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Universal Toda brackets of ring spectra

Steffen Sagave

Abstract

We construct and examine the universal Toda bracket

of a highly structured ring

spectrum R. This invariant of R is a cohomology class in the Mac Lane cohomology
of the graded ring of homotopy groups of R which carries information about R and
the category of R-module spectra. It determines for example all triple Toda brackets

of R and the first obstruction to realizing a module over
by an R-module spectrum.

the homotopy groups of R

For periodic ring spectra, we study the corresponding theory of higher universal
Toda brackets. The real and complex K-theory spectra serve as our main examples.
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1 Introduction

In this thesis in algebraic topology, we study a question about highly structured ring
spectra. More specifically, we construct a cohomological invariant yg of a ring spectrum
R, called its universal Toda bracket, and examine which information about R is encoded
in this class.

We use the term ring spectrum for what is called an S-algebra in [EKMM97], a sym-
metric ring spectrum in [HSS00], or an orthogonal ring spectrum in [MMSS01]. These
notions are equivalent in an appropriate way. In all three cases, a ring spectrum R is
a monoid object in a symmetric monoidal stable model category that has the sphere
spectrum as unit and the stable homotopy category as homotopy category. Therefore, R
represents a multiplicative (generalized) cohomology theory.

Many of the multiplicative cohomology theories studied by algebraic topologists are
known to be represented by such ring spectra. The notion of a ring spectrum is more
restrictive than that of a multiplicative cohomology theory, since it requires a spectrum
with a multiplication in a stricter sense. This means that the product is associative and
unital on the level of the model category, rather than being only associative and unital
in the homotopy category.

The crucial advantage of a ring spectrum in the stricter sense is that it behaves much
more like an algebraic object, making it possible to define categories of modules and
algebras over it in a meaningful way. Starting with algebraic K-theory of spaces and
topological Hochschild homology, which emphasized the need of the invention of strict
ring spectra, many concepts from algebra are now successfully applied to the study of ring
spectra, including André-Quillen cohomology, Morita theory, or Galois theory. Moreover,
building partly on the concept of ring spectra, the new areas of motivic homotopy theory
and homotopical algebraic geometry lead to an exchange of ideas between homotopy
theory and algebraic geometry.

One basic algebraic feature of a ring spectrum R is that there is an associated module
category Mod-R, which is a stable model category and has a triangulated homotopy
category Ho(Mod-R). The category Ho(Mod-R) is the analog to the derived category of
an ordinary ring. For an object M of Ho(Mod-R), its stable homotopy groups (M)
form a graded m.(R)-module. One of our aims is to achieve a better understanding of the
resulting functor m.(—): Ho(Mod-R) — Mod-m,(R). Particularly, we want to examine
under which conditions a 7.(R)-module M is realizable, that is, arises as the homotopy
groups of an R-module spectrum.

There is an obstruction theory associated to this problem, with obstructions ;(M) €
Extf;f(_é)(M , M) for i > 3. The first obstruction k3(M) is always defined and unique.
It vanishes if and only if M is a retract of a realizable module. For i > 4, x;(M) is
only defined if x;_1 (M) vanishes, and there are choices involved. We want to understand
these obstructions in a systematic way and show how they depend on the ring spectrum
structure of R.

The obstruction theory in fact works in the more general setup of a triangulated cat-
egory 7, where it can be used to find out whether a module M over the graded ring of
endomorphisms 7 (N, N), of a compact object N can be realized as 7 (N, X), for some
object X of 7. An algebraic instance of this problem is to realize a module over the
cohomology of a differential graded algebra A as the cohomology of a differential graded
A-module.



This analogy between ring spectra and differential graded algebras is one reason why
the following result serves as an algebraic motivation for our work. For a differential
graded algebra A over a field k, Benson, Krause, and Schwede [BKS04] study a class
YA € HHz’fl(H *(A)) in the Hochschild cohomology of the cohomology ring of A. It de-
termines by evaluation all triple (matric) Massey products of H*(A). Moreover, by a map
HH:Z’_l(H *(A)) — Exti’,:(lA)(M , M) depending on M, it determines the first realizability
obstruction xk3(M) for every H*(A)-module M.

We develop a similar theory for ring spectra. Though the obstruction theory for the
realizability problem takes completely place in triangulated categories, the definition of
a cohomology class with that property needs information from an underlying ‘model’. In
the case of the differential graded algebra A, the A,o-structure of H*(A) can be used to
define v4. In the case of ring spectra, there is no such A,,-structure. The appropriate
replacement will be to use that choosing representatives in the model category of maps in
the homotopy category is in general not associative with respect to the composition. This
non associativity leads to obstructions which assemble to a cohomology class depending
only on the ring spectrum.

The formulation of our main results uses Mac Lane cohomology groups, denoted by
HML. We define this cohomology theory for graded rings using the normalized cohomol-
ogy of categories. Its ungraded version is equivalent to Mac Lane’s original definition.
This theory is, for various reasons, an appropriate replacement of the Hochschild coho-
mology group in the result of [BKS04]. One reason is that one can, similar to Hochschild
cohomology, evaluate a representing cocycle on a sequence of composable maps. If the
sequence of maps is a complex, it makes sense to ask the evaluation to be an element of
the Toda bracket of the complex.

One main result will be

Theorem 5.1.1. Let R be a ring spectrum. Then there exists a well defined cohomol-
ogy class yr € HML> (7, (R)) which, by evaluation, determines all triple matric Toda
brackets of m«(R). For a m.(R)-module M which admits a resolution by finitely gener-
ated free m.(R)-modules, the product idy; Uyg € Exti’:(}lz)(M , M) is the first realizability

obstruction kg(M).

The term universal Toda bracket for such a cohomology class, as well as the usage of
cohomology of categories, are motivated by Baues’ study of universal Toda brackets for
subcategories of the homotopy category of topological spaces [Bau97, BD89.

One interesting example for this theorem is the real K-theory spectrum KO. As this
spectrum has non vanishing triple Toda brackets, its universal Toda bracket is nontrivial.
Moreover, the obstructions determined by vxo detect non realizable 7, (KO)-modules.
As we will discuss in Remark 5.2.3, this contradicts a claim of Wolbert [Wol98, Theorems
20 and 21].

Many examples of ring spectra have the property that their ring of homotopy groups
is concentrated in degrees divisible by n for some n > 2. In this case, all realizability
obstructions k3 vanish for degree reasons. The first realizability obstruction not vanishing
for degree reasons will be determined by a higher universal Toda bracket, which we
construct in Theorem 5.1.2.

The higher universal Toda bracket of a ring spectrum R becomes particularly nice if
the homotopy groups of R form a graded Laurent polynomial ring, as the class then arises
as an element of an ungraded Mac Lane cohomology group.



Corollary 5.1.4. Let R be a ring spectrum such that ,(R) = (mo(R))[u™!] with u a cen-
tral unit in degree n. Then there is a well defined cohomology class vt € HML" 2 (o (R))
in the ungraded Mac Lane cohomology of mo(R). It determines, by evaluation, all (n+2)-
fold Toda brackets of complexes of (n + 2) composable maps between finitely generated
free m.(R)-modules which are concentrated in degrees divisible by n. For a m.(R)-module
M which admits a resolution by such modules, the class 7?{"2 determines the unique
realizability obstruction Kn42(M) not vanishing for degree reasons.

The ungraded Mac Lane cohomology groups are equivalent to topological Hochschild
cohomology or Ext-groups in certain functor categories. Their computation is known in
relevant cases. As an example, we consider the universal Toda bracket of the complex
K-theory spectrum KU. Since m.(KU) = Z[u*!] with u of degree 2, its universal Toda
bracket is an element of HML*(Z) 22 Z /2, and it turns out to be the non-zero element.

The calculation of fyf(U will be a consequence of a different kind of information which
is detected by universal Toda brackets. Associated to a ring spectrum R and an integer
q > 1, there is a path connected space B GL, R, which is an important building block for
the algebraic K-theory of R. If m.(R) is concentrated in degrees divisible by n for some
n > 1, we know that m(BGLy R) =0 for 1 <k <n+1.

Theorem 5.1.5. Let R be a ring spectrum such that w.(R) is concentrated in degrees
divisible by n for some n > 1. For q > 1, the restriction map

HML, 5" (1 (R)) — HML™2(w0(R), mn(R)) — H"*2(m1(B GLy R), mns1(B GLg R)

n—sp
sends the universal Toda bracket ’y}?‘Q of R to the first k-invariant of the space B GL4 R.

This relation between the universal Toda bracket of R and the spaces B GL, R will be
used interpret the vanishing of 7}?2 in terms of the algebraic K-theory of R.

Organization The main results, as stated in the introduction, can be found in the fifth
and last section. There we also discuss the examples.

In the second section, we briefly review cohomology of categories and Mac Lane coho-
mology, including a version for graded rings. We also introduce a map relating the Mac
Lane cohomology of a graded ring to Ext-groups over it.

In the third section, we explain the general obstruction theory for the realizability prob-
lem described above. Furthermore, we review the definition of (higher) Toda brackets in
triangulated categories and explain how Toda brackets determine realizability obstruc-
tions. All results of this sections are formulated in terms of triangulated categories.

The fourth section is the technical backbone of this thesis. Using the framework of
stable topological model categories, we give a general construction of a universal Toda
bracket and show how it is related to k-invariants of certain classifying spaces. In the
course of the construction, we encounter different definitions of Toda brackets, which we
discuss in Paragraph 4.3.

Notation and conventions The letter 7 will always denote a triangulated category. We
write [1] for the shift in 7, and [n] for the n-fold shift if n € Z. By setting 7(X,Y); =
T(X]i],Y), we obtain a graded abelian group 7 (X, Y'). of homomorphisms from X to Y
in 7. The term 7 (X,Y) without a decoration is its degree 0 part.



When A is a graded ring, we also denote its shifts by [n], i.e., (A[n]); = A;j—,. This
is compatible with the shift in the triangulated category, as we have (7 (X, X).)[n] =
T(X,X[n])« = T(X[-n],X). Sometimes we write A(M,M') for Homp (M, M'). The
Ext-groups of modules over a graded ring A are bigraded by setting Exti’t(M , M) =
Ext} (M, M'[t]).

For n > 1, a graded abelian group or a graded ring is called n-sparse if it is concentrated
in degrees divisible by n. A full subcategory U of a triangulated category 7 is called n-
split if for each pair of objects X and Y in U, the graded abelian group 7 (X,Y). is

n-sparse.
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2 Mac Lane cohomology

In the first paragraph of this section we recall some facts about Mac Lane cohomology,
including a definition and some results about computations. A good background for this
is [Lod98, Chapter 13]. The second paragraph is concerned with a map from Mac Lane
cohomology to Ext-groups which we will use for next section’s Theorem 3.4.5.

2.1 Cohomology of categories and Mac Lane cohomology

Let C be a small category. A C-bimodule is a functor D: C°? x C — Ab. For a map
f: X — Y in C, we denote the abelian group D(X,Y") by D;. On these abelian groups,
the C-bimodule structure induces actions g*: Dy — Dyg and hy: Dy — Dyy for maps
g: X' =X, h:Y -Y  and f: X — Y. If Aisaring and C is the category of A-modules,
the bifunctor Hom4(—, —) provides an example for a C-bimodule.

In order to define the cohomology of categories, we introduce the following cochain
complex C*(C, D) associated to a category C and a C-bimodule D: we set

C™(C, D) ={c: Na(C) — H Dy [ c(g1,---:9n) € Dgy.q,. }
g€Mor(C)

for n > 1 and

€€, D) ={e: Ob(C) =[] Diay | e(X) € Diay}
X€e0ob(C)

for n = 0. Here the simplicial set N(C) is the nerve of the category C, so an element
(g1,---,9n) € Nu(C) is a sequence

1

In— 2 1
X, & ox, 2L 02 x4 X

of n composable maps in C.
The abelian group structure on C"(C, D) is given by the pointwise addition in D,. For
n > 1, the differential 6: C"~(C, D) — C™(C, D) is defined by
n .
(6e)(g1,-- - gn) =(g1)sc(g2: -, gn) + > _(=1)c(g1, ., gigis1, - -+ n)
i=1
+ (_1)n+1(gn)*c(gla e 7gn—l)-

For n = 1, the differential of ¢ € C°(C, D) evaluated on g;: X1 — Xp is (6¢)(g1) =
(g1)+c(X1) — (91)*c(Xp). It is easy to verify §2 = 0.

Definition 2.1.1. [BW85, Definition 1.4] The cohomology H*(C, D) of the category C
with coefficients in the C-bimodule D is defined to be the cohomology of the cochain
complex C*(C, D).

There is a normalized version of the cohomology of categories. We call a category
pointed if it has a preferred zero object, i.e., an object * which is both initial and terminal.
A zero morphism in a pointed category is a map which factors through the zero object.
If C is a pointed category, we call a C-bimodule D normalized if D(x, X) =0 = D(X, %)
holds for all objects X in C.



For a pointed category C and a normalized C-bimodule D, we consider the subgroup
C"(C,D)={ce C™(C,D)|c(g1,---,9n) = 0 if g; is zero for some 7}

of normalized cochains in C"(C, D). Using that D is normalized, it is easy to see that
the differential of C*(C, D) restricts to C" (C, D). Therefore, C" (C, D) is a subcomplex of
C*(C,D).

Proposition 2.1.2. [BD89, Theorem 1.1/_Let C be a pointed category and let D be a
normalized C-bimodule. Then the inclusion C" (C, D) — C*(C, D) induces an isomorphism
in cohomology.

When working with the cohomology of a pointed category with coefficients in a nor-
malized bimodule, we can therefore henceforth assume that it arises as the cohomology
of the normalized chain complex. That is, representing cocycles can be assumed to be
normalized.

Cohomology of categories has good naturality properties. For a functor F': C — D and
a D-bimodule D, there is an induced C-bimodule F*D, and F' induces an obvious map
F*: C*(D,D) — C*(C, F*D,).

Proposition 2.1.3. [BW85, Theorem 1.11] In the situation above, F' induces a homo-
morphism H*(D, D) — H*(C,F*D). If F is an equivalence of categories, this map is an
isomorphism.

For a ring A, we denote the category of finitely generated free right A-modules by
F(A). To avoid set theoretic problems, we assume F'(A) to be small, i.e., we require it
to contain only one element from each isomorphism class of objects. The category F'(A)
is pointed, and for an A-bimodule M, the functor Homy(—, — ®4 M) is a normalized
F(A)-module.

Definition 2.1.4. Let A be a ring and let M be an A-bimodule. The Mac Lane coho-
mology of A with coefficients in M is defined by

HML*(A, M) = H*(F(A),Homu(—,— ®4 M)).
If M equals A, we adopt the convention HML?*(A) = HML®(A, A).

Remark 2.1.5. In this definition of Mac Lane cohomology, we do not necessarily need
to take the category F'(A). If we replace F(A) by any small full additive subcategory C
of Mod-A containing F'(A), then the induced restriction map on the cohomology groups
is an isomorphism [JP91, §2 and Corollary 3.11].

For some fixed infinite ordinal, the full subcategory of Mod-A containing one A-module
from each isomorphism class of free A-modules which have rank smaller than the fixed
ordinal provides an example for such a C. The possibility of such an enlargement will
become relevant in our applications (see Remark 3.4.6 and Remark 5.1.3).

We will also need an equivalent characterization of this cohomology theory, which is
due to Jibladze and Pirashvili [JP91]. For a ring A, let F(A) be the category of functors
from F(A) to Mod-A. This is an abelian category with all structure defined object-wise.
Examples for objects in F(A) are the inclusion functor I: F/(A) — Mod-A or the functor
—®4 M: F(A) — Mod-A with M an A-bimodule.



Proposition 2.1.6. [JP91, Corollary 3.11] Let U,T € F(A) be functors such that U
takes values in projective A-modules. Then

H*(F(A), HomA(U(—), T(~))) 2 Ext (1) (U, T).
Corollary 2.1.7. For a ring A and an A-bimodule M, there is an isomorphism

Remark 2.1.8. Mac Lane cohomology was originally defined by Mac Lane in 1956
[ML57]. The equivalence of his definition to the one in terms of cohomology of cate-
gories and with the Ext-groups in functor categories was established by Jibladze and
Pirashvili [JP91].

Mac Lane cohomology is also isomorphic to topological Hochschild cohomology. The
homological version of the latter was invented by Bokstedt [Bok85a]. It should be thought
of as Hochschild homology with the sphere spectrum serving as the ground ring. A good
account for the equivalence of different definitions of topological Hochschild homology
which make this slogan precise is [Shi00]. The equivalence of topological Hochschild
homology and Mac Lane homology was proved by Pirashvili and Waldhausen [PW92].

A reference for the equivalence between topological Hochschild cohomology and Mac
Lane cohomology is [Sch01, Theorem 6.7]. Here it is important to insist on the Mac
Lane cohomology having coefficients in a bimodule, as the more general case of Mac Lane
cohomology groups with coefficients in an object of F(A) is not necessarily isomorphic
to the corresponding topological Hochschild cohomology group. This will not become
relevant for us, as we only consider Mac Lane cohomology groups with coefficients in a
bimodule.

We call a functor U in F(A) reduced if it satisfies U(0) = 0. A functor U € F(A) is
constant if it sends all objects of F'(A) to the same A-module M and all morphisms to
idps. If M is an A-module, we denote the constant functor with value M also by M. The
following lemma will be needed later.

Lemma 2.1.9. Let A be a ring, let T' be an object in F(A), let M be an A-module, and
let P be a projective A-module. For i > 1, there is an isomorphism

H'(F(A),Homa((I ® P)(=),(T ® M)(-))) = H'(F(A), Homa(~, T(-))).

Proof. By Proposition 2.1.6, this translates to a statement about Ext-groups in F(A).
Since A = A[F(A)(0,—)] is projective in F(A) [JP91, Proposition 2.5], the constant
functor P is projective in F(A) as well. Together with the additivity of Extr(4) in the
first variable, this yields

Extir ) (1 ® P)(=), (T & M)(=)) 2 Ext’y4) (I, (T & M)(-))

for ¢ > 1.
There is only the zero morphism from a reduced functor in F(A) to a constant func-

tor. Since every reduced functor admits a projective resolution by reduced functors,
Extr4)(I, M) vanishes. This implies Ext’z 4 (1, (T ® M)(=)) = Extiz 4 (I, T). O



We state some results about calculations of Mac Lane cohomology groups. The for-
mulation uses the product structure of the graded ring HML*(A), which is the Yoneda
product on Ext;-(A) (I1,1).

Theorem 2.1.10. ([FLS94, FP98]) There are isomorphisms of graded rings
HML*(F,) = (Z/pZ)[eo, - - -, €, - - .1/ (€, i > 0) with |e;| = 2p" and
HML*(Z) = T'(x)/(x) with |x| =2,

where T'(z) is the free divided power algebra on one generator x in degree 2. Regarding
only the additive structure, this means

7/pZ k even
0 k odd

Z)iT k= 2i

HMLF(F,) = .
(Fy) { 0 k odd

and ~ HMLF(Z) = {

Proof. See [FLS94] for the statement about Fp, and [FP98] for the statement about Z.
The cohomology groups without the multiplicative structure can also be deduced from
earlier results of Bokstedt [B6k85b] or Breen [Bre78]. O

We will also need a graded version of Mac Lane cohomology. In the sequel we will call
a graded ring, a graded abelian group, or a graded module n-sparse if it is concentrated
in degrees divisible by n. If A is a graded ring, the morphisms between graded A-modules
M and N form a graded abelian group by setting

Hom, (M, N) = Homy (M, N)_; = Homy (M[—i], N).

We call a full subcategory C of Mod-A n-split if for each pair of objects M, N in C, the
graded abelian group Homp (M, N), is n-sparse.

For a graded ring A, let F'(A) be the category of finitely generated free graded right
A-modules. This means that the objects of F(A) are finite sums of shifted copies of the
free module of rank 1. If the ring A is n-sparse for some n > 1, we will also consider
F(A,n), the full subcategory of F'(A) given by the n-sparse A-modules. For n = 1, the
additional condition on objects in F'(A, 1) is empty, hence F'(A,1) = F(A). The category
F(A,n) is an example for an n-split subcategory of Mod-A.

Definition 2.1.11. Let A be an n-sparse graded ring, and let M be a graded right A-

module. Then the graded n-split Mac Lane cohomology of A with coefficients in M is
defined by
HMLS _ (A, M) = H*(F(A,n), Homp (—, — ®x M)).

n—sp

If M equals Aft], a t-fold shift of A for some t € Z, we adopt the convention

HML!, (A) = HML (A, Aft)).
For n = 1, we drop ‘1—sp’ from the notation and write just HML®(A, M) or HML**(A).
The graded Mac Lane cohomology is related to the ungraded theory.

Lemma 2.1.12. Let A be an n-sparse graded ring. Then there is a restriction map

HML*~" (A) — HML*(Ag, Ay).

n—sp



Proof. We apply Proposition 2.1.3 to the functor — ®a, A: F'(Ag) — F(A,n). The
resulting restriction map on Mac Lane cohomology groups has values in the Mac Lane
cohomology of Ay with coefficients in A, as

(— @n A)" Homp (—, — ®a A[—n]) = Homp, (—, — @4, An).
]

Lemma 2.1.13. Let A be a graded ring. Suppose that A has a central unit u of degree
n, that is, a homogeneous element u of degree n which is a unit and which is central in
the graded sense. Then the restriction map of the last lemma induces an isomorphism

HML~" (A) = HML*(Ap).

n—sp

Proof. In this case, — ®@p, A: F(Ag) — F(A,n) is an equivalence of categories. Hence
it induces an isomorphism. Since u is central, Ag is isomorphic to A,, as a Ag-bimodule,
and we have HML* (Ao, A,,) =2 HML*(Ap). O

Cohomology of categories, and therefore Mac Lane cohomology, is related to group
cohomology. For an object X in a category C, we denote its group of automorphisms by
Aut(X). The category with a single object X and Hom(X, X) = Aut(X) is denoted by
Aut(X). It comes with a canonical inclusion functor Aut(X) — C.

If D is an Aut(X)-bimodule, the automorphism group Aut(X) acts via the conjugation
action gz = (g7 1)*(g«(x)) from the left on the abelian group D(X, X).

Proposition 2.1.14. Let C be a category, let X be an object of C, and let D be a C-
bimodule. Then the inclusion functor F': Aut(X) — C induces a restriction map

&: H*(C, D) — H*(Aut(X), F*D) = H*(Aut(X), D(X, X))

from the cohomology of C with coefficients in D to the cohomology of the group Aut(X)
with coefficients in the Aut(X)-module D(X, X).

Proof. The first map is provided by Proposition 2.1.3. The second map is analogous to the
Mac Lane isomorphism between the Hochschild homology of a group ring and group ho-
mology [Lod98, Proposition 7.4.2]. It is induced by an isomorphism ¢ between the cochain
complex C*(Aut(X), F*D) to the cochain complex computing H*(Aut(X), D(X, X)) ob-
tained from the bar resolution. On a cochain ¢, the isomorphism is given by

1 .

() (g1 9n) = (g0 97 ) elgr -, gn).

0

When A is a ring and M is an A-bimodule, we write as usual GL4, A for the group of
invertible (g x ¢)-matrices, which acts on the abelian group Mat, M of all (¢ x ¢)-matrices
with entries in M by conjugation. The map of the last proposition specializes to Mac
Lane cohomology for graded and ungraded rings.

Corollary 2.1.15. Let A be an n-sparse graded ring, let A be a ring, and let M be an
A-bimodule. For q > 1, there are restriction maps

HMLy "2 (A) — H*(GLg Ao, Maty A,) and  HML*(A, M) — H*(GLg A, Mat, M).

n—sp

10



If A=Ay and M = A, the first map factors through the second map and the restriction
map of Lemma 2.1.12, i.e.,
HML: " (A) — HML*(Ag, A) — H*(GLg Ag, Maty Ay,).

Proof. We have Homp (A, A) = Homp,(Ag,Ag) as in both cases a morphism is deter-
mined by the image of 1 in Ag. This implies that the automorphism group of A? in the
category F'(A,n) is GLy Ag. The group Mat, A, arises in a similar way as the bifunctor
Homp,(—, — ®a, Ap) in Lemma 2.1.12.

The factorization is a consequence of Aut(A) — F(A,n) factoring through F(Ag). O

Remark 2.1.16. The map of the last corollary is hard to describe in examples, as the
source and especially the target are cohomology groups which are very difficult to compute
even for not too complicated rings.

Later we will encounter the case of the map HML*(Z) — H*(GL, Z, Mat, Z). Here we
know that for ¢ = 1, both cohomology groups are isomorphic to Z/2. Nevertheless, it
turns out that the map is trivial. This can be verified by translating the map into the
definition of HML*(Z) in terms of Exté_-(z) (I,I). In this description, one can represent
the generator by an explicit extension which becomes trivial when restricting it to an
extension of Z[Z/2]-modules.

Though we give only the trivial map as an example here, our application of this map
in Theorem 5.1.5 shows that it carries interesting information in general. As we will see
in Remark 5.2.6, the vanishing of the map in the case ¢ =1 and A = M = Z will have a
topological interpretation in terms of a certain k-invariant.

2.2 A cup product

In this section, A denotes a graded ring, and we work in the category of graded right
A-modules. Most of the time, Ext-groups are understood in the sense of Yoneda, i. e. ,
Ext-classes are represented by exact sequences of A-modules (see for example [ML67,
Chapter III] for details). Shifting of modules gives rise to a bigrading on Ext-groups,
that is, Ext®*(M, N) = Ext®(M, NJt]).

If F is a graded k-algebra over a field k, the isomorphism

HH}'(E) = Ext} \oq_p(E, E)

provides an interpretation of Hochschild cohomology as bimodule Ext-groups. The left
derived functor of the tensor product of a right module with a bimodule therefore gives
a bilinear map

—@F —: Homp(P,Q) x HH}'(E) — Ext3' (P, Q).

Next we construct a similar map with Hochschild cohomology replaced by Mac Lane
cohomology. We think of it as an analogon to the left derived tensor product.

Construction 2.2.1. Let A be a graded ring which is concentrated in degrees divisible
by n for some n > 1. Let M and N be graded A-modules such that M admits a resolution
by objects in F(A,n). Then there is a well defined map

Hom (M, N) x HMLE  (A) — ExtY (M, N), (f,7)— fU~

n—sp
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which we refer to as the cup product. It is bilinear and natural in the sense that (g f)Uy =
g«(f U~y) holds for composable maps of A-modules f and g.
In order to define the cup product, we first choose a resolution

An An—1 A A
e My, 2 My s S My 2SS M

of M by finitely generated free graded n-sparse A-modules M; and a normalized cocycle
ce 6S(F(A¢ n)7 HOHIA(—, — ®A A[t]))

representing the cohomology class v € HML®" __(A).

n—sp
Since 0(c) = 0 and the A; form a resolution, we have

0= ((56)()\1, )\2, vy )\5, )\5+1)
= (Ao Xes Asr1) + (=1 T A1) e, Aoy ooy )
AM[tleAz, -3 Aey Asg1) + (1) e(A, Aoy oo Ae) Aagt

and therefore
Ao[tle(Ar, -, As)Ast1 = (=1)°Ao[t]Ar[t]e(Az, ..., Asa) = 0.
This implies that the dotted arrow 7 in the following diagram exists

Ms+1

&

M

As
\ As—1 A1 Ao
c(A1yes) 0— Mg/Msy1 — Mgy —---— My — M — 0.
Mo[t] P s \ 0

olt] | I

MIt]

1]

N{i]

Here we write M;/Msy1 for the A-module coker Agy1 = ker A\s_1.
Ifoe Extf\’O(M , Ms/Msy1) denotes the Yoneda class of the extension

0— Mg/Msyy — Mg — -+ — My — M — 0,
(n42)(n+1) st . .
we define f U~ to be (=1)" 2 TH((f[t])7)«(©) € Ext}" (M, N). The mysterious sign
is built in to cancel out with another sign which will arise in proof of Theorem 3.4.5.
The bilinearity and the naturality with respect to compositions of maps are obvious
from the definition and the usual bifunctor properties of the Yoneda Ext-groups [ML67,
Chapter III]. In Lemma 2.2.4 and Lemma 2.2.5 we will show that the Ext-class of f U~

does not depend on the choice of the cocycle representing v and the chosen resolution of
M.

12



Remark 2.2.2. The analogy between the cup product and the derived tensor product
in Hochschild cohomology becomes clearer in the definition of Mac Lane cohomology in
terms of Ext-groups in functor categories. We sketch the ungraded case.

Let A be a discrete ring, and let M be an A-module. By Remark 2.1.5, we can enlarge
the category F'(A) to a small additive category C which contains the module M. If we
represent a cohomology class in HML"(A) by an extension of functors from C to Mod-A,
we can evaluate it on the module M to get an element of Ext" (M, M).

To prove that this coincides with the map we described above, one has to go into the
construction of the isomorphism between Ext-groups in F(A) and the cohomology of the
category F(A) [JP91, Theorem BJ. It uses a bicomplex whose two associated spectral
sequences are both concentrated in one line on the Fs-term. One Es-term is isomorphic
to HML*(A), and the other to Ext* F(A)(I,I). It is possible to define a map from this
bicomplex to another bicomplex which induces the cup product on the Eo-term of the first
spectral sequence and the evaluation on the Fs-term of the second. We do not go into the
details here as we will only use the description of the cup product given in Construction
2.2.1.

Lemma 2.2.3. Let

0—>M’1>Mn,1—>--~—>Mg—>M—>0

fl%
N

be a diagram in the category of A-modules s.t. the My, ..., M,_1 are free and the upper
line is exact and represents © € ExtR (M, M"). Then we have (f + hg)«(©) = f.(O)

Proof. This statement becomes trivial when we define Ext using projective resolutions.
O

Lemma 2.2.4. The cup product of Construction 2.2.1 does not depend on the choice of
the cocycle representing .

Proof. By definition, the product map is linear with respect to addition of cocycles. Hence
it is enough to show that the extension associated to a coboundary represents the trivial
element in Ext}'(M, N).

Let b € GS_I(F(A, n), Homp(—, — ®a A[t])) be a normalized cochain. Then we have

S, As) = B2, - - As) + (—1)B(A1, -+, As—1) s,

hence

MO M-y As) = (—1)*Ao[HB, « - As—1)As.

If we define 7 associated to d(b) and the chosen resolution of M as in Construction 2.2.1,
the last equation implies that this map 7 extends to My_1. An application of Lemma
2.2.3 shows that ((f[t])7)«(O) is zero. O

Lemma 2.2.5. The cup product of Construction 2.2.1 does not depend on the choice of
the resolution of M.

13



A
Proof. Suppose we are given another resolution --- — M), 2n, M, | — ... M) M
of M by objects of F/(A,n). Then there exist maps «,, such that the following diagram
commutes:

N v
c— M!S M My =% M
o el el ]

An Ao
— M, — M, _1 My M

The problem is that the diagram
AN AT
aSJ/ C(>\1 ..... /\3) )\o[t] l:
M My|t] M

will in general not be commutative. As we are are only interested in the induced maps
on Ext-groups, it suffices to show that

(f[t])(ko[t])C(Al, s As)as and - (FIE)(AoEDe(Ar, -, AY)
give rise to maps M]/M; ; — N[t] which induce the same map
Ext’ (M, M./M., ) — Ext (M, N).
To do so, we show that there is a map h: M._; — M][t] such that
Mo[tle(A1, .oy As)as = Ag[t]e(N], - o5 AL) + Xo[t] R
and apply Lemma 2.2.3 again. To find such a map h, we first calculate some coboundaries:
0= (dc)(p, ALy .-y AL)
= agltle(\], .. ML) — (oo, - ML) 4 (=1) T e(ag, Ay, oo AN,

(6) (A, -y Ay iy X g, 22 AL)
= Aty oy Ay s AL s )+ (=) (A, oo Apa, Ay, -2 AS)
+ (=)™ ey ey Ay @ Ny AL A (1) (N, o Ay iy Ay gy - AL ),

0= (66)()\17 SRR >\87 as)
= M[tleNay .y Ay ) + (—1)%c(Ag, ..o, Aem1, Asas) + (=15 e(Aq, ..., A as

Using A\, = ap—1A],, we can form the alternating sum of all coboundaries calculated
above to end up with the following formula in which h: M!_; — M]Jt] and g: M. — My|t]
are maps which we don’t need to know explicitly:

oz(ac)(ao, L A 4 (=158 (M, - As, )
+Z ()AL -+ s Ay Qs N1, - AL)

:ao[ ]C()\l,...,)\s) ()‘17"‘7)‘)045
+ Ai[t]g + A,

Composing with A\g[t] yields the desired equation. O
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3 Toda brackets and realizability

This section is concerned with Toda brackets in triangulated categories and their relation
to a realizability problem which we explain in the first paragraph. We assume familiarity
with the axioms and the basic properties of triangulated categories. Background for
this can for example be found in Weibel’s book [Wei94]. In particular, we assume our
triangulated categories to have infinite coproducts and call an object X in a triangulated
category 7 compact if the functor 7 (X, —) preserves arbitrary coproducts.

Throughout this section, 7 will always be a triangulated category, IV will be a compact
object in 7, and the graded endomorphism ring 7 (N, N), of N will be denoted by A.

3.1 Realizability

The functor 7(N,—): 7 — Ab induces a functor 7(N,—).: 7 — Mod-A from 7 to
the category of right modules over A. The module structure on 7 (N, X), is given by
composition. This functor preserves arbitrary coproducts since 7 (N, —): 7 — Ab does.
Our grading conventions ensure that 7 (N, —) commutes with the shift functors in 7
and Mod-A, i.e., we have T (N, X[k]). = (T (N, X).)[k]. Furthermore, 7 (N, —), maps
distinguished triangles X — Y — Y — X][1] in 7 to exact sequences

T(N,X), —» T(N,Y), — T(N, Z), — (T(N, X).)[1]

in Mod-A.

In this context, a A-module M is called realizable if there exists an object X in 7 such
that 7 (N, X). = M. In the next section we will introduce an obstruction theory which
helps to answer the question whether a A-module is realizable.

An object of 7 is called N-free if it is a sum of shifted copies of N. Since N is compact,
the functor 7 (N, —), induces a map

T(X,Y) — Homp (7 (N, X).,7T(N,Y),)
which is an isomorphism if X is N-free. This proves the basic but important

Lemma 3.1.1. Let 7 be a triangulated category, let N be a compact object of T, and let
A be the graded ring T (N, N).. Then the functor T (N,—).: T — Mod-A restricts to an
equivalence between the full subcategory of T given by the N-free objects and the category
of free graded A-modules.

As we will explain in more detail in Section 5, ring spectra give rise to an interesting
class of examples for this situation: if R is a ring spectrum, the homotopy category of
R-module spectra is a triangulated category in which R, the free module of rank 1, is a
compact object with 7 (R, R), = m«(R). In this case, the general realizability problem
introduced above amounts to the question whether a 7,(R)-module M arises as the
homotopy groups of an R-module spectrum.

A more algebraic instance of this is studied in [BKS04]. For a differential graded
algebra A over a field k, the authors consider the derived category D(A) of the category
of differential graded A-modules. This is a triangulated category in which A, the free
module of rank 1, is a compact object. When using cohomological grading convention,
the graded endomorphism object of A in D(A) is the cohomology algebra H*(A) of A, and
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an H*(A)-module is realizable if it is the cohomology of a differential graded A-module.
If G is a finite group and A is the endomorphism dga of a complete resolution of k as
a kG-module, the cohomology algebra of A is the Tate Ext-algebra E;tza(k, k). In this
case, the realizability obstructions of the next section can be used to answer the question

if a module over E}?czg(k‘, k) arises as the Tate cohomology of G with coefficients in some
kG-module [BKS04, Theorem 6.9].

3.2 Obstruction Theory

In this paragraph, we recall from [BKS04, Appendix A] the obstruction theory for the
realizability problem introduced in the last paragraph and extend its study by addressing
uniqueness questions.

Remark 3.2.1. Before explaining the general approach, we give the easier definition
of the first realizability obstruction: an IN-special 7-presentation of a A-module M is
a distinguished triangle X; — Xy — C — Xj[1] in 7 together with an epimorphism
e: T(N, Xo)« — M such that Xy and X; are N-free and the sequence

T(N,X1)s = T(N,Xo)s — M — 0

is exact. Every A-module admits an N-special 7-presentation: we can realize the first
two modules M; in a free resolution of M by N-free objects X;, and we can realize the
map My — My by a map X; — Xg in 7 as X; is N-free. Extending this map to a
distinguished triangle in 7 gives the required data.

Given an N-special 7-presentation of M, there is a monomorphism 7 such that the
following diagram commutes:

T(N, X1), — T (N, Xg), —— T (N, C),

\/

The first obstruction class k3(M) € Exti’_l(M , M) of M is defined to be the Yoneda
class represented by the exact sequence

[

0 — M[-1] "L 7(N, C[-1]), — T(N, X1)s — T(N, Xo)» > M — 0.

In [BKS04, Proposition 3.4, Theorem 3.7] it is shown that x3(M) is well defined and that
k3(M) = 0 holds if and only if M is a direct summand of a realizable module. Since the
T (N, X;). are free A-modules, the Yoneda class of the extension is trivial if and only if
n[—1] splits as a map of A-modules.

The construction of the higher obstructions uses the following

Definition 3.2.2. [BKS04, Definition A.6] Let 7 be a triangulated category and let N
be a compact object in 7. For k > 1, an N-exact k-Postnikov system for a A-module M
consists of an epimorphism 7 (N, Xy), — M and a diagram

kal ot t Yk,Q Gk } Yk,3 Y2 &I—Yl &%Yb = X()
%’1l %2\[ ng /HJ, /
Lk—1 Lg—2 L2 L1
X X1 Xk—2 Xo X1
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such that all arrows of the form <——+ denote morphisms of degree 1, all triangles are
distinguished triangles in 7, each object X; is N-free, and the maps d; = m;_¢; induce
an exact sequence

(d)«

e (N, X ) B, (2

(d1)

T(N, X))+ T(N, X1), 25 T(N, Xo)x — M — 0.

An N-exact Postnikov system is a collection of distinguished triangles as above which
extends infinitely to the left.

Given a A-module M, we can always find an N-exact 2-Postnikov system for M. Its
data is almost given by an N-special 7-presentation X; — Xo — C — Xj[1] of M:
we can realize the third term in the free resolution of M chosen in the construction of
the 7 -presentation by an N-free object X5. Then the map X5 — X7 which realizes the
differential in the resolution lifts to a map Xo — C. With this we have specified the data
of an N-exact 2-Postnikov system.

The following Proposition shows why Postnikov systems are relevant for the realizability
problem.

Proposition 3.2.3. [BKS0/, Proposition A.19] If there exists an N-exact Postnikov
system of a A-module M, then M is realizable.

Since an N-exact 2-Postnikov system for M always exists, the problem of finding a
realization of M can be approached by iteratively extending an N-exact k-Postnikov
system to an N-exact (k + 1)-Postnikov system. To understand this process, we need
the following fact which is verified in [BKS04, Lemma A.15(iii)]: an N-exact k-Postnikov
system of M induces an exact sequence

T(N, X1)u[1— K] 2% T(N, Xo).[1 — k] 25 T(N, Vi),
(dk—l)*

s TN, Xg ). T(N, Xg_s).
of A-modules, where the map «a: Xo[l — k] = Yp[l — k] — Yj_1 is the composition

ak—l ... al‘
Since coker(d; )« = M, the exactness of this sequences enables us to state

Definition 3.2.4. [BKS04, Definition A.16] Associated to an N-exact k-Postnikov sys-
tem for M there is an exact sequence

0 — M[L— k| ™5 T(N, Yiey)s T T(N, Xy, 2t

(d2)« (d1)«
L —

T(N,X1)x —— T(N,Xp)x — M — 0.

We denote the Yoneda class of this extension by k. 1(M) € Extlf\ﬂ’k*l(M, M).
The key point about the obstruction theory is

Lemma 3.2.5. [BKS04, Lemma A.18] If the obstruction class kx+1(M) of an N-exact
k-Postnikov system of M is trivial, then there exists an N-exact (k+ 1)-Postnikov system
for M whose underlying (k—1)-Postnikov system agrees with that of the given k-Postnikov
system.
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Recall that a graded ring is n-sparse if it is concentrated in degrees divisible by n.

Corollary 3.2.6. Let T be a triangulated category and let N be a compact object in T . If
the graded ring A = T (N, N), is n-sparse, then there exists an N-exact (n+ 1)-Postnikov
system for every graded A-module M.

Proof. As A is n-sparse, the module M splits into a sum M@ oMM ¢...¢ M1 with
M concentrated in degrees = i (modn). The last lemma provides the existence of an
N-exact (n + 1)-Postnikov system for each M) since the groups Extf\ﬂ’j L@ M)y
vanish for 2 < j < n. The sum of the N-exact (n 4 1)-Postnikov systems the M)
provides an N-exact (n + 1)-Postnikov system of M. O

To study the uniqueness of Postnikov systems and their associated obstruction classes,
we need
Definition 3.2.7. Let (X;,Yj, aj,¢5, 7, M) and (X}, Y], a0}, 7%, M) be two N-exact
k-Postnikov systems for M. A morphism between them consists of maps f;: X; — X ]’
and g;: Y; — Yj’ such that fy_1d; = dj fi and the following commutativity relations hold
for1 <j<k-1

gi-1; =if; (gl = g1 fimi =79,

In other words, all the obvious squares built from this data commute ezcept the square

L
X 5 Y

fkl igk—1

/ /
X, L_;:Yk—l'

More generally, for 1 <[ < k, an [-map of N-exact k-Postnikov systems for M is a map
of the underlying N-exact [-Postnikov systems.

Corollary 3.2.8. If there is a map between two N -exact k-Postnikov systems for M, then
the associated obstruction classes ki 1(M) and Kj_ (M) in Ext];’;ﬂ’k_l(M, M) coincide.

Proof. The data of the map of Postnikov systems can be used to obtain a map between
the exact sequences representing the obstruction classes. Since this map is idy; on the
outer terms, both exact sequences represent the same Yoneda class in the Ext-group.
This does not need the relation gi_1t; = ¢ fr which was left out in the definition of a
map of Postnikov systems. O

Given two N-exact 2-Postnikov systems of M, it is easy to see that there is always a
map between them. The next lemma gives a criterion which can be used to extend maps
of Postnikov systems.

Lemma 3.2.9. Suppose we are given an [-map between two N -exact k-Postnikov systems
with 1 <1 < k. Then there exists an element in Extkl_l(M, M) which vanishes if and
only if there is an (I+1)-map between the Postnikov systems whose underlying (I—1)-map
coincides with that of the given map.
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Figure 1: Extending a map of Postnikov systems

Proof. In the proof we denote 7 (N, X;), by M;. Together with the maps (d;)., the M;
form a free resolution of M. Similarly, the M/ and the (d}). form another resolution of
M. The maps f; induce maps between the free resolutions M; and M up to stage .
We can extend this to stage | + 1 and realize the resulting map M;;; — MZ’Jrl by a map
fir1: Xip1 — Xj . This guarantees that fid;11 = dj; fiy1 holds.

Let us for a moment assume our map of Postnikov systems satisfies g;—14 = ¢} f;. In
this case it is easy to extend the map one step further. By the axioms of a triangulated
category, we can find a map g; such that the diagram

Xi Y Y, Xi[1]
flJ( 9111 gll J
X —=Y., Y/ X;[1]

commutes. Therefore, the two commutativity relations for an (I + 1)-map involving g;
are automatically satisfied, and we have succeeded in extending the map.

In general, the additional commutativity relation does not hold, and there is a ¢ =
tfi — gi—1y; which may be non zero. For the diagram chase we are about to perform, it
is helpful to look at Figure 1. As we have

T =T fi — m_1gi-iu = dify — fioady =0,
the exactness of

(4 1)% (o 1)~ (1%

T(Xy, Xia[-1) —— T(X, Y/ [-1]) —— T (X, Y ) —— T(X1, X))

tells us that there is an element ¢ € 7 (X;,Y/ ,[—1]) with (o)_;)«(¢)) = ¢.
As Xj is an N-free object, we can apply the functor 7 (N, —). to the last exact sequence
to obtain an isomorphic sequence

A(Ml7 Ml/—l[_l]) - A(Mla T(N7 }/l/—2[_1]>*) - A(Ml7 T(N7 lel—l)*) - A(Ml7 Ml/—l)'
Next let P be the A-module

Ker(T(N, Y} ;) — M{_y) = coker(M{_y[~1] — T(N, ¥{ ,[~1]).).
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Since ¢ is in the kernel of (7]_, )., it defines an element % € A(M;, P).

We show that this @ represents an element in Ext!(M, P). As the M; form a free
resolution of M, it suffices to show that @ is in the kernel of A(M;, P) — A(M41, P).
For this is it enough to verify that ¢ is mapped to zero under

(di1)": T(X3, Y [1])e = T (X1, Y4 [=1])se

Since both N-exact Postnikov systems have a length k£ > [, [BKS04, Lemma A.12(i)]
provides the equalities ker(¢;), = ker(d;)« and ker(¢)), = ker(d)),. This implies ¢;dj41 =0
and ¢;d; | = 0. Therefore

(dig1)* 0 = odiv1 = ydipy fir1 — g—1udipr =0

holds, where the map f;;; can be constructed as in the introduction to the proof.

Using that P is isomorphic to coker(M] ,[-1] — T(N,Y/ ,[—1])x), we can apply
[BKS04, Lemma A.12(ii)] which yields P = M|l — []. Therefore, % represents a class
in Exth (M, M1 —1]) = Ext}" ™' (M, M).

If the Ext-class represented by @ vanishes, there has to be a map p € A(M;_1,P)
such that p(d;), = . This means that there is an element p € 7 (X;_1,Y] ,[—1]) with
pd; = pm_1y = 1. Using this map p, we change our [-map of Postnikov systems by
replacing the map ¢;—1 by gi—1 = g1—1 + (o _;[—1]) pmi—1.

This map satisfies the relations (g—1[—1])oy—1 = o)_y91—2 and 7_ g1 = fi-1m—1
since g;—1 does. In addition we have gained that

g—1u = gi—1u + (a1 [=1])pm_1u = gi—au + (oq_y [-1]) pdy
=g+ (a1 [-1)Y = gm1u + o = 4 fi

Hence the resulting modified I-map can be extended by the argument given at the begin-
ning of the proof. O

Corollary 3.2.10. Let T be a triangulated category and let N be a compact object
of T. Assume that the ring A = T(N,N), is n-sparse and that M is an n-sparse
A-module. Then there exists an N-exact (n + 1)-Postnikov system of M, and all N-
exact (n + 1)-Postnikov systems of M give rise to the same obstruction class kni2(M) €
Exty ™M, M).

Proof. The existence of the N-exact (n + 1)-Postnikov system is provided by Corollary
3.2.6. Given two N-exact (n + 1)-Postnikov systems, Lemma 3.2.9 and the vanishing of
Extklfl(M , M) for 2 < < n provide the existence of a map between them. Hence their

obstruction classes coincide by Corollary 3.2.8. O

3.3 Toda brackets

Before starting to explain higher Toda brackets, we introduce the more basic concept of
a triple Toda bracket in a triangulated category 7. For this we consider the following
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diagram in 7:

X3 > Xo ;{Xl ;{X()
|5
c o2
y
™ //
s
X3[1]

Here (A1, A2, A3) is a sequence of maps with AjAg = 0 = AyA3, and (7, ¢, A3) is a distin-
guished triangle in 7. If we apply the functor 7 (—, X1) to the triangle, we get an exact

sequence
(A3)*

T(X3[1], X1) — T(C, X1) — T(X2, X1) —— T (X3, X1).
Hence the relation Ao A3 = 0 implies the existence of a §: C' — X7 with B¢ = Ao. Similarly,
the exact sequence

A3)* * ¥

T(Xa[1], Xo) 225 T(X3[1], Xo) == T(C, Xo) o T(Xa, Xo)

and the relation (A1)t = A1 Aa = 0 imply the existence of v: X3[1] — Xy with y7 = A\ 5.
There are choices involved in the construction of 7. As one can read off from the exact

sequences, we can alter 3 by an element of 7*(7 (X3[1], X)) and v by an element of
(A3)*(7 (X2][1], Xp)). Putting these choices together, we see that v is only well defined
modulo ()" (T(Xa[1], X)) + (A0)-(T(Xs1], X1).

Definition 3.3.1. Let X3 23, Xo 22, X1 M, X be a sequence in a triangulated category
7 with MA2 = 0 = AAs. The Toda bracket of (A1, A2, A3) is the set (A1, A2, A3) C
T (X3[1], Xo) of all maps v which can be constructed as above. It is a coset of the group
(M)«(T(X3[1], X1)) + (A3[1)* (7 (X2[1], X)), which we refer to as the indeterminacy of
the Toda bracket.

Remark 3.3.2. There are two other equivalent ways to define the triple Toda bracket
of (A1, A2, Az). For this, we have a look at the commutative diagram

) y - Y
Xy — X oy 1] 2 [
| | |
T3[—1] | H | €3 | T3 ‘
¥ —T2|— + L + e
Co[—1] 2 )‘(2 A2 X, —2 C"z 2 Xo[1]
| |
e2[—1] | | 72[—1] | €2 | T2
v v v . v
Xo[—1] L%]Cl[—l] il 1]Xl M X, — .

Here the horizontal lines are obtained by choosing distinguished triangles containing the
Ai. The vertical maps are constructed by first choosing extensions e3: C'5 — X7 and
€2: Cy — Xy and then completing them to maps between triangles.

The definition of a Toda bracket given above uses the first line of the diagram and
produces a map ea73: X3[1] — X¢. The second possible definition of a Toda bracket uses
the distinguished triangle in the middle line: the relations AeAz3 = 0 and A\ A2 = 0 can
be used to choose maps 73[—1]: X3 — Ca[—1] and €2: Cy — Xy, which can, after a shift,
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be composed to give a map X3[1] — Xy. The last definition is dual to the first one. It
uses the distinguished triangle in the third line and lifts to fibers instead of extensions
to cones to obtain a map X3 — Xp[—1]. One can use the diagram to see that all three
definitions are equivalent.

The definition of higher Toda brackets will generalize the second definition which is,
as it uses extensions to cones as well as lifts to fibers, the most symmetric one. The next
definition will be a main ingredient.

Definition 3.3.3. [Shi02, Definition A.1] Let 7 be a triangulated category and let

)\n—l >\n—2 )\1
Xn—l Xn_g ce. T XO

be a sequence of (n — 1) composable maps in 7. An n-filtered object X € {A1,..., \n—1}

consists of a sequence of maps * = FyX to, nx A, Iy, F,X = X and choices of
distinguished triangles

FiX 2 Fja X 25 Xl <5 (FX)[1]

such that (p;[1])(d;) = A;[j]. The maps Xo = F1X — X and X = F, X 2% X,,_[n — 1]
are denoted by o’y and ox.

Remark 3.3.4. At the first glance, our definition seems to be more restrictive than the
one of Shipley [Shi02, Definition A.1], as we require the objects X;[j] to be the cones of
the maps i;, rather than to be isomorphic to the cones. This does not make a difference
since triangles isomorphic to distinguished triangles are distinguished again.

For a map A1: X1 — Xg in 7, the cone C of \; is part of a distinguished triangle
X1 — Xo — C — Xi[1]. With the filtration * — Xy — C, the cone C is a 2-filtered
object in {\1}.

If there exists an n-filtered object X € {A1,..., Ay}, each twofold composition A\;Ai+1
has to be zero since it is isomorphic to a composition of maps which contains two con-
secutive maps in a distinguished triangle.

Remark 3.3.5. The definition of a filtered object is closely related to that of a Postnikov
system. It is more general since a Postnikov system always has a resolution as part of its
data, while the corresponding maps A; of the filtered object only need to form a complex.
We will see in Lemma 3.4.1 how in special cases a filtered object gives rise to a Postnikov
system.

The next lemma will be our tool for the construction of filtered objects.

Lemma 3.3.6. [Shi02, Lemma A.4] Let \;: X; — X,_1 be a sequence of composable
maps in a triangulated category T. An n-filtered object X € {Ag,..., \p} with a map
a: X — Xo gwes rise to an (n + 1)-filtered object Co, € {0y, Aa,..., \n}, and an
n-filtered object X € {A1,..., An—1} with a map a: Xp[n — 1] — X gives rise to an
(n+ 1)-filtered object Cy, € {A1, ..., An—1, (cxa)[—n + 1]}.

Proof. The first part is a consequence of the octahedral axiom. The relevant diagram
will appear in the proof of Proposition 3.3.11 as Figure 2 on page 26. The second part
follows immediately from the definition. O
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Definition 3.3.7. [Shi02, Definition A.2] Let 7 be a triangulated category. A map
v € T(Xp[n — 2], Xo) lies in the n-fold Toda bracket of the sequence

Xy 2 Xy 2l 2 X
if there exist an (n — 1)-filtered object X € {Aa,..., A\p—1} and maps v,,: Xpn—2] - X
and vp: X — Xg such that v = ¢, holds and the two triangles in the following diagram

commute:
Xy

1
Ix
Tn X

Y0

Xn[n —2]

Xn—l [n - 2]

Xo

We denote the (possibly empty) set of all such maps by (A1,...,A,) C 7 (X,[n — 2], Xo).

For n = 3, we can use the fact that the cone of a map is a 2-filtered object to see that
this definition specializes to the second definition of the triple Toda bracket mentioned
in Remark 3.3.2.

A sequence (A1, ..., A\,) of composable maps has to satisfy restrictive conditions for its
Toda bracket to be non empty. For example, 0 € (Aa,..., A\,—1) is a necessary condition
for the existence of an (n — 1)-filtered object X € {Ag,..., Ap—1} ( see [Shi02, Proposition
A.5]), and the additional requirement A\j Ay = 0 = A\,,_1 A, will in general not be sufficient
for (A1,...,\,) to be non empty. We now introduce a condition which ensures that higher
Toda brackets are always non empty.

Definition 3.3.8. Let 7 be a triangulated category and let n > 1 be a natural number.
An n-split subcategory U of 7 is a full subcategory such that for all objects X and Y
of U the graded abelian group 7 (X,Y). is n-sparse, that is, is concentrated in degrees
divisible by n. Of course the condition on U is empty if n = 1.

The motivating example for an n-split subcategory of 7 is the following: assume that
7 has a compact object N such that 7 (N, N), is n-sparse. Then the category of sums

of copies of N which are shifted by integral multiples of n forms an n-split subcategory
of 7.

Lemma 3.3.9. Let U be an n-split subcategory of a triangulated category T with n > 2,

let
Al— Al by
X 25 X, 255 A5 X,

be a sequence of maps inU with2 <1 <n-—1, and let X € {\1,...,N—1} be an [-filtered
object. Then for every object Y in U, we have

TV, X)=0  and  T(X,Y[-1])=0.

Proof. To show the first part, we choose a map a: Y[l] — X. Since the composition
Y[ - X = FiX 7, X;—1[l = 1] is zero, « factors through F; X — F;X. Using
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inductively that 7 (Y'[l], X;[j]) =0 for j =1—2,...,0, we obtain that a factors through
FyX — F;X. Hence a = 0 since Fp X = .

For the second part, we first observe that 7 (F1.X,Y[—-1]) = 7(Xy,Y[—-1]) = 0. The
exact sequence

T(X;l5], Y1) = T(Fjn X, Y[-1]) = T(F; X, Y[-1])

in which the first term is trivial for j < [ — 2 can be used to show the assertion by
induction. O

Lemma 3.3.10. Let U be an n-split subcategory of a triangulated category T. Then a

sequence

A A
X2 x 2L AL

in U with A\idiv1 = 0 admits an (I + 1)-filtered object X € {A1,... ., N} if l <n+1. If
[ <mn, the (I + 1)-filtered object is unique up to isomorphism.

Proof. The map from Xg to the cone of A1: X7 — X gives the data of a 2-filtered object
in {A1}. Inductively, we assume that X € {A1,...,\j_1} is a j-filtered object with j <n
and consider the diagram

Fj1 X
\ / \ / ”\\B
Xj_olj —2] %Xb—l]
Aj—1li—1] jli—1]

Fj oX

The map (pj—1d;—1)(A;[j —1]) is trivial since it is a shift of A\;_1 ;. Hence d;_1(\;[j —1])
lifts along ;1 and factors through F;_X. Since we have T (X,;_1[j — 1], Fj_2X) = 0 by
the last lemma, we obtain d;_1(A;[j — 1]) = 0. This provides the existence of the dotted
arrow (5. By Lemma 3.3.6, the cone of 3 is a (j + 1)-filtered object in {Ay,..., \;}.

Next we prove uniqueness. For 1-filtered objects, the existence of the isomorphism
F1 X — F X' follows from the fact that both objects come with isomorphisms to Xj.
Now assume we have constructed an isomorphism of (j — 1)-filtered objects. In order to
extend it to an isomorphism of j-filtered objects, we need to construct an isomorphism
F;X — F; X' which fits into a commutative diagram

(X] 1[ ])—>Fj 1X—>FX—>XJ 1[ 1]

Lo LT

(XJ 1[] ])—)Fj_lX/—>FjX/—>Xj,1[j*1].

The existence would follow immediately from the axioms of the triangulated category 7°
if we knew that the first square in the following diagram commutes:

Xj_1[j — 2] —_— ijlX —)Xj_z[j — 2]

1T

Xj-1li =2l — Fja X' — X o[j — 2]
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We know that the big square commutes. Hence the exact sequence

(@ 1)

T(Xjalj — 2], FjoX') =———= T (X 2j — 2, F; 1 X') = T(X;2[j — 2], X;1[j — 2])

tells us that the possible deviation from commutativity in the first square is in the image
of the map (4}_;)«. Since T(X;_2[j — 2|, Fj—2X") is zero for j < n + 1 by Lemma 3.3.9,
the diagram does commute and we get an isomorphism of j-filtered objects. ]

Proposition 3.3.11. Let U be an n-split subcategory of a triangulated category T and

let

)\7L+1

An+2 A
Xng2 755 Xpp1 —= ... 55 X,

be a sequence of maps in U with \iXiv1 = 0. Then the Toda bracket (\1,..., Apy2) is
defined, is non-empty, and has the indeterminacy

(A1)+(T (Xny2[nl, X1)) + Ant2[n]) (T (Xnia[n], Xo))-

Proof. The (n + 1)-filtered object X € {\a,..., A\yt1} needed for the construction of the
Toda bracket exists and is unique by Lemma 3.3.10. To construct the map v,+2, we apply
7 (Xp42[n], —) to the distinguished triangle F,,X — F,11X — X,4+1[n]. Since F,11 X
equals X, we get an exact sequence

T(Xnaa[n), X) L% T (Xl Xoga[n]) — T (X ], Fu X[1]),

The last term is zero by Lemma 3.3.9. Hence there exists a y,,12 with oxv,4+2 = Any2[n].
To obtain =y, we first use the isomorphism Fy X — X; to get a map F1.X — Xg. This
map can be extended to F»X since A\jA2 = 0. Inductively, we can extend it to a map
Yo: X = F,11X — Xp: the obstruction for extending a map F;_1X — Xj to F;X lies in
the group 7 (X;_1[j — 2], Xo), which is zero for 3 < j <n + 1. The extension of A; to X
is the map .
Next we compute the indeterminacy. Since we have an exact sequence

T(Xpialn], FoX) S5 T(Xp 0], Fugr X) 225 T(X,040ln), X [n]),

we know that two different choices of 7,42 differ by an element in the image of (iy)x.
Using the same argument as in Lemma 3.3.9, we see that every map X, 2[n] — F, X
factors through o : X1 = 11X — F,X. Therefore, the possible difference is in the
image (o'y )+, and after composing with any choice for vy we obtain that this part of the
indeterminacy is (A1)«7 (Xyp42[n], X1[n]).

To examine the other part of the indeterminacy, we first construct an n-filtered object
FpX € {As3[l],..., Apqa[l]} in the following way. For 0 < j < n, we define F;X to
be the cone in a distinguished triangle Xy — Fj; 1 X — F](X . The maps idx, and
ij+1: Fj 41X — Fj 12X induce maps z; F]’ — Fj’ 11X, and the octahedral axioms ensures
that F} X is an n-filtered object in {A3[1],..., An+1[1]}. The last step of this construction
and the application of the octahedral axiom are displayed in Figure 2.

Next we use that the distinguished triangle X7 — F, 11X — F,X induces an exact
sequence

T(FpX, Xo) — T(X, Xo) — T (X1, Xo).
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‘ O'/

in i,
X1 —X> Fn+1X L FTILX E— Xl[l]
OX=Pn+1 oh, l
Xnt1(n] Xnti[n] —— Fr X1

F,X[1|—— F,_,X[1]
Figure 2: Forming the quotient of a filtered object

Hence the difference 7 of two possible choices for vq is in the image of 7 (F} X, X). Since
T(F!_1X,Xo) vanishes by Lemma 3.3.9, there is an w: X,41[n] — Xy with wox = 7.
If we apply (Yn42)* to woyx, we see that this part of the indeterminacy is given by
(nt2)*(T (X1 1], X)), 0

3.4 Toda brackets and obstructions

In this section we exhibit the link between Toda brackets and realizability obstructions.
More precisely, we use the cup product of Construction 2.2.1 to turn the slogan ‘the
Toda brackets of the resolution are realizability obstructions’ into a theorem. The first
step is the relation between filtered objects in the sense of Definition 3.3.3 and Postnikov
systems in the sense of Definition 3.2.2.

An .
Lemma 3.4.1. Let X, 11 AL ' AN Xo be a sequence of maps in T such that

each X; is N-free and T (N, —) maps it to an exact sequence of A-modules, and let M be
the cokernel of the map (A1)s: T(N,X1). — T (N, Xp).

Then an (n + 1)-filtered object X € {A1,...,\,} determines all data of an N-exact
(n + 1)-Postnikov system of M except the map X411 — Yn. In particular, we have
Y, = (Frnt1X)[—n], and the map a: Xg — Y,[n| of the Postnikov system is, up to the
sign (—1)%“, gwen by the map o'y : Xog — F, 11X which is part of the data of the
filtered object. The underlying resolution of the Postnikov system is induced by the maps

(=D (Xi)s-

Proof. This is just a rephrasing of the definitions. We set Y; = (Fj11 X)[-] for 0 <1 <n
and

7 Y= R X[ 225 (R X/ RXO-) S X,

di[~]

U X) S (B X/ F X)) FX[-l+1] =Y, and

o}: Vi = FX[—1+ 1) 222

F -1+ 1] =Y[1]
for 1 <[ < n. If we bring in signs by defining

m = (—l)lﬂf, = (—1)147 and o = (—l)lﬂaf
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it follows that the triangles (o, ¢, m) are distinguished as we know that the triangles
(di, pi+1,11) are. Hence we have specified all data of a Postnikov system but the map
tnt1: Xnt1 — Yn. The differentials of the underlying resolution of the Postnikov system
are given by

i1t = (=177 w5 ) (=1)¢)) = —(ps[=7 + 1)(di[=3]) = —A;-
Our definitions also imply that o = o, - - - a1 differs from o’y by the sign

n

[T = (-,

i=1
O

Before stating the main theorem of this section, we explain why the Mac Lane coho-
mology groups of Definition 2.1.11 provide an appropriate tool for the systematic study
of Toda brackets. Again, we let 7 be a triangulated category and N be a compact object
of 7 such that A = T(N, N), is n-sparse, and we define U to be the full subcategory
of 7 consisting of finite sums of copies of N which are shifted by integral multiples of
n. Then U is n-split in the sense of Definition 3.3.8, and by Lemma 3.1.1 the functor
T(N,—).: T — Mod-A restricts to an equivalence 7 (N, —): U — F(A,n). This leads to

Definition 3.4.2. The (n + 2)-fold Toda bracket of a complex

An42 Ant1 A1
Mn+2—>Mn+1 —>—>M0

of free A-modules is the subset (A1,..., Apt2) € Homp (M,,42[n], My) defined as follows:
first realize the complex by a complex in U, then form the Toda bracket in 7, and
let (A1,..., Ap+2) € Homp (My42[n], My) be the image of the Toda bracket in 7 under
T(N,—)..

It is clear that statements about a Toda bracket being non empty or its indeterminacy

translate from the definition for triangulated categories to the one for chain complexes in
F(A,n).

Remark 3.4.3. In fact, the last definition specializes to a more popular definition of Toda
brackets or Massey products in examples. The input is in this case given by elements
of homotopy groups (or cohomology groups) of appropriate objects. If 7 is for example
the derived category of a differential graded algebra A and n = 1, a complex of length
3 in which all 4 modules are isomorphic to the free module of rank 1 is the same data
as 3 elements A1, Ao, A3 € H*(A) with AA\2 = 0 and A\yA3 = 0. One can check that the
Toda bracket in this situation is the same as the classical Massey product of (A1, A2, A3).
By allowing all finitely generated free H*(A)-modules in the complex, our definition
specializes to the one of matric Massey products.

Remark 3.4.4. Coming back to the general setup with 7 triangulated and U a small
n-split subcategory of 7, we observe the following simple but important fact. If

An An A
Xpyo 2% X0 255 025 X
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is a complex in U and ¢ € 6n+2(1/{,’]' (—,—)n) is a normalized cocycle representing a

cohomology class v € H" 2(U,T(—,—)n), the evaluation of ¢ on the complex is an
element in 7 (X, 12[n], Xo). This element of course depends on the representing cocycle.
But since (A1, ..., Ant2) is a complex, we know that the evaluation of a coboundary of a
normalized (n + 1)-cocycle is an element in

(Ant2)"T (Xns1[n], Xo) + (A1)« (Xnq2[n], X1).

Therefore, the evaluation of a cohomology class (as opposed to a cocycle) is a well defined
object of the quotient of 7 (X,42[n], Xo) by (An+2)*7T (Xnt1[n], Xo) + (M)+7T (Xp42, X1).
By Proposition 3.3.11, the latter group coincides with the indeterminacy of the Toda
bracket (A1,...,A\n42). Hence it makes sense to ask the evaluation of a cohomology
class v € H""2(U,T(—,—)n) to be the Toda bracket (\i,...,A\pt2). The fact that the
indeterminacies of a Toda bracket and the evaluation of a cohomology class coincide is one
reason why the normalized cohomology of categories is the suitable cohomology theory
for our purposes.

If 7 is a triangulated category with a compact object N such that A = 7 (N, N), is
n-sparse, this can be reformulated in terms of Mac Lane cohomology groups and Def-
inition 3.4.2. We choose U to be the category of finite sums of copies of N which are
shifted by integral multiples of N again, and observe that the functor 7 (N, —) induces
an isomorphism

T(X,Y )y — Homp (7T (N, X)«, T(N,Y )« @7(n,N), (T (N, N)i[-n])).

if X and Y are objects of U. Therefore, the equivalence 7 (N, —) between U and F(A,n)
induces an isomorphism H"*2(U, T (—, —),) — HMLZJ_F;’;n(A). Hence it makes sense to
ask the evaluation of a cohomology class v € HMLngI’)_n(A) on a complex of n-split A-
modules (A1, ..., A\n42) to be the Toda bracket (A1, ..., Ap42). For n = 3, this observation

was used for the study of (triple) universal Toda brackets in [BD89].

Theorem 3.4.5. Let T be a triangulated category, and let N be a compact object such
that A = T (N, N), is n-sparse. Let M be a A-module which admits a resolution

Naw XM N
. — M, S ... — My — M —0

by finitely generated free n-sparse A-modules. Let v € HMLZJ_F;’)_"(A) be a cohomology
class such that the evaluation y(XNy, ..., N, ) is the Toda bracket (|, ..., N, ). Then the

product idyr Uy € ExtX”’_”(M, M) coincides with the unique obstruction class Kn4o(M)
of Corollary 3.2.10.

Proof. We denote the realization of the resolution of M by N-free objects by

Ant2 Ant1 A1
Xng2 Xnt1 .. — Xo,

that is, (\;)« = A,. By Lemma 3.3.10, there is an unique n-filtered object Z € {Xo,..., A\n}.
Since the (n+1)-fold Toda bracket of (Aq, ..., Ap4+1) contains only zero for degree reasons,
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we can find maps a and 3 such that the following diagram commutes

X1
/J{ \
Oz
B
Xn+1[n — ” Z o X()
oz
Am l
Xp[n —1]

and the composition af is zero. We use o and 3 to choose distinguished triangles
Z%Xo—Y %271  and  Xemn—122Z5 X Xealn).

Lemma 3.3.6 tells us that X is an (n + 1)-filtered object in {2, ..., Apy1} and that YV is
n (n + 1)-filtered object in {A1,..., A}
The Toda bracket of (A1,...,A\p42) is non empty by Proposition 3.3.11 and can be
defined using the n-filtered object X. Therefore, we have a diagram

X1

T

Xpio[n] 22 x Xo.

Yo
ox
e |

Xni1[n]

such that v = Yyn42 is an element of (\1,...,\,42). Looking at the distinguished
triangle defining X, we see that the map 7y can be constructed by extending a: Z — X
to a map X — Xg. The relation vg¢t = « enables us to construct the map p in the
following commutative diagram:

Xn+2 [n]

y J{Anﬁm
B[]

7 —= X —— Xpi1[n] —— Z[1]

T

Z — Xo y —>— Z[1].

Here we use that the map Xy — Y from the distinguished triangle defining Y coincides
with the map o}, which is part of the data of the n-filtered object Y.

Applying 7 (N, —), to the last diagram, we obtain the following commutative diagram
of A-modules:

Otk TN, X 1))~V TN, X)) — -

ol

T(N,Y).

)\6 /

T(Nv Xn+2 [n])*

vil

TN, Xo)s oz,

T(N, )ch[n])* e
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The lower sequence starting with M in this diagram represents idy; Uy up to sign. In-
specting Definition 3.2.4 and Lemma 3.4.1, we observe that it, up to signs, represents as
well the exact sequence associated to the (n+1)-Postnikov system obtained from Y. This
uses that the map ((0z[1])w) equals the map p,+1 of the (n + 1)-filtered object Y, and
therefore the map (—1)"m,[n] of the associated Postnikov system. The sign of the latter

map cancels with the n factors (—1) by which the maps ();). differ from the differentials
(n+2)(n+1)
of the resolution induced by the Postnikov system. The remaining sign (—1) e

of the map o%, cancels with the sign built into the cup product. O

Remark 3.4.6. In view of Remark 2.1.5, the restriction to modules with a resolution by
finitely generated free modules is unnecessary. For a given A-module M, we only need
to replace the category F'(A,n) by a larger full small n-split additive subcategory C of
Mod-A which contains all modules of a given free resolution of M. This does not change
the cohomology group HM LZJ_FSIE)_" (A), and the proof of the theorem applies in the same
way.

Nevertheless, we need some finiteness condition on the objects of C to ensure smallness.
Since we do not want to obscure the exposition by taking an ordinal which restricts the
size of C into the statement of our theorems, we continue to use F(A,n) as in the last
theorem.

Applications of this theorem will be given in the last section. We point out that for
n = 1, the last theorem also leads to an interpretation of the product of a A-module
homomorphism f: M — M’ with ~, provided that M satisfies the hypothesis of the
theorem: by [BKS04, Proposition 3.4(iv) and Theorem 3.7] and the naturality of the cup
product, f U~ vanishes if and only if f factors through a realizable A-module.
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4 Universal Toda brackets for stable model categories

In this section, we construct the universal Toda bracket ~;4 of an n-split subcategory U
of the homotopy category of a stable topological model category C. The class 7, will be
an element in a certain cohomology group of the category U which determines the Toda
bracket of every complex of (n+2) composable maps in /. When we specialize to module
categories over ring spectra in the next section, v, can be defined as an element of a Mac
Lane cohomology group to which the theory of the last section, namely Theorem 3.4.5,
applies.

Though the definition of Toda brackets and their relation to realizability obstructions
takes completely place in triangulated categories, the construction of ;4 needs additional
information from an underlying ‘model’ of the triangulated category. The point is that
Toda brackets are only defined for complexes of maps, while a Mac Lane cohomology class
is represented by a cocycle which can be evaluated on arbitrary sequences of composable
maps. We explain in the last paragraph of this section how the evaluation of ~;; on
sequences of isomorphisms can be interpreted in terms of k-invariants of classifying spaces.

The characteristic Hochschild cohomology class v4 of a differential graded algebra A
over a field k studied by Benson, Krause, and Schwede in [BKS04] should be considered
as the algebraic counterpart of our construction. In their theory, the derived category
D(A) of the differential graded algebra A plays the role of Ho(C) in our case. Similarly
to Yy, the class y4 determines all triple (matric) Massey products in the cohomology
ring of A. Since A is assumed to be a dga over a field k, this class can be defined as an
element of a Hochschild cohomology group rather than of a Mac Lane cohomology group.
A ‘model’ for the triangulated category D(A) is needed for the construction of v 4 as well,
since [BKS04, Example 5.15] shows that 4 cannot be recovered from D(A). In fact, the
construction of 4 uses the first piece of the Aoo-structure of H*(A). We will come back
to the relation between the Hochschild class and the universal Toda bracket in Remark
5.1.11, where we also outline how higher characteristic Hochschild classes can be defined.

Our construction will use information from the model category C which cannot be
recovered from its triangulated homotopy category. We will particularly exploit the
presence of mapping spaces, which exist since we require C to be topological. It would be
nice if we could skip the technical assumption of C being topological, as the topological
structure is typically not present in algebraic examples. This is likely be possible by
considering either simplicial model categories or, more generally, framings on stable model
categories [Hov99]. As this would make our construction considerably more difficult and
we do not need this extra generality for the examples we have in mind, we do not attempt
to do this.

Another motivation for our construction (and its name) is Baues’ work on universal
triple Toda brackets [Bau97, BD89]. He is working mainly in an unstable context, con-
sidering subcategories of H-group or H-cogroup objects in the homotopy category of
topological spaces, though he points out that these constructions generalize to ‘cofibra-
tion categories’ [Bau97, Remark on p. 271]. We will only work in a stable context, in
order to provide the link to triangulated categories. This also avoids certain difficulties
in the unstable case arising from maps which are not suspensions (see the correction of
[BD89] in [Bau97, Remark on p. 270]). We also do not use Baues language of ‘linear track
extensions’, as these seem to be only appropriate for the study of triple universal Toda
brackets. Nevertheless, the n = 1 case of the isomorphism we construct in Proposition
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4.1.4 below is basically what Baues encodes in a linear Track extension.

A motivation for the actual construction of the representing cocycle is the approach of
Blanc and Markl to higher homotopy operations [BM03]. For a directed category I', the
authors use the bar resolution WT' in the sense of Boardman and Vogt [BV73, 111, §1]
to define general higher homotopy operations. If I' is the category generated by n + 2
composable morphisms, this specializes to the higher Toda brackets we would like to
construct. In this case, WT is just an (n+ 1)-dimensional cube. As we are not interested
in other indexing categories, we will just use the cubes and do not make use of the bar
resolution in our construction.

4.1 Coherent change of basepoints

In what follows, we assume familiarity with model categories. Hovey’s book [Hov99]
provides a good reference. Other than in Quillen’s original treatment of model categories
[Qui67], we will follow Hovey in assuming our model categories to have all small limits
and colimits as well as functorial factorizations.

Let Top,be the category of pointed compactly generated weak Hausdorff spaces. This
category can be equipped with a model structure [Hov99, Theorem 2.4.25]. It is Quillen
equivalent to the category of usual topological spaces with the model structure in which
weak equivalences are the weak homotopy equivalences. The reason for working with
Top, is that it is a closed symmetric monoidal model category [Hov99, Corollary 4.2.12].

A pointed topological model category C is a pointed model category which is enriched,
tensored, and cotensored over 7op, in a way that certain axioms, partly involving the
model structures on C and 7op,, are satisfied. The categorical data of C consists of
functors

—AN—:Top, xC—T, (K, X)— KANX
Mape(—, —): C? x C — Top,, (X,Y) — Map.(X,Y)
(- Cx Top? — ¢, (X, K) — X,

natural adjunction isomorphisms
CX,YEY2C(KAX,Y) = Top,(K,Map.(X,Y)),
and the enriched composition
Map. (Y, Z) A Mape(X,Y) — Mape(X, Z).

The data is asked to satisfy the usual associativity and unit conditions with respect to the
monoidal structure of 7 op,. The compatibility with the model structure can be encoded
in the pushout product axiom. Two maps f: K — L in 7op, and g: X — Y in C induce
amap fOg: KAY [[grx LANX — LAY. The pushout product axiom asks fCg to
be a cofibration if f and g are cofibrations, and in addition f[lg has to be an acyclic
cofibration if f or g is one. More details can be found in [Hov99, 4.2].

A stable topological model category C is a pointed topological model category in which
the suspension functor S' A —: C — C and the loop functor (—)° " C — C form a Quillen
equivalence. The homotopy category of a stable model category is an additive category.
We denote the set of morphisms from X to Y in Ho(C) by [X,Y]H°©) or just [X,Y].
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One way to define the addition of maps is to replace X by an isomorphic object ST A X,
which is possible as C is stable, and to use the H-cogroup structure of S'. Later we use
that Ho(C) is in fact a triangulated category [Hov99, Chapter 7).

If C is a model category and X an object in C, we denote by (X | C) the category of
objects under X. This category inherits a model structure from C in which a map from
X — Y to X — Y’ is a cofibration, fibration, or a weak equivalence if the underlying
map Y — Y is one in C [Hir03, Theorem 7.6.5.(1)]. Since the initial object of (X | C) is
idx: X — X, an object is cofibrant in (X | C) if and only if the structure map X — Y
is a cofibration.

If K is an object in 7T op,, we write K for the space obtained from K by first forgetting
the basepoint and then adding a new one. We either consider K| as an object of 7 op,,
which is pointed by the ‘new’ basepoint, or as an object of (S | Top,), where the
basepoint of SY is mapped to the ‘new’ basepoint of K, and the other point of S° is
mapped to the ‘former’ basepoint of K.

Let K be an object of Top,. If X is an object in a pointed topological model category
C, applying the functor — A X to S® — K gives an object X = O0AX — Ky ANX of
(X | C) which we denote simply by K A X. This notation is compatible with considering
K, both as an object of (S° | Top,) and Top,: the first notion is needed to turn K, A X
into an object under X, and its underlying object in C is the product of K in 7op, and
X in C. When we write (K, z,y) for an object of (S° | Top,), y is understood as the
image of the basepoint of S° and x as the image of the other point.

If X is cofibrant in C and K is cofibrant in Top,, the map S — K is a cofibration,
and K A X is cofibrant in (X | C) by the pushout product axiom. Given another object
f: X =Y in (X | C), we will denote the set of morphisms from Ky A X to f: X - Y

in Ho(X | C) by [K4 A X, Y]ﬁo(ch)' We are particularly interested in the case K = S™,
where we study [S} A X, Y]IJ_CIO(XLC)

After setting up our notation, we can formulate the aim of this paragraph. Let C be
again a pointed topological model category. If f: X — Y is a zero map, we have a
canonical isomorphism

(X]CO)(SIANX, f: X =Y)=C(S"ANX,Y).

It is obtained from the universal property of the right pushout square below, which itself
is obtained by applying — A X to the left one.

—AX

SO—%S’?_ —/ X—)Si/\X
* —— gn *—— STAX

Our aim is to construct an analogous isomorphism for the homotopy category of a stable
topological model category for f being not necessarily a zero map. This will be done in
Proposition 4.1.4.

Lemma 4.1.1. Let C be a pointed topological model category and let X be a cofibrant
object of C. The functors — AN X and Map(X, —) induce a Quillen adjunction between
(S° | Top,) and (X | C). For a cofibrant object K in Top, and a map f: X — Y inC
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with Y fibrant, the derived adjunction isomorphism has the form

(K A XY T xie) = (K, (Mape (X, Y), £, 0)]so(so/7op,)

Proof. The adjunction extends to the undercategories by naturality. It is a Quillen ad-
junction since —AX and Map, (X, —) form a Quillen adjunction and the weak equivalences
and fibrations in (X | C) are defined via the underlying maps in C. With this, the derived
adjunction isomorphism is a consequence of our notation conventions. O

Lemma 4.1.2. Let C be a pointed topological model category, let f: X — Y be a map in
C, and let K be an object of Top,. Then a map g: X' — X in C induces a map

g (XKL AN X, f) = (X' LO) (K4 A X, fg).

Given another map h: X" — X', we have (gh)* = (h*)(¢*). If K is cofibrant, Y fibrant
and g a weak equivalence of cofibrant objects, g* induces an isomorphism

(a3

(x1c) K AX YIS

f
(K AX, Yy, Ho(X'[C)"

on the level of homotopy categories.

Proof. In view of the adjunction of Lemma 4.1.1, the induced map is the adjoint of
K—I— - (MapC(X> Y)v f: 0) 9_) (MapC(le Y)7 fg7 0)

If Y is fibrant, Mape(—,Y) is a left Quillen functor [Hov99, 4.2]. By [Hir03, Theorem
7.7.2.], it preserves weak equivalences between cofibrant objects. After adjunction, this
proves the statement about the induced map in the homotopy category. It is clear that

(gh)* = (h*)(g") holds. O

Lemma 4.1.3. Let C be a pointed topological model category, let f,f': X — Y be two
maps from a cofibrant object X to a fibrant object Y in C, and let I+ N X be the cylinder
object for X obtained by the product of I, in Top, with X, where I denotes the unit
interval. If H: Iy N X —Y is a left homotopy from f to f', it induces an isomorphism

H . n f n f!
(27 IS A X Y xie) = [55 A X Yo xic)-

Proof. After taking the adjunction of Lemma 4.1.1 and forgetting the basepoint, we only
need to show that there is an isomorphism

[S™, Mape (X, Y), f)] = [S", (Mape (X, Y), f')].

As the adjoint of H is a path from f to f/, we take the isomorphism between the homotopy

groups of Map.(X,Y) with different basepoints which is induced by this path. O
The set [ST A X, Y]ﬁo( XI0) has a group structure, which can be defined using the

H-cogroup structure of S™: since we have S H(S%Top St = (S™ VvV S™)4, we get an
isomorphism

(5™ V 8™ A XY e 2 (ST A X Y e % IS AX YT e,

and the comultiplication S™ — S™ V S™ induces the addition. The group is abelian if
n > 1, or if C is stable as we will obtain as a byproduct of the next
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Proposition 4.1.4. Let C be a stable topological model category, and let f: X — Y be
a map in C from a cofibrant and fibrant object X to a fibrant object Y. Then there is an
isomorphism

[Sn NX, Y]HO(XLC) = [Sn NX, Y]HO(C)

of abelian groups. For a map g: X' — X of cofibrant fibrant objects and a map h: Y — Y’
of fibrant object, we have

(he)(of) = (ong)(he) and  (og7)(g") = (9")(0y)-

If H: I NX — Y is a left homotopy from f to f’, the isomorphisms satisfy oy =
(op) (=) If f is the zero map, oy coincides with the canonical isomorphism.

Proof. Since C is a stable topological model category, the two endofunctors S A — and
(=)5" of C form a Quillen equivalence. We define a functor G: C — C by G(X) = (X5 )eof,
where (—)%f is the functorial cofibrant replacement. Then the Quillen equivalence prop-
erty gives us a natural transformation 7: S' A G(X) — ide such that 7x is a weak
equivalence if X is fibrant [Hov99, 1.3.13(b)]. By Lemma 4.1.2, we obtain an isomor-
phism

[S7 A X, Y, =[S AS AGX),Y

]f X
Ho(X|C) Ho(S1AG(X)IC)"

If we apply the functor — A G(X) to the weak equivalence S7 A ST = "1y ST under
S1 to be constructed in Lemma 4.1.5, we get a weak equivalence of cofibrant objects in
(S A G(X) | C) which induces the isomorphism

(5% A STA G, Yliisinaoone — (8™ VSN A GO Y iisinaxe)

The next step exploits the isomorphism (S"T1VSHYAG(X) = (S"HAG(X))V(STAG(X)).
Together with the derived adjunction isomorphism of the Quillen adjunction of

C—-X10),Z—(Z—-2ZVvX) and (X|C)—C,(X—=Y)—Y,
we obtain an isomorphism

[(Sn-i-l vV Sl) A G( ) )]I{‘IZ)((SlAG( X)) i [Sn A Sl A G( ) ]HO(C)

Finally, the weak equivalence of cofibrant objects 7x: S' A G(X) — X induces

IR

[S" A S AG(X), Yoy — [S™ A X, Yho(c)-

We define o to be the composition of these four isomorphisms.

It is additive since the addition on the right hand side can as well be defined using the
H-cogroup structure of S™. Naturality with respect to a map h: Y — Y is clear. The
naturality with respect to g: X’ — X is deduced from the naturality of the induced map
of Lemma 4.1.2 and the existence of a commutative square

STAGX) 25 x

Sl/\G(g)J lg

SIAGX) —— X
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Next we choose an k € (X | C)(S? A X,Y) that represents an « € [ST A X, Y]ﬁo(ch).
Then the action of a left homotopy H: Iy A X — Y from f to f’ is represented by the
composition of the maps in the first line of the diagram

Orfsnyn, nX — = 5 STAX UL AX Ry

CPSEAX

ST AX

Here : S™ — S™ V I is a homotopy equivalence which sends the basepoint of S™ to the
‘outer’ point of the interval I. It is the kind of map one usually employs to obtain an
isomorphism between homotopy groups with different basepoints that are connected by
a path.

In the diagram, the right triangle commutes, and the left triangle commutes up to
homotopy in C, but not in (X | C). Composing with the maps which induce oy, we see
that this is enough obtain that of(a”) and of(a) coincide in [S™ A X, Y Jyo(c)-

Now suppose that f is the zero map in the pointed category C. To see that oy coincides
with the canonical isomorphism, we use Lemma 4.1.5 again to see that the following
diagram commutes.

(ST A StV SHAGX) SIANGX)— X

o= I

57 A SYAG(X) STASIAGX) s StAXE Sy

%

SPAX S"AS'ANGX) ——= S"AX

Passing over to the homotopy category and running from the lower left corner through
the upper left corner and the middle line to Y gives a representative of o¢(c). Running
from the lower left corner using the lowest arrow to Y gives the image of k under the
canonical isomorphism which exists since f = 0. O

The following lemma was used in the proof of the previous proposition:

Lemma 4.1.5. Forn > 1, there is a homotopy equivalence p: (S™ AS') v ST = ST A S
of topological spaces under S*. Here the structure map S' — Sﬁﬁ/\S1 is given by smashing
the map SO — St with S, and the structure map of S™t1 v S is the inclusion of the
second summand. If p: S — S™ is the map which identifies the two basepoints of S
specified by SO — S™, the map

. 1
SmA St (g A gty v ST g op gt A gn p g1
is the identity.

Proof. To construct the homotopy equivalence, we consider S™ as a CW-complex with
one 0O-cell and one n-cell. The complex S™ x S! has 4 cells, a 0-cell, a 1-cell, an n-cell
and an n + 1-cell. Since S A ST 2 S x S1/(S™ x {s¢}), this space has a CW-structure
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which is obtained from the one of S™ x S! by collapsing the n-cell to the 0-cell. Now the
attaching map of the n + 1-cell of S A S 1is a map S™ — S!. This map is nullhomotopic
for n > 1 since m,8' = 0. For n = 1 it is nullhomotopic for a different reason: the
attaching map of the 2-cell of S' x S! is the attaching map of the 2-cell of a torus, and
if we collapse one 1-cell, this map becomes nullhomotopic.

Since we know that the attaching map of n + 1-cell of STFI A S1 is nullhomotopic, this
CW-complex is homotopy equivalent to the CW-complex which has also S' as 1-skeleton
and a further n + 1-cell attached using the constant map S™ — S'. This space is S™V S*.

Mapping from S% A St to S™ A S! with p A S' means that we also collapse the 1-cell
of S¥ A S 1 to the point. Therefore we do not see the effect of the nullhomotopy of the
attaching map of the n + 1-cell after mapping to S™ A S'. This verifies the last assertion
of the lemma. ]

We will also need the adjoint version of Proposition 4.1.4:

Corollary 4.1.6. Let C be a stable topological model category and let f: X — Y be a
map in C with X cofibrant fibrant and Y fibrant. Then there is an isomorphism

&f : [Sna (MapC (Xv Y)a f)}Ho(Top*) — [Sna (Mapc (X> Y)v 0)]H0(Top*)
of abelian groups.

Proof. This follows from Lemma 4.1.1, Proposition 4.1.4 and the isomorphism

[Sna (MapC (X7 Y)v f)]HO('Top*) = [Siv (MapC(Xa Y)7 f7 O)]HO(SOJ,TOP*)

4.2 The construction of the class

We set up some notation. For n > 1, we will denote the n-fold cartesian product of the
interval [0, 1] by W,,, and W} will denote the one point space.

We will use the set 7" = {0,1,—1}" to index the subcubes of the cube W,. The
subcube of W), associated to t = (¢;)1<i<n € T is

{(al, e ,an) S Wn\az =t; if t; 75 —1}.

Consequently, [t| = |(ti)1<i<n| = [{ti|lti = —1}| is the dimension of the subcube indexed
by ¢, and there is a canonical embedding ¢;: W)y — W,. The vertex (1,...,1) of W,, will
serve as the basepoint of W,,, turning it into an object of Top,. For § € {0,1} and k with
1 < k < n, the sequence t(n,k,d) € T™ with t(n,k,d); = 0 for i = k and t(n,k,0); = —1
otherwise denotes a codimension 1 subcube of W,.

We will also use projections p; j: W, — Wj_; 11 which are defined by p; j(a1,...,a,) =
(aj,...,a5) fori < j . Ifi = j+ 1, we write p; j: W,, — Wy for the unique map to the
one point space.

Each n-dimensional cube has an obvious CW-structure with cells given by the subcubes
described above. By ski W, we will denote the k-skeleton of the CW-complex W,,. In
particular, sk,,_1 W,, is the boundary of the n-cube, which we sometimes denote by 0W,,.
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Definition 4.2.1. Let U be a small full subcategory of the homotopy category of a
stable topological model category. For n > 1, an n-cube system for U consists of the
following data. For every object X of U, there is a chosen cofibrant and fibrant object
of C representing it. The isomorphism between X and the representing object is part of
the data. However, by abuse of notation, we denote the representing object by X as well.
The zero object of Ho(C) is required to be represented by the zero object in C.

Furthermore, for every j with 1 < j < n and every sequence

X P x B x

of (j + 1) composable maps in U, there is a map bj(fl, o fir): W) e A X — Xpin
C such that the following conditions are satisfied.

. . b0(f1) . . . ..

(i) For j =0, the map (Wp)+AX7 —— X in C represents f1 in . The implicitly used
natural isomorphism (Wp)4 A X7 = X3 which is part of the topological structure
of C and the chosen isomorphisms to the representing objects are suppressed in the
notation and will be suppressed in the sequel.

(ii) If one of the maps fi,..., fj+1 is a zero map in Ho(C), the map b’(fi,..., fj+1) is
the zero map in C. In particular, the trivial map f; in Ho(C) is represented by the
zero map bY(f1) in C.

(iii) For j > 1 and an i with 1 <1 < j, the following diagram commutes:
(Wj—1)+ A Xjn

(‘t(]’,i,l))Jr/\Xj—O—lJ( :bjl(f17~-~7fifi+1»-~"fj+1)
W)+ A X Xo

b (f1yesfir1)

(iv) For j > 1 and an 7 with 1 <1 < j, the following diagram commutes:

(Wj—1)+ A Xjn
(Lt(j,i,O))‘F/\XjJrlJ( b1 (frnfi)

Wi NX; ; X
( J)+ J+1 b (Frofyr) 0

Here bg_l(fl, ..., [j+1) denotes the map

DP1,i—1A\Pij—1AXj11 (

(Wj-1)+ A Xjta Wi1)4+ A (Wj—i)+ A Xj
(Wim1) g AT (figa,en fit1)

- X; ’
(WZ 1)+/\ i b (fryen fi) .

From the definition of an n-cube system it is easy to see that we have

0" (f1, s Far ) (et )+ A Xngr) = BO(f1 - fura).
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(f1)o(f2)(f3)

(f1)(f2) (fif2)(f3) (f1)(f2)(f3)
(f1)o(f2) (f1)(f2)o(f3) (f1)(f2)o(f3)
(fif2) (f1f2f3) GG (f1)(f2f3)
Figure 3: A 1-cube ... ...and a 2-cube.

As we have chosen the basepoint of W, to be (1,...,1), this means that 0" (f1,..., fnt1)
is a map from X, 1 — (Wn)—i- A Xpt1 to bo(fl T fn—i—l): Xny1 — Xo in (Xn+1 lC)

An n-cube system for U contains choices of maps in C (on the model category level)
which represent maps in I (on the homotopy category level). In general, it is not possible
to choose representing maps such that b°(f1)b%(f2) = b°(f1f2) holds. If they exist, the
maps b’ (f1,..., fj+1) for j > 1 encode coherence homotopies between different choices
for representatives for sequences of composable maps. Figures 3 and 4 (compare [BM03,
Figures 2.10 and 2.12]) illustrate the cases n = 1,n = 2, and n = 3. In the pictures, we

write (fj--- fx) for 8O(f;--- fx) and (fj -+~ fa—1) © (fr--- fo) for b1 (f -+ frm1, fr- - f1)-

Definition 4.2.2. Let U be a small full subcategory of the homotopy category of a
stable topological model category C. A pre n-cube system for U consists of the same
data as an n-cube system for sequences of composable maps of length < n. For a se-
quence (fi,..., fn+1) of (n + 1) composable maps in U, we only require to have maps
En(fl, cos 1) (Skno1 W) 4 A Xpp1 — Xo. The data is asked to satisfy the same com-
patibility conditions as that of an n-cube system. This makes sense since the conditions
only involve sk, _; W), in the top dimension.

(f1)(f2)(f3)o(fa)

(f1)(f2f3)(fa) (f1)(f2)(f3)(fa)

(f1)o(f2f3)(f4) (f1)o(f2)(f3)(fa

|
|
|
:
\
(f)(fafsfa) - A~ == == — (f1)(f2)(f3fa)

s
/s
7

(Fufofs)(fa) LU 25 (1) (1)

e

Ve
7

e

_ 7 (f1)o(f2fafa)

7
e

(jﬁjbjé}h)

(fiof2)(f3fa)

(f1f2)o(f3fa) (f1f2)(f3f1)

Figure 4: A 3-cube.
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Similarly to the map b"(f1,..., fnt1) of an n-cube system, /b\”(fl, .+« fnt+1) can be inter-
preted as a map in (X, 41| C) from Xy, 11 — (W) AXpy1 to b2(f1- -+ fay1): Xny1 — Xo.

Lemma 4.2.3. An (n — 1)—Acube system for U can be extended to a pre m-cube system.
The restriction of the maps b™(f1,..., fn+1): (Skn—1 Wn)+ A Xpp1 — Xo to the (n — 1)-
dimensional subcubes of sky,_1 W, that are indexed by t(n,i,0) with 1 < i < n is already
determined by the underlying (n — 2)-cube system.

Proof. For a sequence of (n+ 1) composable maps (f1, ..., fn+1) we have to define a map
(skp—1 Wn)+ A X1 — Xo. Since sk,,_; W, is the union of the codimension 1 subcubes of
Wy, we define the map on each of these and check that the choices coincide on subcubes
of codimension 2.

On the subcube of W,, of codimension 1 indexed by t(n,i,1) with 1 < ¢ < n, we choose
the map

V' (fro ey fifists oo far1)t (Was1) 4 A Xnga — Xo.

On the subcube of W), of codimension 1 indexed by t(n,i,0) with 1 < i < n, we choose
the map

VYN (frs s Far1): (Wott) 4 A Xy — Xo

which was introduced in Definition 4.2.1. Inspecting the definition of b, it is easy to see
that the additional assumption on the restriction to the cubes t(n,i,0) with 1 < i < n is
satisfied. Though it may be obvious that they assemble to a well defined map, we give
the details.

We have to check that these maps coincide on the intersection of the (n — 1)-cubes,
which are (n — 2)-dimensional subcubes of (sk,—; Wy,). In a similar fashion as known
from the simplicial identities, we have a commutative diagram

tt(n—1,5,6)

Wn72 anl

Lt(n—l,k—l,e)J{ lbt(n,k,e)

g
Wt — 75— Wn
for1<j<k<mnandede{0,1}.

First let us consider the case of an (n — 2)-cube specified by t € T™ with t; =1 = ¢,

and t; = —1 for ¢ ¢ {j,k}. Here we have to check the commutativity of the following
diagram:

(tt(n—=1,7,0))+ A Xn+1

(Wh—2)4 N Xnp1

(Lt(n—l,k—l,l))+/\Xn+ll

(Wh-1)+ AN Xnt1

b 1(f17"'7fkfk+17--'7fn+1)
bn_l seesJ i1 n+
(”n—l)+ /\}(n—s—l s fjfj ! fot1) XO

It is easy to see that both twofold compositions in the diagram equal

D" 2(fryeeos fifitts e os Fifitts o fag1).
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Next we check the case of an (n — 2) cube specified by at € T" with t; = 0 and ¢, =1
for 1 < j < k <n. This time we have to verify the commutativity of

(te(n—1,5,0))+AXn+1

(Wh—2)+ N X1

(Lt(nl,kl,O))Jr/\XTH—ll

(Wh—1)+ AN X1

J{b"_l(f17~~~7fkfk+1,~~,fn+1)
b;'Lil(flv"'vfn-"l)

(Wh—1)+ N Xns1 Xo.
In this case, both twofold compositions equal b?_Q(fl, cos JuSfk+1y -+ fnt1). The case of
ateT"” witht;=1,t,=0,and t; = —1 for i ¢ {j, k} is similar.
For t € T" with t; = t; = 0 and t; = —1 for i ¢ {j,k} we have to check the

commutativity of an obvious diagram in which both twofold compositions turn out to
be

(P1,j—1XPj, k=1 XPr,n—2)NXn+t1
(Wh2)p A Xpy1 —— (Wi-1)4 A (Wh—j1)+ A (W) + A Xt
(Wi 1) AWg— 1) 4 A" * (frg1sees frt1)

uiinA

Wi ) A (Wii1)s A X _ (Wi ) A Xy ——— 5 X,
Wic)+ A Wie—ja)+ A X oy Win)e A Xy o Xo

O

Lemma 4.2.4. Let f: X — Y be a map from a cofibrant object X to a fibrant object
Y inC. A mapb: (skn—1 Wy)+ AN X — Y under X which represents the trivial map in

[(skp—1 W)+ A X, Y]éo(XLC) can be extended to a map (Wp)y AN X — Y in (X |C).
Proof. This is an easy consequence of Lemma 4.1.1. O

Proposition 4.2.5. Let U be a small n-split subcategory of the homotopy category of a
stable topological model category C. Then there exists an n-cube system for U.

Proof. First we choose for every object of U a cofibrant and fibrant object in C which
represents it. In the next step, we choose for every map fi: X1 — Xg in U a map
bO(f1): (Wo)s A X1 — Xo which represents fi. We choose the zero map b°(f1) in C if f;
is a trivial map in Ho(C). Extending these data to a 1-cube system amounts to choosing a
homotopy b'(f1, f2): (W1)4 A Xo — X7 between the two maps b°(f1 f2) and °(f1)6°(f2),
which is always possible. Again, we choose b'(f1, f2) to be the trivial map if either f; or
fo is trivial.

Now suppose we have constructed a j-cube system for some j < n. We want to extend
it to a (j + 1)-cube system. By Lemma 4.2.3, we can extend it to a pre (j + 1)-cube
system. Hence for each sequence (fi,..., fj+2) of j + 2 composable maps in U, we have
to extend the map b1(fy, ..., fi+2): (skj Wjt1)+ A X2 — Xo of the pre (j + 1)-cube
system to a map (Wjy1)+ A Xj4po — Xo. If one of the maps (f1,..., fj+2) is trivial,
BJ'H(fl, ..., fj+2) is the trivial map in C, and we extend it to (Wj41)+ A X2 by taking
the zero map. If no f; happens to be zero, we know by Lemma 4.2.4 that it is enough to
show that the homotopy class of ¥/ *1(fy,..., fj1+2) in

BO(fy-fs
[(skj Wit1)+ A X2, Xo]Hé&jﬁﬁ)

vanishes. By Proposition 4.1.4, this follows from U being n-split. O
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Now we are ready to introduce our main object of study.

Construction 4.2.6. Let C be a stable topological model category and let U be a
small n-split subcategory of Ho(C). Then there is a well defined cohomology class
Y € H"2(U, [, —],I;IO(C)) which determines by evaluation all (n + 2)-fold Toda brackets
of complexes of n + 2 composable maps in U.

We choose an n-cube system for & which is possible by Proposition 4.2.5, and extend
it to a pre (n + 1)-cube system by Lemma 4.2.3. Then we define a normalized cochain

ce 6””(24 NES —]Eo(c)) as follows. Its evaluation on a sequence of (n + 2) composable
maps

KXo 22 X I X
in U is the image of the homotopy class of the map 3”“( fis- -+, fnt2) under the isomor-
phism

O “ee
[(Skn Wn+1)+ A Xn+2, Xo}b (f1+fnt2)

HO(Xn+2lC)
UbO(flmfn+2)l

[skn Wit1 A Xppa, Xo]10©) 2 [X,, 45 [n], Xo] o€

In Lemma 4.2.7, we will show that this cochain is a cocycle, and in Lemma 4.2.8 we will
verify that the cohomology class of this cocycle does not depend on the choice of the cube
system. We observed in Remark 3.4.4 that the Toda bracket of a complex has the same
indeterminacy as the evaluation of a cohomology class in the (normalized) cohomology of
categories. Hence it is enough to show that the evaluation of our cocycle on a complex is
an element of the Toda bracket of the complex. This will be proved in Proposition 4.3.8.

We will use the Homotopy Addition Theorem [Bre97, VIL.9.6] to prove that the cochain
constructed in the last theorem is a cocycle. For this we need to choose orientations of
the attaching maps of the (n + 1)-cells of the CW-complex sky,+1 Wy, +2. This space is
homeomorphic to an (n+ 1)-sphere, and we will choose an orientation on the (n -+ 1)-cells
such that they are oriented coherently with sk, 1 Wy4o.

We start with fixing the vertex e = (0,1,0,1,...) of W, 42 and the opposite vertex
¢ =(1,0,1,0,...). Each (n + 1)-dimensional subcube of W, 1o contains either e or ¢’.
We write T, C T™*? for the indexing set of those containing e, and T,/ for the indexing
set of those containing ¢’.

The union of all n-dimensional subcubes of sk, 1 W, 12 containing neither e nor ¢’ is
homeomorphic to an n-sphere. Changing the CW-structure for a moment, sk,+1 W12
can be obtained from this space by attaching two (n + 1)-cells. For sk,1 W12 to
be oriented, the attaching maps of these two cells have to have opposite orientations.
Subdividing to the CW-structure of sk, 1 Wy12 given by the subcubes, this means that
we can choose all (n + 1)-cells containing e to have the same, say positive, orientation,
and all (n + 1)-cell containing e’ to have negative orientation.

Let K be a pointed space. The Homotopy Addition Theorem [Bre97, VIL.9.6] now says
that for every based map f: sk, Wy12 — K, we have

Z[ﬂu] - Z [fl] =0 in 7 (K).

teTe tETe/
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Here f|,, denotes the restriction of f to the copy of sk, W,11 in sk, W42 indexed by
t, and m,(K) is m,(K) if n > 1 and the abelianized 1 (K) for n = 1. The use of 7, is
necessary for the following reason: if the cube indexed by ¢ does not contain the basepoint
(1,...,1) of sk, Wy42, we do have to use the action of a path to the basepoint on f|,,
to get an element of 7, (K), and this may depend on the homotopy class of the path for
n =1 (compare [Bre97]).

Lemma 4.2.7. The cochain of Construction 4.2.6 is a cocycle.

Proof. In a similar way as in the construction of a pre cube system from a cube system,
we can use the data of the chosen n-cube system to construct a map

d= d(fla LR fn+3): (Skn Wn+2)+ N Xnt3 — Xo

with the following properties: for each k& with 1 < k < n + 2, the restriction of d along
Li(n+2,k,5) Satisfies

(tLt(nt2,k1)) d = V' (f1y s fiforts o Frga)

and

(bo(fn+3))*@n(f1a e 7fn+2)) ifk=n+2
(te(ns2,0) d = S OPF(fry oo fasd) sk Wy 1<k <n+2

BOCf1)« O (for -, fura))  ifk=0

Here the map bZH(fl, coosfngs): Wha1)+ A Xpgs — X is the one introduced in Defi-
nition 4.2.1. It is, in a similar way as pointed out in Lemma 4.2.3, already determined
by the n-cube system. As it is implicit in the conditions listed above, d is a map under
W(fi- fuss)-

After adjoining and forgetting the additional basepoint, we get a map

d: sk, Wyio — (Mape(Xnt3, X0), 0°(f1, - -, fats)).

As explained before the lemma, the Homotopy Addition Theorem yields

0= Z[Cﬂbt(skn Wn+1)] - Z [C/l\’u(skn Wn+1)]

teTe tETe/

in 7, (Map¢(Xn+3, Xo)). The homotopy classes of those maps indexed by a t(n + 2, k,0)
with 1 < k < n + 2 vanish since these maps can be extended to W, 4.

To interpret this equation in m,(Mapg(Xna3, X0),0°(f1--- fnis)), we only have to
change the homotopy classes of the maps of the terms corresponding to t(n + 2,n + 2,0)
and t(n + 2,1,)) with paths from b°(f1)b0(fa- -+ fnys) and bO(f1 - fri2)b®(fass) to
bO(f1... fay3) in order to have the right basepoints. We do not loose information when
passing to the abelianized fundamental group in the case n = 1, as it is a consequence of
Proposition 4.1.4, Lemma 4.1.1, and C being stable that Map (X, +3, Xo) has an abelian
fundamental group.

After adjoining, we get a sum of homotopy classes of maps (sk, Wy11)+ A X3 — Xj.
Under the adjunction, the action of the paths correspond to actions of homotopies.
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Now we can apply the isomorphism oy0(y,...1, .,y of Proposition 4.1.4 to this formula.
Exploiting that it is natural, additive, and invariant under the action of homotopies, we
obtain the formula

n+2

0= (fi)sc(fis s fra) + D (=D)elfrs ey fifirt s futa)
=1

+ (1) (fgs) e(fr, - fats)-

The signs in this formula are a consequence of our orientation conventions. For example,
the sign of ¢(f1,..., fifit1s---, fn+3) is positive if and only if e = (0,1,0,...) lies in the
(n + 1)-dimensional cube indexed by t(n + 2,4,1), and this is the case if and only if the
ith entry of e is 1. O

For the n = 1 case of the last lemma, it is again helpful to have a look at Figure 4. The
first and the last term of the sum correspond to the back face and the upper face of the
cube. The three middle terms correspond to the 3 faces containing (fi f2f3f4), and the
term belonging to the right face vanishes as the ‘product homotopy’ b*(f1, f2)b*(f3, f1)
needed to fill the 2-cube is already given by the data of the 1-cube system.

Lemma 4.2.8. The cohomology class of Construction 4.2.6 does not depend on the choice
of a cube system.

Proof. We have to show that the cocycle associated to another n-cube system for U gives
a cocycle representing the same cohomology class as the one associated to our original
choice.

First assume that we are only given a different (n — 1)-cube system associated to U.
Then we will show that we can extend it to an n-cube system which yields the same
cohomology class as our first choice.

For this we fix an n-cube system (X, 5’) and an (n—1)-cube system (X, v’). For every
object of U, the data of the cube system gives an isomorphism between the representing
objects X and X which we can realize by a weak equivalence g: X — X since both
objects are fibrant and cofibrant. For a map f; in U, the diagram

bO
X, (f1) X,

gll JQO
80(f1)

Xy ——m—— X,

will in general not be commutative in C, but it commutes in Ho(C). The homotopy can
be considered as a map h°(f1): I+ A (Wo)s A X7 — Xy with (10)*h%(f1) = gob°(f1) and
(11)*hO(f1) = B°(f1)g1. Here 19,11 denote the two inclusions of the endpoints in the unit
interval I.

Using the same arguments as in the construction of a cube system in Proposition 4.2.5,
we can inductively find maps h?(f1, ..., fj+1): I+ A(W;)+ AX; — X for j < n such that

(t0)* W (f1,-- -, fj41) = 9oV (f1,..., fi+1)  and
(1) B (fro- s fig1) =V (f1o- o, fie1)gi41
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For j = n, we construct a map h"(f1,..., fot1) as follows: the cube system (Xj,b’)
specifies its values on {0} x W,,. We can extend it to 9(I x W) \ {1} x W,, since U is
n-split. Using the homotopy extension property of

(I x Wy)\ ({1} x Wy,) — I x Wy,

we get a map h"(fi,..., fa+1): I+ A (Wn)+ A Xpg1 — Xy. The restriction of A" to
{1} x W, is an extension of the (n — 1)-cube system (X ;, ') to an n-cube system. When
we pass over to the associated pre n-cube systems, we obtain a homotopy

h: I—i— A (Skn Wn+1)+ A Xn+2 - XO

between the maps ggb"“(fl, oo fog2) and B"F(f1, .. fas2)gnae. Therefore, the latter
map represents [g ob"“‘l(fl, e fn+2)]h0 (frfnt2) ip

[(skn Wht1)4 A Xng2, X ] ({1 nf;fcz))gm-

Hence the isomorphism o sends both maps to the same homotopy class in [X,, 12, XO]HO(C)

The second step is similar to the proof of the last lemma and will use the Homotopy
Addition Theorem again. We can now assume that we are given two n-cube systems
(X5,07), (X ., b7) with the same underlying (n — 1)-cube system. As observed in Lemma

4.2.3, the maps b+ and Q”H associated to their pre (n + 1)-cube systems coincide on
all n-dimensional subcubes of sk, W,, 1 indexed by t(n + 1,k,0) with 1 < k <n + 1.

We denote the set of all n-dimensional subcubes of sk, W, ;1 on which the two pre
(n + 1)-cube systems possibly deviate by Ty C T"*!, i.e.,

Ti={tlh+LED1<k<n+1}U{tn+ 1k 0)ke {1,n+1}).

Now let A be the space obtained by gluing for each ¢ € Ty one copy of W, Ugw, Wy,
to sk, Wy41, using the right copy of W, in the first term and the copy of W, associated
to t in the second. Then A has two inclusion 4,i: sk, Wy,4+1 — A, the first being the
canonical inclusion and the second being the inclusion using the left ‘new’ copy of W, on
all subcubes indexed by a t € Tj.

For a given sequence of composable maps (fi,..., fn+2), the two pre cube systems
together yield a map a = a(fi, .. faz2): Ay A Xpio — Xo with a(iy A X, p2) = 071!
and a(i, A Xpyo) = b1, The Homotopy Addition Theorem yields the formula

P =TT Y @) - Y (i),

teTyNTe teTyNT,

where i;: W)y, Ugw,, Wy, — A is the inclusion which belongs to ¢t € Ty. The signs arise in
the same way as in the last lemma.

Next let @ = a(f1,..., fa+1): Wy Usw, Wn)+ A Xpy1 — Xo be the map which is
b"(f1,..., fnt1) on the right copy of W, and b"(fi,..., fn+1) on the left copy. Then
we can define an (n + 1)-cochain @ € Cm—l(l/{, [—, —}EO(C)
(n+ 1) composable maps (f1,..., fnt1) IS

) whose value on a sequence of

G(f1se s fot)) = O g A1 - Fas)]
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If we now apply the isomorphism o40(4,...1, .,y to the formula obtained above from the
Homotopy Addition Theorem and exploit its additivity and naturality again, we obtain

C(f17 .. ')fTH-Q) = Q(fla .. 7fn+2) + (56)(]015 .- '7fn+2)7

where ¢ and ¢ are the two cocycles belonging to the two cube systems and da is the
boundary of a@. Hence the cohomology class of these two cocycles coincide. O

The last lemma completes the construction of the class ;. For later use, we prove two
more lemmas closely related to this construction.

Lemma 4.2.9. Let C be a stable topological model category and let U be a small n-split
subcategory of Ho(C). Suppose that v € H" (U, [—,—]EO(C)) is zero. Then we can
change the maps b™ of any n-cube system for U such that the resulting modified n-cube

—n+2

system has the zero cochain in C" "~ (U, [—, —]EO(C)) as the associated cocycle representing

Yu- In particular, the modified n-cube system can be extended to an (n+ 1)-cube system.

Proof. Let (X;,b) be any n-cube system for U, and let ¢ € Un+2(b{, [—, —]EO(C)) be the
associated cocycle representing ;. Our assumption 7, = 0 implies the existence of a
cochain e € UH—H(L{, [—, —]EO(C)) with d(e) = c.

We use e to change the n-cube system. This should be interpreted as the inverse to
our construction in the proof of Lemma 4.2.8.
Let
X1 2 x, I x

be a sequence of composable maps in . As in the last lemma, we model the n-sphere
by gluing two copies of the n-cube W, together along their boundaries. Using the iso-
morphism of Corollary 4.1.6 and the homotopy extension property, we can represent

e(fiy---, fn+1) by a map
e(fi,- s far1): (Whn Uaw,, Wy) — Mape(Xn41, Xo)

which coincides with the adjoint of b"(f1,..., fnt1) on the first copy of W,. If one of
the maps f; is the zero map, we can choose e(f1,..., fnt1) to be the trivial map to the
basepoint. Now we define b"(f1,..., fn+1) to be the restriction of e(f1,..., fnt1) to the
second copy of W,.

The maps b", together with the maps b for j < n, specify the data of an n-cube
system, as b" coincides with b™ on sk,,_1 W,,. Let ¢ € _n+2(C, [—, —]EO(C)) be the cochain
associated to the new cube system. With the same arguments as in Lemma 4.2.8, we see

that the cochains ¢ and ¢ differ by da. Hence c is zero. O

Lemma 4.2.10. Let G: C — D be a left Quillen functor between stable topological model
categories C and D which commutes up to natural isomorphism with the action of T op,
on C and D. If U and W are small n-split subcategories of Ho(C) and Ho(D) such that
G induces an equivalence U — W, then the induced isomorphism

Hn+2(W7 [_7 _]EO(D)) - Hn+2(u7 [_7 _}EO(C))

sends yw to Yy-
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Proof. Since G is a left Quillen functor, it induces a functor on the homotopy categories.
In particular, it preserves colimits. When we apply G to the data of an n-cube system
(X;,b) for U, we almost get an n-cube system for W. The only missing part is that the
objects G(X;) are not fibrant. If p;: G(X;) — Y ; denotes a map to a fibrant replacement
for every j, we can extend these maps to a map of cube systems in a similar fashion as in
the last lemma, using the homotopy extension property to obtain a cube system for W
with the Y ; as the chosen objects in D. It is clear that the cocycle defined in terms of
the cube system for U/ is mapped to the cocycle defined in terms of this cube system for
W. Since the associated cohomology classes do not depend the choices, we are done. [

4.3 Comparing definitions of Toda brackets

Triple Toda bracket where introduced by Toda [Tod52, Tod62] to study the stable ho-
motopy groups of spheres. Higher Toda brackets where introduced in the 60’s, and there
are different approaches in the literature. One of them is Cohen’s definition using filtered
objects [Coh68, §2]. It was originally introduced in the context of the homotopy category
of spaces or the stable homotopy category and generalizes easily to triangulated cate-
gories [Shi02, App A]. We used this definition in the last section in order to show how
Toda brackets determine realizability obstructions. As pointed out in Remark 3.4.3, this
definition also specializes to the definition of higher Massey products when applied to the
derived category of a differential graded algebra.

Another approach is Spanier’s definition of higher Toda brackets [Spa63] using the
concept of a carrier, which is a functor from a simplex to the category of spaces (see for
example [Spa63, 4.8] for his definition of a 4-fold Toda bracket). A related concept is
Klaus’ definition of a pyramid [Kla01, 3.4], which is as well a system of higher coherence
homotopies. This is linked to Spanier’s definition by [Kla01, Proposition 3.6].

The perhaps most general approach to Toda brackets and other higher homotopy op-
erations is that of Blanc and Markl [BMO03], who define them as obstructions to realizing
a homotopy commutative diagram by a strictly commutative one. The case of Toda
brackets is linked to Spanier’s definition by [BM03, Example 3.12].

In Lemma 4.3.1 below we will see that the evaluation of the universal Toda bracket
can be interpreted as something similar to a pyramid in the sense of Klaus. Proposition
4.3.8 will then show that this is in fact equivalent to the Toda bracket in the context of
triangulated categories defined in terms of filtered objects. Therefore, our comparison
can be interpreted as a link between these different approaches, which does not seem to
be covered by the literature. Nevertheless, we point out that we do not claim that all
these approaches are equivalent in general, and that it is not our aim to prove this here.

Let C be a stable topological model category and let U be an n-split subcategory of
Ho(C). Throughout this section, we fix an n-cube system for & which exists by Proposition
4.2.5. We also fix a sequence of maps

Xpup 2242 x, 0 I, x

in U which satisfies f;f;41 =0 for 1 <7 < n+ 1. Our aim is to prove that the evaluation
of the cocycle defined in Construction 4.2.6 on this sequence is an element of the Toda

bracket (f1,..., fnt+2) C [Xnto, XO]SO(C) in the sense of Definition 3.3.7.

We denote by 8/1/1771:1 the space obtained from sk, W, 1 by collapsing all those n-
dimensional subcubes of sk, W,+1 to the basepoint (1,1,...,1) which are indexed by
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t(n+1,4,1) with 1 < <n+ 1. This space is pointed again, and it is homeomorphic to
an n-sphere.

Lemma 4.3.1. The map Z”H(fl, ooy fny2) of the pre cube system associated to our
chosen cube system induces a map Zn+1(f1, ooy fng2): OWniiAXpio — Xo in a canonical

way. This map represents the evaluation of the cocycle of Construction 4.2.6 on the
complex (f1,... fny2) inU.

Proof. As defined in 4.2.6, the evaluation of ¢ on (f1,... fnt2) is the image of the homo-
topy class of the map 3”“(]”1, coos 1) s (skn Wha1) 4+ A X2 — X under the isomor-
phism o40(y,...1, ) of Proposition 4.1.4. Since the composition (f1 - fr+2) is a zero map
in Ho(C), the representing map b°(f1,..., fai2) in C is also the zero map. Proposition
4.1.4 tells us that in this case the evaluation of the cocycle is given by the homotopy
class of the induced map (sk, Wy11) A Xpto — Xo, where (1,1,...,1) is taken as the
basepoint of sk, Wy11.

The restriction of this map to the cubes indexed by ¢(n + 1,i,1) with 1 <i<n+1is
trivial: it is given by 0™ (f1,. .., fifi+1,- -+, fnt2): WnAXn12 — Xo, and this map is trivial

since fifix1 = 0. So we get an induced map 5"“(]“1, cois fnr1): OWiga A Xpvo — X
which represents the evaluation of the cocycle. O
Depending on our chosen n-cube system and the sequence of maps (f1,..., fnt2), we

now construct an object Fj = F;(fa,..., fj4+1) in C for j <n + 1. Set

Aj = A; = H (Wj,1)+ A X and Bj = H (Wj)+ N X;.
1<r<s<j+1 1<i<j+1

The object Fj is the coequalizer of two maps h,k: A; ]_[A; — Bj we describe next.

We think of the copies of W; in B; as the j + 1 subcubes of dimension j of Wj
which contain the vertex (0,...,0). The copies of W;_; in A; are thought of as those
(j — 1)-dimensional subcubes of W41 which are indexed by a t € T+ with ¢, = 0 = t,,
and the copies of W;_1 in A} are thought of as those (j — 1)-dimensional subcubes which
are indexed by a t € T9+! with t, = 1,¢, = 0.

The map h is given as follows: on the copy of (W;_1)+ A X, in A; indexed by (r,s),
it is the inclusion (¢4(j,.0y)+ A Xs: (Wj—1)+ A Xs — (W) A X, into the summand of B;
indexed by s. On the copy of (W;_1)4+ A X, in A}, the map h is

(Lt(j,v",l))Jr N Xs: (ijl)qt NXg— (Wj)+ A Xs.

The map k is the trivial map to the basepoint on A;. On the copy of (W;_1)+ A X in
A; indexed by (r,s), it is given by the composition

diagA X
(Wj—1)+ N X - (Wi—1)+ A (Wim)4+ A X
Ut (j,5—1,0) \Pj—s4r+1,j—1AXs
‘ o X ; X
Wida A (Womr2)4 A Xy — g (W4 A X
In other words, it is the map b5~ 1(f.41,..., fs) on X, and the last s —r — 1 coordinates

of the cube W;_;.
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(W1)+AX2

(W2)+ N X3 (W1)+/\7 <W2)+ A Xo

(1,0,1)

A~

Figure 5: The object Fy(fa, f3).

Example 4.3.2. The case j = 2 is displayed in Figure 5. In the diagram, the lines of
the shape ~~~ mark the part which is collapsed to the basepoint. Thinking of all
cubes as subcubes of W3, we glue the 3 objects (Wa2)+ A X3, (Wa)y A X, and (Wa)4 A
X1 (indexed by (—1,-1,0),(—1,0,—1) and (0,—1,—1)) together along two copies of
(W1)4+ A X3 (indexed by (—1,0,0) and (0,—1,0)) and one copy of (W;)4+ A X2 (indexed
by (0,0,—1)). Furthermore, we collapse two copies of (1)1 A X3) (indexed by (—1,1,0)
and (1,—1,0)) and one copy of (W1)4+ A X3 (indexed by (1,0, —1)) to the basepoint.

Lemma 4.3.3. The data of the cube system induces maps

§j: OWjt1 A Xjvo2 — Fi(fa, ..oy fiv1) and (i Fi(fe, ..., fij+1) — Xo,
If j = n, the composition (&, coincides with the map g”“(jﬁ, vy fnt2) of Lemma 4.3.1.

Proof. On the j-dimensional subcube (W;) A X2 of sk; W1y indexed by t(j +1,4,0),
we consider the map

P1,5\Pi, i A X2
(W) A Xjpo == (W) A (Wjs1-i)+ A Xj42
(W) 4 AT (fig 1, fira)

(Wj)+AX¢ Bj F}(f?v'-‘yfj-f—l)

The restriction of this map along (¢4(j x—1,1y)+ A X 12 is trivial for k > 4, as we can replace

VN (fiva, ..., fj+2) by the trivial map o ~*(fit1,. .., frfet1,-- -, fi+2) there. It is also
trivial on the subcubes indexed by ¢(j, k, 1) for k < 4, since these subcubes are mapped
to the part of Fj(fa,..., fj+1) which gets collapsed.
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The same arguments as in Lemma 4.2.3 show that the maps for different i coincide on
the (j — 1)-dimensional subcubes of sk; W; indexed by a t with ¢, = 0 = t,. Therefore,

we get an induced map &;: OWj 11 A Xj12 — Fi(fo, ..., fi+1)-
We now come to the map (;. On the copy (W;)+ A X; of B; indexed by ¢ with
1 <7< 741, we consider the map

P1,i-1AX; (f1,-f0)
-

pi—1
W)+ N X; (Wic1)+ N X, Xo.

The restriction of this map along the ¢(; 1 1) for k < 4 is trivial as it can be expressed
using b (f1,..., fufests- .-, fi). This ensures the compatibility with the part of the
coequalizer coming from A}. The compatibility with the other part follows from the
axioms of a cube system.

To see (,&n = E"H( fis--y fnt+2), we check its behavior on the n-dimensional subcubes
(Wn)4 A Xpyo indexed by t(j +1,4,0). Here (&, is the map o™ =%(fi1,..., fnio) using
the last (n + 1 — 4) coordinates of the cube, composed with b'~!(f,..., fi) using the
first (¢ — 1)-coordinates. This coincides with b'(fi,..., fn+2), which was used for the
construction of the maps of the pre cube system and hence of 5”*1( fiseooy fnt2) O

Lemma 4.3.4. The object Fj1(fa,..., fj+2) can be constructed from Fj(fa,..., fj+1)
as the mapping cylinder of the map from Fj(fa,..., fi+1) to the cone C of the map
& OWit1 A Xjr2 — Fi(fa, ..., fi+1). The inclusion of Fj(fa,... fj+1) into the mapping
cylinder therefore gives a map vj: Fj(fa,... fi+1) = Fj+1(f2, ... fi+2)-

Proof. Let ﬁ/;: denote the quotient of W1 by the equivalence relation which identifies
all j-dimensional subcubes indexed by #(j + 1,i,1) € T7*! with 1 < i < j + 1. Then

there is a canonical map OW;1 — Wj1, and we can interpret W; 1 as a cone on 0Wj1.
Hence we can model the mapping cone of §; by the pushout of

Witi A Xjyo — OWjp1 A Xjpo &, Fi(fos-- s fit1)-
In order to replace the map from Fj; to the cone by a cofibration, we need a cylinder
object for Fj. A possible choice for this is (W1)4 A Fj;, which amounts to adding one
additional coordinate to each (W;); A X} that occurred in the construction of Fj;. We
choose it to be the last coordinate. Hence the mapping cylinder of F; — C' is weakly
equivalent to the pushout of

((o)+AF5) (&)
e T

Wj+1 A Xj+2 — aWj+1 AN Xj+2 (W1)+ AN Fj

The pushout of this diagram is isomorphic to Fj11 as defined above. The case j =1 can
again easily be deduced from Figure 5. O

Corollary 4.3.5. For j < n, there is a distinguished triangle
g & L Tit1 .
Xjroli] = Fj(fas- -, fi+1) = Fipalfo, -, fi+2) —— Xjpo[j + 1]
in Ho(C).

Proof. This follows from the last lemma and the definition of the distinguished triangles
in the homotopy category of a stable model category [Hov99, Chapter 7). O
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Lemma 4.3.6. For 0 < j < n, the following diagram commutes in Ho(C):

Fi(f2,..., fiv1)

fi+ald]

Xj+1ld] Xja[J]

Proof. The last lemma says that we have a cofibration sequence

Fi1(fay s f5) 25 Fi(fay s fimn) =2 Xja[d)-

Hence 7; is up to homotopy the map from F} to its quotient obtained by collapsing every
subcube (W;)4 A X; of B; indexed by 2 < i < j to the (j — 1)-dimensional subcube along
which it is glued to (W;)4+ A Xj41. To examine the homotopy class of 7;{;, we hence only
need to know what £; does on the subcube (W;) A X1 indexed by j+1. As it is defined
to be the map fj;2 on this one, we are done. ]

Lemma 4.3.7. If we consider the Fj(fa,..., fj+1) as objects of Ho(C), the sequence
* — Xl L—O> Fl(fg) L—1> e Ln—_1> Fn(fg,. . 'af'fL—i-l)

gives Fy(fay ..., fuy1) the structure of an (n + 1)-filtered object in {fa, ..., fns1}-

Proof. We prove that Fj(fa,..., fj+1) is a (j + 1)-filtered object in {fa,..., fj+1} by
induction. This is clear for j = 1. Using that m;: Fj(fo,..., fj+1) — Xj4+1[j] plays the
role of the map ox for X being the (j + 1)-filtered object F}(f2,..., fj+1), we can use
Lemma 3.3.6 and Corollary 4.3.5 to see that Fj1(fa,..., fj+2) is a (j + 2)-filtered object
in {fa,..., fj+1,m&[—Jjl}. The last lemma provides the remaining fact (m;&;)[—j] =
fivo. O

Proposition 4.3.8. Let C be a stable topological model category, let U be an n-split
subcategory of Ho(C), and let

Xnt2 ﬁan+l Joit, 11—>X0
be a sequence of maps in U with fifir1 =0 for1 <i <n+41. Ifc is a representing cocycle

of the cohomology class vy of Construction 4.2.6, the evaluation of ¢ on (f1,..., fny2) is
an element of the Toda bracket (f1,..., fnt+2).

Proof. As we have seen in Lemma 4.3.3, the composition (&, is the map E”(fl, ooy fnt2).
Hence it represents by the evaluation of the cocycle ¢ associated to our chosen cube
system by Lemma 4.3.1. On the other hand, we have the following commutative diagram
in Ho(C):

X1

: J \
Ox
én X

Cn

Xo
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The left triangle commutes up to isomorphism by Lemma 4.3.6. The commutativity of
the right triangle is an immediate consequence of the definition of the map (,, and the
fact that o’y is the composition

L(1,1,..., 1)

X122 (Wo)y AN Xo ——= (Wnt1)+ AN X1 — Bugr — Fu(fe, oo fur1)-

As F,(fay..., fa+2) is an (n + 1)-filtered object, this shows that (,&, is an element of
<f17"'afn+2>- O

4.4 The relation to k-invariants of classifying spaces

In the last paragraph, we saw that the evaluation of the universal Toda bracket on a
complex is the Toda bracket of the complex. Since it may as well be evaluated on arbitrary
sequences of maps, it will carry more information than just that about the Toda bracket
in general. We will now exhibit how its evaluation on a sequences of automorphisms can
be expressed. When we apply our theory to ring spectra in the next section, this will
give us information about the units of ring spectra (and the units of their matrix rings),
rather than only about their zero divisors (and the zero divisors of their matrix rings).

A motivation for this comes from Igusa’s results [Igu82] about the first k-invariant of
the space B GLoo (QQX ), which is related to Waldhausen’s algebraic K-theory of spaces
[Wal78]: Igusa shows that the first k-invariant of a connected space X is determined by
a cohomology class k7(Q2X) in the cohomology of the monoid 7o (2X) with coefficients
in H;(X), where the class k7 (QX) is constructed from the As-part of the A..-structure
of QX [Igu82, B, Property 1.1.]. This observation is also used in [BD89, Example 4.9,
Theorem 3.10].

The first k-invariant of a path connected pointed topological space K with 7;(K) = 0
for 1 < i < mis a class k™*1(K) € H™"(71(K), mn(K)) in the cohomology of the
group 71 (K) with coefficients in 7, (K). If K satisfies m;(K) = 0 for ¢ > m in addition,
k™ +1(K) is the obstruction to K having an Eilenberg-Mac Lane space K (m1(K),1) as a
retract up to homotopy.

We sketch the definition of the k-invariant we are going to work with, as it does not seem
to be the most common one. It uses the explicit construction of a representing cocycle
and was introduced by Eilenberg and Mac Lane in [EML49, §19], who were probably the
first to study this k-invariant.

The group m(K) has an associated simplicial set Bmi(K), defined by the bar con-
struction, whose geometric realization is an K (m(K),1). We denote by sk; Bmi(K) the
sub simplicial set generated by the non degenerated simplices of degree < i, and by
| sk; B (K)| its geometric realization. Now we can define a map |sk; Bm(K)| — K by
sending the 1-simplex associated to g € m1(K) to a path representing g. Inductively,
this map can be extended to a map |sk; Bm(K)| — K as long as i < m. In degree i,
we have for every (i + 1)-tuple (g1,...,¢9i+1) of elements g; # 1 in m1(K) to extend a
map AT — K to Al Since m;(K) = 0 for 1 < i < m, this is possible for i < m
and leads to obstructions ¢(g1,...,9m+1) € Tm(K) when we try to extend the map to
| Skm+1 Bﬂl(K)’

It turns out that this ¢ represents a cohomology class in H™ (7 (K), mm(K)) which
defines k™1 (K). The fact that c is a cocycle can be proved by applying the Homotopy
Addition Theorem in a similar fashion as in Lemma 4.2.7. Changing the cochain by a
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boundary amounts to changing the chosen map |sk,, Bmi(K)| — K on the m-skeleton.
This is relevant and may be necessary as two different maps |sk,, Bmi(K)| — K need
not to be homotopic: the problem to extend a homotopy on the (m — 1)-skeleton to an
m-simplex leads to an obstruction in m,,(K). More details and an equivalence of this
definition to a more common one in terms of universal covering spaces can also be found
in [EML49, §19].

Coming back to the setup of Paragraph 4.2, we fix a stable topological model category
C, an n-split subcategory U of Ho(C) for some n > 1, and an n-cube system which we
use to define the class v;,. We also fix an object of U, or more specifically a cofibrant and
fibrant object X of C representing it. Without loss of generality, it is the same representing
object as our cube system chooses. For this X, we consider the pointed topological space
Map. (X, X). Its basepoint is given by the zero map in C, and its homotopy groups can
be expressed as

m:(Mape (X, X),0) 2 [, Mape (X, X)He(Ter) o [gi A X, X]Ho€) =[x, x7]1°(©),

As X is an object of an n-split subcategory of Ho(C), we know that m;(Map¢(X, X),0)
is concentrated in degrees divisible by n.

The enriched composition in the category C equips Map. (X, X) with the structure of a
topological monoid, and we refer to the composition as the multiplication. Under the ad-
junction given above, the composition of maps in Ho(C) corresponds to the multiplication
of Map¢ (X, X).

The set mo(Mape(X, X)) of path components of Map. (X, X) inherits a monoid struc-
ture from Mapg(X, X), and we will denote by Mapy(X, X)* the union of all path
components of Map,(X, X) which are invertible with respect to the multiplication on
mo(Mape (X, X)). Therefore, Map, (X, X)* is a group-like topological monoid.

When considering Map (X, X)* as a pointed space, we take the unit idx of the mul-
tiplication as its basepoint. This is relevant as the zero map, serving as the basepoint of
Map. (X, X), is not an element of Map,(X, X)*. Nevertheless, we have isomorphisms

mi(Mape (X, X),0) = m;(Mape (X, X),idx) = m;(Mape (X, X)), idx)

for ¢ > 1. The second isomorphism is the restriction to the path component. For the
first one, one could appeal to the additive structure on Ho(C) and take the isomorphism
induced by idx @(—). Instead of this, we will just use the isomorphism o4, of Corollary
4.1.6, which we already constructed and which has good properties we will use later.

A topological monoid G has a classifying space BG, defined via the bar construction.
It comes with a map w: G — QBG. If the topological monoid G is group-like, that is,
the monoid 7y(G) is a group, then w is a weak equivalence. The space QBG is called the
group completion of G in general. In our example we get a space B Map (X, X)* with

([X, X]Ho(C))x i=1
i (B Mapg (X, X)*) =<0 1<i<n
X, X]5e© = nt1
Under this isomorphism, the left action of the fundamental group (B Map.(X, X)*)

on mp11(B Mape (X, X)*) group corresponds to the conjugation action of [X, X]* on
[X[n], X], which is given by g- A = (g71)*(g)«.
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Theorem 4.4.1. Let C be a stable topological model category, let U be a small n-split
subcategory of Ho(C), and let X be a cofibrant and fibrant object of C representing an
object in U. Then the restriction map

H" 2 (U, [, =] 25 B (1 (B Mape (X, X)), w41 (B Mape (X, X))

of Proposition 2.1.14 sends the universal Toda bracket of U to the first k-invariant of the
space BMapg (X, X)*.

Before we give the proof of the theorem, we need to observe a fact about the relation
between the homotopy groups of a group-like topological monoid G and those of its
classifying space BG. Let w: G — QBG be the weak equivalence to the group completion
of G, and let ¢: S™ — G be a map sending the basepoint sy of S™ to a point ¢ in G.
Then there are two ways to associate an element of m,11(BG) to .

The first way works as follows: we choose an element h of G such that the product
gh is in the component of the unit of GG, and we also choose a path v from gh to 1g
in G. Then we have a map rpyp, given by ¢ followed by right multiplication with A.
It represents an element of m,(G, gh). Letting the path v act on [rpp] gives an element
[rhel’ € mn(G, 1¢). Note that this is well defined as G being a topological monoid implies
that the 71 (G, 1¢)-action on 7, (G, 1¢) is trivial. Applying ws to [rpe]” gives an element
in m,(QBG, constpy ), which we can adjoin to get an element of 7,1 (BG, pt).

For the second way, we consider the space (S™ x I)/ ~. Here I is the unit interval,
and ~ is the equivalence relation which collapses S™ x {1} to one point and S™ x {0}
to another point, with the latter serving as the basepoint of (S™ x I)/ ~. This space
is homeomorphic to S"!, and we can adjoin the map wep: S — QBG to get a map
(8" x I)/ ~ — BG. For this we do not need the basepoint of S™ to be sent to the
constant path in QBG.

Lemma 4.4.2. These two ways to associate an element of w,+1(BG) to p: S™ — G are
equivalent.

Proof. We set

P = {*0} Ugnxqoy 8" X I Ugnyq1y {*1} = (5" x I)/~,

Q= {*0} U(S"X{O})U{O} (Sn X I) ul U(S”X{l})u{l} {*1}, and

R = {x0} Utgsoyxfopugoy ({50} x 1) UL Ugsey oy 1k
Then both P and R come with injections into ). We can define a map  — BG by
taking the adjoint of wyp on S™ x I and the path w(h) on I. The restriction of this map
to P = (S™ x I)/~ is the map of our second construction. The restriction of @ — BG to
R is the concatenation of the paths w(g) and w(h). Since w(g)w(h) ~ w(gh) is homotopic
to the constant path, there is a homotopy R x I — R from this restriction to the constant
map.

The homotopy extension property yields the dotted arrow in

QURRXI—;{BG

P
-~
-~

Q x1I.
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We restrict it to a map P x I — BG. On P x {0}, it is still the map of our second
construction. On P x {1} = (8™ x I)/~ it is a map which is constant on {so} x I and,

by construction, a possible representative for our first way to associate an element of
Tnt1(BG) to . O

Proof of Theorem 4.4.1. The universal Toda bracket of U is represented by a cocycle ¢
which is built from a cube system. To prove the theorem, we will examine the image of the
cocycle under the restriction map. For this, we fix a sequence of (n + 2) automorphisms
(f1,--+y fay2) of X inU. Let f = f1-- fni2 be their composition.

Without loss of generality, we can assume our cocycle ¢ to be constructed from a cube
system which uses our chosen X to represent the corresponding object of ¢ on the model
category level. By the definitions of the cocycle ¢ in Construction 4.2.6 and the restriction
map ¢ in Proposition 2.1.14, the evaluation of ® on (fi,..., fot2) is given by

(P o000y (0 f1, - s fav2)) = opo(ppo -1y O(f1 - - Far2)D?(f 1)) € [X, X]H©),

We have to understand where the homotopy class of this map goes to under the chain
of isomorphisms

[Xv X]EO(C) = [Sn7 (MapC(X,X),O)] = [Sn7 (MapC(XaX)X7idX>]
>~ [§™F1 B Mape (X, X)*].

For this, we let b: sk, Whi1 — (Mape(X, X),b(f)) be the adjoint of Z"H(fl, ooy frnt2).
If we choose a path v from bO(f)b(f~1) to idy in Mapg(X,X) and recall that the
isomorphism o of Corollary 4.1.6 was constructed as an adjoint of ¢, the naturality of o
gives us a commutative diagram

1S, (Mape(X, X), l0(F)BO(f~1))] ~— [$7, (Mape (X, X), idx)]

5b0(f)bo(f_1)l /~/_1/
9iq

[Sna (MapC(X’X)>O)] id

|

[Sn7 (MapC(XvX)aidX)]'

Therefore, the image of ®(c(f1, ..., fn+2)) in m,(Mape (X, X)*,id;) can be represented
by [00°(f~1)]".
For the next step we use Lemma 4.4.2. It tells us that the associated element of

Tnt1(BMape (X, X)*) can be represented by the map
(Skn Wit X I)/ ~ = BMapC(X, X)X

which we get from adjoining wb. Here ~ is the equivalence relation which collapses
skp, Wh41 x {1} to one point and sk, W, 11 x {0} to another one.

The space (sk, Wy,11 x I)/ ~ is homotopy equivalent to 9A™*2 the boundary of an
(n + 2)-simplex, and we will now explain the resulting map

a=a(fi,..., fnre): OA™2 = BMapg(X, X)*.
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(fgh) (fg)(h)
L w(fgh) 4
Figure 6: The square ... ...and the associated simplex.
If we denote the set of vertices of OA™2 by {1,...,n + 2}, then a maps every vertex

i of OA™*? to the basepoint. The 1-simplex of OA™*2 containing the two vertices i < j
is mapped to B Mapg(X, X)* using the path associated to b°(f;--- f;—1) via the map
w: Mape(X, X)* — QB Mape(X, X)*. Accordingly, every 0-dimensional subcube of
sk, Wp41 specifies a path from the initial to the terminal vertex of dA™*2. This path
runs through the vertex containing i < j if the map b°(f; - - - fj—1) occurs in the restriction
of the cube system to that particular vertex given by the O-dimensional cube.

The 2-simplices of OA™ 2 containing i < j < k are mapped to B Map,(X, X)* by the
coherence homotopy between the paths associated to b°(fi--- fj—1), b°(fj - fx—1) and
VO(fi- -+ fr—1) which we get from b'(fi--- fj—1, fj -+ fx—1). This time, the 1-dimensional
subcubes of sk, W, 41 correspond to the 2-simplices of JA™ 2.

The case n = 1 is displayed in Figure 6, whose right part also appears in [Igu82,
B.2.2]. The situation gets a little bit more involved if n > 1, since an (n + 1)-cube
has 2(n 4 1) subcubes of dimension n, but the (n + 2)-simplex has only (n + 3) sub
(n 4+ 1)-simplices. In this case, the 2(n + 1) — (n + 3) = n — 1 codimension 1 subcubes
of sk, Wy41 which are indexed by ¢(n + 1,k,0) with 2 < k£ < n do not contribute new
information to the map defined on the boundary of the (n + 2)-simplex. The reason for
this is that the restriction of the pre (n + 1)-cube system to these subcubes is already
determined by the underlying (n — 1)-cube system. We recall that the restriction to the
subcube indexed by t(n + 1,%,0) with 2 < k < n is given by the map b} (f1,..., fn+2)
built from V¥ 1(f1,..., fr) and B"TF(fi1, ..., fas2). Accordingly, it corresponds to
the restriction of the map a: 9A™2 — BMap.(X, X)* to the two simplices with the
vertices {1,...,k} and {k+1,...,n+2}. The maps on all other n-dimensional subcubes
induce maps on one of the (n + 1)-simplices of QA" 2,

As described above, this is a representing cocycle for the k-invariant used in [EML49,
§19]. O

The last theorem tells us that the vanishing of the class v, implies the vanishing of the
first k-invariant of the space B Map, (X, X)* for every cofibrant and fibrant object X of
C representing an object of . For our applications, we need a slightly stronger statement
in a special case.

We assume for the rest of this section that C is a stable topological model category in
which all objects are fibrant. Furthermore, we assume U to be a small n-split subcategory
of Ho(C) with a fixed object X! such that all other objects of U are finite sums of copies
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of X!. Such a ¢-fold sum will be denoted by X49.

We choose a cofibrant (and automatically fibrant) object of C representing X' and
denote it also by X'. Then the object X9 in U is represented by the g-fold coproduct
X1V ...V X! of copies of X! in C. We denote the resulting object of C, which is
still cofibrant and fibrant, also by X9?. The difference between objects in the homotopy
category and the model category will be emphasized by writing V for the coproduct in C
and @ for the coproduct in Ho(C).

By adding the identity id x1 on the last summand, we get maps

Ma'pC(anXq) - Ma’pC(Xqulequl)'

The restriction of these maps to the set of invertible path components is multiplicative
with respect to the monoid structure induced by composition. Therefore, we get for every
q an induced map

ty: BMapp (X9, X9)* — BMapg (X9t X7T1)*.

The reason for working in a setup with all objects fibrant is that otherwise there are
difficulties in the construction of these maps: we would have to replace the sum X7V X!
fibrantly in this case, and this would mean that we only get a homotopy class of maps
Mape (X9, X7) — Mape(X9T!, X9+1) rather than an actual map.

We denote the homotopy colimit, i.e., the mapping telescope, of

BMapg (X!, X1)* — BMapg(X?, X?)* — ...

by BMapg® (X, X)*. The vanishing of the first k-invariant of this space does not follow
from the vanishing of the first k-invariant of all spaces B Map,(X?, X7)* in general, since
this vanishing does not have to be compatible with the maps t,. The next lemma provides
a sufficient condition for this.

Lemma 4.4.3. Let C be a stable topological model category in which all objects are fibrant.
Let U be a small n-split subcategory of Ho(C) such that

(i) there is a fived object X' in U such that all objects are finite sums of copies of X!,
(ii) vy € H"2(U, [, —]I,;IO(C)) vanishes,
(i11) (X, X],IL»{O(C) =0 for all objects X of U and alli > n, and
(iv) H™ (U, [(—) & X9, (=) @ X" = 0 for all g > 1.

Then the space B Mapg® (X, X)* has a vanishing first k-invariant, i.e., it has the Eilen-
berg-Mac Lane space |Bm (B Mapg® (X, X)*)| as a retract up to homotopy.

Proof. Inductively, we construct a family of homotopy commutative diagrams

BMapg (X7, X%) i BMapg(X T+, X71)*

SqT quT

tq)s
| ko B (B Mape(X9, X0 Y5 | sk, 1 » By (B Mapg (X041, X0+1)%)|
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in which the maps s, are isomorphisms on 7. Since the groups m;(B Mape (X9, X))
vanish for ¢ > n + 2, these maps extend to |Bmi(B Map,(X?, X%)*)| and induce the
desired splitting on the mapping telescope.

As in the proof of the last theorem, we see that the map b’(fi,..., fj+1) of the n-
cube system for U/ induces a map from a (j + 1)-simplex of |Bm1(B Map,(X?, X?)*)| to
BMap(X9, X%)*. By the compatibility axioms of the cube system, the maps on the
simplices assemble to a map

| skp+1 By (B Mape (X9, X9)*)| — B Mape (X9, X)*

with the desired behavior on the fundamental group.
In general, these maps will not be compatible with the maps induced by

ty: BMape (X9, X9)* — BMapg (X9t X1T1)*,

We ensure the compatibility by building it into our cube system. Its chosen objects are
requested to be the same as explained before the lemma. For a map fi: X* — X% in
U, we require b (f1 @ X1) to be b (f1) Vidy:: XF1 v X1 — X% v X1 in C. Inductively,
we require

V(fi®X. . fi @ XY (sky Wiga) e A (Xt v X1 — Xhov X!

to be the coproduct of b/ (f1,..., fi+1) and the projection to X1.

An n-cube system with this property always exists, as these conditions can be forced in
every step of its inductive construction. If (fi,..., fj4+1) is a sequence of automorphisms
of X7 in U, the adjoints of the b7 fit into the commutative diagram

W
_ Y (f1dX 1 fj1®XY)
b (f1yeenfjs1)

(Mape (X9, X9, 0%(f1 -+« fi11)) =t Mape(XFL XTH0),00(fy -+ fi1a) v XT).

This ensures that we get maps |sky,41 Bmi(B Mape(X?, X)) — BMape(X9, X7)*
compatible with 2.

We could directly extend these maps to | sky42 B (B Mape (X9, X9)*)| if we knew that
our n-cube system extends to an (n + 1)-cube system. By Lemma 4.2.9, the vanishing
of vy does almost imply this. Here ‘almost’ means that we have to change the last
stage of our n-cube system. So we have to ensure that this change does not destroy the
compatibility with 2.

In Lemma 4.2.9 we changed the n-cube system with a cochain e € 6”“(u, [—, —]SO(C))
to obtain an n-cube system for which the associated cocycle ¢ € ot U, -, —]50(‘3)) is
trivial. The manipulation of the cube system performed with the cocycle e will in general
change the maps

bn(fla"'ufn-‘rl)verl and bn(fl@le'”vfn-i-l@Xl)

in a different way. We were done if we knew that these maps are homotopic relative
(skp_1 Wy) £ A(XF1v X71), since this homotopy would induce a homotopy of the associated
maps from the (n + 1)-simplices into the classifying space.
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To measure the difference between these two maps, we introduce two cochains e, €] €
U [(-) @ XL, (—) @ XHO)) defined by

61(f17"°7fn+1):e(fl@Xl)"'afn-i-l@Xl) and
A(fry s farr) = e(fi, o, fag1) Vrx.

The evaluation of the difference e; — e} on (fi,..., fnt+1) is the obstruction to our two
maps being homotopic. Though it is non zero in general, e; — €] is a cocycle in the
complex U"“(u, (- e XL(-)o Xl]EO(C)): if c € 6””(11, [—, —]EO(C)) is the cocycle

associated to the cube system which we are about to change with e, we know

0= 8(ei)(frs-- s fus2) +e(fr ® X 1 & X)

for i = 1,2, as both e; and €] belong to a way to change E”H(fl X .. fro® XY
such that it represents the trivial homotopy class. Hence d(eq — €}) = 0.

As we have assumed that H" L (U, [(-) @& X1, (-) @ Xl]go(c)) vanishes, it follows that
e1 — €} is a coboundary. So there is an a; € C"(U,[(-) ® X', (—) @ Xl]EO(C)) with
da; = e — 6/1- We can now use a; to change our modified cube system once more. For a
sequence (f1,..., fnt1), we change b"(f1 @ X', ..., fur1 © X" ) by §(a1)(f1,- -, far1)-
Then the resulting n-cube system still extends to an (n + 1)-cube system as 62(a1) = 0.

To analyze the resulting cube system, we say that a sequence of (n + 1) composable
maps (f1,..., fnt1) has filtration k if k is the smallest integer such that there exist
maps (f{,..., fr.y) with fi = f/ @& X*. The cube system we constructed in the last
step is compatible on all sequences of filtration 0, as we changed the cube system on all
sequences of filtration at least 1 in order to achieve this.

The cube system may not be compatible with adding X' to a sequence of filtration 1,
since we possibly changed it on sequences of filtration > 1 in a non compatible way. In a
next step, we define cochains ey, €}, € UnH(Z/{, () e X2, (-) @X2]E°(C)) such that ey — e
measures the difference of the maps that the cube system associates to (f1, ..., fn+1) and
(f1 & X2,..., far1 ® X2). As above, we get an as € C" (U, [(—) ® X2, (—) & X2]H©))
which can be used to change the maps b™(f; © X?,..., fni1® X?). This does not change
the value of the maps b™ on the sequences of filtration < 1, and it makes it compatible
on those of filtration 2.

Inductively, we use this procedure to get an n-cube system which extends to an (n+1)-
cube system and is compatible on all sequences of maps of filtration < k. This is enough
to define the desired maps on all spaces |sky+2 Bmi(BMapg (X9, X9)*)| with ¢ < k in
the homotopy colimit system. As the step to filtration k + 1 does not change the map on
sequences of lower filtration, we obtain an induced map on the telescope. O

Though the last lemma is a little bit involved, its conditions to ensure the coherent
vanishing of the first k-invariants of the spaces B Map(X9, X7)* are relatively easy to
check in examples, as we will see in Propositions 5.1.10 and 5.2.5.
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5 Applications to ring spectra

For us, a ring spectrum will be a monoid in one of the categories of spectra with a sym-
metric monoidal smash product, as S-modules [EKMM97], symmetric spectra [HSS00],
or orthogonal spectra [MMSSO01]. In order to apply the results of the last section, it will
be important that these spectra are built on topological spaces rather than on simplicial
sets. In the case of symmetric spectra, this means that we have to use the version defined
in [MMSS01] instead of the original version of [HSS00]. When we write m.(R) for the
homotopy groups of R this is always understood in the derived sense, i.e., we replace R
fibrantly if necessary.

A ring spectrum R has a category of modules Mod-R. This category inherits a model
structure from the underlying category of spectra, and the resulting stable model category
Mod-R is topological again [MMSS01, Proposition 5.13]. If C denotes the underlying
category of spectra, the free R-module spectrum functor R A —: C — Mod-R and the
forgetful functor U: Mod-R — C form a Quillen adjunction. This yields an isomorphism

mn(R) = [S[n], R]HO(C) ~ [R, R]TI;IO(MOd-R).

Hence the graded ring of homotopy groups of R is isomorphic to the graded endomorphism
ring of the free module of rank 1 in Ho(Mod-R). As the left adjoint RA —: C — Mod-R
maps the sphere spectrum to R, the object R is compact in Ho(Mod-R).

With this identification and Definition 3.4.2, the (matric) Toda brackets in 7.(R) can
be expressed in terms of Toda brackets in the triangulated category Ho(Mod-R).

5.1 The universal Toda bracket of a ring spectrum

In order to obtain our main results, we will now apply Construction 4.2.6 to different
subcategories of Ho(Mod-R), the homotopy category of the modules over a ring spectrum
R. In all the different cases, we call the resulting cohomology class a universal Toda
bracket.

Theorem 5.1.1. Let R be a ring spectrum. Then there exists a well defined cohomol-
ogy class ygr € HML3 (1, (R)) which, by evaluation, determines all triple matric Toda
brackets of m«(R). For a mi(R)-module M which admits a resolution by finitely gener-
ated free m(R)-modules, the product idy Uygr € Exti;?;)(M , M) is the first realizability
obstruction ks(M).

Proof. Let U be the full subcategory of Ho(Mod-R) given by finite sums of shifted copies
of the free module of rank 1. An application of Construction 4.2.6 to U provides a
cohomology class vy € H3(U,[—,—];)TMod-R)  Temma 3.1.1 yields an equivalence
U — F(m(R)), which induces an isomorphism H3(U, [—, —]1°©) = HML*(r,(R))
by Proposition 2.1.3. The image of v, in the latter group is defined to be the class
vr. By Construction 4.2.6 and Definition 3.4.2, it determines all Toda brackets. Finally,
Theorem 3.4.5 shows that vr determines the realizability obstructions. O

The corresponding theorem for higher Toda brackets is

Theorem 5.1.2. Let R be a ring spectrum such that w.(R) is n-sparse for some n > 1.
Then there exists a well defined cohomology class ,),17%+2 € HML"+2’_"(W*(R)) which, by

n—sp
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evaluation, determines the (n + 2)-fold Toda bracket of every complex of (n+2) compos-
able maps between finitely generated free n-sparse m.(R)-modules. For a m.(R)-module
M which admits a resolution by such modules, the product id s U’y}ﬁlJr2 is the unique real-

izability obstruction kpio(M) € Ext;ljéé)_”(M, M).

Proof. The proof is almost the same as for the last theorem. The only change is that this
time we apply Construction 4.2.6 to the full subcategory of Ho(Mod-R) given by finite
sums of copies of the free module of rank 1 which are shifted by integral multiples of
n. Ul

Remark 5.1.3. The restriction to modules with a resolution by finitely generated free
m«(R)-modules in the last two theorems can be avoided. As discussed in Remarks 3.4.6
and 2.1.5, this can be achieved by enlarging the category category U which serves as an
input for Construction 4.2.6. We keep the restriction to finitely generated free modules
in the formulation, as some restriction of the cardinality is needed and this seems to be
the most natural choice.

Corollary 5.1.4. Let R be a ring spectrum such that m.«(R) = (mo(R))[u*'] with u a cen-
tral unit in degree n. Then there is a well defined cohomology class vyt € HML" 2 (o (R))
in the ungraded Mac Lane cohomology of mo(R). It determines, by evaluation, all (n+2)-
fold Toda brackets of complezes of (n + 2) composable maps between finitely generated
free m.(R)-modules which are concentrated in degrees divisible by n. For a m.(R)-module
M which admits a resolution by such modules, the class 'y}";r? determines the unique
realizability obstruction kn+2(M) not vanishing for degree reasons.

Proof. This follows from the isomorphism HML"*%(mo(R)) = HML" % "(r,(R)) of

n—sp

Lemma 2.1.13 and the last theorem. O

Let R? denote a cofibrant and fibrant object of Mod-R representing the free R-module
spectrum of rank q. We write GLy R for the space Mapyj,q.r(R?, RY)* considered in
Paragraph 4.4. This definition of the ‘general linear group’ of a ring spectrum R is
an important ingredient for construction of the algebraic K-theory of R in the sense of
Waldhausen [Wal78], if his definition is interpreted in the modern language of ring spectra
[EKMM97, VI.7]. We will come back to the algebraic K-theory of R in Proposition 5.1.10.

Theorem 5.1.5. Let R be a ring spectrum such that m.(R) is concentrated in degrees
divisible by n for some n > 1. For q > 1, the restriction map

HMLI 27" (r,(R)) — HML™2(m(R), m0(R)) — H™2(m1 (B GL R), 71 (B GLy R))

n—sp
sends the universal Toda bracket fyﬁ“ of R to the first k-invariant of the space B GL4 R.

Proof. Since B GLy R = B Mapyoq.r(R?, RY)*, this follows from Theorem 4.4.1 and the
construction of the restriction map in Corollary 2.1.15. U

If we were only interested in the k-invariants of the spaces B GL,, we could have con-
structed the image of 475" under the restriction map to HML""2(mo(R), 7, (R)) directly
by applying Construction 4.2.6 to a smaller subcategory of free R-modules in Ho(Mod-R),
as will become clear with the next theorem. The resulting class in the ungraded Mac Lane
cohomology group would have the disadvantage that it only determines Toda brackets
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of complexes of maps of degree 0 in Mod-7.(R), that is, Toda brackets of (matrices) of
elements of mo(R). This would be not enough to determine the realizability obstructions.

Beside the periodic ring spectra appearing in Corollary 5.1.4, there is another class
of examples in which the universal Toda brackets are elements of ungraded Mac Lane
cohomology groups in a canonical way:

Theorem 5.1.6. Let R be a ring spectrum with w,(R) concentrated in degrees 0 andn for
some n > 1. Then there exists a universal Toda bracket "> € HML" 2 (mo(R), mn(R))
which determines all (n + 2)-fold Toda brackets in m.(R), the realizability obstruction
Ent2(M) of a m(R)-module M which admits a resolution by finitely generated free n-
sparse my(R)-modules, and the first k-invariant

k"3 (BGL, R) € H""*(m1(BGL, R), mpy1(B GL, R))
of the space B GL, R.

Proof. This time we take the subcategory U of Ho(Mod-R) given by the finitely generated
free R-modules (without any shifts) as an input for Construction 4.2.6. By Lemma 3.1.1,
the category U is equivalent to the category Fy(ms«(R)) of finite sums of (unshifted) copies
of m(R). Next we use that the functor

— ®my(r) T=(R): F(mo(R)) — Fo(m(R))
is an equivalence of categories. This holds since we have an isomorphism
Homy, () (mo(R), mo(R)) — Homy_(g) (m(R), m(R)),

as in both cases a map is determined by the image of 1 in mo(R).
After verifying the easy fact that the pullback of [—, —]SO(C) along this equivalence is
Hom gy (=, —®nry(r) ™ (1)), we end up with an equivalence of categories F'(mo(R)) — U,

which induces an isomorphism

H™ (U, [=, =]°)) = HML™(mo(R), 7o (R))-

Hence Construction 4.2.6 provides the desired class fyf{rz and the fact that it determines

all Toda brackets. The link to realizability obstructions and k-invariants is provided by
Theorem 3.4.5 and Theorem 4.4.1 again. O

The next Proposition shows how the universal Toda bracket of a ring spectrum R is
related to the one of the first Postnikov section of its connective cover. In the proof we
will also encounter the universal Toda bracket of a connective ring spectrum. A general
theorem about universal Toda bracket for connective ring spectra can be stated and
proved in the same way as the last Theorem.

Proposition 5.1.7. Let R be a ring spectrum such that m(R) is n-sparse. Let R>q be its
connective cover and let P,(R>¢) be the first nontrivial Postnikov section of R>o. Then
the restriction map

HML!" 27" (1, (R)) — HML"*2(7(R), 7, (R))

n—sp

sends the universal Toda bracket of R to the one of P,(R>o).
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Proof. Let U be the subcategory of Ho(Mod-R) given by the finite sums of copies of R
which are shifted by integral multiples of n. The class 7}7?2 was defined by applying
Construction 4.2.6 to U. If Uy is the subcategory of U of finite unshifted copies of R, the
map from the graded to the ungraded Mac Lane cohomology is induced by the restriction
along the inclusion Uy — U.

Let Uso be the subcategory of Ho(Mod-R>p) which is given by the finite sums of

unshifted copies of R>g. Then the left Quillen functor
— /\RZO R: MOd-RZO — Mod-R

induces an equivalence between U>¢ and Uy. The reason for this is that the induced map
on homotopy groups

Mod-my(R>0) — Mod-m.(R), M — M ®q,(Rsq) ™(R)

restricts to an equivalence between between the subcategories of unshifted copies of the
free module of rank 1. Lemma 4.2.10 shows that this equivalence maps the universal
Toda bracket of Uy to the one of Usy.

A similar argument applied to the left Quillen functor

— /\R20 Pn(RZO): MOd—RZO — MOd—PnRZ()

shows that 4, equals the universal Toda bracket of the subcategory of Ho(P,R>¢) given

by the finite sums of unshifted copies of P, R>o. By Theorem 5.1.6, this is 7}32%».

The last proposition explains also why the map sending fy%“ to the first k-invariant of

B GL, R factors through HML"*?(mo(R), 7, (R)): as Pn+1B GL, R is homotopy equiva-
lent to B GLy P, R>0, the first k-invariant of B GL4 R is already determined by 71@:1?2»’

and the latter class is the image of ’y]’%” in the intermediate step.
We can use the last proposition also to compare the universal Toda brackets of Corollary
5.1.4 and Theorem 5.1.6, which both arise in ungraded Mac Lane cohomology groups.

Corollary 5.1.8. Let R be a ring spectrum with m.(R) = (mo(R))[u™] for a central unit
u in degree n. Then the universal Toda bracket v € HML""%(ro(R)) coincides with
the one of the first nontrivial Postnikov section of its connective cover.

Proof. In Corollary 5.1.4, we defined ’yﬁ“ as an element in an ungraded Mac Lane coho-
mology group using the isomorphism HMLZJISI;_”(W*(R)) — HML"2(m9(R)) of Lemma
2.1.13. The last proposition shows that this isomorphism maps it as well to 71@:]%” in

the sense of Theorem 5.1.6. O

Remark 5.1.9. A ring spectrum R with only two homotopy groups mo(R) and 7, (R) has
a first k-invariant in the group Der ™ (moR, 7, R) = THH" (1R, 7, R) [Laz01]. Since
THH" 2 (myR, 7, R) = HML"*2(mgR, 7, R) (see Remark 2.1.8), we expect the universal
Toda bracket of such a ring spectrum to coincide with this k-invariant. The difficult point
is that these two groups are only related by a chain of isomorphisms, and we do not know
how to identify the k-invariant or the universal Toda bracket in the intermediate steps of
the chain of isomorphisms.

A proof of such an equivalence would not only be interesting for the computation of
universal Toda brackets. It would also give a relation between the first k-invariants of a
ring spectrum and its Toda brackets, which does not seem to be known.
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For a connective ring spectrum R, there is a map R — H(mo(R)) from R to the
Eilenberg-Mac Lane spectrum of mo(R) which is the identity on 7. In view of the last
remark, we expect the map R — H(mp(R)) to split in the homotopy category of ring
spectra if R has only two nontrivial homotopy groups and a vanishing universal Toda
bracket. Though we are not able prove this statement, the following proposition will
provide a weaker result.

We briefly recall the definition of the algebraic K-theory of a ring spectrum R, following
[EKMMO97, VI]. To avoid technical difficulties, we assume our ring spectrum R to be an
S-algebra in the sense of [EKMMO97|. Since all objects in the category of R-modules are
fibrant in this case, we obtain maps B GL,; R — B GLg41 R as described before Lemma
4.4.3.

Let BGL R be the (homotopy) colimit of the spaces B GLy; R with respect to these
maps. We apply Quillen’s plus construction to the space B GL R to obtain (BGL R)™.
For i > 1, algebraic K-groups of R can be defined as K;(R) = m;((BGL R)"). We will
not need Ko(R), which has to be defined separately. If R is an Eilenberg-Mac Lane
spectrum of a discrete ring A, this definition recovers the algebraic K-groups K,(A) of
A in the sense of Quillen [EKMMO97, VI, Theorem 4.3].

We will later need that the algebraic K-theory construction increases connectivity by 1.
Recall that map R — R’ of ring spectra is n-connected if the induced map m;(R) — m;(R')
is an isomorphism for 7 < n and an epimorphism for i = n. If R — R’ is n-connected,
the induced map K;(R) — K;(R’) is an isomorphism for i < n and an epimorphism for
i =n+ 1. This fact is due to the appearance of the bar construction in the definition of
the algebraic K-theory and can be proved in a similar way as the corresponding statement
about simplicial rings in [Wal78, Proposition 1.1].

Proposition 5.1.10. Let R be a ring spectrum with homotopy groups concentrated in
degrees 0 and n. Suppose that the universal Toda bracket 7}?2 of R is trivial and that
HML" " (7g(R), 7n(R)) vanishes. Then the map K;(R) — K;(mo(R)) induced by the ring
spectra map R — H(mo(R)) splits for all i.

Proof. 1t is enough to show that BGL R — B GL(H (m(R)) splits up to homotopy, as
this property is preserved by the plus construction in this case (see for example [Ber82]
for details on the plus construction). This is equivalent to the splitting of the map
BGLyR — |Bm(BGLyR)|, since both maps are isomorphisms on the fundamental
group and map into an Eilenberg-Mac Lane space.

We prove this using Lemma 4.4.3. The first three conditions are obviously satisfied, so

it remains to show that H"*1(U,[(—) © R?, (—) ® RY],) vanishes.
As we have seen in the proof of Theorem 5.1.6, U is equivalent to F(mo(R)). If we set
A =m(R) and M = m,(R), this equivalence induces an isomorphism
H"(F(A),Homa((—) & A%, (=) @ M%) = H"" (U, [(—) @ R, (=) @ R} 0Mo+R),
Lemma 2.1.9 provides an isomorphism between the first group and

HML" (A, M) = HML" " (79(R), mn(R)),

which vanishes by assumption. O
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Remark 5.1.11. As mentioned before, Benson, Krause, and Schwede studied a charac-
teristic cohomology class y4 € HHi’fl(H *(A)) for a differential graded algebra A over
a field k, which is a motivation for our universal Toda brackets. Though they are only
concerned with the case of a class which determines all triple Massey products, their
theory easily generalizes to higher classes when we assume H*(A) to be n-sparse.

In this case, the Hochschild cochain m, 42, which is part of the Ao-structure of H*(A)
[Kad80], happens to be a Hochschild cocycle, as one can easily deduce from the Aqo-
relations. Similarly to the class v4 € HHi’fl(H *(A)), the cohomology class [m,42] €
HHZ+2’_”(H *(A)) is well defined and determines all (n + 2)-fold Massey products in
H*(A).

One may ask whether it is possible to define the higher classes under weaker assump-
tions, that is, without H*(A) or m.(R) being n-sparse. To some extend, this is possible
if the lower universal classes vanish. We begin by sketching the first step in the case of
a dga A. Suppose that v4 = [ms] € HHi’fl(H*(A)) vanishes. Then it is possible to
find an equivalent A.-structure (m}) on H*(A) such that the cocycle ms is zero. This
uses the same kind of argument needed to show that every A.,-structure on H*(A) is
trivial if HHZ+2’_” (H*(A)) =0 for n > 1 [Kad88]. As a consequence, m/, is a Hochschild
cocycle which can be used to define a cohomology class in HHi’_Z(H *(A)). This class
is the candidate for the higher Hochschild class. However, we point out that it is not
unique.

In the case of ring spectra, Lemma 4.2.9 is the tool for a similar kind of argument.
If for example yg € HML* (7, (R)) vanishes, the lemma says that we can find a 1-
cube system which extends to a 2-cube system. This cube system can be used to define
7% € HML*~2(m,(R)) without requiring 7.(R) to be 2-sparse. As in the algebraic case,
there may me different choices for this class 'yf‘%. Moreover, the relation to the Toda
brackets becomes more involved since the indeterminacy is not as easy to control as in the
2-sparse case. This also affects the obstruction theory, as there is no unique obstruction
class. We reserve the study of the classes arising in this way for later work.

5.2 Computations in examples

Real K-theory
By [EKMMO97, VIII, Theorem 4.2] or [Joa0l], the real K-theory spectrum KO is a ring
spectrum. Its graded ring of homotopy groups is given by

1.(KO) = Z[n,w, /(21,73 nw,w? —48)  with |n| =1, |w| =4, and |g] = 8.
There are several non vanishing Toda brackets in 7, (KO). One well known example is

Lemma 5.2.1. The Toda bracket (2,n,2) in 7. (KO) is defined, has trivial indeterminacy,
and contains n>.

Proof. As 2n = 0 = 2 and mo(KO) is 2-torsion, the first two statements hold. The
ring spectra map S — KO is a m;-isomorphism for 0 < ¢ < 2, so it suffices to calculate
the corresponding Toda bracket for the sphere spectrum. This can be either taken from
[Tod62] or computed directly, following an argument of [Tod71, Theorem 6.1]: Suppose
0 € (2,1,2). This would imply the existence of a 4-cell complex X with 2, n and 2 as
attaching maps. We consider H*(X,Z/2). Since Sq! detects 2 and Sq? detects 7, the
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existence of X implies that Sq' Sq? Sq' acts nontrivial on the bottom dimensional class
in H*(X,7Z/2). But Sq' Sq? Sq! = Sq? Sq* = 0. O

It follows that the universal Toda bracket vxo of KO is nontrivial. There is little hope
to identify this element in HML (7, (K0)), as this group seems to be rather difficult
to compute. Nevertheless, the following lemma shows that yxo detects a nontrivial
realizability obstruction.

Lemma 5.2.2. The first realizability obstruction kg of the m(KO)-module m.(KO)RZ/2
does not vanish. Hence m,(KO)®Z/2 cannot be the homotopy of a KO-module spectrum.

Proof. After extending the map -2: KO — KO to a distinguished triangle
KO 2 KO — C(2) — KO[1],

we obtain a diagram

m(KO) —2— 1, (KO) m(C(2))

"

T«(KO) ® Z/2

with a monomorphism ¢. In view of the description of k3 in Remark 3.2.1, we have to show
that ¢ does not split. For this it is enough to verify m2(C(2)) = Z/4, as this means that ¢
does not split in degree 2 as a map of abelian groups Z/2 = m(KO) — w2 (C(2)) = Z /4.

Since multiplication with 2 is trivial both on 71 (K O) and m(KO), long exact sequence
associated to the distinguished triangle gives rise to a short exact sequence

0 — m(KO) — m(C(2)) — m(KO) — 0.

So we know that mo(C(2)) is either Z/4 or Z/2 & Z/2. Let p € m(C(2)) be a lift of
n € m1(KO) along the epimorphism in the short exact sequence. Then we can consider p
as a map KO[1] — C(2)[—1] which fits into the commutative solid arrow diagram

KO[-1]
+
|
|

T

c@2)[-1

dl

KO[1] —~ KO[1] —— KO — KO.

By the definition of the triple Toda bracket (see Remark 3.3.2), a map 7 such that the left
square commutes is an element of (2,7,2). Hence 2p = 0 would imply the contradiction
0 =17 € (2,n,2). Therefore, p cannot be 2-torsion, and m2(C(2)) = Z/4. O

Remark 5.2.3. The same argument as in the last lemma shows the corresponding state-
ment about the connective real K-theory spectrum. This contradicts [Wol98, Theorem
20]. The reason is an error in [Wol98, 14.1]. In this construction, the author assumes ku,
to be flat as a ko,-module, which does not hold. Accordingly, the generalization [Wol98,
Theorem 21] is false as well.
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The first Postnikov section of the sphere spectrum

Let S be the sphere spectrum. As mo(S) = Z and 71(S) = Z/2, the universal Toda
bracket of P;S is an element of HML?3(Z, Z/2). This group is isomorphic to Z/2 [Lod98,
Proposition 13.4.23]. From computations of Igusa [Igu82], we deduce the following

Proposition 5.2.4. The universal Toda bracket vp,s of the first Postnikov system of the
sphere spectrum is the non zero element in HML?(Z, 7./2).

Proof. Let Hg" be the topological monoid of self homotopy equivalences of g copies of the
m-sphere. Suspension induces a map H;' — 'quH, which is (m — 1)-connected by the
Freudenthal suspension theorem.

Let BHy" be the classifying space of Hy'. The map colim,, BH;' — BGL,;S is a
homotopy equivalence by [EKMM97, Proposition VI.8.3].

From a result of Igusa [Igu82] (compare also [BD89, (7.6)]), we know that the first
k-invariant of BHy" is nontrivial for ¢ > 4 and m > 3. The increasing connectivity of the
maps in the colimit system therefore implies that the first k-invariant of B GL,S does
not vanish for ¢ > 4. Hence the first k-invariant of B GL, PiS is non trivial as well. By
Theorem 5.1.5, vp,s has to be nontrivial since the map

HML*(Z,Z/2) — H?(n1(B GL, Pi(S)), m2(B GL, Pi(S)))
sends it to this k-invariant. O

This recovers in some sense the non vanishing of the universal Toda bracket of the
full homotopy category of finite one point unions of n-spheres proved by Baues and
Dreckmann [BD89, (3.7)]. Since the first Postnikov section of S is the same as that of ko,
the proposition also shows that the image of the universal Toda bracket of KO under the
homomorphism HML* ! (r,(KO) — HML3(7mo(KO), w1 (KO)) is the non zero element.

Complex K-theory

By [EKMM97, VIII, Theorem 4.2], the complex K-theory spectrum KU can be repre-
sented by a ring spectrum. Since 7,(KU) = Z[u™!] with u of degree 2, the universal Toda
bracket of KU is an element 74, € HML*(Z), which is Z/2 by the result of Franjou and
Pirashvili [FP98] stated in Theorem 2.1.10.

Proposition 5.2.5. The universal Toda bracket of KU 1is the non zero element of
HMLY(Z) = 7./2.

Proof. In view of Proposition 5.1.8 it is enough to show that ’yj%ku, the universal Toda
bracket of the first Postnikov section of the connective complex K-theory spectrum, is
nontrivial. We assume 7}132 wu = 0 and show that this leads to a contradiction.

As HML3(Z) = 0, Proposition 5.1.10 would imply that K3(Pyku) — K3(Z) is split.
This map is onto since Poku — HZ is 2-connected. Since ku — Poku is 4-connected,
Ks(ku) =2 K3(Pku), and our assumption implies that K3(ku) — K3(Z) is split. As the
author learned from Ch. Ausoni and J. Rognes, there is a commutative diagram

Ks(ku) —» THH3(ku) = Z

L

7./48 = K3(Z) — THH3(Z) = 7Z/2
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in which the upper and the right arrow are epimorphisms [Aus06]. Here the horizontal
maps are the Bokstedt trace maps from algebraic K-theory to topological Hochschild
homology, and the vertical maps are induced by ku — H(mo(ku)) = H(Z). It follows
that the lower map is an epimorphism as well. If the left map was split, this would mean
that Z/48—7/2 factors through Z. This is the contradiction implying ’yjljgku #0. O

Remark 5.2.6. At a first glance, one may think that the last proposition shows that
the first k-invariant of B GL, KU is non trivial for ¢ large enough. But this is not
a consequence, since we made a stronger assumption than the vanishing of these k-
invariants. To obtain information about the k-invariants, one would need to know that
the restriction map HML*(Z) — H*(GL,Z, Mat, Z) is nontrivial for ¢ large enough.

However, as outlined in Remark 2.1.16, this map is trivial for ¢ = 1, so the vanishing
of the first k-invariant of B GL; KU is a consequence of Theorem 5.1.5. Of course, there
are more direct proofs for this fact.

Morava K-theory

The n-th Morava K-theory spectrum at a prime p can be represented by a ring spectrum
K(n) [Laz01, §11]. Here ‘can be represented’ means that there are different choices for
this structure, i.e., there are different ring spectra which are not equivalent as ring spectra
but which represent the same multiplicative cohomology theory.

Since m.(K(n)) = Fplvifl] with |v,| = 2(p™ — 1), we obtain a universal Toda bracket
ﬁf{; ) € HML*" (F,) = Z/p. Hence for fixed p and varying n, the universal Toda brackets
of the K(n) are elements of HML*(IF,) lying in the same degrees as the multiplicative
generators (see the result of Franjou, Lannes, and Schwartz quoted in Theorem 2.1.10).

The ring 7. (K(n)) is a graded field, that is, all 7.(K(n))-modules are free. Hence it
follows that all 7. (K (n))-modules are realizable. Therefore, we cannot detect 7??(2 ) by
finding a non vanishing realizability obstruction.

We do not know if the universal Toda bracket 'y%’(nn) depends on the choice of a model
for K(n), and we do also not know whether it is nontrivial or not. However, in view of
Corollary 5.1.8 and Remark 5.1.9, we expect ’y?f(nn) to be nontrivial, as the connective

Morava K-theory spectrum k(n) has a non vanishing first k-invariant.
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