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Abstract

The definition of an orthotropic yield criterion presents a serious challenge in the formulation of constitutive models

based on such theories as elastoplasticity, viscoplasticity, damage, etc. The need to model the behavior of a real or-

thotropic material requires the formulation of orthotropic yield criteria, and these may be difficult to obtain. For

metals, orthotropic yield functions have been formulated by Hill [Proc. Roy. Soc. Lon. Ser. A 193 (1948) 281; J. Mech.

Phys. Solids 38(3) (1990) 200], Barlat [Int. J. Plasticity 5 (1989) 51; 7 (1991) 693], Chu [NUMISHEET 93 (1993) 199]

and Dutko et al. [Comput. Methods Appl. Mech. Engrg. 109 (1993) 73], but in many cases these functions do not

describe the true behavior of the metal. The situation is worse when one attempts to represent a nonmetal such as a

polymer, ceramic or composite.

In this paper, we present a general definition of an explicit orthotropic yield criterion together with a general method

for defining implicit orthotropic yield functions. The latter formulation is based on the transformed-tensor method, whose

principal advantage lies in the possibility of adjusting an arbitrary isotropic yield criterion to the behavior of an an-

isotropic material. As example we choose the adjustment to the Hill, Hoffman [J. Comp. Materials 1 (1967) 200] and

Tsai–Wu [J. Comp. Materials 5 (1971) 58] criteria, but these particular cases serve to establish the methodology for

achieving the desired function adjustment for any other well-known criterion or experimental set of data obtained from

laboratory.

� 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

The work presented in what follows has as its objective the establishment of a tool for formu-

lating orthotropic yield functions from isotropic ones with the help of the experimental knowledge of

the material and of the transformed-tensor method [3,4,21]. The advantage of this procedure is due to

the fact that implicitly convex orthotropic functions are obtained from well-established isotropic ones,

such as those of von Mises, Drucker–Prager, Tresca, Mohr–Coulomb, etc. [14,15]. This working strategy
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allows the establishment of the implicit orthotropic yield criterion in the ‘‘real’’ anisotropic space by using
the isotropic one formulated on the ‘‘ideal’’ (fictitious) isotropic space, with all the advantages implied by

this.

Part of this work is based on previous work by two of the authors [7,16,17,19], showing the foundations

of the transformed-tensor method; here we add the generalization of this concept and the adjustment

necessary for approximating the desired behavior.

The work shown here is as follows: first, a general presentation of the yield criteria, in which the relations

that allow the analytical adjustment of a general criterion to various particular cases are determined, as well

as the method for establishing these formulations by means of the transformed-tensor method. Next, the
definition of the transformation tensor that allows transforms the isotropic von Mises criterion into the

orthotropic one of Hill and the isotropic Drucker–Prager criterion into the orthotropic ones of Tsai–Wu

and Hoffman are presented. Finally, a numerical adjustment procedure for performing the transformation

is established.

2. General definition of an isotropic yield criterion

In this section we propose a general form of an isotropic yield criterion in which the yield stress in simple

tension, f t, is different from the one in compression, f c. It is

F rðr; f Þ ¼ 1

f 2
r2
x þ r2

y þ r2
z

� �
� k
f 2

� ðryrz þ rzrx þ rxryÞ þ
ð2þ kÞ
f 2

� s2yz þ s2xz þ s2xy

� ��

þ 2 � a
f

ðrx þ ry þ rzÞ
�
� 1 ¼ 0; ð1Þ

where f ¼
ffiffiffiffiffiffiffiffiffi
f tf c

p
is the equivalent yield stress, a ¼ 1

2
½ðf c=f tÞ � ðf t=f cÞ	 ¼ 1

2f 2 ððf cÞ2 � ðf tÞ2Þ is an adjust-

ment coefficient, and k is a parameter to be determined which allows the nature of the yield criterion to be

further specified. This criterion can also be written in the form of the following quadratic polynomial
expression

F rðr; f Þ ¼ ½rT � Piso
2 � r þ Piso

1 � r	 � 1 ¼ 0 ð2Þ
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2 ¼ 1
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�

1 � k
2

� k
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2
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3
77777777777775
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2a
f
2a
f
2a
f
0

0

0

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

T

: ð3Þ

Oriented to the numerical approach formulated in this paper, Eq. (2) also can be written in the following

more compact form

F rðr; f Þ ¼ ½rT � PisoðrÞ � r	 � 1 ¼ 0 ð4Þ
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with

PisoðrÞ ¼ 1

f 2
�

1þ 2af
rx � k

2
� k
2

0 0 0

� k
2

1þ 2af
ry � k

2
0 0 0

� k
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2
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3
7777777777775
; ð5Þ

where rT ¼ frx;ry ; rz; sxy ; syz; sxzg is a column matrix representing the symmetric part of the stress tensor,

and Piso
1 , Piso

2 and PisoðrÞ are the matrices that allow the canonical form expressed in Eq. (1) to be recovered.

Note that PisoðrÞ depends on the stress if a 6¼ 0.
The criterion thus formulated can describe the elastic-limit behavior of various material types, from

geomaterials to metals, depending on an appropriate choice of the parameters a and k. In the hypothetical

case of a metal, in which the relations fc  ft  f ) a ¼ 0 and k ¼ 1 are satisfied, one recovers the classical

von Mises criterion [15] expressed in the form

F rðr; f Þ ¼ 1

f 2
r2
x

��
þ r2

y þ r2
z

�
� 1

f 2
ðryrz þ rzrx þ rxryÞ þ

3

f 2
� s2yz

�
þ s2xz þ s2xy

��
� 1 ¼ 0 ð6Þ

while its matrix representation in terms of Piso
2 ¼ PMises

2  Piso ¼ PMises and Piso
1 ¼ PMises

1 ¼ 0, takes the form
F rðr; f Þ ¼ ½rT � PMises

2 � r	 � 1 ¼ 0 ð7Þ
with

PMises
2  PMises ¼ 1

f 2

1 � 1

2
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2
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� 1

2
1 � 1
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2
� 1

2
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3
7777777777775
: ð8Þ

The Mises–Schleicher criterion [15] is recovered by assuming that f c > f t ) a > 0 and k ¼ 1, while the

Drucker–Prager criterion [15] is obtained by rearranging Eq. (1), letting f c 6¼ f t and k ¼ 1þ 3a2, that is,

F rðr; f Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
x þ r2

y þ r2
z

� �
� ðryrz þ rzrx þ rxryÞ þ 3 � s2yz þ s2xz þ s2xy

� �r

þ a
1þ a2

ðrx þ ry þ rzÞ �
fffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2
p ¼ 0: ð9Þ

This way of formulating the yield criteria allows us to add a further degree of generality and eventually

to define orthotropic yield criteria.

3. Explicit general definition of an orthotropic yield criterion

Just as Hill [11,12], Tsai and Wu [23] and Hoffman [13] formulated their yield criteria for orthotropic
materials as a generalization of the isotropic criterion, Eq. (1) can now be generalized into an explicit

orthotropic formulation as follows:
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where x; y; z are the principal axes of orthotropy, while f ¼ ffx; fy ; fz; fxy ; fyz; fxzg ¼
ffiffiffiffiffiffiffiffiffi
f t
x f

c
x

p
;
ffiffiffiffiffiffiffiffiffi
f t
y f

c
y

p
;

n
ffiffiffiffiffiffiffiffiffi
f t
z f c
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p
; fxy ; fyz; fxzg is the row matrix of yield stresses (axial and shear) with respect to these axes, and

ai ¼ 1
2

f c
i =f

t
i
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i =f

c
i

� �m� �
8i ¼ x; y; z. The matrix form of Eq. (10) can be written as
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Eq. (11) can also be written in the following compact form

F rðr; fÞ ¼ ½rT � PortðrÞ � r	 � 1 ¼ 0 ð13Þ

with

PortðrÞ ¼

1

f t
x f

c
x

þ 2ax
rx

ffiffiffiffiffiffiffiffiffi
f t
x f

c
x

p � k3

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
x f

c
x f

t
y f

c
y

q � k2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
x f

c
x f

t
z f

c
z

p 0 0 0

� k3

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
x f

c
x f

t
y f

c
y

q 1
f t
y f

c
y
þ 2ax

ry
ffiffiffiffiffiffiffiffiffi
f t
y f

c
y

q � k1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
y f c
y f t

z f c
z

p 0 0 0

� k2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
x f

c
x f

t
z f

c
z

p � k1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
y f

c
y f

t
z f

c
z

q 1

f t
z f c
z

þ 2ax
rz

ffiffiffiffiffiffiffiffiffi
f t
z f

c
z

p 0 0 0

0 0 0 1
f 2
xy

0 0

0 0 0 0 1
f 2
yz

0

0 0 0 0 0 1
f 2
xz

2
6666666666666666666664

3
7777777777777777777775

: ð14Þ

898 S. Oller et al. / Comput. Methods Appl. Mech. Engrg. 192 (2003) 895–912



As can be seen, Eq. (10) reduces to the isotropic form, Eq. (1), when the following conditions are met:

k1 ¼ k2 ¼ k3  k; m ¼ 1; f c
x ¼ f c

y ¼ f c
z ¼ f c; f t

x ¼ f t
y ¼ f t

z ¼ f t; f ¼
ffiffiffiffiffiffiffiffiffi
f tf c

p
fyz ¼ fxz

¼ fxy  fs ¼
fffiffiffiffiffiffiffiffiffiffiffi
2þ k

p ¼
ffiffiffiffiffiffiffiffiffi
f tf c

pffiffiffiffiffiffiffiffiffiffiffi
2þ k

p ; ax ¼ ay ¼ az ¼ a  1

2

f c

f t

�  �
� f t

f c

�  �
: ð15Þ

In these expressions the relations between the orthotropic and the isotropic quantities can be readily

observed.

The following subsections show the Mises–Hill, Tsai–Wu and Hoffman criteria can be derived as par-

ticular forms of the general Eq. (10).

3.1. Orthotropic Mises–Hill criterion

The orthotropic Mises–Hill criterion is obtained from Eq. (10) by making the yield stresses in all di-
rections equal in tension and compression, fi  f c

i ¼ f t
i 8i ¼ x; y; z, leading to ax ¼ ay ¼ az ¼ 0 ) Port

1 ¼
PHill

1 ¼ 0, and furthermore subjecting the ki to the following restriction:

k1k2k3 þ k2
1 þ k2

2 þ k2
3 ¼ 4: ð16Þ

The result is the Mises–Hill criterion

F rðr; fÞ ¼ ½ðGþHÞr2
x þ ðF þHÞr2

y þ ðF þGÞr2
z � 2F ryrz � 2Grzrx � 2Hrxry þ 2Ls2yz þ 2Ms2xz þ 2Ns2xy 	

� 1 ¼ 0 ð17Þ

or, in matrix form,

F rðr; fÞ ¼ ½rT � PHill
2 � r	 � 1 ¼ 0 ð18Þ

with

PHill
2 ¼ PHill ¼

ðH þ GÞ �H �G 0 0 0

�H ðF þ HÞ �F 0 0 0

�G �F ðF þ GÞ 0 0 0

0 0 0 2N 0 0

0 0 0 0 2L 0

0 0 0 0 0 2M

2
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3
7777775; ð19Þ

where rt ¼ frx; ry ; rz; sxy ; syz; sxzg is the row-matrix representation of the stress tensor and Port
2 ¼

PHill
2 ¼ PHill is the square matrix that allows the canonical form expressed in Eq. (17) to be recovered.

Comparing Eqs. (17) and (10), one finds the following relations between the yield stresses and Hill�s
parameters:

1

f 2
x

¼ ðGþ HÞ; k1
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¼ 2F ; 1
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1
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f 2
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¼ 2N :

8>>>>>>><
>>>>>>>:

ð20Þ
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Upon substituting F , G, y and H as given by the second column of Eq. (20) in the first column, a system
of equations for the ki is found, and can be solved with the result
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8>>>>>>>><
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ð21Þ

From this result the satisfaction of the conditions required by Eq. (16) can be deduced. Substituting Eq.

(21) in (20), we find Hill�s parameters in terms of the yield stresses
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As can be seen, the yield criterion (17) reduces to the isotropic von Mises form, Eq. (16), in the special

case in which the following conditions are met

k1 ¼ k2 ¼ k3  k ¼ 1; fx ¼ fy ¼ fz  f ; fyz ¼ fxz ¼ fxy  fs ¼
fffiffiffiffiffiffiffiffiffiffiffi
2þ k

p ¼ fffiffiffi
3

p : ð23Þ

Eq. (10) also reduces to the orthotropic Hill–Schleicher criterion when, in addition to Eq. (16), the or-

thotropy relation ax þ ay þ az > 0 is also satisfied.

3.2. Orthotropic Tsai–Wu and Hoffman criteria

The Hoffman [13] and Tsai–Wu [23] orthotropic yield criteria are represented by a complete polynomial

function of second degree (with quadratic, linear and constant terms) in the stresses. They are very useful
tools for the failure prediction of the composite materials [9].

The mathematical expression of these yield criteria is also a particular case of the general yield criterion

given by Eq. (10), after making m ¼ 1=2 in the definition ai ¼ 1
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For the Tsai–Wu and Hoffman criteria the following relationship is satisfied in the same way as for the
MisesHill criterion

k1k2k3 þ k2
1 þ k2

2 þ k2
3 ¼ 4: ð25Þ

The Tsai–Wu and Hoffman criteria can also be expressed in the following general form:

F rðr; fÞ ¼ ðG
h

þHÞr2
x þ ðF þHÞr2

y þ ðF þGÞr2
z � 2 ~FF ryrz � 2 ~GGrzrx � 2 ~HHrxry þ 2Ls2yzþ 2Ms2xzþ2Ns2xy

i
þ ½Irxþ Jry þKrz	 � 1¼ 0 ð26Þ

or

F rðr; fÞ ¼ ½aðrÞ	quad þ ½bðrÞ	Linear þ 1 ¼ 0

or, in matrix form,
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2
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3
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8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

T

: ð28Þ

As in the previous cases, Eq. (26) it can be written in the following compact form

F rðr; fÞ ¼ ½rT � PTW�HðrÞ � r	 � 1 ¼ 0 ð29Þ
with

PTW–HðrÞ ¼

ðH þ GÞ þ I
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2
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3
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; ð30Þ

where rT ¼ frx; ry ; rz; sxy ; syz; sxzg is the row-matrix representation of the stress tensor, while Port
2 ¼ PTW–H

2 is

the square matrix that together with the row matrix Port
1 ¼ PTW–H

1 allows the canonical form of the Tsai–Wu

and Hoffman criteria expressed in Eq. (26) to be recovered. Also, the square matrix PortðrÞ ¼ PTW–HðrÞ
gives an alternative definition of the matrix expression allowing Eq. (26) to be recovered.

Comparing Eqs. (26) and (10), one finds the following relations between the yield stresses and Tsai–Wu/

Hoffman polynomial parameters

ðGþ HÞ ¼ 1

f t
x f c
x

; 2L ¼ 1

f 2
yz

; I ¼ 1

f t
x

� 1

f c
x

;

ðF þ HÞ ¼ 1

f t
y f c
y

; 2M ¼ 1

f 2
xz

; J ¼ 1

f t
y

� 1

f c
y

;

ðF þ GÞ ¼ 1

f t
z f

c
z

; 2N ¼ 1

f 2
xy

; K ¼ 1

f t
z

� 1

f c
z

:

8>>>>>>><
>>>>>>>:

ð31Þ
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The other matrix coefficients of Eq. (26) are expressed, in complete agreement with Eq. (10), as

• For the Tsai–Wu criterion:

~FF ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
y f

c
y f

t
z f

c
z

p ; 2 ~GG ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
z f

c
z f

t
x f

c
x

p ; 2 ~HH ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t
x f

c
x f

t
y f

c
y

p : ð32Þ

• For the Hoffman criterion:

2 ~FF ¼ � 1

f t
x f

c
x

þ 1

f t
y f

c
y

þ 1

f t
z f

c
z

; 2 ~GG ¼ � 1

f t
y f

c
y

þ 1

f t
z f

c
z

þ 1

f t
x f

c
x

; 2 ~HH ¼ � 1

f t
z f

c
z

þ 1

f t
x f

c
x

þ 1

f t
y f

c
y

: ð33Þ

As another verification, substituting the equal yield stresses in tension and compression in all orthogonal

directions (fi  f c
i ¼ f t

i 8i ¼ x; y; z, which gives I ¼ J ¼ K ¼ 0 or PTW–H
1 ¼ 0) into Eqs. (31)–(33) recovers

the Mises-Hill parameters given by Eqs. (20) and (22).

4. Implicit general definition of an orthotropic yield criterion

The aim of the implicit general definition of an orthotropic yield criterion is to use an isotropic formulation

in a fictitious space and then transform it into an implicit orthotropic formulation in a real space. This means

that the mathematical form of this orthotropic criterion need not be expressed explicitly as shown in Eq.

(10), or in the traditional form as shown in the references [1,2,8,10,22]; it is sufficient to express its isotropic

form explicitly and to assume the existence of a numerical transformation that allows a passage from an

isotropic criterion to an implicit orthotropic one.

This implicit formulation of orthotropy, thus far discussed qualitatively, is known as the transformed-
tensor [4,21] or mapped-tensor method [3], as well as the theory of space mapping ([5–7,16,17,19], see

Appendix A). It is based on assuming the existence of two stress spaces: one, the ‘‘real’’ stress space Xr

(with elements designated r), in which the implicit orthotropic yield criterion F rðrÞ ¼ 0 is defined, and

another, the ‘‘fictitious’’ stress space X
r
(with elements designated �rr), in which the explicit isotropic yield

criterion F
rð�rrÞ ¼ 0 is defined. The two stress spaces are related by a transformation tensor Ar, symmetric

and of rank four, which allows a one-to-one mapping of an image of the stress tensor defined in one space

into the other and vice versa. That is,

�rr¼defAr : r or �rrij ¼
defAr

ijklrkl: ð34Þ

The fourth-rank tensor Ar  Ar
ijkl embodies the orthotropic yield behavior, and is sufficient for ap-

proximating an explicit isotropic function to any proposed implicit orthotropic function.
The definition of the implicit orthotropic yield criterion results from assuming that in the fictitious stress

space there exists an isotropic yield criterion of the form F
rð�rr; fÞ ¼ ½�rrT � Piso

2 � �rr þ Piso
1 � �rr	 � 1 ¼ 0, equivalent

to the one defined in Eq. (2), and which is the image of the orthotropic yield criterion whose approximation is

sought. This assertion will be proved in what follows by substituting in the orthotropic yield criterion the

tensor transformation (34), resulting in the orthotropic yield criterion in the fictitious isotropic space

ðaÞ Orthotropic yield criterion in the real space :
F rðr; fÞ ¼ ½rT � Port

2 � r þ Port
1 � r	 � 1 ¼ 0;

F rðr; fÞ  F rð�rr;Ar; fÞ ¼ ½ðArÞ�1 � �rr	T � Port
2 � ½ðArÞ�1�rr	 þ Port

1 � ½ðArÞ�1�rr	 � 1 ¼ 0;

F rð�rr;Ar; fÞ ¼ �rrT � ½ðArÞ�T � Port
2 � ðArÞ�1	|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Piso
2

� �rr þ ½Port
1 � ðArÞ�1	|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Piso
1

� �rr � 1 ¼ 0:

ðbÞ Orthotropic yield criterion in the fictitious isotropic space :
F

rð�rr; fÞ ¼ ½�rrT � Piso
2 � �rr þ Piso

1 � �rr	 � 1 ¼ 0:

8>>>>>>>>>><
>>>>>>>>>>:

ð35Þ
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From this equation we can derive the tensor Ar that generates the relation Port
2 ¼ ðArÞt � Piso

2 � ðArÞ and
Port

1 ¼ Piso
1 � ðArÞ between the orthotropic matrices Port

2 , Port
1 (defining the implicit orthotropic criterion

whose approximation is sought, Eq. (35a)) and the isotropic matrices Piso
2 , Piso

1 (defining the fictitious

isotropic criterion adopted). Thus, once we choose the isotropic yield criterion F
rð�rr; fÞ ¼ ½�rrT � Piso

2 � �rrþ
Piso

1 � �rr	 � 1 ¼ 0 that serves as the basis of the derivation of the implicit orthotropic criterion F rðr; fÞ ¼
½rT � Port

2 � r þ Port
1 � r	 � 1 ¼ 0, all that is left to determine is the method of deriving the transformation

tensor Ar, which will be done in next section.

5. Definition of the transformation tensor Ar

There are several ways of defining the transformation tensor Ar, examples of which can be seen in the

work of Betten [3], Oller et al. [16,18,19], Car et al. [5–7], and others. Although with these definitions it is

possible to find adequate orthotropic yield criteria, it is difficult to adjust them ‘‘exactly’’ to represent

desired material behavior. In order to circumvent this limitation, in what follows a new definition of the

tensor Ar will be formulated, allowing the exact adjustment of an isotropic criterion to any orthotropic one,

by means of the transformed-tensor method (see Appendix A). This is achieved by means of the following
relation:

ðAr
ijklÞ

�1  Br
ijkl ¼ Wijrsarskl; ð36Þ

where Wrskl ¼ xrkxsl contains information on the yield stresses along every axis of orthotropy (fx, fy , fz, with
fi ¼

ffiffiffiffiffiffiffiffiffi
f t
i f

c
i

p
) and conventional isotropic yield stress (f ¼

ffiffiffiffiffiffiffiffiffi
f tf c

p
), with xij ¼ Diagfxfxxg;xfyyg;xfzzgg ¼

Diagf
ffiffiffiffiffiffiffiffiffi
fx=f

p
;
ffiffiffiffiffiffiffiffiffi
fy=f

p
;
ffiffiffiffiffiffiffiffiffi
fz=f

p
g, such that, with the help of the symmetries of the tensor Wrskl, the following

matrix form is obtained

Wijkl ¼xikxjl ¼

xfxxgxfxxg 0 0 0 0 0

0 xfyygxfyyg 0 0 0 0

0 0 xfzzgxfzzg 0 0 0

0 0 0 xfxxgxfyyg 0 0

0 0 0 0 xfyygxfzzg 0

0 0 0 0 0 xfzzgxfxxg

2
6666666666664

3
7777777777775

! WIJ ¼ xiixjj ¼

x11 0 0 0 0 0

0 x22 0 0 0 0

0 0 x33 0 0 0

0 0 0 x44 0 0

0 0 0 0 x55 0

0 0 0 0 0 x66

2
6666666666664

3
7777777777775
: ð37Þ
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The tensor aijkl, whose purpose is to adjust Wrskl tensor to the proposed orthotropic yield function, is shown

in the following matrix representation:

aijkl ¼

afxxgfxxg afxxgfyyg afxxgfzzg 0 0 0

afyygfxxg afyygfyyg afyygfzzg 0 0 0

afzzgfxxg afzzgfyyg afzzgfzzg 0 0 0

0 0 0 afxygfxyg 0 0

0 0 0 0 afyzgfyzg 0

0 0 0 0 0 afzxgfzxg

2
666666664

3
777777775

! aIJ ¼

a11 a12 a13 0 0 0

a21 a22 a23 0 0 0

a31 a32 a33 0 0 0

0 0 0 a44 0 0

0 0 0 0 a55 0

0 0 0 0 0 a66

2
666666664

3
777777775
: ð38Þ

The form of the tensor Br
ijkl ¼ Br  ðArÞ�1

with its symmetries is shown in the following matrix repre-
sentation:

Br
ijkl ¼

Br
fxxgfxxg Br

fxxgfyyg Br
fxxgfzzg 0 0 0

Br
fyygfxxg Br

fyygfyyg Br
fyygfzzg 0 0 0

Br
fzzgfxxg Br

fzzgfyyg Br
fzzgfzzg 0 0 0

0 0 0 Br
fxygfxyg 0 0

0 0 0 0 Br
fyzgfyzg 0

0 0 0 0 0 Br
fzxgfzxg

2
6666666664

3
7777777775

! Br
IJ ¼

Br
11 Br

12 Br
13 0 0 0

Br
21 Br

22 Br
23 0 0 0

Br
31 Br

32 Br
33 0 0 0

0 0 0 Br
44 0 0

0 0 0 0 Br
55 0

0 0 0 0 0 Br
66

2
666666664

3
777777775

with Br
12 ¼ Br

21; Br
13 ¼ Br

31; Br
23 ¼ Br

32: ð39Þ

This reduced representation of the tensors Br, a andW, taking advantage of their symmetries, allows the

transformation tensor (Eq. (36)) to be derived more simply in the matrix form

ðAr
IJ Þ

�1  Br
IJ ¼ WIKaKJ or ðArÞ�1  Br ¼W � a: ð40Þ

The isotropic tensor Ar is recovered by enforcing the equality of the uniaxial yield stresses in all di-

rections, fx ¼ fy ¼ fz ¼ f , so that the tensor xij  dij coincides with the Kronecker delta, and the matrix

form of the adjustment tensor aIJ ¼ IIJ ¼ I also coincides with the identity of second rank. This assertion

will be confirmed in the next section.
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6. Numerical derivation of the matrix form of the tensor Br

The procedure for deriving the tensor Br  ðArÞ�1
is based on enforcing the satisfaction of the equality

expressed by Eq. (35), that is

R  fF rðr; fÞg � fF rð�rr; fÞg ¼ 0;

R  f�rrT � ½ðArÞ�T � Port
2 � ðArÞ�1	 � �rr þ ½Port

1 � ðArÞ�1	 � �rr � 1g � f½�rrT � Piso
2 � �rr þ Piso

1 � �rr	 � 1g ¼ 0;

R  �rrT � ½ðBrÞT � Port
2 � ðBrÞ � Piso

2 	 � �rr þ ½Port
1 � ðBrÞ � Piso

1 	 � �rr ¼ 0:

ð41Þ

Taking into account the forms of the isotropic and orthotropic yield criteria expressed by Eqs. (4) and

(13), the preceding Eq. (41), which expresses the differences between the real orthotropic yield criterion with

the fictitious isotropic one, can also be written as

R  fF rðr; fÞg � fF rð�rr; fÞg ¼ 0;

R  �rrT � ½ðBrÞT � PortðrÞ � ðBrÞ � PisoðrÞ	 � �rr ¼ 0:
ð42Þ

The non-trivial solution of this problem, for �rr 6¼ 0, is thus reduced to solving the following system of

quadratic equations:

R  ðBrÞt � PortðrÞ � ðBrÞ � PisoðrÞ ¼ 0: ð43Þ
The solution of this system of quadratic equations in Br

ijkl  Ar�1
ijkl produces the symmetric part of this

tensor, given by Br
IJ . This in turn yields the transformation tensor Ar, which yields an orthotropic implicit

yield criterion F rðr; fÞ ¼ ½rT � Port
2 � r þ Port

1 � r	 � 1 ¼ 0 that coincides exactly with the desired orthotropic

criterion F
rð�rr; fÞ ¼ ½�rrT � Piso

2 � �rr þ Piso
1 � �rr	 � 1 ¼ 0 defined in the isotropic space (see Eq. (35)).

The analytic solution of Eq. (43) may be quite difficult, depending on the orthotropic yield criterion that

one wishes to approximate, which is why it is more appropriate to attack the solution numerically. The

solution of this nonlinear system of equations in Br is obtained by applying the Newton–Raphson method

[20] to the constraint Eq. (43), written in the following form

RIJ ¼ ½ðBr
KIÞ

t
Port
KRðBr

RJ Þ	 � Piso
IJ ¼ 0; ð44Þ

where RIJ is a symmetric matrix representing the residual to be eliminated by means of the Newton–

Raphson method. The requirement that the residual R be reduced to zero can be met by linearizing it in the

neighborhood of the current solution at each Newton–Raphson iteration. At the (iþ 1)th iteration, say, the

condition is expressed by means of a Taylor series truncated to its first variation,

0 ¼ Riþ1 ffi Ri þ oR

oBr

� �i
� ðDBrÞiþ1

;

0 ¼ Riþ1
IJ ffi RiIJ þ

oRIJ
oBr

UV

� �i
|fflfflfflfflffl{zfflfflfflfflffl}

J iIJUV

� ðDBr
UV Þ

iþ1
;

ð45Þ

where JIJUV represents the fourth-order jacobian operator, which allows us to obtain the current value of the

unknown by means of the next updating,

ðBr
UV Þ

iþ1 ¼ ðBr
UV Þ

i þ ðDBr
UV Þ

iþ1
: ð46Þ

This will be the sought-for solution at the (iþ 1)th iteration if and only if the residual R satisfies the

condition imposed by Eq. (44). However, the nonlinear solution of this quadratic system of equations is not

easy task and in some cases it is necessary to reinforce the search of the solution by means of the line search

technique.
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Despite the simplifications on the matrix level introduced in Eqs. (37)–(40), the solution of Eq. (44) re-
mains a highly complex task, since it requires the inversion of the fourth-rank jacobian tensor fJIJUV g�1

. A

simple way of solving this system of equations consists of representing the second-order tensors R and Br as

column matrices using the symmetry properties due to orthotropy, so that the jacobian operator JIJUV re-

duces to a square matrix ĴJIJ . This simplification on the operational level, helping in the nonlinear solution

of the quadratic system of equations, is detailed in the simplified solution algorithm shown below

(Table 1), in which R̂RI is a column matrix used to represent the residual RIJ in this Newton–Raphson al-

gorithm, that is,

RIJ ¼

R11 R12 R13 0 0 0

R21 R22 R23 0 0 0

R31 R32 R33 0 0 0

0 0 0 R44 0 0

0 0 0 0 R55 0

0 0 0 0 0 R66

2
6666664

3
7777775) R̂RI ¼

R11

R12

..

.

R33

..

.

R66

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
: ð47Þ

The unknown is also represented as a column matrix, namely,

Br
IJ ¼

Br
11 Br

12 Br
13 0 0 0

Br
21 Br

22 Br
23 0 0 0

Br
31 Br

32 Br
33 0 0 0

0 0 0 Br
44 0 0

0 0 0 0 Br
55 0

0 0 0 0 0 Br
66

2
66666664

3
77777775
) B̂Br

I ¼

Br
11

Br
12

..

.

Br
33

..

.

Br
66

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

ð48Þ

Table 1

Newton–Raphson algorithm for solving Eq. (44)

START

1. Reading of initial data.

2. Set up of initial values for: i ¼ 0 and ðB̂Br
I Þ

1

3. Continue ði ¼ 1þ 1Þ
4. Evaluation of matrix: ðPort

KRÞ
i
and ðPiso

IJ Þ
i

5. Setting: ðB̂Br
I Þ
i ) ðBr

IJ Þ
i

6. Computation of ðRIJ Þi ¼ ðBr
KIÞ

T
Port
KRðBr

RJ Þ
h ii

� ðPiso
IJ Þ

i ) ðR̂RIÞi
7. Check of convergence

If
P

I ðR̂RIÞi
)) )) < Toler Go To 9

Else ) Solution of quadratic equations system

0 ffi ðR̂RI Þi þ
oR̂RI
oB̂Br

J

" #i
|fflfflfflffl{zfflfflfflffl}

ðĴJIJ Þi

� ðDB̂Br
J Þ
iþ1 ) ðDB̂Br

J Þ
iþ1 ffi � oR̂RI

oB̂Br
J

" #�1

i

� ðR̂RI Þi

8. Updating of the unknown value: ðB̂Br
I Þ
iþ1 ¼ ðB̂Br

I Þ
i þ ðDB̂Br

I Þ
iþ1

9. Go To 3

10. EXIT
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and the jacobian matrix is constructed in a way that is dimensionally compatible with the two preceding

definitions, namely

ĴJIJ ¼
oR̂RI
oB̂Br

J

¼

oR11

oBr
11

oR11

oBr
12

� � � oR11

oBr
66

oR12

oBr
11

oR12

oBr
12

� � � oR12

oBr
66

..

. ..
. . .

. ..
.

oR66

oBr
11

oR66

oBr
12

� � � oR66

oBr
66

2
6666666664

3
7777777775
: ð49Þ

7. Derivation of the orthotropic hill criterion by means of the transformed-tensor method

As an example, in what follows a comparison will be made, in the plane of the principal stresses r1 and

r2, between the Mises–Hill criterion obtained by means of the transformed-tensor method using isotropic

von Mises criterion and its original form. It will be shown that the results are identical. To that end we

proceed to the solution of Eq. (43) by the Newton–Raphson method, producing the tensor Br ¼ Br
IJ , which

leads to the formulation of a tensor Ar adjusting the isotropic von Mises criterion to the orthotropic Mises–

Hill criterion by means of the transformed-tensor method (see Appendix A).

Specifically, a hypothetical orthotropic material is assumed to be in a state of plane stress and to have the

following yield stresses along the orthotropy axes: fx ¼ 100 MN/m2, fy ¼ 200 MN/m2, fz ¼ 100 MN/m2,
fxy ¼ 50 MN/m2. The reference isotropic yield stress adopted is f ¼ 100 MN/m2.

With this information we calculate the matrix Port
2 ¼ PHill

2 ¼ PHill defining the orthotropic criterion (Eq.

(19)), as well as of the matrix Piso
2 ¼ PMises

2  Piso ¼Mises defining the chosen isotropic criterion (Eqs. (5) and

(8)). Following these preliminary steps the matrix form of the residual RIJ (Eq. (44)) is found, and then its

rearrangement as the column matrix R̂RI , in accordance with Eq. (47). In this way the residual R̂RIðBrÞ is a
function of the Br tensor, and consequently the jacobian expressed in Eq. (49) can be calculated.

By means of the Newton–Raphson algorithm (Table 1), the following solution is found

B̂Br
I ¼

Br
11

Br
12

Br
22

Br
33

8>><
>>:

9>>=
>>; ¼

�0:75471
1:07702
0:98793
�0:86603

8>><
>>:

9>>=
>>;) Br

IJ ¼
Br
11 Br

12 0

Br
21 Br

22 0

0 0 Br
33

2
4

3
5 ¼

�0:75471 1:07702 0

1:07702 0:98793 0

0 0 �0:86603

2
4

3
5:
ð50Þ

With this result substituted appropriately in Eq. (40), the desired transformation tensor is found, ex-

pressed as the square matrix

Ar
IJ ¼ ðBr

IJ Þ
�1 ¼

�0:60207 0:55227 0

0:55227 0:4219 0

0 0 �1:1547

2
4

3
5: ð51Þ

The substitution of this tensor in Eq. (35b) produces an implicit orthotropic yield criterion equivalent to

the one expressed by Eq. (35a).

Fig. 1 shows, in principal-stress space, the isotropic von Mises and the classical orthotropic Mises–Hill

criteria for the yield-stress data given at the beginning of this section. The same figure shows also the

adjustment achieved with Eq. (35b) by means of the tensor Ar
IJ ¼ ðBr

JIÞ
�1 ¼ ðWJKaKIÞ�1

obtained from Eq.

(51). Lastly, the figure also shows the result obtained likewise with Eq. (35b), but using the unadjusted

transformation tensor Ar
IJ ¼ ðWIJ Þ�1

(Eq. (37)) obtained by means of the standard form of the transformed-
tensor method as can be found in Betten [3], Oller et al. [16,17,19], Car et al. [5–7].
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8. Derivation of the orthotropic quadratic Tsai–Wu and Hoffman criteria by means of the transformed-tensor

method

As another example we present a problem in the r1r2 plane to show the orthotropic Tsai–Wu [23] and

Hoffman [13] criteria obtained by means of the transformed-tensor method using the isotropic Drucker–

Prager criterion [15]. Again, as the previous example it will be shown that the transformed-tensor method
applied to the isotropic Drucker–Prager criterion gives identical results the Tsai–Wu and Hoffman criterion.

The principal difference in the procedure with the Mises–Hill/von Mises criterion presented in the previous

example is based on the Br ¼ Br
IJ tensor evaluation obtained from Eq. (43) by the Newton–Raphson method.

Now, the tensor Ar depends on the stress state at the point at each instant of the mechanical process (see

definition of the tensors PortðrÞ ¼ PTW–HðrÞ, Eq. (30), and PisoðrÞ ¼ PDruckerðrÞ, Eq. (5)).
A hypothetical orthotropic material is assumed to be in a state of plane stress and to have the following

yield stresses along the orthotropy axes: f t
x ¼ 100 MN/m2, f c

x ¼ 200 MN/m2, f t
y ¼ 150 MN/m2, f c

y ¼ 300

MN/m2, f t
z ¼ 100 MN/m2, f c

z ¼ 200 MN/m2, fxy ¼ 57:73 MN/m2. The ‘‘adopted’’ reference isotropic yield
stresses are f t ¼ 100 MN/m2 and f c ¼ 200 MN/m2.

With the yield stresses defined and the level of the stress at each instant, the matrix PortðrÞ ¼ PTW–HðrÞ
defining the orthotropic criterion (Eq. (30)), as well as the matrix PisoðrÞ ¼ PDruckerðrÞ defining the chosen

isotropic criterion (Eq. (5)) are obtained.

As in the previous example, following the Newton–Raphson algorithm (Table 1), the Tsai–Wu and

Hoffman criteria are obtained in implicit form by means of the transformed-tensor method applied to the

isotropic Drucker–Prager criterion. Fig. 2 shows, in principal-stress space, the isotropic Drucker–Prager
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Fig. 1. Representation in (r1=f ) (r2=f ) plane of the isotropic von Mises and the orthotropic Mises–Hill criteria, and of the ap-

proximations obtained by the transformed-tensor method, adjusted Ar
IJ ¼ ðBr

IJ Þ
�1 ¼ ðWIKaKJ Þ�1

and unadjusted Ar
IJ ¼ ðWIJ Þ�1

.
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IJ ¼ ðBr

IJ Þ
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Fig. 2. Representation in (r1=f ) (r2=f ) plane of the isotropic Drucker–Prager and the orthotropic Tsai–Wu criteria, and of the ap-
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and the ‘‘real orthotropic Tsai–Wu’’ criteria just above the ‘‘implicit Tsai–Wu’’ criterion mapped by
Drucker–Prager. In the same way, Fig. 3 shows, the isotropic Drucker–Prager and the ‘‘real orthotropic

Hoffman’’ criteria just above the ‘‘implicit Hoffman’’ criterion mapped by Drucker–Prager too. In both

Figs. 2 and 3 the graphic agreement between the ‘‘real’’ and ‘‘implicit mapped’’ criteria can be seen.

The resulting error of the comparison between the ‘‘real’’ criterion versus the ‘‘implicit mapped’’ one

reaches a maximum of 3% at some stress points (see the instability shown in Figs. 2 and 3). This situation is

due to the non-linear solution of the quadratic system of Eq. (44) by the Newton–Raphson method (see

Table 1), which is usually complicated. At these stress points the convergence tolerances were relaxed in

order to obtain the solution. An important point of study in the future will be the improvement of the
procedure to solve this system of equations.

9. Conclusion

This work presents two generalized ways of expressing an orthotropic yield criterion. The first way is

presented as an explicit general function for the orthotropic yield criterion, which can be specialized to

produce the Mises–Hill, Tsai–Wu and Hoffman criteria. The second general form is an implicit definition of
the orthotropic yield function based on the transformed-tensor method and, as examples of the power of

this formulation, the Mises–Hill, Tsai–Wu and Hoffman criteria are shown to be particular implicit for-

mulations obtained from an isotropic yield criterion. The objective of this last formulation is to adjust an

arbitrary isotropic yield criterion to the behavior of an anisotropic material.

In view of the good results obtained, both formulations can be useful for the numerical solution of the

non-linear behavior of anisotropic solids, allowing a more precise and general adjustment to the real be-

havior of the solid. Nevertheless, a great deal of work remains to be done, both in the simplification of the

formulation and in making the numerical adjustment more efficient.
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Appendix A. Anisotropic plasticity using the transformed-tensor method

The transformed-tensor method is based on assuming the existence of a real anisotropic space of stresses

rij and a conjugate space of strains eij, such that each of these spaces has its respective image in a fictitious

isotropic space of stresses �rrij and strains �eeij, respectively (see Fig. 4), the relation between being defined by

�rrij ¼
def
Ar
ijklrkl; �eeij ¼

def
Ae
ijklekl; ðA:1Þ

where Ar
ijkl and A

e
ijkl are the transformation tensors, for stress and strain, respectively, relating the fictitious

and real spaces. These fourth-rank tensors embody the natural anisotropic properties of the material.

The stress transformation tensor Ar
ijkl is a result of the properties of the materials and the shape of the

yield surface, as shown Eq. (36),

Ar
ijkl  ðBr

ijklÞ
�1 ¼ ðWijrsarsklÞ�1

; ðA:2Þ
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where Wijrs contains information on the yield stresses along every axis of orthotropy, and arskl is the shape
adjustment tensor (see Section 6).

The relation between the stress and strain transformation tensors can therefore be expressed as [7,16]

Ae
rsmn ¼ C

r

rsij

h i�1

Ar
ijklC

r
klmn; ðA:3Þ

where C
r

ijkl and C
r
ijkl represent the constitutive tensors in the fictitious and real space, respectively.

This formulation allows the solution for the behavior of a point in the real anisotropic solid by trans-

porting it into a fictitious isotropic space, in which a classical isotropic formulation is used. It is thus
possible to use the classical isotropic formulation of small-deformation plasticity for the solution of an

anisotropic plasticity problem. In this context, the anisotropic yield function F r and the anisotropic plastic

potential Gr are defined, respectively, as follows:

F rðrij; qms Þ  F
rð�rrij; �qqms Þ ¼ 0; Grðrij; qms Þ  G

rð�rrij; �qqms Þ ¼ K; ðA:4Þ

where qms represents the set of m internal variables and K is a constant. The plastic flow rule is defined by the

chain rule as [16]

_�ee�eeprs ¼ Ae
rsij _ee

p
ij ¼ Ae

rsij

oGr

orkl
¼ Ae

rsij

oG
r

o�rrkl

o�rrkl
orij

¼ _kkAe
rsij

oG
r

o�rrkl

z}|{Rkl

Ar
klij ¼ _kk~RRrs: ðA:5Þ

Note that Rij is the direction tensor of the classical flow rule in an isotropic space and is modified by Ar
ijkl

in order to obtain its analogue in the anisotropic space, Rij ¼ RklAr
klij. The transformation ~RRrs ¼ Ae

rsijRij
introduces the influence of anisotropic elasticity on anisotropic yielding.

Fig. 4. Relation between the fictitious isotropic and the real anisotropic spaces.
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The secant and tangent constitutive tensors in real stress space are expressed as follows:

rij ¼ m
oWrðeekl; qms Þ

oeeij
¼ ðAr

ijklÞ
�1�rrkl ) _rrij ¼ ðAr

ijklÞ
�1 _�rr�rrkl  ðAr

ijklÞ
�1ðCr

klrsÞ
ep _�ee�eersðC

r

ijklÞ
ep

¼ C
r

ijkl �
ðCr

ijkl
~RRrsÞ

oF
r

o�rrrs
C

r

rskl

�  

H þ oF
r

o�rrpq
C

r

pqtn
~RRtn

; ðA:6Þ

where Wr is the free-energy density, m is the mass density and H is the hardening parameter.
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