[q] € Z, then
Py(q) = ¢4 — a0 + 5,

see Definition . In particular, n(qu) is independent of the metric gs, and the con-
nection A involved in its definition.

Proof. Formula (2.28) in Proposition [2.3.10| shows that 7s; ® By, anti-commutes with D4 p,.
Hence, we can split

Biqe—t(BjﬁqV _ DA7h€—tDI24,h—t(Tg®Bq,v)2 i (Tz 2 qu)e—tD?q,h—t(TE@Bq,v)?.
Since D4, anti-commutes with 7, one finds as in the proof of Lemma that
Tr [Dype”Pan=t=8B0)™ g,
Now let A € spec(Bg). Then according to Lemma the operator
(s ® Bq,y)e_tDivh_t(TE(X)Bq’”)2 on Q°(X) ®ker (Bgy — A)
is unitarily equivalent to
(ree P )X L Q%(D, Lp,) — Q°(S, L, ),

where By = A — (A + ¢)A,. It follows from the McKean-Singer formula and the index
theorem for the signature operator that

Tr [reeP23)"] = ind (DF ) = 2(k — (A + q)) = —2IA.
Hence, using the decomposition from Remark we find

T [Bi exp (- t(Biq)Q)] = Z Tr [Tze_t(DBA)Q])\e_t’\z
Aespec(Bg,v)

=-20 Y N

Xespec(Bg,v)
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Hence, we find that for Re(s) large,

1 > s—1
U(Bf,qys) = F(s;l)/o Tr [Biq exp (— t(Biq)z)]t T dt

]. /OO 2 —tA2 s—1
= — —21 Ne "tz dt
b L

Aespec(Bg,v)

_ 1-s 1 /OO T
=20 > |A NESH e 2T da

A€spec(Bg,v)

Aespec(Bg,v)

where we have substituted = tA\?. Also note that interchanging summation and inte-
gration can be justified by the large and small time estimates on ) Aespec(Bq.o) )\26*“‘2, see

Proposition and Theorem Now, since
spec(By ) = {)\ eR } A+qc€ Z},

we find that

n(Biq,s) = -2 Z In—q|'™%, Re(s) > 1.
nez
n#q

We have included a computation of the value at s = 0 in Proposition (ii). The result
is the claimed formula
n(BY,) = 2P(q). m

Proposition 2.3.16. The kernel of the truncated odd signature operator is given by

{0}, if g ¢ 7,

ker(BY ) =ker(1® B,,) Nker(D =
(BS,) = ker(1 @ By,) ker(Da) {H'(E,LB), ol

Here, Lp is the trivial line bundle endowed with the flat connection B = A—qA,,. Moreover,
if ¢ € Z, and if g denotes the genus of X, then

CeC¥acC, if B is the trivial connection,

H*(S, Lp) =
(% L) {{O} ©C¥ 23 {0}, otherwise.

Proof. Since Bf g 18 formally self adjoint, we have
ker(BY ) = ker(BY )* =ker (1® B}, + D7),

where we have used that 7s; ® By, anti-commutes with D 4 ;. Since both, 1® By, and D 4 j,
are formally self-adjoint we get

ker (1® Bg}v + Dih) = ker(1 ® Byy) Nker(Dap).
Now Lemma 2.3.17] shows that

{0}, ifq¢Z,

: (2.32)
Q*(2, Lg), ifqez,

ker(1 ® Byy) = {
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where Lp = La ® L,?, endowed with the connection B = A® 1+ 1® gA,. If ¢ ¢ Z the
proof is finished, so that we assume from now on that ¢ € Z. Since L4 is of degree k and
L, of degree [, we find that L, = Llf,/ - LY. Thus, Lp is isomorphic to the trivial line
bundle and B is flat. Moreover, Lemma identifies the restriction of the operator D4 p,
to ker(1 ® By,) with the de Rham operator D on Q*(¥, Lp). Using this and we
deduce from the Hodge-de-Rham isomorphism that

ker(1 ® By) Nker(Day) = ker(Dp) = H* (3, Lp).

Now if B is isomorphic to the trivial connection, we have the well-known cohomology groups
of a surface
H(Z)=2CoeC¥aC,

where ¢ is the genus of 3. In the case that B is non-trivial, the index theorem for the twisted
de Rham operator shows that ind(Dp) is independent of B as long as B is flat. Hence,

Y (~1)?dim H?(3, Lg) = ind(Dp) = ind(D) = x(£) = 2 - 2g.

Moreover, Poincaré duality shows that
dim H°(®, L) = dim H*(X, Lp).
However, if B is a non-trivial flat connection, then
H°(%, Lg) = {0}.

One way to see this is as followsﬂ Let 8 : m1(X) — U(1) be the holonomy representation of
B. Then according to Proposition and [33 Prop. 5.14],

HY®,Lp) = {zeC | Blc)z==zforall c € m(T)}.

Therefore, for H(X, Lg) is trivial unless 8 = 1. Putting these observations together, we
find that for non-trivial B we have indeed

H*(%,Lp) = {0} @ C*¥ 2 {0}. O

2.3.4 Adiabatic Metrics and the Spectral Flow

After having calculated the Eta invariant for the truncated signature operator Bi o We
turn our attention to the Rho invariant of the odd signature operator B4 ,. As before, let
St «— M 5 % be a circle bundle of degree I # 0 over a closed surface . We let gx be a
metric on ¥ of unit volume, and g, be the metric on TYM such that the vector field e has
length 1. For € > 0 we consider the adiabatic metric ,

ge ‘= E%QZ D Gu,

2See also Corollary below for a different proof of this fact.
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and let V9% be the Levi-Civita connection associated to g.. For each t € [0, 1] and € > 0 we
define a connection on T'M by

Vel i= (1 —t)V® + Vo,

where V@ is the direct sum connection of (2.3), which is independent of the scaling parameter
E.

Now let L4 — X be a holomorphic line bundle of degree k, and let L := n*L4 be the
corresponding flat line bundle over M. Contracting the connection

Vi®14+1® 4, on 7 A (T*S)®@7*La

with the natural Clifford multiplication, we obtain a 2-parameter family of formally self-
adjoint elliptic operators

B} =72 ® Byy+eDap +1yT on 7 Q°(S, La) ® C(M),

which connects the truncated odd signature operator with the full odd signature operator
associated to g..

Proposition 2.3.17. There exists €y such that for all € < gy the following holds.
(i) If g ¢ Z, then for all t € [0,1]

it it
ker (By,) = {0}, and SF(BY,),c, =0
(ii) If g € Z and A, is non-trivial, then for all t € [0,1]
Yy oy v29—2 it _
ker (Bz,q) =C*¥* and SF (Bil,q)te[o,l] =0.

(iii) For the trivial connection we have

C29+1 ift;éO 0 ifl <0
NANLY, ’ ’ it = ’ ’
ker (BE ) = {C2§+2 0. and SF (BE )tE[O,l] T ) -1. ifl>o0.

Proof. To keep the notation simple we abbreviate
BY' =79 ® Byy+eDap+te°myT =: B+ D + te°5.
According to we have {B, D} = 0, and so
(BS")? = B? +£2D? + £428% + 2{B, S} + £*{D, S}. (2.33)
By definition the operators B, D and S are formally self-adjoint. Thus,
(V2B +e%?t9)2 >0 and (32D +&%%5)? > 0.
This implies

e%{B,S} > —eB? — 328% and &{D,S} > —e3D? — 3?S%
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Using this in (2.33)) we can estimate that for ¢ < 1/2
(BF')? > & (B + D? — 4¢t°S?).

Now B2+ D? is an elliptic operator, and since B and D are both formally self-adjoint, it has
non-negative spectrum. Hence, its non-zero eigenvalues are bounded from below by some
A > 0. Moreover, S is an operator of order 0 so that S? is a bounded operator. Letting
g0 < min{3, ﬁ} we find that for all € < g9 and ¢ # 0

ker (B® + D? — 4et*S?) = ker BNker D Nker S,

where we have used that ker(B2 + D?) = ker B Nker D.
We now switch back to the usual notation. Using Proposition [2.3.16] we can reformulate
what we have observed so far:

(i) If ¢ ¢ Z and € < gg, then
ker(BY',) = {0}.

(ii) If ¢ € Z and € < €p, then for all £ # 0
ker(B3',) = ker(tyT) N H*(S,Lg), Lp=La® L9

Thus, in the case g ¢ Z the proof is finished and we assume henceforth that ¢ € Z. From
Proposition [2.3.10| we know that

T 0 on Q00 @ leo,
T =
M —27tl  on 30,

On the other hand, we have seen in Proposition 2:3.16] that

CoC¥qC, if B is the trivial connection,

H*(S, Lp) =
(3 L) {{0} ®C» 2@ {0}, otherwise.

Therefore, since [ # 0,

C®C» @ {0}, if B is the trivial connection,

ker(TMT) N H (27 LB) = {{O} ® C29_2 e {O}’ Otherwise‘

This implies part (ii) and the first assertion of (iii). To finish the proof we still have to
compute the spectral flow in the case that B is the trivial connection. Since the kernels of
B! are of constant dimension for ¢+ # 0 the only possible spectral flow contribution is at
t = 0. As we have seen ker(B%") contains H?(¥) as a summand, whereas ker(B*?) for ¢ # 0
does not. Now H?(X) is spanned by the cohomology class of voly and we can explicitly
compute that

B!(voly) = (15 By + eDy, + te*myyT) (voly)) = —27le*t voly . (2.34)

According to the convention in Definition [1.3.13|of how to count eigenvalues at the endpoints
we find that

0, ifli<0
et — ’ ’
SF (B™) o) = {_1, if 1> 0. -
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Remark. Note that (2.34) also shows that the odd signature operator associated to the
metric g. has a non-trivial eigenvalue —2mle? which is of order 2. Eigenvalues of this type

play a special role in the general adiabatic limit formula of [30]. We will discuss this in more
detail in Sections and see in particular Proposition (3.4.3

We now have collected all ingredients to compute the U(1)-Rho invariant for circle bun-
dles over surfaces.

Theorem 2.3.18. Let S' — M 5 % be a principal circle bundle of degree | # 0. Let
La — X be a line bundle over X3 of degree k, and let L := n*L 4 be the corresponding flat
line bundle over M. Write q := k/l and assume that the flat connection Ay = A — iqw is
not the trivial connection. Then

pa, (M) = 21(Px(q) — ) +sen(l).
If M = ¥ x St is the trivial circle bundle, then all Rho invariants vanish.

Proof. The Rho invariant associated to the odd signature operator is independent of the
metric. In particular,

pa,(M) =n(By,) —n(B'), &>0.
Hence, the variation formula ((1.52)) implies that for all ¢ > 0
70 b} 7 b
pa, (M) =n(B5.) —n(B*°) +2SF (B;fq)te[(),” —28F (B° t)tem
— dim(ker BZ’}q) + dim(ker B*') + dim (ker Bi’?q) — dim(ker B*?).

As we have seen in Proposition [2.3.15] the Eta invariant associated to the truncated odd
signature operator does not change if the metric on the base is rescaled. Thus,

n(B3g) = n(B=°) = 21(Pa(g) — §)-

From Propositions [2.3.16] and [2.3.17| we see that if A, is non-trivial

dim(ker Bi"}q) = dim(ker BZSJ).
On the other hand, in the untwisted case
dim(ker B*') — dim(ker B¥°) = (29 4+ 1) — (29 +2) = —1.
Lastly, we have seen in Proposition [2.3.17| that for £ small enough

0, ifl<o0,

SF (Bifq)te[o,l] =0 and SF (B&t)te[ovl] - {—1 if I > 0.

Putting all pieces together we find that

pa, (M) = 21(Px(q) — §) +sen(l).

The triviality of Rho invariants for ¥ x S! follows from (2.26]). O



Chapter 3

Rho Invariants of Fiber Bundles,
Abstract Theory

This chapter forms the main theoretical part of the thesis. After having introduced the
idea of adiabatic metrics on fiber bundles and seen their effect in the computation of the
Rho invariant for principal circle bundles, we now want to describe how powerful tools of
local index theory lead to a general formula for the adiabatic limit of Eta invariants. Since
there exists a wide range of literature on this subject, the ideas presented here are not new.
Nevertheless, we give a detailed account, including some proofs if feasible.

The treatment starts with the bundle of vertical cohomology groups over the base of the
fiber bundle. To relate it to the kernel of the vertical de Rham operator, we discuss a fibered
version of the Hodge decomposition theorem. As a byproduct of this we can prove a result
about how to achieve that the mean curvature of a fiber bundle vanishes. Continuing with
the main line of argument, we give a detailed discussion of the natural flat connection that
exists on the bundle of vertical cohomology groups. It is precisely this topological nature
of the kernel of the vertical de Rham operator which will make the adiabatic limit formula
accessible for computational purposes. In particular, we will need to discuss a version of the
odd signature operator on the base twisted by the bundle of vertical cohomology groups.

As the formulation of the general adiabatic limit formula relies on Bismut’s local index
theory for families, we continue with a brief survey of the main constructions and necessary
results. In particular, we include a short discussion of superconnections and associated Dirac
operators. Returning to the context of fiber bundles, we introduce the Bismut superconnec-
tion and recall how it appears in the local index theorem for families.

With these notions at hand, we will give a heuristic derivation of the adiabatic limit
formula for families of odd signature operators. Then, referring to the literature for rigorous
proofs, we finally state the general adiabatic limit formula for the Eta invariant due to Dai.
One of the terms appearing there has a topological interpretation in terms of the Leray-Serre
spectral sequence, and we discuss this briefly.

We finish this chapter using the adiabatic limit formula to derive again the formula for
the Rho invariant of a principal S'-bundle over a closed surface. Although we have obtained
the formula already in the last chapter, it is illuminating to observe how the abstract theory
leads to a shorter a more conceptual proof.

85
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3.1 The Bundle of Vertical Cohomology Groups

3.1.1 The Vertical de Rham Operator

In Remark we have pointed out without further comments that there is a relationship
between differential operators acting fiberwise and families of differential operators in the
sense of Definition . We want to make this a bit more precise now. Let ' < M 5 B be
an oriented fiber bundle, where as before all manifolds are assumed to be closed, connected
and oriented, and let & — M be a Hermitian over M.

Definition 3.1.1. Let D : Q*(M, E) — Q°*(M, E) be a differential operator. Then we call
D a fiberwise differential operator, if

[D,7*¢] =0, for all p € C*(B).
We call D fiberwise elliptic if in addition its principal symbol
o(D)(@,€) : By — Ey, x € M,
is invertible for every non-vanishing £ € Ty M*.

Certainly, if TV M is endowed with a metric, and A is a flat connection on E, the vertical
de Rham operator Dy, as in Definition [2.1.23is a fiberwise elliptic operator in the sense of
this definition.

Local Trivializations and Families. To relate fiberwise differential operators with fami-
lies of differential operators as in Definition we describe a particular way to construct
local trivializations of the fiber bundle, see [50, Lem. 1.3.3].

Lemma 3.1.2. Let g = gp ® g, be a submersion metric as in Section[2.1. Let y € B and
F := 7= Yy). Then for every sufficiently small geodesic neighbourhood U around iy there
exists an isomorphism of fiber bundles

d:UxF—na1(U),
such that for all (u,x) € U x F' and every vector v € T,U C T(y U x F,
d(y,x) =z, mod(u,z)=u, and P =1"
where v refers to the horizontal lift of v.

Proof. Let b = dim B, and let U C B be a geodesic ball centered in y. We identify U
with an open ball in R? in such a way that y = 0. We can use the horizontal projection
Ph . TM — ThM to lift the coordinate vector fields d, to horizontal vector fields 97 on
7~ 1(U). Identifying a point € U with the vector field u®d, we get a vector field u” = u®9"
on 7~ Y(U), and hence a flow

D(u,.): M — M, wuel.
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It follows from the construction that for small ¢, the flow ®;(u,.) maps the fiber F' diffeo-
morphically onto the fiber 7=1(tu). Moreover, for all x € F we have ®4(u,x) = ®;(su, ),
so that we can choose U small enough to define

O:UxF -1 U), (uz)— ®(u,x).
The claimed properties all follow immediately from this definition. O

Using a fiber bundle chart ® : U x F — 7~ 1(U) of the form just described, we can
transfer all geometric structures on 7~ 1(U) to U x F: First of all, it is straightforward to
check that

O*T"M =U x TF.

Therefore, the pullback ®*(g,) of the vertical metric is the same as a family of Riemannian
metrics gr, on F. In the same way the restriction of V¥ to T M induces a family Vi of
covariant derivatives on T'F, and Proposition m shows that each V" is the Levi-Civita
connection on F' with respect to the metric gp,, compare with Remark Similarly, we
pull the horizontal distribution T7"M back to U x F and use this to identify

Q3 (71 (U)) 2 C®°(U,Q%(F)), and QP(r~H(U)) = QP(U,QUF)). (3.1)

Note, however, that ®*T"M will in general not coincide with TU x F, unless the curvature
Q of the fiber bundle is trivial.

Remark. We want to give a note about the definition of Q7 (U, Q4(F)). A naive way—which
is sufficient for our purposes—is to define elements of C* (U, Q4(F)) to be locally of the form

Z f[(y,[L‘)d:EI, RS U)

IT|=q

with local coordinates z; for F', multi indices I, and smooth functions f;(y, z) satisfying the
appropriate transformation laws with respect to changes of the coordinate chart. Similarly
one treats elements of QP(U, QI F )) From a more invariant perspective, one could endow
Q4(F) with its natural Fréchét topology and consider smooth maps with respect to this.

Under the identification of (3.1]), a vertical differential operator D on Q°*(M) can be
written over U x I as

D=3 K;(u) © Dyw)

where each Kj(u) is a bundle endomorphism of A*T*U and each D;(u) is a smooth b-
parameter family of differential operators on Q®*(F) in the sense of Definition [1.3.9]

Vertical de Rham Operators. We use the above digression to give a description of the
vertical de Rham operator. For this we first need to incorporate a bundle F over M, endowed
with a flat connection A. Let wp : U X F' — F be the projection onto the second factor, and
denote by E|r be the restriction of E to the fiber F.
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Lemma 3.1.3. There exists a natural lift of the bundle isomorphism
®:UxF —r Y U)
to an isomorphism of flat Hermitian vector bundles
®p : 7 (Elr) = Bl ).

Proof. Let u € U, and let F, be the fiber over u. Then ®(u,.) maps F diffeomorphically to
F),. Using parallel transport with respect to A along the flow lines of ®;(u,.) we can lift this

to an isomorphism

¢p(u,.): Elp — Elp,.
Now, since A is a flat Hermitian connection, the bundles E|r and FE|f, are naturally endowed
with flat Hermitian connections induced by A. Since we are using parallel transport with
respect to A, a locally constant, unitary frame for E|r will be mapped by ®g to a locally

constant, unitary frame for E|g,. This implies that ®g is, in fact, an isomorphism of flat
Hermitian bundles. O

In a similar way as in (3.1)), we can use Lemma to identify
QP (7= (U), E|r-1(1)) = (U, QUF, E|r)), (3.2)

where E|p is endowed with a fixed flat Hermitian connection Ap. We then let Dy, , be
the family of de Rham operators on Q°(F, E|r) associated to the metric gp, and the flat
connection Ap. Then under the identification (3.2)) we can write

DA,’U = (_1)17 ® DAF,u on QP(U’ Q.(Fa E|F)) (33)

Proposition 3.1.4. The C*°(B)-module ker(D4,) N QS (M, E) is isomorphic to the space
of smooth sections of a vector bundle, which we denote by L%”A',U(M) — B. Moreover,

ker(Day) = Q°(B, A8 ,(M)).

Sketch of proof. It suffices to show that the assertion is true locally, i.e., that for sufficiently
small open subsets U C M
ker(Da,) NQ* (7 H(U), E)

is isomorphic to the space of differential forms over U with values in a vector bundle. For
this let U C B be as in Lemma such that 7=1(U) 2 U x F, and write D4, as in (3.3).
Since Dy, acts as £1d on Q°*(U), it suffices to consider D4, , acting on

Q3 (7 H(U), E) 2 C™(U,Q°(F, E|p)).

For fixed u, the Hodge-de-Rham theorem for D4, , implies that ker(D4, ) is isomorphic
to H*(F, Ealr), where E4|p is short for E|rp endowed with the flat connection Ap. Since
we know from Lemma that Ap does not vary with u, we infer that dimker(Da, )
is constant for u € U. Hence, we are precisely in the situation of Proposition
respectively Remark Therefore, the family of projections

P,:Q*(F,E|lp) — ker (Da, ), uel,
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is a smooth family of finite rank smoothing operators. Using this, it is straightforward to
check that the collection
Ky, (U) = U ker (Dayu) — U
uelU

forms a smooth vector bundle over U, see [13, Lem. 9.9] for a detailed proof. Then the
assertion of Proposition easily follows. O
3.1.2 Vertical Hodge Decomposition

We now want to use Proposition [3.1.4] to prove the following fibered version of the de Hodge
decomposition theorem.

Theorem 3.1.5. Let E — M be a Hermitian vector bundle over the total space of an oriented
fiber bundle of closed manifolds F — M = B. Assume that E admits a flat connection A.
With respect to every submersion metric, there is an L?-orthogonal splitting of smooth forms

Q%(M,E) =ker(Day) ®im(Da,)
= (kerda,, Nker df47v) ®im(day) @ im(df&v).

Moreover, the splitting is independent of the chosen metric gg on B.

Proof. We start with a local consideration. With the same notation as in the proof of
Proposition we consider the family of de Rham operators Dy, , on Q*(F, E|r). We
know from the proof of Proposition that dimker(Da, ,) is constant for u € U, so
that the family of projections P, onto the kernels depends smoothly on w. According to
Proposition (ii) the same is true for the family of Green’s operators,

Gy : Q% F,E|p) — Q*(F,E|p).
Let w, € C®(U,Q°*(F, E|p)). For fixed u we can decompose
wy = Pywy, + Dy o Gy o (Id —P,)wy,

and both summands depend smoothly on u as P, and G, do so. Writing D4 |1y for the
restriction of Dy, to Q* (71 (U), E|-1(17)), one readily concludes that

Q* (77 (U), Elr-11r)) = ker (Daylr—1(1r)) @ im (Dagle-1(1r))- (3.4)

Now let {¢;} be a partition of unity on B, subordinate to a finite covering B = J, U,
such that (3.4) holds for every Q° (w‘l(Ui),E|ﬂ_1(Ui)). For w € Q*(M, E) and every i we
can decompose

(F*tpi)w = o4+ DAﬂ,ﬂi, «; € ker (DA,v‘wfl(Ui))v 0; € Q° (Wﬁl(Ui),E‘ﬂq(Ui)).

Then, since Dy, is C°°(B) linear,

w = Z(W*%)ai + Z(W*%')DA,U@' =Y (t*pi)ai + DA,U(Z(W*%')@),

K3 3 3 (2
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which is a decomposition of w in terms of ker(D 4 ,) @ im(Dy ). Clearly, the decomposition
is L?-orthogonal, since D A is formally self-adjoint. The equalities

ker(Day) = (kerda, Nkerdy,) and im(Day,) =im(da,) @ im(dy,)

follow as in the unparametrized case. Finally, the assertion that the vertical Hodge de-
composition is independent of the metric gg on B is immediate from the fact that Dy, is
independent of gp. O

3.1.3 Vanishing Mean Curvature

Before we continue the discussion of the bundle S} (M) — B, we want to give an interest-
ing application of the fibered Hodge decompositiorf theorem. The corresponding result for
foliations is [36, Thm. 4.18]. However, in the case of fiber bundles, the proof can be simpli-
fied considerably, and the author of this thesis is not aware of a corresponding treatment in
the literature. This subsection is not essential for the line of thoughts in the later sections.
Yet, it might be helpful in more complicated examples.

Theorem 3.1.6. Let g, be a metric on T'M of unit volume. Then there exists a verti-
cal projection P’ : TM — T"M such that the associated mean curvature form ky(g,, P")
vanishes.

Since we have seen in Lemma [2.1.14] that we can deform a vertical metric conformally to
a metric of unit volume, Theorem [3.1.6] implies

Corollary 3.1.7. Every oriented fiber bundle of closed manifolds admits a connection and
a vertical metric such that the mean curvature form vanishes.

Before we give the proof of Theorem we extract the part where we will use the
vertical Hodge decomposition of Theorem [3.1.5] Recall that we have introduced the basic
projection Ilg in Definition [2.1.13

Proposition 3.1.8. There is an L?*-orthogonal splitting of smooth horizontal forms,
Qp (M) = 7*Q*(B) @ d, (Q*' (M)).
Moreover, the kernel of the basic projection is given by
ker I = d (Q*'(M)).

Proof. First of all, as the 0th cohomology group of the fiber consists only of constant func-
tions, one deduces from Proposition that

ker D, N Q} (M) = 7*Q°*(B).
Since Qf (M) L im(d,), the vertical Hodge decomposition in Theorem yields
Qp (M) = 7*Q*(B) @ d, (Q*' (M)).

For the second assertion we note that for all @ € Q*(B) and w € Q3 (M)

(a, Hp(w)) = v;l/ (m*a, w) volp,
M/B
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where vp is the function which associates to a point y € B the volume of the fiber over y,
see Definition [2.1.13] This implies that kerIIp L 7*Q®(B). On the other hand, as in the
unparametrized case, one finds that for w € Q®!(M),

Mp(diw) = vyt / d.(w) A volg = 0.
M/B

Therefore,
d’ (Q"l (M)) C kerIlg,

which finishes the proof. O

Proof of Theorem[3.1.6. Let g, be a vertical metric such that vp(g,) = 1. We choose an
arbitrary vertical projection P’ : TM — TVM, and let g be a submersion metric on M
satisfying
vasrl _ v —
T°M~ =ker P° and  g|puy/spop = Jo-
According to Corollary [2.1.18] the assumption that vp(g,) = 1 implies that the basic projec-

tion of the mean curvature k, vanishes. Form Proposition [3.1.8] we deduce that there exists
n € QLY (M) such that

din =k, € QYO(M).
Define h € C*°(M,T*M @ T*M) by

hX,Y) :=n(P"X,P'Y) +n(P"Y,P°X), X,Y € C®°(M,TM).

Here, P* = Id—P? is the horizontal projection. Then h is a symmetric 2-tensor, and
h(X,X) =0 for all X € C°°(M,TM). Thus, we can define a new metric on T'M by letting

g:=g+h.

Note that the restriction of g to TV M still coincides with g,. Let PY/" denote the vertical
respectively horizontal projection associated to g. Then, if {e;} is any local orthonormal
frame for TV M with respect to g,, we have

PY(X) = P'(X) + Z n(X, e)e;, PMX)=PMX)- Z n(X, e)e;.

Let Ev denote the mean curvature form associated to g, and ﬁ“, and let {f,} be a local

orthonormal frame for T"M with respect to the original metric g. Then, according to
formula ([2.2) for the mean curvature,

ko(fa) = _ng([ﬁhfaaei]aei) = ky(fa) + ng([n(favej)ehei]aei)'

]
Now, using standard arguments involving the Lie bracket and the fact that V" is metric and
torsion-free as a connection on TYM, one gets

9o ((fas €5)ej, €il €) = —ei[n(far €5)] gulej, ei) +n(fas €5)gv (le), €il, €)
= —€¢ [n(fm ei)] +n(fas ej)gv(ejv v:iei)-



92 3. RHO INVARIANTS OF FIBER BUNDLES, ABSTRACT THEORY

On the other hand, according to Proposition [2.1.21]

din(fa) = S (VEN (fare) = 3 (ex[n(fur )] = (VE farer) = nlfar VEen)-

i i

Since Vg fo =0 and Vg e = Vgiei we conclude that

ng([n(faa ej)ej7 eil, ei) = —dfm(fa)-

Employing the definition of n we have thus achieved that

ky = ky — diy = 0.

v
This shows that the mean curvature associated to P? and gy vanishes. ]

Remark. The statement of Theorem for foliations is not true without changes. The
underlying reason is that Corollary does not generalize, i.e., the basic projection of the
mean curvature does not necessarily give a trivial cohomology class. Note that the definition
of cohomology requires extra work for the possibly singular leaf space of a foliation. But even
if one uses the basic cohomology as the correct substitute, Corollary [2.1.18 does not carry
over, and one finds topological obstructions to the vanishing of the mean curvature form.
In the language of foliation theory, Corollary [3.1.7] asserts that the vertical distribution of
a fiber bundles is a taut foliation. For a detailed discussion of the aspects mentioned here,
in particular the difference between tense and taut foliations, we refer to [36] and references
given therein.

3.1.4 A Flat Connection on the Bundle of Vertical Cohomology Groups

Let E — M be a Hermitian vector bundle over the total space of the fiber bundle F <
M 5 B, and assume that E admits a flat connection A. As we have seen in Corollary [2.1.16,
there is a vertical differential

daw: Qy(M,E) — QY (M, E), d%,=0.

Hence, we can form the quotient kerda ,/imda,. If M is endowed with a vertical metric,
it is an immediate consequence of the fibered Hodge decomposition theorem that

kerda,/imda, = ker(Da,) NQS (M, E), (3.5)

which is the space of sections of the bundle 7} (M) — B of Proposition This is not
surprising, since if F' C M is a fiber of m : M — B we can restrict d4 , as in Section to
an operator

dao|r : Q°(F, E|r) — Q*T(F, E|F).

Then ker(da|r)/im(day|r) is just the de Rham cohomology of F' with values in the flat
bundle E|r, so that kerda,/imda,, is roughly the union of the cohomology groups of all
fibers. These observations and Proposition imply
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Proposition 3.1.9. The space kerda,/imda,, is isomorphic to the space of sections of a
finite rank vector bundle H.Z,U(M ) — B, which we call the “bundle of vertical cohomology

groups”. Its fiber over a point y € B is isomorphic to the de Rham cohomology of m(y)
with values in the flat bundle E| -1,

Remark.

(i) Although the bundles Hj (M) and 2 (M) are isomorphic, we will usually not
identify them, since the latter is only defined when we have chosen a vertical metric.

This is why we have introduced the term “bundle of vertical cohomology groups” only
here rather than already in Proposition

(ii) As for the bundle 5} (M) we consider also differential forms on B with values in the
bundle of vertical cohomology groups. Then it is immediate that

ker (day : QP4(M, E) — QP (M, E))

im (day : P91 (M, E) — QP4(M,E))

12

OP(B, H} ,(M)) (3.6)

The Natural Flat Connection. Recall from Corollary [2.1.16] that on Q°*(M, E),

d,%l,h + {dA,v,i(Q)} = 0, and {dA,vadAJv,} = {dAh,i(Q)} = 0,

where (1 is the curvature of the fiber bundle. Now the fact that d,; anti-commutes with
d A, implies that d4 j descends to a well-defined map

JA,h 1 QP (B) H;X,U(M)) - Qp+1 (B7 H:X,U(M)) .
Moreover, if w € QP9(M, E) satisfies d4 w = 0, then it follows from the relation
di,hw = —da, 0i(Qw

that d? ,w is a da,-exact element of ker (da, : QPY>4(M,E) — QPF24t1 (M, E)). This
implies that (d4;)? = 0. In other words, we have found a natural flat connection on the
bundle of vertical cohomology groups which is induced by d4 .

Definition 3.1.10. We denote by
vy 0®(B,HY ,(M)) — Q' (B,HY ,(M))

the flat connection defined by d Ah- More precisely, for all X € C*(B,TB) and w €
Q3 (M, E) with dg yw = 0 we define
Ha . .
Vi w] = [1(X")dapw] € C°(B, HY ,,(M)).
Relation to the Leray-Serre Spectral Sequence. We want to point out that we have
just constructed the term (FE}°,d;) of the spectral sequence associated to the complex

(Q‘(M JE),d A)- To explain this—and also for later use—we make a short digression on
the Leray-Serre spectral sequence.
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Recall, e.g. from [67, Sec 2.2], that a complex endowed with a decreasing filtration
gives rise to a spectral sequence. The appropriate filtration in the case at hand is the Serre
filtration given by

koe .__ D,
FFQ® =) " OP* (M, E). (3.7)
p>k
Then, if b = dim B and d = d4, we have
{0} = F"MQ* Cc FPQ* C ... C F'Q°* = Q°, d(FFQ®) C FFQ.

Note that the latter follows from Proposition [2.1.15] since each of the terms appearing in
dA>

dy=da,+dap+i(Q),
preserves F*Q®. In the same way one verifies that the de Rham cohomology H®(M, E4)
inherits a filtration defined by

FFH™ .= im (H™(F*Q®,d) — H"(M, E4)). (3.8)

One now constructs a spectral sequence as follows, see the proof of [67, Thm. 2.6]. For r € N
define

ZP4 .= FPQPTIn d! (Fp+er+q+1)’
BP9 = FPOPTIN d(Fp_’"Qerq_l),
Zg:q

~ ptlg-1 D,q
Z'r—l =+ B'r—l

(3.9)
FPQpt+a
. EPTi= = QPi(ME).

Epyq : =
Frriqpta

T

Then the differential d naturally defines on each bigraded module Er® a differential d, of
bidegree (r,1 — r) in such a way that

ker (dr ) AL, Eff“"”l*r)
im (dr : Ef_T’quT_l — Ef“’qﬂ_r)

The general theory of spectral sequences now implies the following, see again [67, Thm. 2.6].

P,q ~/
Er+1 -

Theorem 3.1.11. The spectral sequence (E;", dT) collapses for r = b+ 1 and converges to
H*(M,E4). More precisely, for all > b+ 1
+
o~ FPHP+a 7
Fp+1p+q
where FPH® is the filtration of H*(M, E) given by (3.8)).

Now we can interpret the bundle of vertical cohomology groups in terms of the Leray-Serre
spectral sequence. Certailnly, the term EJ°* in (3.9) coincides with Q**(M, E). Moreover,
one easily verifies that the natural construction of the differential in the proof of [67, Thm.
2.6] coincides with d4 ,. Thus,

(Ea’., do) = (Q.’.(M, E), dA,v)-

In the discussion following (3.6) we have constructed a natural differential d. A,n on the coho-
mology of (Ea", do), and again, one can easily check that it coincides with the differential
on E}’® abstractly constructed from (3.9). Without giving more details we summarize that

Lemma 3.1.12. The Lerray-Serre spectral sequence satisfies

B (@0 (BLHY, (). das) and BT 1O (B, (VD).
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3.1.5 Twisting with the Bundle of Vertical Cohomology Groups

We can also use the vertical Hodge decomposition of Theorem to give a Hodge theoretic
description of the flat connection VH4.». We fix a vertical metric g, and use this to identify
H3 (M) with 53 (M) using the vertical Hodge-de-Rham isomorphism in (3.5). From

Section we know that Q8(M, E) is endowed with the natural connection V4, induced
by the vertical Lie derivative and the connection A. Then we have the following, see also
[19, Prop 3.14].

Proposition 3.1.13. Under the vertical Hodge-de-Rham isomorphism the flat connection
VHAv coincides with the connection defined by

Vit = Pia(pay © Ve, X € C¥(B,TB).
Proof. For convenience we drop the reference to the flat connection A. Denote by
W : kerd, N QY (M) — C>(B,Hy(M))
the quotient map. Then, according to Definition [3.1.10
VI (U(w)) =T oi(X") ody(w), weEkerd,NQY(M), X € C™(B,TB).

Using Proposition and Theorem we can explicitly describe the isomorphism
J60 (M) = HS(M) in terms of sections by the composition

C>(B,#,(M)) = ker D, N Q5 (M) — kerd, N QY (M) L, o (B,Hy(M)).
This implies that VI ¥(w) € C* (B,H3(M)) corresponds to
Pierp, ©i(X") 0 dpy (Peer p,w) € C*(B, 7 (M)).
Finally, Proposition shows that on Qf(M)
(X" ody, = Vi,

from which we obtain the claimed formula. O
Metrics on the Bundle of Vertical Cohomology Groups. The C°°(B)-module
02 (M, E) is endowed with the pairing

@ i= [ @mvolro) €CUB), wne@OLE), (1)

where the scalar product in the integrand is induced by g, together with the Hermitian
metric on E.
Definition 3.1.14. Let g, be a vertical metric. We define
<w,77>ijm = (wvn)M/B’ w,n € COO(ijfA.,v(M))a
and, if 7, is the vertical chirality operator,
QA,v(wv n) == (w, Tv77><%f7A,v'

We also use (., .), , and Qa, to the corresponding objects induced by the vertical Hodge-
de-Rham isomorphism on H3  (M).
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Clearly, (.,.)s,, is a Hermitian metric on the vector bundle H} (M) — B, which
through the vertical Hodge-de-Rham isomorphism depends on the vertical metric g,. In
contrast, )4, is independent of g, since it is related to the vertical intersection form via

Qo (0], [8]) = * /M/B<a AB). [al.16] € B, (M), (3.11)

where k depends only on the degrees of av and (3. Furthermore, one easily checks that Q4
is an indefinite Hermitian form with signature

Sign(Qa,») = rk (%”Afv(M)) —rk (A, ,(M)).

,U

Here, ,%”Aiv(M ) denotes the +1 eigenbundle of 7,. This implies that ()4, has signature 0
unless the dimension of the fiber is divisible by 4 in which case Sign(Qa,) = Sign(F').

Proposition 3.1.15. The flat connection V7A» is compatible with the indefinite Hermitian
metric Qay. It is compatible with the Hermitian metric <.,.>%A7v if and only if for all
X € C®(M,T"M)

2Per p, © B(X) 0 Pyer D, + ko(X) =0, (3.12)

where B(X) is the tensor as in (2.10), and k, is the mean curvature form.
Proof. For the first part we use the description (3.11)) for Q.. Let o, 8 € Q3(M, E) be

chosen in such a way that (a A ) is of maximal vertical degree. Then

dp / (anB) = / dn(a A ) = / (dapa A )+ (=1)*Na A danb).
M/B M/B M/B
Hence, if dg yo0 = da 8 = 0 we have

dpQav (0], [8]) = Qaw([danal, [8]) + (=1 Q. ([, [danB]),

so that, according to Definition

XQA,v([a]v [ﬁ]) = QA,v (ng’v [O‘L [B]) + QA,v([O‘]v ng’U[ﬁ])v X € COO(BvTB)-

This shows that VHA~» is indeed compatible with Q Aw- Now let g, be a vertical metric, and
let w,n e C* (B,%”A',v(M)). Then

dp /M/B<w,n> volp(gy) = /M/B dp({w,m)) A volp(ge) + /M/B<w,n> dp, volg(gy).

It follows from Proposition [2.1.17| that

dp volp(gy) = ky Avolp(gy).

Since the connection V4 is compatible with the metric on Q8(M, E) we know that for all
X € C>®(B,TB)
A A
XMw,n) = (Vigtw, n) + (w, Virn).
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From and we then deduce
XMw,n) = (Vigrw, n) + (w, Virn) + (B(X")w, n) + (w, B(X")n).

A

Now, B(X") is easily seen to be self-adjoint with respect to the metric (.,.) on Q’f (ME)
3

Putting all pieces together, we find that for the connection Vi of Proposition (3.1.13]

Xy, = (T2 1)+ (02 T2 0)

+{w, 2B(XM)0) A (@ Ro(XM0) 4,

which proves that V7”4~ is compatible with (.,.) s, if and only if (3.12)) holds. Since the
metrics as well as the connections V74.» and V#4» on H3 (M) and 7} (M) coincide under
the vertical Hodge-de-Rham isomorphism, the proof of Proposition [3.1.15]is finished. O

Remark. If we denote by p and ¢ the maximal ranks of subbundles of H:l,v(M ) on which
Q4. is positive respectively negative definite, we can rephrase the first part of Proposition
by saying that VH4» is a flat U(p, q)—connectionﬂ The choice of a vertical metric
reduces the structure group of H3 (M) to the subgroup U(p) x U(g). However, the connec-
tion does not necessarily reduce to a flat U(p) x U(g)-connection, the geometric obstruction
being . As we have seen in Theorem We can always arrange that the mean curva-
ture form vanishes. For arbitrary fiber bundles, the tensor B(X) is, however, a non-trivial
obstruction. It would be interesting to find a topological condition which guarantees that
there exists a vertical metric such that holds.

Definition 3.1.16. Let D4, and Dy ) be the vertical and horizontal de Rham operators as
in Definition [2.1.23] If dim M is odd, we define the odd signature operator on B with values
in the bundle of vertical cohomology groups,

Dp ® V74w 1 Q% (B, 5 (M) — Q*(B, 3 ,(M)),
by
Dp @ V740 .= P, Daw °TMDAR 0 PherDy -
Here, 73/ is the chirality operator associated to a fixed submersion metric on M.

Remark 3.1.17.

(i) Certainly, Dg ® V74~ is a formally self-adjoint elliptic differential operator and thus
has a well-defined Eta invariant. This will play an important role in Dai’s general
adiabatic limit formula for the Eta in Section [3.3

(ii) We note that if dim B is odd, and (3.12) is satisfied, then Dp ® V74~ is actually
isometric to two copies of the odd signature operator on B twisted by V#4». This
is because we have not restricted to forms on the base of even degree, compare with

Remark (i).

'Recall that U(p, q) denotes the isometry group of the quadratic from

pt+q

p

2 2
Slalf = D Il
i=1

Jj=p+1
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3.1.6 Eta Invariants of U(p, g)-Connections

Before we continue with the general discussion, we briefly want to digress on the Eta invariant
of the operator Dg @ V74~ introduced above. Without any effort, we can treat the more
general case that F — B is a complex vector bundle, endowed with an indefinite Hermitian
metric () and a connection V, not necessarily flat, but compatible with (). We choose a
splitting £ = E @ E~ into subbundles where (Q is positive respectively negative definite,
and define 75 to be +idg on E*. Then we can define a Hermitian metric on F via

h(eaf) = Q(eva)v €7f€E7

compare with Definition [3.1.14 Note that the splitting £ = ET @ E~ is orthogonal with
respect to h. We now define an End(E)-valued 1-form on B

WwVE(X) = 1[Vx,75] = TR0 VxoTs — Vx, X € C®(B,TB).
Then we have the following simple result.

Lemma 3.1.18. For all X € C*®(B,TB), the endomorphism w""78(X) is self-adjoint with
respect to h. It interchanges the subbundles E* and E~. Moreover, the connection

VY=V 1.V,
u = -+ QW TE,
s unitary with respect to h.

Proof. Lete, f € C*(B, E). Since Vx is compatible with @), one verifies—using in particular
that 72 = idg and that Q o 7p = Q,

h(wY'™(X)e, f) = Q(1e[Vx,mE]e. Tef) = Q(Vx(1re), f) — Q(Vxe, uf)
= —Q(tee,Vxf) + Q(e, Vx(ef)) = Qe, [Vx, ] f)
= h(e,wv’TE(X)f).

Hence, wV'™(X) is self-adjoint with respect to h. Now, let Pp+ := %(idE +7g) denote the
projection onto E*. Then one easily obtains that

Pp+oVxoPp +Pg-0oVxo Pt = _%wvaE(X)_

On the one hand, this implies that w""7#(X) interchanges the subbundles E* and E~. By
definition of V¥, we can deduce on the other hand, that V% preserves ET and E~ from
which it easily follows that V" is unitary with respect to h. O

Remark. In the case that £ = %A.,u(M ) is the bundle of vertical cohomology groups,

Q = Q, is the vertical intersection form and V = V4~ ig the natural flat connection, the
1-form wV'7E is precisely the 1-form appearing in ([3.12)), compare also with (2.15). This
gives a more abstract explanation of Proposition |3.1.15

The Odd Signature Operator with values in E. To define the analog of Dp ® V74w
in the case at hand, we choose a metric gg on B, and let 75 the associated chirality operator
on Q°(B, E). Let b:= dim B, and extend 75 to Q°(B, E) by requiring that

p(a®e) = (—1)P Vo @ rhe, a e Q(B), eeC®B,E). (3.13)



3.1. THE BUNDLE OF VERTICAL COHOMOLOGY GROUPS 99

Checking signs one finds that 77 = Tg75. We then define
T =17 : Q°(B,E) — Q" *(B, E),

which takes the place of the total chirality operator 73;, compare with Lemma Note
that more explicitly, if « ® e € QP(B, F), then

rla®e) = TB((_l)p(b+1)a ® Tpe) = (=P (rpa) ® TRe.

Then the analog of D ® V4w is given by

Dp®V :=71dy +dy7:Q*B,E) — Q*B,E), (3.14)
where dy is the exterior differential on B twisted by the connection V on E. We also define

Dp @ V" := 7dyu + dyur,
and denote by V% the restriction of V* to E7.
Lemma 3.1.19. With respect to the splitting E = ET @& E~, the operator Dg @ V¥ is of
the form
Dso V= (D% ’ D) |

where .
DY = 1p(-1)" Ydguz + dyuiTp, b:=dimB.
Moreover, if we define
Vi=Dp®V —-Dp®V"
then V is a self-adjoint operator on Q*(B, E) of order 0 which interchanges Q°*(B, E™) and
Q*(B,E™). In particular, Dp @ V and Dp @ V" are formally self-adjoint.

Proof. 1t follows from Lemma [3.1.18 that 7 commutes with V*. Using the sign convention
in (3.13)) it is immediate that

TEdvu = (—1)b+1quTE.
Hence,
rdge + dyer = ((—1)" Lrpdye + dyerp) s,

which proves the first assertion. The other assertions are a simple consequence of the corre-
sponding properties of wY'™® in Lemma [3.1.18] since by definition

dye = dy + %e (wVﬂ'E)’
where e(.) is exterior multiplication. O

Difference of Eta Invariants. Roughly, Lemma [3.1.19 asserts that D ® V is the direct
sum of two geometric Dirac operator plus a lower order perturbation which interchanges the
twisting bundles. This leads to a simple relation between the Eta invariants of D ® V and
D @ V*. The following result is a reformulation of [16, Thm.’s 2.7 & 2.35]. We formulate it
in terms of the &-invariant, see Definition [1.3.4



100 3. RHO INVARIANTS OF FIBER BUNDLES, ABSTRACT THEORY

Theorem 3.1.20. As before, let V =Dp®V — Dg ® V*. Then

&Dp®V)—&Dp® V") =SF (Dp® V"' + xv)xe[oyl].
Remark. By comparison with the variation formula of Corollary we see that Theorem
3.1.20| asserts that the contribution coming from the variation of the reduced &-invariant
vanishes, i.e.,

1
| #lewanie=o.

In fact, this is precisely what Bismut and Cheeger prove, see [16, Lem. 2.11]. Recall from

Proposition that
HlE(Dy))dz = — = an(V. D),

where a,,(V, D?) is the constant term in the asymptotic expansion of
Vit Tr (Ve*tD?C), ast — 0.

In the case that dim B is even, Theorem [1.2.7 shows that there are no half integer powers
of t in the asymptotic expansion of Tr (Ve*tD%), so that Theorem is a consequence
of the general theory for elliptic operators. However, the odd dimensional case requires
considerably more work. In [16, Lem. 2.11], Bismut and Cheeger prove the corresponding
result for operators of the form we are considering here. Their proof uses Getzler’s local index
theory techniques for twisted Dirac operators, adapted to odd dimensional base spaces, in a
similar way as we have described in Section [1.5.2

3.2 Elements of Bismut’s Local Index Theory for Families

To discuss Dai’s adiabatic limit formula, we need to recall some aspects of Bismut’s local
index theory for families. We will be rather sketchy and refer to the original article [14]
and the treatment in [I3, Ch.’s 9 & 10] for more details. The survey article [I5] is also
recommended. For convenience and since we will not need a greater generality, we restrict
to the case of the signature operator.

3.2.1 The Index Theorem for Families

The predecessor of local index theorem for families is the K-theoretic version by Atiyah and
Singer [10], which we briefly recall. As announced we consider only the case of the signature
operator. Let ' < M = B be an oriented fiber bundle of closed manifolds, where F is
assumed to be even dimensional. We choose a vertical projection and a vertical metric g,.
Let V? be the associated connection on TVM, and let D;\ be the vertical signature operator
defined by the vertical chirality operator. As in Proposition we can view ker Df and
coker D as (spaces of sections of) finite dimensional vector bundles over B.

Definition 3.2.1. The index bundle associated to D is defined by

Ind D} := [ker D;f] — [coker D] € K°(B).
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Note that as we are considering only families of signature operators we do not need the
beautiful construction for the case of varying dimensions as in [10]. The Chern character
defines a map in K-theory,

ch: K°%B)® C — H%(B).

Then cohomological version of the families index theorem as in [10, Thm. 5.1] is
Theorem 3.2.2 (Atiyah-Singer). The Chern character of the index bundle associated to the
signature operator is given by

ch(Ind D) = [ / L(T"M,V")| € H(B),

M/B

where L(TYM,V") is the Hirzebruch L-form of T'M defined via Chern-Weil theory as in
(A.4) in terms of VV.
3.2.2 Superconnections and Associated Dirac Operators

Quillen [84] introduced superconnections to study Chern-Weil theory for the Chern character
of a difference bundle. We briefly recall the basic definitions, and refer to [I3, Sec. 1.4] and
[84] for details. Let B be a closed, oriented manifold, and let E — B be a complex vector
bundle.

Definition 3.2.3. A differential operator A on Q°*(B, E) is called a generalized connection
on E if it satisfies the Leibniz rule

Ala A B) =dan B+ (—1)%a A AB,
where o € Q*(B) and € Q°(B, E). The curvature of A is defined as
A% € Q*(B,End(E)).

If E is Zo-graded and A is of odd parity with respect to the total grading on Q°*(B, E), then
A is called a superconnection.

Remark.

(i) If E = ET®E~ is Zs-graded, the total grading of Q°*(B, E) referred to above is defined
by
Q(B,E)* := Q%(B, ET) + Q°4(B, ET).

This should not be confused with the grading Q% (B, E), induced by the chirality
operator 7p.

(ii) The fact that the curvature A? is indeed given by the action of an element in
Q°(B,End(F)) works as in the case of a usual connection, see [I3, Prop. 1.38].

(iii) A generalized connection A is determined by its homogeneous components
A:A[O] —{—Am —|—A[2] + ...,

where Ap,; € QP(B,End(E)) for p # 1 and Ay is a connection on E. In the case that
A is a superconnection, the connection part A[l] preserves the splitting £ = E+ ® E~.
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Definition 3.2.4. Let E be Zs-graded, and let A be a superconnection on E. Then we
define the Chern character form of A as

chy(E, A) := strg (v eXp(—AZ)).

Here, v : Q*(B) — Q°*(B) is a normalization function, defined for forms of homogeneous
degree by

v(a) = (\/ﬁ)ma, where Vi = . (3.15)

The discussion in Appendix [A] generalizes to the case of superconnections. In particular,
chy(E,A) is a closed differential from on B whose cohomology class is independent of the
superconnection A. Since the supertrace vanishes on endomorphisms of odd parity, one can
also check that chs(E,A) € Q% (B, E). We also note that if A = V is a connection in the
usual sense, which decomposes with respect to the splitting £ = ET@®E~ intoV = VTa V™,
then

chg(E,V) = ch(ET, V") —ch(E~,V7), (3.16)

where the right hand side is as in Definition Then the main idea of [84] can be

summarized as

Theorem 3.2.5 (Quillen). Let E — B be a Zy-graded Hermitian bundle over B. Let
[ET] — [E~] be the induced element in K°(B), and let A be a superconnection on E. Then

ch ([ET] = [E7]) = [chs(E,A)] € HY(B).

Generalized Clifford Connections and Dirac Operators. Whenever E is endowed
with the structure of a Clifford module, one can associate a Dirac operator to a generalized
connection A. Let
o' A°T*B — CI(T*B)
be the quantization map. If ¢ : CI(T*B) — End(F) denotes Clifford multiplication, we get
a natural Clifford contraction
0B, B) 2 C*=(B,CIT*B) ® E) < C*(B, E).

Since A maps C*°(B, E) to Q*(B, E), we can define

Dy :=coo toA:C®B,E)— C®B,E). (3.17)

Clearly, this defines an elliptic operator of first order. In order for Dy to be formally self-
adjoint, we certainly have to require that the connection part A of A is a Clifford connection
in sense of Definition Furthermore, some condition has to be imposed on the other
homogeneous components of A, which we derive now, see also [I3, p. 117]. For p # 1 and a
local orthonormal frame {f,} for TB we can write locally

Ay = ﬁf‘“ AN NP ATy, with Ty, 4, € C°(B,End(E)).

The contribution to Dy is then given by

a1

-1 1 a
coo oA[p} =ct...c PTay..ap>
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where ¢% is short for Clifford multiplication with f%. For e,e € C°°(B, E) one computes
that

<c‘“ o €Ty e, €> = (—1)p<e, T;lu_apcap e c‘“€>

p(p+1)

=(-1) 2 (e, 15, a,c™ - .c"7€).

This motivates the following

Definition 3.2.6. Let E be a Hermitian vector bundle. A generalized connection A is called
unitary if its connection part is a unitary connection and if for p # 1

. p(p+1)
P =1 T Ay
Here, taking the adjoint is meant with respect to the endomorphism part only. A is is

called a generalized Clifford connection, if in addition, its connection part Ay is a Clifford
connection, and if for p # 1 and ¢ € Q'(B)

Ape(§) = (=1)Pc(§) Ay,
where again the product is to be understood in the endomorphism part.

The essential part of the following result is a consequence of the discussion preceding
Definition B.2.6l The other claims are immediate.

Proposition 3.2.7. Let E — B be a Hermitian vector bundle endowed with a Clifford
structure, and let A be a generalized Clifford connection. Then Dy is formally self-adjoint
and Dﬁ is a generalized Laplacian. The symbol of A is given by Clifford multiplication
c: T*B® FE — E. If in addition E is Zo-graded and A is a superconnection, then Dy is
Zo-graded.

Remark. As we have pointed out in Remark not every Dirac operator arises as a
geometric Dirac operator associated to a Clifford connection. However, it is shown in [13]
Prop. 3.42] that there is a 1-1 correspondence between Clifford superconnections and Zo-
graded Dirac operators with symbol being the given Clifford structure. Going through the
proof of loc.cit. one sees that the same statement is true for ungraded Dirac operators and
generalized Clifford connections as defined above. Note, however, that in contrast to [13],
we require Dirac operators to be formally self-adjoint.

3.2.3 The Families Index Theorem for the Signature Operator

Generalizing Quillen’s construction to infinite dimensional bundles, Bismut [14] found a
heat equation formula for the Chern character form of the index bundle. We describe the
setup briefly, again restricting to the case of the untwisted signature operator.

Bismut’s Superconnection. Let F < M 5 B be an oriented fiber bundle of closed
manifolds. We choose a vertical projection, and let Q2 (M) be the C°°(B)-module of vertical
differential forms. We formally interpret this as the space of sections of an infinite dimen-
sional bundle & over B, where the fiber &, over y € B is given by the space of differential
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forms over 7~ 1(y). Since this picture has only motivational character, we do not give any
details of how this bundle of Fréchét spaces is defined rigorously. We can then view the space
of all differential forms Q°®(M) as

QO (M) = Q%(B, &),

compare with (2.6). Proposition [2.1.15 shows that the total exterior differential dy; on
Q°(M) splits as
dy = dy + dp, + i(Q), (3.18)

where with respect to any choice of metric gp in a local orthonormal frame { f,} for TB
dp = fEAVE, i(Q) = 1A oA I(Qu). (3.19)

Recall that when restricted to €29(M), the connection 63‘9 is defined as %Z, see Definition
2.1.9 We view the latter as a natural connection V¢ on the infinite dimensional bundle
&. Then and express djys as a generalized connection on & with connection
part V. Tt is a superconnection with respect to the even/odd grading on Q8(M). In this
interpretation, the property d?\/‘, = () states that dj; is a flat superconnection on the bundle of
vertical differential forms, an observation which is due to [19] Sec. III (b)]. For this reason,
dpr together with its interpretation as a superconnection is sometimes called the Bismut-Lott
superconnection.

Definition 3.2.8. Assume that F — M 5 B is endowed with a vertical metric ¢, and a
vertical projection. Let V" be the associated canonical connection, and let D,, be the vertical
de Rham operator. With respect to any choice of gp and a local orthonormal frame {f,} on
B define

VO = N (VY + Lk (fa)) 1 QO(M) — QY (M), (3.20)

where k, is the mean curvature form. Then, the Bismut superconnection is defined as

B:= 1D, + V5" —

=1 () - QM) — Q*(M),

1

2

where ¢, denotes the vertical Clifford multiplication on Q°®(M), and locally
co() = 21N FO N ey (Qap).

The Bismut superconnection naturally extends to an operator Q*(M) — Q*(M), if we
replace V¥ with V® in (3.20). For this note that for a € QP(B) and w € Q8(M),

fEAVE (T a) Aw)) = 7 (dpa) Aw + (=1)PT A f* A Viw.

This relation also shows that replacing V¥ with V is the same as extending B from Q$ (M) =
C*®(B,&) to Q*(M) = Q*(B, &) by requiring the Leibniz rule. Moreover, we find that the
term f* A V® is independent of the chosen metric gp, since this is true for the connection

V¥, see Proposition [2.1.3]

Remark 3.2.9. We want to point out that the definition of B can be motivated by an
infinite dimensional version of Lemma If we choose a vertical metric g, on TV M, we

can view the pairing (.,.)5s/p in (3.10) as a metric on the bundle &. As in Proposition|(3.1.15



3.2. ELEMENTS OF BisMuT’s LocAL INDEX THEORY FOR FAMILIES 105

the connection part V¢ = f*A 63 of djs is compatible with the vertical intersection pairing,

but not necessarily with (.,.)5;/p. If we proceed as in Lemma |3.1.18—using in particular
[2.9) and (2.15)—we see that the unitary connection associated to V¢ is given by

FUNVE+ 5N Vi = N (Vi B(fa) + gho(fa))
=f*A (VZ + %kv(fa))

This is precisely the connection part V& of the Bismut superconnection. In order to get
the unitary superconnection associated to dj; we proceed as in Definition and replace
the other homogeneous components d, and i(2) of dj; with

%(dv +db) = %DU and %(1(9) —i()" = —%CU(Q),
which explain the remaining terms in the definition of B.

Since Remark is the underlying motivation for large parts of the treatment in this
section, we extract the following result, adding some observations which are immediate.

Proposition 3.2.10. The Bismut superconnection is the generalized unitary connection as-
sociated to the flat superconnection dyr. It is a superconnection with respect to the even/odd
grading on Q%(M). If the fiber is even dimensional, it is also a superconnection with respect
to the grading induced by the vertical chirality operator T,.

Remark 3.2.11. In the context of the signature operator we are interested in the grading
given by the vertical chirality operator. However, we get a superconnection with respect to
this grading only if the fiber is even dimensional. In the case that the fiber is odd dimensional,
one can turn B into a superconnection by adding an auxiliary Grassmann variable, see [18|
Sec.’s IT (b) & (f)]. This is based on Quillen’s ideas in the finite dimensional case as in [84],
Sec. 5].

The Chern Character of the Bismut Superconnection. As in Definition the
curvature of the Bismut superconnection is defined as the differential operator

B2 : Q*(M) — Q*(M).

In analogy with the finite dimensional situation in Section [3.1.6] we cannot expect that the
Bismut superconnection is flat.

Proposition 3.2.12. The curvature of B is a fiberwise elliptic operator. It is of second
order with leading term given by the vertical Laplacian

D?:Q%(M,E) — Q°(M, E).
Proof. According to Definition we have to check first that B2 is C*°(B) linear. For all
p € C=(B),
B, 7] = e(r*dpyp),

and thus,
[B?, 7*¢] =Boe(r*dpyp) + e(r*dpy) o B.
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Now, the operators D,, ¢,(€2) and f® A ky(f,) all anti-commute with exterior multiplication
with a horizontal 1-form. Hence,

[]B2, Tr*go] = fOAVE(n*dpy) = T d%e = 0,

so that B? is indeed a fiberwise differential operator. Now, B2 contains D2 as term of second
order but a priori there might be other contributions coming from (V¢*)? and the anti-
commutator of D, and V4%, To see that this is not the case we note that V4" agrees with
dp, up to a term of order 0. Moreover, we know from Corollary that

di = —{dy,i()} and {D,.dp} = {d. dp},

where both terms are of order < 1, see Proposition |2.1.25| for the second term. This implies
that (V)2 and {D,, V®*} are also of order < 1. O

Since fiberwise elliptic operators are intimately related to families of elliptic operators,
the following version of Theorem should be plausible. We do not give a proof, referring
to I3l Thm.’s 9.48 & 9.51] for more details.

Theorem 3.2.13. The operator e B : Q*(M) — Q*(M) is a well-defined, fiberwise smooth-
ing operators with coefficients in Q°*(B).

Using the fiberwise supertrace, this result allows us to study the Chern character of the
superconnection B. To keep the motivational part of this section reasonably short we skip
the discussion of the odd dimensional case and assume henceforth that the fiber is even
dimensional.

Definition 3.2.14. Let F — M 5 B have even dimensional fiber F, and let g, be a vertical
metric. We define the Chern character of the Bismut superconnection as

chs(&,B) := Str, (")/67182) € Q*(B),
where 7 is the normalization function as in (3.15).

Transgression and the Rescaled Superconnection. One of Bismut’s main observations
in [14] is that chg(&,B) is the right candidate for the Chern character form for the index
bundle as in Definition [3.2.1} This becomes apparent when rescaling the vertical metric, see
[14, Sec. III (c)].

For t € (0, 00) we rescale the vertical metric with a factor of t~1. As in this means
that Clifford multiplication with a vertical 1-form & has to be replaced with

cui(§) = Vi(e(§) —i(9)),

where inner multiplication is with respect to the fixed metric g,. Also, if {e;} is a local
orthonormal frame for TV M with respect to g,, then {y/te;} is orthonormal with respect to
the rescaled metric. Since VY and k, are independent of ¢, this motivates the following

Definition 3.2.15. For ¢ € (0,00) define the rescaled Bismut superconnection by

B; := YD, + V& — Siren(Q).
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Now, the infinite dimensional version of the transgression formula for the Chern character
is the following, see [13, Thm. 9.17].

Theorem 3.2.16. For allt € (0,00), the differential form chy(&,By) is closed and satisfies
the transgression formula

d dB; _po
%chs(@(",Bt) = —~vdp Str, <d—tte Bt).

Since this transgression form will be of importance in the next section, we make the
following abbreviation.

Definition 3.2.17. The transgression form associated to the rescaled Bismut superconnec-
tion is given by
Y dB; g2 dd
Br) i= —2=Str, (=t ) € 0(B).
O(( t) \/ﬁ Ty dt € ( )
Bismut’s Local Index Theorem for Families. With the above ingredients, we can now
summarize Bismut’s main results [14, Thm.’s 3.4, 4.12 & 4.16] in the case of the signature

operator, see also [13, Thm.’s 10.21, 10.23 & 10.32].

Theorem 3.2.18 (Bismut). Let F < M © B be endowed with a vertical metric g, and a
vertical projection, and assume that F' is even dimensional. Then the rescaled superconnec-
tion B; satisfies

[chs(é",Bt)} = ch(Ind D) € H®(B). (3.21)
Moreover, with respect to the C*-topology on Q*(B) and for t — 0
lim chs(&,B;) = / L(T°M,V") and o(B;) = 0(1), (3.22)
t—0 M/B

where L(T"M, V") is the Hirzebruch L-form of TV M with respect to the connection VV. In
particular,

chs(é”,IB%t):/ L(T”M,V”)—d/ta(lﬂ%s)ds. (3.23)
0

M/B
Remark.

(i) An immediate consequence of Bismut’s local index theorem for families is Atiyah and

Singer’s earlier result as stated in Theorem This is because (3.21]) and (3.23)

imply that
ch(Ind DY) = { /

L(T"M, vv)} € H(B).
M/B

(ii) We also want to remark that is a generalization of the McKean-Singer formula
in Theorem In the case that B is a point, the term ch(Ind D;) coincides with
the numerical index. On the other hand, e B = ¢~tD 5, since the higher degree terms
in the Bismut superconnection vanish. Hence, if B is a point, the equation in is

equivalent to the usual McKean-Singer formula.
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To understand why is related to the limit ¢ — oo also in higher dimensions, we
summarize some results from [13, Sec. 9.3]. Let Piey(p,) be the projection & — ker D, and
define

V%’u = Pker(Dv) o Vg’“ o Pker(Dv)- (324)

According to Lemma and Proposition the connection V7 is a unitary con-
nection on the bundle .7 (M) — B, compatible with the grading given by 7,. We can thus
define the associated Chern character form ch, (S, (M), VM““) as in (3.16)). Then there is
the following result, see [13, Thm.’s 9.19 & 9.23].

Theorem 3.2.19 (Berline-Getzler-Vergne). With respect to the C*°-topology on Q°*(B) and
fort — oo

lim chy(&,By) = chy (7 (M), V"), and  a(By) = O(t~*/?).

In particular,

ch, (£ (M), Vﬁfmu) = chs(&,By) — d/oo a(Bg)ds. (3.25)
t

It is immediate from Definition the definition of V#* and (3.16) that
[chy (A2 (M), V7*")] = ch(Ind D).

so that (3.25)) is an extension to differential forms of (3.21)), and explains why the latter is
related to taking the limit ¢ — oo.

Remark. We want to point out that Theorem[3.2:.19/holds for more general superconnections
but relies on the fact that the dimensions of the kernels of its homogeneous component of
degree 0 do not jump. In contrast, Theorem [3.2.18|continues to hold without any assumption
on the kernels but only for the Bismut superconnection associated to a family of Dirac
operators.

3.3 A General Formula for Rho Invariants

3.3.1 Transgression and Adiabatic Limits

We now want to relate the discussion in the last section to adiabatic limits of Eta invari-
ants and give a motivation for Dai’s general adiabatic limit formula. A large part of this
subsection will be heuristic without rigorous arguments. We hope that nevertheless, our
discussion helps to give some intuition underlying the sophisticated theory.

Statement of the Reduced Adiabatic Limit Formula. Let F — M 5 B be an
oriented fiber bundle of closed manifolds, where M is odd dimensional. Since this section
has only motivational character, we assume for simplicity that F' is even dimensional and
that B is odd dimensional. We endow the fiber bundle with a vertical projection and a
submersion metric ¢ = g ® gy. Let a(B;) be the transgression form associated to the
rescaled Bismut superconnection, see Definition [3.2.17 Theorem [3.2.18/and Theorem [3.2.19
show that a(B¢) = O(1) as t — 0 and a(B;) = O(t~%/?) as t — oc. This implies that we can
make the following definition, which goes back to [16].
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Definition 3.3.1. If F' is even dimensional and B is odd dimensional, we define the Bismut-
Cheeger Eta form

;7\ = / a(Bt)dt.
0

Now let g. be the adiabatic metric (2.16)) on M, and consider the associated adiabatic

family of de Rham operators,
Diyte = Dy+e-Dp+e2-T:Q%(M) — Q*(M).

Moreover, recall that in Definition [3.1.16| we have introduced the odd signature operator on
B with values in the bundle of vertical cohomology groups,

Dp @ V™ Q% (B, (M)) — Q°(B, A (M)).
Then we have the following version of [30, Thm.’s 0.1 & 4.4].

Theorem 3.3.2 (Dai). Assume that b := dim B is odd and that dim F' is even. Then the
adiabatic limit of the reduced &-invariant is given by

lim &(maDire) = €§(Dp @ V) + 2% / L(TB,VP) A7 mod Z.
- B

This formula has a long history which started with Witten’s famous holonomy formula
in [97]. The first mathematically rigorous treatments were given by Bismut and Freed in
[18] as well as Cheeger in [26], both for the case that B = S!. Bismut and Freed emphasize
the relation to Bismut’s local index theory, whereas Cheeger gives an independent proof
based on Duhamel’s formula and finite propagation speed methods. Later in [16], Bismut
and Cheeger generalized the adiabatic limit formula to higher dimensional base spaces
under the assumption that the vertical Dirac operator is invertible. Note that in this case
the twisted Eta invariant on the base does not appear. Dai’s remarkable generalization in
[30] allows the vertical Dirac operators to have non-trivial kernels—which, however, need
to form a vector bundle over B. This is why his result applies in particular to the odd
signature operator. We will state Dai’s result in its full generality below, see Theorem [3.3.10

The Total Dirac Operator. For the rest of this subsection we want to give a heuristic
derivation of Theorem [B.3.21 Recall that we have seen in Theorem B.2.16] that the form
a(B;) plays the role of the transgression form associated to the Chern character of the
superconnection B;. The rough idea is now that the adiabatic limit formula of Theorem
is an infinite dimensional analog of the variation formula for the Eta invariant as in
Proposition [I.5.1] respectively Corollary

This idea does not apply directly to the adiabatic family of odd signature operators,
and as a tool we have to introduce another natural Dirac operator acting on Q°(M). Let
c: T*"M — End (A'T *M ) denote the natural Clifford structure, and define a connection on
AT*M via

VY= vV® + L),

where 6 is the tensor as in Definition One easily checks that V¥ is a Clifford connection
as in Definition [1.2.11] see e.g. [13} Prop. 10.10].
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Definition 3.3.3. The total Dirac operator Dg on M is the geometric Dirac operator asso-
ciated to V?,
Ds =co VY : QM) — Q*(M).

Remark. We recall from Lemma [2.1.19| that on A*T*M, the difference of the Levi-Civita

connection V9 and the connection V¥ is given by
VI =Ve+1(c0) -20)),

where ¢ is the transposed Clifford structure. Therefore, the total Dirac operator Dg does in
general not coincide with the de Rham operator D).

Relation to the Bismut Superconnection. As in Section we interpret Q°*(M) as
the space of differential forms on B with values in the infinite dimensional vector bundle
& — B of vertical differential forms. Then the total Dirac operator is a differential operator

Dg: Q%(B,&) — Q*(B,&).

Using the local description ({2.5]) for the tensor 6, one then checks that with respect to a local
orthonormal frame {f,} for T'B,

Dg = Dy, + VS — %cacbcv(ﬂab), (3.26)

where V¢ is defined as in . The fact that the terms appearing in this formula are
reminiscent of the terms appearing in the definition of the Bismut superconnection seems to
be one of the main ideas which lead Bismut to the definition of B, compare with [I5, Thm.
2.24] and [14], Sec. V]. We want to make this relation more precise now.

In the interpretation of Proposition the Bismut superconnection is a superconnec-
tion on A*T*B®&. Comparing with Definition [3.2.6] one finds that it is a Clifford connection
with respect to the Clifford structure induced by ¢ : T*B — A®*T*B. Now formally using
, we can associate a Dirac operator to this, which is locally given by

%DU + can’“ — icacbcv(ﬂab).

Up to factors of %, this is coincides with . Hence, the total Dirac operator is essentially
the Dirac operator on Q°(B, &) associated to the Bismut superconnection. To state the
relation more precisely, consider a metric of the form g ® %gv, where t € (0,00), and let
Dg; be the associated total Dirac operator. As in the discussion preceding Definition

one infers that
Dg,; = VitD, + C“Vf’“ — 8%/2 c"“cbcv(Qab).
Then we have as in [I3, Thm. 10.19]

Proposition 3.3.4. Consider the Dirac operator on Q°*(B,&) associated to the rescaled
Bismut superconnection By on A*T*B ® &, i.e.,

Dp, :=coo ' oB;: Q°(B,&) — Q°(B, &)

Then, under the identification Q*(M) = Q*(B, &), we have Dg,, = Dg ;.
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Remark.

(i) The factor 4 occurs because we have defined the Bismut superconnection in a slightly
different way compared to [14]. This is because we wanted Proposition [3.2.10| to hold
without any constants appearing in B, see also [19, Rem. 3.10].

(ii) We also want to stress that Proposition mm the same way as Proposition
earlier—is more a formal interpretation than a mathematical statement. Nevertheless,
this helps in understanding some of the ideas underlying the technicalities of local
families index theory.

Variation of the Eta Invariant of the Total Dirac Operator. After having introduced
the total Dirac operator and its interpretation in term of the rescaled Bismut superconnection
our aim is now to give a heuristic explanation of Theorem [3.3.2] in the case that the adiabatic
family of de Rham operators is replaced with a corresponding family of total Dirac operators.

We first note that since Dg; is a path of formally self-adjoint elliptic operators of first
order on Q°*(M), the general variation formula for the &-invariant in Proposition shows
that

t1

¢(ruDsy,) — E(ruDs,) = \/1% LIM Vu Tr |ry 55t e P8 | dt - mod 2, (3.27)
to u—

where LIM,, o means taking the constant term in the asymptotic expansion as u — 0. Given
the interpretation of Proposition we now formally apply Proposition to the case
at hand and get

1 dDs.; qugt]
7 LNV T [ 258t D5,
b+1 ~ _m2
=-27 /BL(TB,VB)/\TrU [TU L (%e Bu)} (3.28)
ol [ B
=2z [ L(TB, V") Ada(By).

B

Remark. Note that in contrast to Proposition[1.5.8 we are not only in the situation that the
twisting bundle & is infinite dimensional, but are also dealing with a path of superconnections
rather than usual connections. This requires special considerations already in the case of a
finite dimensional twisting bundle, see [40, Sec. 2].

Despite this apparent lack of mathematical rigor, we assume for the rest of this motiva-
tional part that the formula in (3.28]) is valid.

The Limit as t — oo. Note that for the total Dirac operator, the component c“Vf’u is the
analog of the horizontal de Rham operator Dy, in Definition [2.1.23] In analogy to Definition
3.1.16| we thus define an operator

Dp @ V7" Q% (B, A0 (M)) — Q°* (B, 2 (M)),

; (3.29)
DB X V%’“ = PkerDv O TMm (Cavf’u) o PkerDva

compare with (3.24]). Then the remarkable result [30, Thm. 1.6] guarantees the following
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Theorem 3.3.5 (Dai). Abbreviate Dg o, := D @ V7%, Then, for N large enough, there
exist positive constants C1 and Co such for all s >0 ast — oo

< Cl e—CQS

Here, Tt indicates taking the trace over those eigenvalues of Dgy which are bounded away
from 0 as t — oo.

‘ Tr (TMDS,teing’t) —Tr (DgyooestngO) ‘

It is shown in [30, Thm. 1.5] that there are only finitely many eigenvalues of Dg; which
converge to zero as t — oco. We also note that the formulation in [30] is slightly different
from what is stated here. This is due to the fact that we are using a different scaling and a
different parameter, see Remark (iii) below. For the time being, we only use that—very
roughly—Theorem [3.3.5| means that

lim &(marDs,e) = £(Dp @ V") mod Z.

Together with (3.27)) and (3.28) we arrive at the following heuristic formula

&(tmDs) :g(DB®v%“)+2b§1/ E(TB,VB)A/ 4a(Byy)dt mod Z. (3.30)
B 1

The Adiabatic Limit Formula for Dg. To understand how an adiabatic limit comes
into play, we consider a metric of the form
et = 598 D 190-

Let Dg. be the associated total Dirac operator. Since multiplying g.; by e~ ! does not
change the ¢-invariant, we have

é(DS,e,t) = g(ﬁDS,e,t) .
We note that explicitly,

\@DS,s,t = \/gDy + \/EBCan’u — 8\6/357 CaCbCU(Qab).

As we have seen in Section the proof of Proposition uses Getzler’s rescaling by /u.
Since is a formal transition to the case at hand, it is reasonable to expect that the
same rescaling is involved there. Without going into detail, we note that using the rescaling
Vue3 instead, one formally obtains

1 dDs . —uD? 1 [~
LNV T [7M$e "Dsys,t} = 2% BL(TB,VB) A dea(Buer).

Inserting this in (3.30) and substituting s = 4et, we arrive at

L(TB, V") A / a(By)ds mod Z,  (3.31)

¢(ruDse) = £(Dp @ V) 4275 /
4e

B
where we have used that the term f(DB ® V%“) is independent of . This is because
Dp ® V7% is an operator over B and rescaling the full metric does not change the &-
invariant. Now letting ¢ — 0 yields the analog of Theorem [3.3.2] for the total Dirac operator
Dg..
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Remark. We want to point out again, that our considerations leading to are heuristic
and have no rigorous mathematical foundation. In fact, we do not even expect ,
and to be correct without any changes. However, it would be interesting to find
estimates on the correction term in along the line of thoughts we have presented to
give an alternative proof of Theorem for the total Dirac operator.

Relation between Dg. and Dps.. What is still missing in our heuristic explanation
of Theorem is why we can replace Dg,. with Dy and Dp ® Vot with D @ V7.
First of all, the relation between the latter two operators fits exactly into the framework of
Section In particular, Theorem [3.1.20] yields that

f(DB ® V%u) = f(DB ® V‘%) mod Z.

Formally, the relation between Dg. and D). is an infinite dimensional analog of the same
situation, where the odd signature operator 7a;Dps. plays the role of Dp ® V, whereas
M Ds e is an analog of the operator Dp ® V*, compare with Lemma [3.1.19]and Proposition
3.2.10l Then the heuristic analog of Theorem [3.1.20] is that we can make the required
substitution in Theorem m For a technically precise explanation, see [30, p. 304] and
[17, p. 374].

3.3.2 Dai’s Adiabatic Limit Formula

After this heuristic digression, we now want to state Dai’s general adiabatic limit formula
for the Eta invariant of the odd signature operator in its full generality. From now on we
will also include the case that dim B is even and dim F' is odd. Hence, we first need the
analog of the Bismut-Cheeger Eta form in Definition for the case of odd dimensional
fibers, see [16, Def. 4.93 & Rem. 4.100].

Definition 3.3.6. Assume that dim F' is odd and dim B is even, and let B; be the rescaled
Bismut superconnection as in Definition [3.2.15] Then we define

1 [e.e]
n:= ﬁ/ v TryY [Tv%efﬂg?]dt € Q%(B),
0

where 7 is the normalization function as in (3.15)), and Tr}" indicates taking the even form
part of Tr,.

Remark.

(i) The vertical chirality operator enters in Definition [3.3.6] since in contrast to [16] we are
dealing with the operator 73;Djs rather than the spin Dirac operator. Nevertheless,
Tr, o7, should not be viewed as a supertrace, since in the case that dim F' is odd, 7,
commutes with vertical Clifford multiplication.

(ii) The fact that the integral defining 7 is indeed convergent relies on the odd dimensional
analogs of the small and large time behaviour of a(B;) in Theorem [3.2.18/ and Theorem

B2 ic.

Try” [%%6_3?] =0(1) ast—0, Ty’ [Tv%e—ﬁf] =0(t™%?) ast— oo.
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It is difficult to find an explicit proof in the literature, since the treatment is usually
in the superconnection formalism which does not apply to the operator in question.
However, as pointed out in Remark [3.2.11] one can overcome this difficulty by intro-
ducing an extra Grassmann variable to turn B; into a superconnection of the required
form, see again [I8, Sec.’s II (b) & (f)], and also [25, Sec. 5.2.2] for additional remarks
and references. The reader who feels uncomfortable with this can equally well consider

/\ 2
n(s) :== v TrgY | Ty DBt 7 Bt]tsdt, Re(s) large,
\f/ v

and define the Eta form as the constant term in the Laurent series around s = 0 of
the meromorphic continuation. Then the whole discussion to follow goes through with
only minor changes—the sole problem being a more awkward notation.

(iii) In contrast to the case that F' is even dimensional, the Bismut-Cheeger Eta form is
now a differential form on B of even degree. One easily checks that the degree 0 term
is given by

~ 1 < _
Moy = 2\/7?/0 uw Y2 Ty, [Tvae ”Dg]ds,

where we have substituted 4u = t. Hence, if By¥ = 7, Dy[qev(ar) is the family of vertical
odd signature operators, we see that

Moy = 1(B,") € C(B), (3.32)

which is the function that associates to each point y € B the Eta invariant of the
fiber 771(y). Note that we have used which is possible since BS' is a family of
geometric Dirac operators so that the Eta function can be defined without making use
of a meromorphic extension.

Preliminary Adiabatic Limit Formula. The starting point for the rigorous treatment of
the adiabatic limit formula is [30, Prop. 1.4], which in the case of the odd signature operator
reads

Proposition 3.3.7 (Dai). Let D. be the family of de Rham operator associated to the
adiabatic metric (2.16)). Then there exists a small positive number « such that

lim 7](7'MD5) = Q[bngl/ (TB VB) /\77+ hm/ —-1/2 Tr TMD e uDg]du7
e—0 B f

provided either one of the limits exists.
Remark 3.3.8.

(i) Dai deduces Proposition from the main result in [16] which—translated to the
situation at hand—gives an explicit formula for

il_I)I(I)TI“ [TMD e “Dg],

together with remainder estimates, which are uniform in e for compact u-intervals,
see [16, (4.40)]. We want to point out, that Bismut’s and Cheeger’s proof is rather
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(i)

(iii)

involved, one difficulty being the presence of the term Tr [TMeDhe_“D : ] , which behaves

“singular” with respect to Getzler’s rescaling, see [16, Rem. 3.4]. This part should
simplify if one could find a proof along the lines of the heuristic discussion in Section

B3I

Note that for the odd signature operator, we already know from Proposition that
the limit on the left hand side in Proposition [3.3.7exists. By comparison with Theorem
[3:3:2) we see that the second term on the right hand side will produce the twisted Eta
invariant of the base as well as the integer contribution which we omitted so far.

To relate this term to the discussion in Section we substitute s = ¢2u, which
corresponds to rescaling the metric g. to €2g.. Then

/ w2 Ty [TMDaequE} du — / s 12y [TM(%DE)e*S(%DE)Q]ds.
J 52—(1

We now note that if we rename v/t = 7!, then %Da becomes
VD 51 = VD, + Dy, + 5T

where the individual terms are defined as in Definition 2.1.23] This means that the

operator + D, plays essentially the role of the operator Dg; in the discussion of Section

€
and that taking the limit € — 0 on the right hand side in Proposition |3.3.7| is
related to the limit ¢ — oo in our heuristic explanation of Theorem We also note
without giving the details that this also explains why Theorem [3.3.5 as we have stated

it is indeed a reformulation of [30, Thm. 1.6].

Behaviour of Small Eigenvalues. The limit on the right hand side of the formula in
Proposition [3.3.7] is closely related to eigenvalues of 73;D. which approach zero as ¢ — 0.
This is roughly because of their presence, there is no uniform bound of the form Ce™" for
the term Tr [TMD56*“Dg ] as € — 0 for large u, compare with Lemma The following
result provides the essential analysis of the spectrum of D, as € — 0, see [30, Thm. 1.5].

Theorem 3.3.9 (Dai). For e > 0 the eigenvalues of TprDe depend analytically on . There
exist analytic functions {\.|i € Z} such that spec(tarDe) = U;eq AL for alle > 0. Moreover,
the functions A\t have the following properties.

(1)

There exists a positive constant \g such that either for some gg
AL > Xg >0, fore < e,

or AL has a complete asymptotic expansion

AL~ Z,ufcek as e — 0,
k>1

where jit € spec (DB ® V%), see Definition . The latter gives a bijective corre-
spondence

{)\a € spec(tarDe) ‘ Ae=0(¢) ase — 0} 2, spec (DB ® V‘%).
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(i) Assume that AL = O(e) as e — 0, and that % # 0. Then there is a uniform remainder
estimate of the form

No= e + 20 ()2, [C(2)] < const.
(iii) For every K >0,

#{z’EZ ’ Mo=0() as e — 0, and!uﬁ\gK}<oo.

Remark. As one might expect, the proof of Theorem in [30] relies on standard per-
turbation theory as in [56], and this part is in fact not very difficult. However, to prove that
the eigenvalues have a complete asymptotic expansion, Dai makes use of Melrose’s theory
of degenerate elliptic problems as used in [66]. We refer to [30, Sec. 2] for more details and
references.

The General Adiabatic Limit Formula. For » € N define
A(e") := {\; € spec(tyD:) | Ae = O(€"), ase — 0}. (3.33)

Note that part (iii) of Theorem shows that #A(e") < oo for all » > 2. Then Dai’s main
results can be stated in the following way, see [30, Cor. 1.6 & Prop. 1.8]. The formal but
illuminating outline of the proof in [30, p. 275] is also recommended.

Theorem 3.3.10 (Dai). With the notation of Proposition[3.5.7,

1 o 2
lim / w2 Tr [rprDoeP2)du = n(Dp ® V) + lim E sgn(Ae).
e—0 ﬁ e« [ c ] ( ) e—0 \EA(e2) ©

In particular,
. [btl)4+1 T B ~
hH(l) n(tmDe) =212 L(TB,V”)A7
E— B

% .
+n(Dp®V )+;1LI(1) Z sgn(Ae).
Ae€A(e2)

This separates the computation of the adiabatic limit of the Eta invariant on the total
space of the fiber bundle into three terms, which are all of a very different nature. Intuitively,
the first term contains global information about the fiber, but is local on B. The second
term is global on the base and contains cohomological information about the fiber. The third
term is global on both, the base and the fiber. It fits into the heuristic discussion of Section
as an analog of the spectral flow term in Corollary Following again [30], we will
see in the next subsection that for the odd signature operator, this term is expressible in
completely topological terms.
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3.3.3 Small Eigenvalues and the Leray Spectral Sequence

Let A, be the Laplace operator associated to an adiabatic metric g. on an oriented fiber
bundle F < M 5 B of closed manifolds. In [66], Mazzeo and Melrose analyze the space of
harmonic forms °(M) = ker(A;) as ¢ — 0, and show that it has a basis which extends
smoothly to € = 0. Using a Taylor series analysis to determine which forms lie in this
limiting space, they find a Hodge theoretic version of the Leray-Serre spectral sequence. We
the result briefly, and refer to [66] as well as [41] and [30, Sec. 4.2] for details. As in the
latter reference, we restrict to the odd dimensional case and use the formulation in terms of
the odd signature operator.

The Hodge Theoretic Spectral Sequence. Assume that dim M is odd. For A(¢") as in
(13.33) we define
GA(ET‘) = Z ker (TMDE — )\5)
Ac€A(eT)
We view this as a family of subspaces of Q*(M), parametrized by ¢ € (0,00). Note that
Theorem implies that for r > 2 each Gj(.r) is finite dimensional. Now the analysis of
[66] adapted to the case at hand yields the following, see [30, Thm. 0.2 & Prop. 4.2].

Theorem 3.3.11 (Mazzeo-Melrose, Dai). For r > 2 the family Gy depends smoothly
on € down to € = 0, i.e., there exists a smooth family of orthonormal bases for Gy,
parametrized by € € (0,00), that extends smoothly to ¢ = 0. One can then define

G, = liII(l] Grery, dpi=lime "d. : G, — Gy, (3.34)

e—0

where d. = dy, + edp, + £21(Q). This defines a spectral sequence that is isomorphic to the
Leray-Serre spectral sequence, i.e.,

(Gpydy) = (EX*.dy), 1>2.
Remark.

(i) Note that the spectral sequence (G, d,) is not defined as a spectral sequence associated
to a filtered complex as in (3.9)). Nevertheless, as subspaces of Q*(M) = @;;, g QP9(M),
the spaces G, are naturally bigraded.

(ii) Since we are working on Q°*(M) with the fixed reference metric g we are using the
modified de Rham differential d., compare with Remark

(iii) It is immediate that each d. maps GA(ET) to itself, since d. commutes with 7p;D;.
However, note that for an element w. of a basis of Gy(ry as in Theorem one
has

(T De)we = Aewe = O(e"), ase — 0.

Since Tpr D = Tprde + deTy, this implies that dew. = O(e") as well. This should serve
as a motivation for the factor ¢ in (3.34)).
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The case r = 1. Because of the extra difficulty which arises from the fact that G is
not finite dimensional the case r = 1 is excluded from Theorem Nevertheless, for
motivational purposes, we now want to make a formal digression on this case, since it might
give an idea of the mechanism lying behind Theorem For a rigorous treatment, we
refer to [66, Sec.’s 3 & 4].

Let A. be a family of eigenvalues of 73;D., which is of order € as ¢ — 0. Since for
e € (0,00), the family 757 D, depends analytically on e, standard perturbation theory ensures
that A\ depends analytically on € and that there exists an analytic family of eigenforms
we € Q*(M) with eigenvalue A\.. We now assume without justification that A. and w. extend
analytically to [0,00) so that we can write

)\€:ZAk5k, and w€:Zwk5k, as € — 0.
k>1 k>0

From Definition 2.2.7] we know that
v De = Ty Dy + eTar Dy + €21y T - Q° (M) — Q°(M).
Then comparing e-powers in the identity (737 D;)we = Acw, one finds that
Dywo =0, Tm (Dvwl + tho) = \wp.

In particular, wy € ker(D,) = Q°(B, #,°(M)) and thus also dywy = 0. Then the second
equation yields
Prer (D) (TM (Dvwl + tho)) =0. (3.35)

On the other hand, when we compare e-powers in the identity (TMdewg , deTMwe) , =0, we

can deduce that

L

(Tardowr + Tardpwo , dyTarwr + dpTarwo) o = 0.
Using this and (3.35]) one infers that

Pker(DU)L (del + dh(,do) = 0
Hence,

lim e 'dow, = liH(l) e ! (deo + e(dywr + dpwo) + €%(... )) = dyw1 + dpwo
e—

e—0

= Prer(Dy)(drwo)-

This shows at least formally that the construction of Theorem [3.3.11| extends to the case
r =1 and gives
Gl = Q.(B,%).(M)), d1 = Pker(Dv) Odh.

Now Proposition [3.1.13| shows that via the Hodge-de-Rham isomorphism,
(Gr,d1) = ((B, Hy (M), dy),

with the differential dj; on QP (B,H; (M )) associated to the flat connection Vv, see Def-
inition [3.1.10, According to Lemma [3.1.12f this means that (G1,d;) is isomorphic to the
FE1-term of the Leray-Serre spectral sequence of the fiber bundle.
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Remark. In principle, one could now continue and give a formal derivation of Theorem
along the lines just presented. However, already in the case r = 2, the Hodge theoret-
ical expression of the differential becomes very unpleasant. Therefore, we end the digression
and refer to [60, [30} [41] for more details.

We also want to point out that Theorem [3.3.11| will not be explicitly used later on. Yet,
we have included the above discussion to motivate why it is reasonable to expect that the

term
lim > sgn()e)
AeEA(£2)
appearing in Dai’s general adiabatic limit formula has a topological interpretation in terms

of the Leray-Serre spectral sequence. We shall make this more precise now.

Multiplicative Structure on the Leray-Serre Spectral Sequence. From now on we
also incorporate a flat twisting bundle £ over M with connection A. The entire treatment of
Section [3.3] carries over verbatim; we have omitted it so far only for notational convenience.
However, in the discussion to follow, there are some small distinctions to be made. We
use the notation (E;{;,dA,r) for the spectral sequence associated to the flat bundle, and
reserve the notation (Ey°,d,) from for the spectral sequence associated to the trivial
connection.
Recall that there is a multiplicative structure of the form

.. Psa s,t p+8,q+t
: EA,r X EA,r - Er ’

which is canonically induced by the wedge-product and the metric h : E® E — C on the
bundle E, see [22], pp. 174-177], [67, Thm. 5.2] or [33, Thm. 9.24]. For brevity, we introduce
the notation
Eh, = @ B, - Ei, xE4Y, — B
pt+g=k
Then the differential and the multiplicative structure satisfy the relation

de(w-n) =day(w) n+ (—Dfw-da,(n), weEY, nekEl,,. (3.36)

Denote m = dim M and b = dim B. Since we are assuming that the fiber bundle is oriented,
the bundle H™ (M) — B is trivializable, where each vertical volume form gives a canonical
trivialization. We then have

By = By = HY(B,H]'"(M)) = C,

where a natural basis & € Ej' is induced by any volume form on M. Since M is closed
H™(M) = C, which implies that E)" for all » > 2. Moreover, as the isomporphism H™ (M) =
C is also canonically induced by any volume form on M, we obtain natural bases &, for all
E™ with » > 2. Using the multiplicative structure on E;"'T, we can thus define a natural
pairing ’

Qay: B, x B, —C, (3.37)

by requiring that

Qar(w,n)é =w-n, foral (w,n) e Eﬁyr X Eff;k
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Remark. Due to the presence of the pairing F' x E — C in its definition, the pairing (3.37))
is complex anti-linear in the first variable. For even dimensional manifolds, the above pairing
has been analyzed already by [27] in the context of the signature of fiber bundles.

As in [30] Sec. 4.3] we now define the analog for the odd dimensional case,
Pay: B, x Ef7F N = €, Pag(w,n) = Qar(w,dam). (3.38)
Lemma 3.3.12. Let w € Ef,j,r and n € Ezl;k_l. Then

PA,T(wa 77) = (_1)(k+1)(mik)PA,T(777w)‘

- 7 m—1
In particular, if k = "5+

m = 4n — 3.

, then Py, is Hermitian if m = 4n — 1 and skew Hermitian if

Proof. Since E" = C for each r > 2 it follows that d;|gm-1 = 0. Then (3.36)) implies that

QAW (w’ dA»Tn)‘ET =w:- dA,rn = (_1)k+1(dA,7‘w) °n
_ (_1)(k+1)(m—k)m

= (_1)(k+1)(mik)QA,r (77’ dA,rw)f’r"

This implies the first assertion. Setting k = mTfl, the exponent becomes (mTH)Q, which

yields the second assertion. O

Dai’s Correction Term. Using the pairing P4, introduced in (3.38), we now come to the
topological interpretation of the third term in the general adiabatic limit formula of Theorem

B.3.10

Definition 3.3.13. For each » > 2 we define
oAy = Sign (Pa, : Efw X Ef"r — C), with k:= mTfl,

where as before the signature of a skew form is defined as the number of positive imaginary
eigenvalues minus the number of negative imaginary ones. Moreover, we write

oA = ZO‘AJ«.

r>2

Note that the sum defining o4 is finite since the spectral sequence collapses after finitely
many steps so that for large r the number o4, is always 0. This is due to the presence of
the differential d4, in the definition of Q4 ,. Now we can state [30, Thm. 4.4].

Theorem 3.3.14 (Dai). Let E be a flat Hermitian bundle with connection A over the odd
dimensional total space of an oriented fiber bundle F — M 5 B of closed manifolds. For
any adiabatic metric on M, let Aa(e?) be defined in analogy to with respect to the
operator TafDa . Then

lim Z sgn(A:) = 204.

e—0

Ae€A4(e?)
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Consequently, the following adiabatic limit formula holds
. v bt1 ~ N ‘
lim 7(BY,) =205 /BL(TB, VE) Afja+ in(Dp @ V40) + 04

Here, s € Q°%(B) is defined in analogy to the untwisted case in Definition respectively
Definition [3.3.6.

Note that we have divided the adiabatic limit formula in Theorem [3.3.10| by a factor of
2 to get the corresponding formula for the odd signature operator, see Remark

An Adiabatic Limit Formula for the Rho Invariant. An immediate consequence of
Theorem is the result we were aiming at in this section. In analogy to Definition [1.4.6
we first make the following

Definition 3.3.15. Let E be a flat bundle of rank k£ with connection A over the odd
dimensional total space of an oriented fiber bundle of closed manifolds. For every submersion
metric, we define the Bismut-Cheeger Rho form as

pa=1a—k-n€Q(B),
and the Rho invariant of the bundle of vertical cohomology groups as
P2, (B) i= 51(Dp @ V744) — k- 5n(Dp @ V) €R.

We include the factor % in the definition of p, , (B) since the operator D ® V#aw ig
essentially two copies of a usual odd signature operator, see Remark [3.1.17| (ii). Now an
immediate—yet interesting—consequence of Theorem and Corollary is

Theorem 3.3.16. Let E be a flat Hermitian bundle with connection A over the odd dimen-
sional total space of an oriented fiber bundle F — M = B of closed manifolds. Then with
respect to every submersion metric

b+1

pa(M) =2l }/ E(TB,VB)/\ﬁA—i—p,ywa(B)—l—JA —k-o,
B

where g4 and o refer to Dai’s correction term as in Definition|5.5.15.

3.4 Circle Bundles Revisited

We now want to use Theorem to compute the U(1)-Rho invariant for principal circle
bundles over Riemann surfaces thus giving a different proof of Theorem Related
results are due to Zhang [98] and Dai-Zhang [32]. In the first reference, the case of the
untwisted spin Dirac operator for circle bundles over general even dimensional spin man-
ifolds is studied, see also [51, Sec. 3 a)]. Dai and Zhang use the main result of [98] and
a computation of the Eta invariant for the untwisted odd signature operator to determine
the Kreck-Stolz invariant for circle bundles. We want to point out that the strategy in
[32] for the untwisted odd signature operator is to apply the signature theorem for man-
ifolds with boundary to the disk bundle associated to the given circle bundle. Related
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discussions can be found in [I1, [63]. However, this approach does not carry over to non-
trivial flat twisting bundles, since one would need an extension to a flat bundle over the disk
bundle, see also Remark (iv). In this respect our strategy is of a purely intrinsic nature.

The Bismut-Cheeger Rho Form. As in Section let ¥ be a closed, oriented Riemann
surface of unit volume, and let S' — M 5 ¥ a principal S'-bundle over ¥ of degree
0 # [ € Z. Choose a connection iw € Q(M,iR) on M, and use this and the metric on ¥ to
equip M with a submersion metric. Let L4 — X be a holomorphic line bundle of degree k,
the holomorphic structure being induced by a unitary connection A. As before, we assume
that A
-k, =1-volg, and 5-Fa=kvoly.
We endow L := n*L 4 — M with the flat connection of Lemma [2.3.5] i.e.,
Ay =7m"A—iquw, q:=k/l.

Proposition 3.4.1. The Bismut-Cheeger Rho form associated of the flat line bundle L =
7L 4 s given by
pa, = 2P1(q) + 1(Pa(q) — §) voly € Q(X).

Here, Py and Py are the first and second periodic Bernoulli functions of Definition|C.1.1].

Proof. First, we infer from that
(ﬁAq)[O] = 1(Bgw) — n(Bow),
where B, , is the vertical odd signature operator
By, = —i(Z% —iq) : C*°(M,L) — C>*(M, L),
see Proposition Hence, we can use Remark (iii) to deduce that
(Pa,) o) = 2P1(a)-

To identify the 2-form part of the Rho form, we recall from Definition [3.2.15|that the rescaled
Bismut superconnection is given by

B, = YD, + V& — 57 o).

First, we need to identify the terms appearing here. In the same way as in Proposition [2.3.10
one finds that the vertical de Rham operator associated to the connection A, is given by

Dy = —ity(Le —iq) : Q5 (M, L) — Q3 (M, L).

Moreover, Lemma shows that the mean curvature of the fiber bundle vanishes, and that
the connections V¥ and V¥ coincide. This implies that the connection part of B coincides
with the horizontal part of the exterior differential,

VO =dy, p QML) — QY*(M,L).
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Lastly, one easily checks—again as in Proposition [2.3.10}—that
co(R) = 2mil vols ATy : Q8(M, L) — Q>*(M, L). (3.39)
We now claim that in the case at hand
B} = 1tD? , + $¢o(2)Dg,v. (3.40)
Proof of . From and Corollary we have the anti-commutator relations
(V" Dy}t = {V¥™, ¢y (Q)} = 0.
Moreover, the explicit formulse above easily yield
co(Q) Dy = Dy vcy(Q) = 2wl voly, AN(Ze — iq).
Since V¢ agrees with d ,h we infer from Corollary that
(V)2 = —{dg, (D)},
and one verifies that in the case at hand,
{dqﬂ,, 1(9)} = —2nlvoly AN(Ze — iq) = —cy(2) Dy
Lastly as ¥ is 2-dimensional, we have ¢,(€2)? = 0. Putting all pieces together, we obtain
B; = ith’v = 560(Q) Dy — {dg,i(Q)} = %th,v + 3¢0(Q) Dy H

Having established the formula in (3.40f), we continue with the proof of Proposition
Since D;v and ¢, () D, commute, one can use (3.40) and Duhamel’s formula to show that

w2 1,12
Try [y Bt e ] = T, | L (Dyo + 242) e 4750 (1 = S, () Dyo) |-
According to Definition one thus finds that the 2-form part of 74, is given by
(inJe = = [
nAq [2] N 211 ﬁ 0
= ACHI (—u_1/2 Tr, [D2 e_“DZ’U} 4+ 14732 Tr, [e_“Div]) du.
47 v 2

Note that in the second equality we have used (3.39) to replace 7,¢,(2) with 27il voly, and
then made the substitution ¢ = 4u. We now introduce a complex parameter s with Re(s) > 0
and define

1 12 1\ —i¢D2
Tr, [—4\/i7vcv(ﬂ)( — 72Dq,'u + 725)6 7t q,v:|dt
(3.41)

. [ vol o s—1 —u s—3 —u
A 0) = o [ (0 T [ 08 405 T 02
2

see Remark (i) below. Now for Re(s) large enough, we can split up the integral and
compute using the Mellin transform that

S s s—
r(81+1) / W'T Ty [Df e Vi ldu= YT AT
2 0 Aespec(D2 )
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5 _s—1 _s5—1
= F(Sil)A 2 = Z 7831)\ 2,
Aéespec(D2 ) Aespec(D2 )

Now we can use the computation of the spectrum of the vertical odd signature operator
in Lemma [2.3.11} Note, however, that here we are using 7, Dy, which corresponds to two
copies of the operator considered there. We find, again for Re(s) large enough, that

ST = Y =2 gt =2 (s - ),

Aé&spec(D2 ) Aespec(TyDq,v) niZ
n7q

where EI is the Zeta function in Lemma Hence,

{voly 2 — s~

(ﬁAq)D](S) = ;Cq(s —-1). (3.42)

We know the value of the meromorphic continuation Zq(s) to s = —1 from Lemma
Using this we arrive at

(M4,)[2) = 1P2(q) volg,
so that indeed
(Pa,)p = (Ma,)ig — My = L(Pa2(q) — §) vols. O

Remark 3.4.2.

(i) We want to point out that introducing a complex parameter to split up the sum in
(3.41)) is necessary. For this note that the individual terms do not give functions which
are holomorphic for Re(s) > 0. However—at least in the case that ¢ ¢ Z—their sum
is holomorphic for Re(s) > 0, since Lemma implies that the poles and zeros of
25 and az(s —1)in cancel each other out.

(ii) Even though the above computations are very similar to the ones in the proof of
Proposition we want to point out that there is a conceptual difference. Before,
we had to incorporate the operator D4, and work on Q°(M, L), whereas now, we
work only on Q3(M, L).

Using Proposition [3.4.1| we can identify the first term in the general formula of Theorem
3.3.16, Since X is 2-dimensional, we have L(T%, V¥) = 1 so that

2/ L(TS, V) A pa, = 21(Pa(q) — 3). (3.43)
2

Dai’s Correction Term. We now want to understand the remaining terms appearing in
Theorem [3.3.16| for the example at hand. Using ([3.43) it is then immediate that our second
proof of Theorem [2.3.18| will follow from the following result.
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Proposition 3.4.3. Let | # 0 be the degree of the principal circle bundle, and let A, be the
flat connection on L = n*La as before. Then py, |, (X) =0, and
—sgn(l), if Aq is the trivial connection,
g =
4 0, if Aq is non-trivial.

Proof. Recall that L, — X denotes the line bundle associated to the principal bundle 7 :
M — 3, endowed with the connection A, naturally induced by w. As in (2.32) we can
identify

{0}, ifq ¢ Z,

_ (3.44)
Q*(2,Lp) @ (Q°(%, L) @ Clw)), ifqeZ

ker(Dg.y) =2 {
Here, Lp = L4 ® L%, which is endowed with the connection B = A® 1+ 1 ® gA,. Note
that in addition to (2.32)), the term Q°(%, Lp) ® C [w] appears since we do not restrict Dy,
to Q*0(M, L).

If ¢ ¢ Z, we deduce from that the bundle of vertical cohomology groups vanishes,
which certainly implies that n(Dg RV fA’") and o4, are both zero. If ¢ € Z, we conclude as
in the proof of Proposition 2.3.16] that Lp is isomorphic to the trivial line bundle and that
the connection B is flat. This implies that the operator Dy, ® V4. is unitarily equivalent to
several copies of a twisted odd signature operator on X, see Remark (ii) and Lemma
Since ¥ is even dimensional, we thus infer that n(Dg ® V‘%A’“) = 0. To finish the

proof, it remains to compute o4, for g € Z.
First of all, we explicitly describe the Es-term of the Leray-Serre spectral sequence. Using

Lemma [3.1.12| we proceed as in Proposition [2.3.16| to conclude from (3.44)) that for q € Z,
e.0 ~ ° o1 ~ °
EAq,2 = H*(X,Lp), EAq’2 ~ H*(X,Lp) ® Clw]. (3.45)
Now, according to Definition we have to compute the signature of the pairing
Payo=Qas(.,da,2(.)) : By, x Eyly = C, (3.46)

see (3.38). Here, we have used that concerning the signature of P4, 2 we can neglect the
spaces Eif,?zv since the differential d4, 2 is of bidegree (2,—1) and thus zero on E114’52, see

Figure 3.1}

Figure 3.1: The Es-term of the spectral sequence
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Now, if A, is a non-trivial connection, the line bundle Lp = L4 ® L,? with its natural
connection is not isomorphic to the trivial flat line bundle. According to this implies
that E%qlg = {0}, see also Proposition [2.3.16, Hence, in this case 04, = 0. Now we assume
that A, is the trivial connection, and drop the subscripts A, from the notation. Using ,
one checks directly that

Ey' =Clw] and E3°=C|[voly].

According to its definition in (3.37)), the pairing Q2 in (3.46)) is induced by the wedge product,
followed by evaluation on the fundamental class. Using this, one easily verifies that Qo

satisfies
Qo: Byt x ByY = €, Qa(w], [voly]) = 1.

Moreover, since the differential ds is naturally induced by exterior differentiation, one obtains

from Proposition that
dy: Bt — E3°, dylw] = [i(Q)w] = —2xl[voly].
According to , this means
Py ([w], [w]) = Q2([w], da[w]) = —27.

This yields that Sign(FP2) = —sgn(l). Since the spectral sequence collapses at the E3-stage,
there are no higher signatures. This finishes the computation of o4, in the case that A, is
the trivial connection. O



Chapter 4

3-dimensional Mapping Tori

After having described the abstract theory leading to a general formula for Rho invariants
of a fiber bundle, we now want to use this to discuss a second class of examples in detail.
In contrast to the previous class considered, we now reverse the role of fiber and base, and
consider fiber bundles over S' with fiber a closed, oriented surface.

We start this chapter to describe a particular way of constructing submersion metrics.
Here, it is convenient to use a formulation in terms of symplectic forms and almost complex
structures. We then identify the geometric objects in this setting, most notably the bundle
of vertical cohomology groups and the transgression form of the Bismut superconnection.

Under the assumption that the mapping torus is of finite order, we derive a formula
which expresses the Rho invariant in terms of Hodge-de-Rham cohomology. Here, we can
treat the case of a higher dimensional gauge group and arbitrary genus of the surface fiber
without effort.

From then on we restrict to the case that the fiber is a 2-dimensional torus. We describe
in some detail the geometric setup, including a discussion of the spectrum of the Laplace
operator on a torus twisted by a flat U(1)-connection. Using this, we obtain a formula for
the Rho form. We then employ ideas related to the classical Kronecker limit formula, to cast
this expression into a different form which is more accessible for direct computations.

To obtain explicit formulae for the Rho invariant, we now have to distinguish between the
cases that the monodromy of the mapping torus is elliptic, parabolic or hyperbolic. In the
elliptic case, we can specialize the previous result about finite order mapping tori to obtain
a simple formula for the Rho invariant. The parabolic case turns out to be more involved.
Most notably, the Eta invariant of the odd signature operator with values in the bundle of
vertical cohomology groups has to be analyzed carefully. Yet, we shall arrive again at a very
explicit formula for U(1)-Rho invariants.

The last part of our discussion will be concerned with the case of a hyperbolic mapping
torus. Here, the difficulty lies in identifying the Rho form. Generalizing considerations by
Atiyah [3], we relate this term to the logarithm of a generalized Dedekind Eta function.
We will find that the transformation property of this logarithm under the action of the
modular group determines the value of the Rho invariant of a hyperbolic mapping torus.
Using a result due to Dieter [35], we can then express the Rho invariant as the difference of
certain Dedekind sums. Simplifying this expression we finally arrive at a general formula for
U(1)-Rho invariants in the hyperbolic case as well.

127
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4.1 Geometric Preliminaries

Let ¥ be a closed, oriented surface, and let f € Diff"(X) be an orientation preserving
diffeomorphism of ¥. Consider the mapping torus

Sr=(ExR)/Z, (4.1)
where Z acts on X X R via
ke (z,t) = (f"a),t+k), (z,t)eZxR, keL (4.2)

Then X is naturally the total space of a fiber bundle over S 1 see Appendix Moreover,
according to Lemma the diffeomorphism type of the mapping torus depends only on
the isotopy class of f, i.e., on the image of f in the mapping class group

Diff* () / Diffo(X).
We now describe the geometric structure we need on a mapping torus in some detail.

Related material can be found in the context of Seiberg-Witten equations in [90], Sec. §].

Moser’s Trick. The freedom of varying f in its isotopy class allows us to fix particularly
convenient choices for the monodromy map. To exhibit such a choice we need the following
result of [76] which is sometimes called Moser’s trick, see also [68, Sec. 3.2].

Proposition 4.1.1. Let w € Q%(X) be a_symplectic form on the closed, oriented surface ¥,
and let f € Diff 7(X). Then there exists f € Diff *(X), isotopic to f, with f*w = w.

Sketch of proof. We first note that since ¥ is of dimension 2, a symplectic form w on X
is simply a 2-form which is non-degenerate in the sense that fz w # 0. Moreover, as f is
orientation preserving, we have

[ffw] = [w] € H*(Z,R).
Thus, there exists a € Q!(X) with
ffw=w-+da.
We now define a time dependent vector field X : R — C°°(X,TX) by requiring that
i(Xt)(w+tda) = —a, teR.

This is well-defined because w is non-degenerate. Let ® : R — Diff " (X) be the flow uniquely
defined by the initial value problem

d
%q)t :Xtoq)t, (I)O :ldz

Then one checks using Cartan’s formula that

d
— @ (w + tda) = ¥fdor + O} (Lx, (w + tda))

dt
= ®;da + O} (d o i(X¢)(w + tda))
= djda — Pfda = 0,
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where we have used the definition of X; in the last line. Hence, ®}(w + tda) is independent
of ¢ and so
w = Pw = P (w + da) = D7(f*w).

Now the claim follows with ]7:: fody. O

Metrics on Mapping Tori. We can use Proposition [f.1.1]to define particular Riemannian
metrics on a mapping torus X;. As remarked before, a symplectic form w € O2(X) is the
same as a volume form on . The space of metrics on ¥ with w as a volume form has the
following description, see e.g. [68 Sec. 4.1].

Recall that an almost complex structure is an endomorphism J € C* (3, End(T%)) with
J? = —1d. It is called w-compatible if for all v,w € T with v # 0,

w(Jv, Jw) = w(v,w), and w(v,Jv)> 0.
Then we get a Riemannian metric with volume form w by letting
gs(v,w) :=w(v, Jw), v,weTX. (4.3)
Moreover, the space of metrics with volume form w is naturally isomorphic to
S ={J € C®(,End(TY)) ‘ J is an w-compatible almost complex structure}.

Given a mapping torus ¥, we now fix a symplectic form w € Q2(X) of unit volume.
Invoking Proposition and Lemma we may assume that f*w = w. Note that this
implies that ¢, is invariant under conjugation with f.. Since Z,, is easily seen to be path
connected—in fact, even contractible—we can choose a path J; : R — _#,, of w-compatible
almost complex structures on ¥ satisfying

Jipr = fitodyo fu

Let g; be the path of Riemannian metrics defined by J; and w as in (4.3)), and define a metric
on X x R by
g :=dt®dt+ g;. (4.4)

It is immediate from the fact that f*w = w and the convention (4.2)) of how to define
the mapping torus as a quotient of ¥ x R that ¢ descends to a Riemannian metric on the
mapping torus X.

Calculus on Mapping Tori. We now want to identify the various quantities introduced
in Section [2.1] Since the base of the fiber bundle is 1-dimensional, the curvature form ¢
vanishes. Clearly, each vertical vector field on ¥ is induced by a path

ViR—C®XE,TY), Vii1=[fiVi, (4.5)
and each horizontal vector field X can be identified with

X =p0, with ¢:R—=C%(), @1 =¢i0f.



130 4. 3-DIMENSIONAL MAPPING TORI

Lemma 4.1.2. Let U and V be vertical vector fields on 3. With respect to a metric g as in
(4.4), the Levi-Civita connection VI on Xy is given by

VI V], =0Vi+ 3L Vi, VEV], = VEV — Sw(Uy, JiVi)0r, V9,00 =0, (4.6)

where VIt is the Levi-Civita connection on % with respect to the metric g and jt = [0, J1].
Moreover, the natural vertical connection V' is given by

vV, = ViV, ViV], = 0Vi+ 5 iVi (4.7)
In particular, the difference tensor S of Definition (2.1.6|) is given by
S(U7 V) }t = _%W(Uh jt‘/t)ata
and the mean curvature form k, vanishes.

Sketch of proof. The description of the Levi-Civita connection easily follows from the explicit
formula, see e.g. [13], Sec. 1.2],
+X9(Y,Z)+Yg(Z,X)— Zg(X,Y).

For example,

29(V),V,U) = g([6:, V],U) + g([U, 0], V) + 8ig(V, U)
=g(0,V,U) — g(V,0,U) 4 0iw(V, JU)
=2g(8,V,U) + w(V, JU)
=29(0,V,U) + g(JV, JU) = 2g(0,V + 3JJV, U),
where we have used that J, is self-adjoint with respect to g; for each ¢t. The second equation
in is proven similarly, while the third is clear. Then follows by taking the vertical

projection of V9. Taking differences yields the formula for S. If {ej, e} is a vertical local
orthonormal frame, Lemma [2.1.8] implies that

ky(0r) = %g(jJel,eQ + %g(jJeg,eg),
which is zero since J;.J; is easily seen to be skew-adjoint with respect to g;. ]

Flat Connections and the Bundle of Vertical Cohomology Groups. In Appendix
we have included a detailed description of the moduli space of flat U(k)-connections over
mapping tori. According to Proposition a flat Hermitian vector bundle over Xy is
given—up to isomorphism—by a pair (a,u), where u € C* (E, U(kz)) is a gauge transforma-
tion, and a is a flat U(k)-connection over ¥ satisfying

a=u"(f*a)u+u tdu. (4.8)

We briefly recall from Section how this data defines a flat vector bundle over ¥ ;. First,
let
Fu: X CF =2 xCr, o fu(z,2) = (f(z),u(z)2),
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be the automorphism of the trivial bundle over ¥ defined by u, see Remark Then we
define a vector bundle E,, — X as the mapping torus

(ExCF) xR)/ ~,  ((x,2),t+1) ~ (Fulz,2),1).

Viewing a as a constant path of Lie algebra valued 1-form, a € C*° (R, Lz, u(k)), condition

(4.8) ensures that we can define a connection A on E,. Since a is flat, the same is true for
A, see (B.23) and (B.24).

Lemma 4.1.3. Letu € C® (E, U(kz)) be a gauge transformation defining a bundle &, — Xy,
and let A be a flat U(k)-connection over Ty, defined by a pair (a,u) satisfying (4.8).

(i) The bundle automorphism f; : 3 x CF — ¥ x C* induces an isomorphism

Fo i HY(S, Ba) — HY(S, Ea).

(ii) Let VHav be the natural flat connection on the bundle HY ,(Zf) — St of wertical
cohomology groups, see Definition |3.1.10} Then its holonomy representation is given
by

~

holgr,, : m1(S") — GL (H*(X, Ey)),  holgn,,(v) = fi.

u

where v € 1 (SY) is the canonical generator.

Proof. The map ﬁt acts on Q*(%, CF) via
Fra=u"'f*a, aecQ*(x,CH.

Condition (4.8]) is easily seen to be equivalent to Ef odg = dg o0 ﬁ’f This implies that ﬁ’:
descends to an isomorphism on cohomology, which proves part (i). As in (B.22]), we have
the following identification of the space of vertical, F,-valued differential forms

O8NSy, By) = {1 R — Q°(2,CF) | a1 = frau}. (4.9)

With respect to this identification, the vertical differential d4, coincides with d, applied
pointwise for each t. Moreover, since the connection A has no dt component, the horizontal
differential

dA,h : Q;(Zf,Eu) — Q“(Zlf,Eu)
is given with respect to (4.9) by
dA,hat =dt N 8tat'

From these observations one finds that the space of sections of H% ,(37) — S' can be
described as

C®(S", Haw(Sy)) = {[as : R — H*(Z,E,) | [es1 = filali}.

Now it is immediate from the definition of the connection V#4.» that the holonomy repre-
sentation has the claimed form. O
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The Bismut Superconnection. To identify the terms appearing in Dai’s adiabatic limit
formula, we first need to understand the connection VA% acting on forms, and then the
Bismut superconnection in the setting at hand.

Lemma 4.1.4. With respect to the identification ([£.9), the connection VY acting on
Q3 (X¢, Ey) is given by

Av _ 1 Av| _ oag
Vo' =08 —5tm, V|, =y,

where V is a vertical vector field, and V®9t denotes the connection on Q°*(X, C*) induced by
g+ and a, acting pointwise for each t.

Proof. The assertion about Vé’v is true by definition of VA and the fact that A is inde-

pendent of ¢t. Concerning Vgt’v, we observe that d4 j = dt A 0;, which implies that
<A,
Vo' = 0. (4.10)
Since the mean curvature form vanishes, we can use (2.9)) and (2.15) to deduce that
A .
vatvv =0 + %Tv[ata Tv] =0 — %Tva
where we have used that 7, = [0, 7] and 7,7, = —TyTy. O

Using Lemma [4.1.4] we can now find a more explicit expression for the Bismut supercon-
nection and its transgression form.

Proposition 4.1.5. The rescaled Bismut superconnection associated to A is given for s €
(0,00) by
By = LiDa, +dt A (0 — L5um) - QU(S), Bu) — Q°(S), Eu),

where D 4 ,, 1s the vertical de Rham operator. Moreover,

o(By) = T—dt ATy (7 () ydaw — dandly ) 1) € Q1(SY).
7-[- b bl
Proof. The formula for By follows immediately from Lemma and the fact that k, and Q
are zero, see (3.20) and Definition (3.2.15| For the second assertion, we drop the connection
A from the notation. Since the base is 1-dimensional, and dt anti-commutes with D,, one
finds that
B2 _, =D+ /rdt A [V, Dy].

As in [13, Lem. 9.42] and [I8, Thm. 3.3] an application of Duhamel’s formula then yields
that

s=4r

1
—rD2_ v oD _ 2 ot 2 (1 2
e Do VAV Do) _ rD”—ﬁth/ € MD”[ 3t7Dv]€ (A=r")rDg gy
0
where the higher correction terms vanish, again since the base is 1-dimensional. Therefore,

dBs —B2 1 —rD2—\/rdt\[V?Y ,Dy]
Stry (W@ > o—dr = m Strv (Dve t

= 8\1/17 Str, (Dve—ng) + %dt A Str, <DU V3, Dv]e—rD%>_
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Note that a factor of —1 enters in front of the second term since we have interchanged dt and
D,. Since 7, anti-commutes with D,, the first term vanishes. To simplify the second term,
we also drop the sub- and subscripts v from the notation. Then one verifies using Lemma
and the relations D = d — 7dr, [0, 7] = 7 as well as 77 = —77 that

7[Ve,, D) = =5 (rlir,d] — [i7.di7) = § (*d + rdir + Frdr — dF)

rD

Now, since 7D = — DT, we can use the trace property and the fact that e “isa semi-group

of smoothing operators to find that
Tr (Tdf'TDe_rDz) =—Tr (dT’De_TDz), Tr (%TdTDe_T[ﬂ) =Tr (%dDe_’"Dz).
Thus, by repeatedly making use of the trace property, one obtains
Str (D[Va,, Dle”"P*) = Str ([Vs,, D|De"P?)
= —Tr ((di — 7d)De™"P*) = — Tr (#(d'd — dd")e™"™"").

Recalling the normalization factor in Definition we arrive at the claimed formula for
the transgression form. O

4.2 Finite Order Mapping Tori

Proposition shows that if we can achieve that 7, = 0, then the Bismut-Cheeger Eta
form associated to a flat connection over ¥ vanishes. From the discussion in Section
we know that 7, = 0 is equivalent to finding an f-invariant metric gy, on X. Clearly, such a
metric will not exist for arbitrary f € Diff*(2).

Lemma 4.2.1. If f € Diff " (X) is of finite order n, there exists a metric gs of unit volume
with f*gs = gs.

Proof. Choose an arbitrary metric gs; on 3 of unit volume and define

—_

.
gz =2 (f)gs.
0

J:
Then gy, is again a metric of unit volume. Moreover, since f” = idy, one finds that indeed
f*gs = gs. O
Remark 4.2.2.

(i) A metric gy defines an almost complex structure on ¥ which is integrable, see Section
If gs is f-invariant for some f € Diff " (), then f is holomorphic with respect to
the complex structure defined by gs.

(ii) It can be shown that if there exists an f-invariant metric gy, then the mapping class
[f] € Diff7(%)/ Diffo(X) is necessarily of finite order. If the genus of X is 0 or 1, this
can be checked directly, see Proposition below for ¥ = T2. For higher genera,
one can use for example the holomorphic description, and invoke the Riemann-Hurwitz
formula, see [40, Ch. V].
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Rho Invariants of a Finite Order Mapping Torus. Assume from now on that f €
Diff *(X) is of finite order, and that an f-invariant metric gs; has been chosen. We also fix a
flat connection A on a Hermitian vector bundle E,, — ¥ defined by a pair (a,u) satisfying

ﬁ’fa =a as in . In Lemma we have given a description of the bundle of vertical
cohomology groups in terms of de Rham cohomology. However, the Rho invariant of the
bundle of vertical cohomology groups in Definition [3.3.15—which appears in the formula for
the Rho invariant in Theorem [3.3.16}—is defined using the Hodge theoretic description. In
the case of a finite order mapping torus, we have the following extension of Lemma [4.1.3

Lemma 4.2.3.

(i) With respect to the induced metric on (X, E,), the bundle map fu defines an isom-
etry

Fi (S, Ey) — #°(S,Ey), (S, E,) =ker(d, + di) € Q°(%,CH).
The splitting into +1-eigenspaces of s,
A (S, Ey) = HT (S, Ey) & A (S, Ey),
is 1nvariant with respect to ffj

(i) The flat connection V7A» on the bundle of vertical cohomology groups is compatible
with the metric (., ->Ji€4,u of Definition|3.1.1}), and its holonomy representation is given

by
holgn, , (v) = f, € GL (A°(S, Ea)),

where v € 71 (S1) is the canonical generator.
Proof. Since f is an isometry with respect to the metric gy, the pullback
fr0(E) - 20(%)

commutes with the chirality operator 7s.. Moreover, as ﬁ’j = u~!f* the same is true for
fx. This, and the fact that f} od, = dy o f; implies part (i). Since 7 = 0, we can deduce
from and Proposition that the connection V#4.» is indeed compatible with the
metric (.,.) s, ,. Moreover, if

V.73, E,) — H* (X, E,)
denotes the Hodge-de-Rham isomorphism, the diagram

A, Ea) —I s (3, Ea)

g g

H*(S,E,) — H*(Z,E,),

is commutative. This is because it is naturally induced by ﬁ’; C Q0 (%, CF) — Q*(%,Ck).
Hence, the description of the holonomy representation follows from Lemma 4.1.3 ]
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Theorem 4.2.4. Let f € Diff 7(2) be of finite order. Let A be a flat U(k)-connection over
Y¢, defined by a pair (a,u) of flat connection and gauge transformation over ¥ satisfying

foa =a. Then with respect to every f-invariant metric gz, on X

pa(Zy) =2trlog [fil e+ mzanor] — 1k [(Fi — 1) e+ (220001
—2trlog [ful - (s Bynar ] + 1k [(fi = 1d)| - (5, B)n0 ]
— 4k trlog [f* e+ (mynar] + 2k tk [(f* = 1d) g+ (m)nar -

Here, “trlog” is defined for a unitary map T € U(n) as

trlogT := Zﬁj € R,
j=1

where e2™i are the eigenvalues of T, and where we require 0; €0,1).

Proof. As we have already noted before, Proposition implies that the Bismut-Cheeger
Rho form vanishes, because gy, is f-invariant. Moreover, the Leray-Serre spectral sequence
associated to A—respectively the trivial connection—collapses at the Fs-stage, since the base
is 1-dimensional, see Theorem This implies that Dai’s correction term in Definition

3.3.13| vanishes. Hence, Theorem [3.3.16| yields
PA(Sy) = P, (81) = 5n(Dgr © VA7) — k- 5n(Dg1 @ V77), (4.11)

where Dg1 ® V74» and Dg1 ® V7 are as in Definition [3.1.16f We have seen in Lemma
4.2.3| that the flat connection V7 is unitary with respect to the metric (.,.) . Hence, we
deduce from Lemma [3.1.19] that

; Dg1 @ V7t 0
Dgi1 @ V% = ( S 0 D V) (4.12)
where
Dg1 @ V& = rgidosn, s + dyoes s g1, (4.13)

and V7F denotes the restriction of V# to J£*(%;). The same formula holds for (%)
replaced with 72 (). Let us abbreviate

By = tgidyor,x : C%(S', A5 (Sy)) — CF(S, A,5(%y)), (4.14)
and define By 4 correspondingly. Then (4.11) and (4.12) show that
pa(Eg) =n(Ba+) —n(Ba,-) —k-n(By) +k-n(B-). (4.15)

Note that the factors % disappear as the operators in (4.13]) are equivalent to two copies of

the operators in (4.14), see Remark [3.1.17| (ii). We deduce from Lemma m (i) that fu*
restricts to a unitary map on £+ (%, E,). Hence, we can find a basis of #*(3%, E,) such

that N .
N _ i omig
Falrt (s, = diag (€™, ... 2™0)

ey 5
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where 6’} € 10,1), and n = dim # (2, E,) = dims#~ (%, E,). Note that the equality of
dimensions follows from the fact that Sign,(3) = 0, which in turn is a consequence of the
signature formula, see Theorem [1.2.23] Now Lemma [4.2.3] (ii) yields that the restriction

ﬁjL%ﬂi(E’ E,) defines the holonomy representation of the connection V7#4av*+ From this we
deduce as in Remark (iii) that

N(Bas) =n(Ba-) =Y (207 =1)= ) (207 —1)
o} #0 0; #0
=2trlog [fi]p+] — vk [(fi —1d)] ]
— 2trlog [ﬁﬂf—] +1k [(ﬁf —1d)| -],

where for convenience we have abbreviated #* = J#%(X, E,) in the last equality. Contin-
uing with obvious abbreviations, we now decompose

HE =N (e NOL

Each element of 77+ N (QO @ QQ) is of the form ¢ + s with ¢ € J#°. Hence, we have a
natural isomorphism (compare also with the proof of Proposition [1.1.8]),

AN (80 S 0 (@0, p+me— -,
Since ﬁj commutes with 75, we can conclude that

2trlog [ [ |+ niavenz)] — 1k [(fi — 1d)| e+ noens)]
= 2trlog [fir-n@oeaz)] — tk (£ = 1d)|r-r@oenz))-
Therefore,
N(Bay) —n(Ba_) =2trlog [filr+nar] — vk [(F; = 1d)|p+n]
—2trlog [fi]w—nat] + 1k [(fi = 1d)| —nart]-
This identifies the twisted terms appearing in the formula of Theorem In the case that

a is the trivial connection and u = 1, we can simplify this further. Since we are considering
complex valued forms, we have a conjugation

HN(E) = AND), a—a

The chirality operator 7y is readily seen to anti-commute with conjugation. This yields an
anti-linear isomorphism

AT(E)NAND) S 7 (2)NQL(E).

Since f* is the complex linear extension of a real automorphism, it commutes with conjuga-
tion. From this one readily deduces that the eigenvalues of f*| o1 are complex conjugate
to the eigenvalues of f*| ,,+nq1. By checking the definition of “trlog” carefully, one conlcudes

trlog [fﬂjf*mﬂl] =rk [(f* - Id)bfﬂml] —trlog [f*|;f+m91]-
Now, as tk [(f* —1d)| -na1] =tk [(f* = Id)| sp+nq1], we finally get

n(By) —n(B-) = 4trlog [ f*|r+nar] — 2rk [(f* = 1d) | g+nar ],

which is precisely the untwisted term in the claimed formula. O
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Remark.

(i)

(iii)

4.3

The last step of the above proof is essentially equivalent to observing that f* acting on
A1 () is the complexification of a symplectic map. This explains why the eigenvalues
come in conjugate pairs. Clearly, this is no longer true if we consider v~ f* with
u € U(1), which also defines a flat connection over ¥, see also Theorem below.

In a similar direction, if the connection a is non-trivial, complex conjugation gives rise
to an anti-linear isomorphism

AT (S, Ey) = A (S, Eg).

From this, one can relate the eigenvalues of f;‘ acting on 1 (%, E,) with the eigenval-
ues of f acting on '~ (X, E;). However, this only simplifies the formula of Theorem
in the case that a and u are real, in the sense that they arise from an O(k)-
structure.

Although Theorem expresses the Rho invariants of ¥ in terms of Hodge-de-
Rham cohomology of %, it is only an intermediate step to an expression in completely
topological terms. The next step would be to use the ideas of the Atiyah-Bott fixed
point formula—see [I3, Sec. 6.2]—to relate the traces appearing in Theorem m
to the fixed point data of f. This, in turn, can be expressed in terms of the Seifert
invariants of the finite order mapping torus. We refer to [2, Sec. 5] and [43] Sec. 2.2]
for a discussion of these ideas in the context of the determinant line bundle over the
moduli space of flat connections associated to a finite order mapping torus.

In [75] an interpretation of the untwisted Eta invariant for finite order mapping tori is
given in terms of Meyer’s cocycle for the mapping class group, see [72]. It follows from
the proof of Theorem that the adiabatic limit of the untwisted Eta invariant is
given by

4trlog [f*

o)) = 21k [(f7 = 1d) e+ )n01s)] - (4.16)

It would be interesting to relate this to the main result of [75].

Torus Bundles over S', General Setup

We now consider the case that ¥ = T2 is the 2-dimensional torus. In the same setting,
Atiyah [3] studies a rich interplay between the untwisted Eta invariant and other topological
invariants, the Dedekind Eta function and also number theoretical L-series. As a tool
Atiyah also makes intensive use of the idea of adiabatic limits, and much of our discussion
is influenced by the treatment in [3]. We shall restrict to the case of U(1)-connections,
which already contains many important ideas. However, in view of the computations of
Chern-Simons invariants for torus bundles in [54, 57] the generalization to higher gauge
groups would be extremely interesting.
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4.3.1 Geometry Torus Bundles over S?

Complex Structures on T2. We fix the standard torus 72 = R?/Z?, endowed with the
volume form induced by w = dz A dy. As in Section we are interested in the space of all
metrics which have w as a volume form. Equivalently, we need to understand the space ¢,
of all w-compatible almost complex structures. It is well known that ¢, is the Teichmiiller
space of T2, i.e., the upper half planeﬂ

H::{U:m—i-iagec ‘ v>0},

see [65, Thm. 2.7.2]. For definiteness, we will use the following explicit isomorphism. Note
that each almost complex structure J € _Z,, can be identified with a matrix in Ma(R) because
the tangent space of 72 is canonically isomorphic to R2.

Lemma 4.3.1. The map

1 /- —lo|? ,
o:H— 7, @(U):@(fl (LCI|>, 0 =01+ 109,

is a bijection. The metric on T? defined by ®(o) as in [A.3) is given with respect to the
standard coordinate basis as

_ L
-

Jo (dw@dm—i—al(dx@dy—i-dy@dx)—i- \J\2dy®dy>.

Proof. If we identify J € _#,, with an element in Ma(R), one easily checks that J 2=_1Idis
equivalent to det(J) =1 and tr(J) = 0. Hence there exist r, s, ¢t € R such that

J = <_T t) , i st=—1. (4.17)
s T

Let Jy be the almost complex structure which induces the standard scalar product on R2,
ie.,

0 -1
JO;:<1 0), g0 = w(., Jo.) = dz ® dx + dy ® dy.

Then one verifies that J is w-compatible if and only if —JyJ is positive definite and sym-

metric. Now
s r
— JoJ = (7’ —t> , (4.18)

and so (4.17)) implies that —JpJ is positive definite if and only if s > 0. Using this one finds
that @ is well-defined with inverse given by

O(J) = %(T—H').

Moreover, (4.18) relates ®(o) and the associated metric g, and easily yields the second
claim. 0

"'We are using the letter o for elements in H rather than the more common letter 7 to avoid confusion
with the chirality operator.
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Remark 4.3.2. Viewed from a complex analytic perspective, the above identification might
seem a bit cumbersome. As in [55, Sec. 2.7], any o € H defines a lattice

Ao) :=={m+no | (m,n) € Z*} c C,

and the quotient torus C/A(o) is naturally a complex manifold, with complex structure
induced by the one of the complex plane, and metric induced by U%(de + dy?). Note that
one has to divide by o9 to get a metric of unit volume. It is easy to check that

Yo :R? = C, (2,y) = a+ 0y,
descends to an isometry
Yo : (T?, go) — C/A(0), (4.19)

where the metric g, is defined as in Lemma[4.3.1] The complex analytic description is better
suited for explicit computations if ¢ is fixed. However, if o varies the underlying manifold
varies as well. This is sometimes inconvenient in the study of families. In the following, we
will use both descriptions. To avoid confusion we will reserve T2 for the standard 2-torus
and use the notation C/A(0) whenever we prefer to think in complex analytic terms.

Working on C/A(0) has the advantage that the metric is up to a constant factor induced
by the standard metric. In particular, we will consider the 1-forms dz = dx + idy and
dz = dx — idy. Note that

(dz,dz) ., =0, |ldz|2 = [|dz|7 = V202,
and, with the chirality operator 7,
Tdz =dz, T7dz= —dz, and 7(dzAdzZ)= —209.

Using the isometry v, of (4.19)), one translates this easily to (72,g,). More precisely, we
define
we :=Yr(dz) =dx + ody, and wz:=}(dz) = dx+ ady. (4.20)

Then we have a natural basis (wy,ws) for the C°°(T?)-module Q! (T?) satisfying

(Wo ws)r2 =0, [lwollz2 = |lwsllL2 = V202,

(4.21)
TWe = Wy, and 7Twz = —ws.

Flat Connections and Dolbeault Operators. The moduli space of flat U(1)-connections
over T? has a simple structure. Since T? is the quotient of R? by the standard lattice Z?2,
we have

71 (T?) = Zey ® Zey C R,

where (e1, e2) is the standard basis of R2. Then, since U(1) is abelian,
M(T?,U(1)) = Hom (m(T?), U(1)) = U(1) x U(1).

As we are usually working with connections rather than representations of the fundamental
group, we summarize how the above isomorphism works explicitly.
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Lemma 4.3.3.

(i) Up to gauge equivalence, a flat U(1)-connection over T? is induced by a Z2-invariant
1-form with constant coefficients,

a, = —2mi(vidx + vady) € QYR?IR), v = (v1,10) € R2. (4.22)
Two connections a, and a,s are gauge equivalent if and only if v — V' € Z2.

(ii) In terms of the generators ey, es of w1 (T?), the holonomy representation of a, is given

by
hol,, : 71(T?) — U(1), hol,, (e;) = ™.

Proof. A flat connection a over T2 is a Z?-invariant 1-form, satisfying da = 0. Therefore, it
gives an element in de Rham cohomology. Since

HY(T?* R) = R?
we can find a Z2-invariant function f:R? — R and v = (v1,15) € R? such that
a —idf = =2mi(vidx + vady).

Defining v := exp(if), we get a gauge transformation on 72 which brings a into the claimed
form. If a, and a,s are gauge equivalent, there exists a Z?-invariant function u : R? — U(1)
satisfying

2mi((v1 — vh)dw + (vo — vh)dy)) = u”tdu.

This easily implies that u is of the form
u=C-exp (2mi(v—1', (3))), CeU),
and this is Z2-invariant precisely if v — v/ € Z2. This proves part (i). Concerning (ii), we
compute using Definition
1
hol,, (ej) = exp < - / a,,|s€_(ei)ds) = exp (2miy;). O
0 T

As pointed out in Remark it is often convenient to work on C/A(c) rather than T2

We collect the following formulee, for definitions see Appendix in particular (B.28]).

Proposition 4.3.4. Let a, be a flat U(1)-connection over T? as in Lemma and let
o =01+ 109 € H.

(i) The pullback of a, to C/A(c) is given by
a= (1/1;1)*(11, = —w,dz +wy,dz, where w, := ULZ(VQ —ovy).
(i) Let 0, and O, be the Dolbeault operators associated to a. Then the twisted Laplace
operator on C*°(C/A(0)) is given by

2 0 o )
= _4“2(6282 ~ g W = | )

A, =200, = 20!
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(iii) If p € C*(C) is A(o)-invariant, then

8a8fl(cpdz) = 325a(<pdz) = (%Aacp)dz,
gaa_é(@dg) = 8t8a((pd2) = (%Aa(p)dé,

and
2
040 (pdz) = =004 (pdz) = —209 (Z—Zf + QwV% + w,%go) dz,
2
040L (pdZ) = —0L0,(pdZ) = —209 (ng - 2wygj + wﬁgo) dz.

In particular,
Ay(pdz) = (Agp)dz  and Ay(pdz) = (Agp)dZz.

Sketch of proof. Although Proposition [£.3:4] is a standard exercise in complex analysis, we
want to give some remarks on the proof to clarify the sign conventions we are using. For
part (i), we use the 1-forms w, and ws of (4.20) to express

Since w, = ¥} (dz) and ws = ¥} (dz) we deduce that
(Y, Y a, = - (vi(odz — 5dz) + va(dz — d2)) = —Wydz + wydz,
with w, = 7-(v2 — ovy) as claimed. For part (ii) and (iii) we note that
do = 0 — e(wydz), 0y =0+ e(w,dz),
and, since we are using the complex linear chirality operator,
O =—100,01, O.=—-To0d,o0r.

a a

Then one computes that for every ¢ € C*°(C),

Po 00 Op
0202 oz "o,

9, 0ap = —Téaf(a—@ - GJVQD) dz = —¢<

o — |w,,\2g0> dz A dz,

where we have used that 7dz = dz. Since t(d? A dz) = 209, this yields the claimed formula
for 9L0,p. In a similar way one computes 9! 9,p. Then part (ii) follows since

Ao = (04 + 00) (00 + 0a)p = 0L0utp + 0%.0utp.
Using the same ideas one easily verifies part (iii). O
Using Proposition [£:3.4] it is straightforward to determine the spectrum of A,.

Proposition 4.3.5. Let o € H. For n = (n1,n2) € Z? define

pn 1= €U C = U(L),  wy = Z(ng —ony).
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Then ¢ is A(o)-invariant, and {¢n|n € Z*} is a orthonormal basis for L*(C/A(c)). If
a = —w,dz + wydz is a flat U(1)-connection as before, then

Agon = A yon, where X, , = 402|wn,,,|2g0n.

Moreover,

{‘Pndz ondz ‘ nc ZQ}
\/20’2’ \/20’2

gives an orthonormal basis for the space of 1-forms consisting of eigenforms for A, with
respect to the same eigenvalues Xy, , .

Since Proposition [4.3.5]is well known, we shall proceed without further comments on the
proof. However, we want to note that we can use Proposition and the Hodge-de-Rham
isomorphism to determine the twisted cohomology groups of T2. Recall that in the proof of
Proposition we have already done this using topological methods.

Corollary 4.3.6. Let a, be a flat U(1)-connection over T?, and let o € H determine the
metric g,. Then the cohomology of T? with values in the line bundle L,, is given in terms
of harmonic forms by

H* (T, La,) =

C® (Cw, ® Cw;) ® Cdx AN dy, ifveZ?
o}, it ¢ 22,

where wy and ws are as in (4.20)).

Mapping Tori with Fiber T2. It is well known that the mapping class group of 7?2 is
isomorphic SLz(Z), see [53, Sec. 2.9]. Here, the action of an element M € SLy(Z) on T? is
the one induced by matrix multiplication

R R () M(5).

As every M € SLy(Z) has determinant 1, it preserves the volume form dx A dy and we do not
have to invoke Proposition On the other hand, SL2(Z) acts on the Riemann sphere C
by fractional linear transformations, and this restricts to an action on H,

ac+b M:<a b

M -H—H, Mo:=—— Lo(Z 4.2
— 1, g CJ—Fd’ d>€S 2( )7 ( 3)

see for example [93] p. 6]. Unfortunately, the isometry (4.19)) does not behave equivariantly
with respect to these two SLy(Z)-actions. We can remedy this, using the following involution

on SLa(Z),
SLy(Z) — SLy(Z), M = (‘Cl 2) — MOP = (‘Ci 2) .

Note that (M;M3)°P = MsP M;®, so that we can use the involution to turn a left action of
SL2(Z) into a right action.

Lemma 4.3.7. Let ® : H— 7, be the map of Lemma|4.3.1, Then for M € SLy(Z)

®(Mo) = (MP) td(c)M°P.
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Sketch of proof. The group SLy(Z) is generated by the elements

(0 -1 (11 - 5wt
S._<1 0>, T._<O 1), S% = (ST)®, S*=1d,

see [93, pp. 16-17]. As fractional linear transformations they act as
1

S(o) = > T(oc)=0+1.

One then computes that for o = o1 + i09 € H,

owo-a(-2)- (5 2)
A s

1 (o1 -1 — 12
<I>(Ta)=<1>(a+1)=02< ‘711 ‘(‘::1' > = ... =T1®(0)T.

Now one has to verify that the formula of Lemma holds for all words in S and 7'. This

is almost tautologically true. For example, if we consider M = ST, then

O(Mo) = S7'®(To)S = (TS)'®(0)TS = (M)~ ®(c) M°P. O

and

The above lemma suggests that using the involution M — M°P we should either redefine
the action of SLy(Z) as the mapping class group or turn the natural left action of
SL2(Z) into a right action. We opt for the latter, although this leads to an unfortunate
difference in notation compared to the literature. However, redefining the action of SLy(Z)
as the mapping class group seems more unnatural.

Definition 4.3.8. Let M € SLy(Z), and let o(t) : R — H be M-invariant in the sense that
M°Po(t) = o(t +1). Then we define (T3, go) to be the mapping torus

(T2 xR)/ ~ (M(5).1) ~ ((5),t+1), ((3):t) €T* xR,
endowed with the metric induced by
9o = dt @ dt + go(p).-
Here, for each t € R the metric g, (;) on T? is defined as in Lemma m

Flat U(1)-connections over Ti;. We now give an explicit description of flat U(1)-
connections over T]ﬂ up to gauge equivalence.

Proposition 4.3.9. Let M € SLy(Z). Every flat U(1)-connection A over the mapping torus

T2, is equivalent to one induced by a flat connection a, over T? as in Lemma|{.3.5 and a
M q Y

gauge transformation u € C* (T2, U(l)) satisfying

(Z;) = (Id —MY) (Z;) € 72, (4.24)

and
U = exp [ — 2m’(m1x + may + )\)]

for some X € [0,1).
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Proof. Let a, = —2mi(v1dx + vady) be a connection over T2 as in Lemma Since M
acts by matrix multiplication on R?, the pullback of a, by M is given by

M*a, = —27mi(prdx + pady), (m) = M! <yl> .
142 vy

Now the condition M\{;ay = a, of (4.8) means that connection a, is the restriction of a
connection over T, if and only if there exists a Z?-invariant function u : R? — U(1) such

that mi 1 i (utou
@) L) e
Clearly, a function u : R? — U(1) satisfying is necessarily of the form
u=exp [ —2mi(miz +mey + N\)], A€0,1),
and this is Z2-invariant precisely if (m1, mg) € Z2. O
Remark 4.3.10.

(i) Note that the gauge transformation u is—up to the number A € [0, 1)—determined by
(4.24]). For simplicity we will sometimes consider only the case A = 0 and neglect the
gauge transformation from the notation.

(ii) In Remark [B.2.10| (ii) we have pointed out that the bundle L — T?%; on which the
flat connection A is defined is not necessarily trivializable. In the case at hand this

topological data is encoded in (4.24). One verifies—using for example Proposition
B.2.9}—that L is trivializable if and only if

<m1> €im (Id—M": Z? - 7?).

m2

For example, if M = (}2), then Id —M* = (99) and so

<(1)) ¢ im (Id—M": Z* — Z?).

This implies that in this case, the gauge transformation u = exp(—2miy) defines a flat
bundle L — T]%/[ which is not trivializable.

4.3.2 The Bismut-Cheeger Eta Form

We now want to use Proposition[£.1.5]to express the Eta form in terms of the data introduced
in the last paragraphs. First of all, we need to understand the vertical chirality operator
and its variation.

Let o(t) = o1(t) + ioa(t) be an M-invariant path in H in the sense of Definition [4.3.8]
and let wy(y) and wg(y) be the associated path of 1-forms as defined in . Differentiating
with respect to t easily yields that

. o(t . a(t
Wo(t) = 2icr(2()t) (Wot) —wa(r)) and  wy(p) = 721’0(2()1‘/) (Wo(t) = Wa(r))-
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Let 7; be the associated path of chirality operators on Q®(72). Since the volume form on 72
does not vary with ¢ the action of 7, on Q2°(7?) and Q2(7?) is independent of t. On Q!(T?)
it is determined by Tiw, () = wy(r) and Tiwgs () = —Ws(p), See . This readily implies that
the derivative of 7, with respect to t is given by

’f‘t|QO(T2) = 0, 7'—t‘Q2(T2) = 0, ftwg(t) = ;g(t)wdt)’ %tw,—,(t) = Z((?)wa(t). (4.26)

Proposition 4.3.11. Let a, be a flat connection over T? as in Proposition [f.3.9 Denote
by A be the associated flat connection on the line bundle L — T]%/[, and let o(t) be an M-
invariant path in H. Then the Bismut-Cheeger Eta form is given by

1 (0.9}
4= —Re (d(t)/ F,(o(t), u)du) dt,
2 0
where for every o = o1 +i0e € H and u € R
772 _ 2 —uﬁ n2—V2—O‘(TL1—V1)|2
F,(o,u) = Z ?(ng —vy—a(n —1))e o2 . (4.27)
2

nez?

The sum in (4.27]) converges absolutely and there are estimates, locally uniform in o,
|Fy(o,u)] < Ce™™  as u — oo, |F,(0,u)] < Ce™w  asu— 0.

Proof. According to Proposition the Eta form associated to the connection A and the
path o(t) is given by
. i 2

nA = Wdt A / Tr, (7.—11 (dféx,vdA,v - dA,vdfﬁl,v)e_%DA’v>du.
™ 0

It follows from Lemma [£.1.4] that under the identification
(T3, L) = {aw : R — Q%(T?) | a1 = M¥ey )},

the operator da, coincides with d,, applied pointwise for each ¢. The same is true for
dly , and d, , where the transpose has to be taken pointwise for each ¢ with respect to the

ay’
D

metric induced by o(t). Now, the operators dg, d,,, dg,d. and e~ 404 all preserve the

decomposition ’
Q*(1T?) = QUT?) @ QYT?) @ Q¥(T?).

Moreover, we know from (4.26)) that the operator 7, acts trivially on Q° @ Q2. Therefore,

2
ay

_up2 . -1
Tr, (TU (df&vdA,v - dA,Udf&v)e 4DA,U) =T (Tt (dzvda’/ - dadfbu)e O QI(TZ))’

where the subscripts ¢ indicate that we consider the right hand side as a function of ¢. Instead
of working over (T2, g,) we now switch to C/A(c) to be able to use Proposition and
Proposition Using the notation introduced used there, we write

a= (¢;1)*aua Wn = %(T@ - Unl), ©Pn = eUn#=WnZ . C — U(l),
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where n = (n1,ns) € Z2. Note that for notational convenience, we have now dropped the
reference to the ¢ dependence. Then Proposition yields that
(dflda — dad(tl) (pndz) = 25a82(g0ndz) = —402(10% — 2w, wy, + wZ)gpndZ
= —402(wn_y)2<pnd2.

Under the isometry 1, : (T% o) — C/A(0), the pair (dz,dz) pulls back to (wy,ws). Hence,
we deduce from (4.26)) that

#(dhdy — dadl,) (pndz) = —4i6 (wy—y)* pndz.
Similarly, one finds that
#(didg — dad?,) (pndz) = —4i6 (Wy—)* pndz.

The Laplace operators A, and Dgu coincide via 9, : (T?,0) — C/A(c). Using Proposition
and the fact that e~ 424 is an operator with smooth kernel, one then concludes that

T (b — dady)e ¥4 = 37 Re (5 -y)?) el

where in the last step we have simply used the definition of F, (o, u). Concerning the absolute
convergence of F,(o,u) and the estimate as u — 0o we assume for simplicity that v = 0.
The general case requires only minor changes. Define

Ty 1= min{]:vg — oxq] ‘ (z1,22) € R?, |z1| + |x2| = 1},

R, = max{]a:Q — oxq] ’ (r1,22) € sz |x1| + |z2| = 1}.

Clearly, ry and R, depend continuously on . For n € Z? and some constants ¢ and C, not
depending on n and o, we have

|wn|2 > CTU|”|2a |wn|2 < ORU|”|27

so that , ,
}w%efuog\wﬂ | < C|n’267uc|n| 7

where the constants ¢ and C' now depend continuously on ¢. This implies absolute conver-
gence of the series in . Concerning the estimate as u — oo one now proceeds exactly
as in the proof of Lemma and we will skip the details. However, the estimate for
u — 0 cannot be read off in the same way, and the general theory only yields that F, (o, u)
is bounded as u — 0, see Theorem [3.2.18] To obtain the required estimate, we proceed as
in [I7, Thm. 2.15]. Recall that the Poisson summation formula states that for any rapidly
decreasing function f on R?¢

> s =3 fo Foo= [ fwpe e (4.28)

d
nezd nezad R
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see e.g., [64, Sec. 20.1]. We now let v € R? be arbitrary again and use the Poisson summation
formula to bring F,, (o, u) into a different form. Since we will need the formula only to obtain
the estimate as u — 0, we give only some intermediate steps

—uo _ 12 _ —uo % —2mi
FV(O'7U) = Z(wn—y)2€ uoz|wn—v| = Z /RQ(U)Q;_V)26 uo2|we—y| e 2 'L<x’n>d.’13

nez? nez?
o 1 . B 2 o
_ § : e 27rz(1/,n)72 (-'El +Z.’E2)26 || e 27rz(23,fn>dx ) s ’
g 02U JR2 En= [Tuoy (n1+01n2 )

where the last line follows from a suitable substitution. For arbitrary & = (£1,&2) € R? one
computes that

/ (z1 + Z-x2)26—7r|a:|2e—Qﬂi(z,§n>dx — ( — Q&+ 52)2€_W|£|2'
R2

1 ( ag2an2

Moreover, with £ = Trios nifoin, ) s above,

. 1 _
—i§1 + & = \/m(nl +ang),
and thus,
1 —2mi{v,n) (,—%\2, —3 —‘:Uil‘Q *
Fy(o,u) = —5 e (wy)*u""e “o2 | wy, :=mni+on. (4.29)
T2 nez?

Since w,, = 0 for n = (0,0), we see that the only possible term which might fail to decrease
exponentially as v — 0 drops out. Hence, we can proceed again as in Lemma to deduce
that |F,(o,u)] < Ce™u as u — 0, with constants ¢ and C' depending continuously on . [

We now want to simplify the expression for 4 further and get an expression for the
integral of the Eta form 14 over the base. We note that the function F), in depends
on v € R? only modulo Z2, see also . Hence, we will often assume in the following that
0 <11 <1 oreven that v € [0,1)%

Theorem 4.3.12. For v = (v1,1) € R2 with 0 < vy <1 and o € H write z = vi0 — vs.

(i) Employing the notation

Io = 627”':77 and g = eQm’z7
we define
Eyo) =3 3 Lig:+a)2qi™, ifn =0,
n1>0mn2>0
and

By(o):=> Laq+ > > ez +a)q™, ifn #0.

na2 >0 n1>0mn2>0

Then the sum defining E, (o) converges absolutely to a function which is holomorphic
on H.
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(ii) Let F,(o,u) be as in (4.27). Then
1 [ 1 1 i 0

~ [ R du =~ — L9

27 Jo 0 (o u)du 6 2moy wdo 0(o),
and forv ¢ 7

S OOF(Ju)du—P(u)—i—igE (o)

o 0 v\Y, — 42\M1 T 0o v ’

where Py is the second periodic Bernoulli function, see Definition [C.1.1].
Remark 4.3.13.

(i) The function E, (o) is related to the logarithm of a generalized Dedekind Eta function,
see and Lemma below. As such it appears in the constant term of the
Laurent series at s = 1 of certain Eisenstein series. Without going into details about
the exact relation, we recall that the determination of this constant term is classically
referred to as a Kronecker limit formula, see [64, Ch. 20] and [88, Sec. 4]. In the
proof of Theorem below, we mimic a combined proof of the first and the second

Kronecker limit formula as in [64].

(ii) Since the sum defining E, (o) converges absolutely, we can interchange the summation
over n; and ny. Since |¢2?| < 1 for ny > 0 we find

n2/2

St = o = = (eotanan) ).
n1>0 ~ o 4o : _q02

Hence, for v1 =0
E,(0)=1 Z n% cos(2mzng) ( cot(mngo) + ).
no>0
In the case that v; # 0 one can combine the two sums over ns. Then

E, (o) =1 Z n%(cos(%rnzz) cot(mngo) + sin(2mngz)).
na>1

Proof of Theorem[[.3.13. We can assume for simplicity that 0 < v5 < 1 as well, since the

claims of Theorem [4.3.12] depend on v, only modulo Z. As an auxiliary tool we define
1 e —1
Jo,8) = 57 F, (o, u)du. 4.
Gu(o,s) 27rF(s)/0 u (o, u)du (4.30)

The estimates in Proposition [4.3.11) ensure that G, (o, s) is a holomorphic function for all
s € C. Clearly,

1 o0
= / F,(o,u)du.
2 0

Since the sum over n = (n1,n9) € Z? defining F, (o, u) converges absolutely, we can first
extract possible terms with ny = ;1 = 0, and then sum up the remaining terms. More

Gy(0,1)

precisely, define

2
—uT |ng—uo|? .
‘n2_y2’26 oz 2 ) if 141 :07

0, if 141 7& 0,

2
FB(O’, u) = ¢ 73 Z”QEZ
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and

2
—uZ= |ng—oni+2|?
Flau E E n2—0n1+z) ap "2 ! ‘,

n1 #v1 no€Z

where z = v10 — v9. Accordingly, we can split G, (o, s) for Re(s) large enough as

1 10 1 gl
Gy(0,8) = ——— STUF) (o, u)d — STUF, (o, u)d
(0,8) 277F(s)/0 u L (o, u)du + 27rF(s)/0 u o (o, u)du
= GY(0,5) + GL(a,s).
Now, again for Re(s) large enough, we can interchange summation and integration, so that

for 1 = 0 the substitution u +— g—z|n2 — 1/2\2u yields

T 1 S el IUREL
GY%(o,s) = 3.2 Z |n2—1/2\2r(5)/ usle Vo mael gy,
2 no€Z 0
05—2 o o
:27T22ﬁ Z g — vo 7 ~or 2s 1CV2( - 1),
NoEZL

where (,,,(s—1) is the periodic Zeta function in Proposition This implies that GY (o, s)
admits a meromorphic continuation to the whole s-plane, and

G(0,1) = 0 ifvy 70, (4.31)
—(2m02)7Y, if vy =1y =0.

To identify Gl(o,s) we assume again that Re(s) is large enough, so that we can freely

interchange summation and integration. Then, with the substitution u — %u, we get

s—2
1
GI(U s) = 2(;225 1 I‘(/ w1 g n2—0n1+z) 2gulnz—omitzl? g,
n1#v1 no€Z

We now apply the Poisson summation formula (4.28) to the inner sum and compute that

_ N2 —ulng— 2
E (ng —ony +2)°e ulnz—omi+z|

no€Z
§ :/ x—an1+z) —u|lz—oni+z|? e~ 2mizn 1.

no€Z

_ — 2 _ux? —omi
_ § e~ 2mi Re(oni— z)n2€ u(Im(ong —z))2 / T4 Im(nla _ Z)) e uT” o 2mxn2dx’
no€Z

where we have separated the real and imaginary parts and then made the substitution
xz — x — Re (am — z). Clearly, the integral in the last expression decays exponentially
as |ng| — oo. Hence, the sum converges absolutely, and we can rearrange the order of
summation again. Write

Gl(o,5) = G(0,8) + GL(a, s), (4.32)
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where G1(o, s) is the contribution coming from ng =0, i.e.,

7T25 1F Z / us— 1 —u (Im(ony—2))? /IR($+iIm(n102))2€_uz2d$.

n;éu

G (0,5) =

Setting a := Im(njo — z) we have
/R(x + ia)ze_“xzdaz = ﬁ(%u_?’m - a2u_1/2).
Therefore, standard manipulations involving the Gamma function yield
/000 ys e /R(x + ia)2e_“x2dx = \/E\a\g_%(%l“( -3 -T(s—1))
= ValaP (s - D)5

25 —3°
Recalling that a = Im(njo — z) we find that for Re(s) large enough,

s—2
10 _ 052 T(s—3)4—2s 328
G, (0,5) = ﬁ2 5T T(s) 253 g | Im(nyo — 2)|

n1#v1

17 T(s—3)4— 28@( 3)

I'(s) 2s

where we have used that Im(njo — z) = o2(n1 — v1). Hence we have found an expression for
G19(o, s) which can be extended to a meromorphic function on the whole s-plane. It follows
from Proposition that s = 1 is not a pole, and that

GO, 1) =P(v) =vi -1 + :. (4.33)

Now we have to consider the general term G1!(o,s) in (4.32)). Write a,, = | Im(nj0 — 2)| and
b, = m|na|. Note that a,,b, > 0 if n; # 11 and ng # 0. Then, for Re(s) large,

9]
_ 1 —ma2
Gll(a,s) § : § :6 2mi Re(oni—z)na uS e~ uan
v 7-[-25 11“
0

n17$l/1 n27#£0 (4.34)
R sgn

(n1—rv1)

To compute the integrals in the sum, we replace a,, and b, by real parameters a,b > 0. Then

/ (:L‘—|— ta )26—ux2€—2iwsgn(n2)bdx
R sgn(ni—v1)

_ ( Oy + a )2 / e—ux2€—2i:¢ sgn(n2)b 7.,
2sgn(na)  sgn(ni—vi) R

(i * ) Vi
2sgn(ns) sgn(ni1—v1) u

Therefore, the u-integral in (4.34)) in terms of the parameters a and b is given by

b a 2
_ + K ,b), 435
ﬁ(2sgn(n2) Sgn(”l*lﬂ)) S_%(a ) ( )
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where K;(a,b) is the Bessel K-function [64, Sec. 20.3]
(o.¢]
Ks(a,b) = / us e (@t ) gy,
0

Moreover, for fixed s, one has
6bKS(a, b) = —2bKS_1(a, b),

so that (4.35)) is actually a sum of Bessel K-functions for different s-parameters. We also
collect from [64, Sec. 20.3] that Ks(a,b) is holomorphic on the whole s-plane and satisfies
estimates, locally uniform in s, of the form

b\ s
|Ks(a,b)| < C<a> e 2 ab — oo.

This implies that the summand in (4.34) decays exponentially as |(ni,ng2)| — oo, locally
uniform in s. From this one deduces that G1!(o,s) can be extended holomorphically to the
whole s-plane, and that we can simply put s = 1 to find the value we are interested in. Now,

K. (a b) = ‘f —2ab_see [64, p. 271]. Using this, one verifies without effort that the value of
at s = 1 is equal to

—27a (1 — sgn(na(n1 — v1)))e 2.

Using this one finds that

Gll O’ 1 Z Z ‘nl _ I/1| 1 _ Sgn(ng(nl _ Vl)))€—27r|n2\|Im(crnl—z)|e—27riRe(anl—z)ng.
n17#v1 ng#0

Since ny # 0 and nq # 11, the above sum converges absolutely. Moreover, all the terms with
sign(ng) = sign(n; —v1) drop out. Using the notation ¢, = €™ and q, = €>™**, one obtains

G ) =2 3 mar? =2 30 3 [ ) asg)™ + (- ) (a3 (436)

ng >0 n1>0n2>0

Note that for 1 = 0 the first term is equal to zero. Now, ¢, and g, are holomorphic as
functions of o, and

1 9 1 0
a2, (n1 £ v1)(g.q0)™ — (g g™,

n
quZQ —

2ming 0o 27mn2 do

In the case that 11 # 0 we have z € H. This yields that —qzz’ decays exponentially as

ng — oo. For arbitrary v; and n; > 0 the term n—(quqgl)"2 decays exponentially in both,

n1 and ny. Moreover, this decay is certainly locally uniform in ¢. This implies that in (4.36))
we can interchange summation and differentiation to find that

i 0

——FE,(0), (4.37)

7 0o

Gyl (o)1) =

where E, (o) is defined as in part (i) of the theorem. Since the sums converge absolutely and
locally uniform in o, we conclude that E, (o) defines a holomorphic function on H, which
proves part (i). Moreover, we have split the auxiliary function in (4.30]) for Re(s) large as

Gy(0,5) = Gy(0,5) + G, (0,5) + G, (0,5).
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As we have seen, the terms on the right hand side extend to meromorphic function on the
s-plane, and thus, the above equality continues to hold for all S.E| Therefore, we can insert

the values at s = 1, which we have computed in (4.31)), (4.33)) and (4.37), and deduce that

7 8 0, if 1%0] 7& 0,
Gu(o,1) = Py(11)+ ——=—FE, (o) +
(0,1) = () + 252 Eu(0) {—(27r02)—1, if ) =1y =0,
which proves part (ii) of Theorem [4.3.12 O

As a consequence of Theorem [4.3.12], we obtain the expression for the integral of Bismut-
Cheeger Eta form we were aiming at. We know from Proposition that

na = % Re (('7(75) /000 F,(o(t), u)du) dt

Hence, integrating the formula in Theorem |4.3.12| (ii) with respect to ¢ one easily arrives at

Theorem 4.3.14. Let M € SLy(Z), let o(t) be an M -invariant path in H, and use o(t) to
endow the mapping torus T]ﬁ with a metric.

(i) The untwisted Eta form 1 satisfies

o1 o) 1 (Lot
/ n=—Re [WUPQ(O) + iE,,(a)} / o )dt,
0 0

T o(0) 2m oa(t)

where we use the abbreviation [f(a)]zg(l)g = f(o(1)) — f(o(0)).

(i) Let v € R?\Z? with 0 < vy < 1 satisfy (Id —M")v € Z2, and let A be the corresponding
flat U(1)-connection over the mapping torus Ts;. Then

US| , a(1)

/0 na=_ Re |:7TO'P2(1/1) + zE,,(U)L(O).

In particular, the Rho form pa satisfies

o(1) 1 1 dl(t)

1
/0 a= %Re [m(PQ(ul) ~ D 4i(By (o) - Eo(a))} y dt.

o(0) 2m Jo Ug(t)

Remark 4.3.15. The forms 74 and p4 depend only on v modulo Z2. Also, by its very defi-
nition, Py(v1) depends on v; only modulo Z. Therefore, it is reasonable—and convenient—to
extend the definition of E, (o) to arbitrary (v1,v2) € R? by letting

E(l/l,uz) (U) = E(V1*[V1],I/2) (O’),

where [v1] is the largest integer less or equal than v. Then Theorem [4.3.14] (ii) continues to
hold without the assumption on v;.

2Here, we encounter a similar situation as in Remark (i). The terms G2(o,s) and GL°(o, s) are not
necessarily holomorphic, whereas G, (c,s) and G.'(o,s) are. This implies that the poles of G%(c,s) and
G (0, s) have to cancel each other out. With some effort one can check this directly. We will not go into
further details, since the value we are interested in is s = 1, which is no pole for any of the summands.
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4.4 Torus Bundles over S!, Explicit Computations

In this section, we want to give a more explicit formula for the Rho invariants of a mapping
torus Tzﬁ with M € SLy(Z). The result depends considerably on whether M is elliptic,
parabolic or hyperbolic—see Definition below—and we have to treat all three cases
separately. Explicit formulee for the untwisted Eta invariant have been obtained in [3] and
[26, App. 3]. Both references make use of adiabatic limits, and much of our treatment
parallels their discussion. In [26] the focus is on the hyperbolic case, and the Eta invariant is
identified with the value of certain number theoretical L-series, see also [6l [I7, [77]. This has
its origin in Hirzebruch’s work [52], where a topological interpretation of the aforementioned
L-series was conjectured. A similar relation can also be found for twisted Eta invariants.
However, our aim is to get a simple formula for the Rho invariant, and values of L-series
are certainly not easy to compute. Fortunately, Atiyah [3] found a number of very different
ways to express the untwisted Eta invariant of T]\24, and we shall derive a formula for the
Rho invariant along those lines.

Rough Classification of Elements in SLa(Z). For explicit computations we now have
to find M-invariant paths in H. For this we will use that elements in SLo(Z) split into three
natural classes.

Definition 4.4.1. Let M € SLy(Z), and let A := (tr M)? — 4. Then M is called
(i) elliptic, if A <0,
(ii) parabolic, if A =0, and
(iii) hyperbolic, if A > 0.

Remark. Recall that according to Lemma the diffeomorphism type of T]ﬁ depends
only on the conjugacy class of M in SLg(Z). Moreover, T' ]%4,1 and T3, are related by an
orientation reversing diffeomorphism. In addition, one verifies that for all M € SLy(Z)

e 1 o (0 -1
STIMS = MY, s_<1 0).

This implies that in the case at hand, there also exists an orientation reversing diffeomor-
phism T ]\24 = Tj%ﬁ. Since Rho invariants depends only on the oriented diffeomorphism type
of the mapping torus T’ 1%4, and the relation among Rho invariants for different orientations
is determined by Lemma [1.3.6] (ii), we are interested in elements of SLy(Z) only up to con-
jugation, taking inverses and transposes. Note that A in Definition 4.4.1] is invariant under
these operations so that M, M~! and M" all belong to the same class.

We first collect some well-known facts, see for example [93], Sec. 1.4].
Proposition 4.4.2. Let M € SLy(Z).

(i) M is parabolic if and only if M is conjugate in SLa(Z) to £ ((1) {) with l € 7.
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(ii) M is elliptic if and only if M it is of finite order with M # +1d. In this case, M is
of order 3,4 or 6, and conjugate in SLo(Z) to an element of the form

) =) =00)

Sketch of proof. The eigenvalues of M are easily seen to be
m:%(trM—i-\/E), /fl:%(trM—\/K), (4.38)

where we fix the complex square root with v/—1 = i. By definition, M is parabolic if and
only if K = k=1 = £1, so that the “if” part of (i) is clear. To prove the “only if” part, write
M = (‘Cl 2), and assume that M is parabolic with M # +1d. We can then assume—modulo
conjugation by S—that ¢ # 0. Replacing M with —M if necessary we can also achieve that
trM = a+ d = 2. Define

g::gcd(a—d,2c), p: ,  qi= ;
It follows from a + d = 2 and ad — bec = 1 that
ap+bg=p, cp+dq=gq.

Moreover, ged(p, ¢) = 1 so that we can find r, s € Z with pr —¢s = 1. Then (§7) € SLa(Z),

and one verifies that
-1
p s a b\ (p s\ (1 1
q r c d)\q ) \0 1)’

for some [ € Z. This proves part (i).

Concerning part (ii), we first note that part (i) implies that the only parabolic elements
of finite order are + Id. Hence, we can assume that k£ # x~1. Then M is conjugate in GLo(C)
to (’5 K(ll ) Hence, M is of finite order if and only if & is a root of unity. Then x~! = &, and
M is elliptic because

|tr M| = 2|Re(k)| <2, since Kk # k.

For the reverse direction, we only note that if M is elliptic, then tr M € {—1,0,1} and one
easily checks by hand that k is a root of unity—in fact, k = ei%w, €'z or €'3. From this it
is not difficult to determine explicitly all conjugacy classes of elliptic elements. We refer to
[93, pp. 14-15]. O

We now analyze the action of SLa(Z) on H in some more detail. Recall from Definition
that we let M = (2%) € SLy(Z) act on H by the restriction of the fractional linear

transformation
dz+b

MOP:@H@, Mz = .
cz+a

The following results are well-known but to fix notation we sketch the proof.
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Proposition 4.4.3. Let M € SLy(Z) with M # £1d.

) with | # 0, then M°P has no fixed points

(i) If M is parabolic of the form M = + (}!
o) = const} are invariant under the action of

in C, and horizontal lines {o € H| Im(
M°P.

(ii) If M 1is elliptic, the fractional linear transformation given by M°P has exactly one fized
point in H.

(iii) M s hyperbolic, if and only if the fractional transformation given by M°P has two
distinct fized points a,, 3 € R C C, and the circle

+ -
{UEH ’ ‘0 a25‘—‘°‘2ﬂ}}
1s wnvariant under the action of M°P.

Sketch of proof. Part (i) is immediate since for all z € C we have M°Pz = z+1. If M = (¢ %)

is not parabolic, one easily verfies that the eigenvalues x and x~! as in (4.38) cannot be
integers. Hence, M is not in diagonal or triangular form, which implies that b, c # 0. Then
the fixed points of M°P acting on C are easily seen to be

-1
kK—a K —a
and (=

C C

o =

If M is elliptic, then Im(x) > 0 and @ = 3. Thus, the unique fixed point of M°P as claimed
in part (ii) is given by a € H if ¢ > 0, and by # € H if ¢ < 0. Let us now assume that M is
hyperbolic. Then the eigenvalues are real and x > x~ 1. If we also assume for simplicity that
¢ >0, we get § < a. Then one verifies using elementary linear algebra that for all o € H

}a—a;ﬁ‘:a;ﬁ — Re(ZiE)zO. (4.39)

On the other hand, M°Po is uniquely defined by the normal form of the fractional linear
transformation Ao
o—a« 90 —
-— = . 4.40
Mopg — (3 A 8 (4.40)

Since M is hyperbolic we have x € R. Hence, one finds from (4.39)) and (4.40|) that the circle

e

is indeed invariant under the action of M°P. This proves part (iii). t

4.4.1 The Elliptic Case

Assume that M = (‘é 2) € SLy(Z) is elliptic. Then, according to Proposition M is of
finite order, so that we are in the situation considered in Section[£.2] As in Proposition [£.4.3]
there are precisely two fixed points for M°P acting on C, one of which lies in H, explicitly
given by

K—a _ K—a
o= , 0= ,
c c
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where, '
k=1(trM+iv/A—(tr M)2) =e*™ g€ (0,3). (4.41)
Actually, one easily checks that 6 € {%, %, %}

Theorem 4.4.4. Let M = (¢%) € SLy(Z) be elliptic, and let A be a flat connection over
T3, defined by a pair (ay,u) as in Proposition .

() If v ¢ Z2%, and 0 is as in ([£.41), then
pa(T) = (2~ 10) sgn(c).
(ii) If a, = 0 is the trivial connection, so that u = e~ >™* € U(1), then

0, if Re(u) < Re(k),
pa(T) = { sgn(e), i Re(u) = Re(),
2sgn(c), if Re(u) > Re(k).

Proof. If v ¢ 72, it follows from Lemmam (iii) that H*(T?, L,,) = {0}. Hence, Theorem
yields that in this case the only contribution to the Rho invariant comes from the Eta
invariant of the trivial connection. More precisely,

pA(Thy) = —Atrlog [M*| o+ (r2ynqr] + 21k [(M* = 1d)| e+ (2)n01 ] -

Let o respectively & be the fixed point of M°P in H as above, depending on whether ¢ > 0 or
¢ < 0. Use this to define an M-invariant metric on 72 as in Lemma With the notation

of , it follows from Corollary that if ¢ > 0, then

AT N =Cuw,, #7(T?)NQ = Cuws,
and, if ¢ < 0, then

HAT(THNQ =Cws, 7 (T*HNQ = Cuw,.
Moreover, it is immediate that

Mw, =Kk -w,, and M*'ws =k - w;s.
This implies that
M*| s (r2ynon = Ky M|y (r2)nr = R, if £¢> 0. (4.42)

Hence, with 6 as in (4.41)) and the definition of “trlog” in Theorem one finds that if
v ¢ 72
4042,  ife>0,
pa(Tiy) = .
—4(1-60)+2, ife<O.
This proves part (i) of Theorem Now assume that a, is the trivial connection. Lemma
and Proposition then imply that we can choose v = 0 and u to be the constant
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gauge transformation e~2" with A € [0,1). Then part (i) and Theorem show that
the Rho invariant of A is given by

2trlog [uilM*L%ﬂJr(Tz)le] —rk [(uilM* — Id)|j2”+(T2)ﬁQl]
— 2trlog [uilM*‘jiﬂf(TQ)mQI] +rk [(u™ M* - 1d)] - (r2)nat | + (2 — 40) sgn(c).

To compute the above quantities, we have to replace M* in (4.42)) with u~!M*. We assume
for simplicity that ¢ > 0; the other case works analogously. Then

U_lM*’%+(T2)mﬂl = u_llﬁ, U_lM*L]“ff(TZ)an =u" 'R
Now if Re(u) < Re(k), then A € [0,60) or A € (1—6,1). One readily verifies that in this case,
vk [(u™ ' M* = 1d) |+ (r2)nar | =tk [(u™ ' M* = 1d)| - (72)n01

and
2trlog [u™" M*| o+ (2)na1] — 2trlog [u™ ' M*| - (p2ynn | = 460 — 2.

This implies that if Re(u) < Re(k), then pa(T%,) = 0. Similarly, if Re(u) > Re(k), one
computes that

rk [(UilM* - Id)|%+(T2)ﬂﬂl] =rk [(UilM* - Id)bi”*(TQ)ﬂQl]a

and
2tr log [u_lM*L;f-&-(TQ)le] — 2tr log [U_IM*‘(;ZKJ—(TQ)QQl] = 46,

so that pa(T%) = 2. Lastly, if Re(u) = Re(k), then either A = 6 or A = 1 — 6. In the first
case,
rk [(u ' M* —1d) |+ (r2ynon | =1,k [(u™'M* = 1d)| - (72)n01] =0,

and
2trlog [uflM*|%a+(T2)le] =460, 2trlog [uflM*’%,(TQ)mm] =0.

This yields pa(T%) = 1. In a similar way one deals with the case A =1 — 6. If ¢ < 0, one
has to replace k with & in the above computations, and one easily verifies that the result is
the negative of what we computed in the case ¢ > 0. O

In part (i) of Theorem the twisting connection does not contribute. Also recall that
through Theorem we have used Theorem [3.3.16] which expresses the Rho invariant as
the difference of adiabatic limits of Eta invariants. Hence, part (i) of Theorem can be
rephrased as

lim (B2) = (49 — 2) sgno).

Here, B¢ is the adiabatic family of untwisted odd signature operators associated to the
M-invariant metric on 72 induced by o respectively 7. Now in the case at hand, the family
n(BEY) is independent of ¢, see [3, p. 360]. Hence, we arrive at the following

Corollary 4.4.5. Let M = (2%) € SLy(Z) be elliptic, and endow Ty, with the metric
induced by an M -invariant metric on T?. Then, with 0 is as in (4.41)),

n(B®) = (46 — 2)sgn(0).
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To check consistency with previous results, we now use Corollary to compute the
Eta invariant for the examples considered in [3, p. 372], respectively [75, p. 48].

(i) M = <? _11> Then k = e, so that § = 1. Hence, n(B%) =4 —2=—

o~

(i) M = <_11 _01> Then x = e and nBY)=35-2=-2

[\]
I
|
—_

0 —1 o N
(111)M=<1 0).Then/€:e2,sothatn(3 ):%—

Therefore, we obtain the same values as in [3] and [75]. Yet, the underlying abstract ideas
we have used are very different from what is considered there.

4.4.2 The Parabolic Case

If M is parabolic, we know from Proposition that M is conjugate to an element of the
form :I:((l) {) Therefore, we can always choose o(t) := tl + ¢ as an M-invariant path in H.
We first compute the integral of the Rho form using Theorem [4.3.14]

Proposition 4.4.6. Let v = (v1,12) € R? with v ¢ Z? satisfy (M' —1d)v € Z?. Let A be
the corresponding flat connection over the mapping torus TJ\Q/I. Then the integral of the Rho
form with respect to the metric induced by o(t) := tl + i is given by

1
S 1y, b
/OpA—l(PQ(Vl) 6)+27r’

where Py is the second periodic Bernoulli function.

Proof. Since both sides of the equation in Proposition depend on v only modulo Z2,
we can assume that v € [0,1)2. Since ¢(0) =i and (1) = [ + i, we have

cot(mro(1)n) = cot(mro(0)n) for all n € N.
This implies—using the notation of Theorem [4.3.12f and Remark |4.3.13| (ii)—that
Eo(co(1)) = Eo(c(0)).

We now claim that also
E,(0(1)) = E,(0(0)). (4.43)

Indeed, if M = (} 1), the condition (M" —Id)v € Z? guarantees that lvy € Z, whereas vy is
arbitrary. Thus, with z(t) = v10(t) — v2 as in Theorem [4.3.12] we get
2(1) = 2(0) + lvy € 2(0) + Z.

This easily yields (4.43)) in the case at hand. If M = —(}!), then (M" —Id)v € Z? means
that
2 €74, vy + 219 € 7.
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Since we are assuming that v € [0,1)2, there are only a few possible values for v. First of
all, if 11 = 0, then z(1) = 2(0), so that (£.43) holds again. If 1 = %, then

by € {0, %}, if [ is even,
i,% , if [ is odd.
Moreover, we have z(1) = z(0) + & and so

cos (2mz(1)n) = (—1)™ cos (2mz(0)n),

4.44
sin (27z(1)n) = (—1)" sin (272(0)n). (4.44)

This implies that only summands such nl is odd contribute to E, (c(1)) — E, (c(0)). Hence,
if [ is even we are done. Let us thus assume that [ is odd and—for definiteness—that vo = %.

The case v, = % is analogous. Then, for odd n € N,

1

cos (272(0)n) = cos (win — In) = i" 'sin(win), sin (27r2(0)n) = —i" ! cos(win),

and so
cos (2mnz(0)) cot(mwni) + sin (27rnz(0)) = 0.

This, together with (4.44), implies (4.43) in this last case as well. We can now use (4.43))
and Theorem [{.3.14] to deduce that in all cases

1 1 1 l
o4 =1(P - H4r — [ ldt=1(P -4 —. O
/0 pa ( 2(1/1) 6) 27r/o ( 2(1/1) 6) 2T

To conclude the computation of the Rho invariants of T 1\2/1 for parabolic M € SLy(Z),
we still have to determine the Rho invariant of the bundle of vertical cohomology groups
P (S1) appearing in Theorem Recall that Dai’s correction term vanishes because
the base is 1-dimensional, see the proof of Theorem

Proposition 4.4.7. Fore =+1 andl € Z let T]%/[ be the mapping torus of M = 5((1) {) En-
dow T]%4 with the metric given by o(t) = tl+1i. Then, for all connections A as in Proposition

449,

0, if 1 =0,
pn,(S') = —L+sen(l), ife=1,1#0,
-4 if e =—1.

o
The proof turns out to be somewhat involved, and we sketch the strategy first. We know
from Corollary that the twisted cohomology groups of T vanish except for the trivial
connection. Hence, for A as in Proposition we can argue as in the proof of part (i) of

Theorem [4.4.4] that
poy, (1) = —3n(Dgr @ V), (4.45)

where Dg1 ® V7 is as in Definition However, unlike in the case of elliptic elements,
the connection V7 on the bundle of vertical cohomology groups is not unitary, so that it
is difficult to compute the above Eta invariant directly. The idea of our proof is to study
the difference between Dg1 ® V7 and the odd signature operator associated to the unitary
connection V7% see (3.24) and ([3.29). More precisely, we will compute n(Dg1 ® V‘%’”)
and then use the variation formula of Proposition to obtain n(Dsl ® V%). Here, the
considerations of Section [3.1.6| will play a role.
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Proof of Proposition[f.4.7. We split the bundle of vertical cohomology groups as
K (Tip) = 7 (Tip) © A, (Tiy) ® A2 (Tiy)-

It follows from Corollary that S0 (T%,) and J%(T%,) can be trivialized by the constant
sections 1 respectively dz A dy. With respect to this trivialization, the connection V7% is
the trivial connection, see (4.10)). According to Remark (iii) the Eta invariant of the
untwisted odd signature operator over S' vanishes, so that we only have to compute the

contribution to n(Dg1 ® V) coming from 2, (T%,).
Let wy(y) and wgs() be as in (4.20) with respect to o(t) = tl + i, and define

= Wor) FWa(t), Bt i= Wot) — Wat)-

It is immediate from Corollary that for each t the pair (ay, ;) forms an orthogonal
basis of 1 (T]%4, Jo(t))- However, it is not necessarily a trivialization of the bundle of vertical
cohomology groups. For this note that, with € = +1 as in the statement of the proposition,

MWy = eWo(t41), M wa ) = eWs(t41),

so that also
M ay = eagy1, M*Bp = eBq1.

Nevertheless, this means that we can write every section of J!(T%,) — St as
Pa (t)at + Soﬁ(t)ﬁt,

with functions ¢, and ¢g on R satisfying the condition

palt +1) = cpalt),  @plt+1) = cpp(t) (4.46)
Now, note that

l
Orwo(1) = Ows(ry = ldy = 5(%(75) — Wa(t))-

Using this we see that the flat connection V# on J£!(T%,) is given by

Vg“at = atO[t = —’ilﬁt, ijﬂt = &ﬁt =0. (44.7)

Moreover, one verifies using (4.21)) and (4.26]) that

Tiog = B, Tfr = o,  Troy =ilay, 7B = —ilB;. (4.48)

According to Lemma this means that the unitary connection V7 of (3.24) on
L (T?,) is given by
; il ; il
Vat’“’uat = —5,81:7 Vat%uﬂt = _5041:- (4.49)

With the operators of Definition |3.1.16{ and (3.29)) we introduce the abbreviations

D = Dsl (9 V%|Coo(517%;1(T§1)), DY = Dsl & V%’u|0°°(51,,7ﬁ}(T]%4))'
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Then, using the splitting of the total chirality operator as in Lemma [2.2.3] one verifies that
D= —in V", D= —in Vo
From the considerations at the beginning of this proof we deduce that
n(D) = Ln(Dg @ V), (4.50)

where the factor enters for the same reason as in Remark [3.1.17] (ii) and Remark ().
Similarly,
§(D") = L(Dgr @ Vo).
Now let
D :=D"+s(D—-D"), se]|0,1].

Then D, is a family of self-adjoint operators, which is precisely of the form considered in
Theorem [3.1.20 Hence, the “local variation” of the Eta invariant vanishes , so that the
general variation formula of Proposition [1.3.14] reduces to

n(D) = n(D") + dim(ker D*) — dim(ker D) + 2 SF(Ds)¢[o,1]- (4.51)

To determine the terms appearing in (4.51)), we now explicitly compute spec(Dy). If @ oy +
©pB is a section of J(T%;), then ([4.47), (4.48) and (4.49) imply that Dy acts in terms of
the coordinate functions (¢q, ¢g) as

e (2) =[G 92 (o L)

Hence, if @q0u + @0 is an eigenvector with eigenvalue A(s) € R, then

n(5)= Gty ) () =m0 () e

which is an ordinary linear differential equation with constant coefficients. Let us assume
from now on that [ # 0. The case | = 0 will be dealt with separately at the end. The
characteristic equation for the eigenvalues  of T)y) is

K2 = () + §)° - (1)

2
—k, and can be brought into diagonal form. Now a solution to (4.52)) satisfies the condition

(4.46) if and only if e = ¢. Write ¢ = € with 6 € {0,7}. Then the condition e = ¢ is
equivalent to K = 27n + 6 with n € N. Hence, A(s) is an eigenvalue of D; if and only if

A(s) = )\i(g) = i\/m— %, Kp = 2mn + 0 for some n € N.

Moreover, unless n = 0 and 6 = 0, the standard procedure for solving (4.52)) gives us two
linearly independent solutions for both eigenvalues A\f(s) and A, (s). In the special case
n =0 and 6 =0 we have

Therefore, unless ()\(s) + 1)2 = 52(%)2, the matrix T)(,) has two distinct eigenvalues x and

ton 1 B _ 8 0 +|l| =1
Ay (s) = 5(£s|l| = 1), and so Tyt = 5 <i\l! Ll 0 .
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If s = 0, this matrix vanishes so that the eigenvalues )%(0) have multiplicity 2. If s # 0,
this matrix is in triangular form. This implies that the eigenvalues \i(s) have multiplicity
1. To see this, consider for example the case [ > 0, and T'=T A (s)" Then

wr (1 0\, . (0 0
¢ _<01+”szo’

so that the only solutions of (4.52)) satisfying the condition (4.46)) are constant multiples of

(¥a,pp) = (0,1).
Since the operator D" coincides with Dy we see in particular that

spec(D") = {£(2mn +0) — § | n €N},

where all eigenvalues have multiplicity 2. Hence, for Re(z) > 1

sen(2mn + 60 — L son(n — =20
oD 2) =23 BCTEO D) piany gD ),
= 127 + 6 — 5| = In — =2

which up to a factor is the Eta function considered in Proposition Hence, the value
at z = 0 of the meromorphic continuation of n(D", z) is given as follows: Let m € Z be such
that
l 0 u l 0
— ——-—m¢€(0,1). Then n(D")=—-—2——4m—2. (4.53)
m m T
This identifies the first term in (4.51]).
To compute the spectral flow term, we first assume that [ > 0. Then the zero eigenvalues
of D for s € (0,1) are given by those A (s) for which s and n are related by

k= (1-5%)(5)%

The family A\ (s) is strictly increasing with s and all eigenvalues have multiplicity 2. For the
latter note that since we are assuming that s # 1, the eigenvalues of multiplicity 1, which we
have found in the case 8 = 0, are never zero. Therefore, each zero eigenvalue will contribute
+2 to SF(Ds)sepo1]- Since 1 — s? maps (0,1) bijectively onto itself, we have to count the
number of n € N for which 0 < k, < %, or—equivalently—for which —% <n< it -2L

4m 2m”
Now, with m as in (4.53)), it is immediate to check that

if =0
neN|-L<n<ct-o1_g ™ ! ’
#{ ‘ 2m Am 2w m-+1, if0=m.

Note that since we are assuming that I > 0, we certainly have m > 0 if § =0 and m > —1
if # = w. Concerning the endpoints of the path, there are no zero eigenvalues for s = 0. For
s =1 we only have one if § = 0, and this is the eigenvalue A{ (1) of multiplicity 1. Putting
all information together, we find that for [ > 0,

—1+2@2m+1), if6=0,

dim(ker D") — dim(ker D) + 2 SF(Ds)ejo,1] = { A+ 1) FO—
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Together with (4.53)) and (4.51), we conclude that in the case that [ > 0,
L
n(D)=43"

Let us now assume that [ < 0. Then the role of A\, (s) in the preceding discussion is replaced
by A, (s), which strictly decreases with s. Hence, the contribution to the spectral flow is —2
for each zero eigenvalue. With m as in (4.53) we now have m < —1 and for both values of 6

1, if6=0,
, if 0 =m.

A~ |

0 L9
#{neN| —ZL<n<—-Lt-L}=-m-1

For | < 0 and 6 = 0, the zero eigenvalue A\; (1) of multiplicity 1 does not contribute to the
spectral flow. Therefore, we arrive at

—1+4(m+1), if0=0,

dim(ker D") — dim(ker D) + 2 SF(Ds) sejo,1] = { 4(m+1) 0=

Hence, we conclude that for [ < 0

l .
<41, if6=0,
D)y={T
n(D) { L ifg=n.

P

Hence, using (4.45) and (4.50)) we have proved Proposition in the case that [ # 0. If
[ = 0, one easily checks that

spec(D) = {2mn+6 | n € Z},

where all eigenvalues have multiplicity 2. This implies that spec(D) is symmetric, so that
n(D) = 0. O

We can now combine Propositions 4.4.6] and |4.4.7| to obtain the formula for U(1)-Rho
invariants for mapping tori with parabolic monodromy. According to Theorem [3.3.16] we
have

1
pa(TE) =2 /0 Pat poe, (S,
Therefore, we arrive at the following

Theorem 4.4.8. Let ¢ = £1 and | € Z, and let T]@ be the mapping torus of the parabolic
element M = 5((1) i) Let A be a flat connection over the mapping torus T]%/[, defined by
v € R? with v & 72, satisfying (M' —1d)v € Z*. Ifl = 0, the Rho invariant pa(T3;)
vanishes. For l # 0 we have

), ife=1
T2) = 2(Py(n) — 1) + { &0
palThn) = 2(Fo(1) 6)+{ 0, ife=-1.
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Remark 4.4.9.

(i) We want to point out that the assumption that v ¢ Z? excludes possibly non-trivial
flat connections on T 1%4 which restrict to the trivial connection over T2. Note that
for elliptic elements in Theorem [4.4.4] (ii) we included a discussion. However, in the
case of parabolic elements—and also in the hyperbolic case below—the case v ¢ Z? is
much more interesting and a parallel treatment of the remaining case would lead to
more notational inconvenience and a tedious distinction between all cases. Since the
insight gained seemed not worth the effort, we opted to work under the assumption
that v ¢ Z2 only.

(ii) Note that if ¢ = 1 in Theorem then 11l € Z, so that vy = k/I for some k € Z.
Hence, the formula for the Rho invariant is the same as the formula for the Rho
invariant for a principal circle bundle of degree | over T2 in Theorem The
underlying reason is that for ¢ = 1, the mapping torus T ]\24 is at the same time a
principal S'-bundle of degree I over T2, see [91], p. 470].

4.4.3 The Hyperbolic Case

Now we turn to the generic—and most interesting—case that M is hyperbolic. This section
is less self-contained than the previous sections, since we will deduce the main result from
a well-known transformation formula for certain generalized Dedekind Eta functions. Since
this would lead to far afield, we shall not attempt to give a detailed treatment but refer to
the literature for proofs.

M-invariant Paths in the upper half plane. Assume that M = (gg) € SLy(Z) is
hyperbolic. As in the proof of Proposition we know that b, c # 0, and that the fixed
points of M°P acting on C are given by

-1

, ﬁ:/@ica’ where n:%(a—kd—l—\/g). (4.54)

K—a
o =

Cc

For ¢t € R define )

o(t) = W(ahﬂ%+ﬁ|ﬁ\_2t+i|a—ﬁ|). (4.55)

Lemma 4.4.10. The path o(t) in H lies on the circle
{oen||o—2f2| =52}
and satisfies M°Po(t) = o(t+1).

Proof. We proof the second assertion first. By comparison with (4.40)), we thus have to show
that

U(t—l—l)—a:,{_Qa(t)—a (4.56)
o(t+1) -5 oft)—p
Now,
1
o) = = gy g (P 4 Bl = ol alel i - )
1

((8 = a)ls[ 7 + il - B]),

WP T
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and, similarly,
1
7O e

Let t,t' € R, and abbreviate € := sgn(a — ) = sgn(c). Then

(a(t’) — a) (a(t) — [3) _ ( — |/€|_2t/ + 2'5) (\/@|2t + 2'5)
(c@®)=B)(c(t) —a)  (|&[? +ie)( — |r| =2 +ie)

L it 0 (e e )
IR (D

((a=B) |6l +ila— ]).

_ |H’72(t’7t)_

In particular, for ¢ = ¢t 4+ 1 we obtain the formula in (4.56)), which in turn shows that o () is
M-invariant. Moreover,

o(t) —a _90(0) —

— =K

oft)—p o(0)-p
Now, as

_a+f  la=0|

o(0) = 5 i

this implies as in the proof of Proposition that all points o(¢) lie on the circle
{oem | o -2 = |252|}. =

The Rho invariant of the bundle of vertical cohomology groups. Having found an
M -invariant path in H we now need to compute the integral over the Rho form and the Rho
invariant of the bundle of vertical cohomology groups. We start with the latter, which is
more straightforward than in the parabolic case.

Proposition 4.4.11. Let T3, be the mapping torus of a hyperbolic element M € SLa(Z).
Endow T]@ with the metric given by (4.55)), and let A be a flat connection determined by
v=(v1,12) € R? with v ¢ Z? and (M' —1d)v € Z?. Then

p%A,v(Sl) = 0

Proof. Again we know from Corollary that the twisted cohomology groups of T2 vanish
except for the case that the underlying connection is the trivial one. Thus, as in (4.45])

poy,(8Y) = —3n(Dg1 @ V7).

Moreover, as explained in the proof of Proposition[4.4.7} we only need to study the restriction
of Dg1 ® V7 to C=(SY, #HTE)).

In view of the rather complicated formula for o () it is inconvenient to work directly with
the basis (We(¢), wa(r)) of H Y12, 9o(t)); given by Corollary Instead we define

k|t —delk| ¢ |k|t + delk| ¢
wa(t) = ) + Ty Wey
and
B |k| 7t + ie|k| k|7t —ie|k|t

wg(t) : g W + T W
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where as before e = sgn(c). Then (wq(t),ws(t)) is a clearly basis of #1(Ty;, go(r)) for each
t. Moreover, (4.21]) implies that

Tiwa(t) = —iwg(t), Twg(t) = iwa(t), (4.57)

where 7y is the chirality operator defined by o(t). Now, a straightforward calculation—which
we skip—shows that

wa(t) = [k|'(dz + ady), wa(t) = k|7 (dz + Bdy). (4.58)

Thanks to this identity, we obtain—without having to compute the derivatives of w, ) and
wg(p) explicitly—that

Opwa(t) =log|k| - wa(t), Owgs(t) = —log|k|- wg(t). (4.59)

From the definition of o and 3 in (4.54) we immediately see that ca+a = k and ¢3+a = k1.
Moreover, using that ad — bc = 1 and that x4+ k! = a + d, one computes

dk — ad d—r1

da+b= +b=k

—ka, dB+b=...=r"'8.

C

This means that (1, ) and (1, 3) are eigenvectors of M* = (¢ §) with eigenvalues x and 1,
respectively. Therefore, it follows from (4.58]) that

M*wa(t) = | ((a + ca)dz + (b + da)dy) = |k|" (kdz + ardy) = sgn(k)wa (t + 1),

and similarly,
M*wg(t) = sgn(k)ws(t +1).

Hence, any section of 5} (T%;) — S! can be written as
Pa(t)wa(t) +@p(t)ws(t),

where ¢q, pg € C°(R) satisfy

0ot +1) =sgn(k)pa(t), ¢a(t+1)=sgn(x)ps(t)

We deduce from (4.57)) and (4.59) that the operator D := —it0; on C* (Sl, Y (T]ﬂ)) acts

in terms of the coordinate functions (¢a, pg) as

D (‘Pa) _ ( 0 at - log |H|> (@a)
©p —0; — log || 0 vp

Hence, it becomes clear that if (¢q, pg) defines an eigenvector of D with eigenvalue A, then
(Pa, —@3) gives rise to an eigenvector with eigenvalue —A. This means that spec(D) is
symmetric, so that n(D) = 0. Since the operator D is precisely the restriction of Dg1 @ V7%
to C°(St, #,1(T3;)), we obtain the desired result. O
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The Logarithm of the Dedekind Eta Function. The discussion of the Rho form is
more transparent, if we consider the twisted and the untwisted Eta forms separately. We
start with the untwisted case. This case has already received a far-reaching treatment in the
beautiful article [3], from which we borrow the main ideas.

Recall that the classical Dedekind Eta function is defined as

[e.9]

1 .
T'(U) = q0'24 H(l - qs)a (S H7 o ‘= 627”0—7

n=1
see [64, Sec. 18.5]. As in [3] we use the bold symbol n to avoid confusion with an Eta
function in the sense of Definition [[.3.1] Using the power series expansion

[e.9]

Zm
log(l—2) == ~—, |5 <1,

m=1

one can define a logarithm of (o) by

logn(0) = =2 -y 9" (4.60)

n>0m>0

The sum in (4.60) is of the same form as the one in defining Fy(o) in Theorem [4.3.12] (i).
Hence, we can make Remark |4.3.13[ (i) more precise and note that

7r1120 Eo2(0) _ %(M'UPQ(O) — Ey(0)), (4.61)

logn(o) =

where as always, P» is the second periodic Bernoulli function. Therefore, we can reformulate

Theorem |4.3.14] (i) as

lA—g m | lo Pg —logn(o _ 1 Lau(t)
/OnWI [log n(M°Pc(0)) —logn(a(0))] 27T/0 Uz(t)dt, (4.62)

where o (t) = 01(t) + ioa(t) is an M-invariant path in H. Hence, the Eta invariant of 7%, is
related to the transformation property of logn under modular transformations.

The study of this has a long history, starting with Dedekind’s work [34]. There are
several different proofs of the following theorem, see for example [92] for references and
a beautifully simple proof. A short discussion of the Dedekind sums appearing below is
included in Appendix

Theorem 4.4.12 (Dedekind). Let o € H, and let M = (%) € SLy(Z) with ¢ # 0. Then

e (0 (5 st

where the logarithm on the right hand side is the standard branch on C\ R™, and s(a,c) is
the classical Dedekind sum, see ((C.21)),

log (M) —logn(o) =

le|]—1
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Remark. Note that since we have defined the action of SLa(Z) on H using the involution
M +— MP°P as in Lemma we have to interchange a and d in the classical formula.
However, s(a,c) is not affected by this, see (C.22)).

The Untwisted Eta Invariant. From Theorem 4.4.12] we can deduce the formula for the
Eta invariant of T]\Q/I for hyperbolic M. The formula we shall obtain appears as a signature
cocycle for the mapping class group the formula already in [72], and as a signature defect in
[52]. However, its derivation using Theorem and the adiabatic limit formula as well
as an explanation of the relation among these different invariants are due to Atiyah [3].

Theorem 4.4.13 (Atiyah, Hirzebruch, Meyer). Let M = (2Y) € SLa(Z) by hyperbolic. Let
g be the metric on T3 defined by by o(t) as in ([&55), and let B be the associated odd
stgnature operator on T]\24. Then

a+d
3c

n(B®) = — 4sgn(c)s(a,c) —sgn (c(a+ d)).

Proof. Let g. be the adiabatic metric associated to g, and denote by BZY the corresponding
adiabatic family of odd signature operators. It follows from Proposition f.:4.11] and its proof
that the Eta invariant of the bundle of vertical cohomology groups vanishes. We thus deduce
from Theorem [3.3.14] that

1

1 1 5
;i_r)%??(Bgv) = 2/0 n= %Im [logn(MOpg(o)) _ logn(U(O))] . /O 1(t)

oa(t)

where we have used (4.62]) for the last equality. Hence, Theorem [4.4.12| implies that

dt,

™

a co a Lo
;iir(l) n(BY) = Z’j—cd —4sgn(c)s(a,c) + %[2 Imlog (sg(i)l)(c4)_z> - /0 028 dt}. (4.63)

We now note that it follows from Lemma [£.4.10] that
o(t) = o8 4 laBleielt) (1) = arg (o(t) — 52).

Here, the argument function is such that for z € C\ R, one has arg(z) € (—m, 7). We
obtain

Loy(t) . )
/OUQ(t)dt__arg(U(l)_Jgrﬁ)+arg(a(0)—;rﬁ)_

Using the explicit formula (4.55)) for o(¢), one finds that arg (0(0) - O‘—JQFB) =7, and

L0t _la-pE s Ja-g
2 2 K2+ K2 K2+ k2

a(1)
Hence, using the abbreviations
z:=3sgn(e)(k+rY), yi=3(k—r1), (4.64)

we find that
arg (0(1) - %ﬂ) = arg (Qxy + z)
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Note that y? = 22 — 1, so that 2zy + i = i(x — iy)%. Moreover, y > 0 and y < |z| so that

(0,%), if z >0,
3t om), ifz<O.

arg(z +iy) € {(

Thus, we obtain

0, ifxz>0,
2w, if xz <O0.

/01 o1(t) dt = arg (—i(z +iy)?) + 5 = 2arg(z + iy) — { (4.65)

()] (t)
On the other hand, it follows from the definition of o and 3 that
co(0) +a = (42 + 2@) +a=2%(k+r" +isgn(c)(k — k1)) = sgn(c)(z + iy),
with = and y as in (4.64)). Since we are using the standard branch of the logarithm, we have

Im log (M

sgn(c)i ) = arg ( —i(z +1iy)) = arg(z + iy) — 5.

Combining this with (4.65) we find that

2Imlog (czg(g)(c—;;) - /01 Z;Egdt = —sgn(x)m.

As k+ k7! = a+d we have sgn(z) = sgn (c(a + d)) so that using (4.63)), we finally arrive at

a+d

?E(l) n(B:Y) = — 4sgn(c)s(a, c) —sgn (c(a+ d)).

Hence, it remains to argue that in the case at hand,

n(B) = lim n(BY),

e—0
This is precisely [3, Lem. 5.56] and we will not repeat the argument here. ]

Remark. The proof of Theorem in [3] is along different lines than our discussion. In
[3, Thm. 5.60], the Eta invariant of T, is seen to be equal to a large number of quantities,
including a signature defect. Then in [3, Sec. 6], the formula for n(B®) is obtained by
explicitly constructing a bounding manifold and a computation of the signature defect. In
particular, the transformation formula of the Dedekind Eta function in Theorem is not
used. However, since our focus is the application of the adiabatic limit formula to compute
Eta respectively Rho invariants, we have to use Theorem in some form.

The Generalized Dedekind Eta Function. To obtain the formula for U(1)-Rho in-
variants of Tzﬂ in the spirit of the discussion of the untwisted case, we now need a twisted
version of 1(o) and a transformation formula for its logarithm. Fortunately, a corresponding
treatment can be found in [35]. As in [35] p. 38] we make the following
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Definition 4.4.14. For g,h € R and 0 € H let z := go + h, ¢. = €*™* and ¢, = >™.
Define

Nen(0) =&(g,h) o2 (1-¢2) H 1—q:q5)(1 — ¢z 'ap),

where

2mi(g—3)P1(h) it g e 7
lgh)y:=3, oo IS
e ﬂl[g]Pl(h), lf g ¢ Z

As always, P is the first periodic Bernoulli function, and [g] is the largest integer less or
equal than g.

Remark 4.4.15.

(i) Since o € H, the term g decays exponentially with m. This implies that n, (o) is
well-defined.

(ii) Definition |4.4.14| might look slightly different than the formula in [35]. Yet, writing g
and h as §/f and h/f with integers g, h and f, the function n, (o) is easily seen to
be equal to what is denoted 7; ; (o) in loc.cit.

iii) The reason for the factor £(g,h) is to achieve that 1, (o) depends on g and h only
g:h
modulo Z, see [35, p. 39].

(iv) The Dedekind Eta function m(co) is not equal to 1y (o), since the latter obviously
vanishes. Dropping the factor 1 — g, from the definition of i, , (o) one would get a
direct generalization of 1(c)2. However, Definition [4.4.14] allows us to use the results
of [35] without too many changes.

One defines logn, ;, (o) in analogy to (4.60), see [33] p. 40].

Definition 4.4.16. Let (g,h) € Q*\ Z2. If 0 < g < 1, we define

logm, ,(0) := Ti(p(g,h) + Pa(g Z ! Z Z %(Qz +a ),

n>0 m>0n>0
where
_Pl(h)v if g =0,
©(g,h) = .
0, if g #0.

For general g we define
logn, (o) :=logn,_(g n(0).
The transformation formula of logn, (o) is then given by [35, Thm. 1],

Theorem 4.4.17 (Dieter). Let M = (%) € SLy(Z) with ¢ # 0, let (g,h) € Q*\ Z?, and
define
9\ ._(a —c\(g
()= (5 0) )

o d
log 1,1, (M) —log (o) = mi( = Pa(g) + “Palg') — 2sen(c)sy (d: ).

Then for all o € H
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where sy p(d, c) is the generalized Dedekind sum, see Definition

le]—1
Sq, h’ d C Z P korg +h) (ktg/)‘
k=0

Remark.

(i) As for the transformation formula for logn(o), we have formulated Theorem
in terms of M°P acting on H, which means that a and d have been interchanged in
comparison to [35, Thm. 1].

(ii) The generalized Dedekind sums appeared first in [70]. A brief discussion of the aspects
we need is contained in

(iii) We want to point out that the proof of Theorem in [35] is rather involved. The
simple proof in [92] of the transformation formula for log n(o) carries over with minor
changes in the case that g € Z. It would be interesting to know if there is a proof for
the general case of Theorem along the lines of [92].

Application to the Rho Form. As in the untwisted case, the structure of the formula in
Definition [4.4.16| resembles what we have encountered in Theorem [4.3.14] (ii). In fact,

Lemma 4.4.18. With the notation of Theorem [{.3.19 and Remark [{.5.15, we have for all
veQ*\Z.
Im (logn,, _,,(0)) =Im (ricPy(v1) — E,(0)).

Proof. Both sides of the equation are defined in terms of v; — [v1] and are Z-periodic in vy
Hence, we can assume that v € [0,1)2. Then, if 11 # 0, the relation is immediate—and
clearly holds for the real parts as well. If 1y = 0, one observes that

Im (mPl (12) Z L *2””’2> = —Im (Z = cos(2muy ) =0, (4.66)

n>0

where the first equality follows from the Fourier series expansion

1 , o

Pi(va) =g — % = —%Z %(627””2 —e 27””2), vo & 7,
n>0

whose proof is a standard exercise. Then (|4.66]) implies that the imaginary parts of the extra

terms in Definition [4.4.16| cancel each other out so that the result is indeed the right hand

side of the formula in Lemma .4.18] O

Proposition 4.4.19. Let M = (2%) € SLy(Z) be hyperbolic, and v € R?* \ Z* with
(Id—M"Yv € Z2. Let A be the corresponding flat U(1)-connection over the mapping torus
T%,, and use ([4.55) to define a metric. Then

1
/ At = Py (1)) — 25gn(c) 80w (0, 0).
0
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Proof. Certainly, we want to use Lemma to apply Theorem to part (ii) of
Theorem We first note that (Id —M?)r € Z2? implies that v € Q?, so that we are
precisely in the situation of Lemma Abbreviate v/ := M'v, so that by assumption
v —v' € Z. Thus, according to Definition

logn,; _,(0) =logn,, ,,(c), foralloeH.

Moreover, P;(vy) = Pi(v1), and

v\ (a -—c 1
—I/é o —-b d —Ul9 )
Hence, Lemma [4.4.18| Theorem [4.4.17| and Theorem [4.3.14] (ii) imply that

1
/ A = 4Py (1) — 2sn(€)s,1 ().
0

Now,

le]—1 le|]—1

00 = 3 P ) () = 3 (e s
c\ 1
= Z P k+u1 k?"!;Vl + 1/2) = Su1 v (a7c)’

where we have rewritten ¢/ in terms of v, and then used that {ak |k = 0,... |c| — 1} is a
representation system of Z modulo ¢, see Appendix for more details. This implies the
desired result. O

Rho Invariants of Hyperbolic Mapping Tori. After this preparation, we finally arrive
at the main result of this section.

Theorem 4.4.20. Let M = (‘cl 3) € SLo(Z) be hyperbolic, and let v € R?\ Z? satisfy

(Z;) = (Id —M*) (2) € 72

Let A be the corresponding flat U(1)-connection over the mapping torus T2, and define
r €40,...|c| =1} by requiring that my = r (c). Then

le|—r

pa(Tiy) = 2= (Py(0) — ) =4 ) Pi(%) + sgn (e(a + d)) — sgn(e)d(vr) (1 - 6(™1))
k=1

op(dm) 26(1/1)(1’1(71) - Pl(d%”))’

where § is the characteristic function of R\ Z.
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Proof. According to Proposition the Rho invariant of the bundle of vertical coho-
mology groups vanishes. Also, since the base is 1-dimensional, Dai’s correction term is zero.

Hence, we can use the general formula for Rho invariants in Theorem [3.3.16] together with
the formulse of Theorem and Proposition to deduce that

pa(T%)) = M(PQ(Vl) - %) — 4sgn(c)(sv, s (a,¢) — s(a,c)) +sgn (cla+d)).  (4.67)

A formula for the difference of s,, ,,(a,c) and s(a,c) is given in Proposition With
r € {0,...|c| — 1} such that m; = r (c), we have

Svi,vo (a7 C) - S(CL, C) Tll (PQ Vl Z ]D1 %Pl (drgzll )

+30(n) (Pl(%) ~ Pr(fm)) + Bo(m) (1 - (7).

We now insert this into (4.67)). Since P; is odd, the factor sgn(c) in front of s,, ., (a, c)—s(a, c)
cancels the norms in the denominators. Then we arrive at the formula of Theorem L4201 O

Immediate Applications. The main formula in Theorem 4.4.20| might look more compli-

cated than the intermediate formula (4.67)). Yet, it is more satisfactory from a computational

point of view, since the sum Z|C| Pl(d—ck) is much easier to compute than the individual

Dedekind sums. For concreteness, let us use Theorem [.4.20] for some explicit computations.
Example.
(i) Consider
(=2 1 . (3 -1
M<1 _1), so that Id —M" = <_1 2).

Since det(Id —M?!) = 5, a pair v = (v1,10) € R? with m = (Id—M%)v € Z? has
to consist of rational numbers with denominator 5. Recall that we exclude the case
v € Z* and may restrict to v € [0,1)2. One then verifies that to obtain a full set of
representatives for the flat connections on T]%4 we are interested in, we need to consider
pairs v and m with

v = (33 G ¢

m = (0,1) (1,0) (1,1) (2,0).
As ¢ =1 and v # 0, the formula of Theorem reduces to

pa(T3) = 2((a+d) - 2)(V12 —v1) —sgn (c(a+d)) —sgn(c) = —10(v2 — 1y).

Hence, one computes

1 2 3 4
¢! = 5 5 5 B

2y _ 8 12 12 8
pa(Ty) = = % £ %

(ii) As a further example, let us consider

(3 2 ¢ (-2 —4
M—<4 3), so that Id—M —(_2 _2>.
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Now, one easily verifies that we can represent the conjugacy classes of flat connections
of interest by

v = (07%) (%70) (%7%)’
m = (_27_1) (_L_l) (_37_ )7
r = 2 3 1.
Then
4—r
pa(Ti) =207 — 1) =4 Y P(%) +1 - 2P () —260m) (PL(5) - P1(%)).
k=1

For v = (0, %), we have r = 2, and so
pa(T3) = —4(PI3) + Pi(3)) +1—2Pi(4) =0,

for v = (3,0) with r = 3,

where we have used that 22:1 Py (%) =0, see (C.18).

Recall from Corollary (ii) that the non-integer part of the Rho invariant on a
3-dimensional manifold is essentially the Chern-Simons invariant associated to the Chern

character. More precisely,
pa(T?) =4CS(A) mod Z. (4.68)

In the case of torus bundles over surfaces, computations for Chern-Simons invariants are
contained in [42, 54} [57]. For the case of U(1)-connections, see for example [42, Thm. 7.22].

Corollary 4.4.21. Under the assumptions of Theorem [4.4.20 we have
pA(TZ%/[) = 2(1/2m1 - 1/1m2) mod Z.
Proof. First note that for all k € Z
2P (%) =25 mod Z.

In particular,

c C

lc|—r
4 Z Pl(%) = 4%% = 2(d—m% — dml) mod Z.
k=1

Here, we have used that by definition 7 = m1 (¢). We also note that (Id —M")v = m means
explicitly that

- )G () (5 ()
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Let us assume now that 11 € Z. Then

pa(Ty) = —Q(M - m) - Qd% = 29 64 Z.

C (& C
It follows from (4.69)) that ™ = —v5 modulo Z, and dm; = m; modulo Z. Therefore,
pa(T%) = 2vym; mod Z,

which is the claim of Corollary [4.4.21]in the case that v, € Z. If v ¢ Z, we have

pa(T3)) = L{W(U% —v) — Q(LT% - d—rgl) -2 mod Z. (4.70)
From (4.69)) we know that
(a+zl)—2y1 _ (d—i)ml —

Inserting this into (4.70]), one finds that

c

pA(T]ﬁ)E2((M—m2)(ul—l)+M—M) mod Z
E2(—y1m2+d—rgl(1/1—m1)—%y1) mod Z

= 2( —vymeo +dmivg + Myl) mod Z,

where in the last line we have used that v; — m; = avy + cvy, see (4.69). Now using that
ad — 1 = bc and observing that bv; + dve = 9 modulo Z, we arrive at

pA(T]@) = 2( —vims + mll/g) mod Z. O

Remark. The formula of Corollary |4.4.21f also holds in the parabolic case: Let ¢ ((1) {) with
| € Zand € = £1, and let v = (v1,10) € R? \ Z? satisfy m = (Id —M*')v € Z%. Then, if
e=1,

—lvy=mg €7Z, m1=0, sothat 2( —vimeo + m1V2) = 2l1/12.

According to Theorem m this is congruent to pa(T%;) modulo Z. If ¢ = —1, then
21 =mq €Z, —lvy+ 219 =mg € Z,

so that again
2( —vime + m1u2) = 2lu% —2v1v9 + 21119 = QZU%.

Jeffrey’s Conjecture. We end the main discussion of this thesis with a remark concerning
a possible perspective for further research. According to , Corollary identifies the
Chern-Simons invariant only modulo iZ, which might seem a bit disappointing. Moreover,
the methods of [42] 54, 57] to obtain the formula for the Chern-Simons invariant are much
less involved than what we have presented. However, this is precisely the real strength of
Theorem It can be used to compute the difference pa(T%) — 4 CS(A) € Z.

Recall from Corollary (i) that this is essentially the spectral flow of the odd signa-
ture operator between the trivial connection and A. For this reason it is promising that a
generalization of Theorem to higher gauge groups might be a way to prove Jeffrey’s
conjecture about the mod 4 reduction of this spectral flow term, see [54, Conj. 5.8].
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Appendix A

Characteristic Classes and
Chern-Simons Forms

Although we assume that the reader is familiar with the theory of characteristic classes, we
include a short survey of Chern-Weil theory in the way we will use it. We closely follow [13]
Sec. 1.5] and [99, Ch. 1] to which we also refer for more details. We place some emphasis
on transgression forms and formulate the results about Chern-Simons invariants, which we
use in Section [LAl

A.1 Chern-Weil Theory

A.1.1 Connections and Characteristic Forms

We start with a short algebraic preliminary. Let V' be a complex vector space. For m € N
consider (A®VC™) ® V' as module over the commutative algebra A®YC™. Then any element
T € AC™ ® End(V) may be viewed as a module endomorphism. Upon choosing a basis
for V, this is a matrix with entries in A°YC™. In this way we can define expressions like T
and det T'. We extend the trace try : End(V) — C on V in the natural way to a trace

try : (A%C™) @ End(V) — A®'C™.

Let f(z) = >_,,>0 an2" be a formal power series with coefficients a,, in C, and assume that
T € (A2*t2C™) @ End(V). An endomorphism T of this form is nilpotent, so that we can
define
F(T)=> " a,T" € (A”C™) @ End(V).
n>0

The following algebraic result is the main tool we use for defining the characteristic forms
we need. We skip the easy proof.

Lemma A.1.1. For every T € (A***2C™) @ End(V),

det (1+T) = exp (try [log(1+T)]),

177
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where the exp(.) is taken in the algebra A°YC™ and the logarithm is defined using the formal
power series
(_1>nzn+1

n—+1

log(1+2) = Z

n>0

It follows from Lemma that if f(2) =1+ 3,5, an2™ is a normalized formal power
series, then for all T € (A2*T2C™) ® End(V)

det (f(T)) = exp (try [log f(T)]).

Motivated by this we also define

det!/? (f(T)) = exp (3 try [log £(T)]). (A.1)

Characteristic Forms of Complex Vector Bundles. Now let £ — M be a complex
vector bundle over an m-dimensional manifold M. Let V be a connection on E with curvature
Fy € O?(M,End(E)). In this context Q°(M,End(E)) plays the role of A°C™ @ End(V)
in the above considerations.

If T € C*°(M,End(E)), then the commutator [V, T] is an element of Q' (M, End(E)).
We can extend this to a derivation

[V,]:Q%(M,End(E)) — Q**(M,End(E)),
by requiring that for o € Q*(M) of pure degree |, and T € Q°(M, End(E)),
[V,a AT] = (do) AT + (=)l A [V, T].
Then it is easy to check that for every such T,
trp[V,T] =d(trgT). (A.2)

Let f(z) = >,50an2" be a formal power series. We define

F(V) =) an(55Fy)" € Q% (M,End(E)).

n>0
From (A.2) and the fact that [V, Fy| = 0, we obtain
dtrg (f(V)) =trg [V, f(V)] =0. (A.3)

Definition A.1.2. Let E be a complex vector bundle over M with connection V, and let
f(2) = 3,50 anz" be a formal power series. Then we define the characteristic form of V
associated to f by

trg [f(V)] =trg [Zan(ﬁFv)n] € QeV(M).

n>0
Definition A.1.3. Let E be a complex vector bundle over M with connection V.

(i) The characteristic form associated to exp(z) is called the Chern character form

ch(E,V) = trg [exp (5= Fy)] € Q% (M).
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(ii) The characteristic form
c(E,V) :=det (14 £ Fy) =exp (trp [log(l + £ Fy)]) € Q% (M)
is called the total Chern form.

(iii) The j-th Chern form '
¢;(B,V) € Q¥ (M)

is defined as the component of degree 2j of the total Chern form, i.e.,

[m/2]
o(B,V)= Y ¢j(E,V)=14c(E,V)+c(EV)+....
7=0

Remark.

(i) Note that it follows form Lemma that the total Chern form fits into the framework
of Definition if we take f(z) = log(1+z) and exponentiate in Q' (M) after taking
trg [f(V)]. Since

d(expotrg [f(V)]) =d(trg [f(V)]) A (expotrg [f(V)]),
it follows from ([A.3)) that this construction also gives closed forms.
(ii) When we decompose the Chern character form into its homogeneous components

[m/2]
ch(E,V) =) chy(E,V),
J
then one easily finds relations between ch; and the Chern forms c¢; for small j. Here,
we are dropping the reference to E and V for the moment. For example,

cho =1k E, chy=ci, chy=3ci—cy, chy=2(3c3—3cac1+c}),

(iii) If E7 and E9 are two complex vector bundles over M endowed with connections V;
and Vs, the following relations are immediate.

a) The Chern character form satisfies
Ch(E1 ® FE, Vi VQ) = Ch(E1, Vl) + Ch(EQ, Vg)

and
ch(E1 ® E2, V1 ® 1 +1® Va) = ch(E1, V1) Ach(Ey, Va)

b) The total Chern form satisfies

C(E1 ® FEy, V1P Vz) = C(El, Vl) A\ C(EQ, VQ)
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(iv) If E is equipped with a metric and V is a compatible connection, then the associated
Chern forms and the Chern character form are R valued forms. Moreover, assume that
E is of rank k and admits an SU(k)-structure. The latter means that the determinant
line det(F) = A*FE is trivial. Then for every compatible connection V

Ch2j+1(E, V) = 0,

which is due to the fact that the trace of elements in the Lie algebra su(k) vanishes.
In particular, the first Chern form ¢;(E, V) is trivial for SU(k)-bundles.

Characteristic Forms of Real Vector Bundles. For our purposes it is enough to define
the characteristic forms which are obtained by complexifying the bundle and the connection.
In particular, we need not restrict to orthogonal connections as one would need to define the
Euler class.

Definition A.1.4. Let M be an m-dimensional manifold, and let V be a connection on a
real vector bundle E — M. Let E€ := E ® C be endowed with the induced connection VC.

(i) We call the characteristic form

p(E,V) = det1/2(1 + (£ Fyc)?) = exp (% try {log (1+ (#Fvcf)})
the total Pontrjagin form of V.

(ii) The j-th Pontrjagin form .
pi(E,V) € Q¥(M)
is defined as the component of degree 45 of the total Pontrjagin form, i.e.,
[m/4]

p(E,V) =Y pi(E,V)=1+pi(E,V)+paE, V) +....
j=0

(iii) We define the Hirzebruch L-form as

- LR
L(E,V) = det"/? [ —3-Y"___ ) c gt ().
tanh (ﬁFVC)

(iv) Moreover, the A-form is defined as

A(E,V) = det'/? _amlve € Q*(M).
(B, V)= de <smh(lFVc)> (M)

Remark.

(i) The definition of the characteristic forms above varies in the literature. First of all,
some authors, e.g. [13], drop the normalizing constants 5~ from the definition. We
include them to get integer valued characteristic classes. Moreover, the L-form is
related to the classical Hirzebruch L-form via

2" L(E, V){an) = L(E, V)jan); (A4)

where (.. .)[n] means taking the n-form component of a differential form.



A.l.

CHERN-WEIL THEORY 181

(ii) We have not yet remarked, why the L-form and the A-form are well-defined. We give

(i)

some brief remarks and refer to [73, App. B] for more details. Recall that the Bernoulli
numbers B,, can be defined by the following generating function:

z > "
—— = ZBnH, 2| < 2m, (A.5)
n=0
see [29] Sec. 9.1]. With respect to this sign convention, the first non-trivial B,, are
given by
BOI]-) B].:_%a 32:%7 -BZJL:_L -B():i
Using (A.5)), one finds that for |z| < 7

2/2 1.2 1 .4
tanhz/Z +Z Bgnz =1+ 352" — =52 + ...
and z/2 22n=1 _q
sinh(z/2) _1+222n I BQnZ _1**2 +57602 +.

This shows that both are normalized power series, which implies that the Hirzebruch
L-form and the A-form are well-defined. Moreover, if dim M = 4, then

LB, V)=1+5p(E,V), AEV)=1-4p(EV). (A.6)

Note that if E is endowed with a bundle metric, and compatible connection V, then
V€ on EF satisfies FL. = —Fgc. Thus,

Hence also,
det!/?(1 + & Fge) = det'/?(1 — oL Fye),
and so
[m/2] . A A
> a(EC,VE) =det (14 5= Fye) = det'/?(1 + 5= Fye)det'/? (1 + 55 Fye)
=0
‘ m/a)
=det'?(1 - (£ Fye)?) = Y (—1)p;(E, V).
j=0

From this we deduce that
02 (E€, V) = (=1)p;(E,V), and cg_1(E, V) =0

If £ can be written as £ = E; & F5, and V decomposes as V = V1 @ Vg, the total
Pontrjagin form p and the forms introduced in Definition satisfy

p(E) = p(E1) Ap(Ez), L(E)=L(E)AL(Ey), A(E)=A(E)AA(E),

where we are dropping the references to the connections.
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A.1.2 Transgression and Characteristic Classes

As we have seen in ((A.3]), characteristic forms associated to a formal power series f as in
Definition are closed. Therefore, they define de Rham cohomology classes. The famous
Chern-Weil theorem states that the difference

trg [£(VY)] = trg [F(VO)]

for two connections V? and V' on E is an exact form. Therefore, the cohomology class
is independent of the connection. We refer to [I3, Prop. 1.41] for a proof of the following
result.

Theorem A.1.5. Let E — M be a complex vector bundle over a manifold M, and let
f(z) = 3,50 anz™ be a formal power series. If V' is a smooth path of connections on E,
then B

Ltrp [f(V)] = dtrg [ (LY A F(VH].
In particular, if a == V! — V0 e Q! (M, End(E)) is the difference of two connections, then

1
tre [f(V)] = tre [f(V))] = d/ trg [a A f(VO +ta)]dt
0
Therefore, we have an equality of cohomology classes

[trp (V)] = [tm (V)] € B (00).

Definition A.1.6. Let £ — M be a complex vector bundle over a manifold M, and let
f(2) =3 50 an2" be a formal power series.

(i) Let V be an arbitrary connection on E. Then the cohomology class

cr(B) = [trE [f(V)]] e H* (M)
is called the f-class of E or the characteristic class of E associated to f.

(ii) If M is closed and oriented, the number

(esE). M) = [ es(m) e

is called the characteristic number of E associated to f. If all characteristic numbers
associated to f are integers, the f-class is called integer valued.
(iii) If V' is a path of connections, we call

1
Tey(V9) = [ ge o (V) A £/(99)]dt € o)

the transgression form of the f-class associated to V!. If V! = V0 4 ta we also use the
notation

1
Tep(V0, V1) ;:/ i trg [a A SV + ta)]dt € Q2001
0
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(iv) The transgression form of the Chern character is called the Chern-Simons form of V*
with respect to V°,

1
es(VY, V1) = o trg [a A exp(V° + ta)]dt € Qedd(pr).
0
Remark A.1.7.

(i) Theorem also applies to characteristic forms of the form exp (trg [f(V)]). For
this note that

i exp (tr [(V)])

E(tre [F(V)]) Aexp (trp [f(VH)])
A(5 trp [(491) A F(9)]) Aesp (1 [£(V1)).

This form is exact, since exp (tr E [ f(v ]) is closed. Hence, the transgression form in

this case is .

ﬁtrE [(%Vt) A f’(Vt)] A exp (trE [f(Vt)])dt

(ii) When considering the cohomology class of one of the particular characteristic forms
introduced in the last section, we will call them Chern character, Chern class, E—class,
etc. The distinction between forms and classes is done by incorporating the connection
in the notation. For example,

ch(E,V) € Q" (M), but ch(E)e H®(M).

(iii) The Chern and Pontrjagin classes are integer valued due to the normalization factor
of 5, see [73, App. C]. The other characteristic classes we have defined are in general
only Q valued.

(iv) Often the term Chern-Simons form is reserved for the degree 3 part of what we have
called the Chern-Simons form. Due to its importance in 3-manifold topology, we want
to derive an explicit formula for it. We abbreviate V := V? and let F}; denote the
curvature of V! := V + ta. Then

Fy = Fy +t(Va) +t*a Aa.

For the component of degree 4 of the Chern character form we have f(z) = 22/2, so

that f’(z) = z. According to Definition

1

0 1 _
CS(V ,V )[3] = —4771_2

1
/ trg [a A (Fy +tVa + tPa A a)]dt.
0
Integrating this expression we get
0 ol 1 1 1
CS(V,V)[3]:—Rtr];[a/\Fv—i—ga/\Va—i-ga/\a/\a]. (A.7)
In particular, if V is a flat connection we get the well-known expression

CS(VO,VI)[g] =— trp [a A Va+ %a/\ alal.

1
872
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A.2 Chern-Simons Invariants

There is also a different description of transgression forms, which we shall describe now.
Let E — M be a complex vector bundle over a manifold M, endowed with a path V! of
connections. Over the cylinder N := [0, 1] x M, we consider the vector bundle 7*E — N,
where 7 : N — M is the natural projection. The path V* defines a connection on 7*E via

Vi=dtA &+ 7V (A.8)
Its curvature is easily seen to be given by
Fo =dt N (£7*V') + n*Fge.
Since dt A dt = 0, one deduces from the trace property that for all n > 1,
treep [F2] = dt A7 trp [n(£V') AFS] + 7 trp [Fo].
This implies that for any formal power series f(z) =), anz",
troep [f(V)] = gedt A" trp [(SV) A f/(VH] + 7" trg [f(V)]. (A.9)

Now, consider integration along the fiber as in Proposition [2.1.12

/ :Q°(N) — Q* (M),

N/M

Then, comparing (A.9) and the definition of the transgression form in Definition one
readily obtains

Lemma A.2.1. If V! is a path of connections over M, and V denotes the associated con-
nection (A.8) over the cylinder N :=[0,1] x M, then

Tep (VY :/ treep [£(V)] € Q4(M).
N/M
Using this result we can now derive the following important property of transgression

forms, see [28, Sec. 3].

Proposition A.2.2. Let E — M be a complex vector bundle over a manifold M. If V! is
a closed path of connections on E, then

Tep (V') € dQ (M),

Proof. Since the space of connections on F is contractible, we can find a smooth two-
parameter family V! of connections which gives a homotopy relative endpoints from V!
to the constant path. On the cylinder N we consider the one-parameter family

Vei=dt A+ VY
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where we are dropping the pullback with 7 from the notation. Using Theorem and
(A.9) one finds that
~ 1
4rg [f(VF)] = ~ oz N treen {(d%vsvt) AdtA (L) A f”(vs’t)}
+dy trg [ﬁ(%v“) A f’(vsyt)}
=:dy(dt A afs,t) + dyB(s,t),

where a(s,t) and (3(s,t) are two-parameter families of differential forms on M. Then
d s
= trp [f(V*)] = / dn (dt A a(s,t)) +/ dnB(s,t)
8 N/M N/M

=dy dt A a(s,t) +/ dt A (£5(s,t))
N/M N/M

=dym dt A a(s,t) + B(s,1) — 5(s,0).
N/M

By assumption, V! = V*0 is constant for all s. Checking the explicit formula for 3(s,t)
one finds that (s, 1) = 5(s,0). According to Lemma this shows that

d ~
ETe () = g [ e L) € ),

from which the result follows. O

Chern-Simons Invariants. The last result shows that transgression forms can be used to
define numerical invariants associated to pairs of connections on odd dimensional manifolds.
In this respect they are odd analogues of characteristic numbers.

Definition A.2.3. Let M be a closed manifold, and let f(z) = >, 5yan2" be a formal
power series. If V? and V! are two connections on a complex vector bundle £ — M we
define the Chern-Simons invariant of V' with respect to V° associated to f as

CS;(VO, V1) ::/ Tep(VO, V).
M

Proposition A.2.4. Let M be a closed manifold, and let f be a formal power series. Con-
sider two connections V° and V' on a complex vector bundle E — M.

(i) If V! is any path connecting VO and V!, then

CS;(VO, V) = /M Tep (VY.

(ii) Let V2 be a third connection on E, then

CS;(VO,V?) = CSy(VY, V1) + CSy(VE, V).
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(iii) Assume that V¥ is a connection over the cylinder N = [0,1] x M such that on a collar
of the boundary it is of the form (A.8). Then

CS,(V0, V1) = /NtrE VM), (A.10)

(iv) If W is a compact manifold with boundary M, and E, V° and V' extend to Ey, Vo
and V1, then

csf(vo,vl):/wtrE [F(VD)] —/ trg [f(V)].

W

(v) Assume that [ gives an integer valued characteristic class, and let ® : E — E be a
bundle isomorphism. Then for every connection V on E,

CS4(V,*V) € Z.

Sketch of proof. Since M is assumed to be closed, part (i) follows from Proposition
Part (ii) is an immediate consequence of (i). For (iii) let V! be a path connecting V" and
V! such that on a collar of the boundary, VY and V as in agree. Theorem
implies that V¥ — V is the differential of a form on N with compact support away from the
boundary. Then Stokes’ Theorem readily yeilds (iii). Part (iv) also follows from Theorem
and Stokes’ Theoremﬂ For part (v) denote by ¢ the map covered by ®. Then the
mapping torus
Ep :=([0,1] x E)/ ~, (1,2)~ (0,®(x))

is a Hermitian vector bundle over the mapping torus M,,. Endow Fg with a connection ve,
induced by connecting V and ®*V over M. Then one easily finds that

CS(V, V) :/ trmy [F(VD)].
M,
The right hand side is integer valued as M, is closed. O

Remark A.2.5. For a characteristic class of the form exp (trE [ f (V)]) we have seen in
Remark that the transgression form is given by

1
; %trE [(%Vt) A f’(Vt)] A exp (trE [f(Vt)])dt.

Lemma extends to this context: Let V be the connection over N = [0,1] x M, and
write

tr [f(V)] = dt A a(t) + B(t),
where a(t) and ((t) contain no dt-factor. Then
exp (trg [f(%)]) = exp (dt A a(t)) Aexp (B(t) = (1 +dt Aa(t)) Aexp (B(1)).

! Alternatively, one could glue a cylinder to the boundary of W to interpolate between V° and @1, and
then use Lemma @ as well as the additivity under cutting and pasting of characteristic numbers.
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Therefore,

/ exp(trE[f(ﬁ)})_/ dt A at) A exp (5(0))
N/M N/M

= / trg [f(V)] Aexp (tre [f(VH)])
N/M

= ; %trE [(%Vt) A f’(Vt)] A exp (trE [f(Vt)])dt

where we have used (A.9) in the last line. Similarly, one checks that Proposition and
Proposition continue to hold in this context.
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Appendix B

Remarks on Moduli Spaces

In this appendix we include some details concerning the moduli space of flat connections
and the moduli space of holomorphic line bundles over a Riemann surface. Since the Rho
invariant depends only on the gauge equivalence class of the underlying flat connection,
understanding the moduli space of flat connections is a prerequisite for the computation of
Rho invariants. Moreover, the interplay between flat connections and representations of the
fundamental group is often used in the main body of this thesis. Therefore, we start with a
detailed discussion of these topics, in particular including some remarks on the question of
whether a given flat bundle is trivializable or not.

We proceed with a discussion of the moduli space of flat connections associated to a
mapping torus. Here the objective is to prove the facts we have used in Chapter[d After this,
we add some remarks about the moduli space of holomorphic line bundles over a Riemann
surface and its relation to the moduli space of (flat) connections. This will establish some
facts we have freely used in Section

B.1 The Moduli Space of Flat Connections

B.1.1 Flat Connections and Representations of the Fundamental Group

Since many features become more transparent in a more general setup, we start working with
a principal G-bundles, where G is an arbitrary connected matrix Lie group. Ultimately we
are interested in flat Hermitian vector bundles and restrict to G = U(k). A general reference
for the contents of this section are [37, Sec. 2.1] and [62], Ch. II].

Denote by g the Lie algebra of G. Since we are assuming that G is a matrix Lie group, g
is a matrix Lie algebra. We use the notation “Ad” for the adjoint action of G on itself and
“ad” to denote the adjoint action of GG on g.

Connections and Curvature. Let M be a connected manifold, and let P 5 M be
a principal G-bundle. Let R, denote the right-action of ¢ € G on P. Recall that a G-
connection on P is a Lie algebra valued 1-form A € Q!(P, g) satisfying

RyA = g 1Ag, and A(%‘tzop . exp(tX)) =X, peP, Xeg (B.1)

189
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We denote the space of all G-connections on P by A(P). The curvature of A is defined as
Fa=dA+ANAcQ*P,g),

where AA A stands for taking the exterior product in the form part and matrix multiplication
in the Lie algebra part. The curvature is easily seen to be ad-equivariant and horizontal,
i.e.,
—1 .
RyFa =g Fag, i (%‘tzop . exp(tX))FA =0.

This implies that F4 can also be viewed as a 2-form on M with values in the bundle ad(g) =
P X,q 9. A connection A is called flat if F4 = 0, and we denote by

F(P)={Ac A(P)|Fa =0}
the space of flat G-connections on P.

Gauge Transformations and the Moduli Space. We also recall that a gauge transfor-
mation is a G-equivariant bundle isomorphism,

®:P—P P(p-g)=2(p) -y

If one defines u : P — G by requiring that ®(p) = p - u(p), then u is Ad-equivariant,

u:P—G, ulp-g)=g tu)g.

Conversely, it is easy to see that every gauge transformation arises this way. Hence, one of
several equivalent ways to define the group of gauge transformations is

G(P) :== C>(M,Ad(P)), where Ad(P)=P xaqG.

The pullback of a connection by a gauge transformation gives a natural action of G(P) on
A(P). In terms of an Ad-equivariant map u : P — G this takes the form

A-u=utAu+utdu, Ac AP), uecG(P).

We point out that w 'du is the pullback of the Maurer-Cartan form on G via u. The
curvature behaves equivariantly with respect to this action,

Fau=u"'Fqu, AcA(P), uecg(P).

In particular, the action of G(P) on A(P) leaves the space F(P) of flat connections invariant.
One can thus define the moduli space of flat connections on P as

M(P) :=F(P)/G(P).

Remark B.1.1. We will often encounter the situation that P is trivializable. If we fix a
trivialization P = M x GG, we can identify

AM x G) = QYM,g), G(M x G)=C>(M,G).
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The Holonomy Representation. Fix a base point pg € P, and let z¢ := 7(pg). Consider
a closed loop based at xg, i.e.,

c:I—- M, I=]0,1], with ¢(0)=c(1)= zo.

Since I is contractible, the pullback ¢*P — [ is trivializable. As we are assuming that G
is connected, we can fix a lift ¢ : I — P of ¢ such that ¢(0) = ¢(1) = pg. Now let A be a
G-connection—not necessarily flat for the moment—and let

A= (¢*A)(0y) € C™°(1,9). (B.2)
Definition B.1.2. Let g; : I — G be the unique solution of the ordinary differential equation
Ogt = —Awgr, go =e,

where e € G is the identity element. Then the holonomy of A along ¢ with respect to the
base point pg is defined by
holy (¢, po) := g1 € G.

Note that the definition gives no reference to the lift ¢ we have fixed. The reason why
we are allowed to do so is one of the contents of the following result.

Lemma B.1.3. Let A be a connection on P, and let ¢ : I — M be a closed loop, based at
xIQ.

(i) If ¢ : I — I is an orientation preserving reparametrization, then
hol4(c o ¢, pg) = hola(c, pop)-
(ii) For every gauge transformation u € G(P),
hola.u (¢, po) = u(po) ™" hola(e, po) u(po)-
In particular, hola(c, po) is independent of the lift € chosen in its definition.

(iii) Assume that ¢ is another loop, based at xq, and denote by c*¢ the loop defined by first
running along ¢ and then along ¢. Then

hol4(c * ¢, po) = hola(¢, po) hola(c, po).

(iv) Let p1 € P be a different base point, and ¢y : I — P be a path connecting py with p;.
Then there exists g € G such that

holA(cO_1 x ¢ co,p1) = ghola(c, po) g~ Y, where ¢y := m o Cp.
Proof. [[] To prove part (i) let g; be as in Definition Then

Ds9p(s) = ¢ (8)(0e9t)li=p(s) = —#' () Ap()9p(s) = — (€0 0) " A(Ds) gp(s) -

! Although the assertions in Lemma is standard, we include a proof as the discussion to follow relies
on similar arguments.
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Moreover, we have g,y = go = e and g,1) = g1- Then part (i) is true by definition. To
prove (ii) define u; :=uoce C®(I,G), and ¢, := ¢- us. Then ¢, is a lift of ¢ with

cu(0) =¢u(1) =po-ulpo), and c*(A-u)(0) =7, A0) = As - wy.
If g; is as in Definition then
Bi(uy ' gruo) = (Bpuy M gruo +u™ (Drge)uo
= —uy ' (Bpue) (uy  gruo) — (uy ' Ague) (ug gruo)
= —(A¢ - ug) (ug * gruo).

Since ug Lgoup = e, this implies that

hol ., (¢, po - 9) = uy *g1up = u™*(po) hola(c, po) u(po)-

The second assertion of (ii) follows from the fact that every lift of ¢ with base point py is of
the form ¢ u with u(p) = e. Concerning part (iii), we define A, as in with respect to
a lift of ¢ and note without going into detail that hola(c * ¢, pp) is given by g1, where g; is
the unique solution to B

8t§t =S _Atgt; 50 = hOlA(C, po).
This readily yields g1 = hol4(¢, pp) hols (e, po). To prove (iv) we can solve the initial value
problem

Oge = — (G A)(Ot)gt,  go = e.
Then one verifies without effort that the assertion holds with g := g1. O

Let Q(M,xo) be the based loop group of M. This is the set of all loops, based at z,
modulo orientation preserving reparametrization. For reasons of functoriality we endow
Q(M, xzp) with the product ¢ - ¢ := ¢* ¢, where ¢ * ¢ is as in Lemma Let po € P with
xg = 7(pg). Using the above results, one obtains a well-defined homomorphism

holg : Q(M,x0) — G, ¢+ holy(c,po) (B.3)

Definition B.1.4. Let A be a connection on P. Then the homomorphism (B.3)) is called
the holonomy representation of A with respect to the base point pg. We also define the
holonomy group of A with respect to py as

Ga(po) := im (hols : Q(M, z0) — G)

A connection A is called irreducible, if G 4(po) = G. Otherwise, it is called reducible. More-
over, the isotropy group of A is defined as

I(A)={ueg(P) | A-u=A).

Lemma B.1.5. The conjugacy class of Ga(po) is independent of py and the gauge equiva-
lence class of A. Moreover, for fixed py € P, the map

I(A) = G, wr—u(po),

maps I(A) isomorphically to the centralizer of G z4(po) in G.
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Proof. The first assertion is immediate from Lemma [B:1.3] Now fix pg, and assume that
u € I(A). Lemma implies that for every loop ¢ : I — M | based at xy = 7(pp), we
have

hola (¢, po) = hola.u(c, po) = u(po) " hola(c, po) u(po)-
Thus, u(pg) lies in the centralizer of G 4(py). Now let Py be the set of all p € P such that
there exists a horizontal path ¢ : I — P with ¢(0) = pp and ¢(1) = p. Then Fy intersects
every fiber of m: P — M. This is because if ¢: [ — P is an arbitrary path with ¢(0) = py,
we can solve

gt = —Argr,  go =€,

with A; as in , to get a horizontal path ¢- g; : I — P whose endpoint lies in the same
fiber as the endpoint of ¢.

To prove injectivity of the map I(A) — G, u — u(py), let v € I(A) with u(pg) = e.
Since w is Ad-equivariant and P, intersects every fiber of w# : P — M, it suffices to show
that u|p, =e. Let p € Py, and let ¢ a horizontal path connecting po with p. Then A-u= A
implies that

(™" 0 )30 (1) = u dulay(48) = (A —u* Au)lgy(42) =0,

where we have used that %/c\ is horizontal. Hence u is constant along ¢ and thus, u(p) = e.
Next, assume that gy € G lies in the centralizer of G 4(pp). We need to define u € I(A) such
that w(po) = go. We first define u|p, to be the constant map gog. To see that this defines a
gauge transformation, we need to check that u(p - g) = g~ u(p)g, whenever p and p - g both
lie in Py. Let ¢ and ¢, be horizontal paths connecting py with p, respectively with p-g. Then
¢, * (¢71-g) is a horizontal path which connects py with pg - g. This implies that g € G a(po)-

Since we have assumed that gg lies in the centralizer of G4 (po), we obtain

u(p-g) =9 'u(p)g =97 909 = 9.

Hence, u|p, is Ad-equivariant and can be extended to a gauge transformation on P. To
prove that u € I(A) first note that the values of the 1-forms A - u and A on vertical vectors
are both prescribed by . To see that A -w and A also agree on horizontal vectors, it
suffices to consider A|, and A - u|, for p € P since both, A - u and A, are ad-equivariant.
Now if v € T, P is horizontal, there exists a horizontal path ¢ : (—¢,e) — P with ¢(0) = p
and %E(O) = v. By definition of P one easily checks that im(c) C Py. Thus, u is constant
along ¢ so that

A ulp(v) — Alp(v) = utdul,y(v) = u_l(p)%‘tzou oc=0. O

Flat Connections and the Fundamental Group. After this technical preparation,
we turn our attention to flat connections. The following result shows that they are of a
topological nature.

Proposition B.1.6. If A is flat, then the holonomy hol(c,po) depends only on the homo-
topy class [c] € m (M) = m1(M,xzg). In particular, the holonomy representation defines a
homomorphism

holy € Hom (71(M), G).

Moreover, the assignment F(P) — Hom (m(M), G), A — holy gives well-defined map
M(P) — Hom (m (M), G)/G.



194 APPENDIX B. REMARKS ON MODULI SPACES

Proof. Consider a homotopy
c:IxI— M, ¢(s0)=c(s1)=uwx.

Since any fiber bundle has the homotopy lifting property, we can choose a lift
c:IxI— P, ¢(s,0)0=¢(s,1)=npo

Abusing notation we use the letter A also to denote the 1-form ¢*A4 € Q!(I x I,g). The
flatness condition dA + A A A = 0 written out with respect to the coordinates (s,t) € I x I
is

05 A(0r) — 0:A(Ds) + A(0s)A(0r) — A(0r)A(0s) = 0. (B.4)
For fixed s let gs = gs(t) : I — G denote the solution to

Orgs = _A(at)g& 98(0) = e (B'5)

Since A depends smoothly on s and t, it follows from the standard theory of ordinary
differential equations that g; depends smoothly on s. We then compute

Oy (8395 + A(as)gs) = 85(81%]8) + (atA(as))gs + A(as)(atgs)
- _83 (A(at)gs) + (81514(85))98 - A(as)A(at)g&

where we have used (B.5). Then (B.4) implies that

0 (0595 + A(0s)gs) = (A(0s)A(r) — A(9r) A(Ds)) g5 — A(0r)Dsgs — A(Ds)A(0r)gs
= —A(0)) (D595 + A(Ds)gs)-

The initial condition in (B.5) and the fact that ¢(s,0) is constant for s € I implies that
0s9s|t=0 = 0 and A(9s)|t=o = 0. Hence,

0s9s = —A(0s)gs, foralltel.

Moreover, we have A(0s)|t=1 = 0 so that gs(1) is independent of s. By definition of the
holonomy and ([B.5)) this proves the first assertion of Proposition The other assertions
are immediate from Lemma [B.1.3] O

The Moduli Space of Representations. Let M(M,G) be the moduli space of flat
principal G-bundles, i.e., the space of isomorphism classes of pairs (P, A) where P is a
principal G-bundle and A is a flat connection on P. Our next goal is to show that the map
in Proposition induces an isomorphism

M(M,G) = Hom (m (M),G)/G.

Remark B.1.7. Note that in general M (M, G) will be strictly larger than the moduli space
M(P) for one fixed flat bundle P. This is because there might exist flat bundles such that
the underlying principal G-bundles are not isomorphic. In the case that G = U(k) we will
say more about this in Section below.
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To associate a flat G-bundle to any representation o : w1 (M) — G, let M be the universal
cover of M. For definiteness we fix a base point xog € M and identify M with the space of
homotopy classes of paths in M starting at xg. Then m (M, zo) naturally acts on M from
the right. For « : m (M, z¢) — G we define the principal G-bundle

P, ::MXQG:(MXG)/N
where .
(T,9) ~ (T-c,alc)tg), (T,9) e M xG, cecm(M). (B.6)

Pulling back the Maurer-Cartan form g~'dg € QY(G,g) to M x G defines a natural flat
connection on M x G, which is invariant under the action of w1 (M). In this way we
get an induced flat connection A, on P,. It is straightforward to check that with respect to
the base point pg := [z¢, €] € Pa,

hola,, (¢,po) = a(c), c € m(M, ).
More generally, we have

Proposition B.1.8. Let P be a principal G-bundle with flat connection A, and let o :
T (M) — G be a representation of the fundamental group. Then (P, A) is isomorphic to
(P, Ay) if and only if there exists g € G with holy = g 'ag. In particular, we have a
bijection
M(M,G) = Hom (m1(M),G) /G, [P, A] — [hola].

Sketch of proof. The assertion that (P, A) = (Py, Ay) implies holy = g~ 'ayg is an immediate
generalization of Lemma (ii). For the reverse direction first consider a representation
« and let a := galago for some ggp € G. Define

MXG—)MXG, (579)'_)(53909)
This descend to a bundle map P, — P5 since

(T c,a(c) " (g09)) = (T- ¢, 90(al(c)"g)).

One verifies that this gives an isomorphism of flat bundles. Now assume that hols = a, and
fix a base point pg € P. For £ € M, let ¢z : I — M be a path in M representing = and
starting at o = 7m(po). Let ¢z : I — P be the horizontal lift to P, starting at py. Using the
same ideas as in Proposition one finds that ¢z(1) depends only on the homotopy class
of cz. Hence, we get a well-defined map

d:MxG—P, (Z,9) ) g.

The construction is in such a way that ® is G-equivariant and surjective. Moreover, if
¢ € (M, xg), then a straightforward calculation shows that

C(z.¢)(1) = cz(1) - hola (e, po),

and
@‘1(85(1)) ={(z ¢ holA(c,po)_l) ‘ cem(M,zo)}.
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Since we are assuming that hola(c,pp) = a(c), this implies that ¢ descends to a bundle
isomorphism P, — P. Concerning the relation between the flat connections A and A, we
remark without further comments that @ is defined in such a way that it maps the horizontal
distribution on the trivial bundle M x G to the horizontal distribution on P given by A.
This implies that via the isomorphism P, = P the connections A, and A agree. ]

B.1.2 Flatness and Triviality of U(k)-Bundles

As mentioned in Remark a flat principal G-bundle is not necessarily trivializable. In
this section we give some details for the case G = U(k). Via the standard representation of
U(k) on C*, a principal U(k)-bundle P defines a Hermitian vector bundle E — M and vice
versa. We will freely switch between the two equivalent notions.

Flat Line Bundles. We first recall that the space of all Hermitian line bundles over a
given manifold can be described in terms of Cech cohomology, see [96], Sec. I11.4] for details.
Let M be a compact, connected manifold. For a Lie group G we denote by G the sheaf of
locally smooth functions on M with values in G. Then H' (M, U(1)) is isomorphic to the set
of Hermitian line bundles over M up to isomorphism. Note that the group structure on the
latter is given by the tensor products of line bundles. There is an exact sequence of sheaves.

0—7 R U01) — o0, (B.7)

Since the sheaf R is fine (i.e., admits partitions of unity), the cohomology H®(M,R) van-
ishes away from degree 0. The long exact sequence in cohomology then produces natural

isomorphisms
HP(M,U(1)) = HY*Y(M,Z), p>1.

For p = 1, this isomorphism coincides with the integral first Chern class
c1: HY(M,U(1)) = H*(M,Z). (B.8)

On the other hand, we have seen in Proposition that flat Hermitian line bundles
are classified by representations of m1(M) in U(1). Here, conjugation does not play a role
here since U(1) is abelian. Therefore, the moduli space of flat Hermitian line bundles has
the cohomological description

Hom (7 (M), U(1)) = H' (M, U(1)).

Note that in terms of Cech cohomology, H? (M , U(l)) refers to the sheaf of locally constant
(rather than C*°) functions with values in U(1). Similarly, we have to distinguish between
H*(M,R) and H*(M,R). We have a long exact coefficient sequence

.. — HP(M,Z) — H”(M,R) — H?(M,U(1)) — H?*Y(M,Z) — ...
Here, the integral first Chern class appears again as the map
¢yt HY(M,U(Q1)) — H*(M,Z).
Moreover, the universal coefficient theorem shows that
ker (H*(M,Z) — H*(M,R)) = Tor (H*(M,Z)).
Together with this easily yields
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Lemma B.1.9. A line bundle L — M admits a flat connection if and only if its integral
first Chern class satisfies ¢ (L) € Tor (H*(M,Z)).

Remark. The above result also follows from Chern-Weil theory: The representative of
the first Chern class in de Rham cohomology is given by [tr(%F A)], where A is any U(1)-
connection on L. Hence, L admits a flat connection if and only if ¢; (L) vanishes in H?(M,R).
This is precisely the case if the integral first Chern class is a torsion class.

There is also a topological condition for triviality of a flat Hermitian line bundle. It is
straightforward to check that the natural map of sheaves U(1) — U(1) relates the two exact
coefficient sequences via

0 —— HY (M, U(1)) —*— H*(M,Z) —— 0

| T H T

HY(M,R) —— HY(M,U(1)) —— H*(M,Z) —— H*(M,R).

Lemma B.1.10. Let L, — M be a flat Hermitian line bundle on M with holonomy « :
Hy(M,Z) — U(1). Then Ly, is trivializable if and only if the restriction of a to the torsion
subgroup Tor (Hy(M,Z)) is trivial.

Proof. The line bundle L, is trivializable if and only if ¢;(Ly) = 0 in H?(M,Z). The above
diagram shows that this is precisely if

Lo € im [HY(M,R) — H' (M, U(1))].

The latter means that a = exp(2wia) with @ : Hi(M,Z) — R. Since (R, +) is a torsion free
abelian group, the restriction of & to Tor (H1(M,Z)) vanishes. Conversely, if « is trivial on
Tor (Hl(M, Z)), it can be lifted to a homomorphism & as above. O

Flat U(k)-undles. If we now consider U(k) for k > 1, Lemma and Lemma
do not generalize immediately, since we do not have a simple cohomological description of
the space of (flat) U(k)-bundles. This is mainly due to the fact that H*(M,U(k)) is not a
group since U(k) is non-abelian. However, in the case that dim M < 3 the results about flat
U(1)-bundles generalize to U(k). The underlying reason is the following

Proposition B.1.11. Let M be a manifold of dimension < 3. Then every principal SU(k)-
bundle P — M 1is trivializable.

Idea of proof. Let ESU(k) — BSU(k) be the universal SU(k)-bundle, see [33], Sec. 8.6]. It
has the property that F SU(k) is contractible, and the set of isomorphism classes of SU(k)-
bundles is isomorphic to the set of homotopy classes of maps M — B SU(k). Since the total
space of the universal SU(k)-bundle is contractible, the long exact homotopy sequence yields
that

T (BSU(k)) = mn—1(SU(K)), n>1. (B.9)

It is well known that SU(k) is 2-connected, see [33, Sec. 6.14]. Hence, implies that
BSU(k) is 3-connected. Since we are assuming that dim M < 3 it follows that every map
M — BSU(k) is homotopic to a constant map. Therefore, every SU(k)-bundle over M is
trivializable. O
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We then have the following generalization of Lemma and Lemma

Corollary B.1.12. Let M be a compact, connected manifold of dimension < 3, and let
E — M be a Hermitian vector bundle over M of rank k.

(i) The bundle E admits a flat connection if and only if its integral first Chern class
satisfies c1(E) € Tor (H*(M,Z)).

(ii) Assume that E is flat with holonomy « : m (M) — U(k). Then E is trivializable if and
only if the restriction of det(a) : H(M,Z) — U(1) to Tor (H\(M,Z)) is trivial.

Proof. Let det(F) := AE — M denote the determinant line bundle of E. One concludes
from the exact sequence

det

0 — SU(k) — U(k) — U(1) — 0,

that F ® det(E)~! admits an SU(k)-structure. As we are assuming dim M < 3, it follows
from Proposition [B.1.11| that E ® det(E)~! is isomorphic to M x CF. This implies that E
is flat/trivializable if and only if det(E£) is flat/trivializable. Since

c1(B) = c1(det(E)) € H*(M,Z),
part (i) readily follows from Lemma whereas (ii) is immediate from Lemma|(B.1.10, [

Remark B.1.13. If ¥ is a closed, oriented surface, then H?(X,7Z) = Z. Therefore, there
are no torsion elements and every flat Hermitian vector bundle over ¥ is isomorphic to the
trivial bundle. For 3-manifolds there will in general exist non-trivial flat Hermitian bundles,

see for example Remark below or Section [2.3

B.2 Flat Connections over Mapping Tori

We let M be a closed, oriented manifold, and let f € Diff (M) be an orientation preserving
diffeomorphism. Then we define the mapping torus My of f as

My := (M x R)/Z,
where 7Z acts on M x R via
k()= (f " a),t+k), (z,t)e M xR, keLZ (B.10)

We use this definition rather than defining My as a quotient of M x [0, 1], since it is convenient
to work Z-equivariantly on M x R. Since we assume that f is orientation preserving, the
product orientation of M X R defines an orientation on My. The map

M xR — S (z,t) — exp(2mit)
is invariant with respect to the action (B.10]), and gives rise to a fiber bundle
M — M; 5 St

Let Diffq(M) be the component of the identity in Diff* (M) with respect to the C°°-
topology. We collect the following well-known material.
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M x {0}

mMX{l}

/

Figure B.1: The mapping torus of f

Lemma B.2.1. The diffeomorphism class of My depends only on the conjugacy class of f
inside the mapping class group

Diff* (M) / Diffo(M).
Moreover, there exists a diffeomorphism —My = Mg, where —Mjy carries the reversed

orientation.

Proof. To show that the diffeomorphism class of M; depends only on the isotopy class of
f, let f; : [0,1] — Diff *(M) be an isotopy. Possibly using a reparametrization of [0, 1] we
may assume that f; is constant near 0 and 1. Define ¢; := ft_1 o fo and extend ¢; to a path
@i : R — Diff T (M) by requiring that ¢y 1 = f; 0 @ o fo. Then one easily checks that

P:MxR—MxR, @(z,t):= (p(2),t),

is Z-equivariant with respect to (B.10]). Hence, it descends to a diffeomorphism ® : M —
My, . Similarly, if g € Diff " (M), then the map

U:MxR—MxR, U(z,t):=(g9(z),t)

defines a diffeomorphism W : My — M ¢,-1. Thus, the diffeomorphism class of My depends
only on the conjugacy class of f in Diff " (M)/ Diffo(M). In a similar way one verifies that
an orientation reversing diffeomorphism My = M1 is induced by

MxR—MxR, (x,t)— (x,—t). O

Remark B.2.2. We also want to point out that every oriented fiber bundle M — MZ st
arises in the way just described: Identify M with the fiber 771(1), and endow M with a
vertical projection PY : TM — TV M, see Section For x € M denote by ¢, : [0,1] — M
the horizontal lift of the path

[0, 1] N Sl, t— 627rit
which starts at . Then ¢;(1) € M, so that we can define

f:M— M, f(z):=c(1).
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It follows from the standard theory of ordinary differential equations that f is a diffeomor-
phism. Moreover, since we have assumed that M < M 5 S! is an oriented fiber bundle, it
follows that f is orientation preserving, i.e., f € Diff *(M). One then verifies that the fiber
bundle 7 : M — S! is indeed isomorphic to the fiber bundle given by the mapping torus
M. This identification might seem to depend on the choice of PV and the identification of
M as a fiber. However, since all vertical projections are homotopic, one can check that the
conjugacy class of f in the mapping class group Diff ™ (M)/ Diffo(M) does not change, so
that by Lemma the isomorphism class of the mapping torus is unambiguously defined.

B.2.1 Algebraic Description of the Moduli Space

Let G be a connected matrix Lie group. Ultimately G will be U(k). We use Proposition

[B1.§ to identify
M(Mf, G) = Hom (Wl(Mf), G)/G,

where G acts by conjugation. We fix a base point zyp € M assume for simplicity that
f(xo) = xp. This is possible as we can always find an element in the isotopy class of
f € Diff " (M) which fixes z9. Then the path

v:R—=MxR, t— (x,t),

descends to a closed path in My, whose homotopy class we also denote by v € m(Mjy).
Without including it in the notation, we are using [z, 0] as a base point for M;. On the
other hand, the inclusion M = M x {0} C M x R induces a map

iy m (M) — mi (My).
Then the following is easily verified ]

Lemma B.2.3. The fundamental group of My with respect to the base point [xg,0] is given
by
m(My) = (m (M), |y ey = fuc, ¢ € m(M)),

where fi: w1 (M) — m (M) is the induced map on the fundamental group.
The map i, : m (M) — m (M) gives rise to a natural homomorphism
i* : Hom (m1(My), G) — Hom (m1(M),G), o aoi,.
This map is G-equivariant and we get an induced map
[i*] : M(My,G) = M(M,G), [a] — [aoil. (B.11)

Similarly, f* : Hom (m (M), G) — Hom (71 (M), G) is G-equivariant so that it descends to
a map

[f]: M(M,G) = M(M,G), [a] — [ao f].

For the following result see also [2], Sec. 8].

?Recall that for fundamental groups we are using the product [c] - [¢] := [ * ¢], where € * ¢ means first ¢
and then c.
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Proposition B.2.4. The natural map defines a surjection
[i*] : M(My,G) — Fix[f*] € M(M,G).
Moreover, if a € Hom (71(M),G) is such that [o] € Fix[f*], then
) = {9 € G | oy = f*a}/Z(0) (B.12)
where Z(a) := {h € G |h~'ah = a} is the centralizer of o, and acts on G by conjugation.
Proof. With ~ as in Lemma define
® : Hom (m1(My),G) — Hom (m1(M),G) x G, aw (aoiy, a(y)).
Then Lemma implies that ® induces an isomorphism
® : Hom (m (Mjy), G) = {(a,9) € Hom (m(M),G) x G ‘ g lag = fra}. (B.13)

The action of G by conjugation on Hom (7['1(M )5 G) translates to to the right hand side as
G acting diagonally by conjugation, i.e., h € G acts on an element (a, g) via

(o, g) - h:= (h_lozh, h_lgh).
Then
M(My,G) = {(a,g) € Hom (11 (M),G) x G | g lag = ffa}/G.

Under this identification, the map [i*] in (B.11]) is given by the projection onto the first factor.
Now [a] = [f*a] if and only if there exists g € G with g~'ag = f*a, which guarantees that

[i*] : M(My, G) — Fix[f*] € M(M, G), [, g] = [a],
is well-defined and surjective. The inverse image of [a] € Fix[f*] is given by
[i*] (o] = {(& g) € Hom (71(M),G) x G | g~'ag = f*a, [a] = [o]}/G.
Hence, if we fix a representative «, then
o] = {g€ G | g7lag = *a}/Z(a). =
Remark.
(i) If we fix a different representative & = h~'ah in , then one easily checks that
{gea ’ g lag = fra} = {h_lgh eG ’ g ltag = fra}.
Moreover,
Z(@) = h™'Z(a)h.

This describes the relation among the isomorphisms in (B.12|) for different choices of
representatives for [a] € Fix[f*].

1

ii) We also want to point out that if we fix g with ¢ ag = f*«, then
(i) g 9 ag

{g eqG ‘ g lag = f*a} =Z(a)g.

Furthermore, note that if & € Hom (w1 (M), G) is irreducible, then Z(«) coincides with
the center of G,

Z(a)=Z(G)={g9€ G | gh=hg foral heG}.
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B.2.2 Geometric Description of the Moduli Space

We now turn to a more geometric description of M(My,G). A related discussion, yet in a
different context, can be found in [38, Sec. 5] and [90, Sec. 7]. Since we prefer to work with
Hermitian vector bundles over My, we assume from now on that G = U(k).

Vector Bundles over Mapping Tori. Using the ideas of Remark one finds that
every Hermitian vector bundle over My is isomorphic to a mapping torus

E;=(ExR)/Z— (M xR)/Z = M;s. (B.14)
Here, ]/”\is a bundle isomorphism covering f, and Z acts on E x R via
k-(e,t) = (F"e),t+k), (e;t)eExR, keZ

To keep the notation simple, we are identifying £ x R with the pullback bundle 7},F —
M x R, where mpr : M x R — M. For a fixed Hermitian vector bundle £ — M, we denote
by G(FE) the group of gauge transformations and by G¢(E) the set of isomorphism classes of
bundle isomorphisms covering f. Note that there is a free and transitive action of G(F) on
G(E), given by
Gr(E) x G(E) — G¢(E), (f,u)— fou.

Hence, upon fixing one particular fe Gf(FE), the space G¢(F) is isomorphic to the group of
gauge transformations G(E).

Remark B.2.5. If E = M x CF is the trivial bundle, the group G(E) coincides with
C>°(M,U(k)), see Remark [B.1.1} Then for u € C*°(M,U(k)), we define

fu: M xCF— M xCF fu(x, z) == (f(2),u(z)z).
This gives a canonical identification
C=(M,U(k)) = G;(M x CF), wrs f.

We then write E, for the bundle defined by f;

Lemma B.2.6. If fl, fg : E — E are two bundle isomorphisms covering f, then Efl > Efz
if and only if there exists ¢; € C*(R,G(E)) such that

¢rr1=fo oo fi. (B.15)
Proof. If we define
P:ExR—ExXR, ®(et):= (pie),t),
then R R R
@(ffl(e),t—f— 1) = (@t—&-l ofl_l(e),t—l— 1) = (f2_1 opie),t+ 1).

This implies that ® is a Z-equivariant bundle isomorphism and so EA1 and F 7, are isomorphic.
Conversely, we can lift a bundle isomorphism E ;o= E]?Q to a Z-equivariant map £ X R —
FE x R and use this to define ¢; with the required property. ]
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Remark B.2.7. Assume that E = M x C* is a trivial bundle, and let u,v € C® (M,U(k:))
define vector bundles E, and E, as in Remark Then (B.15) takes the form
pri1=fy o pro fu=v"" (1o flu.

Additional Remarks for Line Bundles. In the case that F = L is a line bundle, we
can also give a more topological interpretation of . Since U(1) is abelian, the group
of gauge transformations of L is given by G(L) = C> (M, U(1)), irrespectively of whether L
is trivializable or not. From the long exact sequence associated to the coefficient sequence
(B.7)), we get an exact sequence

0— Z — C®(M,R) — C*°(M,U(1)) — H'(M,Z) — 0. (B.16)
Here, the map C*°(M,U(1)) — H'(M,Z) is given by
u — uy € Hom (71 (M),Z) = H (M, Z).
Remark B.2.8. The de Rham theorem defines a map
Q7 (M, R) — H?(M,R),

where the left hand side denotes the space of closed p-forms. Since H'(M,Z) has no torsion,
we can use this to identify
OL(M,7)
HY(M,7) = —d 2
(M,Z) dC>(M,R)
Here, QIC)I(M ,Z) denotes the space of closed p-forms with integral periods, i.e., the kernel of

the projection
O (M,R) — HP(M,R)/H"(M,Z).

Using this, the last map in (B.16]) can be expressed as

“_ld“] (B.17)

00 1
C>®(M,U(1)) — H\(M,Z), u [ o
Now, u € C°°(M,U(1)) is mapped to 0 if and only if u = exp(2mig) for some g € C*>°(M,R),
because then
uwtdu = 27idyg.

Also note that there exists g with u = exp(2mig) precisely if u is homotopic to a constant

map. Then we have the following topological interpretation of (B.15).

Proposition B.2.9. Let L — M be a Hermitian line bundle, and let fl, ]?2 € Gf(L). Define
u € G(L) by requiring that fo = fi ou. Then the line bundles Lfl and Lﬁ are isomorphic if
and only if

[u_ldu

27”, | €im (1a-7) c #'(1,2). (B.18)
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Proof. Assume first that Lz = Lz, . Then there exists ¢; € C*° (R,G(L)) as in Lemmam
such that @11 = ]/”\2_1 o ¢ 0 fi. Now, since U(1) is abelian, fl_l oo fi = oo f. Hence,
prpp=u'ofil oo fi=u"(piof).
This yields
1 tdpr = [ (g o) — u du (B.19)

Moreover, since g is homotopic to ¢ we can find g : M — R such that
w0 tdpo = 1 ey + 2midg.

From this and (B.19) we see that (B.18)) is valid. Conversely, let us assume that (B.18)
holds. This means that there exist ¢ € C*°(M,U(1)) and g € C°°(M,R) such that

uldu = f* (¢ dp) — ¢ty + 2midyg.

For ¢ € [0,1] define ¢; := pexp ( - 27m'tg). Then, upon adding a constant to g, we conclude
that

u= 7 (poo f).
This allows us to extend ¢ for all t € R in such a way that

pry1=u""(pro f)=fy oo fi,
and we get the required isomorphism. O
Remark B.2.10.

(i) As we have mentioned in Section line bundles over M, are classified by the
group H?(M #,Z). This group fits into an exact sequence associated to the fiber bundle
M — My — S1. One can use for example the five-term exact sequence induced by the
Leray-Serre spectral sequence to obtain an exact sequence

C— 5 () 2 g e — B2 (M)

- (B.20)
—_—

“ HA(M) H2(M) — ...
For higher dimensional spheres as the base this is usually referred as the Wang sequence,
see [33, p. 254].

Using the discussion preceding Proposition[B:2.9 we can give a geometric interpretation
of the map H'(M) — H?(M;) in (B-20). First we use to represent an element
of H'(M,Z) by a gauge transformation v € C*(M,U(1)), and let L, — My be the
line bundle defined by u as in Remark Since the isomorphism class of L, is
independent of the homotopy class of u we get a well-defined map

utdu

27

HY(M,Z) — H2(M;,7), [ ] — 1(Ly).

Now Proposition [B.2.9]identifies the kernel of this map and gives a geometric explana-
tion for the exactness of the (B.20) at H'(M). Also, from a geometric point of view,
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exactness at H%(My,Z) is immediate; this simply means that a line bundle L — Mj is
of the form L = L,, if and only if it restricts to the trivial line bundle over M. Concern-
ing exactness at H?(M) we observe that the restriction L|j; of a line bundle L — M;
has to satisfy f*ci1(L|pr) = e1(L|ar). Conversely, this is precisely the condition which
enables us to define a line bundle over M.

(ii) The sequence also shows that there will in general be flat line bundles over M}
which are topologically non-trivial. A gauge transformation v € C* (M, U(1)) gives a
flat bundle L,, if and only if ¢1(L,,) is a torsion element in H%(My,Z). According to
Proposition and part (i) of this remark, this is precisely the case if there exists
N € N such that

u‘ldu} _ [u_NduN

N-[ :
271

o } e im(Id —f*) ¢ H'(M,Z).

Already in the case that M is the 2-torus 7 one can easily find a diffeomorphism
f:T? — T? such that

coker (Id —f* : H'(M,Z) — H*(M,Z))
contains torsion elements, see Remark [4.3.10|in Section [4.3

Flat Connections over Mapping Tori. For convenience we assume for the rest of this
section that a flat U(k)-bundle over M is necessarily trivializable. According to Remark
this is satisfied for example if M = ¥ is a closed surface, which is the case we are
considering in Chapter

Under this assumption a flat bundle £ — My restricts to the trivial bundle over the
fiber, so that it is of the form considered in Remark ie.,

E=E, uecC>®(M,U(k)),

where E, is the mapping torus of the bundle isomorphism fu : M x CF — M x CF. We can
then identify the space of sections of F, as

C™®(My,Ey) = {1 : R — C®(M,C*) | gry1 =u (o f)}.
More generally, fu induces a pullback
fra=u"'(f*a), acQ*(M,CH), (B.21)

and
(M, Ey) = {a € QUM x R, CF) | appr = frau}. (B.22)

In a similar way, a U(k)-connection A on F, can equivalently be described as a Lie algebra
valued 1-form

A=a+bdt, ar € C®R,Q(M,u(k)), b eC®R,C®(M,u(k)),
which is Z-equivariant in the sense that

ari1 = ﬁjat = u_l(f*at)u +utdu, by = j/‘z‘bt = u_l(bt o f)u. (B.23)
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The curvature of A is given by
FA = dMXRA + ANA= dMCLt +ar N ag + (det - 8tat + [at, bt]) A dt.

Hence, if F,, € C*°(R,Q%*(M,u(k)) denotes the curvature associated to the path of connec-
tions a; over M, we have

FA == Fat + (datbt - 8t(lt) A dt.
Therefore, A is flat if and only if
Fat = O, and 8,5(1,5 = datbt- (B24)

Before we can describe the structure of the moduli space of flat U(k)-bundles on My we
need the following technical result.

Lemma B.2.11. Let A = a; + bidt be a flat connection on E,. Then there exists a gauge
transformation v € C'* (M, U(k)) such that the constant path ag defines a connection Ag on
E,, and there exists an isomorphism

d:FE,—~FE, with ®"A=A,.
Proof. Let ¢ : R — C°°(M,U(k)) be the unique solution to

Orpr = —bipy, o = e,

where e € U(k) is the identity matrix. Define v := up; € C*°(M,U(k)). We claim that

i1 =u Yo flu and  Oy(as - ¢;) = 0. (B.25)
Proof of . For the first assertion we recall from that b, satisfies
bip1 =u (bt o fu.
From this and the definition of ¢, one easily checks that both sides of the claimed equality

are solutions of the initial value problem

Ot =—ut(bro flu@r, @o=ulv,

and hence agree. Now, using the identity Oy, - —; 1(at<pt)<p; ! we compute that

Or(ar - 1) = 0y taror + ¢y Hdarr)
= —¢; {Oien) ey taror + o (Orar)pr + @7 Lar(Drpr)
— ;7 HOupr)p; tdarpr + o tdar (Orpr)
= @ (Orar)pr + ;  (brar)pr — p  (athe)
+ o "bdaror — @7t (beor)
= ;1 (Orar — darby — [ae, be])or = ;' (Orar — daybe) o1

Since we are assuming that A is flat, condition (B.24]) yields the second part of (B.25). O
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Having established (B.25)) we continue with the proof of Lemma [B.2.11} First of all we
can use the first formula in (B.25) and Remark to deduce that the family ¢; defines
a bundle isomorphism

®:E, = E,.
On the other hand, we can use (B.23)) and the definition of ¢; to compute that
ffag=a-u ' = (a1 1) vt =qo-v7h

where in the last step we have used (B.25) to see that a; - ¢; is constant. Also note that
agp - po = ag - € = ag. This implies that the constant path ag defines a connection Ay on E,,.
Moreover, ®* A is given by

DA = qy - vt + (@;lbﬁpt + go;l&ggot)dt, (BQG)
and thus, ®*A = a; - p; = Ap. O

The Moduli Space of Flat Connections. We can now state geometric version of Propo-
sition Recall that we are assuming that a flat bundle over M is necessarily trivial.
We let Fj; denote the space of flat U(k)-connections over M, and define

M(My) = {(a,v) € Far x C(M,U(k)) | fia=a}.
Here, f:a is defined as in . Note the similarity of the definition of M (My) and
{(, 9) € Hom (m1 (M), U(k)) x U(k) | g~ ag = fa},
which we considered in in the context o/f\ the algebraic description of M(M s U(k:))
There is a natural action of C*°(M,U(k)) on M(Mjy), given by
(a.0) ¢ 1= (a0, (67 0 flug), (a,v) € M(My), ¢ € C=(M,U(K)).
This action is well-defined since for u := (p~! o f)vp we have
fala-g) = (fla) v tu(po ) =a- ¢,
For notational brevity we use the following abbreviations for the moduli spaces of flat bundles
M(M) = M(MU(K)),  M(My) = M(My, U(K)).
We then have the following analog of of Proposition

Proposition B.2.12. With respect to the natural action of C*(M,U(k)) on M\(Mf) we
have
M(My)/C>(M,U(k)) = M(Mj).

Moreover, the projection /\//Y(Mf) — Far onto the first factor induces a surjection
('] - M(M;) — Fix(f*) € M(M).
If we represent [a] € Fix(f*) C M(M) by a € Fpr, then
[i*]"'[a] 2 {v € C®(M,U(k)) | fia=a}/I(a),

where I(a) = {g € U(k)| g tag = a} denotes the isotropy group of a in U(k).
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Proof. Every element (a,v) € M(My) defines a flat U(k)-bundle (E,, Ag) over My. Here,
A is used as in Lemma to denote the flat connection on E, induced by the constant
path a : R — Q' (M, u(k)). We define

U M(My) — M(My), (a,v) — [Ey, Ag).
If (a,v) € M\(Mf) and ¢ € C*°(M,U(k)), then

o =v Ypo flu, where wu:= (oo fue.

According to Lemma this implies that E, = E,. Moreover, the connection Ag on E,
pulls back to the connection Ag - ¢ on E,, see (B.26)). Thus,

\II((a,U) . <p) = U(a,v),
and we get a well-defined map
U M(My)/C®(M,U(k)) — M(My).

To see that VU is surjective, let [E,, A] € M(My). Then Lemma implies that there
exist a € Fpy and v € C*° (M,U(k:)) in such a way that F, is isomorphic to F,, and the
connection A pulls back to the connection Ay defined by a. By definition, this gives an
element (a,v) € M(My) such that ¥(a,v) = [Ey,, A]. To check injectivity, assume that
U(a,v) = ¥(a,v). According to Lemma [B.2.6] and (B.26)) this means that there exists
¢ : R — C>(M,U(k)) such that

i1 =v (pio f)U, a-p;=a, and cpt_l(?tcpt =0.
In particular, ¢; = ¢ is independent of ¢, and
a=a-p, and 7= (¢ o flup.

Hence, (a,v) = (a,v) - ¢, which establishes injectivity. The rest of the proof is formally the
same as the proof of Proposition and shall be omitted. O

B.3 Holomorphic Line Bundles over Riemann Surfaces.

In this section we discuss some aspects of closed surfaces related to complex geometry. A
general reference is [96, Ch.’s I-III]. Moreover, a concise introduction can be found in [80
Sec. 1.4].

Complex Structures on Closed Surfaces. Let X be a closed, oriented surface. Endow X
with a Riemannian metric gy, with volume form voly, of unit volume. The metric gs; defines
the structure of a complex manifold on ¥ in the following way: Let x be the Hodge star
operator on X. On Q(X) it satisfies ¥> = —1 and thus gives an almost complex structure
on X such that

O ={aecQ xa=—ia} and Q™ ={acQ'| xa=ial. (B.27)
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Denote by P10 and P%! the associated projections and define the Dolbeault operators
9:=P0od, 9:=P"od.
Using the Leibniz rule they extend to 2* — 2* and satisfy
9 =0%*=0.

This is because Q%0 and Q%2 are trivial on 2-dimensional almost complex manifolds. There-
fore, the almost complex structure is integrable. This means that we can find local coordinates
z = x + iy with holomorphic transition functions such that xdx = dy. In these coordinates,
the metric gx; is conformal to the standard metric on C, i.e.,

gs = e?U=2) g, ®dz, uw:UcCcX—R

For a proof see [04, Sec. 5.10] or [68, Thm 4.16]. The sheaf of holomorphic functions on ¥
is given by B
Ox(U) =kerd|y c C*°(U), U C X open.

Holomorphic Line Bundles. Now let . — ¥ be a Hermitian line bundle on >, and let A
be a unitary connection on L with associated covariant derivative

da: Q%2 L) — QYZ, L).
Define the twisted Dolbeault operators by

9a:=PWody:Q%E, L) — QY02 L),

_ B.28
0 :=P% ody: Q%2 L) - Q%(Z, L). (B.28)
As in the untwisted case the extension of 94 to Q%*(%, L) satisfies 03 = 0. We can then
define a holomorphic structure on L by requiring that its sheaf of holomorphic sections is
given by B

O(U,Ly) :=ker 04|y.

Since 9a(fs) = (0f)s + fOas, it is clear that O(L,) is a sheaf of Os-modules. Moreover,
it follows from elliptic theory that the space of global sections O(X, L4) := ker 4 is finite
dimensional.

Remark. According to the above definition, every unitary connection on a line bundle
defines a holomorphic structure and one might ask whether this is a suitable definition.
Indeed, one can construct a complex structure on the total space of L such that the projection
L — ¥ is holomorphic. A section s € C°°(%, L) is then holomorphic as a map between %
and L if and only if as = 0, see [37, Thm. 2.1.53 & Sec. 2.2.2].

The Riemann-Roch Theorem. Although we will not need it in the main body of the
thesis, we digress briefly on the famous Riemann-Roch Theorem in its version for line bundles,
see [55, Thm 5.4.1] and [55] Sec. 5.6]. Let K := TY — X be the tangent bundle of ¥ viewed
as a complex line bundle. The metric g5, and the Levi-Civita connection endow K with a
Hermitian metric, respectively, a holomorphic structure. K together with this structure is
called the canonical line bundle of X.
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Theorem B.3.1 (Riemann-Roch). Let ¥ be a closed Riemann surface of genus g. Let
La — X be a Hermitian line bundle endowed with the holomorphic structure given by a
unitary connection A. Then

dimO(2,L4) —dimO(S, K ® L;') =degLa — g + 1.
Remark. The left hand side of the Riemann-Roch Theorem is the index of the operator
4 : Q%2 La) — QVY(Z, Ly).

To see this, note first that by definition ker 04 = O(2,L,). To identify the cokernel, we
note that 82 = — x Ja*. Recall that we are using the complex linear x operator. Therefore,
the * operator maps the kernel of 9 to

ker (04 : Q%1 (S,La) — Q*(S, La)).
Observing that K—1 = (T*X)%!, we can interpret 04 as an operator
oK' Ly) —» QS K19 Ly).

Since anti-holomorphic sections of a line bundle are in 1-1 correspondence to holomorphic
sections of the dual bundle we get that

dim(ker 9%) = dim O(%, K ® L)

which identifies the left hand side of the Riemann-Roch Formula as an index. The right
hand side is then the integral over the corresponding index density as in the Atiyah-Singer
Index Theorem [1.2.16] see [13], Sec. 4.1]. O

Relation to the Signature Operator. Since we are usually dealing with the signature
operator rather than the Dolbeault operator we also want to mention how they can be
related. It follows from the definition (B.27]) of the almost complex structure on ¥ that

A =0tnQ! and Q%' =0 NnQl,
We thus have isometries
P, : ot - D Ql’o, a— \/50({0} + o),

and
o0 -0 e0? a— ap) + \@am.

Let 94 be the Dolbeault operator on Q°(X, L4). One checks that
D_o(ds+dy)od =v20,: Q0 QM0 Q0L g 02

and
Dro(d+d)od ! =120, : Q% Q% - Q% QY.

This implies
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Lemma B.3.2. The de Rham operator da + df4 on X with values in the line bundle Ly is
unitary equivalent to - -
V2(04+0Y) : Q°(S,La) — Q°(Z, Ly).

Under this equivalence, the signature operator DZ corresponds to
V204 : QY (2, La) @ QY L) — QVYE, L) @ Q3(%, La)

Remark. With Lemma [B.3.2] at hand one could derive the Riemann-Roch Theorem from
the Hirzebruch Signature Theorem and the Gauss-Bonnet Theorem, or vice versa. Certainly,
the relation among these results becomes more complicated in higher dimensions.

The Moduli Space of Holomorphic Line Bundles. We now want to give some remarks
on the notion of equivalence of holomorphic line bundles. First, recall from Section
that the group of gauge transformations G = C'*° (E, U(l)) acts on the space of Hermitian
connections A(L) on L via

A-u=A4+utdu, ueg, AcAL)
One easily checks that the associated twisted Dolbeault operators satisfy
5A.u = 5,4 +ulou = u_léAu.
Therefore, for every U C 3 we get an isomorphism of Ox(U)-modules
OU,La) — OU, Lay), s+ u 's. (B.29)

Because of this, gauge equivalent connections on L give rise to equivalent holomorphic struc-
tures. The converse is certainly not true. For this note that we can use any f € C*°(X,C*)
to define a holomorphic structure on L via

(0a)y :=f~'0af = Oa+ f710F. (B.30)

Via an isomorphism of the form , this holomorphic structure is equivalent to the one
induced by A. However, the underlying connection A + f~1df is in general not unitary.

The relation between the moduli space of complex line bundles and the moduli space of
line bundles with connection can be made very explicit. Since we want to avoid dealing with
isomorphic Hermitian line bundles which are not equal, we fix one Hermitian line bundle
L — ¥ of degree 1 and let Lj, := L®*, where a negative exponent means taking the tensor
product of the dual. We then let A; be the space of Hermitian connections on Lj; and
A = U Ak

We now consider the complexified group G¢ := C*°(X,C*) of gauge transformations.
It acts on the set of holomorphic structures on Lj via . We want to lift this to an
action on Ag. The underlying idea why this should be possible is a theorem of Chern that
associates to every holomorphic structure and Hermitian metric on a vector bundle a unique
compatible Hermitian connection, see [96, Thm. II1.2.1]. In the simple case at hand we have
the following:
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Lemma B.3.3. Let A € A, with associated Dolbeault operator 04, and let f € G°. Define
A fi=A+f1of - f1of.
The A - f is a Hermitian connection satisfying
Oa, = [710af.
This defines an action of G¢ on Ay which for G C G° coincides with the standard action.

Proof. Tt is straightforward to check that f~10f — f~10f is an imaginary valued 1-form on
Y. Thus, the connection A - f is Hermitian. Since P%! ( f~1to f) = 0, the second assertion
also follows. The Leibniz rule applied to 0 and 0 shows that A- (fg) = (A f) - g so that we
indeed get an action of G on Ag. Moreover, a short computations shows that

F71Of = fof = f7df — dlog | f)? (B.31)
from which one readily finds that if f takes values in U(1), the action coincides with the
usual one. O

Definition B.3.4. The moduli space of holomorphic structures on Ly is defined as the
quotient Ay /G¢. Moreover, we define the Picard group as

Pic(S) := ] A/G° = A/G°,
keZ
where the group structure is induced by the tensor product of line bundles with connection.
Remark. We note without further details that we have defined Ay/G¢ and thus Pic(X)

purely in differential geometric language. The proof that the objects we obtain coincide
with the ones defined in holomorphic terms requires more work than sketched here.

Relation to the Moduli Space of Unitary Connections. We now have the ingredients
to relate the moduli space \A/G of line bundles with connections and the moduli space Pic(X)
of holomorphic line bundles. We start by recalling a structure result for A4/G, see [37, Sec.
2.2.1]. Consider the map sending a connection to its Chern-Weil representative,

CW:A— Q(S,R), CW(A):= iFA.

Note that no trace is involved since we are dealing with line bundles. The image of CW
is easily seen to coincide with the space QEZ(Z, Z) of closed 2-forms with integral periods,
see Remark Moreover, CW (A + ia) = CW(A) for every closed 1-form a. These
considerations produce a short exact sequence

0— QL= R) — AL Q2% 7) — 0.

We also note that the action of G on A changes a connection A by a closed 1-form with
integral periods. In particular, the map CW is invariant under the action of G. Moreover,
in the case at hand

OL(S,R)/QY(S,Z) = H'(S,R)/H(2,2) = H' (2, U(1)). (B.32)
Thus, taking quotients, we get the following exact sequence of groups

0— H'(S,U(1) — A/G <5 04(8,7) — 0.
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Remark. This exact sequence generalizes to the case of an arbitrary closed manifold M.
However, the proof we sketched does not generalize immediately. For this note that in the
case of a surface X, there are no line bundles which give torsion elements. Moreover, the first
homology group H;(X,Z) is torsion-free, a fact we used in the second equality of .
In the general case, the Chern-Weil map does not capture possible torsion. However, the
universal coefficient theorem shows that

Tor (H*(M,Z)) = Tor (H,(M,Z)).
Therefore, the information about torsion is contained in
H'(M,U(1)) = Hom (H; (M, Z),U(1))
which appears on the left hand side of the above sequence.

Returning now to holomorphic line bundles over surfaces we state the following structure
result.

Proposition B.3.5. The natural projections
A/G — Pic(X)  and Q%(%,Z) — H*(X,7Z)
fit into the following commutative diagram with exact rows

0 — H'(Z,U(1) — A4/6 2% 02(5,2) —— 0

| ! |

0 —— HY(%,U(1)) —— Pic(¥) —*— H?*(%,Z) —— 0.

Sketch of proof. We can write every element f € G¢ uniquely as
f=exp(pu, ueg, ¢eC™E,R).
It follows from that for every A € A
A-f=A4utdu+ dp — 20p.

Therefore, the moduli space Pic(X) = A/G¢ can alternatively be described as a quotient of
A/G by the action

A]- ¢ = [A+dp—20g], [A]€A/G, ¢cC®(,R).

With respect to this, the map C'W has the following equivariance property:
1

5 (Ap)voly .

1 -
CW ([A] - ) = CW([A]) + —00p = CW([4]) +
The latter equality is a consequence of the Kahler identities but can also be checked directly
in this simple case. Therefore, we can equip the image of CW, i.e., the space QEI(E, Z), with
a natural action of C*°(X,R) by defining

1
w-pi=w+ g(Ago) voly, ¢ € C®(%,R), weQ4(%,7).
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It follows from the Hodge decomposition theorem that the quotient of this action coincides
with H2(X,Z). The stabilizers consist of the constant functions and thus agree with the
stabilizers of the action of C*°(X,R) on .A/G. Moreover, the action of C*°(X,R) on the fiber
H! (E, U(l)) is trivial. Therefore, taking quotients in the equivariant exact sequence

0— H'(S,U(1)) = A/G <5 Q4(5,2) — 0
gives the exact sequence
0— H'(2,U(1)) — Pic(X) <5 H*(X,Z) — 0
and thus the requested diagram. O

Remark. As in the case of Hermitian line bundles, there is a description of Pic(X) in terms
of Cech cohomology. Let Ox, be the sheaf of nowhere vanishing holomorphic functions on .
Then

Pic(X) = H'(Z, 0%),

see [96, Lem. II1.4.4]. Moreover, the exponential sequence Z — Oyx;, — O%, gives rise to a
long exact sequence in cohomology

. — HP(%,Z) — HP(%,0x) — HP(Z,0%) — HPTY(S,Z) — ...

The sheaf Oy, is not fine so that the above sequence contains much more information than its
smooth version discussed in Section In the case at hand, this sequence is essentially
the second line of the diagram in Proposition To see this, note that as > is complex
1-dimensional, we have H2(X, Ox) = 0. Thus, the above sequence reads

HY(%,Z) — HY (%, 0x) — Pic(X) — H*(X,Z) — 0.

Moreover, the space H' (X, Ox) is isomorphic to the Dolbeault cohomology group H%!(%).
Via Hodge theory, the latter can be identified with H!(X,R). Using (B.32)) we arrive at the

sequence of Proposition



Appendix C

Some Computations

Here, we include a computational discussion which will be used in the main body of this
thesis. We introduce basic Eta and Zeta functions, and derive some of their values. In the
second part of this appendix, we briefly discuss the Dedekind sums and their generalization
which we use in Section In particular, we establish the relation among them which we

need to prove Theorem [4.4.20

C.1 Values of Zeta and Eta Functions

C.1.1 The Gamma and the Hurwitz Zeta Function

We will need some standard facts concerning the Gamma function and the generalization by
Hurwitz of the Riemann Zeta function, see for example [29, Ch. 9] as a general reference.
Recall that the integral representation of the Gamma function is

I'(s) —/ e 't 1dt, Re(s) > 0.
0

It satisfies the functional equation

I(s+1) = sI'(s), (C.1)
which can be used to extend I'(s) meromorphically to the whole plane. Then I'(s) has no
zeros and only simple poles at s =0, —1,—2,... The residues are given by

ResT _ & N C.2
es (8)‘5:7n_ s n € N. (C.2)

The Hurwitz Zeta function is defined for ¢ € RT as
1
Cq(s) == ———, Re(s) > 1. C.3
)= X g Rel® (©3)

In particular, (;(s) is the Riemann Zeta function. Using the Mellin transform one can derive
basic properties of (,(s). First, we note that

1 1 > a1 —t(n+
= ts n+a) gt
(n+q) r<s>/o ‘

215
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The formula for the geometric series shows that for ¢ > 0,

o0 —
e~ ta

ettt = (C.1)
n=0

which clearly decays exponentially with ¢ as t — oco.

Bernoulli Polynomials. The behaviour as t — 0 of (C.4)) is determined by the Bernoulli
polynomials Bp(z). Recall, e.g. from [29, Sec. 9.1], that they can be defined via the
generating function

text o "

4= ZBn(x)m, t| < 27, zeR. (C.5)
n=0

Comparing this with (A.5), we note that the Bernoulli numbers with respect to the nor-

malization we are using are given by B,, = B,(0). Moreover, expanding e** in (C.5)) and

comparing coefficients of " yields that

n

B, (z) = Z (Z) Bpa™ k.

k=0
In particular,
Byo(z) =1, Bi(z)=z—3, Baz)=12"—2z+4. (C.6)

From the definition , one easily finds that the Bernoulli polynomials have the symmetry
property

B, (1 —z)=(-1)"B(x). (C.7)
Values of the Hurwitz Zeta Function. It now follows from and applied to
that for t € (0,2m)

o0 (1—q)t 0 =1
—t(ntq) _ ¢ _ _1\"
nzoe q_et—1_nzo( 1) Ba(g)—

In particular, > >° et = O(t~1) as t — 0. This implies that we can apply the Mellin

transform to ((C.3|) and interchange summation and integration. Then splitting the integral
into fol + [ one easily obtains that for Re(s) > 1

o0

(=1)"Bu(q)
r =h -t
e =i+ - A,
where h(s) can be extended to a holomorphic function of s € C. Therefore, I'(s)(4(s)
extends to a meromorphic function on the whole plane. It has simple poles at the points
s=1,0,—1,—-2,... with residues

Res ((5)¢y(5))],__,, = (_1)’13’7;(!‘1), nenN. (C.8)

Now, since I'(s) has no zeros, we can deduce that (,(s) extends to a meromorphic function
on the whole plane which can have only simple poles. Using and one finds that
(q(s) has a simple pole at s = 1 with residue 1. The other poles are cancelled out by the
zeroes of I'(s)~! and

Bn+1(q)

Go(=n) =— ntrl ne€N. (C.9)
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C.1.2 An Eta Function and a “Periodic” Zeta Function

Definition C.1.1. For z € R let [2] denote the largest integer less or equal than z. We
define the n-th periodic Bernoulli function as

0, ifxeZ,

P, (x) := for n odd,
(=) {Bn(x[x]), ifed¢Z,

and
Py(x) :== Bp(x — [2]), for n even.

Remark. The definition of P,(z) for odd n is a bit artificial. Note that implies that
B, (1) = (—=1)"B,(0), so that for n even, we have B, (1) = B,(0). We note without proof,
that for odd n with n # 1, one has B, (1) = B,(0) = 0 so that a distinction is unnecessary.
However, when working with Pj(z), the above convention is convenient. Using we note
that explicitly,

Pl(:v):{ O Heel )’ - (- la]) £ L (C.10)

r—[2] -3, ifzé¢Z,

Most of our computations of Eta invariants in the main body of this thesis will be based
on the following result.

Proposition C.1.2. Let ¢ € R, and define for Re(s) > 1

ng(s) := Z w, and az(s) = Z !

[n = qf* e In—al
n#q n7q

(i) The function ne(s) extends to a holomorphic function for all s € C, and
19(0) = 2P1(q).-

(ii) The function 5(1(8) extends to a meromorphic function with only one simple pole at
s = 1. Moreover,

N _{0, if ¢ 2, C(—1) = —Ps(q).

-1, ifqeZ,

Proof. Write qo := g—[q] € [0,1). Since the sums defining 7,(s) and gq(s) converge absolutely
for Re(s) > 1, we can change the order of summation. Then, if ¢ € Z so that ¢y = 0, we find
that

ng(s) = Ci(s) —Ci(s) =0, and Eq(s) = 2(1(s).
If ¢ ¢ Z we get

[e.o]

o) =3 () = 3 (5) = Gons) — o)
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and

Z(n ) +Z(n+qo) = G (5) + G o)

Since (1(5), C1—qo(s) and (g (s) extend to meromorphic functions on the whole plane, with
only one simple pole at s = 1 of residue 1, we can extend n,(s) and (,(s) meromorphically.

One sees that 74(s) has no pole, whereas Zq(s) has a simple pole at s = 1. Moreover, 7(s)
vanishes if ¢ € Z. Otherwise, we deduce from (C.9), (C.6) and (C.7)) that

1N9(0) = C1—gy(8) = Cgo(8) = =B1(1 — go) + B1(qo) = 2B1(qo)-

From the definition of P;(g) and qo, part (i) follows. Concerning part (ii), we first assume
that go = 0. Then

G(0) = —2Bi(1) = -1, and (y(—1) = —2228 — _By(0).
For gy # 0, one finds that

5q(0) = —B(1 —q0) — Bi(qo) = Bi(q0) — Bi(qo) = 0,

and
Co(—1) = =3 (Ba(1 — qo) + Ba(qo)) = —Ba(qo)- O

Remark. Clearly, one could go on without difficulty, and determine more values of 74(s)
and (4(s) in terms of the periodic Bernoulli functions. However, Proposition covers all
the cases we are interested in.

C.2 Generalized Dedekind Sums

When studying the Eta invariant for 2-dimensional torus bundles over the circle, one nat-
urally encounters versions of the Dedekind sums. In this section, we include some relevant
definitions and computations. We start to collect some facts about finite Fourier series, see
[12, Ch. 7].

C.2.1 Some Finite Fourier Analysis

Let ¢ € Z with ¢ # 0. In this section we will always use the c-th root of unity £ := exp (27”)

Definition C.2.1. Assume that f:Z — C is c-periodic, i.e., f(k +c) = f(k) for all k € Z.
The Fourier transform f :7Z — C is defined as

le|—1

Zf )&k pe .

Remark C.2.2. Since we allow ¢ to be negative, one has to be a bit careful concerning
signs. Let ¢ = sgn(c) and denote by f¢ the Fourier transform of f with respect to the c-th
root of unity &£° = exp (%) Then for all p € Z

le]—1

Z f(k = f(ep).
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Since £ ¥ is c-periodic in p, the Fourier transform is again c-periodic. Moreover, we can
shift the sum by any m € Z, i.e.,

le|+m—1

> k.
k=m

This implies that if g(k) := f(k + m), then

le]—1 le|]—1
=" fk+m)etr = Z f(k P = ¢ f(p). (C.11)
k=0
Furthermore, if a € Z with ged(a,c¢) = 1, then {ak |k = 0,...,|c| — 1} is a representation

system of Z modulo ¢, so that

le]—1

Z f(ak)e=*?  ged(a,c) = 1.

Hence, if d € Z is an inverse of a modulo ¢, i.e., ad = 1(c), then g(k) := f(ak) satisfies

le]—1 le]—1

=D flak)g™* = Z F(k)E™RP = F(dp). (C.12)
k=0

The finite geometric series yields that

le|—1 .
ko _ )l ifp=0(c),
S b

o otherwise.

From this one easily deduces the Fourier inversion formula

Fk) =14 > T()E™, (C.13)

see [12, Thm. 7.2]. Moreover, if g is another c-periodic function, one has the convolution
formulae

le|]—1 le]—1
(f * g)( Z o) =5 et (C.14)
p=0
and o
(F9)®) =l D Flk)g(k)s ¥, (C.15)
k=0

see [12, Thm 7.10].

The facts we have collected so far are sufficient for the application to generalized Dedekind
sums in Section [C.2.2 below. Yet, we need to compute the Fourier transform for one partic-
ular class of functions, which form the building blocks of generalized Dedekind sums. First,
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we introduce some notation. Note that fixing a pair (a,c) with ged(a,c) = 1, and an inverse
d of a modulo c¢ is the same as fixing a matrix

Al:(iZ)e&Q@% ¢ # 0.

Here, b is uniquely determined by requiring that ad — bc = 1. Moreover, for z,y € R we

define )
N sl _ [ar+cy
() mr (2) = (1), c10

Proposition C.2.3. Let P be the first periodic Bernoulli function, see Definition [C.1.1].
Fiz M = (2Y) € SLa(Z) with ¢ # 0, let z,y € R and &’ as in (C.16). Define a c-periodic
function by

k+x

fryaclk) =P (a + y> , keZ.

Then,

[

o Pi(a!), ifp=0(0),
fw,y,a,c(p) - Sgn(c) %(2 cot (Ldp) _ 5(.%-/))551[95/}?, otherwise.

Here, 0 is the characteristic function of R\ Z, i.e., 6(x') = 0 if ' € Z and 6(2') = 1 if
2’ & 7. Moreover, as in Definition the expression [x'] refers to the largest integer less
or equal than z'.

Before we give the proof of Proposition let us collect some special cases.
Corollary C.2.4.

(i) If f(k) := foon,e(k) = P (%), then

~ 0, f p=0(c),
. if p .(C) (c.17)
3 cot (W)’ otherwise.

In particular,
le|-1

d Ak =o (C.18)
k=1

(i) Let x € R, and fu(k) = fro1.c(k) = Pi(*Z). Then

Cc

- Py(z), ifp=0(c),

= C.19
J(p) = sen(c) {%(2 cot (72) — 6(:6))5[’”]1’, otherwise. ( )
Proof of Proposition[C.2.3. The proof consists of proving the special cases (C.17)) and (C.19)
first. The general case then follows using (C.11)) and (C.12). Formula (C.17) is standard,

see [12, Lem 7.3]. Nevertheless, we sketch a proof, since most computations we encounter
are deduced from this formula. We assume first that ¢ > 0. For k € {0,...,c— 1} we have

0, ifk=0,

— %, otherwise.

F(k) = Pi(k) = {k
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Therefore, for p = 0(c),

foy =) (¢-3)eh= ;ZUP ax

For x ¢ 2micZ, the formula for the finite geometric series states that
c—1
1—-¢€"
kx\ __ .
Zexp (7) 1 — ex/c

Using this one verifies that

9 c—1 m 1 é-p/2 . i
- ) = — = — = =(1 Py _
&v x——27mp Zexp ¢ 1—-¢» 5p/2 _ é'fp/Q 2 (7’ cot ( c ) 1)
Moreover, for p not divisible by ¢, one has 22;11 €% = —1. Therefore, in this case

o) = 5+ 3(icot () = 1) = 5 cot (),

which proves (C.17)) for ¢ > 0. For general ¢ # 0, let ¢ = sgn(c). Then Pl(g) = 5P1(%), so
that we deduce from the case ¢ > 0 and Remark that

-~ { 0, if p=0(c),

f(p) = %5 cot (%P), otherwise.

Since the cotangent is an odd function, we obtain (C.17) for ¢ < 0 as well.
Concerning (C.19)), we assume first that = € [0,1), and again that ¢ > 0. Then

(%),  ifk=0(c),
_|_

Jolk) = {Pl() <, otherwise. (C-20)

Therefore, for p = 0(c),

fx( +Z:§+ZP1 )+%x,
k=1
where we have used . Now, one easily verifies that for z € [0, 1)
P(2) + ke = Pi(a),
which implies for the case p = 0(c). If p is not divisible by ¢ we use and

to deduce that

c—1 c—1
o) = Pr(2) + 23 7+ Y T P(E)ET = Pi(E) = £+ feot ().
k=1 k=1
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Since P; (%
write x = [x] +

= —36(z), formula (C.I9) follows for z € [0,1). For arbitrary z € R we
0, SO that

x

c

x
fo(k) = foo(k+ [2]), @0 €0,1).

Since we have already proved - ) for fz,, we can use to get the required formula

for f,. For this note that in the case p = 0(c) we have 5 rp = 1. The case ¢ < 0 follows as

before, using Remark and the fact that f, is odd.
Now for the general formula of Proposition [C.2.3] observe that

fryac(k) = Pr(aBEE +y) = Pr(HEEY) = Py (#E2) = fur(ak),
where 2/ = az + cy. Then (C.12) implies that
Jry.ae(p) = for(dp),
so that Proposition follows immediately from (C.19)). O

C.2.2 Relation Among Some Dedekind Sums
Let M = (2%) € SLy(Z) with ¢ # 0. Recall that the classical Dedekind sums are defined by

s(a,c) :== Z P ()P (5), (C.21)

see e.g., [12, p. 128]. Since the first periodic Bernoulli function is odd, we can replace ¢
with || in both denominators of (C.21]). Moreover, using that {ap|p =0,...,|c| — 1} is a
representation system for Z modulo ¢, and that ad = 1 (¢), one can replace a with d, so that

s(a,c) = s(a, |c]) = s(d, c) = s(d, |c]). (C.22)

There are many more relations among different Dedekind sums but their discussion would
lead to far afield. We only mention that ((C.17]) and (C.15)) easily imply the classical cotangent
formula

o]

s(a,c) = & L cot (|dcz|)) cot ( % Z ?p ) cot (),

The Dedekind sums s(a,c) were generalized in several ways. The generalization we are
interested in was considered in [35], [70} [85].

Definition C.2.5. For z,y € R define

lel—1

Szyla,c) Z P1 k+x +y)P1(
k=0

£)-
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Again, there are several relations among generalized Dedekind sums for different values
of (z,y) and (a,c). For example, s, ,(a,c) depends on (z,y) only modulo Z?. For y this is
immediate and for z this is because for m € Z, one has

le]—m—1 le|]—1

semy(a,c) = Y Pi(aktz Z Py (a2 4 y) Py (B

k=—m

). (C.23)

We will not include a separate treatment of other relations but give an ad hoc explana-
tion whenever we are using them. However, what we want to single out is the following
straightforward consequence of Proposition |C.2.3| and (C.15)):

Lemma C.2.6. Let 2’ be as in (C.16]), and let § be the characteristic function of R\ Z.
Then

X (z cot (%) + (5(:16’)){([””}_‘1[“"'])7’.
We will now make a simplifying assumption, which renders the following formulae a bit

more transparent.

Assumption. From now on, (z,y) € R? will always be chosen in such a way that = € [0, 1)

and (7:) — (1d —M") (”;) = (Z" :;”,’) € 72 (C.24)

Note that under this assumption we have x — 2’ = m € Z and [z] = 0, which yields that
[#] = —m and 2’ — [2'] = x. Thus, the cotangent formula of Lemma simplifies to

le|—1

Sey(a, ¢) = ‘Pl( z)? ﬁ Z (icot ("2) —5(:6)) (zcot( L) +6(z ))fdmp. (C.25)

p=1

We then have the following relation between the generalized Dedekind sums and the classical
Dedekind sums, see also 70, Sec. 8] and [71, Sec. 4].

Proposition C.2.7. Under the above assumption, let v € {0,...|c| — 1} with m = r(c).
Then

le|—r

szy(a,c) — s(a,c) = ﬁ(P2 Z Py (& |c| + 1P (ﬁ)

+ %6(@(131(%) = P (43)) + do(2) (1 o(2)).
Proof. The cotangent formula (C.25|) shows that

le[—1 le[—1
seg(a:¢) = Pu@) + 77 Y cot (%) cot (TL)EM™ 4 g d(z) D &M
p=1 p=1
2
le] -1 le[-1 (C.26)

+ ﬁc?(:r:) Z %cot (L?)gdmp — ﬁ&(az) Z %cot (”—f)gdmp.

p=1 p=1
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Let # = 0 and § = —2, so that in the notation of (C.16) we have ' = —m, and [z] —d[2'] =
dm. Applying Lemma to sz (a, c) yields

—L l wdp \ ¢dmp
Si Tc Z p Cot )f ,

which is exactly the first sum in (C.26). On the other hand, by definition,

le]—1 le]—1

ak; m E ak+m
=2~ =2 A

where we have first used that P; is odd and summed over —k, and then summed over ak
instead of k. Comparing the two expressions for sz j(a,c) we find that

dc)’

le|—1 lce|-1
T O cot (%) cot (T)&m = N Py (M) Py (4) (C.27)
p=1 k=1

Using ((C.17)) and the Fourier inversion formula ((C.13)) we can immediately identify two other
terms in (C.26)), namely

le|]—1
i Z% 7rdp gdmp _P1 m Z 2C0t Tp édmp :Pl(%), (C.28)
Moreover,
le|]—1
7 et — o] (1 - 6(22)) — 1 = el (1 — () — 1,
p=1

where in the last equality we have used that ged(d,c) = 1. Employing this together with

(C.27) and (C.28)), we can rewrite ((C.26]) as

Seyl(a,c) =5 P P kth d—f
wl(a;0) ||1()+; () P (%) ©.20)

+ ia(@(l —5(m) — %‘) + 36(x) (Pl(%) P (¢ )>

To find the claimed formula for s, 4 (a,c) — s(a, c), let us first study the difference

dc)_s(aac)zczzpl(| |)(P1(\7Tn) Pl(%)>’ (0'30)

where we have used that we can replace ¢ with |c| in the first term and that according to
(C.22) we have s(a,c) = s(d,|c|). Now, with r € {0,...,|c| — 1} satisfying m = r (c), we get

L if k <lc| —r,

1(%) if k=|c|—r,
L if k> |c| —r.

A(sR) - Rill) =
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Hence, straightforward manipulations yield that (C.30]) equals

le|]—1 le]—r—1

(5D XA + 2 A - (5 DA + AR ()

|e|—r
_ kz Pi() + P () (P(g) - )
|e|—

Note that we have used ((C.18]) to see that Z',:'z_ll Pl(%) = 0. Combining this computation
with (C.29), we arrive at

le|—=r
Sey(a,c) — s(a,c) :Ti'Pl(x)Q — ﬁé(x) + Z P1(%) + %H(%)
k=1

+ 20() (1 8(m) + o) (P () — P (4m)),

which is the claimed formula, since P ()% — %5(1:) =22 —z = Py(x) — %.
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Appendix D

Local Variation of the Eta Invariant

We include some more analytical details concerning the heat operator. Specifically, we will
give some remarks concerning families of heat operators, and use this to give a proof of

Proposition [1.3.14

D.1 More Results on the Heat Operator

In Chapter [1] we have defined the heat operator e *# for a formally self-adjoint elliptic
differential operator H of order 2 with positive definite leading symbol. We have done this
by explicitly writing it as the limit of integral operators with smooth kernels, which were
defined in terms of a spectral decomposition of H. In Lemma we have derived a basic
estimate for the heat kernel for large times. Concerning the small time behaviour of the heat
operator, it is useful to have a description of e™*# in terms of the resolvent (H — z)~! for
z ¢ spec(H). In particular, the proof of the asymptotic expansion in Theorem as in
[49] uses this description.

D.1.1 Expression via the Resolvent

Let E be a vector bundle over a closed manifold M of dimension m, and let H be a formally
self-adjoint elliptic differential operator of order 2 with positive definite leading symbol. As
before, for s,s" € R, let %(L2, Li,) denote the space of bounded operators from L? to Li,
endowed with the operator norm ||.||s; . Although this is not really necessary, we assume
for simplicity that H is non-negative, i.e., spec(H) C [0,00), which is certainly true for an
operator of the form H = D?. Then the elliptic estimate implies that for every s > 0,
there exists a constant C' such that

CH|Ad+H)* || 12 < I¢llzz < C||[Id+H)*?p| o, ¢ € C(M, E). (D.1)

Consider the region
A={zeC ’ Re(z) + 1 < [Im(2)] }. (D.2)

Then there exists a constant C > 0 such that

dist(z,spec(H)) > C|z| for all z € A.

227
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This, together with (D.1)) and the spectral theorem, implies that for s > 0, z € A, and
p e C®(M,E)

I(H = 2) " pllz < Ol +H)*P(H = 2) ol 2
< Colz| M |1 +H)* | 2 < Cslz] ™" ol 2

where we have used that (Id+H) and (H — 2)~! commute. By duality, this also holds for
s < 0. Thus, for every s € R, there exists a constant C' such that

[(H —2)"Yss <Clz|™t, z€A. (D.3)

We now consider the contour I' := JA, oriented as the boundary, i.e., in such a way that
[0,00) lies in the interior, see Figure Then the Cauchy formula implies that

S S
e =5 Fe (H —2) "dz. (D.4)
r
A
spec(H)

Figure D.1: The contour I"

Because of (D.3)), this expression converges in the operator norm in L?(M , E) for every
s € R. To get norm estimates in %(L2, L? ) for 1 > 0 we need the following basic resolvent
estimate.

Proposition D.1.1. Let s e R, k € N, and 0 <[ < 2k. Then there exists a constant C
such that for all z € A
I(H = 2) ¥l 540 < Cl2] 7. (D.5)

Proof. For z € A, the spectrum of the operator (H — 2)~! is not contained in the negative
real line, so that (H — z)™" can be defined for every r > 0 by the spectral theorem. As in

(D.3]) one then finds
I(H = 2)" s, < Clz["
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Then,
I(H = 2) 5,001 < C1||(Ad+H)?(H = 2)7*]|
< [ ((d+H)(H = 2)7)"| [l = =227
< Cola 27 (14 (1 +2)( = 2) 712
< Cola2 7 (14 03%)1“.
The last factor can be bounded, independently of z € A. This proves (D.5). O

An important consequence of (D.5) is that e "’ does indeed solve the heat equation. We
give the following summary of well-known facts, see in particular [49, Lem. 1.7.5].

Proposition D.1.2. Let H be a non-negative operator in 22 (M, E) and let s € R.

(i) The one-parameter family (e_tH)te(O,oo) s a smooth famz’l of smoothing operators. If
p e C®(M,E), then

(% + H)eftHgO =0, and %ir% HeftHcp — <p||L§ =0.

ii) The collection et forms a semi-group, i.e.
group ,

e~ (tHDH — e_tHe_t/H, t,t' > 0.

(iii) Forl >0, there exists a constant C > 0 such that for t € (0,1)

le™ ™ || sp0 < CET2. (D.6)

(iv) Let ¢ > 0 be smaller than the smallest non-zero eigenvalue of H and let to > 0. Then
there exists a constant C > 0 such that for all t > tg

e — Pplss < Ce™, (D.7)
where Py is the projection onto ker H.

Sketch of proof. The assertion (i) is [49, Lem. 1.7.5]. We skip the proof since it uses the
same ideas as the proof of part (iii). Part (ii) is also standard: Let ¢ > 0, and consider the
contour IV := I' — . Then, using Cauchy’s formula and the resolvent equation, one finds
that

/ 1 1!
e—tHe—tH__2/ /e—tze—tz(H_z)—l(H_Zl)—ldzdzl
47'[' ' JT
1 et 1 n—1 /
:W///FZ_’Z/[(HZ) *(H*Z) ]dzdz
1See Deﬁnitionbelow.
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It now follows from standard “C-valued” complex analysis, that first term is equal to
e~ (W+)H , while the second term vanishes. To prove choose £ € N with [ < 2k.
We integrate (D.4)) by parts to find that

tH tz k
= — H — . D.
e S /e ( z) " Ndz (D.8)

Now let ¢t € (0,1) and substitute ¢ = ¢tz in (D.8). Then we can use Cauchy’s theorem to
change integration over tI" back to integration over I'. This shows that for ¢t € (0,1)

et - 1 (B! / e~C(H — ¢/#)~*dc.
I

omi  tk

Now (D.5)) applied to z = (/t € A shows that

o™ lgss1 < Crt™*( /F e I¢/t27RdC) < Colt 72,

This proves . Concerning (iii) we only note that the large time estimate can be easily
deduced from Lemma [1.2.3] Alternatively it can be proved using by considering the

contour
I.:={z€C | Re(z) — ¢/2=|Im(2)|},

and employing estimates corresponding to the ones in (D.5)), see Figure O
L.

spec(H) \ {0}

c/2

Figure D.2: The contour I',

D.1.2 Perturbed Operators

Let E be a vector bundle over a closed manifold M of dimension m, and let K be an integral
operator on L?(M, E) with smooth kernel k(z,y) € C®°(M x M,E X E*). Then K is a
smoothing operator and thus,

K e $(L2,12) foralls,s €R.
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Moreover, the C*-norms of k(z,y) can be controlled by the operator norms of K. More
precisely, for each k € N, we can find a constant C' as in [49, Lem. 1.2.7] such that

I, g)lloe < C 1Kl 1> k+mj2. (D.9)

Remark. Conversely, the Schwartz Kernel Theorem (see e.g. [94], Sec. 4.6]) ensures that an
operator K on L?*(M, E), which satisfies || K||_;; < oo for [ > k + m/2, has a kernel k(z,y)
of class C* such that holds.

As before, assume that H € 22 (M, E) is non-negative. If K is a symmetric smoothing
operator on C°°(M, E), the operator H + K will in general not be an elliptic differential
operator. Nevertheless, it follows from standard perturbation theory that H + K has all
the properties, we have obtained in Theorem for the unperturbed case. In particular,
we get a well-defined heat operator e *(#+5)  We need to have a control on the difference
e HHHEK) _o—tH The following result is basically [13, Prop. 9.46], only that we have changed
it into a statement about operators rather than kernels.

Proposition D.1.3. Let K be a symmetric smoothing operator on C*°(M, E), and let H €
P2 (M, E) be non-negative. For k> 1 and t > 0 define inductively

t
Ko(t) :==e ™, Ki(t) ::/ eI K (s)ds.
0

Then, if l € N, there exists a constant C > 0 such that for all k > 1

thk k;
e K%

Moreover, for each N > 1 there exists C > 0 such that for all t € (0,1)

KR -10 <

et et ZN:(_UkKk(t)H_ <o
k=1

l?

Remark. Before we sketch the proof we want to point out that for k£ > 1 the operator Kj(t)
can also be described as follows. Let

JAVIRES {(51,...,5k)€Rk ‘ 0§51§...§8k:1}

be the standard k-simplex. Then
Kp(t) =t* / e tU=siH pee=tlsk—si-)H | ge=ts2=s)H pro—tsifl g (D.10)
Ay

Sketch of proof. We use (D.10)) to prove the estimate on K (t). First it follows from (D.6))
and (D7) that |le=*#||s s can be bounded, independently of ¢. Thus,
IK ety < Kl )yt < K] 4,

On the other hand,

"eft(lfsk)HKeft(skfsk,l) o Keft(SQfsl)HH” < CkHKH;cl—l

)
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Since

k k| 7|1k Ty
k(0|10 < ¢7 vol(AR) CTIKIZ < == K124
where we have used that vol(Ay) = . Now the definition of Kj(t) shows that
FER(t) = KKy (t) — HEKy(t).

Thus, for all N > 1,
N
(& +H+EK)Y (-)FEpt) = (-)VKKy(2).
k=0
Using the estimate on || Kj(t)||—;; we see that
N
|4 +1+K) kzo(—l)kKk(t)H_lvl < OntN

Thus, Zivzo(—l)kK k(t) is an approximate solution to the heat equation in terms of H + K
in the sense of [13] Sec. 2.4]. This implies that

He—t(H-&-K o—tH Z DFEL(1) H y < OtN+L, O

We also need a result on the heat trace asymptotics when we perturb the operator H by
a smoothing operator K. We first borrow the following from [13, Prop. 2.47].

Proposition D.1.4. Let K be a smoothing operator on L?>(M,E). Then there exists an
asymptotic expansion of the form

Tr(e T K) ~ —|—Zant as t — 0.

Remark. The proof in [I3] relies on the explicit description of the heat kernel by geomet-
rically constructed approximations. This method to obtain the heat trace asymptotics is
different from the one presented in [49], which is the one we are following in our presenta-
tion. However, a rough idea to prove Proposition [D.1.4] with the methods already established
is the following: For each N € N let

N

=3 C

Since K is a smoothing operator, K (t) is a smoothing operator as well. Applying the heat
equation to K (t) yields

(4 +H)Kn(t) = (_A’?,NHNHK.
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Since we can bound ||[HNT1K|_;; for fixed N, this shows that Ky(t) is an approximate
solution to the heat equation. For ¢ — 0 it converges strongly to K which implies that

e K — Kn(t)||_,, < CtVHL
Using and the expression of the trace in terms of kernels, we can then estimate
| Tr (e K — Kn(t))]| < CtN

From this one finds that the assertion holds with

_1)"
ap = (=1) Tr(H"K).
n!
The following result is what we were aiming at in this section. We will give a version
which suffices for our considerations, although a more general statement should be possible.

Proposition D.1.5. Let H and K be as before, and assume in addition that K and H
commute. Let D be an auziliary formally self-adjoint differential operator of order d, and
let K’ be a symmetric smoothing operator on C°°(M, E). Then there exists an asymptotic

expansion
o

Tr (D + K’)e*t(}”K)) ~ Ztnigidan, ast — 0.
n=0

Moreover, if we denote by an(D,H) the coefficients of the asymptotic expansion of
Tr(De ), we have
an = an(D,H), forn <m.

Sketch of proof. According to Theorem it suffices to check that
Tr (D + K')e 'MHE)) Ty (DetH)

has an asymptotic expansion as t — 0 as a power series in t. The assumption that K and
H commute simplifies the situation considerably, since then

—t(H+K) _ —tH§ — K™
e =€ 'I’L‘ 3
n=0

where the series converges in every L%l,l’ because K is smoothing and thus bounded. This
reduces the claim to the study of terms of the form

Tr (De ™ K™) and Tr(K'e "HK™), (D.11)

where n > 1. Now the trace property shows that both are of the form Tr (e*tH K ) for some
smoothing operator K. We can thus apply Proposition to deduce that the terms in
(D.11)) are indeed asymptotic to power series in ¢. O
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D.1.3 Variation of the Heat Operator

Now let (Ky)uer be a p-parameter family of smoothing operators. The constant C' in the
estimate is independent of w. This implies that if K, depends smoothly on u with
respect to ||.||—;; for each [ € N, then the family of kernels k,(x,y) will depend smoothly on
u with respect to all C*-norms, where [ > k 4+ m/2. This motivates the following definition.

Definition D.1.6. Let K, be a one-parameter family of operators with smooth kernels.
Then K, is called a smooth family of smoothing operators, if for all [ € N, the assignment
u +— K, 1s smooth in %(L%l, le)

We can now formulate the following version of Duhamel’s formula, compare with [13]
Thm. 2.48].

Theorem D.1.7. Consider a one-parameter family H, in L@ze(M, E) of non-negative op-
erators, and assume that H, is smooth in the sense of Definition . Then e tlu js q
smooth family of smoothing operators, and

du duy~"U

¢
d ~tHy _ _/ e—(t—S)Hu(iH )e_SH“ds. (D.12)
0

Remark. Note that in contrast to the discussion in [I3] Sec. 2.7] the smoothness in u does
not follow from our description ((1.14)) of the heat kernel since in general the eigenvalues and
eigenvectors of H, will not depend smoothly on u. However, we can use the description of

e tHu in terms of the resolvent to obtain the result.

Proof. First note that the basic resolvent estimates and can be made uniform in
u since the constants appearing there depend on u only through the elliptic estimate, which
can be made locally uniform in w.

We now want to prove that (H, —z) ™" varies smoothly with w. Without loss of generality
we consider an interval around 0. First of all, let I be the contour defined as the boundary

of (D.2). Then for all z € T,
H, —z = (Hy— z)(1d+(Hy — 2)""(H, — Hy)) =: (Hy — 2)(Id +T,). (D.13)

1

It follows from our smoothness assumption that T; is a bounded operator on each Ll2 for
every choice of | € Z, and that the assignment

R ALY, u—T,
is smooth. Moreover, we can choose ¢ > 0 such that for all u € (—4,9)
| Tulln,n < % formn e {-1l,...,1}.

Using the Neumann series, this ensures that Id +T;, is invertible in each %(L2,L2). Fur-
thermore, the assignment u +— (Id +7),)~! is differentiable with

L(1d+T,) " = 1d+T,) ' (AT,)(1d+T,) "
Inductively, one finds that (Id+7,)~! is smooth in u. Now (D.13)) shows that for all z € T

(Hy, — 2)" ' = (Id+T,)) "' (Hy — 2)~ L.
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This yields that the family (H, — z)~! depends smoothly on u as a map to B(L2 ,, L2),
where as before n € {—I,...,l}. Hence, for k large enough, the assignment

(_5a 5) - %(L%lv L12)7 U= (Hu - Z)_k

is well-defined and smooth in u. Moreover, one easily finds that

k
A(Hy—2) == (Hy—2) " (L Hy)(H, — 2)" " (D.14)

n=1

Since the basic resolvent estimate can be made uniform in u, we deduce from (D.8)
that e~ v is differentiable and that we can differentiate under the integral using .
Inductively, one finds that e~*#v is a smooth map to %(L?,, L?).

Having established the smoothness of e 7*#* in u, we can prove Duhamel’s formula
along the same lines as in [I3, Sec. 2.7]: First, the heat equation implies that

(4 + H,)Le e = (A1, )e .

On the other hand, one finds that

du

t
(& + Hu) /0 et (A e Huds = (A H,)e

Thus,
t

d —tHy +/ e*(t*S)Hu(iH )eisHudS (D15)
0

du duy =" U

solves the heat equation. We are thus left to show that (D.15]) converges to 0 in L?(M, E)
as t — 0. Concerning the first term, we use

_ 1 _ _ _
%e tH. :—,/Fe (H, - 2) 1(%Hu)(Hu—z) Ydz

21

and the resolvent estimate (D.3]). Then, as in the proof of , one easily finds small time
estimates
Ighe ollie < Ctllellie, @ € (M, B),

which are uniform in u and ¢ € (0,1). This shows that d%e_tH“ converges to 0 as ¢ — 0 in
A(L? L?). For the second term in (D.15)), we can argue as in the proof of Proposition
to get uniform bounds on the integrand as ¢ — 0. This implies our assertion. O

In a similar way one can show the following result.

Proposition D.1.8. Let D, be a smooth family in ,@ie(M, E) and assume further that
dim(ker D,,) is constant.

(i) The projection P, onto ker(D,,) is a smooth family of smoothing operators.

(ii) Denote by G, the family of Green’s operators of D2, defined by

—1
Gu‘ker(Pu) = (Du’ker(Pu)) ’ Gu’im(Pu) =0.

Then, for every s € R, the family Gy, is smooth in u as a map to B(L2, L§+d).
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Sketch of proof. Since D,, varies smoothly with w, one can verify—using the smooth de-
pendence of the resolvent on u—that for compact u-intervals, the non-zero eigenvalues are
uniformly bonded away from 0. Then, according to the spectral theorem, the projection P,
onto ker D,, is given by

1
P, =

= — [ (Dy — 2)"tdz, (D.16)
211 T

where I' is the clockwise oriented boundary of a small disk B such that
Bnspec(D,) = {0}, for all u.

Integrating by parts, we get

1
P, =

k-1 —k
=— [ (= D, — dz.
omi ) 2) z) "dz

Resolvent estimates as in and and the formula for the derivative of the
resolvent with respect to u then yield that P, is a smooth family of smoothing operators,
see [13, Prop. 9.10] for a related discussion.

Concerning the family of Green’s operators, we can take the same small disk B and orient
the boundary I' counter-clockwise. Then

1
Gy =

= — [ 24D, — 2)"d=. (D.17)
211 T

Now the uniform bound ||(Dy — 2z)}||s.s+a < C and the formula for the derivative of the
resolvent show that G, is a smooth family of operators in #(L?, L* ) O]

Remark D.1.9.

(i) Note that in (D.17) we cannot integrate by parts to increase the regularity of G,,. This
is, of course, already clear in the case of a single operator.

(ii) If there exists a constant ¢ such that ¢ ¢ spec(|D,|) for all u in some interval [—d, J],
we can use —With I' being a circle of radius ¢ around 0—to deduce that the
spectral projection onto all eigenvalues of norm less than ¢ is smooth u, see also [13],
Prop. 9.10].

(iii) Theorem and Proposition carry over verbatim, if we consider a smooth
p-parameter families of formally self-adjoint elliptic operators. This is important for
the discussion of fiber bundles.

We also need the following consequence of Theorem

Lemma D.1.10. Let H, be a smooth one-parameter family of non-negative operators in
L@ie(M, E), and let D,, be an auxiliary smooth one-parameter family of formally self-adjoint
differential operators of order d. Then Dye v is a differentiable family of trace-class
operators and, if D, commutes with H,,

L Ty (Dye ) = Tr (Lue~ ) — ¢ Ty (D, U=t (D.18)
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Proof. Let K, := Dye tHu/2 and L, := e *Hv/2_ Then Theorem implies that L, is a
smooth family of smoothing operators, and the same is true for K, since by Lemma [1.3.10
the operators D,, € %B(L? s L?) depend smoothly on u for every | € Z. We now observe the
following

(i) K, and L, are smooth families of operators in %(L?, L?), and

(KL) dDu6 tHu+D —tH,,

uga € )
where we are using the pairing

B(L3, L) x B(L* L3) — B(L* L*), (S,T)w ST,
to differentiate Dye tHu/2,

(ii) K, and L, are trace-class operators. Expressing the trace in terms of the kernels it
follows from that they depend continuously on u with respect to the trace norm.

Using the Hoélder inequality |Tr(ST)| < Tr|S|||Tlo,0, these observations imply that
Tr (Due*tH“) is differentiable. If D, and H, commute, we can use (D.12) to compute
that

i Tr (Dye 1) = T (Sgee ™) 4 Tr (Dy e ")

=Tr (%6_“{“) — /0 Tr (Due_(t_s)H“(

%Hu)e_SH")ds

t
=Tr (dgfe_tH“) —/0 Tr (Du(%Hu)e_tH“)ds.

=Tr (dD 7tH“) —tTr (Dudgj‘ eftH“). O

u
“du €

D.2 Parameter Dependent Eta Invariants

As a consequence of the above discussion, we can now describe a proof of the variation
formula for the Eta invariant.

D.2.1 Large Time Behaviour

To study parameter dependent Eta invariants we let H,, = D2, where D, is a smooth family
in L@Sle(M , ). We can then state the following parameter dependent version of Proposition
see also [31, Lem. A.14].

Lemma D.2.1. Under the assumptions of Theorem [D.1.7, the one-parameter family
Dy,e —tD s a differentiable family of trace-class operators, and

% Tr(Due_th) (1+ 2tdt) Tr (dD“e tD%). (D.19)

Moreover, if dim(ker D,,) is constant, then for to > 0, there exist constants ¢ and C' such
that fort > tg ,
!Tr(Due*tD”)} < Ce (D.20)

locally uniform in u.
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Proof. By (D.18) we have

d%Tr(Due_tDﬁ)ZT (dDue—th) £ ( dli —th)

du
T (e PE) — T (42 )
= Tr (4B cE) 4 21 Ty (PR,

Proposition shows that for ¢y > 0, we can find constants C(u) such that for ¢ > tg
| Tr(Due_th)l < C(u)e towW/2,

where A\o(u) is the smallest non-zero eigenvalue of D2. The proof of Proposition shows
that C(u) depends continuously on u so that we can find C' with C(u) < C for compact
u intervals. Moreover, the eigenvalues of D? vary continuously. Hence if dim(ker D,) is
constant, the non-zero eigenvalues of D2 have a uniform positive lower bound on compact u
intervals. This proves the second assertion. O

The above lemma has the following consequence
Corollary D.2.2. If dim(ker D,,) is constant, then

d e 2 s—1 2 o0 2 s—1
Tu Tr (DueftD”)tTdt =—-2Tr (%e*Du) — 3/ Tr (%e*tD“)tTdt,
1 1

and both sides are holomorphic for all s € C.

Proof. Let P, be the orthogonal projection onto ker D,,. Since dim(ker D,,) is constant we
know from Proposition that P, depends smoothly on u. Moreover,

4D, = L (1d~P,)Dy(1d ~P,))
— —dPup (Id—P,) + (Id—P,) %P (1d —P,) — (Id —P,) D, 4

From this one deduces that Tr (dD” tD ﬁ) satisfies an estimate of the form (D.20]). Thus,
for fixed T' > 1 we can use (D.19) to differentiate under the integral. Integrating by parts,
we find that

d T s—1 2 T s—1
|t Tr(Due_tD”)dt:/ t72 (1+42t4) Tr (2
1

A ) )

tD2 )dt

T
—5/ Tr (dD“ Dﬁ)tsgldt.
1

The uniform estimates on Tr (Due_tDi) and Tr (%e*m i) show that both sides are holo-
morphic for s € C and allow us to take T — oco. This proves the result. O
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D.2.2 Small Times and Meromorphic Extension

To extend Corollary to small times ¢ € [0, 1], we need the following parameter depen-
dent version of Theorem see [49, Lem. 1.9.3]. A detailed proof can also be found in
[23, Thm.’s 3.3 & 3.4].

Theorem D.2.3. Let A, be an auziliary smooth family of formally self-adjoint operators of
order a. There is an asymptotic expansion, locally uniform in u, such that

Tr(Aye tP%) n(Ay, Dy), ast— 0. (D.21)

The an(Ay, Dy) are integrals over quantities locally computable from the total symbols of A,
and D,,. Moreover, the functions a, (A, Dy,) are smooth inu and (D.21)) can be differentiated
term by term, i.e.,

24 Tr(A e~ tD% an(Ay,Dy), ast— 0.

Proposition D.2.4. If dim(ker D,,) is constant, the meromorphic extension of n(Dy, s) is
continuously differentiable in u, and

%W(Du) = _% am(d£f7D2)

dDy,

where am (%3 , D?) is the constant term in the asymptotic expansion of

\[Tr(dD“ _th), ast— 0.

Proof. According to Theorem we have asymptotic expansions, which can be differen-
tiated in wu,

o0
Tr (Due_tD?‘) ~ Zt%m_lan(u), ast — 0,

and
(o0}

Tr (dﬁue*m )~ Zt%r;ila;(u), ast— 0.
n=0
As remarked in Theorem they can be differentiated in ¢ as well so that (D.19) implies

Lan(u) = (n—m)al,(w). (D.22)
Let N € N be fixed, and let
> R
ry(t,u) :=Tr (DueftD“) — Ztn 2 ap(u),
n=0

and

N
' (t,u) —Tr(dgfe*m) Ztnfgkla;l(u).
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Then ry and 7y satisfy estimates, locally uniform in u,

Irn(t,u)| < CtN, Pyt u)| < O, ast — 0. (D.23)
Moreover, (D.19) and (D.22) imply that
Lyn(tu) = (14 2ty (¢ u). (D.24)

Now for all s € C with Re(s) >m — (N +1) and s ¢ {m —n|n € N}

/lts;T (Due™"P)dt ZN: Zan(v) +/1t521 (t, u)dt
r (Dye ™) dt = T r(t, u)dt.
0 v n:08+n—m 0

Using (D.23) we can differentiate under the integral to deduce from (D.22]) and (D.24) that

d 1o D2 S 2(n—m)ap(u) [ s "
du fy ! D ”)dt:;)sﬂ_fn*/o R R
= g: 2(n — m) ap,(u) + 2r (1, u) — 3/1 ts%lrgv(t,u)dt
st+tn—m 0

N
—2sal (u)

:2Tr(@eil)3)+ s+n—m
n=0

1
—s/ t%lr?\,(t,u)dt,
0

since 2 — m)d(u)

" —2sal,(u)

— 24’ = .
(1) s+n—m

s+n—m
On the other hand,

1 s—1 dD D2 N 2@’ (u) 1 s—1 /
/t2Tr(du“e_ u)dt:Z"—i—/ t 2 ry(t,u)dt.
0

S n—m
0 n=0 +

This shows that the meromorphic extension to C of fol £ Tr (DyetP i)dt is continuously
differentiable in u away from the poles, with derivative given by the meromorphic extension
of

1
2Tr (%e_Dg) — s/ tsgl Tr (%G_Di)dt.
0

Since dim(ker D,,) is constant we can apply Corollary to deduce that the meromorphic
extension of the Eta function n(D,,s) is continuously differentiable in u. Moreover, for
N > m and a suitable function hy(u, s), holomorphic for Re(s) > m — (N + 1),

LDy s) = ——2 (XN:Q%(“)M (u.5))
dul\ P 71“(%) fs+n—m N2 )

In particular,

%W(Du) = —QF(%)_ICL;L(U) =-Z am(dzuaDg)' O
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D.2.3 The Case of Varying Kernel Dimension

If we want to drop the assumption on dim(ker D,,), we have to study the reduced &-invariant
[£(Dy)] € R/Z as in Definition [1.3.4]

Proposition D.2.5. Let D,, be a smooth family in (@ie (M, E). Then the reduced &-function
[£(Dy)] € R/Z is continuously differentiable in u, and

diu[é(Du)] = —% am(dgﬁ,Dz)

dDy,

where am (% , D?) is the constant term in the asymptotic expansion of

Vit Tr (%e*mi), ast — 0.

The result is the same as [31, Prop. A.17]. We include a proof for completeness and
sketch a few more details.

Proof. Choose ¢ small enough so that there exists ¢ € (0,1) with ¢ ¢ spec(|Dy]|) for all
€ (—4,6). Denote by A} with i = 1,...,ig the finite number of eigenvalues of D, with
INi| < ¢, and let

@ ker — )\Z

Let P,(c) be the projection onto FEy(c). According to Remark P,(c) is a smoothﬂ
family of finite rank operators with smooth kernel. Thus

Dy(c) :== Dy (1d —Pyu(c)) + Pulc)

is a smooth perturbation of D, by finite rank operators with smooth kernel. Note that for
fixed u we replace with 1 the finite number of eigenvalues of D, which are of norm smaller
than c. Thus, the large eigenvalues of D, (c) are the same as those of D,. This implies that
the Eta function is well-defined for Re(s) > m and satisfies

n(Du(c), s) = 1n(Dy, s) + dimker(D,,) + Z {1 - Sg‘iz |;i)}, Re(s) > m. (D.25)
XL, #£0

Since the right hand side admits a meromorphic continuation to C, the same holds for
n(Du(c), s). Moreover, s = 0 is no pole, and the reduced £-invariant satisfies

[g(Du(C))] = [E(Du)] (D.26)

We now need to understand the variation of £(Dy(c)). Since Dy(c) is invertible we will
study n(Du(c)) instead. Note that we cannot directly apply Proposition since Dy (c)
is in general not a family of differential operators. However, we have already done the major
work and indicate the changes to be made:

2Kato’s selection theorem (56, Sec. I1.6]), ensures that the eigenvalues X\, can be ordered in such a way
that they are parametrized by continuously differentiable functions. Nevertheless, the total projection onto
all eigenspaces spanned by the collection A;, depends smoothly on w.
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(i) Since Dy(c) is a smooth perturbation of D, by symmetric smoothing operators, the
proof of Theorem goes through verbatim, showing that e~tPu(© ig a smooth
family of smoothing operators which satisfies (D.12)).

(ii) Then, as in Lemma one finds that the one-parameter family Du(c)e_tD“(C)Q is
a differentiable family of trace-class operators satisfying (D.19). Clearly, the uniform
large-time estimate (D.20) and Corollary also continue to hold.

(iii) Since D, (c)? is of the form D2 + K, where K, is a smooth family of smoothing
operators which commutes with D2, we can apply Proposition for fixed u to get
asymptotic expansions

Tr (Du(c —tDu(e)?

), ast—0, (D.27)

and

Tr (5 Dule)e™P4@") ~ Zt” 5 al(u), ast— 0, (D.28)

where a/ (u) is equal to the constant term in the asymptotic expansion as t — 0
of v/t Tr (%e‘m 3) Moreover, one deduces from Theorem and the proof of
Proposition [D.1.5| that (D.27) and are locally uniform in w with coefficients
depending smoothly on w.

Now the proof of Proposition carries over to the situation at hand yielding that
n(Du(c)) is continuously differentiable in u with

%n(DU(C)) = _% am(dgfaDQ)
Since [£(Dy)] = 31(Du(c)), the proposition follows. O

From the proof of Proposition we can also easily deduce the variation formula for
the &-invariant, as stated in Proposition [1.3.14

Corollary D.2.6. Let D, with u € [a,b] be a smooth one-parameter family of operators in
P (M,E). Then

b
£(Dy) — €(Da) = SF(Dy)uciany + / L16(D,)]du.

Proof. Without loss of generality we may assume that [a,b] = [—4, 0] for ¢ as in the proof of
Proposition Moreover, let D, (c) be the family of perturbed operators defined there.
Then the fundamental theorem of calculus shows that

)
n(Ds(e)) — n(D_s(c)) = / L (Dy(e))du.
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We deduce from analytic continuation of (D.25]) to s = 0 that

6 .
€(Ds) = €(D-9) = [ e(Due)du—#{i € {1.....i0} | <0}
+#{ie{l,... i} | Ny <0}
5
= [ #6Due)du+ SPDL)uers:
Since &(Dy(c)) is differentiable,

d

Now the equality [f (Du(c))] = [5 (Du)] from proves the result.

243
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