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Zusammenfassung

Diese Arbeit befasst sich mit Untersuchung der Holder Calmness, eines Stabi-
litdtskonzeptes, das man als Verallgemeinerung des Begriffs der Calmness erhélt.
Ausgehend von Charakterisierungen dieser Eigenschaft fiir Niveaumengen von
Funktionen, werden, unter der Voraussetzung der Holder Calmness, Prozedu-
ren zur Bestimmung von Elementen dieser Mengen analysiert. Ebenso werden
hinreichende Bedingungen fiir Holder Calmness studiert.

Da Holder Calmness (nichtleerer) Losungsmengen endlicher Ungleichungssys-
teme mittels (lokaler) Fehlerabschatzungen beschrieben werden kann, werden
auch Erweiterungen der lokalen zu globalen Ergebnissen diskutiert.

Als Anwendung betrachten wir speziell den Fall von Niveaumengen von Po-
lynomen bzw. allgemeine Losungsmengen polynomialer Gleichungen und Un-
gleichungen. Eine konkrete Frage, die wir beantworten wollen, ist die nach dem
Zusammenhang zwischen dem gréfiten Grad der beteiligten Polynome sowie dem
Typ, d.h. dem auftretenden Exponenten, der Holder Calmness des entsprechen-
den Systems.

Schlagworte: Holder Calmness, Stabilitit, Fehlerabschidtzung, Polynomiale Un-
gleichungssysteme, Hérmander-t.ojasiewicz-Ungleichung.
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Abstract

This thesis is concerned with an analysis of Holder calmness, a stability prop-
erty derived from the concept of calmness. On the basis of its characterization
for (sub)level sets, we will cogitate about procedures to determine points in such
sets under a Holder calmness assumption. Also sufficient conditions for Holder
calmness of (sub)level sets and of inequality systems will be given and examined.

Further, since Holder calmness of (nonempty) solution sets of finite inequality
systems may be described in terms of (local) error bounds, we will as well amplify
the local propositions to global ones.

As an application we investigate the case of (sub)level sets of polynomials and
of general solution sets of polynomial equations and inequalities. A concrete
question we want to answer here is, in which way the maximal degree of the
involved polynomials is connected to the exponent of Holder calmness or of the
error bound for the system in question.

Key words: Holder calmness, stability, error bounds, polynomial inequality
systems, Hormander-Y.ojasiewicz inequality.






Contents

1 Introduction

2 Notation and definitions
2.1 Basicnotation . . . . . . . . .. e e
2.2 Holder calmness . . . . . . . . . ... e
2.3 Polynomials . . . . . . ...

3 Error bounds for systems of inequalities and equalities
3.1 Known general results . . . . .. .. ... Lo
3.2 Hunting q . . . . . . . . o
3.2.1 The one-dimensional case . . . . . . . ... ... ... ... ..
3.2.2 More than one dimension . . . . ... ... ... ... ... ..
3.3 The Tarski-Seidenberg principle . . . . . . . . . . ... .. ... ..

4 Holder calmness — conditions and characterizations

4.1 The basic theorem . . . . . . . .. . ... ...
4.2 TIteration schemes for Holder calmness . . . .. ... ... .. .....
4.3 Applying the algorithms . . . . . . . . .. ... .. ... ..

4.3.1 Arbitrary initial points . . . . . . ...

4.3.2 Application to disturbed optimization problems . . . . . . . ..
4.4 Assigned linear inequality systems . . . . .. ... ... ... .....
4.5 Sufficient conditions . . . . . . . ...

5 Polynomials
5.1 Level sets of polynomials . . . . . . ... ... ... ... ... ...
5.2 Polynomial systems . . . . . .. ... Lo o

Bibliography

N o ot G

15
15
18
20

27
30
34
47
47
50
55
60

71
71
81

89






1 Introduction

An interesting topic regarding optimization programming is the question of (at least
local) stability of solutions. This is due to the fact that the parameters and initial
values may be not known exactly or cannot be determined accurate, in particular
in the case of multilevel programming where one uses preliminary results to solve
a problem. So, what one wants to have, is that perturbations of the parameters
in the program will only cause predictable changes on the solution. Or, said with
other words, that the magnitude of perturbation gives a bound on the change of the
solutions of a perturbed problem.

There are several concepts of stability — one of them is calmness, a kind of weak
local upper Lipschitz property (cf. [KK02b] for a deeper insight). Various Lipschitzian
properties in terms of several generalized derivatives have been studied in [RW98] and
[KKO06].

Now, since we are talking about calmness as a Lipschitz type property, a manifest
idea is to generalize this notion to Holder characteristics, which was also recently
done by Kummer [Kum09]. Earlier investigations on this topic have been done by Alt
[Alt83], Klatte [Kla85], [Kla94] and Gfrerer [Gfr87] and derived sufficient conditions
for Holder type stability with exponent ¢ = %

A subject closely related to the above topic of stability are error bounds. Here
one is interested in measuring the distance to whatever solution set using easy to
calculate residual functions related to the given problem. Hence we want to have some
proposition stating that points almost meeting the given conditions are also close to a
solution. The motivation to study this arises from contemplating about termination
criteria in computer implementations of iterative algorithms. (A summary of the
theory and application of error bounds may be found in the survey paper of Pang
[Pan97].)

Usually the sets in question are described in terms of inequalities and equations
— and also many mathematical optimization programs can be treated as such (for
instance think about linear programming problems in primal-dual form, nonlinear
complementarity problems or general nonlinear optimization programs for differen-
tiable functions via KKT optimality conditions). So we consider systems of type

g(xz) <0, h(xz) =0 where g = (g1,..-,9m), h=(h1,...,hm,) : X = R,
with nonempty solution set S. An obvious residual function then is

r(x) = [lmax{0, g(z) }|| + [[2(z)]],



2 1 Introduction

and we want to have some conclusion like
Vee K C X :dist(x,S) < Lr(x)?,

where L > 0 and ¢ € (0,1] are constants.

The well known paper of Hoffman [Hof52] was the first work on this field and he
showed that for (finite) systems of affine functions on X = R" the above error bound
statement holds with K = R™ and ¢ = 1. This result yields just (global) calmness
for S : R¥ — R™ with S(p1,p2) := {x € R" | g(x) < p1, h(z) = p2 } at any point
(0,z) € gph S.

But in general the exponent ¢ is less than 1 (if it exists at all) — even for (sub)level
sets of monomials in one dimension — so here at most Holder calmness is possible.
Using the Hérmander-Lojasiewicz inequality Luo/Luo [LL94] and Luo/Pang [LP94]
proved Hoélder calmness for systems of polynomials and also analytic functions. But
since the Hérmander-fojasiewicz inequality is based on the Tarski-Seidenberg princi-
ple one only knows that there is an exponent for Hélder calmness but cannot specify
it exactly this way.

This work is structured as follows:

In Chapter 2 we introduce the necessary notion and give the basic definitions.
Chapter 3 contains an overview of several results regarding error bounds and a brief
inspection of the Hérmander-Y.ojasiewicz inequality, including a crash course to semi-
algebraic sets and the Tarski-Seidenberg principle (see Section 3.3). The main pur-
pose of this chapter is to review this (mathematically elegant) approach to general
Holder calmness in view of its usage to find concrete exponents. Unfortunately we
will see that it is not possible to get an satisfying explicite magnitude this way (cf.
Proposition 18 and the subsequent comment).

The first main part of the thesis is Chapter 4 where we analyze conditions and
characterizations of Holder calmness. On the basis of a characterization of (local)
Holder calmness for (sub)level sets given by Kummer [Kum09], we present a global
characterization (Theorem 25), thus augmenting results of Wu and Ye [WY02a] as
well as Ng and Zheng [NZ00] (Section 4.1).

Using this characterizations we then cogitate about procedures to determine points
in (sub)level sets under the calmness [g] assumption and also without this premise
(Sections 4.2 and 4.3). Particular interesting results are the characterization of Holder
calmness via some relative slack condition (Theorem 30) and that one may character-
ize Holder calmness via linear convergence of appropriate algorithms (cf. in particular
Lemma 32 and Algorithm 4). Since the considered algorithms need starting points
nearby, we also analyzed what would happen for arbitrary starting points (Theorem
33). Moreover we apply the theory to necessary optimality conditions, gaining that
for KKT points calmness [¢q] does not depend on the description of the KKT set
(Lemma 34) and that — under additional conditions — the aforementioned algorithm
computes Fritz-John points (Lemma 35).



Afterwards we will shortly contemplate about crucial index sets for Holder calm-
ness of inequality systems (Section 4.4), prior to specifying and examining sufficient
conditions for Holder calmness of (sub)level sets and of systems of inequations (Sec-
tion 4.5). The obtained results generalize prior statements of Wu and Ye [WY02a] for
convex systems to the non-convex case also (Theorems 40 and 41). Based on these
findings we then get a sufficient condition for calmness [1/d] of d-times continuously
differentiable functions (Lemma 45, offering a sufficient condition for the general de-
scending requirement (4.71)). This is the result which than bridges to Chapter 5. As
a specific conclusion before giving way to the next chapter we will get that for C?
functions with regular Hessian it holds calmness [3] (Corollary 46).

In Chapter 5 we apply our findings to the case of (sub)level sets of polynomials and
to general solution sets of polynomial equations and inequalities. First we get that
quadratic polynomials have at least calm [%] level sets (Theorem 49). Then, based
on propositions achieved by Ng and Zheng [NZ00], we generalize this to a global
error bound for (sub)level sets of quadratic polynomials with exponent %, where we
especially go into detail with respect to the constant L, which may be computed
(Theorem 50).

Subsequently we use this result to show that over compact sets there is an quadratic
error bound for systems of one quadratic and finitely many affine functions (Theorem
56). In contrast to prior statements of Luo, Pang and Ralph [LPR96] we do not
need any nonnegativity condition here, and unlike to an analogous result of Luo and
Sturm [LS00] we have a direct proof, which also allows to figure out the constant L.
Insofar those propositions are put into bigger framework. On the way we alternatively
prove known results of Luo and Sturm [LS00] and of Luo, Pang and Ralph [LPR96]
(Corollaries 54 and 55).

Unfortunately one cannot gain such general statement as mentioned before for
(sub)level sets of polynomials of degree 4 and greater or systems containing more
than one quadratic function (see Examples 12 and 16). And we did not find any
result for (sub)level sets of cubic polynomials.






2 Notation and definitions

2.1 Basic notation

Let X and P be Banach spaces. We write ||-|| for the norm, d(-,-) for the (induced)
distance and dist(y, M) := inf {d(y,y) | § € M } for the distance between a point y
and a subset M of the respect space, where dist(y, () := +o0o. Further let

IB(.@,E) = {y ’ d(y,.%') < 5}
denote the the closed ball with radius € around x, and for subsets M we put

B(M,e) := U B(z,¢),
xeM

which is M with some additional e-neighbourhood. In any case we may use some
subscript to indicate the underlying space or norm — in particular for subspaces Y of
X it is By the closed ball in Y w.r.t. the induced distance dy. Moreover |||, will
denote the Euclidean and |||/, the maximum norm in finite dimension.

Writing F' : X = P, we mean that F' is a multifunction between the two spaces,
i.e. F(x) C P for z € X and we denominate by dom F' := {x € X | F(z) # 0} the
domain of F' and by gph F' := { (x,p) € X x P | p € F(z)} its graph.

Another notation used at times in this paper is o(t), which denotes a quantity of

: ot) _
type lim;_,p+ =~ = 0.
In addition, for any real number a and any vector x = (z1,...,x,) € R", we define
at =max{0,a} and v = (2], ..., x;) respectively.

Several derivative notions

As usual we write 9;g for the i-th partial derivative of a function g : R® — R, Dg for
its Fréchet derivative or the Jacobian, and D?g for its second Fréchet derivative or
the Hessian. Clarke’s generalized Jacobian is denoted by 9'g. Also we will use the
lower subderivative!

, p—
d”g(z)(u) := liminf glw + ) g(m)’
t7>0+ t
u —u

'"Here we follow the notation of [RW98]. For a reflection about the several names see [RW9S8, p.
345).
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and the (one-sided) directional derivative

2.2 Holder calmness

Stability analysis is interested in the stability of local solutions x € X of generalized
equations p € F(x) for given canonical parameters p € P, where F' : X = P is a
closed multifunction, i.e. gph F is closed?. Or to put it into other words the problem
setting is:

For a given closed multifunction F : X = P and a parameter p € P

2.1
find some = € X such that p € F'(x). (21)

For functions f : X — P one identifies f(x) and F(x) = {f(x)}. Then F is closed in
particular for continuous f and one is directly in the setting in this case.
To analyze stability one studies the behaviour of the solution sets to (2.1)

Sp)=F(p)={zreX|peFlx)}
near some particular solution.

Remark 1. If S is a solution set for some inequality system g(z) < 0 and h(xz) =0
where g = (g1,...,9m), h = (h1,..., hp,) are functions with values in R, then S is
closed if g is lower semicontinuous and h continuous.

An overview to several notions of stability can be found in the book of Klatte
and Kummer [KK02b]. In this work we will only consider a stability property called
calmness.

Following [KKO02b] we say for S: P = X and (p,x) € gph S:

Definition 1. S is calm at (p,z), iff exist €, 4, L > 0 such that for all p € B(p, )
holds
S(p)NB(z,e) C B(S(p), Lp —pll), ie.

Vo € S(p) N B(z,¢) : dist(z,S(p)) < L|p—p|. (2.2)
The constant L is called the rank of calmness.

Note. Let us denote here by the way that calmness is the weakest of all Lipschitz
type stability conditions which is also a constraint qualification, i.e. guarantees that
the existence of KKT points is necessary for solutions of optimization problems with

2In particular this definition yields that F is closed iff F~! is closed.
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standard constraints — which is (beside its relation to error bounds) another important
motivation to study calmness in the first place.

We may generalize this definition to a Holder type characteristic in the familiar
way (cf. [Kum09] as well):

Definition 2. S is called Hélder calm with exponent q or calm [q] at (p, ), iff exist
q € (0,1], &, 6, L > 0 such that for all p € B(p,d) holds

S(p)NB(z,e) C B(S(p), L [lp — pll?), ie.

Vr € S(p) NB(z,¢) : dist(z,S(p)) < Llp—pl?. (2.3)

Remark 2. Obviously, if a multifunction S is calm [¢] at (p,z) € gph S then S is
also calm [¢'] at (p,z) € gph S for every 0 < ¢’ < ¢ < 1.

Remark 3. Definition 2 is equivalent to the existence of some ¢ € (0,1], &, §, L > 0
such that for all p € B(p,d) holds

z € S(p) NB(z,¢) — S(p) N B(x, L |[p — plI*) # 0,

ie. Vo e S(p) NB(z,e)Ia’ € S(p): ||z —2'|| < Llp—p|?.

Remark 4. If & € int S(p) then S is trivially calm [g] (for any ¢) at (p,z), since
then one may just choose ¢ > 0 s.t. B(Z,e) C S(p) and hence Vz € B(z,¢) :
dist(z, S(p)) = 0.

Thus in the following we will always consider z € S(p)\int S(p) without saying so
explicitly.

Remark 5. One easily sees that S is not calm [¢] at (p,z) € gph S if and only if

3{(pk,ack)} C gphS': (Vk eN:zF £z Aph 7&]5) A ((pk,xk) — (]5,5:))

E =
Ip" — pl| _>0>_

k : k .
/\(V{ Eargm}nHCE =&l % — ek || 1/a

£€S(p)

Remark 6. Another trivial statement (following directly from the definition) is that
a multifunction S is calm [¢] at some point (p,x) € gph S if

I7,2,0 > 0Vp € B(p,6)\{p} Vo € S(p) N B(@,0) : Al — &)l < [p—pll%.  (24)

2.3 Polynomials

Notation. We call o = (ai,...,a,) € Nj a multiinder, the length of « is |a| =
S, oy and we define M4 := {a € N} | |a| = d} and M= := (U, M! to be the set
of all multiindices with length d and length at most d, respectively.
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Note. The set MZ has ("*471) = % elements.

Notation. A real monomial on R is any function h : R® — R of the form

n

hz)=a-2%:=a-[[z" (a € R\{0}).

i=1

The length of « then is called the total degree of the monomial.
Now h: R™ — R is called a polynomial if it is a sum of monomials, i.e. if there are
(different) multiindices a',...a! € N} such that

z |
h(z) = Zaaiwo‘l (aq: € R\{0}).
i=1

The degree of a polynomial is the largest total degree d of the involved monomials.
If we put a, = a,: for a = o’ and a, = 0 else, then we may write h as

h(z) = Z agx® or shortly h(z)= Z anx.

aGMEd |a|<d

Finally, we call a polynomial A homogeneous if its monomials with nonzero coefficients
all have the same total degree, i.e. if it has the form

h(z) = Z anx™ = Z anx®

aeMZ |ar|=d
for some d € INg.

Note. If h is a homogeneous polynomial of degree d than h is a homogeneous function
of degree d, i.e. h(rz) = rh(z) for all z € R" and r € R.



3 Error bounds for systems of
inequalities and equalities

3.1 Known general results
Consider the following inequality system in finite dimension
gi(x) <0, i=1,...,m, and h;(z) =0, j=1,...,mp, (3.1)

for functions g;,h; : R" — R and let S be the solution set of this system, which is
assumed to be nonempty. We will denote the vector functions g = (¢1,...,9m) and
h=(h1,...,hm,).

For stability analysis the question arises whether or not and under which conditions
an error bound of (3.1) in terms of some residual function exists, that is:

Are there positive constants L, g and a subset T of R™ such that with the residual
r(z), which is a non-negative valued vector function fulfilling »r(z) = 0 if and only if
x € S, holds

Ve € T : dist(x,S) < L||r(x)||?? (3.2)

A natural and popular choice for the residual function is
T’(HJ) = (91<$)+7 s 7gm(x)+7 ‘hl(xﬂv SRR ’hmh(x)‘)

which leads to ||7(z)|| = [|(¢9(z)*,h(x))| or (in finite dimension) equivalently to
lg() 1l + [[A()]].

The first publication dealing with error bounds is the paper of Hoffman [Hof52]. He
showed

Proposition 1 (Hoffman’s error bound). If g and h are affine linear functions, i.e.
g(x) = Az + a and h(x) = Bz + b for some matrices A, B and vectors a, b of
appropriate dimensions’, then there exists some constant L > 0 depending on A and
B only such that (for arbitrary norm)

Vo e R™ ¢ dist(z, S) < L(||(Az + a)* || + || Bz + b])). (3.3)

But such simple bound does not hold even for (general) polynomial mappings:

In fact Hoffman originally considered only systems of linear inequalities, but as every system of
equalities may be written as two systems of inequalities one gets the given result.
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Example 1. Let g : R — R be given by g(x) = 2%, with 1 < d € N, and S :=
{x]g(x) <0}. Then clearly S = {0} if d is even and S =Ry, if d is odd. So, given

any x € R, we have

|z|, if d is even
dist(z,S) =40, ifd is odd and x <0
|z|, ifd is odd and x >0

and
lz|9, if d is even
lg(x)*|={0,  ifdis odd and x <0
lz|¢, if d is odd and x > 0

So for all x € R holds dist(z,S) < |g(x)*|'/¢, but there is no L > 0 such that
dist(z, S) < L|g(x)™| for all x near the origin:

Assuming this, it would follow that there is some ¢ > 0 such that in particular
|z| < L|z|® for all0 < x <e¢, de L> ‘m'% — which is a contradiction.

Moreover the following example due to Luo and Pang (see [LP94, Example 4.3]
and [LPR96, 2.3.14 Example]) shows that in general the error bound is only local:

Example 2. For the solution set S := { (z1,x2) | 11202 =0, —21 < 0,—22+1 <0} =
{(0,22) | 22 > 1} holds:

dist((t,0),8) =t fort > 1 and mazimum-norm,

but
[(z122, —21, —22 +1)(£,0) " ||oo = 1.

Nevertheless there are general propositions regarding error bounds of solution sets
of polynomial systems.

For the case of a single real polynomial h : R" — R Hoérmander [Hor58, Lemma 1
and 2] proved

Proposition 2 (Hérmander’s error bound). There are positive constants L, q and a
(possibly negative) constant q' such that (for the Euclidean norm ||-||,)

Vo e R : disty(z,S) < L(1 + ||z]|3)7 |h(x)]9. (3.4)

This was extended by Luo and Luo [LL94, Theorem 2.2] to sets S given by sys-
tems of polynomial equalities and inequalities. Considering the new polynomial
f:R"™™ — R given by

Flw2) = Yo (gn(a) + 222 + > hy()? (35)
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and using that z € S iff f(z,2z) = 0 for z; = z;(x) = /(—gi(x))*, they obtained —
applying Hérmander’s result?

Proposition 3 (Luo/Luo error bound). There exist constants L > 0, ¢ > 0 and
q > 0 such that

Vo € R : disty(z, ) < L1+ [l2]|2)7 (lg(@) Iz + 12 () ]]2)“. (3.6)

Remark 7. Obviously results (3.4) and (3.6) can be written in terms of arbitrary
compact subsets, i.e. for any compact K exist positive L and ¢ such that

Vo € K : diste(x,S) < L|h(x)|?, and

Vo € K @ dista(z,9) < L(|lg(x) T2 + |h(z)]|]2)9, respectively.

Remark 8. Independently of Hormander, Lojasiewicz [L0j59, 17. Théoréme p. 124]
— previously announced without a proof in [Loj58] — gave a bound similar to (3.4)
even for a single analytic function, stating that for each compact subset K of R"
exist L > 0 and ¢ > 0 such that

Ve € K : dista(z, S) < L|h(x)|?. (3.7)

Using construction (3.5) Luo and Pang [LP94, Theorem 2.2] generalized this to sets
defined by analytic equations and inequations, concluding that for every compact
K C R" exist positive constants L, ¢ such that

Vo € K : dista(z,S) < L(||g(2) T ||2 + [|h(x)]|2)2. (3.8)

Remark 9. Although (3.4), (3.6), (3.7) and (3.8) were proved for the Euclidean
norm only?, by equivalence of norms in finite dimension, these propositions certainly
hold for arbitrary norms.

We have the following connection between error bounds and calmness [g]:

Lemma 4. Let S(p1,p2) :={x € R" | g(z) <p1 Ah(z) =p2 } with g = (g1,---,9m)
lower semicontinuous and h = (hq,. .., hy,) continuous functions into R.
Then (the closed multifunction) S is calm [q] at (0,Z) € gphS if and only if
32> 0,L >0z € B(3,¢) : dist(x, S(0)) < L Jlg(x)* ] + Hh(x)”)q;

where 0 < q < 1.

2 Actually [LL94, Theorem 2.1] — which is the presentation of Hérmander’s proposition in the paper
of Luo and Luo — does not mention the square of ||z||2 in (3.4), which is then also ‘lost’ in (3.6). But
this is of course not a problem since 1 + ||z||* < (1 + ||z|))%.

3This is mainly because the proof of the Hérmander-Lojasiewicz inequality for semialgebraic sets is
based on elimination of quantifiers over real closed fields and one may write (in-)equalities regarding
|| - |2 easily as polynomial (in-)equalities (using || - ||2).
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Proof.
(<) Take any p = (p1,p2) € R™"™ and x € S(p) N B(z,¢). If p1; < 0 we then
have g;(z)™ = 0 and else 0 < g;(xz)" < py4, so in any case ||g(z) || < ||p1| and further

h(z) = pa, Le. [|h(z)]| = [|p2l]-
Hence by assumption

dist(z, 5(0)) < L (lpall + Ip2lD? < 29L]p]|*.

(=) Since S is calm [q] at (0,z) we find ,d, L > 0 s.t.
Vp e B(0,0) Vo € S(p) NB(z,e) : dist(x, S(0)) < Lip||*.
Put € := min{e, §,1} and let z € B(z,&). If || (9(z)*, h(x)) || < & < § we thus have
dist(z, 5(0)) < L] (g(2)", h(@))[* < L1 (lg(@) | + [h(2)])",
for some L; > 0 independent of z.* Else it holds
dist(z, 5(0)) < |l — 7] < £ < [[(g(@)*, b))
And since in the case || (g(z)", h(x)) || > 1itis || (g(z)", h(z)) |7 > 1 as well and else
I (g(@)™, (@) || < [ (9(2) ™, h(x)) ||, this yields
dist(z, 5(0)) < Lo (llg(@)* || + [()])"-

Thus we conclude:

Vo € B(Z,8) ¢ dist(z, S(0)) < max{Ly, Lo} (|lg(x) || + Ia()])". =

Remark 10. Note that, for closed multifunctions S given as a solution set of in-
equalities and equations, to characterize calmness [¢] at (0,Z) € gph S one doesn’t
need to consider only points with small function values (as the definition of Hélder
calmness would suggest).

Also, if we abandon the demand for total closedness of S and conform with closed-
ness of the set S(0) then we won’t need continuous functions h; but lower semicon-
tinuous |h;| (because h;(x) = 0 iff |h;(x)| < 0).

A direct corollary of Lemma 4 for (sub)level sets is

Corollary 5. Let g : X — R be lower semicontinuous with g(z) = 0 for some T € X.
Then its sublevel set map S(p) = {z | g(x) <p} is calm [q] at (0,Z) if and only if

Je>03L>0Vz € B(x,e¢) : dist(x, S(0)) < L(g(z)1)4; (3.9)

“For || - || = || - |l1 we would have L; = L and thus the inequality follows from the equivalence of
norms in R".
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or equivalently (since S is closed)®
Je>03L>0Vz € B(z,e)\S(0) 32" € S(0) : ||z —2'|| < Lg(x)“. (3.10)

And calmness [q] of level set maps S(p) = {x | h(xz) =p} for continuous functions
h: X — R is equivalent to

Je>03L >0V € B(z,e) : dist(z, S(0)) < L|h(x)|". (3.11)

Remark 11. Note that there is a strong connection between Hélder calmness of the
level set S—(p) = {« | h(z) = p} and the sublevel set S<(p) = {z | h(z) <p} for
continuous functions h:

Obviously it is S—= C S<. Hence, if S—(p) is calm [g] at (0,Z), then we have
dist(x, S<(0)) < dist(z,S=(0)) < L|h(z)|? = L(h(z)*)? for all x ¢ S<(0) near z, i.e.
we have also calmness [¢] of S<(p) at (0, z).

Using the result of Luo and Luo we finally get

Corollary 6. For every S(pi,p2) == {z € R" | g(x) < p1 Ah(x) =p2}, where g =
(91,---,9m) and h = (hy,..., hy,) are real polynomials on R™, exists some g > 0
such that S is calm [q] at (0,Z) for every & € S(0).

Proof. If S(0) is empty this is a tautology. So let’s suppose S(0) # 0. Then by (3.6)

there exist L, q,q > 0 such that for every z € R"™ holds
dist(z, S(0)) < L(L+ z])? (lg() " || + |h(2)])°-

Now take any = € S(0), € > 0 and (p1,p2) € R xR™», & € S(p1,p2) NB(Z,¢€). Since
[zl < e+ z] and [[p1]| + [[p2ll < 2[[(p1, p2)| we get

dist(z, 5(0) < L(L+ e+ @) (1]l + lIp2I)? < LIl (p1, p2)I|* (3.12)
where L = L(1 + ¢ + ||Z))? 2. O

Remark 12. Of course, using the Lojasiewicz result and [L1.94, Theorem 2.2], Corol-
lary 6 is equally true for analytic functions.

But note that such result does not hold in general for (sub)level sets of general C*
functions:

Example 3. Consider the non-analytic C* function

{6_(1/12), x#0

€Tr) =
9(@) 0, z=0.

"Note that now only x ¢ S(0) near Z are considered and thus in particular g(z) > 0 is already
ensured.
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Since S(0) :={z e R |g(x) <0} = {0} it is dist(z,S(0)) = |z| for all z € R. So
ew?)

due to limg,_.o % = limy_ o0 S = for each v > 0, S(p) cannot be Holder

calm at (0,0).
The above Lemma 4 (and its corollary 5) states that calmness [g] is a local error
bound property with exponent ¢. If one assumes a system of convex functions on

R™ then it holds even a global equivalence (the next Lemma and its proof are an
adaption of [Li97, Theorem 3.3]):

Lemma 7. Let g; : R" - R, i =1,...,m, be convex functions. Then the multifunc-
tion S defined as S(p) :={z € R" | Ai_1(gi(x) < pi) } and with S(0) # 0 is calm [q]
at every point (0,Z) € gphS if and only if for any compact set K C R"™ exists some
constant L > 0 such that

Vo€ K : dist(z,5(0)) < Lg|lg(x)™|9. (3.13)

Proof. The backward direction is clearly true, so we consider calmness [¢] at every
(0,z) € gph S, i.e. (by Lemma 4) for each z € S(0) there are €z, Lz > 0 s.t.

Va € B(z,e;) : dist(z, S(0)) < L|lg(a)t]9. (3.14)

Now fix z* € S(0) and y* € K (w.l.o.g. K # () because then (3.13) is trivially true).
Set r:=sup{ ||y —y*|| | y € K } and define

Spi={z € S0) | lz <2(r +[ly"ID) + ="l },

which is a compact set. Obviously S, C Uzcg, B°(Z,€z) and so by compactness there
are points Z1,...,T € S, fulfilling

k
Sr C | B(z,ez,)- (3.15)
j=1

Now for x € R" let 2’ denote a nearest element in S(0), i.e. ' € S(0) and ||z — /|| =
dist(x, S(0)). Then for any x € K we have

' < llzll + [z — 2’| < |z =y || + ly*[| + [l — =¥
<yl ll -+ 2l <200+ v (D + =],

i.e. 2/ € S, and hence by (3.15) it is 2’ € B°(Z;,ez,) for some j =1,...,k.
Since B°(Z;,z;) is an open set, there exists ¢ € (0, 1) such that

xg =0z + (1 — 0)z' € B°(Zj,ez,).

By (3.14) we obtain
dist(zg, S(0)) < Lij||9(5'36)+Hq-
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Because of convexity of the g; and since g;(2') < 0 for all i, we get
9i(z0) < Ogi(z) + (1 —0)gi(2") < 0gi(x),

and hence
lg(ze) Il < Ollg(x) ™.

Moreover we have by definition of xy and with xp’ € S(0) selected to be a nearest
point to zy in S(0)

lz = 2’| < |z — 2¢|| < |l — 2ol + llzg — 2| = (1 = )|z — || + |6 — '],

which implies
0 dist(z, S(0)) < dist(xg, S(0)).

So, for Ly := 6971 max;—1,. Lz;, it follows

dist(z, S(0)) < o1 dist(zg, S(0)) < o1 ‘HianijHg(ivg)J'_Hq < Lgl|lg(x)T||2. O
J=1,...,

Remark 13. The only part we need convexity in the above proof is for the estimate
llg(zg) || < 0lg(x)T]|. So, if we get this in a different way, Lemma 7 holds for general
systems of continuous functions on R".

3.2 Hunting q

An interesting question is whether there is a connection between the maximal degree
of the polynomials defining .S as in the corollary and the exponent of Holder calmness
— and what this relation looks like.

By (3.3) we have calmness for affine functions (i.e. both the maximal degree and
the exponent are 1) and Example 1 may indicate that a similar relation holds even
for greater degrees of the polynomials involved, meaning that if the maximal degree
is d then one has Holder calmness with exponent 1/d.

In the first subsection we will analyze the one-dimensional case, where we will
easily get the result as aforementioned. In the case of more than one dimension we
will then show that the same result may be attained for some very special cases, but
also that it is not possible to generalize the Hoffman proof for linear functions to
general polynomials — not even homogeneous ones. (As will be demonstrated in the
subsequent Chapter 5 this is not by chance.)

3.2.1 The one-dimensional case

Let h(z) := Z;‘i:o a;x" be a one-dimensional polynomial with degree d € N, i.e. ag # 0.
In particular thus h is not constant.
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Lemma 8. For every root & of h there is some ¢ > 0 such that for all x near x
\h(z)| > c- |z — |

Proof. The inequality holds trivially for x = Z, so let « # z. It is clear that h(x) =
(x — z)* - p(z) for some 1 < k < d and a real polynomial p with degp = d — k and
p(z) # 0.

For k = d thus p(z) is nonzero but constant, which yields for all x € R that
|h(z)| = c|z — z|? with ¢ = |p(z)|.

Now let k < d. Then

n(@)] _ |z -3 _ 1 :

o -zl |z — |4
so there is some ¢ > 0 such that |h(x)| > |z — z|? for all x € [T — £,7 + €]. O

Corollary 9. Let h be a real polynomial of degree d > 0 and S the set of its real
roots. Further let K be a compact subset of R such that SN K # (.
Under these conditions there is some L > 0 such that

Vo e K : dist(z,SNK) < L|h(z)|1.

Proof. Let SNK = {&1,...,Zx} with &; < Zj4q,1=1,...,k— 1.

First assume K = [a,b]. We separate this closed interval into the closed subintervals
Ky = [a, B0 K = [BelED Zbtid) =9k — 1, and Kj == [T=LEE b By
Lemma 8, for each Z;, there are ¢; and ¢; > 0 such that

Ve (i‘l —E&i, T + 81') ] ‘l‘ — .’fi|d < |h($)|
|h(z)]
\:p—iﬂd
exists. Moreover m; > 0, because h(x) # 0 on E; by construction. Here we put
m; = +oo if E; = 0.

With \; = min{¢;,m;} > 0 it follows

Now the sets E; := K; \ (Z; — €;, &; + €;) are compact and thus m; := min,cp,

Vo e K;: \ ’fL’ — :fi|d < |h($)‘,

and, because of dist(z,S N K) = |x — z;| for all x € K;, we have, setting L :=
max;—1i,.. k /\i_l, that

Va e K :dist(z, SN K) < L|h(z)]a.

In the general case K = UUj_[a;, b;] with b; < aj41, j = 1,...,s — 1, it holds by
the above part
1
Ve [aj,bj] : diSt(:E,S N [aj,bj]) < Lj |h(l‘)|3
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for some L; > 0. As SN K D SN aj,b;] this yields

=

Va € [aj,b;] : dist(z, SN K) < Lj |h(z)]
and thus, for L = max; L;, we get
Vz e K :dist(z, SN K) < L|h(z)]4. O
As a consequence of this ‘global’ statement we obtain

Corollary 10. Let h be a real polynomial of degree d > 0. Then the level set S(p) :=
{z € R | h(z) =p} is Hélder calm with exponent ¢ =% at (0,%) for every z € S(0).

Note. If h = 0 then S(p) = 0 for all p # 0 and we have (proper) calmness. And if
h = ¢ # 0 then S(0) = 0, so there is no z € S(0).

Proof. Let h # 0 and consider any z € S(0) (if S(0) = () we are already done). As
the set S(0) of zeros of h in R has at most d elements, there is some B(Z,e) which
does not contain any other element of S(0) than z itself. By the above proposition
thus there is some L > 0 such that L|h(z)["/¢ > dist(z, S(0) NB(Z, )) > dist(z, S(0))
for all z € B(z,¢). O

Remark 14. Unfortunately we cannot use the proof of Corollary 10 in more than
one dimension, because in general we cannot separate the roots of polynomials in
higher dimension (just take h(x) = z1x2 to see this) and it does not hold a statement
similar to Lemma 8 as the following example shows:

Example 4. Consider h: R? — R defined by h(z) = 2229 —x5. Then for x = (2, ¢)
with € € (0,1) it holds:

h(z)| = |ee — e = (1 — &) < * = | — 2,

i.e. it is not true that |h(x)| = ‘Z|a|§d aaxa’ > ‘Z‘M:d aq(x — 50)0“ for all x near
z=0.

Another statement about estimates regarding roots of real polynomials in one vari-
able is the following proposition, which (together with its proof) is cited from the
monograph of Coste [Cos00] (cf. [Cos02] as well):

Proposition 11 ([Cos02, Proposition 1.3]). Take h as above to be a real polynomial
in one variable of degree d. Then for every root z € C of h one has the estimate

|z| < max (d |ai’)1/(di).
= i=0,....d—1
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Jag| \ 1/ (@) . o
Proof. Set M := max;—o,_. d—1 (d |a;‘) . Then for all z € C with |z| > M it is
of course |a;| < %md_i for each i =0,...,d — 1. Hence it holds
-1 | d-1 '
Yo aiat| <Y faillz] < lagll2]? = |aaz?],
i=0 i=0
and thus h(z) # 0. O

3.2.2 More than one dimension

Lemma 12. Let the monomial h : R™ — R be given by h(z) = a-[[j=; xi" witha # 0
and total degree d greater than zero. Then exists L > 0 such that for each x € R™
holds

dist(z, S(0)) < L|h(x)|"

so in particular S(p) := {x € R" | h(z) =p} is calm [1/d] at (0,Z) for every T €
S(0).

Proof. Put I = {i | a; # 0} which is not empty since d = ;" ; a; > 0. It holds for
every x € R"

h(a)| = ol T fasl* = Jal TT ol > [al (onin fof) Zrer* = o] anin fai ]’
i=1 i€l € el
Further it is S(0) = {2 | V;erx; =0} and thus dist(z, S(0)) = min;es |z;| for all
x € R™
So we have for all x € R"

dist(z, $(0)? < |a| ! [h(x)];
which yields the proposition for L = \a]_%. O

But what about general polynomials or at least homogeneous ones? Hoffman’s
proof [Hof52] of (3.3) is based on two lemmas of Agmon [Agmb54, Lemma 2.2 and
2.3]. Maybe one could modify them in an appropriate manner? If we adapt [Agmb4,
Lemma 2.3] to the case of a level set of one homogeneous polynomial, we get the
following

Lemma 13. Let S = {zx € R” | h(z) := }|4)=q @ar® = 0} where d € N, a € INy.
Then ezists ¢ > 0 such that for allx € E = {x € R" |z ¢ S A dist(z,S) = ||z| }
holds

c- dist(x, S)? < |h(x)|. (3.16)

Note. Of course 0 € S, so dist(z, S) = ||z|| just means that 0 is the point of S nearest
to .
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Proof. Consider E1 = ENbdB(0,1) = {x € R" |dist(x,S) = [|z|| Alz]| =1} It
holds® x € E iff H 1€ E1, so Ey # () if we assume E to be nonempty. And moreover
FEq C R™ is bounded and closed, i.e. compact.

As f(z) := |h(x)| is continuous thus there exists & € Ey with f(Z) = mingep, f(z).
In particular ¢ S, so ¢ := f(Z) > 0, which yields that f(xz) > ¢ > 0 for all z € Fj.
Thus f(” II) >c¢>0forall x € E. And since

<||x||> ‘Z (n HH ||x||d‘z““‘”’

|a|=d

we get (3.16) for every x € E. O

But regrettably one cannot guarantee E # () for degrees d greater than 1, so we
don’t even have an useful proposition here” — not mentioning other problems arising
when trying to use this lemma for some adaption of Hoffman’s proof in the case d > 1.

Example 5. Consider the solution set
S={z=(r1,22) €ER? | 2120 =0} = { (z1,20) € R* |21 =0V 2o =0}

and let x = (x1,22) ¢ S. Since (0,22), (x1,0) € S and ||z — (0, 2z2)]| = |z1| as well as
|z — (z1,0)| = |z2|, we get dist(x,S) < min;— o |z;|. But

2/l = /21 + |zaf* > min |2
1= k)

for each x ¢ S, 1 <k < 0.

In the remaining case || - || we take
S={x=(r1,m2) €ER*|2? — 23 =0} ={(z1,20) €ER? |z1 =22 Vr; = —22 }.

Then for all x = (x1,22) ¢ S it holds ||z|c = max; |x;| > min; |x;|. Because y =

(A (w1—22), —2(x1—12)) € S, it follows dist(z, S) < ||z—yoo < 3(|21]|+|22]) < ||Z]00-

We end this little hunt for the exponent at this point, and will come to more
coherent approaches. But we already want to underline here that the statement of
Lemma 12 is not true in such general form for even general homogeneous polynomials
of degree at least 4 (cf. Example 13).

5Tt is = ¢ S iff Wh(m) # 0 iff h(z/||z||) # 0 iff z/||z| ¢ S; and dist(z,S) = |z| iff
dist(z/||z||,S) =1 for x ¢ S.
In the linear case S is a hyperplane, so nonemptiness is clear.
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3.3 The Tarski-Seidenberg principle

As the proof of Corollary 6 (which showed Holder calmness for systems of polynomi-
als) is in the end based on Proposition 2 (Hérmander’s error bound), an analysis of
the proof of this result may give an answer to our question concerning the connec-
tion between the maximal degree of the polynomial system and the exponent of the
regarding Holder calmness.

The main tool Hérmander used is the so called Tarski-Seidenberg principle. This
principle was first announced by Tarski without a proof in [Tar31], but the publication
of a proof lasted until [Tar48]. Later Seidenberg [Sei54] gave a new approach, which
is the base for today’s versions of the principle used in algebraic geometry. This
versions may also be given under the name Projection theorem for semialgebraic sets,
Quantifier elimination over real closed fields or Transfer principle.

In the following we want to analyze this approach in order to see what kind of
results we may expect with respect to concrete conclusions about exponents. To do
so we reproduce parts of [Cos02] in order to give a short introduction into the theory
of real algebraic geometry as far as it affects our topic; for further references see
[BPRO6], [Cos00], [Cos02], [BCRIS], [BR9I0] and [ABR96].

The statements in this area of mathematics are usually made for arbitrary real
closed fields. But as we are not interested in such generalization we will consider here
only the standard real closed field — the real numbers R.

Definition 3 (Algebraic and semialgebraic sets and functions). Let R[X7, ..., X,]
denote as customary the set of real polynomials on R"™. For any finite subset P of
R[X7, ..., X,] the set of zeros of P in R" is defined as

Z(P) ::{xE]R"‘/\heph(x):O}.

Such Z(P) are called the algebraic sets of R".

Note. Using the common construction h = h? + ...+ h2, one can write any algebraic
set Z({hi,...,hn}) as the set of zeros of only one polynomial.

A basic semialgebraic set of R™ is any set of the form

{xEIR”

h(m):O/\/\gegg(:z:)<0}

where h € R[X1,...,X,] and Q a finite subset of R[ X7, ..., X,].

Note. By the above note it is clear that sets of the form

/\heP @) =0A /\gng(m) <0 } ’

with P, Q C R[ X3, ..., X,] finite, are basic semialgebraic sets as well.

{xGIR"




3.3 The Tarski-Seidenberg principle 21

Now a subset of R" is called semialgebraic if it is a finite union of basic semialgebraic
sets.

Note. The family of semialgebraic sets is closed under the Boolean operations (com-
plementing, finite unions and finite intersections) and is the smallest such family of
subsets of R™ containing all algebraic sets.

Let M C R™, N C R™ be two semialgebraic sets. A mapping ¢ : M — N is called
a semialgebraic function if its graph is a semialgebraic set in R,

To dive (just a little bit) deeper into the below propositions, we also need some
precise conception of what is meant by a first-order formula of the language of ordered
fields with parameters in R (FO formula for short).

Definition 4 (First-order formulas). FO formulas are obtained by the following
rules:

1. If p e R[X7,...,X,], then p(z) = 0 and p(z) < 0 are FO formulas.

2. If ¢ and ¢ are FO formulas, then “¢ and 9", “¢ or ¥” and “not ¢” (denoted as
O AN, ¢V 1p and ¢, respectively) are FO formulas.

3. If ¢ is a FO formula and z a variable ranging over R, then Jx¢ and Vx¢ are
FO formulas.

Here the formulas achieved by using only rules 1 and 2 are called quantifier-free.

Note. Directly by definition one sees that for semialgebraic sets A C R™ we can write
the property z € A using a quantifier-free formula ¢(x) — namely ¢ represents the
(finite) “or”-union of the quantifier-free formulas defining the basis sets needed to
describe A. Thus in this case we may interpret x € A directly as a quantifier-free
formula.

Moreover every quantifier-free formula defines a semialgebraic set, which can be
seen by bringing the formula into disjunctive normal form.

Together we have that A C R™ is semialgebraic if and only if there is a quantifier-
free formula ¢(z1,...,x,) such that

r € A<= ¢(x).

Having the above notation the Tarski-Seidenberg principle may be stated in the
following form:

Proposition 14 (Tarski-Seidenberg principle; [Cos02, Theorem 2.6]). For every first-
order formula ¢(x1,...,x,) — having quantifiers or not — the set S = {x € R™ | ¢(z) }
is semialgebraic.

This may be reformulated as: Fvery FO formula is equivalent to a quantifier-free
formula, i.e. it is possible to eliminate the quantifiers.
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Based on Tarski-Seidenberg we are able to prove the Hérmander-f.ojasiewicz inequal-
ity which gives information concerning the relative growth rate of two arbitrary con-
tinuous semialgebraic functions. Beforehand we shall estimate the rate of growth of
a semialgebraic function in one variable.

Proposition 15 ([Cos02, Proposition 2.11]). Let ¢ : (a,00) — R be a semialgebraic
function®. Then exist b > a and N € IN such that

Vae(boo): |p)<zV. (3.17)
Proof. By assumption gph ¢ is a semialgebraic subset of R? and thus for some semial-
gebraic sets G; := { (z,y) € R? | hi(z,y) =0 A /\f’:1 gij(x,y) <0}, where h; and g;;
are real polynomials, it is

S
gpho = Gi.
i=1
Here for every polynomial h; it holds deg h;(x,-) > 0 for all z € dom ¢; otherwise there
would be some index ig with (xo,y0) € Gi, and degh;,(zo,:) = 0, i.e. hi,(zo,y) =
const for all y. And since the finitely many continuous g;,; fulfill g;,;(zo,v0) < 0,
there is some € > 0 s.t. g4, (20, y) < 0 for every index j and each y € (yo —€,y0 + €).
Together we would have (xg,y) € gpho for y € (yo — &,y0 + €), which contradicts
that ¢ is a function into R.
Now put

s d
h(z,y) = [ hi(z,y) = > aj(2)y’
i=1 j=0
for some d > 0 and ag #Z 0. Because a4 is a polynomial in one variable it has only
finitely many roots and we may choose ¢ > a big enough such that a4(x) # 0 for all
x € (c,00).
Since p(z) is a root of h(x,-), Proposition 11 yields

|ai<x>|>d1f_

Vo e (c,00): |p(x) < max (d lag(x)]

i=0,...,d—1
With a;(x) = Zé’i:o aijz? we have |a;(z)| < Zé’i:() |lvijl|x|t for |z| > 1 and |a;(z)| >
3|, ||z|'d whenever |z| is large enough, and so it follows for some & > max{1,c}
that with M := max;—o__ 41 Eé‘i:o |aij| and m 1= max;—o 41 ll—; it holds® for each
i=0,...,d—1and all x € (¢,00)

1
lai(z)|\ T (2dM \TT 2dM .
d < T <max{ ——,1, ="
|ag(z)| |, | ||

8Not necessarily a continuous one.
9Depending on the structure of the a;(z) there may be of course much better estimates.
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Taking b = max {é, max{ 2dM 1}} and m+1 < N € N we thus get (3.17). O

v, |

Note. Note that in the above proof the strict inequalities do not play any role con-
cerning the values of b or N. Only the equations describing the particular basic
semialgebraic sets composing gph ¢ are important.

Moreover, by construction of the polynomial h, the degree of its coefficients a;(z)
may be quite large — depending on the number s of necessary basic sets G; and the
degree (with respect to x) of the respective polynomials h;.

Proposition 16 (Hormander-Lojasiewicz inequality; [Cos02, Theorem 2.12]). Let
K C R”™ be a compact semialgebraic set, and let f,g : K — R be continuous semi-
algebraic functions such that

Vee K :(g(x)=0— f(z) =0).
Then there exist an integer N € N and a constant C > 0, such that
Vee K |f(@)N < Clg(a)].

Proof. Fort >0, set F;, :={xz € K | t|f(x)] =1}. Note that, since F} is closed in K,
this set is compact, and because of

Ft:{xER"‘xGK/\((x,%)Egphf\/(:U,—%)Ggphf)}

it is also semialgebraic.

In the case F; # (), by our precondition, the function g does not vanish on F; and
the continuous (and semialgebraic) map G(x) := ﬁ has a maximum on F}, which
we denote 6(t). If F, = (), we set 6(t) = 0.

The so defined function 6 : (0,00) — R is semialgebraic because of the Tarski-
Seidenberg principle and

gph@z{(t,a)G]RXIR‘t>O/\((a:ngg(G(a:))\/(—EIxEFt/\oz:())) },

where a = max e, G(z) stands for (Vo € F, Vo' : (z,0') € gph G — o < a)A(Fz €
F;: (z,a) € gph G).
By Proposition 15, there exist b > 0 and N € IN such that

Vi>b:|o@t) <tV

which is equivalent to

1 1 1
Ve e K (0< @)1 < § > oy < ()
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N
If we set D to be the maximum of the continuous function |]|cg(8£ on the compact

set Kp :={xze€ K ||f(x)]>1/b} (observe that on this set the function g does not
vanish because of our precondition) and define C' := max{D, 1}, we obtain

£ (@)™ < Clg(a)]

forallz € K. O

Note. Here the compact set K} is not relevant for the exponent N, it only impacts
the constant C. The exponent depends solely on the semialgebraic function 6.

As a corollary of the Hormander-Lojasiewicz inequality and the fact that dist(-, S)
is semialgebraic for semialgebraic sets S (see below), we get the original Hormander
result (cf. Proposition 2), here stated again in a slightly different way:

Corollary 17. For a polynomial g : R™ — R with zero set S = {z | g(x) =0} and
a compact semialgebraic set K C R™ there are L > 0 and N € IN such that

Vo e K : dist(x,S)N < L|g(z)|. (3.18)

So what do we learn about the exponent N7 Examining the aforementioned proofs
we see that the description of gphf C R? by a quantifier-free formula plays the
important role. Getting it is usually not so easy, but we may state a general first-
order formula (amplifying the construction given in the proof of Proposition 16):

It is (t, ) € gph @ if and only if

—t<O0A (((VmVa’:xGFt/\(a@,a') € gph (1/g) = o' < a)A
(Bz:z € FA(z,0) Egph(l/g))) v (Vx:xgéFtAa:O)),

where (x,a) € gph(1/g) means the polynomial ag(x) = 1 and = € F; stands for
(z,1/t) € gphdista(-, S), i.e.

(Y: () =0—1< 23 (@i —y:)*)A
(VB: (Vy:gy) =0— B2 < Y (@i —m)?) = Bt < 1).

Now we need to apply elimination of quantifiers to this formula. Doing so the degree
and number of involved polynomials in general increases. To our knowledge the
best known bound of this increase was given by Basu, Pollack and Roy in [BPR96,
Theorem 1.3.1] and states:

Proposition 18. If d is the maximal degree of the s polynomials in a FO formula
with quantifiers, then — using an algorithm of quantifier elimination — the degree of
the polynomials in the quantifier free formula is at most d¥0 and their quantity does
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not exceed sE1d¥? with Ey depending on the number of bound variables and Ey, Es
dependant on the total number of variables (bound and free).

Now, as seen in the proof of Proposition 15, both the number and degree!'® of the
polynomials involved in the FO formula given above blow up the exponent N. So
even for the solution set of one single linear equation the exponent one gets using
the quantifier elimination approach may be large — even though we know that N =1
suffices.

10Checking the formula we see at a glance that the maximal degree is at least 2 — because of
2 > (@i — yi)? it is even 4.






4 Holder calmness — conditions and
characterizations

In this chapter we will collect several useful propositions regarding calmness [g] of
multifunctions S : P = X and in particular (sub-)level sets — or lower level sets as
they were called in [RW98] — of lower semicontinuous functions from X to R. These
statements will give us a handy tool for the analyzation of the exponent of Holder
calmness for (sub)level sets of polynomials in Chapter 5, but they are also important
results in the context of stability of solution sets of (in)equality systems.

The first characterization is Lemma 2.2 in [Kum09] — a similar statement was
already given for ¢ = 1 in [KK02a, Lemma 3.2] — and shows that calmness [g] is a
monotonicity property with respect to two canonically assigned Lipschitz functions:
the distance of x to S(p)

dist(z, S(p))

and the graph-distance
Ys(x,p) := dist((p, z), gph 5),

defined via d((p,z), (p/,2")) = max{d(p,p’),d(x,2')} or some equivalent metric in
PxX.

Lemma 19 ([Kum09, Lemma 2.2]). Let 0 < ¢ < 1. Then the multifunction S is
calm [q] at (p,x) € gph S if and only if

de>03a>0Vz e B(z,¢): adist(x,S(p)) < Ps(x,p)l. (4.1)

Note. In other words, calmness [q] at (p, z) is violated iff

0 < ¢g(xg, p)? = o(dist(zx, S(p))) holds for some sequence xj, — Z, (4.2)
where ¥g(xk, p)? = o(dist(z, S(p))) means that df:&gi’fg();) 0.

) k—00
Let’s recapitulate the proof:

Proof. Let (4.1) hold true. Given z € S(p) NB(Z,¢), it is

Ys(z,p)? < d((p,x), (p,x))* = |lp— pl|

and, in consequence, adist(z, S(p)) < ||p — p||?, which yields calmness [¢] with rank
L=1

[0}



28 4 Hélder calmness — conditions and characterizations

Conversely, let (4.1) be violated, which means that (4.2) is true. Now, given any
positive o < ¥g(xk,p)?, we find (pg, &) € gph S such that

d((Prs&k), (0, 2))? < Ys(xp,p)? + 0k < 2-hs(Tr, D)? =: by.

By definition of d((pk, &), (P, k) thus also d(&k,xr)? < by and ||pr, — p||? < by hold
true. In addition, the triangle inequality dist(xg,S(p)) < d(xg, &) + dist(&g, S(p))
yields

dist (¢, S(p)) > dist(xr, S()) — d(&, ax) > dist(ar, S(p)) — by/".

Note that, because of by = o(dist(zg, S(p))) as well, we may choose in particular a
subsequence s.t. by, < dist(zg, S(p)) for all k € IN.

As 0 < g <1 we get b,lﬁ/q < by, for by, < 1 and so we obtain for & € S(pg):

Hpk - ﬁ”q bk bk

- — < < — — —0 ask— 0.
dist(¢k, S(P)  dist(a, S(p)) — by/? ~ dist(zk, (D)) — br
Hence, since & — = and & € S(pi) the map S cannot be calm [g] at (p, Z). O

Remark 15. Since it is dist(z, S(p)) = 0 = Yg(z,p) for z € S(p), term (4.1) may
be equivalently written as

Jde>03da>0Vz e B(z,e): v ¢ S(p) = adist(z, S(p)) < vs(x,p)?, (4.3)
which is — by closedness of gph S — the same as
Jde>03da>0Vz € B(z,e) : ¢Yg(z,p) >0 — adist(z, S(p)) < vYs(z,p)?. (4.4)
Finally, with any locally Lipschitzian function ¢ : X — R such that
c1¢(x) < g(x,p) < cap(x) for x near z and certain constants 0 < ¢; < co  (4.5)
and with the sublevel set mapping
N(r)={ze X |o(x) <r}, (4.6)

we can conclude that calmness [¢] for any closed multifunction coincides with calmness
[q] of a Lipschitzian inequality, i.e. it holds (cf. [Kum09, Corollary 2.3] as well)

Corollary 20. A multifunction S is calm [q] at (p,z) € gphS C P x X if and only

if the sublevel set map ¥ of some Lipschitz function ¢ satisfying (4.5) is calm [q| at
(0,z) e R x X.

Note. In particular, we may put ¢(z) = 1g(z,p), so considering such calmness [¢]
problems is an all-purpose tool.



29

Proof. (4.5) yields ¢¥g(xz,p) = 0 <= ¢(z) = 0, so S(p) = £(0) and dist(z, S(p)) =
dist(x, ¥(0)). Thus one easily sees — using again (4.5) — that the equivalent condition
(4.4) for calmness [q] of S at (p,Z) is equivalent to

Je>0,ad >0 st. Vo€ B(z,¢e) with ¢(z) > 0: o dist(z,32(0)) < ¢(z)9.

and we are done by Corollary 5. O

Remark 16. Notice — using Corollary 5 and S(0) = S,4(0) — that calmness [g] of
sublevel set maps S(r) = {z € X | ¢(x) < r} at (0, ) coincides with proper calmness
of same rank of the mapping

s Sy(r)i={reX|(p(x)")<r}. (4.7)
However in general (¢(-)™)? is no longer locally Lipschitz even though ¢ was.
Corollary 21. Let g; : X — R, i = 1,...,m, lower semicontinuous functions,
Sp)={xze X | AN~ gi(x) <p;i} where p= (p1,...,pm) € R™, and = € S(0).
Then for f := max;—1,. . m g; the sublevel set mapping S¢(r) = {x | f(z) <r} is

calm [q] at (0,z) € R x X with rank L on B(z,¢) if and only if so is S at (0,%) €
R™ x X.

Proof. First note that f as a max-function of l.s.c. functions is as well l.s.c. So by
Lemma 4 calmness [g] of Sy at (0, ) means

Je>03L >0z e B(,¢) : dist(z, S§(0)) < L(f(z) )"
Since S¢(0) = S(0) we thus have

dist(z, 5(0)) < L(f(2)")" = L( max_gi()*)? < L( max |p)? = Lpll,

1=1,....m

whenever z € S(p) N B(z, ¢).
On the other hand, if S is calm [g] at (0,Z) we have by Lemma 19

de>03L>0Vz e B(z,¢): dist(z,5(0)) < Lys(x,0)7.

And since ¢g(z,0) < maxj=1,.m gi(z)" = f(z)T as well as Sy(0) = S(0) this yields
calmness [g] of Sy. O

Remark 17. In particular the corollary yields:
S(p) = {xe X | N2 gi(x) <p;} is calm [g] at (0,z) € gphS if and only if
Spe(r)={z| fH(z) <r}iscalm [¢] at (0,%) € gph S+ for fT(z) := max; gi(x)*.



30 4 Hélder calmness — conditions and characterizations

4.1 The basic theorem

Before we will present one theorem which plays a central role in our argumentation,
we show two easy but nevertheless useful technical lemmas.
The first one is that calmness [q] of sublevel set maps is stable under translation:

Lemma 22. Let X be a Banach space and g : X — R l.s.c. with g(z) = 0. Further
let L >0,q>0 ande € (0,00] be given. Then for the translation f(z) := g(T — x)
and the sublevel sets Sy(p) = {x € X | g(x) <p} and Sf(p) = {z € X | f(z) <p}
the following propositions are equivalent (here B(x,00) := X ):

(i) Vx € B(Z,¢) : dist(x, S4(0)) < L (g(x)*)?;
(it) Vx € B(0,¢) : dist(z,Sf(0)) < L (f(z)")™

By Corollary 5 this means in particular that S¢(p) is calm [q] at (0,Z) iff Sy(p) is
calm [q] at (0,0) (without changing € ).

Proof. This holds true because z € B(0,¢) iff (z—x) € B(Z, ¢) and dist(z—x, 54(0)) =
dist(z, S¢(0)) (and vice versa).! O

And secondly we give a condition under which one may extend calmness [¢] from
subspaces to the whole space:

Lemma 23. Let X be a Hilbert space and g : X — R lower semicontinuous with
g(0) = 0. Further let X1 be a subspace of X such that for some constant ¢ > 0 and
for all x1 € X1 and 20 € Xy 1= Xf- holds

1. g(z1) <0 = g(z1+22) <0 and
2. g(x1) >0 = c-g(z1 +x2) 2 g(21).

Then (with distances induced by the scalar product) the property
Van € B0,¢) : dist(x1, 5x,(0) < L (g(w1)")"

yields
. . + q
Vo € B(0,e) ¢ dist(z,5(0) < L (g(x)*)";
where L >0, ¢ > 0, ¢ € (0,00] are constants, and Sx,(p) ={z1 € X1 | g(z1) <p} as
well as S(p) ={x € X | g(z) <p} as usual.
So in particular, under the given conditions, calmness [q] of Sx, on X; at (0,0)
implies calmness [q] of S at (0,0).

Note that g(z) = f(z — z) iff f(z) = g(& — ). And of course the translation f is also l.s.c since
we have for l.s.c. functions g and continuous functions h that g o h is l.s.c. as well.
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Note. The conditions 1. and 2. particularly mean that g(z;) < 0 < g(x; + x2) <0
for all z; € X7 and x2 € Xi and thus — since g(0) = 0 was assumed — moreover
g(x2) <0 for every zo € Xi-, which is rather restrictive.

Nevertheless the lemma will prove usefull later for a calmness [1/2] result of qua-
dratic polynomials (see Theorem 49).

Proof. Let X1 as requested. Then by assumption it holds
Va1 € IB)(I(O,E) \ SX1<O) 3.7}/1 < SXl(O) : H«Tl — ac’H2 < Lg(xl)q.

Now let z € B(0,e) € X = X; @ X{-. Then there are (unique) z; € X; and
z9 € Xi- such that z = x; + 9 and ||z||5 = ||z1 |3 + ||z2|3, which yields in particular
xr1 € IB)(I(O,E).

Further if g(z) > 0 it is g(z1) > 0, so there is some 2} € Sx,(0) as above. Now
x) € Sx,(0) means g(z}) < 0 and thus by our premise g(z} + x2) < 0, ie. 2/ =
zh + x2 € 5(0). So finally we get ||z — 2|, = ||z1 — 2|, < Lg(x1)? < Lelg(2)?. O

Both above lemmas will become useful later to prove some of the central conclusions
in Chapter 5 (cf. Theorems 49 and 50).

The following theorem is Proposition 3.4 in [Kum09]. For the case of proper calmness
(¢ = 1) such statements may be found in [KKO09] as well. For sake of completeness
(and as there is some slight change in the formulation) we will give a comprehensive
proof of said proposition, adapting the ideas of [Kum09, Section 2.4].

Theorem 24 ([Kum09, Proposition 3.4]). Let X be a Banach space and g : X — R
lower semicontinuous with g(z) = 0.

Then the sublevel set map S(p) = {x € X | g(x) <p} is calm [q] at (0,Z) if and
only if

Je,A>0Vax € B(z,e)\S(0) 32" € X : (g(a)T) —g(x)! < =Nz —2|; (4.8)

or equivalently
Ie, A > 0¥z € B(z,e)\S(0) 32/ € X & [z — || < A7 ((9(a)")7 = g(2)7) . (4.9)
Further, under condition (4.8), the rank of calmness [q] obtained is \=1 (or greater).

Proof.
(=) S is calm [q] with rank L means by Corollary 5 that there is some £ > 0 s.t.

Vz e B(z,6)\S(0) 32" € S(0) : ||z — 2| < Lg(x)?.

Fix any z € B(z,£)\S(0) and the associated z’. Then g(z)? > M|z — /|| for every
0< A< L7l Asg(2)) <0,ie. g(a')" =0, this yields (g(2')")?—g(z)? < —A||z—2']|.
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(<) Consider (4.8) and let some § > 0 with A™1§? < L& and arbitrary p € B(0,0)
and z € S(p) N B(Z, 3¢) be given. For p < 0 trivially holds dist(z, S(0)) = 0 < L-|p|?
for any L > 0, so regard 0 < p <.

Next we will, starting with (p1,2z1) = (p,z) € gphS, inductively construct a
sequence {(pg, zx)} in gph S such that for all £ > 1 hold the following properties

(i) 0<pr<pr1
(i) pj + Mok — zp-all < pf_y
(iil) pf + Mlzr — 2 ll < ppr—1,26-1) + 727

where
p(p.x) == inf { 5+ N|# — 2| | (5,7) €gphS A 0<F<p}.

So let (p1,21),. .., (pk,xx) € gph S with the above properties be given — at least
the starting point (p1,x1) is given anyway — and construct (pgi1,Tgp41):
First note that z1, ...,z € B(Z,¢) as 71 € B(Z, 3¢) by assumption and

k—1 k=1
ok — 1)l < 3 flagen — a0l < AEY (02— p4)
j=1 (44) 7j=1

(4.10)
_)\71 q q <)\71 Q<)\715q<1
- (pl _pk+1) > JZERS = 58-
If now 0 < g(z) then by (4.8) there is some 2’ s.t.
(9(2") )T+ My, — 2’| < g(ax)". (4.11)

Thus in particular 0 < g(2')t < g(zx) < pr. As (g(2/)",2") € gph S thus p(pg, k)
exists, so one finds a tuple (pgi1,2+1) € gph S with 0 < priq < pg such that

1
Pho1 + Mzpsr — ]l — 7 < w(pk, k)

and
Phoq + Mk — 2l < (9(2") )+ A2 — ]| < pf.

For the case g(zx) < 0 we just put (pr41, Zk+1) = (0, %) which yields p , ; +A[|zpi1 —
x|l = 0. In any case (pg+1,zr41) fulfills the desired properties.
By (4.10) in particular we have Z?zl |zj41 — x| < A7 1p{ for every k > 1, i.e.

o0
> gy — gl < A,
j=1

and thus {z} is a Cauchy sequence which converges towards some ¢ in the complete
space X, moreover £ € B(z,¢) as {z} C B(z,e). Additionally, as 0 < pri1 < pg,
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there is some 1 > 0 with px \ 7. And since S is closed, we have (n, ) € gph S which

means g(§) <n.
Now, for g(§) < 0 it holds

dist(z, 5(0)) < [lo — €]l = o1 — €]l < A7'pf = A71p1, (4.12)

so we are done if n = 0.

Suppose 0 < ¢(¢) < 7. Hence, using condition (4.8) as above, we find some
(p, &) € gph S with 0 < p < i such that p?+ \||Z — £|| < 9. In particular there exists
a >0 s.t.

[ R

so | — zk|| — ||Z — &|| yields for k large enough that

P+ AT —zi]| <n? —a. (4.13)
On the other hand, since 0 < p < n < pg, it is

p(pr, k) < pl+ AT — x| (4.14)

for every k.
So (iii), (4.14) and (4.13) imply that

1 1 «
Piyr < Phy + Az = anll < plpw, o) + 4 <nf —at L <t =5 <o

for every large k. But this contradicts 0 < n < p; for all k. O

Remark 18. Remark 6 indicates that it is sufficient to show that for every x — =
with 2 # Z, 0 < g(z) and limg_,e0 g(zk)9||zk — Z|| 7! = 0 exists ), s.t. (g(z},) ") —
g(x)? < —=A||lxx — 2'|| in order to prove calmness [g] of sublevel set maps S as in
Theorem 24.

Checking the proof of Theorem 24 one sees that there is a global variant of said
theorem. Similar propositions were proved by Wu and Ye [WY02a, Theorem 5] and
by Ng and Zheng [NZ00, Theorem 1, Corollary 1 and Corollary 2], where the latter
needed some additional requirements (see as well [NZ01] for corresponding results for
exponent ¢ = 1).

Theorem 25. Let again X be a Banach space, g : X — R lower semicontinuous and
S(p) ={xe X |g(x) <p} where S(0) # 0. Further let L > 0 and ¢ > 0 be given
such that

Vee X\S(0)Iz' e X: ||lz—2|| <L (g(x)q — (g(x')+)q> . (4.15)

Then
Vre X disz, S(0)) < L(g(x)t)".
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Note. There is also some kind of backward direction: Since S(0) is closed, property
(4.15) is true if dist(z, S(0)) < L (g(z)*)? for each z € X.

Proof. Use the construction in the proof of Theorem 24 starting with (p1,z1) =
(g(z),z) if z € X \ S(0) and putting A = L. O

Remark 19. Theorem 25 is also true for level set maps S(p) = {z|h(z)=p}
where h : R® — R is such that |h| is a lower semicontinuous function?. Just put
g(x) := |h(z)| and note Sy(p) := {x | g(x) < p} is closed as well as S,(0) = S(0) to
see this.

4.2 Tteration schemes for Holder calmness

Klatte and Kummer [KK09] gave some algorithmic approach to describe Aubin prop-
erty and calmness, which is partially extended in [Kum09] to the Holder-type setting
used here. We want to generalize the given procedures and algorithms to characterize
calmness [q].

Remark 20. If one replaces “calmness [¢]” with

e € (0,00] 3L > 0V € B(7,2)\S(0) : dist(z,5(0)) < L (g(x)*)",

then all propositions of this section remain true in their corresponding global form.
We start our examination of iteration schemes with the following remark:

Remark 21. The characteristic condition (4.8) for calmness [g] of a sublevel set is
of course equivalent to

de,A>0Vz e B(z,¢)\S(0) Ju € B(0,1),t >0:

(g(:c + tu)+)q —g(x)? < =At; (4.16)

and the inequation (g(z + tu)™)? — g(x)? < —At implies in particular t < A~ 1g(x).
Having this we can characterize calmness [¢] using the following algorithm:

Algorithm 1. Let 1 € X and A\; =1 be given.
Step k > 1:
IF g(z) <0 THEN put (T41, Aev1) = (T, Ai);
ELSE findu € X and t € R such that
Jull <1,
0<t <A glaw), (4.17)

(g(azk + tu)+>q —g(xg)? < =gt

2For some example where |h| is 1.s.c. but h is not see for instance [WY02b, Example 3.1].
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IF (u,t) exists THEN put xg41 = x + tu and A\gr1 = Ag;
ELSE put xp11 =z and Mg = %)\k.
Put k:=k + 1 and repeat.

Lemma 26. Let g : X — R be continuous and g(x) = 0. Then its sublevel set S is
calm [q] at (0,%) if and only if exist a € (0,1) and 8 > 0 such that A\, > a holds for
every step k of Algorithm 1 for each initial point satisfying ||z1 — z|| < 5.

In this situation, the sequence {xp} generated by Algorithm 1 converges to some

¢ € S(0) and it holds
¢ =1l < o™ (glen)t)" (4.18)

Proof.

(<) Having «, 8 as required, condition (4.16) is satisfied for 0 < A < « and every
x =1 € B(Z, 8). Hence S has the claimed calmness property.

(=) Consider A € (0,1) and € > 0 such that for all z € B(z,¢) with g(z) > 0 exist
u € B(0,1) and ¢t > 0 satisfying (4.16). Then this condition holds in particular for
the largest A, := 27" < A\. Additionally, by continuity of g and since g(z) = 0, there
exists some 0 < 8 < 2¢ such that A"lg(z)? < %e for all z € B(z, ) \ S(0).

Thus, as shown in the sufficiency part of the proof to Theorem 24, the algorithm
produces a sequence {(z, Ap)} with Ay > A\, =: @ and z, — £ € S(0) provided that
lx1 — z|| < B. The estimate (4.18) is then given by (4.12). O

A drawback of Algorithm 1 is that it might be difficult to find suitable v and ¢ or
to find out that they do not exist. In the following we will try to overcome this.

As above the proof of Theorem 27 below will show that, having a certain condition,
one may, by the successive assignment x — ' = x + tu, construct a converging
sequence which yields calmness [q] and vice versa.

Theorem 27. Let g: X — R be l.s.c. with g(z) = 0. Then its sublevel set S is calm
lq] at (0,Z) if and only if

IX€ (0,1]Fe > 0¥ € B(7,2)\S(0) Ju € B(0,1), £ >0 (4.19)
! |

glx +tu) — g(z) < =Ag(z) and t <X lg(z)?

Note. Tt suffices to consider A € (0,1) only in property (4.19), because if it holds
with A > 1 then g(z + tu) — g(z) < —Ag(z) directly yields g(x + tu) < 0 and thus
dist(z, S(0)) <t < g(x)4.

Proof.
(=) Suppose calmness [q] of S with rank L. So (cf. Lemma 5), given z € B(Z,¢) \
S(0) with € > 0 sufficiently small, one finds £ € S(0) such that ||z — &|| < Lg(x)?.
Now put t = ||¢ — 2| and u = &%, Then t < Lg(z)? and hence also t < A\~ g(z)¢
for any fixed 0 < A < min{L~!,1}. And moreover, since A < 1, we get

g(x +tu) — g(x) = g(§) — g(x) < —g(z) < —Ag(z).
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1
(<) Let 0 < 4§ < (%/\6(1— (1 —)\)q)) /q. Then for any p € B(0,6) and each

x € B(Z,1e) N S(p) with g(z) > 0 we argue as follows:

Set # :=1— X € (0,1). Then, taking z; := = as a starting point, we construct a
sequence {x} C B(0,¢) with

glarir) < Og(ar) < Oglar) and 0 <t < A g()? <A (65T g(en)”, (4.20)

selecting related uy and t; from (4.19) and setting xxy1 = zx + trux. Here (4.20)
follows directly from (4.19) if z;, € B(Z,¢) for each k € IN. And this is ensured by

lonsr — il <t A7 (05 N g(an)) " = AT (O9)F gl )?

and

which yield

k k
2p1 — 21l <D0 lwjpr — x|l < A Mg(@n)? > (09)7 7!
j=1 7=1 (4.21)
<A g(a)? ! < 16
- 1—602 =27

so together with 1 € B(Z, 3¢) it is z441 € B(Z,€) for each k € IN.

Now (4.20) yields that ¢; tends to zero and so the sequence {zj} is a Cauchy
sequence in the complete space X, ie. £ = limg o ) exists. So in particular
liminfg_, o g(xg) = g(&), directly by lower semicontinuity of g. As by (4.20) it more-
over is limg_,oo g(x) = 0, we get € € S(0).

So, checking (4.21), we finally have the Holder estimate

. 1
dist(z, 5(0)) < [z — &[] = [le1 — €] < 1= 69) g(x)?, (4.22)
i.e. calmness [g] holds. O
1/q

Note. For continuous g we do not need to consider 0 < § < (%/\6(1 - (1- )\)q))

(as in the above proof for the l.s.c. case), since — because of g(z) = 0 — then exists
some 0 < & < e such that

1

AT (@) s

1
<5€ whenever ||z — Z|| < €/; (4.23)

so here we may restrict our reasoning to x € B(Z,&’).
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Remark 22 (Modification). If (¢7)? is Lipschitz continuous near Z then one gets
the additional estimate Ag(z)? < ¢ in (4.19), i.e. in this case the condition reads

IX€ (0,1 Ie > 0¥z € B(F,6)\S(0) Ju e B(0,1),t>0: o
- .

g(x + tu) — g(z) < —Ag(z) and Ag(z)? <t < A7Mg(w)?,

by the following consideration:

Of course (4.24) is stronger than (4.19), so we only have to show that it is as well
implied by calmness [g] (under the given additional Lipschitz property): As in the
necessity part of the proof of Theorem 27 we get for any given x € B(z, )\ S(0) some
u € B(0,1) and t > 0 s.t. g(x+tu) =0, g(x +tu) —g(z) < —Ag(z) and t < A\ 1g(x)2

Now let C' > 0 be a Lipschitz constant of (¢7)? near . Then (decreasing e if
necessary to reach the zone of Lipschitz continuity), because A € (0, 1], it holds

0 <Ag(x)? <g(x)? — gz +tu)? = |g(x)? — g(z + tu)?| < Ct|lul] < Ct.

This ensures ¢ > % g(z)9, and so, after replacing A with \' = min{\, C~'\}, property
(4.19) plus Ng(x)? < t is satisfied. O

In particular, for (locally) Lipschitz g* condition (4.19) may be substituted for

IN€(0,1] Ie >0V € B(Z,2)\9(0) Ju € B(0,1), t >0 (4.25)
! .

gl +tu) - g(z) < ~Agla) and Ag(x) <t <A'g(a)".

Remark 23 (Applying generalized derivatives). While the first condition of (4.19)
is a usual descent condition, the second one does not appear in the context of known
generalized derivatives or co-derivatives for (multi-)functions. It is needed to obtain
a convergent sequence {zy}. So it may be not surprising that all sufficient (Hélder)
calmness conditions (cf. also Section 4.5) based on known concepts of generalized
(co-)derivatives for arbitrary functions or multifunctions, are not necessary — even for
finite dimension.

In consequence of Theorem 27 calmness [g] of sublevel sets (for l.s.c. functions) can
be characterized by the following iteration scheme:

Algorithm 2. Let z1 € X and A\ =1 be given.
Step k > 1:
IF g(xk) S 0 THEN put (xk-Jr]_, )\k+1) — (xk, )\k);
ELSE findu € X andt € R such that
Jull <1,
0 <t <A tg(ap)d, (4.26)
9@k + tu) — g(xp) < —Aeg(wp).
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IF (u,t) exists THEN put x11 = xf + tu and A\g11 = Ag;
ELSE put xp11 =z and Mg = %/\k.
Put k:=k + 1 and repeat.

Note. As noted above in Remark 22, one may replace (4.26) with

lul| <1,
Aeg(zr) <t < Ajtg(an)d, (4.27)
g(xp +tu) — g(ar) < —Apg(x).

in the case of (locally) Lipschitz functions.

Lemma 28. Let g : X — R be lower semicontinuous and g(z) = 0. Then its sublevel
set S is calm [q] at (0,Z) if and only if there exist « € (0,1) and S > 0 such that
Ak > « holds for every step k of Algorithm 2 whenever the initial point satisfies
o1 — &) < 8.

In this situation, the sequence {x} generated by Algorithm 2 converges to some
€ € S(0) and it holds

x1)T)a
(1(9_( (11)_)a)q). (4.28)

Proof. For a and f fulfilling the desired properties, condition (4.19) is satisfied for
each 0 < A <« and all x = 21 € B(z, 3), so we get calmness [g] as claimed.
Conversely, assume that there are A € (0,1) and € > 0 such that, for all z € B(z, ¢)
with g(x) > 0 exist w € B(0,1) and ¢ > 0 satisfying (4.19). Then this also holds
for the largest A\, = 27" < A. As shown in the sufficiency part of the proof to
Theorem 27, thus the algorithm generates a sequence {(zy, \p)} with A\y > A\, = «
and z, — £ € S(0) provided that ||z —Z|| < £’ is valid with 8 := &’ from (4.23) (with
A, instead of ). The estimates (4.28) then follow from (4.20) and (4.22). O

9(@r+1) < (1 —a)g(ar) if glzx) >0 and € -2 < —

Remark 24. If S is not calm [g] at (0, ), the sequence {\;} obtained by Algorithm
2 obligatory tends to 0 (from above), so one can choose a subsequence {\;} with
0 < X, < X, for each k. And because of z = z + ||z —3:||H§%i” and A;C_lg(:c)q — 00
for fixed z, it is not possible that xx11 = x for all k. Thus again and again there
are xj such that (4.26) has to be fulfilled.

As a result Algorithm 2 generates (in the non-calm [g] case) a sequence containing
a subsequence {(zy, A\;)} satisfying Ap11 < A and zp1 = zp + tu with g(xg4q) <
(1 — A\)g(zy) for some u € B(0,1) and ¢ € (0, A, g(xx)9).

If we assume some more smoothness and regularity of the function in question, the
next lemma yields another possible variation of Algorithm 2 and moreover a condition
for Holder calmness with exponent %
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Lemma 29. Consider g € C*(R™, R) with regular Hessian D?g(Z), g(z) = 0 and
Dg(z) = 0. Then the steps of Algorithm 2 can be realized (for small \;) using any
u € B(0,1) with
Dyg(zi)u < —p||Dg(z)||
for fixed p € (0,1) and setting t = )\% g(xk)%
In particular the given setting yields that the sublevel set S of g is calm [1/2] at
(0,x).

Note. Corollary 46 below provides a different proof for calmness [1/2] under the given
assumptions.

Proof. To start with let us collect helpful properties following from the assumptions:

Since D%g(Z) is regular, we get, using the implicit function theorem, that the
multifunction S : R™ = R" defined as S(y) := {z | Dg(z) =y } is pseudo-Lipschitz
at (0,7), i.e.

3C, 61,00 >0V (g,%) € (B(0,6;) x B(Z,02)) Ngph S
Vy e B(0,61) Jz € S(y) : |z — 2| < Clly — 7.

And as Dg is continuous and Dg(z) = 0 there exists some € > 0 such that Dg(z) €
B(0,0;) for all z € B(z,¢), so it follows

Vo e B(z,e): |x—z| < C|Dg(z)]. (4.29)
Further continuity of D?g yields a constant M > 0 s.t. for all = in the compact set

B(z.2) 2
ID%(@)] < 201,

and by Taylor’s Theorem for each fixed y € R, u € B(0,1), t € R it is
oo
9y +tu) = g(y) +tDg(y)u+ Fu” D7g()u

with £ =y + (1 — ¥)tu for some ¥ € [0, 1].
Hence for all z € B(Z,¢) we obtain: Whenever x ¢ S(0) then?

9(x) = lg(w) ~ @] = |5z ~ D) D*9(E)(w — )|

ID2g(&)Illl — 2[|* < Mo — 2%,

(4.30)
<

and, for each fixed u € B(0,1), t € R and o,,(t) := %uTDQQ(f)u, it holds

g(x +tu) — g(x) = tDg(x)u + 0y - (t)  with |ou.(t)] < M|u|/*t* < Mt?. (4.31)

3Remember that g(Z) = 0 and Dg(z) = 0.



40 4 Hélder calmness — conditions and characterizations

Next we will use the above to show that (4.26) is satisfiable using any v € B(0,1)
1
with Dg(zi)u < —p||Dg(zr)| and t = A} g(xk)%, where p € (0,1) is fixed:
1

One directly gets A\t = ApA] g(a:k)% < g(mk)%, because A\, < 1. And using (4.31),

we see that g(zy + tu) — g(xg) < —Ak g(xk) is equivalent to
tDg(zk)u + oue(t) < =Mk g(wp),

which follows from

1 1
AL 9(zk)2 Dg(zp)u + MAgg(zr) < =Mk (@), (4.32)

1
if one chooses t = A/ g(xk)% Now (4.32) is equivalent to

N|=
[NIE

1 1 1
Dg(ar)u < A7 g(xx)? — MA? g(ar)? = —(1+ M)A g(ap)?, (4.33)

which, taking (4.30) into account, is true if the stronger condition
Dg(ax)u < —M3(1 + M)A? |y, — 7| (4.34)
holds. Since by (4.29) our specified u satisfies
Dg(ar)u < —p||Dg(ap)ll < —pC~|lzx — 7],

—2
property (4.34) is fulfilled as soon as A\, < p? (C’\/M(l + M)) .

And because, for any fixed p € (0,1), with ug = —% it is

Dyg(xr)ur < —pl|Dg(xr)lly,

Ak will not vanish and thus Lemma 28 yields calmness [1/2] of S.

Here we can consider zj € B(Z,¢) because of the following consideration:

Let n:=min{k € IN | 27F < p?(CvVM(1 + M))_2 }. Then for A\, = 27" condition
(4.34) holds true and so A, = A\ if £ > n and A\, < Ay else.

Hence, with 6 := (1 — \,,), the sequence {x}} generated by the algorithm satisfies

9(@re1) < (1= N)glaw) < Og(aw) < 0% g(x — 1)

and therefore

k—1 k—1 1 L k—1 N
lzpr1 = @il < D Mz —xill < Y0 A2g(xi)2 <Y gla)?
=1 =1 =1

ol

Syt g(@)?
< gla) ;(9) <



4.2 Iteration schemes for Holder calmness 41

This results in zj, € B(Z,e) whenever 21 € B(Z, 3¢) and additionally x is near
enough to 7 s.t. g(x1) < (1 — /1 —277)2 (which is possible because of continuity of
g and g(z) = 0). O

Remark 25 (Modification). In the lemma we needed g € C? to obtain (4.29), (4.30)
and (4.31). These properties are still ensured if Dg is locally Lipschitz, i.e. for so-
called C1! functions. Then (4.30) and (4.31) remain valid without additional assump-
tions and to get (4.29) it suffices to suppose that the contingent derivative C'Dg(Z)
of Dg at T is injective, which replaces regularity of the Hessian D?g(Z).

Lemma 29 shows that the following algorithm may reveal proper calmness or calm-
ness [1/2]:

Algorithm 3. Let x; € R™ and A1 = 1 be given.

Step k > 1:
IF g(zx) <0 THEN put (xg+41, A1) = (Thy Ak);
ELSE
IF ||Dg(xr)|ly > v THEN find w € R" and t € R such that
Jull <1,
0<t< A g(zp), (4.35)

g(xk +tu) — g(ar) < —Arg(xr).

IF (u,t) exists THEN put xy11 = xf + tu and Ag1q1 = Ag;
ELSE put xp41 = x and A1 = %)\k.
ELSE find v € R™ such that

Jull <1,

(4.36)
Dyg(zru)u < —p || Dg(ap)||s -
IF w exists THEN put xp41 = g + Ak 9(zk) w and A1 = Ag;
ELSE put xx4+1 =z, and Ag1q1 = %)\k~
Put k:=k+ 1 and repeat.

Note. Here 7y and p are constants in (0,1) to be chosen in advance.

As the proof of Theorem 33 will indicate, one could omit (4.36) and directly set
Tpr1 = Tk — / ke g(xk) % as soon as A is small enough. This means we could

replace the whole second part of Algorithm 3 with

FELSE
IF “N\j; is small enough” THEN put xj11 = x — / Ak 9(xk) %
and A1 = Ag;

ELSE put xp41 =z and Agy1 = %)\k.

But how to check “)\j is small enough”?
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By condition (4.33) and taking u = —% we could try to verify
M S s IDgIE o)
= (14 M)? 2 ’

but we do not know the constant M in advance ... so this seems to be a misleading
idea.

On the basis of Theorem 27 we will next obtain the Holder calm version of [KK09,
Theorem 3] and then provide another algorithm to check calmness [g].

Theorem 30. Let ¢ € (0,1] and g : X — R with g(T) = 0 s.t. (g")? is Lipschitz
near T € X. Then it holds:

(i) The sublevel set S of g is calm [q] at (0,Z) if and only if there are A € (0,1],
e > 0 such that, for every x € B(x,e) with g(x) > 0, there exist u € B(0,1) and
t > 0 satisfying

g(x +tu) — g(x) < M and Ag(2)? <t < A lg(x)? (4.37)

(1) Now let moreover g be given as g(z) := max;—1__m gi(z) with g; € C*(X,R),
i=1,...,m. As in [KK09], we define the relative slack of g; as

5i(z) = 9(x) — gi(x)

() if g(z)>0. (4.38)

Then one may delete t and replace condition (4.37) with

si(x) 1

Dgi(x)u < (/\ — /\q) g(x)t™a Vi=1,...,m. (4.39)

Note. For the case ¢ = 1 the requested Lipschitz condition is of course automatically
fulfilled if ¢ is piecewise differentiable, but for ¢ € (0,1) we have to presume it.
Proof.

(i) We will show that condition (4.24) implies (4.37) and vice versa:

First note that Ag(x)? <t < A~1g(z)? is equivalent to /\ég(:r) < ta < )\_%g(x)
and that — because A € (0,1] and g(x) > 0 — it is

1+1 1 _1 _1-1
NFig(e) < Nig(e) and  Aig(a) < A ().
Thus, whenever (4.24) or (4.37) hold, then also

AH%g(m) < ta < A_l_%g(x).
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(i)

And since /\%g(x) < ta yields s < —)\H%g(x) property (4.24) follows from
1 1 1
(4.37) with new with X' = A4, On the other hand ta < X vg(z) gives
11
~Mg(z) < —A'"ata, which shows that if (4.24) is true then (4.37) holds with
1
N o=\

Hence (4.24) and (4.37) are interchangeable, so we are done by Remark 22.

1
We start considering (4.37) and see that g(x + tu) — g(x) < —Ate is for the
given max-function g equivalent to

1
Vie{l,...,m}: gi(x +tu) — g(x) < —Ata,
which in turn is equivalent to

vie{l, . m}: #EF =9  g(@) = gi(x)

Ata ! 4.40
— q . .
n " (4.40)

Together with Ag(z)? < ¢ this yields for each i =1,...,m

gilz +tu) — gi(x) _ 9(x) —gi(x) _ )\()\g(a:)q)éfl

t T gl (4.41)
Silx _ 1 _
= ) a0 Xig(ay
In addition it holds by assumption for all i =1,...,m
i tu) — gi _
lim  sup (g e+ i) ~ailw) _ Dgi(w)U) (g(x)H)rt =0,
t—07F z€B(Z,¢) 3
u€B(0,1)

ie. w (g(-))47! converges uniformly to Dg;(-)u (g(-)T)9~t. Thus, in

particular, exist §; > 0 s.t.

Vte (0,6;) Ve € B(z,e) Vu € B(0,1) :

‘ (91’(56 + tu) — gi(2)

L9 Dgau) (o)) < 5

< ST

-

(4.42)

W.l.o.g. consider
Bi= min B > A" (g(2)*)"

i=1,....m

for all z € B(&,¢e), which is possible because ¢g(z) = 0 and ¢ is a continuous
function.

Now take any x € B(z,e) with g(x) > 0 and let w and ¢ fulfill (4.37) for this
z. Sot < A7lg(z)9, which yields with the above consideration ¢t € (0, ) and
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hence
i tu) — g; 1.1 _
< (g@ ~AF) gla@)! 7+ GATg (o)

1
si(x) 1.1 1—¢ si(x) < A )q 1—
= (22— < (22 ( 24 q
(5 - ) e < (550 - (5)") o)
So with A = 279X instead of A — and possibly new € > 0 — we obtain (4.39).

Conversely, having (4.39), we conclude that (4.42) ensures with ¢ = 5 Ag(z)?

gi(z + tu) — gi(x)

1 1
< Dg;(z)u + 5)\31g(x)17q

!
: (z(g}) - (;)) o)t
= <g(f)q 81(.%) B t;g($)1> g(‘r)liq (4'43)
_ 9(@) — gi(z) ta Cglz) —gilx) A
t g(z)d t t
= M — )\t%_l
t
for all i € {1,...,m}, i.e. (4.40) is fulfilled. -

As a corollary of the Theorem we get in the case ¢ = 1 the following alternative to
(4.39) as stated in [KK09, Theorem 3J:

Corollary 31. Let g := max;—1,_m¢g; for gi € CH(X,R), i = 1,...,m. Then the
sublevel set S of g is calm at (0,x) € gphS if and only if exist X € (0,1] and € > 0
such that, for every x € B(z,e) with g(x) > 0, there is some u € B(0,1) such that

Dgi(T)u < Sigx) “A=bi(x, ) Vi=1,...,m. (4.44)
Proof. We may choose ¢ > 0 such, that for all € B(z,¢) and all v € B(0,1)
|Dgi(x)u — Dgi(Z)u| < 3.
So having calmness we get (4.39) with ¢ = 1 and it follows
Dgi(z)u < Dgi(z)u+ $A < bz, A) + AN < bi(z, $N).

The other direction is analogous. O
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For the case 0 < ¢ < 1 the corresponding assertion to (4.44) is not true, i.e. it is
not enough to have only

Dgi(z)u < <Szg\$) - )\;> g(x)t™a Vi=1,...,m,

for all  near & with fixed u and A\. We really need to consider Dg;(z):

Example 6. Let S(p) := {x € R | g(z):=22><p}. Then S is calm [1/2] at (0,0)
(cf. Example 1), but

g 0)u=0>-\%/g(z) VYA>0,z#0,ue|[-1,1]

In contrast (4.37) and (4.39) hold with A =1, u = [y and t = |z| for all z € R\{0}.

The proof of Theorem 30 shows that it is sufficient to put ¢t = 57 Ag(z)? — for
A € (0,1] small enough — in order to get property (4.39) whenever the sublevel set S
of some piecewise differentiable function g is calm [¢] at (0,Z) € gph S.

As an important result we get, that Holder calmness of such sets will be completely
characterized by the following modified algorithm [KK09, ALG3|, which uses the
relative slack s; (4.38) and the (computable) quantities

bl(z,\) = (Slg\w) - )\<11> g(x)'=9  for g(z) >0 and X > 0. (4.45)

Note. Obviously, b}(z, A) is increasing for A — 0 and fixed z.

Algorithm 4. Let z1 € X and A\ =1 be given.
Step k > 1:
IF g(wg) <0 THEN put (T41, A1) = (T, Ak);
ELSE find uw € X such that

Jull <1,

. , (4.46)
Dgi(xp)u < b (g, Ap) Vie{l,...,m}.
IF u exists THEN put xpq = x) + 2%1 M g(zk)u and Agr1 = Ag;
ELSE put xp11 =z and Mg = %)\k.
Put k:=k+ 1 and repeat.

As before we have (see [KK09, Theorem 4 (ALG3)] for the genuine calm version of
this result):

Lemma 32. Let g(z) := max;—1__m gi(z) with gi € CY(X,R), i =1,...,m, be such
that (g*)9 is locally Lipschitz continuous near T € X .

Then the sublevel set S of g is calm [q] at (0,%) € gphS if and only if there exists
some « > 0 such that, for ||z1 — Z|| small enough, A\, > « holds for every step k of
Algorithm /.
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In this case, the sequence {xy} converges to some & € S(0) and it holds
g(xp1) < (1 — %O&H_%) g(xg) whenever g(xy) > 0. (4.47)

Proof. The proof works as in Lemma 28, using Theorem 30 in addition to Theorem

27. And the estimate follows from (4.43), since this says g(zr+1) < g(z) — atd and
t =% ag(zy)l. O

Short note about solving the algorithms

Naturally the question arises how to find solutions to (4.17), (4.26) or (4.46). We will
just have a short look at the convex system (4.46) in finite dimension, i.e. we want
to find — for fixed z and A — some u € R"™ such that

luj| <1 VjeJ=A{Ll...,n},

, (4.48)
Dgi(z)u < bl(z,\) Viel={1,2,...,m};
where g; € C1(R™, R). This is nothing more than to solve
ui| <1 V5 edJ={1,...,n},
il < 1] ¢ J (4.49)

Au < b;

with n x m matrix A and b € R™, which may be treated as any linear problem.

But let us check here whether it is suitable to use (a generalized version of) Newton’s
method. To do so consider functions ¢ : R™ — R’ and ¢ : R" — R’ defined by

Y(v) = v = (max{0,v,},...,max{0, v, })T
and
o(u) = (max{0, |ui| — 1}, ..., max{0, |u,| — 1})T

respectively. Then (4.49) can be written as

G(u,v) = (A“ J:;ffs) - b) —0. (4.50)

G : R™™ — R"™™ is piecewise C!, i.e. a PC'-function, and thus semismooth.
Additionally it is not only locally but globally Lipschitz.

Using that for PC'-functions f : R — R% with selection functions fi, k =
1,...,s, it holds for their Clarke differential 9°'f by [Kum88a, Proposition 4] — see
also [KKO02b, p. 5], where as well the similar statement of Scholtes [Sch94, Proposition
A.4.1] is listed —

0% f(z) = conv { Dfy(z) | 3oy = z : (fu(x) = f(m1) A Dfi(z) = Df(x)) },
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we get
%G, v) = { (‘g ﬁ) ’ B € %(v),C € 8%(u) }

with (e; being the i-th unit vector)

{0}, v; <0

% (v) = { {ei}, v; >0
{Xe; | Ae0,1]}, v, =0

and

{0}, -l<u; <1
{ej}, uj > 1

0%;(u) = { {—e;}, uj < —1
{Xe; | Ae0,1]}, uj =1
{—=Xe;i | Ae€0,1]}, u;=—-1.

As our point of interest is such that —1 < w; < 1 for all j = 1,...,n, it will be

almost always the case that for some j it holds 8Clg0j(u) = 0 and thus the j-th
line of 3“'G/(u, v) will become zero. This means d“!G is a singular matrix near most
solutions and so Newton’s method cannot work. The only case such that 9“!G may be
regular is that for the respective solution of (4.49) holds |u;| = 1 forevery j =1,...,n
and than the solution is easier to find without Newton’s method.

4.3 Applying the algorithms

4.3.1 Arbitrary initial points

Until now we only analyzed the algorithms with respect to starting points near the
points we are interested in. In the following let us check conditions and properties if
we start at some arbitrary point.

Here we will focus on Algorithm 2 because it has a convenient testing condition
which is nevertheless applicable for 1.s.c. functions.

Theorem 33. Let g : X — R be l.s.c. on a reflexive Banach space X, S(p) :=
{z|g(x) <p} its sublevel set and v1 € X s.t. S(g(x1)) is bounded.

Then, for 0 < q < 1, Algorithm 2 with starting point x1 determines some £ €
S(0) N B(xy, L|g(x1)]9), if there is some some constant X > 0 such that the sequence
{A\k} generated by the algorithm satisfies A > X for all k € IN.

Otherwise, the occurring sequence {xy} has a weak accumulation point &, which is
stationary insofar that there are points zy, such that ||z — x| — 0 and

liminf inf d~g(zx)(u) > 0. (4.51)

k—oo ||lul|=1
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Proof. The first part of the proposition holds, because the “<"-part of the proof of
Theorem 27 shows, that (under the given assumption) z — £ € S(0) with ||z; —¢]| <
sa=t=wa 9(1)%, so in particular L = (A(1 = (1 = \)7)) ™"

So assume A\, — 0%. Thus, by condition (4.26), Algorithm 2 generates a sequence
in X containing some subsequence {xj} with

Vu,t: (HUH <1IAO0<t< A,;lg(:ck)q = (1= Xg) g(xg) < g(zg + tu)) .
So we have
0< (1 - M) gla) <inf { g(@) | o — onll <7797} < glon). (452)

Now we apply Ekeland’s variational principle [Eke74] to the l.s.c. function g on the
complete metric space X}, := B(zy, A\, ! g(z1)?) on which g has a finite infimum:

By (4.52) it holds with eg := e, = A\, g(z) that g(zx) < ep + inf,cx, g(x), so for
any ag = o = Tp )\,;1 g(zk)?, r, € (0,1), there is some z € B(xg, i) C int X} such
that

(1= ) glzr) < glzr) < g(xr) (4.53)
and
Va' € Xy g(2') + pilla” — 2]l > g(zk), (4.54)
where pj := r,:l )\% g(xk,)lfq — %

Setting rj, = )\i/ ? we obtain (recall ¢ < 1)
ok = VAR g(xp)' ™7 < Vg glan)' I P 0,

and
ar = VA g(zr)? < VA g(r)? = 0.

Since ||z — zk|| < ay this implies ||z — zx|| — 0. And as (4.54) yields for all 2’ € X},
that ,
g@') —g(z) 9(zk + [lz" — Zk”ﬁ) = 9(zk)

—pr <

i

o’ =zl =" — 2|
it follows
gl + o’ — 2l B2 — g() .
—pr < liminf k =d g(zp)(———
oS i CEEY =)
for each 2’ € X}, and so
—pr < inf d”g(z)(u), (4.55)

[[uf| =1

which results in (4.51) because py — 0.
Since S(g(x1)) is bounded and g(zx) < g(zx) < g(z1), ie. {zx}, {zx} C S(g(x1)),
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the sequences {zx} and {xp} are bounded. Thus, as X is reflexive, there exists a
common?* weak accumulation point # € X. ]

Remark 26. If we know something more about the function g or its sublevel set .S
then we are able to say more about the weak accumulation point Z:

2)

b)

If g is weakly continuous, then 0 < g(Z) < g(x1), so in particular Z is contained
in S(g(21))-

If the closed and bounded set S(g(x1)) is weakly compact, then also & €
S(g(x1))-

For X = R" the point & is a proper accumulation point of {x;}.5 Moreover,
here the property ||zx — zx|| — 0 yields z; — & for a subsequence.

If g € CY(R™ R) then by (4.55) we have (with the same notation as in the
above proof) for each u € bd B(0,1) that

Dg(z)u < py,

i _ Dg(z)"
and so with u el Ve get
1Dg(zk)lls = Dg(zr)u < pr = VA ——— 0. (4.56)

So because of continuity it is particularly Dg(Z) = 0 — which is what (4.51)
means in the case of g € C1(R", R).

For the case that ¢ is a C! maximum function, i.e. g = max;—1,..m ¢gi with
gi € CY(R™ R), proposition (4.51) implies

0 e 0%g(2),
which is equivalent to

Vu e R": max Dg;(2)u > 0;
icl(#)

with I(Z) being the set of active indices at Z.

The boundedness assumption for S(g(z1)) — which is nevertheless natural for many
applications — cannot be omitted in general:

Example 7. Consider g(x) = e*, ¢ = 1. Of course here S(g(z1)) = (—o0,z1] is
unbounded for any 1 € R. And condition (4.26) of Algorithm 2 means to find in
each step k some |lug|| <1 and ty, > 0 such that tj, < )\,;1 ek qs well as etk < 1—\j.

“Remember ||zs — 21| — 0 and check the definition of weak convergence.
®Recollect that in finite dimension weak convergence and convergence are the same.
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Now, if there was some X\ > 0 with A\, > X for all k, i.e. there are always ||ug| <1,
tr > 0 satisfying t, < X' e®* and et*“ < 1 — X, then we would obtain®

k-1
t < A\ le™ H eliti < \ 71 e’ (1 — )\)k_l.
i=1

But, as 0 < X\ < 1,7 this yields |tpu| <ty — 07 and thus e'*"* — 1, which contradicts
etk < 1 — ).

Hence Algorithm 2 generates a vanishing sequence A, and as in the proof of Theo-
rem 33 exist zy, such that (4.54) is fulfilled. Particularly, if ri, = )\2/2, this yields

k K
. ezk+h — e? e? — ezk+h

= = / = 1. _— 1‘ _— < =
e = g(zk) = g'(2) = lim " R E— < Pk =V Ak,
and it follows z;, < In(v/Ag) — —o0. Since |z —x| — 0, we thus also have zj, — —o0,
so there is no (weak) accumulation point of {xy}.

Remark 27. Clearly it holds that, if the assumptions of Theorem 33 are satisfied
but a stationary weak accumulation point as mentioned cannot exist, then the se-
quence {\;} cannot tend to zero and so Algorithm 2 determines necessarily some
€ = limy_, o0 1 € S(0) N B(z1, L|g(z1)|?).

This is for instance true if g : R™ — R is a convex function s.t. infg < 0 and
S(g(x1)) is bounded: Then (cf. Remark 26) we have 0 < g(Z) and so for any z, — &
it is z; ¢ argmin g (at least for large k). Here this means

0¢dg(z) = {v|Vw: (v,w) <d g(z)(w) },
i.e. there is some w € R™ with ||w|| =1 and d~g(z)(w) < 0. So it follows

liminf inf d~g(zx)(u) < 0.

k—oo |lu||=1

4.3.2 Application to disturbed optimization problems

In this subsection we want to study the usage of the algorithms to find stationary
points of classical nonlinear problems (NLP) in finite dimension®

min { f(x) | g(x) <0} where g = (g1,...,9m) and f,g; € C*(R",R). (4.57)

We denote by M := {z € R" | g(x) <0} the restriction set of (4.57) and call the
function L(z,y) := f(x) + > vigi(z) = f(x) + (y,g(x)) the Lagrangian of (4.57)

6By construction it is zx = x1 + Zf:_ll tiu;.

"X =1 is not possible because there are no u and ¢ s.t. "7 < (1 — A1)e™ = 0.

8We set equations aside as they here just make our considerations more laborious but not more
meaningful.
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where the components y; of y are the Lagrange multipliers.

Definition 5. (z,y) € R""™ is called a Karush-Kuhn-Tucker point (short: KKT
point) of (4.57) if it fulfills the KKT conditions:

1. D,L(z,y) =0 (Lagrange condition)
2. g(x) <0 and y > 0 (Feasibility condition)
3. Vi y;g:(x) = 0 (Complementarity condition)®
Let
Skkr = { (z,y) | Do L(z,y) = 0, min{y;, —gi(x)} =0 Vi}. (4.58)

be the set of KKT points.
If its set of Lagrange multipliers Y (z) = {y | (z,y) € Skxr } is not empty then
is said to be a stationary point. Let Sgat denote the set of stationary points.

KKT points and their description

Let us first examine the relationship between Holder calmness of a perturbed system
describing KKT points and — on the other hand — of KKT points for perturbed
optimization problems. To describe KKT points, we apply the simplest NCP function,
the minimum of two arguments.

The perturbed system (4.58) (with (a,b) € R"t™) is
Si(a,b) :={(z,y) | DxL(z,y) —a =0, min{y;, —g;(z)} —b; =0Vi}.
By canonical perturbation of (4.57) we obtain
min{ f(z) — (a,2) | glx) +b < 0} (4.59)
(we changed the sign at b here) whose set of KKT points can be written as
Sa(a,b) :={(x,y) | DzL(x,y) —a =0, min{y;, —(gi(z) + b))} =0 Vi}.

Note. Obviously it holds S1(0,0) = Skt = S2(0,0).

Below we will show that, though generally Si(a,b) # Ss2(a,b) for (a,b) # (0,0),
calmness [¢] of S and S at the origin does not depend on the different descriptions.
But let us start wit an example showing S1(a, b) # Sa2(a, b) in general:

Example 8. We consider f(z) = 22 and g(z) = x. Then witha =3 and b= —3% we

have Sy(a,b) = {(%, —1)} and Sz(a,b) = {(£,0)}, because Dy L(x,y) —a = 2:E+1y—%

equals 0 iff y = 5 — 2z, and min{} — 2z, -z} = —% only holds for x = 5 and
min{% —2z,—r + %} =0 s true for x = % solely.

9That is: y; # 0 = gi(xz) = 0 and gi(x) # 0 = y; = 0.
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Lemma 34. Let (z,y) be a KKT point of (4.57). Then S; is calm [q] at ((0,0), (z,7))
if and only if this is true for Ss.

Proof. As we are in finite dimension, it suffices to prove the proposition for ||| =

] oo

(=) Let S; be calm [g] at ((0,0), (z,y)) with constants €1,d1, L1 > 0. We suppose
w.lo.g. 1>¢e1 > 241

As g; € O it exists some K € R such that for every x with ||z — Z| < &1 it holds

Dg; < K.
max [ Dgi(a)| <

Furthermore if (z,y) € S2(a,b), it is (z,7) € Si(a,b) for

= DIL(QS,Q),

Qt

) {b ify; =0 or y; <b
Y; = and

B vi, ify; >0and y; > b;
and we have due to y; > 0
ly = §ll = max|y; — gi < max|b;] = [[b].
Then, by

la=all = 1D Lz, y) = DaLi@, )l = |3, ., (i = 5:)Dgi(x)|
< mly — g max|| Dg;(x)]| < mEK o],

also holds |a|| = [|a — a + a| < [|a — al| + [|a]| < mK [[b]| + [la]| < (mK + 1) ||(a,b)] .
Let now 9 := mf(ilﬂ, g9 = min{ds,e1} and Lo := mKL; + L1 + 1. Then for
every (a,b) € B((0,0),d2) and (x,y) € S2(a,b) NB((Z,y),e2) it holds, with § and a
as above,
1@ )l < (K + Dl (a,b)]| < (K +1)8 = &,

and

1z, 9) = (@, 9)| < [I(z,9) = @9l + (2, y) = (Z,9)]]

2
< ||b]] +e2 < 209 = 7151 <&

mK +

and therefore (note that in particular ||| <1 and 0 < ¢ <1)

dist((z,y), 52(0,0)) < [[(z,y) — (2, 9)I| + dist((x, §), 52(0,0))
= lly — gl + dist((z, ), 51(0,0))
< [Ioll + La [ (@, b)[|*
< [I6l1* + Ly (mK + 1) [[(a, b)[|*
< Ly || (a, )"
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0, ify;=b;ory; <0

(<) We can do the same as above with g; = ) .
yi, ify; >b;and y; >0

Computing stationary points

Here we assume min { f(z) | g(x) <0} = 0 for problem (4.57) and that z with g(z) =
0 is a solution. Then of course also z € S(0) := {z € R" | Al%y(gi(z) <0)} =
{z | g™ (x) <0}, where go := f and ¢™** := max;—¢,.._m gi-

Now we want to apply Algorithm 2 to S(b) := {x | ¢™**(x) <0}, presupposing
that S is locally upper Lipschitz at (0, z), i.e.

3L, 3,0 >0Vbe 0,8 Vz € S(b)NB(z,9) : ||z — z|| < Lb. (4.60)

This assumption particularly yields that z is an isolated solution of ¢™**(z) < 0,
because Vz € S(0) NB(z,d) : ||z —z|| < L-0=0.

For the application of the algorithm take a starting point x; near x. We then have
the following proposition:

Lemma 35. Under the given assumptions Algorithm 2 generates a sequence {xy}
such that xp, — T or xp, — T with

0 € 9 gmax (), (4.61)

if the starting point x1 was sufficiently close to x. Here % is a Fritz-John point of the
parameterized problem (4.59) with a =0 and b = g™ ().

If we further have the Mangasarian-Fromovitz constraint qualification (MFCQ) for
the original problem at x, and

& =2(x1) = & for the starting point x1 — T, (4.62)

then also T = x.

Proof. Directly by Theorem 33 (and the respective remarks from Remark 26) follows
rp — € € S(0) or zp — 2 with 0 € 9% g™aX(%). In the first case then isolatedness of
Z and the properties of the algorithm (cf. Lemma 28) ensure £ = & for 1 sufficiently
close to .

Now by [Sch94, Proposition A.4.1] it is 0%'g™a* (&) C conv{ Dg;(z) | i € I(2)},
where I(2) = {i €{0,...,m} | ¢:(Z) = ¢"**(Z) }, and thus (4.61) yields the existence
of some §; > 0, 7 € I(Z), s.t. 3103 0iDgi(2) = 0 and 3¢5 9 = 1. So, with
9, = 0if i ¢ I(Z), we have >, 9;:Dg;(Z) = 0 as well as §; > 0, gi(£) — b < 0 and
(9i(2) = b)g; = 0 for all i = 1,...,m. But this means just by definition that Z is a
Fritz-John point of (4.59) with @ = 0 and b = ¢"**(%).
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If moreover MFCQ holds, there is some u € R™ with ||u|| = 1 such that

Vi€ I(z): Dgi(x Za]gz z)uj <0, (4.63)

whenever x is near enough to z. So, if # is close to z (which we may assume by
(4.62)) and thus fulfills (4.63), together with the Fritz-John property it follows

n m
ZZ jg’L u Zylzajgl u] +y028]90 l_L] < yozaggo
j=11i=0

i=1 =1 J=1 7=1

Hence in particular gy > 0 and so & is stationary point for (4.59) with a = 0 and
b= g7 (3).
The upper Lipschitz property (4.60) now provides

| — z| < Lb,

and thus we would have Z = z, if b = ¢"** (%) = 0.

In order to show the latter, assume b > 0 and Z # Z. Since o > 0 additionally
yields go(&) = ¢™**(Z), we obtain by the mean value theorem, that for any 4 = H;:;H
holds

b= go(2) — go(Z) = Dgo(%)(2 — Z) = iDgo (&),
t<

with # = ||# — Z|| and for some 7 between # and z. Because of £ < Lb it follows

C*z\c*
S

Dgo(z)u >
As & — z if x1 — Z (remember that & = Z(xz1) — = and Z between & and Z), we thus
get for every accumulation point @ of the @ that
Dgo(z)t > !
)i > —.
90 =7

Further, since there is only a finite number of functions involved, we may pass to
some subsequence of 1 — T providing us with constant sets I(Z(x1)) = I(Z). Now,
an analogous argument for the active constraints yields as well

1
Dgi(@)a > 7 i i€ I(2).

But this means nothing else than —a being a descent direction at x for the active
constraints and the objective function as well, and in consequence & cannot be a
minimizer, a contradiction. O

Remark 28. Lemma 35 states, that (under certain conditions) Algorithm 2 creates
a sequence {xy} converging to z — whenever the starting point was close enough and
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provided that & remains close-by also.

But the latter is quite a problem: How can one guarantee that Z stays close? Since,
if we analyze Algorithm 2 (and the related propositions), we see that it is possible
in the noncalm [g] case, that we do not find v and ¢ fulfilling (4.26) for a while and
so xj stays constant for the moment but )\,;1 may become rather large — an then
t < )\lzlg(xk)q may be such that z; + tu finally jumps away ...

Remark 29. If min{ f(z) | g(z) <0} = v # 0, then we may apply all the above to
go(x) := f(z) —v.

Moreover, if the optimal value is not known but we have some lower bound w € R,
then consider go(z, Tpt1) = Tny1 — f(z), take

S0):={zecR"™ | g(z)<0;i=0,....,m}={z]| g™ (z) <0}

and start the procedure near (z, f(z)).

4.4 Assigned linear inequality systems

In this chapter we again consider solution sets S(p) for systems of inequalities of
finitely many continuously differentiable functions g;, ¢ = 1,...,m, or equivalently
the sublevel set of the function f composed of the g;, i.e. f =max;—1, _m gi-
Since MFCQ yields calmness, a sufficient condition for calmness of S at some
(0,z) € gph S is
Ju e bdB(0,1) Vi € I(z) : Dg;(z)u < 0,

where I(z) := {i | gi(x) = 0} is the set of active indices in Z.

Remark 30. Henrion and Outrata also gave some sufficient condition of this type
[HOO05, Theorem 3]: For X =R", S is calm at (0,Z) € gph S if, at &, the Abadie C'Q
holds true and

Ju € bdB(0,1) Vi e J : Dg;(Z)u < 0,

whenever J fulfills J = {i| gi(§k) = 0} for certain § — &, & € bd S(0)\{z}.

But, as noted in [Kum09, Remark 4.8], this sufficient condition is violated even
for the linear system S(p) = {x € R? | g1(2) := 21 < p1, go(w) := —x1 < po }: Since
S(0) = {(0,22) | x2 € R} = bdS(0) and ¢;(0,22) = 0, i = 1,2, it holds J = {1,2}
for x = 0. But Dg;(0) = £(1,0), so Dg;(Z)u cannot be less than zero for both indices
and fixed u.

So what are the crucial index sets for calmness and moreover calmness [¢]? To
answer this question we introduce the following notation:

Notation. Let F'* :={z € X | f(z) > 0}. We define, with I = {1,...,m},

@0::{JCI‘3{xk}CF+:(a:k—>a_3/\Vke]NViEJ:gi(:ck):f(a;k))},
Olimo ::{JCI‘EI{:L‘;C}CFH':(:ck—>:E/\ViEJ:limkﬁoosi(xk)ZO)},
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and

o= {

7}, 1€ {0,1imo}.

Note. All those sets are dependent on Z. ©g collects the index sets J of active

+
functions g; (i.e. g; = f) for some sequence xj f——> Z. The index sets in Ojmo
may additionally contain indices of almost active functions g;, that means those with

“(;Z((f’“)) — 1. And O are the sets of the respective maximal index collections.

Remark 31. To begin with observe that — because there are only finitely many
subsets J of {1,...,m} — for any sequence zj —  exists a subsequence {xy,} such
that for some J it is I(xy,) := {i| gi(zg,) = f(x,)} = J for all | € IN. Thus in
particular ©¢ # () and hence also Oy, o as well as O** are nonempty.

Furthermore obviously ©¢g C Oy, and O™ C O,, ¢+ € {0,lim0}. And one
easily verifies that J C I(Z) for all J € Oyno'Y, and further that J € O, whenever
J C J € @™ as well as that for each J € ©, there is one J € O™ containing J.
Therefore it holds

O, ={Jcl@|3cer: jcJ}.
Moreover, setting
I(x) = {i|gi(z) = f(x)} and
Ti(fp}) 1= (| lim si(0p) =0} for o) £ 7,
it is
Op ¢ 0= {JCI(@)|3{m) CF*: (mx 2 AVEEN: J=1I(x) } € €
and
P C Ofwo = { J CI@) | 3o} CFF: (1 =2 A J = hiw({21}) } € Oumo.

One directly notes that ) € ©, but () ¢ ©f. Indeed we have even more, namely
(even if one determines ©, not to contain ()) that all the sets defined above may be
different:

Example 9.

a) Let g;: R — R, i=1,2, be given as

ztsin(l/z) +x, x#0 ztsin(1/2z) +x, = #0
(@) :={ Woree 270 g ) :={ ey e 70
Oa T = O, z=0

10We have (for all i € J) 0 = limg— oo Si (2) = limp_ oo L) —0i@k) which yields f(xx)—gi(xx) — 0
flzk)

and so g;(xzr) — f(Z) = 0. Since also g;(zx) — gi(Z) (by contmulty) we get g;(z) =0 for all ¢ € J.
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b)

d)

which are C functions. With f = max{g1, g2} it now holds for x; = %

g1(xr) = go(z), k=4n

f(zk) =< g1(z), k=8n+1Vk=81+5Vk=8n+6
g2(x), k=8n-+2Vk=8n+3Vk=8n+7
and
{1,2}, k=4n

I(zy) = ¢ {1}, k=8n+1Vk=8n+5Vk=8n+6.
{2}, k=8n+2Vk=8n+3VEk=8n+7

Thus ©¢ = {®7 {1}7 {2}7 {172}}7 @6 = {{1}, {2}7 {L 2}} and ©§** = {{172}}'

Next consider

g1(z) = {54 sin(1/2) + 2, i i 8 ;

and
go(x) =zt + 2.
Since g1(x) < ga(z) for all x € R, the active index set I(x) contains i = 2 for
each sequence x — 0 and therefore {1} ¢ ©}. But {1} € ©¢ - using for instance
__ 2
Tk = WhtD)n-
Additionally here for all x > 0
| (1 —sin(1/x)) 2% 224
<
T T ot 4z a0

and 50 Oy = {@, {1}5 {2}7 {1,2}}, ®1Ijm0 = {{172}} = Qﬁlnal%

|s1(2)| =

0 and s2(xz)=0,

Take g1(z) :== z and g2(z) == In(zx 4+ 1). Asln(z +1) < = for all x > 0 it is
I(x) = {1} for each x > 0 and hence O = {0, {1}} and OF* = {{1}} = ©F.

On the other hand

lim so(z) = lim ——— = = lim =0,
z—0+ z—0+ T z—0+ 1

which yields Oumo = {0, {1}, {2}, {1,2}} and O3 = {{1,2}} = @{imo.
Finally with

(1 —cos(1/z)) z* n (14 cos(1/z)) 3 In(z + 1)
9 ;

(@) =a*  and  gy() =
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one has for zy = 51— that ga(zy) = x} In(zy + 1) < z} = g1(2x) and thus

xp — In(z, + 1)
Tk z—0

si(xzg) =0 and  so(xk) = 0,

i.e. OP2G = {{1,2}}. But for x), = m it is go(zx) = 3z} < p = g1(2k),
50
1
si(zg) =0  and so(zg) = X
and therefore ©L O {{1},{1,2}}.

Notation. For ¢ € (0,1] we call a sequence {(zg, \r)} C Ft x Rt g-critical with

respect to J C {1,...,m} iff & — Z, \py — 0T (for k — oo) and
. q si(zr) % - _
VieJ: bl(zk, ) = - M) gag) 7T ——0".
Ak k—o0

In the particular case ¢ = 1 we also use the name critical (instead of 1-critical) and
denote b;(zx, \i) = b} 2k, \e) = Ay 'si(xr) — A

Lemma 36. For each q € (0,1] and any J € Oumo exists a g-critical sequence
{(z: Ak}

Proof. Take any {x;} C F* with 2 — T as well as Vi € J : limg_,o 8;(71) = 0 and
define pj(r) := max;ey s;(z) for x € FT.

If py(zg) = 0 for all k € IN then obviously for any sequence A\, — 07 it is {(xg, \¢)}
g-critical. So consider otherwise and put Ax := 2 pu J(xk)QQ/ 2. Then for alli € J

q2

_ L _ 1 _ 42 1 _
b (zr, Ak) = (Ak13i<xk) - /\Z> g(xp) 7 < (2 si(zg)' ™7 — Aé) g(mp)' 71 —0

since s;(zx) — 0, and thus A\, — 0, as well es g(z)1™7 — 0 for ¢ € (0,1) and
g(zp) "1 =1 for ¢ = 1.

N |=

Moreover for k large enough it is 0 < py(zx) < 1 and thus py(zp)? > py(g)z >

2

py(z) =T, which yields

bf (wk, k) < (; (o) F = 20 ()} ) glog)
1 1_ 4 a 1
< (Gt — 25wyt o)
= (;\/MJ(J%) - \/MJ(xk)) g(ax)'
= *% pa(ep)g(zy) ™4 <0

Thus for any J € Oy, one finds a g-critical sequence {(zk, A\g)}- O
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Remark 32. Lemma 36 should have served as an entry point to generalize the
statement of Theorem 37 below for Holder calmness (which now is only a compilation
of older results concerning proper calmness). But this approach failed as is noted in
Remark 33. Nevertheless it yields some hints about which indices may be the the
important ones regarding Algorithm 4.

Next we want to show that the above sets of critical indices (which are in general not
only formally different as demonstrated in Example 9) are playing the essential role
for proper calmness of the sublevel set of a max-function composed of finitely many
continuously differentiable functions. Here, the statement (i) < (éi7) is [Kum09,
Theorem 4.7] and (i) < (i) may be found also in [HK06, Theorem 4.6].

Theorem 37. Let S(p) = {x € X | maxie; gi(z) <p}, gi € CL(X,R) and (0,7) €
gph S. Then the following propositions are equivalent:

(i) S is calm at (0,Z);

(i1) ¥.J € O3 Ty € B(0,1) Vi € J : Dg;(z)u < 0;

lim 0
(iii) ¥ J € ©5* Ju e B(0,1) Vi e J: Dg;(x)u <O0.

Note. Of course we may assume & € bdS(0), because else there is no sequence

N
Tk 7, % and thus Olimo = 0 and ©g = (), so also the sets ©™** are empty. Thus (ii)
and (iii) are trivially fulfilled — as well as calmness of S at inner points.

Proof.

(i) = (4i) By Corollary 31 calmness yields

AN e>0Vz eB(z,e)\ S(0)FueB(0,1)Vi=1,...,m: Dgj(Z)u < b;j(z, ).
Now take any J € ©122%. By Lemma 36 we have a critical sequence {(xy, \)} for J
and w.l.o.g. we may suppose {zx} C B(z,¢) \ S(0) and Ay < A for all k. Thus we
have

VkeN3ueB(0,1)Vie J: Dgi(z)u < bi(zk, A) < bi(zk, \i) <O0.

(11) = (ii1) If for J € OP2Y exists v € B(0,1) s.t. Vi € J : Dg;(x)u < 0, then
(with the same u) this holds for each subset of J — which are elements of Oy, o. Thus,

because of ©, = {J C I(z) | 3J € @™ : J C J}, we have
VJ € Oimo Ju € ]B(O, 1) Vie J: Dgl(;i)u < 0.
And since OF* C Oy we are done.

(1ii) = (i) Put X = —%manegg’laX max;ey Dg;(Z)uy, which exists since the set
of indices is finite and which is by assumption greater than zero (we took u;’s with



60 4 Hélder calmness — conditions and characterizations

Vie J: Dgi(z)uy < 0). Now let ¢ > 0 s.t. for all x € B(z,¢) holds I(z) € ©¢ (this is
possible because there are only finitely many J € ©g)!! and

1
VJeOyViedd: |Dgi(x)us — Dgi(T)uy| < §>\.
So, for each = € B(z,¢) and t > 0 small enough, it holds for at least one i € I(x)

flattue) = @) _ oot i) = 08) _ b oy, + ot

1 1
< Dgi(Z)uy, + §A +o(t) < —2X+ 5)\ +o(t) < =),

flattuy, )—f(z)

7 < =\ for small ¢ > 0 which yields calmness by Theorem 24. O

ie.
Remark 33. In the same way as in the »(i) = (ii)«-part of above proof one gets —
using Theorem 30 — that

VJ e Ot Ixr — 7, si(xy) = 03u, € B(0,1) Vie J: Dgi(xg)ur <0

is necessary for calmness [g] at (0,Z) € gph.S, which means nothing more than that
in any neighbourhood of z there is a descent direction.

Of course this condition can not be sufficient: Since it does not take ¢ into account,
one could deduce that Holder calmness for any ¢i,¢2 € (0, 1) is equivalent — and this
is obviously not true.

4.5 Sufficient conditions

The next statement is well known (since the given requirements mean that LICQ is
fulfilled, which is a stronger constraint qualification than calmness) but we want to
give a proof using Theorem 24 as this will carry us to some generalization.

Corollary 38. Let X be a (real) subspace of R™ and g € C1(X,R) such that g(Z) =0
and Dg(z) # 0 for some z € X. Then S(p) :={x € X | g(x) <p} is calm on X at
0,Z).

Proof. By continuity of Dg and as Dg(Z) # 0 there is some ¢ > 0 s.t. Dg(x) # 0 for
all z € Bx(z,¢) and thus A 1= min,cp,(z ) Maxi=1, ., [0ig(z)| > 0. This yields

max |Dg(z)u] > max [0;g(z)| > A,
[Jul|=1 i=1,...,n

+
HQuppose not, then exists zx I Fst.VhkeN: I(xr) ¢ O¢. Since there are only finitely many
possible elements in O there must be some subsequence {xy, } s.t. I(zx,;) is equal for all I. But this
means I(zy,) € ©o, a contradiction.
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so there is some u, € bd Bgn(0,1) with Dg(z)u, < —%. Taylor’s theorem thus yields

A
g(x 4+ tuy) = g(x) + tDg(z)uy + o(t) < g(x) — 1 t
for small ¢.
This means that we have some 2’ = z +tu, with g(2')* —g(z) < —% ||z —2’|| which
shows calmness by Theorem 24. O

Note. The reverse of Corollary 38 is not true, i.e. the sublevel set map S may be
calm at (0,7) € gph S for g € C1(X,R) with g(Z) = 0 but Dg(x) = 0 — just consider
g=0.

Having Theorems 24 and 25 we now can show a sufficient property for calmness
[q] resp. global error bounds with Holder exponent ¢ for sets defined by finite lower
semicontinuous inequality systems. In the case of only one l.s.c. function the condition
is a little weaker than for proper systems.

The result for one ls.c. function was as well given by Wu and Ye in [WY02a,
Theorem 6]'? (using a different proof) and a similar proposition was shown before by
Ng and Zheng [NZ00, Theorem 3] for the sublevel set of a single weakly l.s.c. function
(i.e. Ls.c. with respect to the weak topology).!?

Theorem 39 (level set of one L.s.c. function). Let X be a Banach space and g : X —
R lower semicontinuous with sublevel set S(p) :={x € X | g(x) < p} with S(0) # (.
If exist 0 < ¢ <1 and A > 0 such that

Vaoe X\S(0)Ju, €bdB(0,1) :

4= g(2) () = liming S8 ) =9 e (4.64)

t—0" t o
then 1
Ve e X dist(x,S(0)) < )\—q(g(xﬁ)q.

Proof. Let z € X \ S(0) and take some u, € bdB(0,1) fulfilling the assumption. By
definition of the lower subderivative d—, there exists, for each fixed ¢ > 1, a sequence
t, — 01 s.t.
t — —1
gz + ";“”) 9@) e 1y e, (4.65)
n c

2Compare also [WY02b, Theorem 3.1 and 4.1] and [WY04, Theorem 2.2] for error bounds with
exponent 1.

31n particular our Theorem (again) gives an affirmative answer to the question [NZ00, Problem 1]
adressed by Ng and Zheng after their statement: »Is [NZ00, Theorem 3] true if the function is only
assumed to be lower semicontinuous?«.
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Because for ¢ > 1 it is —%Ag(az)l_q < 0, we have particularly
g(x + thuy) — g(x) < 0.
And since g is 1.s.c., it holds
lim inf g(z + thus) = g(z) > 0,
so g(x + tpuy) > 0 for sufficiently large n.

Now
q

g(z)t—1

g(x + thug)? = g(x)! + (9(x + taus) — g(x)) + O(tn),

where
g(x + thuy)\ 174 ‘ q
Otn) = (1-¢(FT—""2) ) gla+taw)?~ (1-0)g(2)* = o(g(z+tnts) ().
9()
Hence O(tn) < ——4—=(g(z + thuy) — g(z)) if n is sufficiently large, and thus,

cg(a)Te
applying (4.65), one gets for such n that

c—1)qt, T+ thuy) — g c—1)2
(cg(x))lq_i (9( +t tn) g( )) <g(x)q_( 62)

g(x + tnux)q < g(m)q + Aqty.

So, for t = t, > 0 with n large enough and 2’ = x + t'uy, it holds

2 2 1

g ) — @) =

S :t’<77
o=l =¥ < S

(9(2)7 = (g(a")")7).
Thus Theorem 25 yields for each ¢ > 1:

. 2 1 I
VeeX: dlSt(x,S(O)) < WY(](Q(%) )q’
which implies

1
Vo e X : dist(z,S(0)) < )\—q(g(:r)Jr)q,
because ﬁ m 1. O

The sufficient condition (4.64) is rather strong and not a necessary one:

Example 10. For the differentiable function

_ Ja?sin(l/z) +x, x#0
g(x)—{(), 0
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it is' g(xz) < £ < 0ifz <0 andglz) > % >0 ifz > 0. So in particular
S(0)={z|g(x) <0} = (—00,0] and altogether we have

Vo ¢ S0): dist(x,S(0)) =z < 2¢g(x).

But even locally condition (4.64) does not hold, since the derivative g’ (which is
not continuous in x = 0) is given by

;o\ J2wsin(l/z) —cos(1/x) +1, x#0
g(fv)—{Q v=0

and 2z sin(1/z) — cos(1/x) + 1 is zero for all x = x), = 51—, k € N.

As a generalization for solution sets of finitely many lower semicontinuous inequa-
tions we get the following theorem (for a similar proposition about closed convex
subsets and convex l.s.c. functions see [WY02b, Corollary 4.2]):

Theorem 40 (finite system of lLs.c. inequalities). Again let X be a Banach space
and S(p) == {z € X | AL, gi(x) <p; } withp = (p1,...,pm) € R™, S(0) # 0 and
gi: X =R, i=1,...,m, lower semicontinuous functions.

Further let 0 < ¢ <1 and A > 0 be given such that

Voe X\S(0)Ju, €bdB(0,1)Vie I(x):

. — 4.66
gi(z;ug) == lim 9z + tuz) — i(2) < —Mgi(z)7Y, (4.66)
t—0+ t
where I(x) :={i€{1,...,m} | gi(x) = max; g;(x)" }.
Then 1
Vee X : dist(z,5(0)) < )\—(‘Irllax g(x)h)7.
q i=1,...n

Proof. Put f(x) := max;=1,__m gi(x)" which is (as max-function of Ls.c. functions)
again l.s.c. As in the proof of Theorem 39 above one gets for every ¢ > 1 some
sufficiently small ¢’ > 0 s.t. for each i € I(z)

(c—1)°

il + 1)t < i)t — g = play - 1)?

2

Aqt'.
c

Here we need the (one-sided) directional derivative g}(x;u,) < —Ag;(z)!~¢ instead of
d~gi(7)(uz) < —Agi(z)'~7 since the latter would only give this inequation for (may
be different'®) t; > 0 and we could not use the following argument:

By definition of f and I(x), and since lim; ,o+ gi(z + tu,) = gi(z) = f(z) for

i € I(x), it is gi(x + t'uy) = f(z + t'u,) for at least one i € I(z), so the above

' Consider the cases 0 < x < 1/ and x > 1/7, and use g(—x) = —g(z) to see this.
15Consider crisscrossing zigzag functions g;.
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inequality implies

2 1

—_— / —
e =l < g

(@) = (F@))7)

for 2/ = z + t'u, and thus by Theorem 25 (and the same argument as in the proof of
Theorem 39)

Voe X : dist(z,Sp(0)) < )\1q (f(ﬂf)Jr)q,

where S¢(r) :={z | f(z) <r}. Now Sf(0) = S(0) yields the proposition. O

Next we will modify conditions (4.64) and (4.66) in such a way that we will use
the distance of points = outside of S(0) to some (known) point Z in this set instead
of the function value of x. These conditions are of course less direct to verify but will
prove helpful in the following.

Theorem 41. Having the same setting as in Theorems 39 and 40 we may replace

(4.64) and (4.66) by
Vo e X\S(0) 3z € S(0) Ju, € bdB(0,1) : d g(x)(uz) < ||z — i||1q;q, (4.67)
resp.

Vee X\S(0)3IzeS0)Ju, € bdB(0,1) Vi€ I(x) :
1 (4.68)

gi(wsue) < =z —z| 7,
as sufficient conditions for
VeeX: dist(x,S(0)) < max{%q, 1}Hg(x)T)?

and
Ve e X : dist(z,S(0)) < max{/\iq, 1} (max;—1,_,g(z))Y,

respectively.

Proof. We will only give the proof for the first part of the theorem, the second one
follows in the same way (cf. the proof of Theorem 40).
Consider z € X \ S(0) and let z and u, as in (4.67). If ||z — Z|| < g(x)? put 2’ = Z,
S0
A q _
(9a)")" =0 < g@)? — o — .

Suppose ||z — || > g(z)? in the following. As in the proof of Theorem 39 one gets
g(x+t'uy) >0,

t'u,) — -1 1
g(ﬂ?-}- ’L;ﬂlﬁ) g(.T) <_C )\HQU_ﬂ_fH qq
C
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and

gl )t < gleyr+ S AL (A D) Zala))

c g(x)—a t

for any ¢ > 1 and some t' > 0 small enough. These properties yield

(c—1)%2 \qt

/
g(x+tux)q <g(x)q_ 2 g(l‘)l_q

l — ]|

1
q

_ 1\ 1-a
Since by assumption —”x;(g' < —1, it is also — ('qu> < —1, and thus it

9(z)
follows 9
—1
9(x + t'ug)? < g(x)? — < 2 ) Agt’
and with 2’ = = + t'u, we have
q c—1)2
(94)" < gty — g — o),

In any case, with L. = max{ (0221)2 /\iq, 1}, we find some 2’ € X such that ||z —2'|| <
L, (g(x)q — (g(x’)“‘)q) and thus Theorem 25 and a limiting process yield the desired
proposition. [

As a immediate corollary we get the (local) Holder calmness result:

Corollary 42. Let X be a Banach space and ¢g; : X — R, i = 1,...,m, lower
semicontinuous functions. Then S(p) :={x € X | Ni%; gi(x) < p; } is calm [q] with
mnlﬁ %q at (0,z) € gphS if — with I(z) = {ie€{l,...,m}| gi(x) = max; g;(z)" }
again —

Je, A > 0Va € B(z,e)\S(0) Juy € bdB(0,1) Vi € I(z) :
L. (4.69)

gi(wiug) < =AMz —Z[ 7.

Note. As above we may replace the directional derivative in (4.69) with the lower
subderivative d~ for the case m = 1.

Proof. Again we set f(z) := max;—1,._m gi(z)". By Remark 18 it suffices to consider
sequences xj, — T with 2 # z, 0 < f(x) and limg_yo0 f(2x)? ||2x —Z| "' = 0 only. In
particular then f(zy)? < ||z — | for k large enough and g¢;(x) > 0 for all i € I(xy).

The proposition then follows from Theorem 24 using the same arguments as in
Theorem 41. O

The next statement is an immediate corollary of the above statement and so does
not need to be mentioned apart. But since we will use this special form later on and
the proof given has its own right, we do so anyhow.
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Corollary 43. Let X be a subspace of R™ and S(p) == {z € X | A, gi(z) <p; }

with p = (p1,--.,pm) € R™, gi € CYX,R), i = 1,...,m. Further let * € S(0) and
I'=1(z):={i]gix) =0}
Then S is calm [1/d] with rank ¢ on X at (0,Z) if
Je,A > 0Vz € Bx(z,¢)\S(0) Ju, € bdB(0,1) Vi € I(x) :
Dgi(x)uy < =Xz — 2|71,

where I(x) ={i € I| {/gi(x)T = max;er /gi(x)t }.

Note. Of course we suppose w.lo.g. I # (), since else we may choose € > 0 small
enough s.t. g;(z) <0 for each i = 1,...,m and all z € B(z, ¢).

(4.70)

Proof. This proof uses some of the ideas presented in [Kum09, Theorem 4.11].

Put f(x) := max;er /gi(x)*t. We will show (proper) calmness of the sublevel set
map of this function which is equivalent to calmness [1/d] of S (cf. Remark 16).

By Remark 18 it suffices to consider sequences zj, — & with xy # z, 0 < f(zy) and
limg 00 f(21) ||zx — Z||~* = 0 only. In particular then f(z;) < ||z) — || for k large
enough and g;(x) > 0 for all i € I(xy,).

Now, setting f;(x) := /gi(x)*, it is

Dfi(z) = WD%(!E) =

if g;(x) > 0, and so (using Taylor’s theorem)
_t D +
d- f(2)i T gi(z)u + 0;(t)

W Dai(w)u + oi(),

fila -+ tu) = fila) +
= fla) +

whenever ¢ € I(x).

Take any ¢ > 1. Then property (4.70) yields for for each i € I(xy), that, for large
k — in particular we choose k large enough s.t. xj € B(Z,e) —and ¢ > 0 small enough,
holds

filawr + tua,) < f(ax) + C; ! T f(;k)d‘l Dgi(xy)tia,
—1)2 ¢ —1d—
< flon) - o e M - a1
2
< flz) — (e 621) %t

Fix such ¢ > 0. Since fi(zg + t'us, ) = f(zg + t'ug,) for at least one i € I(xy) — by
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definition of f and I(zy) and continuity of f; — this implies

_1)\2
st tus,) < fla) — 20

2

which yields by Theorem 24 calmness with rank L. := (6571)2§ of the sublevel set

map of f. A limiting process then gives rank % as well.

And, as f(z) = ¢/max;cs gi(x)T, we get calmness [1/d] of the sublevel set of the
function max;es gi(x)" (cf. Remark 16) and thus Corollary 21 shows calmness [1/d]
of S, whereby the rank is not changed. O

Remark 34. Condition (4.70) is in general weaker than MFCQ since Dg;(Z)u, may
be zero. But for the case of proper calmness (i.e. d = 1) it does not say more than
that MFCQ yields calmness.

Remark 35. For S defined by a single g € C'(X,R) (4.70) reduces to
Je,A >0V € By(Z,¢)\S(0) 3u, € bdB(0,1) : Dg(z)u, < =Nz — 2|41, (4.71)

Before presenting a sufficient property for (4.71) (see Lemma 45) we want to prove
another common proposition by means of Corollary 43.

Corollary 44. Let g € CYR,R) and & € R with g(z) < 0, g*)(z) = 0 for all
1<k<dand gD #0. Then S(p) :={x R |g(x) <p} is calm [1/d] at (0,Z).

Note. The assumption ¢g(Z) < 0 is not important for the proof but for the definition of
calmness [g] only, since we want to have € S(0). The same is true for the following
two propositions as well.

Proof. As g9 is continuous and ¢(®(Z) # 0 there is some £ > 0 such that ¢(®(z) # 0
for all x € B(Z,¢). And — using Taylor’s theorem — the other preconditions yield that
for some &, between x and x holds

d—2
1 _ _ 1 _ \d—
g @) = 5@P@- (-2 + () V(&) - (@ —2)*!
o Kt (d—1)!
(=3
= Wg (&)-
As a result we have |¢'(z)| = %@ -z de. |g'(2)] > Alz — Z|%! for all
x € B(z,¢e) with A = ﬁ Mingep(z,c) lg{) (z)| > 0.
Thus (for uy, = 1 or u, = —1) it is ¢'(x)u, < =Nz — Z|?!, whereby follows

calmness [1/d] of the sublevel set map at (0, ). O
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Notation. If g € C%(R", R) then the order of partial differentiations does not play a
role, so in such case we will write any k-th partial derivative, 0 < k < d, in the form

0% =" - O5"g
with adequate multiindex ov € N[ s.t. || = X1, oy = k.

Lemma 45. Let X be a subspace of R", g € CHX,R) and T € X with g(Z) < 0
such that 0%g(z) = 0 for all « € N with 1 < |a| < d. Further let exist some € > 0
such that for all x',... 2™ € Bx(z,¢)

1 .

_max ) Z aao‘f)ig(x’)ua’ > 0 for every u € X\{0}. (4.72)

Then (4.71) holds true and thus S(p) := {z € X | g(x) <p} is calm [1/d] on X at
0,z).

Proof. Since |Z|a| —d—1 a,a 9ig(-)u®| is continuous for every fixed u and Bx(z,¢) is
compact, there are 2% € Bx(Z,¢) conforming m1n$eBX(x75)|Z|a|:d_1 L0°0;g(x)u*|.
So by (4.72) we have for every u # 0 in X

1 a ~T,UN, o : le} o
o< max | ST Lot = max i | S Loran]
|a|=d—1 |a|=d—1
and so A := min, |, —1 Max;=1,. nmlnzele:vs |Z|a| —d_1 a,@ 0ig(x "‘| > 0.
Due to 0%g(z) =
1 ; _
Do)=Y 0 DiglE)(w — 7)°
la|=d—1 "
for some ¢¢ between x and z. Thus
max [Dg(z)u| > max [0ig(z)|
[Jul|=1 1=1,....,n
_ (e}
= max | Y 8a(9@g(fz)< ’ ) Jz — ]|
A & o3l
sz—ﬂﬂl
for every x € Bx(z,¢) and so (4.71) holds. O

Remark 36. g € C%(X,R) such that 0%g(z) = 0 for all o € IN§ with |a| < d is
true for instance for homogeneous polynomials g of degree d at £ = 0. For such g

moreover Z\a|:d—1 éao‘aig(fvi)ua = 0;g(u).
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Lemma 45 (together with Corollary 38) now yields the following proposition —
which is the statement of [Kum09, Theorem 4.11] for the case of only one inequality
(cf. also [Kum09, Lemma 4.12]) and the conclusion of Lemma 29 above as well:

Corollary 46. Let g € C?(R"™, R) such that g(z) < 0, Dg(z) = 0 and D%g(Z) regular
for some & € R™. Then S(p) :=={z € R" | g(x) <p} is calm [1/2] at (0, ).

Proof. As D?g(z) is regular there is some € > 0 s.t. for all z!,... 2" € B(z,¢) the
matrix

51519(531) : "3n019($1)

010pg(x™) -+ - O Ong(z™)

is regular as well, so in particular { (9;0ig(z")),_, . |j=1,...,n} is a set of linear
independent vectors. Thus (for u € R"™)

Vi=1,...,n: Zaj&g(mi)uj =0
j=1

= > u; (9;019(2"), ., 0;09(a™)) = (0., 0)

j=1
= Vji=1,...,n: u; =0
< u =0.

This yields max;—1,.. n ’Z?:l 8j6ig(xi)uj‘ > 0 for every u # 0, i.e. we have (4.72). O

Remark 37. Having Morse lemma below one may prove Corollary 46 as well using
the ideas presented in Case 1 of the proof of Theorem 50.

Proposition 47 (Morse lemma (cf. [JJT00, Theorems 2.7.2 and 2.8.2])). Suppose
g € C*(R™,R) with g(0) < 0, Dg(0) = 0 and D?g(0) regular, and let k € IN be
the number of negative eigenvalues (multiplicities taken into account) of D*g(0) (by
regqularity the number of positive eigenvalues is thus n — k).

Then exist open neighbourhoods U and V of 0 € R™ and a C' diffeomorphism
¢ :U — V with ¢(0) = 0 such that

f(ﬁb_l(xl,-u,ﬂﬁn)) = —Xk:x?+ Zn: 3,
i1

1=k+1






5 Polynomials

5.1 Level sets of polynomials

Having the above tools we now want to answer the question whether or not it holds
for polynomials g : R™ — R of degree d that S(p) = {z € R" | g(z) <p} is calm
[1/d] at any (0,Z) with g(z) = 0.

So let
g(x) = ngd Ao ®

be a polynomial of degree d, i.e. there exists some a € INj with |a] = d s.t. ag # 0
(see page 7 for notations). Then for any o € M% 1 := {a € N} | |a| =d -1} it is
foreachi=1,...,nand x € R"

0°0ig(x) == OF' -+ Oy Big(a) = 87" - 97 O g(w) = (a+ 1) dass,

where a + 7 := (a1,..., 05+ 1,...,ap).
(a+i)!

By Lemma 45 it is thus interesting to analyze maxizl,,_.7n)z|a‘:d,1 o Gatiu®

)

i.e. we have to check whether

max ‘Z|a|=d—1(ai + 1)aa+iua’ >0 Vu #0,

i=1,...,n

which is not true in such general form. But it may be possible to restrict ourselves
to expedient subspaces X of R"™ such that

_max ‘Z|a\:d—1(ai + 1)aa+iu°“ >0 Vue X\{0}.

i=1,...,n
First let us check some easy properties of the given setting:
Remark 38. Let d > 0 and g(z) = }|4/=q @az®.

a) Then 37 4 —q_1 (i + 1)aatiz® = 0ig(z) and

. >laj=d—1(a1 + aa+12®
g(z) = E(xl’ s Tp) :
Z\a|:d71(0‘n + 1ag+nz®
) (0} + Dagrsy -+ (@ + Dagmsr (2
= 8(xl, .y Tp) : : : NE

(ap + Dagt iy =+ (0 + 1)agmin x®
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where M{~! = {al,....a™}, m = (D).

Moreover for f(z) = g(z) + o< @ax® one has 3, —q_; L10°0, f(y)z® =
0;g9(z) (for arbitrary y).

b) Obviously part a) yields

‘max‘ Z (ozi—i—l)aaﬂma’:()

i=1,...,n
|a|=d—1
(Oé% + 1)aa1+1 e (Oégn + 1)Cl,am+1 .’Eal

= : ) : =0
(@l 4+ Dagipn - (@™ + Dagmin/) \ ™

So in particular for g(z) = > ja|=d Gax® holds

max ‘ Z (cvi + l)aa_ﬂ-xo“ =0 = g(z)=0.

i=1,...,n

|a|=d—1
c) Ford=1itism =1, g(z) = a’x with a = (a(1,0,..0)5 - -+ » a(o,...,o,l))T and
(af + 1)agri ai,,...,0)
(arlL + 1)aa1+n a(o,...,0,1)

And for d = 2 we have m = n and g(z) = 27 Az with symmetric matrix

(2,0,..00) " 30(1,0,.,0,1)
%a(l,o,..v,o,l) " 4(0,0,...,0,2)
So here it is
(a1 + Dagiyy -+ (af +1)agn i1 2a(2,0,..,0,0) " 4(1,0,...,0,1)
S = P =D%g(0).
(af + Dagiey - (o) + 1)aanin a(1,0,..,0,1) *°° 200,0,...,0,2)

The previous considerations yield

n ed
i=1 Qidy,

Lemma 48. For homogeneous polynomials g : R™ — R of the form g(z) =Y
with a; # 0 for each i, it is for all x # 0

d—1
zirll,ax,n" |§(; l(ai + l)aa_,_ig:a’ - z:nll,ax,nng(xﬂ = iiIllf,l,:fn|daixi | > 0.
al—d—
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So by Lemma 45 (and Remark 36) it follows calmness [1/d] for the sublevel set
maps of such homogeneous polynomials.

Note. The above homogeneous polynomials have a very special shape. But we cannot
go without limitations as Example 13 will show.

For at most quadratic polynomials we do not need the special form of Lemma 48
directly! and not even homogeneity:

Theorem 49. If g(x) = Z|a‘§d aex® 1s a polynomial of degree d at most 2, then its
sublevel set map S(p) = {x € R" | g(z) <p} is (at least) calm [1/2] at any (0,Z)
with g(x) = 0.

Proof. Since calmness [g] of sublevel set maps is stable under translation (cf. Lemma
22) and of course translation of a polynomial gives a polynomial of the same degree,
we may w.l.o.g. suppose = 0. So g(0) = 0, i.e. a(q,. gy = 0. Further, as for Dg(0) # 0
we would already have calmness (cf. Corollary 38), we may assume Dg(0) = 0, which
yields aq = 0 for all @ € N[} with |o| = 1.

Thus w.Lo.g. let g(z) = 3 |4/=2 a2 = s27D?g(0)z. It is (cf. Remark 38)

_max | Z (o + Dagiz®| >0 iff x ¢ ker D*g(0) := {x | D*g(0)zr =0} =Y,

i=1,...,n
|a|=1

so by Lemma 45 the map Sx(p) = {z € X | g(x) <p} is calm [1/2] at (0,0) on
X := Y. And, since for all z € X, y € Y it is g(z +y) = g(z), Lemma 23 yields
that S is calm [1/2] at (0,0). O

Unfortunately it is not possible to transfer this proof even for simple monomials of
degree greater than 2:

Example 11. Let g(z) = ¢ ‘2o € R[X1, Xo] with d > 3.

Then maxi:17.“7n‘z|a|:d,1(ai + 1)aa+iac°“ = max{|(d — 1)a{2xo|, |2{ |} which is
0 if and only if x1 = 0. Thus the only subspaces X such that Lemma 45 is applicable
are X = span{(1,t)}, t € R, and so X+ = span{(—t,1)}.

Thus for any x € X and y € X+ we have in case of

1. t=0: g(x) =0 but imgg = R;
2. d odd, t #0: g(y) = g(—tya,y2) = (=) 'y3 >0 forye {y € X" |y2>0};

3. d even, t <0: g(y) >0 foranyy € {ye X+ |y #0};

'But as we will see in Theorem 50 below, in the quadratic case we may translate every polynomial
into this shape — which we use to prove the global quadratic error bound. So implicitly we apply
this special structure as well.

For a general translation see Proposition 47.
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4. d even, t > 0: g(1,t) = ¢tT1 > 0 but g((1,t) + (=2,2)) = g(-1,t + 2) =
—(t+2)<o0.

In any case the conditions of Lemma 23 do not hold.

Moreover the next example — derived and generalized from [LP94, Example 4.2]
which is concerned with quadratic systems — shows that calmness [1/d] does not hold
in general for sublevel set maps of polynomials of degree d greater than 3:

Example 12.
a) Consider g(z1,x2,73) = (2§ — 22)% + (25 — 23)% + 2% with k € N, which is a
polynomial of degree 2k. For its sublevel set map S obviously holds S(0) = {0},
so dist(x, S(0)) = ||x|| for each x € R3.

Thus for x° = (5,5k,5k2), 0 <e <1, one has (using mazximum norm)
dist(x%,5(0)) =& and g(z°)" = e
which yields for k > 2

dist(z®,5(0)) 1
2k g(xa)-l,- - €k:—1 0 0.

b) For polynomials of odd degree one has to make a little more effort:

Let g(x1, 29, x3) = (2§ —0)? 4 (2§ — 23)2 + 22 + 22" with k € N, a polynomial
of degree 2k + 1. Here we have S(0)NB(0,1) = {0} (since for 0 < |z3| < 1 it is
w2 < 02 < (ah —29)? + (28 —23)? 423, ice. 0 < g(x) for all x € B(0,1)\{0})
and thus dist(x, S(0)) = ||z|| for each x € B(0,1).
So we get for 1° = (e,¢%,e¥"), 0 < £ < 1 (using mazimum norm)

dist(z®,5(0)) = ¢ and g(2°)" = 2K 4 cCRHR < 9 2k

which yields for k > 2

2:k2

dist(2°, 5(0)) _ Sz
)T T 2 e

as2-t2>2t+1 fort e R\[1—2ﬁ7 1+2\/§].

o0,

Even more, it is not possible to obtain that mere homogeneous polynomials define
in general everywhere Hélder calm sets of same exponent as their (inverse) degree:?

2¢f. also [LPR96, 2.3.13 Example]
3Nevertheless such proposition holds for general monomials and special types of homogeneous
polynomials (cf. Lemma 12 and Lemma 48 respectively).
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Example 13. Take g(x1, z9, 13, 24) = (27 —2024)** + (23 —2324) 2+ (2324) %, k € N,
which is an homogeneous polynomial of degree 4k, for which obviously

S(0):={zeR| g(x) <0} =5-(0):={zecR*|g(z)=0}.
Because of g(x) =0 iff 11 =0Axz2 =0A (z3 =0V x4 =0), one concludes
S(0) ={(0,0,23,0) | z3 € R} U{(0,0,0,24) | z4 e R }.

But we do not have calmness [1/(2k)] at  := (0,0,0,1) for instance:
Since for all x € B(Z,3) it is distso(z,5(0)) = max{|21|, |22|, |z3|}, one has in
particular for each x* = (e, g2 e, 1),0<e< %,

disteo (2%, 5(0)) = €.

But g(z°)T = &8, resulting in

dist(2°,5(0)) 1
G

Another notable fact is that in the general case the bound depends also on the
dimension n:

n—1

Example 14. Consider g(z1,...,2n) = > 1 (22 —2i11)? + 22, n €N, and let S(p)
be its sublevel set map.
Now for x° = (g,€2,... ,52%1), 0<e<1, we get

dists (2°,5(0)) =& but g(a®)T =",

The following global variant of Theorem 49 has been proved already by Ng and
Zheng [NZ00, Theorem 4]. In their paper they even gave a rigorous analysis which
exponents are possible for different types of real quadratic polynomials. And in a
preceding paper they examined quadratic functions with respect to error bounds
with exponent 1 and offered conditions under which conditions the exponent 1 is
possible, see [NZ01, Theorem 5.1].

A similar result for the solution set of a quadratic equation was presented also
by Luo and Sturm [LS00, Theorem 3.1] using a different argument. Although their
indirect proof may be easily adopted for sublevel sets of quadratic inequalities, it does
not allow to derive the constant L and their argument is less general than the one
used here.

Theorem 50. Let g : R™ — R be a polynomial of degree 2 and denote S(p) =
{x € R" | g(x) < p} its sublevel set map whereby S(0) # (0. Then exists some positive
constant L s.t.

Vz e R": dist(z,S(0)) < Lmax{g(x)*,/g(x)*}. (5.1)
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More precisely it holds:
Let Zézl Niw? + Bxii1 + v with By =0 be the normal form of the quadratic poly-

nomial g, where \;, i € I := {1,...,1}, are the nonzero-eigenvalues of its quadratic
part.
1. If now g has a normal form without linear and constant part, i.e. 5 =~ = 0,
then
n . -1 + 1/2
VeeR": dist(z,S(0)) <max{\" ", 1} (g(af) ) , (5.2)

with A = min , cg: Max;es ‘)\Zuz]
flull=1

2. If the normal form of g contains a linear but no constant term (which means
B #0 buty=0), then

Vo e R™: dist(z,S(0)) < |8 g(z)". (5.3)

3. If the constant in the normal form of g is nonzero, then — with \* := max;ey | ;|
and X\, = min;eg |\;| — it holds

Ve eR": disty(x,5(0)) < VA +

)\*
< mg(@ ) (5.4)

in the case of v <0, and

Vo eR": dista(x,S(0)) < max{

otherwise.

Proof. Since g is a real polynomial of degree 2 we may write g(z) = 27Ax + b'x + ¢
where A € R™"™ symmetric, b € R", ¢ € R (here of course A # 0, since deg g should
be 2).

For real symmetric matrices A eigendecomposition yields that there is some orthog-
onal matrix R for which RTAR = D, where D is a diagonal matrix containing the
eigenvalues A1, ..., A\, of A (with multiplicities) on its diagonal s.t. A1, ..., \; # 0 and
Ai4+1s - - -» An = 0. For notational convenience we put I := {i |\ #0} ={1,...,1},
which is not an empty set as A # 0.

Using orthogonal rotation and translation we get the normal form

!
g(z) = f(w) =Y \wi + Bwpyr +7
i=1

with 5 -y =0 and w = Rz 4 v for some fixed v € R".
Now for S¢(p) := {w € R™ | f(w) < p} it holds dista(w, S¢(0)) = dista(x, S(0)) for
all x = R(w —v):



5.1 Level sets of polynomials 7

Let z and w be given with z = R(w — v). For w’ € bd Sf(0) s.t. dista(w, S¢(0)) =
|lw—w|y and 2’ = R(w’ — v) it holds g(z’) = f(w’) = 0 and thus dists(z, S(0)) <
o — 2/lly = R —w)lly < IRl Jw—wlly = = w/]ly = dists(w, S5(0)), with
||R||, being the spectral norm of the matrix R (induced by the euclidean vector
norm) — which is 1 since R’R = E. In the same way one proves dists(w, S(0)) <
diste(x, S(0)).

Having this one sees (for any L,q > 0)
Vw € R™: dista(w, S£(0)) < L(f(w)")? <= Vo € R" : dista(z, S(0)) < L(g(z)")?,

SO we may assume w.l.o.g.

l
g(x) = Nai + Bai +v with B-y=0andViel={1,...,1}: X\ #0.
=1

We distinguish the three cases: 3 =+v =0, § # 0 and v # 0.

Casel (B=~v=0): Let X:={axecR"|Vj¢l:2;=0}.

Then with A := min ,cx max;cs ‘)\Zuz| > 0 it holds for all z € X \ Sx(0)
flul=1

T

2| [lz] = 27|z (5.6)
||

max |Dg(x)u| > max [0;¢(x)| = max
] =1 i=1,..n iel

Because 0 € Sx(0) this yields* by Theorem 41
Ve X : dist(z, Sx(0)) < max{A~!, 1}(g(x)")/2

Now, since for each z € X and y € Y := X1 it is g(x + y) = g(x), we get (5.2) by
Lemma 23.

Case 2 (B # 0): In this case for each z € R™ \ S(0)

max |Dg(z)u| > max [0;g(x)| = max{max |2X\;z;|, |B]} > |5] > 0. (5.7)
[[ull=1 i=1,...,n iel

By Theorem 39 thus (5.3) holds.
Case 3 (v # 0): For this case we need a little more effort and some notation:

First set [ :={i€l|A;>0}and I_:={i€1|)\ <0} and so

g(@) =" N + > Nxf + 1.

icly il

-
“Note that ||z| = ||:r||Tq for ¢ = 3.
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Note that for A* = max;er |Ai| and A« = min;eg |\;|, which are reals greater than 0,
we have for all z € R"

1 1
2 lef <3 at < =D ilad, (5.8)
iel iel * el
that is with other words
1 1

el il il

and

1 1
FZAM?S Zw?SA—Z)\me

iely iely *iely
We subdivide this case into the parts v < 0 and v > 0:

a) (v < 0) W.Lo.g. we may assume I # (), since else g(z) < 0 for all x € R", i.e.
S(0) = R™. So for each z € R™\ S(0) it holds

)\*Z:):?Z Z)\Z-:U?>—Z)\i33?—72—7:‘7’>0-

iely iely iel_
-1/2 i, ifiel
Thus for u, := —i(ziel xf) , where &; := Ti 1 T it is |luzlly =1
* 0, else
and
P 2 oIy
Dyla)ug = ——————5 S haf < —2n (Y a?) < _NH’ 5:9)
(Ziel+ xf) iely il

which yields (5.4) by Theorem 39.

b) (v >0) Let z € R™\ S(0). We consider the two subcases:
If > 27 < 9= < 74— then choose y € R" s.t. >ycr | Nilyf =~ and Vie I :
yi =0,Vi¢ I: y; =x;. Thus g(y) = 0 and so we get using (5.8)

dista (2, 5(0))° < o = ylly = 3 a2 + 3 (s — i)

il iel_
1 1
< Zw?—i— Zx?—&-Q(Z xf)Q(Z yf)Q + ny
il iel_ iel_ iel_ iel_
1
3 1
<T@+ e+ (T )+ 5 T Nl
el el il
= Z xf + ﬁ
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Additionally
9@)? = (Y aa+ Y ha?+9) = (W X a? =X Y a? 4q)
i61+ el i€[+ iel_
2 « 2 2, 3 \?
> (M ; =X +) = (A el )
(SIS i€l
> 30 S a2y 9 2
R T
1<y
Hence it holds 9
dista(z, S(0)) < pveT g(x). (5.10)

x;, ifiel_
v and set u, =

Next consider Y;c; x7 > . We take &; = {0 |
, else
~1/2

i’(Zz’eI_ m?)

Then ||uy||, = 1 and for each t > 0

2
;

iely iel_ iel_ Tj
-1 1/2

=g(x)—t Z ]AA;U?(Z xf) (2(2 x?) + t)

iel_ iel_ iel_

—1/2 1/2
<gl@) -2t e (D af) T <gl@) 200 (D a?)
il iel_ il

Ax

<g(x) —t \/\A—ﬁ

which is less or equal 0 for ¢ > 0 large enough. Since g(x) > 0, the intermediate
value theorem yields the existence of some ¢y > 0 with g(x+tpu,) = 0 and hence
dist(z, S(0)) < to. As, by the above calculation,

Ax
—g(z) = gz + touz) — g(x) < —to \/g,
we get
VA
disto(z, S5(0)) < x). 5.11
2(, 5(0)) )\*ﬂg( ) (5.11)
Thus in any of the subcases (5.5) is true. O

Remark 39. Since the algorithm of principal component analysis for quadrics allows
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for a detailed computation of the normal form, we can identify the value of 5 and
~ and describe them in terms of the original polynomial. Thus we have a concrete
proposition for L for general quadratic polynomials.

Remark 40. Let us reconsider Case 1 of the above proof, i.e. g(z) = Yt \a?,
Ai # 0 for all ¢ € I, to get a different constant L:

Again with X :={2z € R" |41 =... =2, =0} and
A= min max|)\iui| > 0,
HuﬁX1 el
ul|=

we get (5.6) as well for the Euclidean norm and thus with \* := max;es |A;| it holds

Loo2n :
max |Dg(x)ul > 2X||z|l, = 2A 2?)? > |22
e [Dg()ul > 2 o], = 22 1 )" = A*(g 23)

!

2 (El:MQ)é _2)
TV T

for each x € X \ S(0). And so by Theorem 39 and Lemma 23

VA
)

ﬁ

Vo eR": disty(z, S(0)) < (g(z)F)V2, (5.12)

As a direct corollary of Theorem 50 one has akin to [LS00, Corollary 3.1] and with
essentially the same proof:

Corollary 51. Let g1 : R™ — R be a quadratic polynomial, g2 : R™ — R continuous
and Si(p) = {z | gi(z) <p}, i =1,2. If S1(0) C S2(0), then exists for each p > 0

some L > 0 with .

Vo €B(0,p): go(x)" <L (gl(:c)+) , (5.13)

where q € {%, 1} depends on the normal form of g;.

Proof. For x € B(0, p) consider z € S3(0) s.t. dist(x, S2(0)) = || — Z||, i.e. in partic-
ular go(z) = 0 if x ¢ S2(0) and & = z elsewise.

Since the continuous function gs is Lipschitz on any compact set there is some
Ly > 0 with

Vo €B(0,p) : g2(2)" =lga(w) — 92(7)| < Laf|w — 7| = Ly dist(x, 52(0)).

Now due to Theorem 50 it holds for some L; > 0 and ¢ € {%, 1}

o€ R : dist(z, 51(0)) < Lt (¢1(2)")",
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and thus, because S1(0) C S2(0) yields dist(z, S2(0)) < dist(z, S1(0)), we get
Yz € B(0,p) : go(2)" < Ly dist(z, $1(0)) < LiLs (g1(2)7)"

as desired. ]

5.2 Polynomial systems

Next we want to check solution sets of systems of polynomials.
As a basis of all following arguments we start adopting Theorem 50 to hyperplanes:

Lemma 52. Let g : R™ — R be a quadratic polynomial and f : R* — R an
affine function defining the hyperplane H = {x € R™ | f(x) =0}. If the set Sy =
{z € H|g(x) <0} is not empty, then exists a constant L > 0 such that

Va € H : dist(z,Sy) < Lmax{g(z)",/g(z)"}. (5.14)

Proof. Let Iy be the Euclidean projector onto H, set §(x) := g(Ily(x)) and S(p) :=
{o]g@) <py )

Obviously Sy C 5(0), so dist(x, S(0)) < dist(z,Sy). Moreover one has for each
z € H and 2’/ € S(0) with dista(x, S(0)) = ||z — 2’|, that

dista(z,5(0)) < ||z — Og(a)], < ||z — 2|, = dista(x, 5(0)),

because IIy is a projection onto a convex set and IIgy(x) = x here. Hence it is
disty(z, Sgr) = dista(x, S(0)) for all z € H.

As Tl is affine as Euclidean projector onto an affine space, the function § (com-
posed from a quadratic and an affine function) is quadratic. Thus by Theorem 50
there exists L > 0 such that

Vo € R™: dist(r,S(0)) < Lmax{g(z)",/g(x)*}.
Now the above considerations and the fact that g(z) = g(x) for all x € H yield

Va € H : dista(x, Sg) = dista(z, S(0))

< Lmax{j(z)",/d(x)t} = Lmax{g(z)",\/g(z)*}. O

Remark 41. As in the above lemma we will in the following always refer to (5.1)
instead to the case-by-case analysis, which would — depending on the structure of
the quadratic function under consideration — yield the exponent % or 1 in the respect
error bounds. Nevertheless one may do as well a distinction of cases, since the proofs
will work for both exponents.

In Lemma 52 the exponent then would be dependent on the structure of g(Ilg(z)).
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Having the above lemma and Theorem 50 as well as Hoffman’s error bound (Propo-
sition 1) we are now able to prove several propositions dealing with an inequality sys-
tem of one quadratic and finitely many affine functions, i.e. with quadratic functions
over convex polyhedral sets.

The Theorems 53 and 56 below, together with their corollaries, extend and relate
several propositions about this topic. Specifically we will get as corollaries some
propositions of Luo, Pang and Ralph (see [LPR96, 2.3.10 Theorem]|, [LPR96, 2.3.12
Theorem| and — here with an additional condition — [LP94, Theorem 4.1}, [LP94,
Corollary 4.1]) which rely on nonnegativity of the quadratic system on a convex
polytope. As well we will deduce the results of Luo and Sturm [LS00, Theorem 3.3
and Corollary 3.2] — without using their rather involved proofs.

As in the mentioned papers, we start with error bounds restricted to a bounded
polytope:

Theorem 53. Again let g : R" — R be quadratic and S(p) = {z|g(x) <p}.
Further let P ={x € R" | Ny fi(z) <0} be a conver and bounded polytope defined
by finitely many affine functions f;, i =1,...,m.

Then, if Sp := S(0) N P # (), there is some constant L > 0 such that

Va € P: dist(z,Sp) < Lmax{g(z)",/g(z)"}. (5.15)

Proof. First we apply Theorem 50 and take L; > 0 such that
Vz € R": dist(z,S(0)) < Ly max{g(x)*,/g(x)*}. (5.16)
Moreover, by Lemma 52, for each H; := {z € R™ | fi(z) =0} exists some L; > 0

with
Vo € H;: dist(x, Sy,) < Ly max{g(z)", /g(z)T}.
Thus for Ly := maxi—1,.m L; it holds for each i that

Va € H; : dist(x, Sg,) < Lomax{g(z)",/g(z)*}. (5.17)

Now decompose the closed semialgebraic set S(0) into finitely many semialgebraic
closed connected components 71, ..., Ty (cf. for instance [Cos02, Theorem 2.23]) and
put Jy == {j|T; CP}, Jo:={j|T;, ¢ P NT;NP#0}, J3:={j|T;NnP=0}.

Because P is compact, each T} closed and J3 finite, we have

L.
= igbr;dlst(ﬂ,P) > 0.

Here we set a = +o0 if J3 = ().
Define S, := {z € R" | dist(x, S(0)) < o }, an open set. So P\ S, is compact and
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thus exists
dist(z, Sp)

La = I
37T eP\s. dist(z, S(0))

> 1. (5.18)
It follows
Vo € P\ S, : dist(z,Sp) < Lzdist(z, S(0)) < LyLy max{g(x)",/g(x)T}. (5.19)

Next consider z € PN (S, \ S(0)) and let 2/ € S(0) be such that dist(z, S(0)) =
[l — a']].
If 2’ € P, then it is

dist(z, Sp) = dist(z, S(0)) < Ly max{g(z)™, /g(x)t}. (5.20)

Otherwise 2’ € Tj \ P for some j € J (j € J3 is not possible by choice of ). And
since z € P and 2’ ¢ P there is some A € (0,1] s.t. y = Az + (1 — N2’ € bd P -
which means by definition of P that y € H; for at least one i. Now, because Tj is
connected, it is H; NT; # () for at least one of those ¢, which we denote i(j).

Putting this together it follows
dist(x, Sp) < ||x — y|| + dist(y, Sp) < ||z — 2’| + dist(y, SH, )

= dist(z, S(0)) + dist(y, Sm, ;)

< Limax{g(e)*\fa@)) + Lomax{g(@)t Jo@ ) 07D
< max{Ly, Ly} max{g(x)",/g(x)*}.
Finally the estimates (5.19), (5.20) and (5.21) yield (5.15) for

L := max{LjLs,max{Ly, La}}. O

Corollary 54 ([LS00, Theorem 3.3]). Let g : R"™ — R be a quadratic function and
P C R"™ a finite conver and bounded polytope. If the zero set defined by Sp :=
{z € P|g(x) =0} is nonempty, then there exists a constant L > 0 such that

Vz € P: dist(x,Sp) < Lmax{|g(z)],\/|g(x)|}. (5.22)
Proof. Clearly Sp = S1 NSy and P =57 U S, for the sets S1 = {x € P|g(z) <0}

and So ={z € P|—g(z) <0}.
Theorem 50 yields the existence of Ly > 0 and Lo > 0 such that for all z € P it is

dist(x, S1) < Ly max{g(z)™, \/WTL

dist(z, S2) < Ly max{(—g(x))*,/(—g(x))*}.

and
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Since in the case x € Sy \ S it is g(z)T = |g(x)| and (because the polytope P is
convex) dist(x, S1) = dist(z, Sp), we thus get

Va € 85\ S : dist(z, Sp) < Ly max{[g(z)],/|g(z)[},

and analogously

Ve S\ Sy :dist(z, Sp) < Lomax{|g(z)],/|g9(x)|}.
So with L = max{L, Lo} it follows (5.22). O

Corollary 55 ([LPR96, 2.3.10 Theorem]). Let g; : R" — R, i =1,...,l, be quadratic
polynomials which are nonnegative on a convex polytope P defined by finitely many
affine functions.

If the set Sp = {x € P | /\é:1 gi(x) =0} is not empty, then for any compact set
K C R"™, there exists a constant L > 0 such that

Ve e PNK :dist(x,Sp) < Lmax{r(z),\/r(z)}, (5.23)
where m(z) == YL, gi(2)].
Note. W.l.o.g. we suppose PN K # ) (else (5.23) holds trivially).

Proof. We distinguish to cases:

Case 1 SpNK = (: In this case it is 7(x) > 0 everywhere on PNK. So by compactness
of K there exists some o > 0 s.t. max{r(z),/r(z)} > «a for all z € PN K. And

taking = € Sp (which exists because Sp was assumed to be nonempty), we have

dist(x, Sp) < ||z — z|| < || =: C.
ist(z, Sp) < [|lz — 2l| < max [lzf| + ||z]

So with L = a~1C it follows (5.23).

Case 2 SpNK # 0: Set g(z) := \_; gi(x), which is quadratic again and — because
of the nonnegativity assumption — has the property that Sp:={z € P | g(z) =0} =
Sp.

Now let P be a finite convex and bounded polytope containing K and apply Corollary
54 to g and P N P, obtaining L > 0 s.t.

Vi€ PP dist(r, Spop) < Lmax{|g(2)],/]3(x)]},

where SPHP = Spﬂpz Spﬁp.

Because of dist(z, Sp) < dist(z, Sp.p), and r(z) = |§(z)| for all x € PN K by the
nonnegativity assumption, we hence get (5.23). O
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Remark 42. Since in the above Theorem 53 and its corollaries we always have
continuous residual functions 7 (r(x) being g(z)*, |g(z)| and S3t_, |gi(x)| respectively)
on a compact set K, there exists some constant C' > 0 s.t.

r(z) < Cy/r(x)

for all z € K (choose C' := max,cx /7(x)).

Hence we may replace the term of the form max{r(z), /r(x)} with \/r(z) in (5.15),
(5.22) and (5.23).

Next we use the above results to obtain extended propositions.

Theorem 56. Let g be a quadratic polynomial and f = (f1,..., fm) affine functions
from R™ to R. Further let S(p1,p2) = {x € R" | g(x) <p1 A f(x) < p2} and suppose

S(0) # 0.
Then for any compact set K C R™ exists a constant L > 0 such that

Vo e K dise, S(0)) < L(g(z)* + || f()* )2, (5.24)

Note. The following proof is in parts orientated at the one given in [LPR96, 2.3.12
Theorem].

Proof. If K N.S(0) = 0, then we can argue as in Case 1 of the proof of Corollary 55.
So we suppose K N S(0) # () now. Since g is quadratic and f is affine on R" we may
write g(x) = 27 Qx + bTz + ¢ for some symmetric matrix Q € R™", b€ R", ¢ € R.

Denote P :={z € R" | f(x) <0}, Sp := 5(0) and let IIp be the Euclidean pro-
jector onto P. Further consider a finite bounded convex polytope Px D K UIlp(K),
which is possible because the projection of a bounded set onto a convex one is bounded
again by contraction of the projection.

By Theorem 53 (and Remark 42) exists L > 0 such that
Va € Pg NP :dist(z, Sp N Px) < Ly/g(x)*+. (5.25)
Thus, since IIp(x) € Pk N P if x € K, and dist(z, Sp) < dist(x, Sp N Pk), it holds

Vo € K : dist(Tlp(x), Sp) < Ly/g(p(z))*. (5.26)

Hence we get for all x € K

dist(x, S(0)) = dist(z, Sp) < ||l — I p(z)|| + dist(TIp(z), Sp)

5 5.27
<l = 1p(x)[ + Ly/g(Ilp(z)) . 20
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Because IIp is the Euclidean projector onto P it is ||z — IIp(x)||, = diste(z, P), and
therefore Hoffman’s Lemma yields

Vo eR": |z —Ip()|| < Lp|lf(2)7] (5.28)

for some Lp > 0.
So now we need to bound g(Ilp(z))*. By Taylor expansion one obtains for u :=
x —Ip(z)

o(l1p(2)) = g(2) + (@ + 1) u + 50T Qu

and thus (applying the Cauchy—Schwarz inequality in the last step) it holds

1
2

(omp @) < (962" +]@o + 07| + "]

1 1
2 uTQu 2 (529)

2

< (9(a)*)* + (@ + )T

1
+ =
2

1
V2
where ||@Q|| is some matrix norm compatible with the Euclidean norm.

L 1 1 Lo
Setting p := 2maxgex |z]l, and Ly := maxzex |Qx[|3 + |[0]|3 + (5)2 [|Q||? this
yields

1 1 1 1 1
< (9@)")* + (1QlI3 + 1blI3) Ilull3 + — Q117 [lull,

Volp@)* < \Jg@)* + Ly \/le —TIp()]),. (5.30)
Hence — substituting (5.28) and (5.30) into (5.27) — it holds for all x € K

dista(z,50)) < | = We(@)l, + L (1/o(a)* + Ly /lle = (a1, )
<(C+ LLy) /|l = Tp()]ly + Ly/g(x)* (5.31)

< (C+ LL)VIp[If @] + L\ Jo@)
L (VIs@* -+ o))

with C' 1= maxex /|[z — p(z)| and L' := max{(C + LL,)/Lp, L}. Now, taking

C" = maxygs(o) (VIT@FT + Va@F) (If (@) *] + g(2)*) "* and L := C'L’, we have
(5.24). 0

IN

Remark 43. Note that (5.29) also holds if we replace the exponent % with 1. So, in
the case that the exponent in (5.25) would be 1 (cf. Remark 41), we could apply the
same proof to exponent 1 instead of %, getting 1 instead of % as exponent in (5.24).

Remark 44. As Example 2 already showed, the restriction to a compact set is
needed for Theorem 56.
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Note that in general one can not bound g(Ilp(z))™ from above with ¢ g(x)™, where
¢ > 0 is any constant:

Example 15. Suppose g(z1,72) := —23 — 23+ 1 and f(z) = Az with A= (J}).
Then P = {(x1,0) |21 € R}, S(0) = { (z1,0) | |z1] > 1} and g(Ip(z)) = —2F + 1.

Considering © = (1,0) and x. = (1 — &,2+/€) for some 2 > e > 0 one gets g(x.) =
—2e — 2 < 0 but g(Ilp(z:)) = 26 — &2 > 0.

Corollary 57 ([LS00, Corollary 3.2]). Let g : R™ — R be a quadratic function and
P={xeR"| f(z)<0}, f=(f1,-.-,fm) affine, a finite convex polytope. If the
set Sp:={x € P|g(x) =0} is nonempty, then for any compact set K C R™ there
exists a constant L > 0 such that

1
Va e K : dist(z, Sp) < L (1g(@)| + £ @)*]) . (5.32)
Proof. Apply the proof of Theorem 56, using Corollary 54 instead of Theorem 53. [

Corollary 58 ([LPR96, 2.3.12 Theorem)]). Let g; : R" — R, i =1,...,1, be quadratic
polynomials which are nonnegative on the finite convexr polytope P.

If the set Sp = {x € P| A, gi(x) =0} is nonempty, then for any compact set
K C R", there exists L > 0 such that

l 1
Vo€ K : dist(, Sp) < L (Y |gi(@)] + | f(2) ) (5.33)
i=1
Proof. This follows from Corollary 57 for g(x) := Y>t_, g;(z). O

However one does not have a similar proposition for general systems of even at
most quadratic polynomials. Here (again) the bound does not only depend on the
degree of the involved polynomials but also on the dimension n (the example is a
reformulation of [LPR96, 2.3.13 Example]®):

Example 16. Let S(p) :={z € R" | AL, gi(z) = p; } with
Gi(x1, .. xp) = — i, i=1,...,n—1, and gu(x1,...,2,) = 2p.

Then S(0) = {0} and thus for 2 = (e2,e*,...,¥"), 0 < e < 1, it holds (using
mazimum norm)
dist(z,5(0)) = ¢ but ||g(z®)| =*".

Scf. also [LP94, Example 4.2]
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