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SUMMARY

A new nonlocal damage model is presented. Nonlocality (of integral or gradient type) is incorporated
into the model by means of nonlocal displacements. This contrasts with existing damage models,
where a nonlocal strain or strain-related state variable is used. The new model is very attractive from
a computational viewpoint, especially regarding the computation of the consistent tangent matrix
needed to achieve quadratic convergence in Newton iterations. At the same time, its physical response
is very similar to that of the standard models, including its regularization capabilities. All these aspects
are discussed in detail and illustrated by means of numerical examples.

1. INTRODUCTION

Nonlocal damage models are used to model failure of quasi-brittle materials [1]. Nonlocality
—needed to correct the pathological mesh-dependence exhibited by local models— can be
incorporated into the model in two different ways. In integral-type models [2, 3, 4], a nonlocal
state variable is computed as the weighted average of the local state variable in a neighbourhood
of the point under consideration. In gradient-type models [5], on the other hand, higher-order
derivatives (typically second-order) are added to the partial differential equation that describes
the evolution of the nonlocal variable. Both approaches yield similar results and are in some
cases equivalent [6].

Apart from the state variable, other variables can be selected to incorporate nonlocality.
Either scalar or tensorial quantities may be transformed into the corresponding nonlocal
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quantities. In fact, a number of proposals can be found in the literature. For integral-type
regularization, some examples are the use of a nonlocal damage parameter [3], nonlocal strains
[7] or nonlocal strain invariants [8]. These and other existing approaches are compared in [9]
by means of a simple 1D numerical test (bar under uniaxial tension). Various approaches are
also possible for gradient regularization. In [10], for instance, the loading function depends
on the Laplacian of the damage parameter. Note that all these strategies involve Gauss-point
based quantities.

A new proposal is made here: to use nonlocal displacements to regularize the problem. The
two versions are proposed, discussed and compared: integral-type (nonlocal displacements
obtained as the weighted average of standard, local displacements), see [11], and gradient-
type (nonlocal displacements obtained as the solution of a second-order PDE). As discussed
and illustrated by means of numerical examples, the regularization capabilities of this new
model are very similar to that of the standard model. In addition, it is very attractive from a
computational viewpoint, especially regarding (1) the computation of the consistent tangent
matrix and (2) the simple and straightforward upgrade of a nonlinear FE code to account for
nonlocality.

An outline of this paper follows. The basic features of standard nonlocal damage models are
reviewed in Section 2. The new model based on nonlocal displacements is presented in Section
3. The integral-type and gradient versions are discussed in Sections 3.1 and 3.2 respectively.
The regularization capabilities are illustrated by means of a uniaxial tension test. Section 4
deals with the consistent linearization of the nonlinear equilibrium equation. It is shown how
the consistent tangent matrix is much simpler to compute for the new model than for the
standard models, both in the integral-type (Section 4.1) and the gradient (Section 4.2) cases.
Quadratic convergence is shown for the uniaxial tension test. Section 5 shows how nonlocal
displacements can be used to incorporate nonlocality into a FE code in a very simple and
efficient manner, especially if the gradient regularization is chosen. The concluding remarks of
Section 6 close the paper.

Standard notation is used. Vector fields in the continuum are represented by slanted boldface
type (u: displacement field). Nodal vectors associated to FE discretization are denoted by
upright boldface type (u: nodal displacements).

2. OVERVIEW OF DAMAGE MODELS

For simplicity, only elastic-scalar damage models are considered here. However, the concept
of nonlocal displacements can be extended to more complex damage models exhibiting, for
instance, anisotropy or plasticity [4, 12].

2.1. Local damage models

A generic local damage model consists of the following equations, summarized in table I:

e A relation between Cauchy stresses o and small strains € —i.e. the symmetrized gradient
of displacements u, Equation (2)—, where the loss of stiffness (from elastic stiffness C
to zero stiffness) is described by means of a scalar damage parameter D which ranges
from 0 to 1, Equation (1);

e The definition of a local state variable Y as a function of strain ¢, Equation (3);
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e A damage evolution law, where the local state variable Y drives the evolution of the
non-decreasing damage parameter D, Equation (4).

Table I. General expression of a local damage model

Stress-strain relationship o(z,t) = (1 - D(,t))Ce(z,1) (1)
Strains e(x,t) = Viu(z, 1) (2)

Local state variable Y(z,t) =Y (e(x,t)) (3)
Damage evolution D(z,t) = D(r?g(Y(x, 7)) (4)

The most common particular forms of Equations (3) and (4) are reviewed in [11]. Regarding
the definition of the state variable, both the so-called Mazars model and modified von Mises
model result in Y = ¢ in the simple case of uniaxial tension. As for damage evolution, the linear
softening law is especially suited for conceptual analyses. Between the damage threshold Yj
(inception of damage) and a maximum admissible value Y; (D = 1), damage evolves according

to Y; Y:
f 0

D= 1—— 5

YfYo( Y)’ )

which leads to a linear softening branch in a stress-strain diagram.

Local damage models are not suitable for computations. Due to softening, the boundary
value problem becomes ill-posed and the finite element solution exhibits a pathological mesh-
dependence. It is necessary to regularize the problem by making the model nonlocal [13].

2.2. Integral-type nonlocal damage models

In integral-type models, see table II, nonlocality is incorporated via the definition of a nonlocal
state variable Y as the weighted average of the local state variable Y, Equation (6). The
weighting function o depends on the distance r between two points and contains a characteristic
length I. as a parameter, Equation (7). The nonlocal state variable Y, rather than the local
state variable Y, drives the evolution of damage, Equation (8).

The weighting function « is typically defined as

a(x,r;le) = co(x)ax(r;le), (9)

where «, is the Gaussian function [14, 15, 16]

it (2)] w

and the normalization factor co(z) is

co(z):1//v ay (r: 1) dz (11)
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Table II. General expression of an integral-type nonlocal damage model

Stress-strain relationship o(z,t) = (1 — D(x,t))Ce(z,1)
Strains e(x,t) = Viu(z,t)
Local state variable Y(z,t) =Y (e(z,t))
Nonlocal state variable ?(x,t) = / a(z,2)Y(z,t)dz (6)
Va
Weighting function a(z, z) = a(z,r;l.) with r = ||z — z|| (7)
Damage evolution D(z,t) = D(mgicff(a:, 7)) (8)

Note that ¢o(z) is not a constant; near the boundaries, the support of o, may lay partially
outside the domain, so a lower value of the integral in Equation (11) is obtained. In fact, it is
necessary to modify the Gaussian function «y into the weighting function « as indicated by
Equation (9) to ensure reproducibility of constant functions. This guarantees that a constant
field of local state variable Y(z) = Y is not modified due to nonlocal averaging (that is,
}N/(z) =Y (x) =Y) and, hence, that a constant strain field £ results in a constant stress field
0.

2.3. Gradient nonlocal damage models

Gradient and integral-type nonlocal models are closely related [6]. In fact, gradient
regularization can be regarded as an approximation to integral-type regularization, with a
differential (instead of an integral) relation between the local and nonlocal variables. The
gradient enhancement may be explicit or implicit [17]. In implicit gradient models [5] the
nonlocal state variable Y is the solution of a partial differential equation with the local state
variable Y as the source term. Various studies [18, 17] show that the second-order implicit
gradient enhancement provides the best approximation to the integral-type nonlocal model.
For this reason, we have chosen this particular gradient approach to facilitate our comparative
analysis. The regularization PDE is in this case a diffusion-reaction equation, see Equation
(12) in table III. Note that a characteristic length is incorporated into the model via parameter
¢ in the diffusion term.

The definition of appropriate boundary conditions for the regularization equation (12) is
a debated issue in the development of gradient models. Homogeneous Neumann boundary
conditions are typically prescribed, see Equation (13). Application of the divergence theorem
shows that this condition implies that the total amount of the state variable does not
change due to regularization, fQ YdQ = fQ YdQ, see [18]. However, the main reasons for
choosing this type of condition were mathematical convenience and the difficulties to motivate
Dirichlet boundary conditions (i.e. prescribing Y). Only very recently the homogeneous
Neumann boundary conditions have been interpreted, from a thermodynamical viewpoint,
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as an insulation condition in the so-called nonlocality energy residual [19].

Table III. General expression of a gradient nonlocal damage model

Stress-strain relationship o(z,t) = (1 - D(x,t))Ce(z, )
Strains e(x,t) = Viu(x,t)
Local state variable Y(z,t) =Y (e(z,t))
Nonlocal state variable Y(z,t) — V2V (2,t) = Y(z,t) in Q (12)
nVY =0 on 99 (13)
Damage evolution D(z,t) = D(rilgicf/(x, 7))

As tables IT and III reflect, the standard approach in nonlocal damage models is to define a
scalar local state variable Y (as a function of strains) and then to transform it into a nonlocal
state variable Y, which drives the evolution of damage. Note that integral-type and gradient

nonlocal damage models only differ in the way Y is computed, cf. Equations (6)—(7) and
(12)—(13).

3. NEW MODEL BASED ON NONLOCAL DISPLACEMENTS

A new nonlocal damage model based on nonlocal displacements is presented here. The nonlocal
displacements u are computed from the local (i.e. standard) displacements u either as a
weighted average (integral-type version, Section 3.1) or as the solution of a second-order PDE
(gradient version, Section 3.2).

3.1. Integral-type version

The integral-type version of the proposed model is summarized in table IV. The key idea
is the computation of nonlocal displacements as the weighted average of local displacements,
Equation (14). After that, the nonlocal strains eny,, the nonlocal state variable Yxi, and, finally,
the damage parameter D are obtained. Note that these three variables are computed locally:
nonlocality is introduced at the “beginning” of the constitutive model (i.e. at the level of
displacements, the primal unknowns in the FE computation).

Regarding the basic ingredients of a nonlocal damage model reviewed in Section 2, the only
one that requires some modification is the weighting function. Since displacements, rather
than strains, are averaged, reproducibility of polynomials of degree 1 is needed to ensure that
a constant strain field results in a constant stress field. This can be done in a simple and
computationally efficient manner, as described next.

Moving least-squares fitting, a standard technique in meshless methods [20, 21], suggests
how to define the weighting function. To ensure reproducibility of order 0, the kernel o, is
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Table IV. New model based on nonlocal displacements, integral-type version. Subscript NL denotes
quantities with nonlocal information but computed locally.

Stress-strain relationship o(z,t) = (1 — D(z,t))Ce(z, )
Local strains ez, t) = Viu(z,t)
Nonlocal displacements u(z,t) = / ax, z)u(z,t)dz (14)
Ve
Nonlocal strains enL(z,t) = Vu(z,t) (15)
Nonlocal state variable Yau(z,t) =Y (enw(z, 1)) (16)
Damage evolution D(z,t) = D(mgic Yai(z, 7))

multiplied by a polynomial of order 0 in the neighbourhood of each point z, see Equation (9).
For reproducibility of order 1, more degrees of freedom are needed, so a polynomial of order 1
is needed,

a(z,z) = [co(z) + 27¢1(2)] (2 — 2). (17)

Reproducibility of order 1 amounts to requiring that a linear local displacement field
u(x) = a + Bz is transformed into the same linear nonlocal displacement field, u(z) = a + Bx
for arbitrary a@ and B. Combined with Equations (17) and (14), this leads to

Jv, anl@ —2)dz [y, 2 au(z - z>dz] {50(“’)} — {1} . (18)

sz zoy(x — 2)dz sz zzla, (z — 2)dz| | ¢1(x) T

This small system of linear equations (order: number of space dimensions + 1) needs to be
solved at each Gauss point. This is done only once, at the beginning of the computation, and
coefficients ¢y(z) and ¢;(z) are stored and reused throughout the analysis.

Is the weighting function & different from the weighting function of the standard approach,
Equation (9)? Yes, but only near the boundaries.

Away from the boundaries (that is, when volume V, is not truncated by the domain
boundary), the off-diagonal terms in the matrix of Equation (18) may be expressed as

/Vx zay(r — z)dz = /Vl (z —x)ax(x — 2)dz += /Vw (T —2)dz. (19)

I=0

The first integral in the RHS of Equation (19) is null due to the symmetry of function «,
and integration domain V,, and the skew-symmetry of function z — . Equation (19) implies
that, in the linear system (18), the first matrix column is proportional to the RHS vector, so
¢1(z) =0, ¢o(x) = co(z) and a(x, 2) = a(z, 2).

Near the boundary, on the other hand, the first integral in the RHS of Equation (19)
is not zero, because the truncated integration domain V, is not symmetric, so ¢i(z) # O,
Co(x) # co(x) and a(z,z) # a(z, 2).
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In other words: for the new model based on nonlocal displacements, it is only necessary
to modify the weighting function in the Gauss points near the boundaries. Away from the
boundaries, reproducibility of order 0 automatically implies reproducibility of order 1.

3.2. Gradient version

The gradient version of the proposed model is summarized in table V. The second-order PDE
now relates nonlocal displacements u to local displacements u, see Equation (20). Note that
Dirichlet boundary conditions (21) are prescribed for u. These boundary conditions have a
clear physical interpretation: nonlocal displacements must coincide with local displacements
in all the domain boundary (i.e. for both the Dirichlet and Neumann boundaries of the
mechanical problem). Another important difference between the gradient enhancements of the
state variable and the displacements are the continuity and interpolation requirements. Upon
finite element discretization, the local state variable ¥ in Equation (12) is a discontinuous
(piecewise polynomial, Gauss-point-based) field, but C° continuity is required for the (nodal-
based) nonlocal state variable field Y. In Equation (20), on the contrary, both u and u are
C° nodal based fields. In fact, the choice of interpolation functions for the two fields (u and
17) in a standard gradient-enhanced damage model is a debated issue, see [22]; for the new
model, on the other hand, it is very natural to use the same interpolation functions for the
two displacement fields u and u.

Equation (20) is also used in gradient elasticity [23] to relate the “gradient” displacement
field u with the “classical” displacement field u. In our proposal, on the contrary, the elastic
response is local (i.e. u and € are the displacement and strain solution fields), and u is an
auxiliary regularized displacement field that drives damage evolution.

Note also that the solution of the boundary value problem (20) is w(z) = u(z) if u(z) is linear.

In other words, reproducibility of order 1 is automatically ensured without any modification
of the regularization strategy.

Table V. New model based on nonlocal displacements, gradient version. Subscript NL denotes
quantities with nonlocal information but computed locally.

Stress-strain relationship o(z,t) = (1 - D(z,t))Ce(x, t)
Local strains e(z,t) = Viu(z,t)
Nonlocal displacements a(z,t) — cV2u(z, t) = u(x,t) in Q (20)
u=u on 9N (21)
Nonlocal strains ent(z,t) = Vu(z,t)
Nonlocal state variable Yai(z,t) =Y (env(z, t))

Damage evolution D(z,t) = D(m<ai< Yau(x,7))
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3.3. Validation of the new model

The regularization capabilities of the model based on nonlocal displacements are illustrated
here by means of a uniaxial tension test, see Figure 1(a) and [22].

The one-dimensional particularizations of the integral-type and gradient versions, tables IV
and V, with Y (¢) = € and a linear softening law, see Figure 1(b), are used. As a reference, the
standard integral-type model with nonlocal state variable (i.e. nonlocal strains, since Y = ¢)
is taken.

The central tenth of the bar is weakened (10% reduction in Young’s modulus) to trigger
localization. The dimensionless geometric and material parameters are summarized in table
VI. The numerical tests are displacement-controlled.

g
EE() [
EDEQ -
/] —>
7 ' | : R
L 1 €0 Sf &
(a) (b)

Figure 1. Uniaxial tension test: (a) problem statement; (b) linear softening law

Table VI. Uniaxial tension test. Geometric and material parameters [22]

Meaning Symbol Value
Length of bar L 100
Cross-section of bar A 1

Idem of weaker part Lp 10

Young’s modulus E 20000
Idem of weaker part Ep 18000
Damage threshold ) 10+

Final strain ef 1:25 %102

The regularization properties of the model based on nonlocal displacements are assessed first
by carrying out the analysis with five different meshes of 40, 80, 160, 320 and 640 elements
(corresponding respectively to element sizes h of 2.5, 1.25, 0.625, 0.3125 and 0.15625).

For the integral-type version, a fixed characteristic length I[. = 6.25 (corresponding
respectively to 2.5, 5, 10, 20 and 40 elements) is chosen. The results for the various meshes
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are shown in Figure 2. Both the force-displacement curves and the final damage profiles are
virtually superimposed.

2 1
— 640 Elem
18 320 Elem 08 1
B i 160 Elem . |
--- 80 Elem
14 — 40 Elem 07| 4
12 Py 06 1
g 1 & osf |
i
osf 8 04t 1
06 03 1
04 02 i
02 0.1 1
% ooz oos o.be_ 008 01 o012 014 016 % 10 80 90 100
Displacemen

(a) (b)

Figure 2. New model based on nonlocal displacements, integral-type version: (a) force-displacement
and (b) final damage profiles for various meshes

The same situation is encountered for the gradient version. The results with a constant
parameter ¢ = 5 are depicted in Figure 3. Again, the responses for the five meshes are very
similar. Regularization via nonlocal displacements indeed precludes mesh dependence.

2 1
— 640 Elem
18 320 Elem 09 1
L e o |
14 — 40 Elem 07 ]
12t {  oo0s8f g
g 1 g go.s- g
= o8t g 8 0.4f R
06 03] g
04 02| ]
02 0.1 g
% 00z o004 006 008 01 012 014 016 % 10 20 0 40 50 60 70 8 0 100
Displacemen X

(a) (b)

Figure 3. New model based on nonlocal displacements, gradient version: (a) force-displacement and
(b) final damage profiles for various meshes

As a second test, a fixed mesh of 320 elements (h = 0.3125) and four different internal
lengths are used. For the integral-type model, characteristic lengths I. of 5h, 10k, 20h = 6.25
(reference value above) and 40h are taken; for the gradient model, parameters c of 1, 2, 5
(reference) and 10.
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The results are depicted in Figures 4 and 5. As desired, both the ductility in the force-
displacement response and the width of the final damage profile increase with the internal
length scale.

2 1
—— Char len =40h
TBE RUSS, S, [R= Char len =20h || 09r 1
--- Charlen =10h |
1or — Charlen=5h || 08
14} - 07 —
12} 1 8% -
g 1 - g 05 -
osf 1 Bogs -
06l - 03t E
04 - 02} -
02 - 0.1 -
o ) ! . ’ ' " " o
0 002 004 006 008 01 012 014 016 () 100

Displacemen
(a)

Figure 4. New model based on nonlocal displacements, integral-type version: (a) force-displacement
and (b) final damage profiles for various characteristic lengths

Force

0 0.02 0.04 006 008 0.1 0.12 0.14 0.16 o
Displacemen

(a) (b)

Figure 5. New model based on nonlocal displacements, gradient version: (a) force-displacement and
(b) final damage profiles for various parameters ¢

To sum up: the new model exhibits the same regularization capabilities and qualitative
response than the standard model based on nonlocal strains.

A quantitative comparison is carried out next, for the integral-type version. The test with
320 elements and [. = 6.25 is analyzed in detail. Apart from the same structural response, see
Figure 6(a), the two models also predict the same evolution of damage profile, see Figure 6(b),
and the same stress-strain diagram for three sample points, see Figure 6(c).
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Figure 6. Integral-type versions. The new model (nonlocal displacements) and the standard model
(nonlocal strains) yield very similar results: (a) force-displacement curve; (b) damage profiles; (c)
stress-strain diagrams at sample points.

3.4. Connection between the standard and the new model

In this section the similarities between the two models are outlined. The goal is to demonstrate
that the proposed approach based on nonlocal displacements inherits the regularization
properties of the standard model. The connection between the two approaches is especially
clear for the one-dimensional particularization used above (where the state variable is simply
the strain, ¥ = ¢).

For the integral-type version, this connection relies on the fact that convolution (i.e. weighted
average) and differentiation commute in an infinite domain. For the gradient version, the two
models are equivalent. Differentiation of the regularization equation in terms of displacements,
Equation (20), leads directly to the usual equation in terms of strains, Equation (12). Moreover,
the Dirichlet boundary conditions on displacements and the homogeneous Neumann boundary
conditions on strains are equivalent: substitution of Equation (21) into Equation (20) results
in d%4/dx? = denp/dz = 0.

The effect of boundary conditions over finite domains (for integral-type regularization) and
a multidimensional setting —where the state variable Y is a nonlinear scalar function of the
strain tensor e— (for both integral-type and gradient approaches) will be analyzed in detail
in a forthcoming contribution.
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4. CONSISTENT LINEARIZATION

The new model based on nonlocal displacements is very attractive from a computational
viewpoint, especially regarding its consistent linearization (i.e. the computation of the
consistent tangent matrix needed to attain quadratic convergence in the full Newton-Raphson
method [24]). For both regularization approaches, we first review the expression of the
consistent tangent matrix of the standard model (nonlocal state variable) reported in the
literature. After that, we present the counterpart for the new model based on nonlocal
displacements and show that it is much simpler to compute.

4.1. Consistent tangent matriz for integral-type models

Integral-type models pose a substantial difficulty: due to nonlocality, there is interaction
between non-adjacent nodes, and the consistent tangent matrix exhibits a larger bandwidth
(with respect to the sparsity pattern of the elastic or secant matrices) [25, 26, 11].

In FE analysis, the internal force vector is typically computed with a Gauss quadrature as

fine (u) = Z wago'p(u) (22)
P
where p ranges the Gauss points, w,, are the corresponding integration weights, B,, is the usual
matrix of shape function derivatives at Gauss point p and stresses o, are

op(u) = (1 - Dy(u))CByu . (23)
——

€p

The consistent tangent matrix is

_ Ofing 700,
Kian 1= o = zp: w, B, L. (24)
Combining Equations (23) and (24) results in
Ktan - Ksec + Knonlocal (25)
where
Kec = Y w,Bl(1-D,)CB, (26)
p
is the secant stiffness matrix and
oD,

(27)

Knonlocal = - prBZCEp ou
P
is the nonlocal tangent contribution which accounts for the variation of the damage parameter.
Equations (22)—(27) are general. The specific structure of matrix Kyonlocal, however, is quite
different in the standard and new models.
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4.1.1. Standard model (table II) By applying the chain rule, the term 0D, /0u in Equation
(27) can be expressed as

dD, - Y,

— D(v,) e

ou (¥) ou

The integral (6) in table II required for nonlocal averaging is also approximated via a
numerical quadrature, so the nonlocal state variable Y, is

Y, = Z WqOipqYy (29)
q€V,

(28)

where ¢ ranges the Gauss points &

Qpg = O[(’I" = ||£p - qu)
By differentiating Equation (29), the last term in Equation (28) can be expressed as

Y, ay, ay,
871;7 = Z wqapqaiuq = Z wqapqaiquq (30)
q€Vp q€eV,

¢ in the neighbourhood V, of Gauss point §,, and

where the chain rule and the relation d¢,/0u = B, have been used.
By replacing Equation (30) into Equation (28) and then into Equation (27), the nonlocal
matrix can be expressed as
~ . 0Y,
Knonlocal,Y = - Z wqu§C8le(Yp)87;Bq (31)
P,g€Vp

where wp, = wpwgap, and the subscript Y denotes the nonlocal quantity. Due to the double
loop in Gauss points caused by nonlocal interaction, Kyonlocal,y cannot be assembled from
elementary contributions solely.

4.1.2. New model (table IV) Equations (22)—(27) are also valid for the new model. However,
the term 0D, /0u is now

3Dp oY OenL,. Ou
—L2 = D'(Ynp,)=— (¢ — . 32
ou ( NLP)@ENL( NLP) ou Ou ( )

Since nonlocal averaging is performed at the beginning, the rest of the constitutive model is
“local”. Note, in particular, that the usual shape functions are used in the FE discretization of
nonlocal displacements and that nonlocal strains eny, are computed locally as the symmetrized
gradient of nonlocal displacements, see table IV. This means that

~ OeNL
ENL, = Bpu - B P — pr (33)

where B, is the same matrix of shape function derivatives used in Equation (22).

The last term in (32), du/Ou, reflects the nonlocality of the model. After finite element
discretization and numerical integration, the averaging process (14) leads simply to

~ ou
u= Aintegralu - 8711 = Aintegral ’ (34)
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where Ajptegral 1S @ matrix of nonlocal connectivity. Note that this matrix contains —
for standard models where the characteristic length [. or parameter ¢ are not evolution-
dependent— purely geometrical information associated to the finite element mesh. It does
not change as damage evolves, so it can be computed and stored at the beginning of the
analysis (provided, of course, that a fixed mesh is used).

Substitution of Equation (32), (33) and (34) into Equation (27) results in

Knonlocal,u = Klocal,uAintegral (35)
with
)¢

Kiocalu = — ) w, B, Cep D' (Y, ) 5 —

p

(8NLp)BP . (36)

Note that Kjgcal,u can be computed in the usual way by assembling elementary matrices, like
in any local material model. After that, nonlocality is accounted for by means of the constant
matrix Aintegral, Which “spreads” the stiffness of Kiocal,u into Kponlocal,u-

By replacing Equation (35) in Equation (25), the consistent tangent matrix can be expressed
as

Ktan — Ksec + KlocalAintegral . (37)

This simple structure of Ky, is due to the fact that the nonlocal average is performed
completely “upstream” in the constitutive equation (i.e. with displacements, the primal
unknowns in the FE analysis). For any other choice of the nonlocal variable, see Section
1, double loops in Gauss points like those in Equation (31) appear.

Equation (37) is graphically illustrated by Figure 7, where the pattern of the consistent
tangent matrix for the four representative load steps of Figure 6(a). Note how the constant
matrix Ajpegral indeed “spreads” the local stiffness matrix Kiocal (which is non-zero only where
damage increases), thus provoking fill-in in the tangent matrix Kgay,.

The convergence history at these four load steps is shown in Figure 8. As expected, only
linear convergence is achieved with the secant stiffness matrix, while the consistent tangent
matrix leads to quadratic convergence.

4.2. Consistent tangent matriz for gradient models

Gradient models are mathematically local. Nonlocal interaction is accounted for locally via
higher-order spatial derivatives. Thanks to this, the consistent tangent matrix is simpler to
compute than for integral nonlocal models.

Gradient models are typically formulated as two-field problems. For the standard model, the
unknowns are the nodal vectors of displacements u and nonlocal state variables Y. For the new
model, on the other hand, unknowns are the nodal vectors of local and nonlocal displacements,
u and u.

4.2.1. Standard model (table III) Finite element discretization leads to

Tequil (W, Y) = fine (0, Y) — foxy = O (38)
Tregu(1,Y) := (M + ¢D)Y — fy(u) = 0 (39)
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Figure 7. Integral-type model based on nonlocal displacements. Sparsity pattern of the consistent
tangent matrix at load steps A, B, C and D, see Figure 6(a)

Equation (38) is the nonlinear system of equilibrium equations. Since u and Y are treated
as independent variables, the vector of internal forces is now

fint(u, ?) == Z wPB;j;ap(u’ ?) (40)

with stresses B B
o,(0,Y) = (1 me DP(Y))CBpu. (41)

Equation (39) is the discretized weak form of the diffusion-reaction PDE (12). The mass
and diffusivity matrices are

M= / N'NdV and D= / VNTVNav (42)
Q Q
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Figure 8. Integral-type model based on nonlocal displacements. Convergence history of the secant
matrix and the consistent tangent matrix for load steps A, B, C and D, see Figure 6(a)

and the “force” vector is
fr =) w,N; Yp(u), (43)
P

with N the matrix of shape functions and VIN the matrix of shape function gradients.
Linearization of Equations (38) and (39) results in the tangent matrix

_ [ Ku Ky
o™ [K?u K;?] =
with
7] ui
R rg:*l ! =Y w,BI(1 - D,)CB, (45)
P
(91' ui e
uy = ae‘i L= w,BICe, D'(V,)N, (46)
Y P
OTresu oY
Ky, = 3ug = —§prfg(€p)Bp (47)
arre u
K{,{, :=8—€=M+CD, (48)

so a Newton iteration is

s S - ()

7
regu
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where i is the iteration counter. Note that K¢, is the secant stiffness matrix, cf. Equations

(45) and (26), and that K< is a constant matrix.

4.2.2. New model (table V) The two fields are now u and u. Finite element discretization
results in

requil(u7 ﬁ) = Iint (u7 ﬁ) - fext =0 (50)
Fregu(W, ) ;== —Mu+ (M +cD)u=0 (51)
where Equation (51) is a linear system associated to the linear diffusion-reaction equation

(20).

The consistent tangent matrix is

K Kua
K an — uu uu 52
’ |:Kﬁu Kﬁﬁ} (52)
with
arequil T
Ky 1= — 2 = > w,Bl(1- D,)CB, (53)
p
arequil T gy
Kuﬁ — 6-& = — g waI) CepD/(YNLp)KNL(ENLP)Bp (54)
or,
Kay = gff“ - M (55)
Kaa == 5’1(;%gu =M+cD, (56)
so a Newton iteration is
Kf.lu K:lﬁ du't! _ 7réquil
{Kﬁu Kﬁﬁ} {66”1 =\ o [ (57)

Some remarks about the tangent matrix (52):

o Matrices K¢, and K'_ are the secant and the local tangent matrices already obtained
for the integral-type version, cf. Equations (53) and (54) with Equations (26) and (36).

o Matrices Ky, and Kgg are both constant, due to the linearity of the regularization
Equation (51). This fact can be effectively exploited if a quasi-Newton solver is preferred
over the Newton-Raphson method for equilibrium iterations, see [27].

e Thanks also to the linear relation between u and u, the residual ryegy is zero.

Figure 9 shows the convergence history at four representative steps (similar to those chosen
for the integral-type model). Again, quadratic convergence is only achieved with the tangent
stiffness matrix.

4.3. One-field gradient version

Thanks to the linear relation between local and nonlocal displacements, the gradient version
ca be re-formulated as a one-field problem, which highlights the close connection between the
gradient and integral regularizations.
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Figure 9. Gradient model based on nonlocal displacements. Convergence history of the secant matrix
and the consistent tangent matrix for four representative load steps

Equation (51) can be inverted into
U = Agradient!  With Agragient = (M +cD) "M = (I+cM~'D)! (58)

where A adient 18, like Ajptegral for the integral nonlocal version, a constant matrix with purely
geometrical information.

Matrix Agradient clearly reflects the implicit character of the gradient regularization (20): it
is a full matrix, due to the inverses in Equation (58). This contrasts with the banded nature
of matrix Ajntegral, With a bandwidth controlled by the characteristic length ...

Replacing Equation (58) into the first block-equation in system (57) yields

(K + K Agradient] 00t = —rl - (59)

From Equation (59), it is clear again that matrix A adient plays in the gradient version
of the damage model exactly the same role as matrix Ajptegral in the integral version, see
Equation (37): it “spreads” the local matrix KJ; to account for nonlocality.

5. SIMPLE UPGRADE OF A LOCAL MODEL

Nonlocal displacements can be used to upgrade with nonlocal capabilities a “standard” (i.e. for
local models) nonlinear FE code in a very simple and straightforward manner. This is especially
true for the gradient approach, because the two matrices needed for the regularization —the
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mass matrix M and the diffusivity matrix D— are very simple to compute (they are constant,
symmetric definite positive matrices) and readily available in any FE code.

Since matrix Agradient i the one-field formulation of Section 4.3 is a full matrix, we think
the best option is the two-field formulation of Section 4.2.2. If assembling and/or factorizing
the non-symmetric tangent matrix (52) poses difficulties, the linear system (57) can be solved
very effectively by means of the block Gauss-Seidel method. To do so, simply rewrite Equation
(57) into

Kauéuiill = _réquil - Kilﬁéﬁ?—l (60)
(M + cD)suy’, = Méuj ’

where subscripts k and k+1 are the counters for the inner Gauss-Seidel iterations. The two left-
hand-side matrices in Equation (60) are symmetric positive definite, so a standard Cholesky
factorization applies. Once K¢, and M + cD are factorized (at the beginning of the current
equilibrium iteration ¢ and at the beginning of the analysis, respectively), the inner Gauss-
Seidel iterations have a relatively modest computational cost. Linear convergence is expected
for these inner iterations k. Note, however, that (1) quadratic convergence is obtained for the
expensive, outer equilibrium iterations ¢ and (2) the tolerance for the inner k loop is usually
not a constant [28]; a large tolerance is allowed for the initial Newton-Raphson iterations and

a strict tolerance is only prescribed when the residual réquil tends to zero.

6. CONCLUDING REMARKS

Nonlocal displacements can be effectively used to regularize softening damage models. An
internal length scale is incorporated into the model, either via the characteristic length I,
of the averaging function (integral-type version) or parameter ¢ in the second-order PDE
(gradient version), so pathological mesh dependence is precluded.

In exchange for averaging a vectorial field of 2 or 3 displacement components rather than the
usual scalar field (which has a very modest overhead, because the weighting function for the
integral version and the mass and diffusivity matrices for the gradient version are constant),
the resulting models are mechanically sound and computationally efficient.

For the integral-type regularization, the consistent tangent matrix is much simpler to
compute than for the standard approach (nonlocal state variable), because nonlocal interaction
between non-adjacent nodes is accounted for by a constant matrix Ajntegral, and the need for
cumbersome double loops in Gauss points is suppressed.

In the gradient approach, the Dirichlet boundary conditions on the regularization partial
differential equation have a clear physical interpretation: nonlocal displacements are prescribed
to coincide with local displacements in all the boundary. In addition, these simple boundary
conditions are closely connected with the insulation condition represented by the usual
homogeneous Neumann boundary conditions on the state variable. The choice of finite element
shape functions is straightforward, because the two fields (local and nonlocal displacements) are
of the same nature. The expression of the consistent tangent matrix is also simpler, thanks to
the linear relation between local displacements u and nonlocal displacements . This gradient-
enhancement of the displacement field is a very simple way to incorporate nonlocality into a
finite element code equipped with standard (i.e. local models) nonlinear capabilities.
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