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Abstract

In this work a two-dimensional formulation describing the fracture process in reinforced
concrete is developed, implemented and validated. The cracks in the material are captured
by means of continuum strong discontinuity approach (CSDA) (Oliver 1996) and the consti-
tutive model of composite material is defined through mixing theory (Truesdell & Toupin
1960).

The composite material consists of one or two groups of long fibers or steel bars embed-
ded within a concrete matrix. Likewise, each component is characterized by a constitutive
model. The concrete is described by a damage model with degradation in tension and com-
pression (Oliver, Cervera et al. 1990). A uniaxial plasticity model (Sim6 & Hughes 1998) is
used for the steel. Also, phenomena as bond-slip and dowel action (Park & Paulay 1975)
are included and represented by additional models of interaction between concrete and steel.

The initiation and propagation of cracks are understood as a strain localization process
described by means of CSDA. A bifurcation analysis of composite material is proposed to
establish the bifurcation time and direction of the crack.

The model has been implemented in a two-dimensional analysis program using the finite
element method (FEM), where it is assumed material non-linearity and infinitesimal strains.
An implicit-explicit integration scheme for the constitutive equation (Oliver, Huespe et al.
2004; Oliver, Huespe et al. 2006) ensures a positive defined stiffness matrix of the problem
and increases the robustness and stability of the solution. On the other hand, a strategy to
tracking discontinuity paths (Samaniego 2002; Oliver & Huespe 2004), allows that the dis-
continuity paths correspond among the elements.

According to the proposed formulation, on each point of solid, the strain and stress fields
of the reinforced concrete are described as a composite material. This has the following
advantages: first, the model facilitates the implementation on the finite element method,
since many ingredients of standard numerical process remain, and secondly, the macroscopic



scale of analysis avoids the discretization of each component material and the interaction
effects, and consequently the computational cost is reduced.

The model can reproduce two different stages of cracking in the reinforced concrete.
Initially, the steel capacity and the adherence in the interface produce a stable stage of dis-
tributed cracking, where appear many cracks with constant spacing and opening. Afterward,
a localization cracking stage is characterized by few cracks while the structural response de-
creases.

Reinforced concrete members subjected to tension, bending and shear are simulated.
The numerical results, mainly the structural response and the crack pattern, are compared
with experimental test (Leonhardt 1965; Collins, Vecchio et al. 1985; Ouyang & Shah 1994;
Ruiz, Elices et al. 1998). The correlation between numerical results using the proposed
formulation and actual results is quantitative and qualitatively satisfactory.
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Chapter 1
Introduction

1.1. Motivation

The reinforced concrete is used commonly as construction material; therefore, its behavior is
permanently studied as much in the experimental field as in the numerical simulation.

The integration between a quasi-fragile material as the concrete and a ductile material as
the steel offers a complex structural response during the fracture process mainly. The stiff-
ness, the loading capacity and the formation of cracks depend on the mechanical properties
of the materials and on the effects of interaction between the concrete and the steel bars.

In order to represent the behavior of the reinforced concrete during the fracture process,
it is necessary a technique able to capture the formation and propagation of cracks in all the
points of the solid, from the particular properties of the simple concrete and the steel. Dif-
ferent approaches allow reaching this goal.

In some cases, the structure can be modeled to a sufficiently small scale or mesoscopic
scale, in such a way that each material point of the analyzed domain responds only to one of
the component materials. The drawback of this technique is the high computational cost.

The formulation proposed in this work expects to reduce such a cost by using a homoge-
nized macroscopic model, in which a material point can represent the behavior of the rein-
forced concrete treated as a composite material, through a model that contains the constitu-
tive law of each component material and its effects of interaction.
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Figure 1.1. Numerical modeling of reinforced concrete walls subjected to shear.
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Figure 1.2. Numerical modeling of reinforced concrete beams.

In continuum mechanics, the phenomenon of strain localization caused by the appear-
ance of a crack can be represented by means of enriched kinematics describing a jump in the
strain field.

If the constitutive model of the composite material considers a common strain field
among the materials that form it, then the kinematics equipped to capture discontinuities in
simple materials can be applied in an equal way in the composite material, this constitutes an
important advantage which is used by the formulation presented here.
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The implementation of the formulation in the finite elements method will allow the two-
dimensional numerical simulation of reinforced concrete structures in general.

1.1.1. Application of the numerical model

The proposed model describes the fracture process in the reinforced concrete represented as a
composite material. The structural response and the formation and propagation of the cracks
are some of the results obtained.

In high beams and walls or panels subjected to shear, it is common that the reinforce-
ment steel is distributed in the whole structure as shown in Figure 1.1. The formulation
allows simulating these problems regarded as a homogenous medium of composite material,
where each point contains a concrete percentage and another of steel.

In the case of structures reinforced in specific zones such as the beam shown in Figure
1.2, the finite elements in dark gray represent the reinforced concrete through a constitutive
model of composite material, while the rest of the beam corresponds to simple concrete
model.

1.1.2. One-dimensional model of composite material

As part of the problem motivation, the constitutive model of a composite material appears
next, assuming an exclusively axial behavior of the matrix and fibers, and admitting a perfect
adherence condition between both components.

A point of composite material consists of a volumetric participation of matrix k™ and of
fiber k/ and it is subjected to tension as indicated in Figure 1.3(a). It was established that
the strain is equal to £=£" =&’ and the stress corresponds to o =k"c" +k’ o/, from the
compatibility conditions and equilibrium equations in the composite material, where £" is
matrix strain, €’ is fiber strain, o™ is matrix stress and o is fiber stress. Likewise, the
strain rate and the stress rate in the composite material are:

g=g"=¢/ (1.1)

6=k"6" +k’o’ (1.2)

The earlier equations represent the special case of mixing theory (Truesdell & Toupin
1960) applied in one-dimensional space.

The behavior of the matrix can be represented with a one-dimensional damage model
(Figure 1.3(b)), whose ingredients are summarized in the following table (Oliver, Huespe et
al. 2002), where E™is Young’s modulus, ¢"is the effective stress, H"is the softening
parameter, r™ and ¢" are strain-like and stress-like internal variables.



Chapter 1. Introduction

m

q

Em (gm)Z
2r"

pe",r") =

a m
O_m — W :LEmEm :L
asm rm rm

m
u

m __ qm m —
Pm=A" "2l =0

fre".q") =" -q"

fm<0, A"=20, A'f"=0

/lmfm:O (fm:O)

d m

q‘"l :H’n(r)’:"n’ H’n — q SO
dr”

0<q" <rZy, qiy =15

(free energy)

(constitutive equation)

(evolution law)
(damage criterion)
(loading-unloading and

persistency conditions)

(softening rule)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

Table 1.1. Ingredients of a scalar isotropic damage model in a one-dimensional space.

From the earlier expressions the tangent constitutive equation of the matrix can be estab-

lished as:
6" = E"&" where EI" = E™ .elastic./unloa.ding regime (19)
E™H™ inelastic loading regime
matrix __ fiber
u/\
-— —%0 —
I |
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Figure 1.3. One-dimensional model of composite material: (a) representation of a material point, (b)
stress vs strain curves of the matrix, (c) stress vs strain curves of the fibers, (d) distribution of the dis-
placement rates and strain rate in a bar subjected to tension.
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On the other hand, the behavior of fibers is represented by a one-dimensional plasticity
model (Figure 1.3(c)), defined by the following expressions (Simé & Hughes 1998):

o/ =E/ (g’ - 85) (constitutive equation)  (1.10)

&l =¥ sign(c”) (flow rule) (1.11)

al = (evolution law) (1.12)
ff(O'f,Olf)=‘O'f‘—(qf +O'}f,) (plastic yield criterion)  (1.13)
g’ =H'a’ (softening rule) (1.14)

fr<0 =0, 0f =0} (loading-unloading and (L15)

A fl=0("=0)

persistency conditions)

Table 1.2. Ingredients of a one-dimensional plasticity model describing the mechani-
cal axial behavior of the fiber.

In the fiber, E/is Young’s modulus, 61{ corresponds to the plastic strain, H/ is soften-
ing parameter, ¢’ and a/ are stress-like and strain-like internal variables. The tangent
constitutive equation obtained from the earlier expressions is equal to:

E’ elastic/unloading regime

6/ =EJl¢’ where E} = E'H'/ . , , _ (1.16)
————— inelastic loading regime
E'+H'

Substituting Equations (1.9) and (1.16) into Equation (1.2), and replacing the strain of
each component according to Equation (1.1), the constitutive equation of the composite is
obtained thus,

o=L ¢ (1.17)

ig
whose tangent constitutive operator is equal to:
- I
E,=k"E!+k'E] (1.18)

The common strain between the components indicated in Equation (1.1) allows estab-
lishing the kinematics of the problem in macroscopic form without discriminating between
matrix and fiber.

In accord with continuum strong discontinuity approach (Oliver 1996a), a discontinuity
S dividing the continuum into the domains x* and x~ (Figure 1.3(d)) is described as a jump
of the displacements rate [[#]] = u\xr - u\x‘, and consequently it arise a singularity in the strain



6 Chapter 1. Introduction

rate. This latter can be divided into a regular part (bounded) € and a singular part (un-
bounded) J[[u]l, as:

£=£+ 6]l (1.19)

where J is Dirac’s delta function on the discontinuity surface S.

In addition, a one-dimensional condition of internal traction compatibility is established
of the form [[6]] = o o'" L= 0. Replacing Equations (1.18) and (1.19) into the previous
expression, it is obtained that:

E, [l =0 (1.20)

Therefore, if [[u]] # 0, it must be fulfilled that E,, =0 in a specific stage of inelastic
loading. It can be demonstrated that negative values of E, produce material bifurcation
considering inelastic loading regime in the discontinuity and elastic unloading outside it
(Runesson, Ottosen et al. 1991). According to the mentioned earlier, the necessary condi-
tion which generates material bifurcation from the formation of a discontinuity in the strain
field is:

E, <0 (1.21)

It is observed that the parameters of each component material and its volumetric partici-
pation determine the appearance of discontinuities on the composite material in a macro-
scopic scale.

The bifurcation condition of the composite material for the different behaviors of the
matrix and the fiber is following:

¢ During the elastic regime of the matrix and the fiber, the bifurcation condition es-
tablishes that k" E” +k’E’ <0, which cannot occur due to the positive character
of the elastic modulus and the volumetric participation factors.

e  When the damage state in the matrix begins and the fiber is still in elastic regime,
the bifurcation condition k" E"H" +k’E’ <0 depends on the softening parame-
ter of the matrix H™ ; however, it is common that the steel ratio maintains the char-
acter positive of E,, .

e In a damage state in the matrix and a plasticity state in the steel, the strain localiza-
tion takes place when k"E"H™ + (k' E'H' J(E + H'))<0. Such a condition
is fulfilled easily, still more if there is perfect plasticity in the steel.
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1.2. Mechanical behavior of reinforced concrete

1.2.1. Structural response and cracking of the reinforced concrete

The fracture process in the reinforced concrete reveals different stages related directly to the
formation of cracks. Next the typical tendencies in the tests of lightly reinforced beams
(Ruiz, Elices et al. 1998) and panels subjected to tension (Ouyang, Wollrab et al. 1997) are
collected. In the former, the reinforcement is located near to the maximum tension zone
parallel to the axis of the beam, however, in the latter, the bars are distributed in the whole
cross section of the member.

In lightly reinforced beams, the curve that relates the applied load and the displacement
in mid-span indicated in Figure 1.4(a) shows the following tendency (Ruiz & Planas 1994;
Ruiz, Elices et al. 1998):

e  Stage without cracking. This stage describes the elastic behavior of the concrete
developed in the portion OL of the curve.

e Stage of crack initiation. After the elastic regime of both materials, the cracking of
the cover begins while it increases the load until reaching the maximum value M.

e  Stage of crack propagation in the concrete. From the earlier pseudo-time the curve
decays due to the propagation of a single crack in mid-span of the beam. The load
reaches minimum value N which depends on the reinforcement ratio and on the ad-
herence level between the concrete and the steel bars.

e FElastic stage of the reinforcement. The contribution of the reinforcement to the
structural response of the beam is more obvious at the same time as the stress in the
concrete tends to zero. The elastic capacity of the bars increases the stiffness of the
beam until the yielding stress of the steel at step P.

e  Plastic stage of the reinforcement. The initiation of the plastic branch of the steel
depends on the reinforcement ratio, whereas its decreasing tendency is given by sof-
tening of the cracked concrete. This portion of the curve tends to a horizontal as-
ymptote reached when the crack is completely open (assuming that there is not
strain hardening in the steel).

In reinforced concrete panel subjected to tension where the reinforcement is uniformly
distributed (Beeby & Narayanan 1995; Ouyang, Wollrab et al. 1997), the relationship be-
tween load and displacement in the end of the member (Figure 1.4(b)) describes the follow-
ing stages:

e  Stage without cracking. During the first increases of load, when the concrete has
not yet been cracked, the behavior of both materials is elastic and therefore the load
vs displacement curve is linear.
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Stage of cracks formation. The first crack forms when the strength in the notched
cross section is reached, producing a local redistribution of the stress. The stiffness
of the panel decays gradually with the appearance of each additional crack. During
this stage, the reinforced concrete stiffness is less than the stiffness of the steel bars,
even; it could be negative as it occurs in members with very little reinforcement.

Stage of homogenous cracking. The formation of new cracks is limited by the
transference capacity of stress between reinforcement and concrete. When the
member arrives at the saturated crack condition, the increase in the load produces
greater opening of the existing cracks without the appearance of additional cracks.
For greater displacements, the contribution of the cracked concrete is minimum
compared with the contribution given by the reinforcement, for this reason the
structural response of the reinforced concrete tends to the elastic steel curve.

This test considers that the reinforcement remains in elastic regime, therefore, the struc-
tural behavior after reached the yielding limit of the steel is not observed.

F

1.2.2.

1\ F
stage m
without M| 8 1 kY
cracking P 0
L —e stage of homogenous
\ plastic stage of the cracking
. reinforcement -* stage of cracks
"N e X
! - formation
' ; first crack
\ | stage of crack propagation L
\| in the concrete el stage without cracking
\ -
\ stage of crack initiation L7
Sl & simple concrete ,/’ reinforcement bars
o
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Figure 1.4. Sketch of the typical structural response in members of reinforced concrete: (a) in lightly
reinforced beams (Ruiz, Elices et al. 1998), (b) In panel subjected to tension where the reinforcement is
uniformly distributed (Beeby & Narayanan 1995; Ouyang, Wollrab et al. 1997).

Adherence loss between concrete and steel

The adherence between concrete and steel is mainly determined by the friction between both
materials, which depends on the geometric characteristics of the surface of the reinforcement
bars, for example, the corrugated bars provides a high capacity of adherence due to the inter-
locking between the rib of the reinforcement and the surrounding concrete.
levels, the chemical adhesion between concrete and steel also contributes to the adherence

(Park & Paulay 1975).

For low load



A model of material failure for reinforced concrete via CSDA and mixing theory 9

The adherence loss is related to different mechanisms such as the concrete crushing in
front of each rib, the appearance of horizontal cracks in the ends, and the presence of trans-
verse secondary cracks. Of the three mechanisms inducing the adherence loss, the most
important is the formation of secondary cracks, which are located in the neighborhood of a
primary crack (Figure 1.5(a)), and they propagate radially from each of the ribs of the bar.
Figure 1.5(b) shows the primary and the secondary crack path obtained experimentally by
Goto and Otsuka (1979).

primary crack primary crack

steel

|
|
: \_c_oncrete
|
i (a)

secondary secondary

cracks cracks

(b)

Figure 1.5.  Primary and secondary crack path: (a) sketch, (b) experimental result (Goto & Otsuka
1979).

This phenomenon has been studied through different types of tests (Eligehausen, Popov
et al. 1983; Gambarova, Rosati et al. 1989; Malvar 1992), obtaining a relationship character-
istic between the average stress of adherence and the slipping between the concrete and the
steel. Similarly, some pull-out tests (Naaman, Namur et al. 1991; Ruiz, Elices et al. 1998)
provide a relationship between the applied load and the slipping in the end of a bar embed-
ded in the concrete.

1.2.3. Dowel action

In a reinforced concrete member where the cracks are mainly opened in mode II of fracture
due to shear failure, part of the shear force is taken by the internal interlocking between ag-
gregate particles of the concrete. However, the steel bars crossing the faces of a crack pro-
vide the most important contribution to the shear capacity (Park & Paulay 1975). This phe-
nomenon called dowel action is produced by bending of the bars in the free span given by the
crack opening or by direct shear in the cross section of the reinforcement steel crossing a
crack (Figure 1.6).
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ﬁv \con;;;;}:‘*\ _______

mode I of failure

Figure 1.6.  Sketch of the dowel action on a cracked member of reinforced concrete in mode II of
fracture.

Some authors (Kollegger & Mehlhorn 1990; Belletti, Cerioni et al. 2001; Pietruszczak &
Winnicki 2003) have included the dowel action in its numerical models as an additional
contribution of the bars to the global behavior of the reinforced concrete.

1.3. Some approaches to the fracture mechanics for homogenous
materials

The fracture process in a homogenous material as the concrete can be described by means of
a cohesive crack model, in which all the cracking zone is concentrated in a surface character-
ized by a traction vs displacement jump law, or by a smeared crack model, where the strain
inelastic in the fracture zone is spread on a band of defined width (Bazant & Planas 1998).
Other models as strong discontinuity approach establish a link between the continuous and
discrete formulations. Next these models are indicated briefly.

1.3.1. Cohesive crack models

The cohesive crack model initially formulated by Dugdale (1960) and Barenblatt (1962),
describes the fracture process introducing cohesive forces between the faces of a preexisting
crack, considering the energy dissipation associated to the phenomenon of crack propagation.
Based on this model, Hillerborg and collaborators (Hillerborg, Modeer et al. 1976; Hiller-
borg 1985) developed the called fictitious crack model, in which, the cohesive crack can be
formed and propagated in any place, without the earlier existence of a crack.

In this type of approaches, a discontinuity line controlled by a relationship traction vs
opening prevails after fulfilling the failure criterion, describing the cohesive nature of the
crack.

There are different ways to implement the cohesive crack model into the finite elements
method. A way considers the crack faces like part of the contour of the finite elements mesh
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and it obtains the cohesive forces by means of non-linear mixed boundary conditions or
through interface elements that connect the nodes to both sides of the crack (Carol, Prat et al.
1992; Carol & Prat 1997; Carol, Lopez et al. 2001). In this case it is required a remeshing
process except in the problems where its crack path is previously known (Ortiz & Quigley
1991). Another way establishes that the discontinuity crosses the element, as indicated in
some earlier works (Ortiz, Leroy et al. 1987; Dvorking, Cuitino et al. 1990) and in other
more recent works (Belytschko, Moes et al. 2001; Sancho, Planas et al. 2006).

1.3.2. Smeared crack models

The smeared crack models represent the fracture process smeared in a region. Rashid
(1968) considers an infinite amount of parallel cracks with infinitely small opening smeared
in the domain of the finite element. This can be properly modeled by reducing the stiffness
and the strength in the normal direction of the crack after being reached the maximum stress
of the material. The evolution of the fracture process implies inelastic strains by softening,
that is, reduction of the post-maximum stress while increases the strain.

The smeared crack models showed initially certain difficulties, as the instability by lo-
calization and sensitivity to the size and direction of the finite elements.

The problem of material instability caused by the strain localization by softening in an
arbitrarily small zone has been solved through the band crack model proposed by Bazant
(1976) and widely developed in some references (Bazant & Cedolin 1983; Bazant & Oh
1983). This model provides a constitutive relationship with softening associated to a spe-
cific width of the crack band, which is treated as a material property.

According to the evolution of the smeared crack direction adopted in the calculation al-
gorithm, two different approaches have been developed. The fixed crack models assumes
that the crack remains fixed in the direction given by the initial cracking state during the
evolution of the strain (Cervenka 1985). In return, the rotating crack models allows that the
crack direction evolves in accord with the change in the direction of the maximum principal
direction, conserving also, the same principal direction between the stress states and strain
states during the load process (Gupta & Akbar 1984). This approach is more appropriate in
problems where the formation of a new crack family of different direction is expected
(Vecchio 2000; Pietruszczak & Winnicki 2003).

1.3.3. Strong discontinuity approach

Strong discontinuity is understood as the jump in the displacement field developed on a ma-
terial surface of the solid. In return, the weak discontinuity is defined as the jump in the
strain field preserving the continuity of the displacements field on a zone or band of the
solid.  Therefore, the cohesive crack models exhibit a strong discontinuity, whereas the
smeared crack models present a weak discontinuity (Figure 1.7).
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Figure 1.7. Distribution of the axial displacement and the axial strain in a bar subjected to tension: (a)
cohesive crack model, (b) band crack model.

In the numerical simulation of the strong discontinuities, the forces of interaction be-
tween the faces of a crack can be classified as discrete and continuous. The discrete meth-
odologies suppose a relationship between the traction vector and the displacement jump that
characterizes the cohesive behavior in the discontinuity, while in the continuous part of the
body, a standard constitutive equation stress vs strain (generally elastic) is used. In return,
the continuous methodologies consider the whole solid in the context of the continuum me-
chanics, in such a way that, the strain concept is defined in the continuous part of the body
and also is defined in the discontinuity surface, allowing to apply conventional constitutive
equations in any point of the solid (Oliver 1996a).

This methodology is called continuum strong discontinuity approach (CSDA) (Oliver
1996a), which establishes the existence of a jump in the displacements field through the
failure surface, producing unbounded values (in distributional sense) in the strain field.

In the numerical model, finite elements that can capture these jumps adding enriched
modes of strain (Sim6 & Rifai 1990) are used, which are controlled by additional degrees of
freedom. These special elements equipped in their interior with displacement discontinuities
are called finite elements with embedded discontinuities (Ortiz 1987; Larsson, Runnesson et
al. 1993; Simd, Oliver et al. 1993; de Borst 2001). Additionally, each finite element has
elemental support of the discontinuity or elemental enrichment, allowing the condensation at
level of the element of the degrees of freedom related to the jump.

The concept of strong discontinuity analysis (Sim6, Oliver et al. 1993) is used as link be-
tween the continuous and discrete approaches. Its objective is to identify, in an independent
context to the numerical simulation method, the essential qualitative characteristics that re-
main the consistency of the conventional constitutive equation in appearance of the strong
discontinuity. Particularly, this analysis provides a discrete constitutive equation, that is, a
relationship stress vs displacement jump between the faces of the discontinuity, which is
consistent with the selected continuous constitutive equation.

During the fracture process, three successive stages can be distinguished in a material
point (Figure 1.8). Likewise, it can observe each stage in different material points at a load
step ¢ (Figure 1.9). The first stage, called diffuse failure zone exhibits a concentration of the
strain without showing an obvious discontinuity. Then, the weak discontinuity zone shows a
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continuous displacements field and a discontinuous strain field bounded into a defined band.
Finally, the strong discontinuity zone presents a considerable displacement jump and there-
fore, a strain field unbounded into a band of width equal to zero (Manzoli 1998; Oliver,
Cervera et al. 1999; Oliver & Huespe 2004a).
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Figure 1.8. Evolution of the crack band in the strong discontinuity approach.
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14. Modeling of the material failure of the reinforced concrete

Some authors have developed different methodologies that allow predicting the behavior of
the reinforced concrete considering the contribution of the concrete, the steel and the effects
of interaction between them.

The simulation of tests of adherence loss between the steel and the surrounding concrete
is of great interest since it is a more important mechanism of material failure.

In some approaches, analytical models applicable to particular cases appear, for exam-
ple: lightly reinforced beams or panels subjected to pure shear. For more general problems,
formulations considering non-linear behavior due to the constitutive models of each material
are used.

14.1. Analysis scale of the reinforced concrete

The reinforced concrete can be modeled numerically in one of the three analysis scales indi-
cated as follows (Cox & Hermann 1998):

e In the rib-scale (Figure 1.10(a)), each rib of the bars is meshed by finite elements.
The size of these elements can be much smaller than the representative volume ele-
ment (RVE) ' of the concrete and consequently it can not assumed that the simple
concrete is a homogenous material.

e In a intermediate scale called bar-scale or meso-scale’ (Figure 1.10(b)), the me-
chanical interaction of the ribs is homogenized, describing the adherence phenome-
non with a layer of finite elements adjacent to the bar.

e In the member-scale or macro-scale (Figure 1.10(c)), each material point is a struc-
tural unit composed by concrete, steel and interface. In this scale is typical that the
reinforcement has one-dimensional behavior and that the adherence model is char-
acterized by a pull-out test.

! The representative volume element (RVE) corresponds to minimum zone where a material can be defined as
homogenous.

% In the context of the micromechanics exist different interpretations from the terms meso-scale and macro-
scale. In this work such terms have been used to distinguish between the simulation in the bar-scale and member-
scale.
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Figure 1.10.  Analysis scales of the reinforced concrete (Cox & Hermann 1998): (a) rib-scale, (b)
bar-scale and (c) member-scale.

(c) member-scale

1.4.2. Analytical models of the reinforced concrete

By means of analytical models the behavior of lightly reinforced beams can be studied,
where the path of the unique crack is known a priori. Two examples of it are observed in
some references (Ruiz 2001; Carpinteri, Ferro et al. 2003).

Ruiz (2001) analyzes the propagation of cohesive cracks in lightly reinforced beams sub-
jected to bending, where the structural behavior is controlled mainly by a crack in the mid-
span. The reinforcement is represented by a free slipping bar anchored to both faces of the
crack. The spacing between the lips of a crack called slipping effective length is obtained
supposing that the free slipping bar is mechanically equivalent to the true bonded reinforce-
ment. This model reproduces approximately the experimental results (Ruiz, Elices et al.
1998) considering the influence of the size, the reinforcement ratio and the variations in the
adherence.

In the works of Carpinteri and collaborators (Carpinteri, Ferro et al. 2003) an adimen-
sional formulation with the cohesive crack models (Bazant & Planas 1998) and the bridged
crack models is developed, with the aim of reproducing the bending behavior of reinforced
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concrete elements. The non-linear modeling of the concrete matrix considers the contribu-
tion of forces near the faces of the crack which increase the strength to the fracture of the
cross section. The particularity of these models consists of the imposition of the equilibrium
conditions and compatibility conditions in the cracked element.

Some works of Vecchio and collaborators (Vecchio & Collins 1986) present an analyti-
cal model that predicts the structural response in reinforced concrete panels subjected to
shear and normal stress in its plane. The constitutive equations, the equilibrium conditions
and compatibility conditions are defined in terms of average stress and average strain; never-
theless, an additional condition between the local stresses on the crack is considered. The
model supposes total adherence between the concrete and the steel and uniform distribution
of the reinforcement bars on the whole member. The behavior of the concrete is represented
by means of a smeared crack model, considering rotation of crack direction and despising the
loading history. The direction of the cracks is orthogonal to the maximum principal strain
and the spacing among them is established a priori by means of empirical expressions.

In some works of Ouyang and collaborators (Ouyang, Wollrab et al. 1997), the load vs
displacement curve of reinforced concrete panels subjected to tension is obtained. In this
case, an analytical model based on the fracture energy of the cracking concrete which in-
cludes the slipping effects between concrete and steel are used. The behavior during the
cracking process is predicted through the balance among the strain energy, the debounded
energy and slipping energy in the interface.

1.4.3. Models of adherence loss between concrete and steel

The slipping effect between the steel bars and the surrounding concrete has been modeled
numerically, as much in the rib-scale, as in the bar-scale. Next, some of these works are
indicated.

In the works of Ingraffea and others (Ingraffea, Gerstle et al. 1984), the slipping phe-
nomenon of a steel bar embedded in a concrete matrix is numerically modeled, considering
that the mechanism of adherence loss is based on the radial propagation of secondary cracks.
This approach establishes a law stress vs slipping in the interface elements by means of the
simulation of a pull-out test. In addition, a fictitious crack model (Hillerborg, Modeer et al.
1976) predefining the crack pattern is used. During the remeshing process associated to the
change in the crack path, interface elements within the same are inserted to model the slip-
ping steel-concrete.

Reinhardt and others (1984) model a concrete layer around the corrugated surface of the
reinforcement bar, using a plasticity model with tension softening and the failure criterion of
Mohr-Coulomb. Outside this layer, behavior elastic of the concrete is considered.

In the works of Cox and Hermann (Cox & Hermann 1998; Cox & Herrmann 1999), a
non-associated plasticity model which describes the adherence between the corrugated bars
and the adjacent concrete have been developed and validated. In this model a characteristic
length associate to the form of the ribs is defined which helps to quantify the interaction
steel-concrete.  The calibrated model satisfactorily reproduces the experimental results
(Eligehausen, Popov et al. 1983).
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1.4.4. Numerical modeling of the reinforced concrete material

The reinforced concrete structures can be simulated in the meso-scale (bar-scale) treating
separately each material or in the macro-scale (member-scale) considering a constitutive
model of the composite material. In the following sections, some formulations developed in
the last years are summarized.

1.4.4.1. Modeling in the meso-scale (bar-scale)

The meso-scale analysis can accurately describe the topology of the problem since each
reinforcement bars and its interface with the concrete is meshed in an independent form.
This type of analysis usually has high computational cost, mainly in problems with materials
reinforced by many fiber packages oriented in several directions.

A classic way but still current to approach the problem consists in meshing the concrete
with two-dimensional or three-dimensional finite elements, meshing the steel with lattice
elements and meshing the interface with special elements which keep the displacements
compatibility in the common nodes between the elements of concrete and steel. Some ap-
proaches utilize a smeared crack model in order to represent the fracture process (Kwak &
Filippou 1997; Chen & Baker 2003; Chong, Gilbert et al. 2004), while others use discrete
cohesive crack models (Yu & Ruiz 2004; Yu & Ruiz 2005).

In the matrix analysis of framed structures, some models consider an element finite type
beam, composes by a steel and concrete filament group arranged to long of the element
(Buckle & Jackson 1981; Lin 1997; Mari 2000). This allows accurately defining the geome-
try and the location of the reinforcement in the cross section of the element. The stiffness by
bending around the reference axis is obtained from the sum of the axial contribution of each
filament of steel and concrete.

1.4.4.2. Modeling in the macro-scale (member-scale)

In the macro-scale, finite elements can be used whose constitutive model altogether describes
the behavior of the composite material formed by concrete and a specific steel ratio, consid-
ering also the possible slipping between both materials.

The works of Vecchio and others (Vecchio 2000; Vecchio 2001; Vecchio, Lai et al.
2001) show the implementation in the finite elements method of the constitutive model de-
scribed in (Vecchio & Collins 1986), providing a suitable treatment of the shear stress in the
crack surface and allowing the reorientation of the strain and the maximum principal stress.

Another formulation (Belletti, Cerioni et al. 2001; Belletti, Bernardi et al. 2003) consid-
ers an isotropic linear elastic behavior of the reinforced concrete before the cracking and a
behavior orthotropic non-linear behavior after it. There the cracks have a fixed direction
and they are distributed uniformly with an constant spacing which are evaluated by methods
based on the transference length of interface forces (CEB-FIB 2000). The kinematics of the
problem is defined by the normal and tangential relative displacement between the lips of the
crack, and the concrete strain in the orthogonal direction to the crack. The equilibrium con-
ditions include some phenomena as: the dowel action, the interlocking of aggregates and the
softening of the concrete by compression.

Feenstra and de Borst (1995) consider that the total stress of the reinforced concrete is
the sum of the individual contributions of the simple concrete, the reinforcement steel and
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the effects of interaction between both materials. The simple concrete behavior is defined
by a smeared crack model controlled by the fracture energy. This model supposes that in
the presence of the reinforcement, the fracture energy is distributed in a tributary area given
by the average spacing among cracks according to CEB-FIB modelcode (CEB-FIB 1990).

The constitutive model presented by Pietruszczak and Xu (2003) describes the behavior
of the concrete and two orthogonal fiber packages, during the homogenous and localized
cracking mode. This latter mode is determined by means of an approach similar to the em-
bedded discontinuities model presented by the same authors (Pietruszczak & Xu 1995),
which uses a traction vs jump law characteristic for each component material. The formula-
tion considers that the average stress and the average strain of the reinforced concrete is
defined by integration on a representative volume, as indicated by the mean field method
(Hill 1963). Also, the beginning and direction of the strain localization are regulated by the
tensile fracture criterion and by the orthogonal direction of the maximum principal stress in
the matrix, respectively.

Oller and collaborators (Car 2000; Oller 2003) present a general constitutive model of
composite material, considering large strain and the slipping effects between the fibers and
the matrix. A composite material type in which applies this model is the reinforced con-
crete. Similarly, in other works (Luccioni, Lopez et al. 2005), a model of composite mate-
rial constituted by a concrete matrix and a steel long fiber package based on mixing theory
(Truesdell & Toupin 1960) is proposed. There, the effect of adherence loss between fiber
and matrix appears as an additional inelastic strain in the fiber constitutive model, deter-
mined according to the concrete — steel interface model proposed by Cox and Hermann
(1998).

The models indicated in this section suitably describe the behavior of the reinforced con-
crete; however, they show the following limitations:

e They do not use an algorithm describing the crack paths in an independent way to
the direction of the finite elements mesh.

e  When the fracture process begins, they lose the context of the continuum mechan-
ics, requiring, consequently, additional relations ad hoc that define the mechanical
behavior between the faces of a crack.

e  Unlike the material bifurcation analysis, the criteria used to establish the formation
of a crack are explicitly independent of the condition of existence of the displace-
ment jump.

e In some cases (Feenstra & de Borst 1995; Vecchio 2000; Belletti, Cerioni et al.
2001; Vecchio 2001; Vecchio, Lai et al. 2001; Belletti, Bernardi et al. 2003), a dis-
tributed cracking state is considered from inelastic regime of the concrete, in which
the cracks maintain a constant spacing evaluated in an analytical form. Conse-
quently, the formation of a macro-crack located in the composite material cannot be
captured.
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®  One of the previous models (Pietruszczak & Winnicki 2003) completely describes
the fracture process of the reinforced concrete by means of a discrete model, assum-
ing an enriched kinematics that considers the presence of discontinuities in contin-
uum medium. Unlike the continuous models, this model explicitly requires rela-
tionships traction vs jump, as much of the matrix, as of fibers. Also, the beginning
and the direction of the cracks is exclusively established from the properties of the
matrix, neglecting the influence of the capacity, amount and direction of the rein-
forcement.

1.5. The reinforced concrete described as a composite material

Many materials used in the industry and the construction, as well as, most of the materials
observed in nature, consist of a group of component materials, this characteristic defines
them as composite materials. This section briefly describes one of the methodologies that
represents the reinforced concrete by means of a constitutive model of composite material.

1.5.1. Definition of composite material

In general, the material constituted by two or more different component in the analysis scale
is called composite material. Each of these components has a particular material direction
and mechanical properties. Likewise, a component could be a composite material in a
smaller scale.

The composite materials can be classified in different ways, one of them according to the
type and forms of its components, as follows (Vasiliev & Morozov 2001):

®  Filled materials. These materials are formed by a matrix whose mechanical prop-
erties are improved with the inclusion of a percentage of particles (Figure 1.11(a)).
They can be treated as a homogenous and isotropic material, whose properties are
mainly governed by the matrix, in spite of the modifications given by the particles.

®  Reinforced materials. This materials are constituted by short or long fibers uni-
formly distributed in the matrix and oriented in a specific or random way (Figure
1.11(b)-(c)). Generally, the stiffness and strength given by fibers are greater than
the contribution of the matrix. The long fibers reach the contour of the composite
material in continuous way and they are oriented in specific directions. However,
the short fibers are small segments totally embedded in the matrix, distributed com-
monly in random way inside the composite material.

The reinforced concrete is a composite material formed by one or several embedded long
steel fiber packages in a simple concrete matrix (Figure 1.11(c)), which consists of gravels
and mortar.



20 Chapter 1. Introduction

Generally, and as in this work is made, the simple concrete can be considered a homoge-
nous material, however, some micro-mechanical models describe their behavior by means of
a representative volume element consisted of a mortar matrix and aggregate particles inside it
(Carol, Lépez et al. 2001).
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Figure 1.11. Classification of the composite materials: (a) filled material, (b) material reinforced with short
fibers and (c) material with long fibers.

1.5.2. Analysis of the composite material as a problem in several scales

In many cases, the behavior of the composite material in each point is described from the
mechanical response of its components, which requires two different analysis scales. A
scale describes the action of all the components inside a material point and obtains as a result
the fields of stress and strain of the composite material. The other scale represents the me-
chanical response in the domain of the solid, according to the boundary conditions and the
constitutive model of the material established in the earlier scale.

In the material point scale, the composite material can be studied in different ways. Ina
global or macroscopic form, the volumetric participation of fibers or particles including in
the matrix is considered and its geometry is neglected. In return, a local or microscopic
form represents a typical portion of composite material called representative volume element,
which describes its internal structure given by the geometry of the component materials
(Sanchez-Palencia & Zaoui 1987). In the material point scale, the solution methodologies
can be analytical as mean field method or mixing theory, in which case a global analysis way
is used, or also they can be numerical procedures where a representative volume element is
solved in a local way through the finite elements method.
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Figure 1.12. Analysis scales of the composite material.

1.5.3. Mixing theory

The behavior in a point of composite material can be represented from the constitutive mod-
els of its component materials by means of mixing theory or rule of mixtures (Truesdell &
Toupin 1960), which is based on the following hypotheses:

¢ In each infinitesimal volume of composite material, all the participated component
materials.

e  Each component contributes to the behavior of the composite material in proportion
to its volumetric participation.

e The volume occupied by each component is less than the total volume of the com-
posite material.

e  All the component materials have the same strain (compatibility equation).

In accord with the two first hypotheses, there is a homogenous distribution of all the
components in each point of the composite material, which is determined by volumetric
participation factor:

k¢ = dL (1.22)

dv
where dV and dV ° correspond to the infinitesimal volume of the composite material and of
the component c, respectively.

The last hypothesis establishes that the strain compatibility equation is of the form:
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ge=gV =g@P = =g =...=¢g" (1.23)

where & and & are strains in the composite material and in the component c.
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Figure 1.13. Mixing theory represented as a reologic model in parallel

This theory considers that the free energy of a composite material is given by the sum of
the free energies of each of the component materials, weighted according to its volume of
participation in the composite material. Applying Coleman’s method to Clausius-Duhem’s
inequality (Lubliner 1990), as shown in some references (Oller, Ofiate et al. 1996; Car 2000;
Luccioni & Lopez 2002; Oller 2003) and in Appendix B, the stress tensor of the composite
material is obtained of the form:

6=Yk'c" (&) (1.24)
c=1

where 6°(g,a°) is the stress tensor computed from the constitutive equation of the compo-
nent ¢, which is expressed in terms of the common strain € and internal variables a° .

It is observed that each component can have a particular behavior law expressed in terms
of its internal variables and of the composite material strain. For example, in the reinforced
concrete, the simple concrete matrix can be represented with an isotropic damage model and
the fibers through a plasticity model.

In the one-dimensional space, mixing theory can be represented as a reologic model of
cn components in parallel contributing stress to the composite material according to its
volumetric participation (Figure 1.13).
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1.54. Vanishing fiber diameter model

Dvorak and collaborators (Dvorak & Bahei-el-Din 1982) have developed a constitutive
model for materials reinforced with cylindrical long fibers, whose diameter is neglected,
although its volume represents a finite portion of the composite material. This approach is
known as vanishing fiber diameter model. ~This model establishes that the strain of both
materials is common in the axial direction of the fiber and the stress of the composite mate-
rial corresponds to the weighted sum of the stresses of the matrix and fibers. However, in
the other tensor components, the composite material strain is equal to the weighted sum of
the strain of the materials, whereas the stresses of matrix and fiber are the same. In sum-
mary, first, the fiber does not interact with the strain components of the matrix whit the ex-
ception of its axial strain and secondly, the load in the longitudinal direction of the fiber is
carried between both materials.
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Figure 1.14. Vanishing fiber diameter model. Tensorial state in an element differential of composite
material.

Consequently, in rs-plane (Figure 1.14), the model establishes that the conditions of
equilibrium and compatibility between the matrix and a fiber package oriented in r corre-
spond to:

e, =¢r=¢ ; o6,=k"o"+k'c] (1.25)
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1.5.5. Mean field methods

This method allows to obtain the fields of stress and strain in the macroscopic scale, through
the mean values of these fields in the microscopic scale (Hill 1967). Given a representative
volume V, the macroscopic values of the stress and the strain are equal to:

czéjadv : széJ‘édV (1.27)

where 6 and & correspond to the microscopic value of the stress and the strain, respectively.

Considering that the matrix and the fibers maintain constant stresses and strains in the
representative volume of a reinforced material, the composite material stress ¢ is equal to
the weighted sum of the stresses of each component. Likewise, the mean strain € corre-
sponds to the weighted sum of the matrix strain and the reinforcement strain. This entails to
the following conditions (Hill 1963):

c=k"6"+k'c’ ; e=k"e" +k'e’ (1.28)

where the volumetric participation factors k™, k”, the stress tensors 6”,6/ and strain ten-
sors " ,&/ are associated to the matrix and reinforcement, respectively.

Equation (1.28) indicates in a general way the stress and the strain in the composite ma-
terial. The conditions given in the vanishing fiber diameter model or in mixing theory can
be obtained by applying some additional restrictions of equilibrium or compatibility.

1.5.6. Slipping fiber — matrix

Classical mixing theory where there is a common strain of the components is limited to com-
posite material models whose components is perfectly adhered. A strategy that allows to
maintain a common strain including the slipping between fiber and matrix, in materials rein-
forced with long fibers consists in modifying the constitutive model of the fiber (Car 2000;
Oller 2003). The debonding of the fiber produces a difference between the matrix strain and
the fibers strain that corresponds to a strain by slipping in the interface called bond-slip
strain. In other works (Luccioni & Lopez 2002), this strain is included in the constitutive
equation of fibers and it is described by means of the specific elasto-plastic model for rein-
forced concrete (Cox & Hermann 1998).

1.6. Objectives of this work

The main objective of this work is: to develop, to implement and validate a numerical model
based on continuum strong discontinuity approach and mixing theory, which describes the
fracture process of the reinforced concrete, treated as a composite material.

The specific objectives derived from the main objective are the following:
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e To review the state of the art about the numerical simulation methodologies of the
material failure in reinforced concrete structures.

e To develop a constitutive model of composite material according to mixing theory
that represents the behavior of the reinforced concrete from particular constitutive
laws for the concrete, the steel and the effects of interaction between both materials.

¢ To incorporate the composite material model the ingredients of continuum strong
discontinuity approach which allow capturing the formation and propagation of
cracks during the fracture process.

¢ To implement such a formulation in the context of the finite elements method for
two-dimensional static problems.

e To validate the propose formulation by means of the numerical simulation and the
comparison of results with some experimental tests.

1.7. Developed model

The model developed in this work describes the fracture process in reinforced concrete struc-
tures during its elastic and inelastic behavior and for distributed and localized cracking
states. Some references (Oliver, Huespe et al. 2004b; Linero, Oliver et al. 2005; Oliver,
Huespe et al. 2005b; Oliver, Huespe et al. 2005¢; Oliver, Huespe et al. 2005d; Linero, Oliver
et al. 2006), include the preliminary works that have led to this formulation.

The general features of the material failure model are the following:

e The reinforced concrete is represented as a composite material defined by mixing
theory (Truesdell & Toupin 1960), which consists of a concrete matrix and two long
steel fiber packages perpendicular to each other.

®  Mixing theory allows that each component material and the interaction effects have
their own constitutive model. The formulation considers a two-dimensional behav-
ior of the concrete and a one-dimensional behavior of the fibers, as well as, the
bond-slip effect and the dowel action (Park & Paulay 1975).

e The simple concrete is represented by an isotropic scalar damage model, whose
damage criterion is determined by a strain norm and it is limited by the tensile and
compressive strength (Oliver, Cervera et al. 1990).

e The axial behavior of the steel is described through a particular model of one-
dimensional plasticity (Simé & Hughes 1998) for each package of parallel bars.
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e The adherence loss effect is represented by a constitutive relationship between the
axial stress of the fiber and a fictitious strain due to the relative displacement be-
tween concrete and steel, which, added to the fiber strain corresponds to the com-
mon strain (shared with the matrix). The properties of this model are characterized
by means of some results of pull-out tests.

e The dowel action is defined by means of constitutive relationship between shear
stress and shear strain, which is determined by the stiffness and the bending or shear
capacity of the steel bars between the faces of a crack.

e The appearance and propagation of cracks, understood as a strain localization proc-
ess of the composite material is captured by means of a embedded discontinuities
model, specifically continuum strong discontinuity approach (Oliver 1996b; Oliver
1996a; Oliver 2000; Oliver, Huespe et al. 2003; Oliver & Huespe 2004a; Huespe,
Oliver et al. 2006; Oliver, Huespe et al. 2006).

e The outset of the material instability and the direction of crack propagation are de-
termined by a bifurcation analysis of the composite material.

e The implicit-explicit integration scheme (IMPLEX) (Oliver, Huespe et al. 2004a;
Oliver, Huespe et al. 2006) is used in the constitutive models of damage and plastic-
ity of the component materials.

e The problem is modeled in the macro-scale by means of a two-dimensional non-
linear analysis considering infinitesimal strain and static loads. The non-linearity is
provided by the constitutive models of the component materials.

1.8. Outline of this work

In Chapter 2, the formulation of the composite material model and its implementation in the
finite elements method is described. Particularly, the constitutive models of each compo-
nent and of the composite material that represents to the reinforced concrete are defined.
Next, continuum strong discontinuity approach and the bifurcation analysis are applied to
composite materials. At the end of this chapter, the matrices characteristical of the finite
element and the calculation algorithm are defined and presented.

Chapter 3 shows the obtained response of the numerical simulation of some reinforced
concrete panels subjected to tension, bending and shear, and the comparison with the respec-
tive experimental results obtained in different works.

Finally in Chapter 4, the conclusions and contributions of the work are indicated, as well
as the future works derived from the same.

The Appendix A to F indicate the ingredients necessary for the development of the pro-
posed formulation as: the basic concepts of the damage and plasticity models, continuum
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strong discontinuity approach, mixing theory in the composite materials, the implicit-explicit
integration scheme of the constitutive model and the tracking strategy of discontinuity paths.






Chapter 2
Formulation of the model

In this chapter the essential issues of the presented formulation are described. Initially, the
adopted basic considerations are indicated, as well as, the constitutive models of the compos-
ite material, of each component material and its interaction effects. Then, the kinematics of
the composite material is established by means of continuum strong discontinuity approach
(CSDA) and the phenomenon of material bifurcation is analyzed. Finally the most impor-
tant ingredients of the implementation of the numerical model with the finite elements
method are presented.

2.1. Basic considerations

The basic considerations established as departure point of the formulation presented here,
can be summarized according to the following items:

®  Mixing theory (Truesdell & Toupin 1960) is used in order to establish the constitu-
tive model of the composite material and continuum strong discontinuity approach
(Oliver 1996b; Oliver 1996a; Samaniego 2002; Oliver, Huespe et al. 2005a) is util-
ized to capture the discontinuity surfaces in the reinforced concrete treated as a
composite material.

e Each point of continuous medium obeys to the behavior of a composite material
conformed by a concrete matrix and two packages of steel long fiber, perpendicu-
lars to each other, oriented in directions r and s, respectively (Figure 2.1). The dis-
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placement field and consequently the strain field are defined in the scale of the
composite material as well.

e Although many equations indicated in the following sections are generalized for a
three-dimensional space, the model was implemented for plane stress state or plane
strain. Therefore, the external actions and the displacements, as well as, the matrix
and the fibers are contained within the analysis plane, showing the same behavior in
the thickness of the structural element.

e The formulation allows the non-linear analysis considered infinitesimal strain in
quasi-static two-dimensional problems. The external actions are progressively ap-
plied in intervals denominated load steps or pseudo-time instants ¢.

matrix

composite (b)
material

(a)

Figure 2.1. Composite material with discontinuity: (a) solid with discontinuity surface S, (b) detail of a
material point of composite material.

2.2, Constitutive models of the component materials

2.2.1. Behavior of the concrete matrix

The damage models have been used to describe the behavior of the concrete and other quasi-
fragile materials. The difference between the compressive and tensile strength of the con-
crete can be represented by means of the damage model proposed by Oliver, Cervera et al.
(1990), developed from the work of Simé & Ju (1987). The presented formulation uses a
damage model for two-dimensional problems, described by the following equations:
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Table 2.1. Ingredients of a isotropic scalar damage model.

Superscript m is used in the own variables of the matrix. The dot upon a variable indi-
cates its material derivative, i.e. $=dgp/dr

In the matrix, the stress and strain tensors are indicated as ¢ and €”. The effective
stress is equal to 6" =C":¢", where C" is the elastic constitutive tensor of the matrix
expressed in the Appendix A.1. o' is the tensile strength of the matrix, H" is the soften-
ing parameter, A" is the damage multiplier, r" and ¢™ are strain-like and stress-like internal
variable, respectively.  The damage criterion in the strain field and the loading-unloading

conditions can be written as:

frE" ") =1, —r" 2.5)

fm<0o, A"=0, A"f"=0, A"f"=0 (f"=0) (2.6)

where 7, is the strain norm that for the tensile-compressive damage model is equal
to:

Tete) = NW 2.7)

and,
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0/",0,",0;" correspond respectively to the effective stress of the matrix in principal di-
rections 1, 2 and 3. The factor n, is the relation between the compressive oy, and tensile
strength o' of the matrix, i.e. n, =0y, / o . The Mac-Auley’s parenthesis corresponds
to (@)= O.5(p+\go\).

For a two-dimensional stress state where (0," <0,0," <0), the elastic domain is
n, times greater than the domain defined in the case (6" >0, 7," >0), as shown in Figure
2.2(a). When &/" is positive and T," is negative or vice versa, an approximate transition
defined by the factor ¢ of Equation (2.8) appears.

Unlike the plasticity models, in the used damage model it is not necessary that the elastic
domain be convex in order to conserve uniqueness in the solution, therefore, the slope
changes of the damage surface are permissible for this constitutive model (Figure 2.2(a)).

When expressing the relation between the rate of strain and stress in the matrix, a tangent
constitutive equation is obtained as:

& =Clig" 2.9)

In this case the tangent constitutive tensor in elastic loading or unloading regime is equal

to:
m __ qm m
Ce="nC (2.10)
r
and for inelastic loading regime corresponds to:
m m _Hm m my\2 am e .
cr =9 _(q : m)3r ]{(r; 6" ©A)+ #*lc” ®0 )} o1
r

The second-order tensor A =C" :d_¢ is defined in Appendix A.1.
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Figure 2.2. Damage model with degradation in tension and compression: (a) damage surface, (b) stress
Vs strain uniaxial curve.
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2.2.2. Mechanical behavior of fibers or steel bars: deformable fiber model

The mechanical behavior of fibers is represented in a one-dimensional space by means of a
plasticity model with isotropic linear hardening/softening (Simé & Hughes 1998), denomi-
nated deformable fiber model. For a package of parallel fibers to vector r, the ingredients of
the constitutive model are indicated in Table 2.2, where, 8[;’ is the mechanical strain, 81{’ is
the plastic strain, A’ is the plastic multiplier, E” is Young’s modulus, O'f: is axial stress in
r and 0'{' is the yielding stress. The softening is determined by the modulus H” <0 , the
strain-like internal variable corresponds to @’ and the stress-like internal variable is g /.
The variables associated to the deformable fiber model in r direction are indicated with the
superscript fr.

The relationship between the rates of stress and strain for the loading or unloading re-
gime given by the tangent constitutive equation can be written as:

fr _ pfral
ol =Elé! (2.12)

where the tangent constitutive operator of the fiber is equal to:

E" if A=0

ET = frogfr ) 2.13
FTVETHT e @1
E"+H”

ol =E" (] —€l) (constitutive equation) (2.14)

&l = A sign(o})) (flow rule) (2.15)

alr = (evolution law) (2.16)

frola™ = ‘O'fr" —(q" +a]) (plastic yield criterion) (2.17)

G =H"a" (softening rule) (2.18)

fr<0; 4720, f"=0 (loading-unloading and 2.19)

A Fr=0(f"=0) persistency conditions) .

Table 2.2. Ingredients of a one-dimensional plasticity model describing the mechanical behav-
ior of a deformable fiber.

Figure 2.3(a) shows the one-dimensional relationship between stress and strain for a
plasticity model describing the tensile/compressive behavior of the fiber.
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Figure 2.3. One-dimensional plasticity model: (a) fiber in r direction, (b) fiber in s direction.

The mechanical behavior of a fiber package oriented in s direction (Figure 2.3(b)), can
be described in the same way than the fibers in r as indicated in Equations (2.12) and (2.13).
Particularly, the constitutive equation of the mechanical behavior of the fibers in s is:
E" if =0
s _ s afs fs — foprfs
O, _Erg Ey Erg = E“fof | lf ﬂfx -0
EP+H"

(2.20)

where &7 is the stress rate, £ is the strain rate, H” is the softening modulus and A" is the
plastic multiplier. The elastic and tangent constitutive operator correspond to E” and E,? ,
respectively.

2.2.3. Bond-slip effect

The adherence loss between the steel bars and the surrounding concrete produces a slipping
effect in the contact zone between both materials. This phenomenon will be represented by
means of the bond-slip model.

2.2.3.1. Bond-slip model A

This model presents a bond-slip strain €, due to the relative displacement between the steel
fibers in r direction and the concrete matrix, which is equal to the subtraction between the
strains of both materials.

In an infinitesimal element dx of composite material subjected to an axial stress o, the
concrete matrix slides ds with respect to the steel fibers as indicated in Figure 2.4(a). The
compatibility equation that associates the matrix strain £” and fiber strain £/ including the
slipping effects can be expressed of the form:

eldx—¢g"dx =—ds (2.21)

Therefore, the variation of the slipping ds with respect to x is defined as the bond-slip
strain in the interface:
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er = s _ er—¢gl (2.22)
dx

Remark 2.1 When there is perfect adherence in the interface, the strain €". disap-
pears maintaining the matrix strain equal to the fiber strain.

£ d

ds ir

rr

e ir
O-adh

rr

rr Eir

i A R £y (b)

Figure 2.4. Bond-slip effect: (a) slipping in an infinitesimal reinforced concrete element, (b) stress in the
interface vs bond-slip strain curve.

A one-dimensional perfect elasto-plastic model is used to describe the slipping between
the concrete matrix and the steel fibers in r direction. Figure 2.4(b) shows the relationship
between the stress in the interface ¢ and the bond-slip strain €7 . The slope of the elastic

branch is determined by the modulus E” and the maximum stress is defined as stress of total
loss of adherence o, < O';r . The basic ingredients of this model are the following:

o, =E"(g, -¢€)) (constitutive equation) (2.23)

£, = A" sign(o}) (flow rule) (2.24)

o= ‘0';; S n (plastic yield criterion) (2.25)

fr<o0; /1” 2 0; ﬂ"f” =0 (loading-unloading and 2.26)
A fT=0(f"=0) persistency conditions)

Table 2.3. Ingredients of a one-dimensional plasticity model describing the bond-slip
effect.

In the earlier equations, EZ is plastic strain and A" is plastic multiplier in the bond-slip
model. The tangent constitutive equation can be written as:
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6, =E, £, where,
o _|ET A =0 (2.27)
“lo A0

In this case E,’; is the tangent constitutive operator, &' is the stress rate in the interface
and €& is the bond-slip strain rate in r direction.

Remark 2.2 Since the values of the elastic modulus E" are usually quite great
compared to Young’s modulus of the fiber, this bond-slip model can be simplified
considering that E" — oo, in which case, it is reduced to a rigid-plastic model
characterized by the stress of total loss of adherence o, .

The adherence loss between the concrete and steel fibers in s can be described in analo-
gous form to the bond-slip model of the fiber in r shown in Equations (2.21) to (2.27). Par-
ticularly, the tangent constitutive equation of the bond-slip model in s corresponds to:

O, =E, & where,

S5

o[BS 2 =0 (228)
“lo >0
where E, is the tangent constitutive operator, whereas &, and &, corresponds to the
stress rate in the interface and bond-slip strain rate, respectively.

2.2.3.2. Characterization of the bond-slip model
In the reinforced concrete the pull-out tests can provide the parameters of the bond-slip
model. In some of these experiments, a bar of diameter d and area of cross-section
Al =md 2/ 4 is embedded in the concrete at length L (Figure 2.5(a)).

Figure 2.5(b) shows the relationship between the force applied in the free end of the bar
P’ and the produced slipping J'in a pull-out test. This curve can be used to characterize
the relationship between the fiber stress and the bond-slip strain (O'i: —ejj) (Figure 2.4(b)),
considering the following suppositions:

e The stress of adherence loss is equal to o', = P, / A’ | therefore it has been con-
sidered that the elastic regime of the bond-slip model corresponds to the first branch
of the experimental curve for P' =[0,P. ]. Whereas the perfect plasticity state in

the model is obtained after reaching the load P! . in the test.

e In the elastic regime of the bond-slip model where ¢ = E"¢", it is regarded that

o' =P/A  and " =&/ . 7

According to the aforementioned, the elastic modulus of the bond-slip model and the
stress of adherence loss can be characterized as:
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ir Pi l’l ir Py:lux
E" = sl ar | o Can =7 (2.29)
Pi
l concrete
Pi
i 'Ld \ *—> 5i
™ steel bar

I
(a)

Figure 2.5. Bond-slip effect. Pull-out test: (a) descriptive sketch, (b) experimental curve of the
applied load vs produced slipping.

2.2.4. Slipping fiber model

The slipping fiber model groups the effects of the mechanical strain of the fiber and their
slipping with respect to the matrix using the deformable fiber model shown in Section 2.2.2
and bond-slip model presented in Section 2.2.3.

According to Equation (2.22) for parallel fibers to r, the matrix strain corresponds to
er =g/ +¢”. Considering that the strain of the slipping fiber model is equal to the matrix

strain, i.e. ¢ =¢”, then:
dr _ _fi i
el =¢ell el (2.30)

fr ir
O-rr O-rr y
—_— —_— y
PWVWAFAANAA
o PN

fr | ir

grr ‘d grr

8 r

Figure 2.6. Slipping fiber model defined as a serial system consists of the capacity of the deform-
able fiber fr and the slipping action in the interface ir.

The action of the deformable fiber and the effects of adherence loss make up a serial sys-
tem of fiber and interface (Figure 2.6), whose strain is the sum of the mechanical strain of the
fiber &/ (described in the Section 2.2.2), plus the bond-slip strain of the interface &” (de-



38 Chapter 2. Formulation of the model

scribed in the Section 2.2.3). The stress of this serial system o is equal to the fiber stress
o/ and the interface stress o , as indicated in the following equation:

ir
>

o-;’r’ = o'rf:’ = o':: (2.31)

The slipping fiber model is defined by Equations (2.30) and (2.31), which indicate the
strain and stress of the fiber including the slipping effects in the interface. This serial sys-
tem is described in an incremental form as:

& =gl v (2.32)

~dr _ fr _ ir
o, =0 =0 (2.33)

The strain rates &/ =& / E;;’ and &’ =07 / E,; due to Equations (2.12) and (2.27) are
replaced in Equation (2.32). Using Equation (2.33) and finding the stress rate, the constitu-
tive equation of the sliding fiber model in r is obtained as:

EfrEir
=—=£ % (2.34)

1

~dr dr  dr dr

o =E-¢& where, E = — = -
“ VEI+1E] E!+E]

T g r

In this case E,‘;r is the tangent constitutive operator, whereas 6 and &% are the stress
and strain rates of the slipping fiber in r. As in Equation (2.27), E,’; is defined by the bond-
slip model and E,? is defined by the deformable fiber model in the Equation (2.13).

Remark 2.3 perfect adherence condition. If the bond-slip modulus E,'éf tends to
infinite (E,’gr — o= E,‘: = E,‘g) and the adherence loss stress o, is equal to the
vielding stress O'{’, then slipping fiber model preserves a deformable fiber behav-
ior, and consequéntly, the perfect adherence condition is obtained (Figure 2.7(a)).

Remark 2.4 Rigid-plastic bond-slip model. When a rigid-plastic model describes
the bond-slip effect, that is, when E,'éf — oo and O'lf[;h <o’ the stress vs strain

y 2

curve of the slipping fiber model shows two branches: an elastic regime limited by
o', and a perfect plasticity regime (Figure 2.7(b)).
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Stress vs strain curve that results of the slipping fiber model, for two special cases: (a)
rigid-plastic

bond-slip model

Likewise, for the package of fibers parallel to s, Equations (2.32) and (2.33) can be re-

written:

wds _ o fs . is
€y T & +8SS

sds _ o fs _ sis
O-SS - O-xx - O-xx

(2.35)

where &7 is the stress rate, £ is the strain rate of the slipping fiber in s and E; is the
The constitutive equation of the slipping fiber model in s

tangent constitutive operator.

corresponds to:

sds _ & fs _ ppds | ads ds __
G, =06, =E & ., E

2.2.5. Dowel action

EVE

is
g

K Etf +E;

(2.36)

The structural elements as the bars have a dimension far greater than the other two, behaving
mainly to normal tension or compression to its longitudinal axis. However, the crack open-
ing in the concrete also depends on the stiffness to bending and shear of the steel bars, as
described next.
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In a reinforced concrete member where the cracks open in mode II of fracture, the shear
force is carried by the internal interlocking of the aggregate particles of concrete and the
shear capacity of the steel bars in the faces of a crack. The latter effect called dowel action
is produced by some of the mentioned earlier mechanisms in Sections 2.2.5.1 and 2.2.5.2
(Park & Paulay 1975). Also, this phenomenon is represented by means of the constitutive
model described in Section 2.2.5.3.

2.2.5.1. Mechanisms that produce the dowel action: bending of the bars between
the faces of a crack
The bending behavior of the bars between the faces of a crack is due to a displacement rela-
tive 0° perpendicular to its axis, when the free span between the faces of a crack [ is far
greater than his diameter d (Figure 2.8(a)). In this case, it is assumed that the parallel dis-
placement to the crack plane is carried to a beam fixed at both ends with a span equal to the
crack opening.

According to Timoshenko’s theory for beams (Timoshenko & Young 1965), in the elas-
tic regime the displacement J° generates a shear force in the bar equal to:

_12E'L
oy
where the area and the moment of inertia of a circular cross section of diameter d are equal to
Al = 7rdz/4 and I’/ = 7rd4/64 , respectively. E’ and 0'{ corresponds to Young’s
modulus and the steel yielding stress. )
The elastic behavior of the beam takes place whenever the maximum bending moment

M =VI/2 be least than the plastic moment M | = (d } / 6)0':{ . Therefore, the shear force in
the elastic limit is equal to:

o’ (2.37)

vt d g

ks / 2.38
Y 3 Ir ? (2.38)

The shear forces V and V, can also be written in terms of a equivalent shear modulus
G'* and a equivalent yielding shear stress t/ , as follows:

G A’

Vv
lT

5, V,=Alt] (2.39)
Replacing Equations (2.37) and (2.38) in Equation (2.39), then:

G"=E —— (2.40)
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5
Vs

(a) (b) (c)

Figure 2.8. Dowel action: (a) bar subjected to bending between the faces of a crack, (b) direct shear in
a bar crossing a crack, (c) relationship shear tension vs shear strain in the constitutive model.

2.2.5.2. Mechanisms that produce the dowel action: direct shear in bars crossing a
crack

The direct shear in bars crossing a crack appears when the component in r direction of the
crack opening is very small compared with its perpendicular component, in other words,
when mode II of fracture dominates with respect to mode I (Figure 2.8(b)). In this case the
shear force transmitted by the reinforcement is equal to:

T AT f
_G"A o e E

1% : ==
I 2(1+v))

2.41)

In this mechanism, G'° corresponds to the elastic shear module and v/ is the Poisson's
ratio of the steel. Applying von Mises’s yield criterion for a pure shear state, a shear force is
obtained as:

o]
V,o=—2A (2.42)
]

Replacing Equation (2.39) into the earlier equation, the equivalent yielding shear stress

will be equal to:

T) =+ (2.43)

2.2.5.3. Constitutive model of dowel action

Based on the earlier considerations, the dowel effect is represented by means of a equivalent
one-dimensional elasto-plastic model, similar to the model mentioned in Section 2.2.2. This
model relates the shear strain ¥/ with the shear stress of the fiber 7/ in the rs-plane (Figure
2.8(c)), through of the following ingredients:
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= It — oyt St :
T, =G (Vs —7,) (constitutive equation) (2.44)
7! = Asign(z)) (flow rule) (2.45)
al" = ° (evolution law) (2.46)
[l =\t -] +q") (plastic yield criterion) (2.47)
s fro_ T 4 fT .
¢"=H"« (softening rule) (2.48)
fr<0, A'>0, Af=0, (loading-unloading and (2.49)
A fE=0(f"=0) persistency conditions) )

Table 2.4. Ingredients of a one-dimensional plasticity model describing the dowel action.

In earlier equations, }/}f is the plastic shear strain, G'* is the equivalent shear modulus,
’L’{ is the equivalent yielding shear stress, H'* is the softening modulus, &’"and ¢’" is the
strain-like and stress-like internal variable. The tangent constitutive equation will be of the
form:

tl =Gyl (2.50)

where the tangent constitutive operator is equal to:
, G’ AT=0
T _ frprfr
G =1 GTH™ gy
G"+H”

(2.51)

The modulus G’ is calculated with Equation (2.40) or (2.41) depending on the domi-
nant mechanism in the dowel action (Sections 2.2.5.1 and 2.2.5.2). Likewise, the stress
T }f is defined with Equation (2.40) or (2.43) according to case.

Remark 2.5 It can be generally considered that the steel shear stress in the inelas-
tic regime of the model remains constant, that is, the softening modulus H'* is equal
to zero.

Remark 2.6 As Sections 2.2.4 and 2.2.5 describe it, the behavior of each package
of reinforcement bars is defined by means of two uncouple constitutive models: one
associated to the shear behavior 7£(7}§) and the other related to the axial behavior
ol (&l +€7). This latter called slipping fiber model is the result of a serial system
that includes the mechanical capacity of a deformable fiber and the bond-slip effects
in the interface fiber-matrix.
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2.3. Constitutive model of the composite material

According to the mentioned earlier, the reinforced concrete is treated as a composite material
formed by a concrete matrix and two perpendicular long steel fiber packages. The behavior
of the concrete is defined by a damage model with degradation in tension and compression,
in return, the axial mechanical strain of the fiber is described through a one-dimensional
elasto-plastic model.

In addition, two interaction effects between both materials have been considered: the ad-
herence loss and the dowel action. The former is represented by the relationship between
the fiber axial stress and a fictitious strain produced by the relative displacement between
both materials which added to the fiber mechanical strain is equal to the strain of the slipping
fiber model. 1In return, the latter is described by the constitutive relationship between shear
stress and shear strain, determined by the stiffness and capacity to bending or shear of the
steel bars between the faces of a crack.

The constitutive model of the composite material requires a link between its strain and
the strain of the component materials, as well as, it needs a link between its stress and the
stresses of the matrix and the fibers (Hill 1963). From mixing theory or rule of mixtures
(Truesdell & Toupin 1960) on described in Section 1.5.3 and Appendix B, the necessary
relationships between the composite material and the component materials are established.

The hypotheses considered in the model are:

e The matrix strain rate ¢"is equal to common strain rate ¢ defined on a two- or
three-dimensional space.

e The strain rate of the fiber in r direction including the bond-slip effect (slipping fi-
ber model), corresponds to the tensorial component rr of strain rate of the composite
material £, .

e  The strain rate of the fiber in s direction including the bond-slip effect (slipping fi-
ber model), corresponds to the tensorial component ss of strain rate of the composite
material £ .

e  The shear capacity of the fibers is associated to the shear strain rate in rs-plane indi-
catedas 7, .

According to the mentioned earlier, the compatibility conditions of strains presented as
the relationship between the strain rate of each component material and the composite mate-
rial are:
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" =g (matrix strain) (2.52)

ér=¢ =r-ér (normal strain of the slipping fiber in r) (2.53)
8 =¢ =s-ts (normal strain of the slipping fiber in s) (2.54)
}'/£ =y =2r-&'s (shear strain of the fiber in rs-plane) (2.55)

Table 2.5. Strain rate of each component in terms of the composite material strain rate.

Such as mixing theory indicates, the stress rate of the composite material is considered
equal to the sum of the stress rates of matrix and fibers multiplied by its respective volumet-
ric participation factor, which can be written as:

G6=k"6" +k" (x ®r)GT +k" (s®8)6” +2k" + k" )(r ®s)S ¢/ (2.56)

where the factors k™, k™, k”* correspond to the volume ratio of each component material,
i.e.,

V5

m fr
VeV e Tl K"+ k7 + k" =1 (2.57)

Vv Vv

km

In this case V is the total volume of composite material, V" is the volume of matrix,
V/ and V* are the volumes of the fibers oriented in the directions r and s respectively.

In the model an axial behavior of the fibers is considered, neglecting its contributions to
the stress of the composite material in the perpendicular direction of its longitudinal axis, that
is, the normal stress in s direction of the fibers parallel to r (O'S];r =0) and the normal stress in
r of the fibers parallel to vector s (o = 0) are equal to zero.

Figure 2.9 indicates the stresses of each component material in its local coordinate sys-

N-=-

composite
material

fs
\ 55

matrix fiber r fiber s dowel action

Figure 2.9. Constitutive model of the composite material. Stresses in the component materials.

Remark 2.7 In rs-coordinate system, the tensor of stress rate of the composite ma-
terial will have the following components:
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6, =k"o" +k"6l
G, =k"o" +k"cl (2.58)

o o=k"t" + (k" + k")

Likewise, the components of the strain rate indicated in Equations (2.52) to (2.55)
can be rewritten of the form:

am o adr _ 4
Err - grr - Err

., . ds N

£y =€ =€, (2.59)
m o o f

7rx - }/rs - ?/rx

Equations (2.58) and (2.59) describe the application of mixing theory to three sys-
tems in parallel, as shown in Figure 2.10. The first is constituted by the component
rr of the matrix and the sliding fiber in r direction, the second is formed by the com-
ponent ss of the matrix and the sliding fiber in s, the third is defined by the shear ca-
pacity of the matrix and fibers (dowel action) in rs-plane.

Remark 2.8 The mean field method described in Section 1.5.5 supposes that the
stress and strain rates of the composite material correspond to:

. _m em fr o fr fs = fs
o, =k"0 +k7"c +k”5)

r

6=k"6"+k"6” +k"6"” — {06, ,=k"0"+k"c!l +k"6 (2.60)

58

t o=k"t" + (k" + k"),

£, =k"en +kTey + kP ey

o 1, mem Jradr fsads Ao M am fr aqdr 5 pds

E=k"E" +EkTEY +E7EY - J&, =kTEL+KTE] +kVE (2.61)
o . fi Fsym f
Vs _km}/:?-‘r(k "tk Y)?/rx

where volumetric participation factor k" k7 k" the stress rates 6",6" 67

strain rates £",&" & | are associated to the matrix, the slipping fiber in v and the
slipping fiber in s, respectively. If there is a common strain such as the mixing the-
ory establishes it (¢" =& =&® =¢&), and the fibers capacity in direction perpen-
dicular to its longitudinal axis is neglected ( O'A{: =0, O'rf: =0), then Equations (2.60)
and (2.61) become Equations (2.58) and (2.59), plus the additional expressions
er =¢ =g ,&" =¢" =¢_ which do not take part in the evaluation of the com-
posite material stress.

&% and

o
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The stress rates obtained from the constitutive equations of each component is summa-

rized in the following table:

6" =Cj:¢ (matrix stress rate) (2.62)
6I'=E [: - (normal stress rate in the fiber r) (2.63)
o= Et‘;“ & (normal stress rate in the fiber s) (2.64)
i/ = G,f V. (shear stress rate in the fiber) (2.65)
Table 2.6. Tangent constitutive equation for each component.
s
s A
r
< fr Sie ' i
grr X grr > < 8{:5 > € gif e
fiber interface fiber interface
— m — (o2 " — m —_— o
fr o—> fs o fs A
% O-rr Y ? o-ss _S: o-ss
matrix matrix

Figure 2.10. Constitutive model of the composite material.
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mal stress in r, (b) normal stress in s, (c) shear stress in rs-plane.
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Considered reologic model for: (a) nor-

Given the strain compatibility among the components, the tangent constitutive equation
of the composite material can be defined as:
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6=C,:¢ (2.66)

The tangent constitutive tensor C,, can be evaluated by replacing the constitutive equa-
tions of the components (2.62) to (2.65) in Equation (2.56) and replacing this result with
Equation (2.66), is obtained:

C,= K'Cp+k"(r®r)®(r®r)EY +
L kB (S ®S)® (S ®S)E,‘Zf + (2.67)
" + k" Jalr ©5) © (r @) )Gf?

24. Application of continuum strong discontinuity approach to
composite materials

In some tests of reinforced concrete members, after of the elastic regime of the concrete, a
non-linear state is observed which begins with the distributed micro-cracking or diffuse fail-
ure zone and finishes with the cracks formation of significant opening (Vecchio, Lai et al.
2001). These phenomena can be represented by a reinforced concrete model treated as a
composite material that captures the strain localization from the behavior of its components
(matrix concrete and steel fibers).

The continuum strong discontinuity approach (CSDA) describes the mechanism of struc-
tural failure, showing the elastic behavior, the process of fracture and the general collapse, by
means of enhanced kinematics within the continuum mechanics (Oliver 1996a). Appendix
C summarizes the general characteristics of this formulation from the works produced by
Oliver and collaborator (Oliver 1996a; Oliver 1996b; Oliver, Huespe et al. 2003; Oliver &
Huespe 2004a; Oliver & Huespe 2004b). Next this methodology is applied to the composite
material.

2.4.1. Strong discontinuity kinematics in the composite material

CSDA establishes a jump of the strain field on the failure surface which is able to generate
unbounded values (in distributional sense) in the strain field.

Hypothesis 2.1 The strain field is defined on the composite material as a common
value for all the components, as indicated in Section 2.3. When the strains are ob-
tained from the displacements field, it can be assumed that this is determined in the
scale of the composite material. Therefore, the enhanced kinematics defined in the
CSDA is applied to a composite material in the same way as it is used in a homoge-
nous material.
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(a)

matrix (b) (c)

Figure 2.11. Application of CSDA to composite materials: (a) solid with discontinuity, (b)
displacement jump in a material point and (c) continuity of tractions in a material point.

2.4.1.1. Strong discontinuity kinematics

Let Q be a body of composite material exhibiting a strong discontinuity on surface S of nor-
mal n, which splits the body into the domains Q" and Q as shown in Figure 2.11(a). The
displacement rate (velocity) in a material point x and at a time ¢ is defined as (Oliver, Huespe
et al. 2003):

u(x,1) = u(x,t) + M (x) - [all(r) (2.68)

where u and [[u]] corresponds to continuous part and jump of the velocity (Figure 2.11(b)),
respectively. In the continuum, the unit jump function is defined as A7 (X) = Z,(X) — p(x) ,
where Z(x) is Heaviside’s function and ¢(x) is an arbitrary continuous function limited by
a small band Q" in S, as indicated in Figure 2.12.

Hs __ Ms
1

Qs o S o\ o
o o =

(a) (b) (c)

Figure 2.12. Application of CSDA to composite material: (a) Heaviside’s function, (b) function
¢ and (c) unit jump function.

The following expression indicates the value of Heaviside’s function and the continuous
function ¢(x) outside the band Q" where its value is not arbitrary.

0 vVxeQ /Q"
1 vxeQH/Q!

0 VxeQ

2.69
1 VxeQ' (2.69)

The strain rate field is evaluated by applying the symmetrical gradient operator on the
velocity field, in such a way that the strain rate can split into a compatible part based on the
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velocity in the continuum and an enhanced part in terms of the jump velocity. Since the
gradient (in a generalized sense), of Heaviside’s function defines a singular function, the
strain rate can be expressed as the sum of a bounded regular part plus a singular part (un-
bounded), thus:

compatible ~enhanced bounded enhanced unbounded
f_/H-
£§=V'a= VU —(Ve®[ul)' + (5, n®[ua])’ (2.70)
regular & sigular [£]]

where Jgis Dirac’s delta function acting on Q. In general the jump of a field (@) is indi-
cated as [[0]]=°Q+/S —°|S.

According to the earlier equation, the difference between the strain rate inside and out-
side of the discontinuity surface S is equal to:

[E=¢,.,, —¢5 =0, (n®[an) 2.71)

24.1.2. Application to the composite material

Equations (2.72) to (2.75) indicate the regular and singular part of the tensor components
of strain rate used by materials that make up the composite material, where the scalars
(r-[u]) and (s -[[u]]) correspond to tensor components of the jump velocity in the directions
r and s, respectively.

" =g+ (6, n®[u])’ (strain rate in matrix) (2.72)
¢ =r-g-r+0, (r-n)(r-[u]) (strain rate in fiber r) (2.73)
8§’j =s-g-s+ o, (s n)(s . [[1'1]]) (strain rate in fiber s) (2.74)

7,{ =2r-g-s+ 0, [(s . n)(r . [[1'1]])+ (r- n)(s . IIil]])] (shear strain in fiber) (2.75)

Table 2.7. Tensor components of strain rate of the materials that make up the composite material.

Remark 2.9 From Equation (2.73), it is deduced that the strain rate in fibers r on
surface S corresponds to the regular part (¢ =r-€-r), when the discontinuity is
parallel to fibers, i.e. (n Lr). This result physically indicates that the opening of a
parallel crack to a fiber does not generate any strain on it, as it is expected. In re-
turn, when n and r are parallel, the singular part of the strain rate take a maximum
value &, (r-Mall). Let us notice that the tensor component of the jump velocity
perpendicular to the axis of fibers does not produce axial strain on them. In an
analogous way occurs with the fibers oriented in s, as it can be observed in Equa-
tion (2.74).
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Remark 2.10 In a point of composite material, the strain rate &(X,t) is given by the
kinematics of CSDA indicated in Equation (2.70), whereas the stress rate 6(X,t)is
calculated by means of mixing theory with Equation (2.56).

2.4.2. Equilibrium conditions in the composite material

Hypothesis 2.2. Since the stress field in a material point is defined in the scale of
the composite material as indicated in Remark 2.10, the equilibrium equations and
the traction continuity conditions used in CSDA on homogenous materials can be
directly applied to composite materials.

The equilibrium equations and the traction continuity conditions in the continuum of
composite material are expressed in Table 2.8, where b is body force and t" is the prescribed
traction vector and v, is a unit vector normal to boundary I';.

The subscript Q\S indicates that the amount (e) is evaluated in a point belonging to Q"
but outside surface S. The discontinuity surface splits the domain Q into two parts: Q" and
", where vector n aims towards Q" as indicated in Figure 2.11(a).

V-6+b=0 (internal equilibrium in Q\S) (2.76)

G6-v, =t (external equilibrium on I'y) 2.77)

[6]lgs n=6, , n-6, ,  n=0 (outer traction continuity on S) (2.78)
[6 n=6;,-n-6,  -n=0 (inner traction continuity on S) (2.79)

Table 2.8. Equilibrium equations and traction continuity conditions in the composite material.

The inner traction continuity on S expressed in Equation (2.79) is fulfilled only if the
stress values are bounded. By this reason, the continuum strong discontinuity approach
allows to evaluate a bounded stress field with the same constitutive model of the continuum,
as much in the discontinuity surface S, as outside it, in spite of the unbounded character of
the strain on S.

2.4.3. Strong discontinuity analysis in the composite material

The strong discontinuity analysis establishes the conditions necessary to maintain the consis-
tency between the stresses and strains when the displacement jump is different from zero
([Il'l]] #0 ) Under these circumstances the strain rate in the discontinuity is unbounded,
however, the stress of the composite material and its components only have physical sense if
they are bounded. This is obtained by means of the regularization of some parameters and
internal variables of the constitutive model.
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At the step of pseudo-time r=fgp from which a strong discontinuity appears, the strain
€qs and its rate €, ,, they maintain an bounded value defined by the regular part of the
Equation (2.70). In the damage model used for the matrix, a bounded stress
O (Egig,a™)is obtained from the strain €, . In return, in the one-dimensional elasto-
plastic models used in the other components of the composite material, a bounded stress in
term of one of the tensor components of the strain can be found. The normal stress in fibers
oriented in the directions r and s, 0/ (X €q - F,a”) and 0L (8 €qy s, @) re-
spectively, they are bounded, as well as tangential stress 7/ o5, (2r-€q -s,@’") produced
in the fiber by the dowel action. In addition, it can be indicated that the stress rates
6 lons) O ians)» O ians)» T s, are bounded values.

Since the sum between bounded values is equal to another bounded value, the stress rate
in the composite material defined in Equation (2.80) will be a bounded value, as well as the
traction rate o5 = (65 M) .

Gos =k"Gg g + k7 (r @ r)d_rjjr(g\s> +kP(s® S)dvf,:(ms) +

‘ @ (2.80)
+2k7 +k)(r ®s)° T}Z(Q\S}

In accord with the basic hypothesis that establishes internal continuity of the tractions
rate in discontinuity S, described by Equation (2.79), the traction rate of the composite mate-
rial in discontinuity S, ES = (6, -n), it maintains a bounded value, like the stress rate 6.
According to mixing theory this stress rate is defined as:

6, =k" 65 +k"(@x®r)0L +k"(s®8)5] +
— — ——

acotado

acotado acotado
2.81)
+2k" +k")x ®s)° 2]

—
acotado

where that K", K, k* , r and s are bounded parameters.
Since a bounded value can be expressed as the sum of several bounded values, the stress
rate of each one of the components in S is also a bounded value.

Remark 2.11 An important conclusion of the strong discontinuity analysis estab-
lishes that the stress rate in S of the components and consequently, of the composite
material are bounded values despite the strain rate & is not bounded.

According to the mentioned earlier, in the continuous constitutive model of each compo-
nent, a unbounded strain rate does not generate a bounded stress rate. This is obtained
through the regularization of some parameters and internal variables as described next.

24.3.1. Regularization of the matrix constitutive model

The regularization of the matrix model is defined by the strong discontinuity analysis applied
to damage models as shown in Appendix C.4. (Oliver 2000; Samaniego 2002; Oliver &
Huespe 2004a).
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A condition sufficient to regularize the model consists in the redefining of the parameter
H™ of the constitutive model of the matrix as a parameter of discrete softening H" , of the
form:

L, 1

— =5 2.82
H" *H" (2.82)

where J; is Dirac’s delta function in the discontinuity surface (Appendix F). Likewise, the
internal variable r" in surface S is regularized through an bounded discrete variable ™,
thus:

i = 5" (2.83)

Replacing the earlier result in Equation (2.4), the discrete softening law is obtained as:

q"=H"a" ; q'=q"g +H"AX" (2.84)

where A" =a"(t,,)—a"(t), and tgp is strong discontinuity time.

2.4.3.2. Regularization of the constitutive models of the fibers
The regularization for the other components is obtained through strong discontinuity analysis
applied to a one-dimensional elasto-plastic model as described in Appendix C.5 (Simd,
Oliver et al. 1993). The indicated ingredients next are applicable to the dowel action and to
the axial behavior of deformable fibers in the directions r and s.

In an similar way to the damage model, in the discrete elasto-plastic model of each phe-
nomenon the internal variable, the regularization condition of the softening parameter and
the softening rule are defined as:
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Veaf =@ Loos L o
| ‘ - . H H’ (deformable fiber in r) (2.85)
a! =4, +H A"

Y ;
H (deformable fiber in s) (2.86)
q/ = %Tsm +H"Aa”

[y

‘ ‘ » 1
Nr=al =507 =0 =7
H H (dowel action in rs-plane)  (2.87)

fr _ [t I7 T A 77 f7
q; —qx(su)"'H Ax

Table 2.9. Equations of regularization of the constitutive models of the fibers.

where the superscripts fr, fs and f7 correspond to the parameters associated to the deformable
fiber model in r, deformable fiber model in s and dowel action in rs-plane, respectively.

2.5. Discontinuous bifurcation analysis in the composite material

In the tests where the reinforcement is distributed uniformly in the whole member, after the
elastic regime of the concrete, two stages are distinguished. Initially in a distributed crack-
ing stage many cracks of little opening and constant separation due to the steel capacity and
to a good adherence between the concrete and the bars. In a discontinuous or located failure
stage, it is observed that the opening of few cracks prevails on the others, whereas the struc-
tural capacity decays (Figure 2.13). In the context of the continuum mechanics, the discon-
tinuous bifurcation analysis allows to determine the beginning and the direction of the cracks
in the stage of located failure.
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[T

distributed
cracking

localized
cracking

o

Figure 2.13. Scheme of the structural response of a member of reinforced concrete subjected to ten-

sion.

2.5.1. Bifurcation criterion

In composite materials where the fibers embedded in the matrix are distributed uniformly,
the direction and the time of bifurcation will be determined by the mechanical properties of

all the components.

Hypothesis 2.3. In a material point, the velocity field, the strain rate and the stress
rate (obtained from the tangent constitutive relationship shown in Equation (2.66)),

are defined in the scale of the composite.

This allows to assume that the discon-

tinuous bifurcation analysis used in homogenous materials (Rice 1976, Runesson,
Ottosen et al. 1991) is applicable to composite materials as the reinforced concrete

presented in this work.

Considering that the tangent constitutive tensor of the composite material in the domains
Q+ and Q- are equals, and replacing the constitutive equation of the composite material
(Equation (2.66)), in the traction continuity condition (Equation (2.78)), it is obtained:

[6-n]]=n-C,:[£]]=0

replacing the equation of the jump strain rate (Equation (2.71)),

(n-C,-n)Mun=0

defining to the localization tensor of the composite material as:

(2.88)

(2.89)
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Q,#m)=n-C,-n (2.90)
The classic criterion of bifurcation established by Hill (1962) is written in the form:
Q,.(tmn)-[ull=0 V1 (2.91)

According to the aforementioned kinematics, a jump in the velocity field different from
zero ([[u]] #0) is a sufficient condition for the existence of a mode of strong discontinuity.
Therefore fulfilling Equation (2.91), the localization tensor must be null at the time ¢, and in
the n direction, of such form that:

Q,(1,m)=0 — det|Q, (1,,m)]=0 (2.92)

Replacing Equation (2.67) into Equation (2.90), the localization tensor of composite ma-
terial is expressed as:

Q, =k"Ql+k"E; (n-r)*(r®r)+
+k"E; (n-s)* (s ®s) + (2.93)
+ 4k +1")G. - (c ®s) ® (r ®s)" ]

where Qj; =n-CJ -n is localization tensor of the matrix for a isotropic damage model with
degradation in tension and compression obtained from of Equation (2.11) as:

Q=L LI ot e 017) 094
r ") ¢

In earlier equation, t” =n-6", t*=n-A, the scalar value ¢ and the tensor A is de-
fined by the damage model for two-dimensional problems described in Appendix A.1. The
elastic localization tensor or acoustic tensor of the matrix defined as Q" =n-C"-n (Hill
1962) is expressed of the form:

Q" = 1_1(37)2 K 1 +2V ] (n®n)+ [ ! _2V )1 (plane stress) (2.95)

§ o 1 -2, | .
Q" = (1+V'")(1—Vm){(2j (n®n) +( 5 ]1 (plane strain) (2.96)
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2.5.2. Calculation strategy

The bifurcation time and the discontinuity direction are calculated by means of a process of
search (at every step of pseudo-time), of the minimum values of the determinant of [Q,, ]
with respect to n. This procedure can have a high computational cost in three-dimensional
problems, however, in the two-dimensional case the cost is much smaller, first, because
[Q,] is a two-order matrix and secondly, because vector n can be defined from a unique
angle ,.

As convention 6, is the angle formed between the /-direction of principal strain and vec-
tor m, this assures that the minimum values det(Q,(7,6,)) appear between 6,=-90° and
6,=+90°, which is important in the numerical procedure.

Remark 2.12  The anisotropy of the composite material produced by the direction
of the fibers implies that the principal directions are different in strain and stress.

For every pseudo-time ¢ the minimum values of det(Q,,(#,6,)) are searched in terms of
the angle 6,. When det(Q,, (75,6,,)) =0, the values of 7 and 6, correspond to bifurcation
time t, and the localization angle 6,,.. From Figure 2.14 to Figure 2.17, this procedure is
graphically represented through the curve between (det(Q,)/det(Q™)) and the angle 6,,
where Q" is the elastic localization tensor of the matrix. Each relative minimum in this
curve is called bifurcation indicator and is defined as:

¢, = minldet(Q,, (1,6,))/det(Q"(1,6,))] ie {12} (2.97)

2.5.3. Examples of bifurcation on a material point

These examples study the state of a material point of reinforced concrete (composite mate-
rial), when it is subjected to the load that produces bifurcation in the simple concrete (ho-
mogenous material).

A stress state where normal strain £, #0 and €, =7, =0 is considered (except in
Section 2.5.3.4). The mechanical properties of concrete and steel for all the examples are:
E™=20.0 GPa, v"=0.2, G =100.N/m and o' =2.00 MPa and E’=200.0 GPa. In return,
the directions r and s of the fiber packages and its volumetric participation factor k" and
k* are different according to the example.

In Sections 2.5.3.1 to 2.4.3.2, first the influence of the reinforcement ratio is studied,
then the influence of the direction of the fiber and then the intervention of two perpendicular
fiber packages to each other.

2.5.3.1. Influence of the reinforcement ratio in the strain localization of the
composite material

In the discontinuous bifurcation analysis of the simple concrete represented by the dash line
in Figure 2.14, the bifurcation indicators {",{," are approximately equal to zero establish-
ing the bifurcation time of the homogenous material 7 .
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The composite materials is reinforced with fibers oriented in the direction of the tension
(r = [1,0]"). For the load step given at the pseudo-time ¢ , three different reinforcement
ratio are compared. Figure 2.14(a) shows that the augment in the amount of reinforcement
increases the bifurcation indicators ¢, ,¢, and consequently, it delays the bifurcation time of
the composite material ¢, , nevertheless, the localization direction is conserved, as shown in
Figure 2.14(b).

10 :
n
Y _ X ESE
M 1
0.8 \ : < 35 L, |
IV ~~
o \ r g
< 06 \ L 1 e/
3 / 3
gfo 0.4 \ kK=0.02 k'=0.05 =]
5 / 3
= 02 \ |
K=0.01
f=
00!k 0‘00—>\ — ~— (a)
-90 -45 0 45 90
6, (deg) 0 (deg)

Figure 2.14. Discontinuous bifurcation analysis in composite material subjected to tension. Influence
of the reinforcement ratio. Relationship between det[Q,,]/ det[Q™] and discontinuity angle &, . Proper-
ties of concrete: E"= 20.0 GPa, v = 0.2, G'=100 N/m 6,=2.00 MPa, Ouc=20.00 MPa and of steel:
E'=200.0 GPa, @ =0°. (a) whole graph, (b) close-up on one of the minimums of det[Q,].

2.5.3.2. Influence of the direction of a fiber package in the localization of the com-
posite material

This example study the bifurcation condition in a composite material with 2% reinforcement
ratio and three different directions of the fibers. Figure 2.15(a) and Figure 2.15(b) show the
bifurcation indicator and localization direction in terms of the fiber direction.

In Equation (2.93), it is observed that as much the angle between r and the direction of
tension x, as the angle between r and the normal vector to discontinuity n, they modify in the
localization tensor of the composite material.

In a material reinforced with inclined fibers 30° with respect to x (Figure 2.15(c)), the bi-
furcation indicators are different, which establishes a single direction of localization at the
pseudo-time ¢ =1,.
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Figure 2.15. Discontinuous bifurcation analysis in composite material subjected to tension.. Influence of
the direction of reinforcement.  Relationship between det[Q,]/ det[Q™] and discontinuity angle 6, .
Properties of concrete: E"= 20.0 GPa, v= 0.2, G'=100 N/m 6,=2.00 MPa, 0,=20.00 MPa and of steel:
F'=200.0 GPa, k"=0.02: (a) whole graph for differents fiber directions ¢ , (b) close-up differents fiber
directions ¢ , (c) comparison between the bifurcation indicators for ¢,=30°, (d) comparison between the
bifurcation indicators for ¢;,=0°

In special cases in which the fiber direction and the applied loads maintain the symmetry
of the problem, both bifurcation indicators are equals as in homogenous materials (Appendix
C.3). An example is the composite material reinforced in the direction of the tension (r is
parallel to principal direction 1), whose result is shown in Figure 2.15(d).

2.5.3.3. Influence of a second fiber package perpendicular to r.
A point of material reinforced in the directions x and y (r=[1,O]T and s=[0,1]T), with 2% of
reinforcement ratio in x-direction is considered. —This example compares the bifurcation
conditions for three different reinforcement ratios in y direction.

The presence of a second fiber package in y direction delays the bifurcation time and
changes the critical angle of localization (Figure 2.16), although the stress tensor only has
component in x. The contribution of the second fiber to the localization tensor disappears
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when the normal to discontinuity n is perpendicular to s, as the third term of Equation (2.93)
indicates it.
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Figure 2.16. Discontinuous bifurcation analysis in composite material subjected to tension. Influence of
the two fiber packages perpendicular to each other. Relationship between det[Q,,]/ det[Q™] and disconti-
nuity angle §,. Comparison among different reinforcement ratios in s direction. Properties of concrete:
E"=20.0 GPa, v= 0.2, G’=100 N/m ¢,=2.00 MPa, 7,,=20.00 MPa and of steel: E'=200.0 GPa, k"=0.02:
(a) whole graph, (b) close-up.

Remark 2.13  The bifurcation condition of the composite material depends on the
stress state, the mechanical properties of the matrix and the amount, direction and
mechanical properties of the fibers.

2.5.34. Material point with fibers in two-way subjected to shear

A point of material reinforced with two fiber packages oriented 30° and 120° with respect to
x is subjected to a displacement which only produces shear strain %, , i.e. £,=0 and &,=0.
The displacement increases indicating four pseudo-times or load steps (¢;, t,, 3, t;) until ob-
taining the bifurcation time # =1¢,.

The concrete matrix has Young’s modulus E"=20.0 GPa, Poisson’s ratio V"=0.2, frac-
ture energy G'=100 N/m, tensile strength ¢,=2.0 Mpa and compressive strength Ouc=20.0
MPa. The steel fibers have Young’s modulus E=200.0 GPa, reinforcement ratio in the
directions r and s, k™ = k" =0.02.

Figure 2.17 shows to the variation of det(Q,, (¢,6,)) with respect to the angle 6,. Here,
different values of the bifurcation indicators are observed producing a unique angle . even
for strain levels earlier to the bifurcation time.
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Figure 2.17. Discontinuous bifurcation analysis in composite material subjected to shear.
Relationship between det[Q,,] and discontinuity angle §,. Comparison among ditferent strain levels ¥,
(where €.,=0 y &,=0). Properties of concrete: E"= 20.0 GPa, v = 0.2, G'=100 N/m 0,=2.00 MPa,
Gu=20.00 MPa and of steel: E'=200.0 GPa, @ =30°, @ =120°, ¥"=k"=0.02.

2.6. Finite element implementation of the formulated model by
means of elements with embedded discontinuities

The formulation presented in the earlier sections has been implemented in a program of two-
dimensional analysis with finite elements, considering infinitesimal strain and non-linear
material (Cervera, Agelet et al. 2001). In general, a new constitutive model of the rein-
forced concrete treated as a composite material and equipped with CSDA (Oliver, Huespe et
al. 2004a; Oliver, Huespe et al. 2005a; Blanco 2006) has been added. This model has the
following characteristics:

e The numerical model uses finite elements that can capture the jumps adding en-
riched modes of strain, which are controlled by additional degrees of freedom.
These special elements which are able to include the discontinuity of the displace-
ment in their interior are called finite elements with embedded discontinuities
(Figure 2.18) (Simd, Oliver et al. 1993). Each element has elemental support of the
enrichment function, allowing the condensation to level of the element, of the de-
grees of freedom related to the jump.

e In the implementation of the model, kinematically consistent symmetrical elements
have been used (Jirasek 2000), with the purpose of obtaining a symmetrical stiffness
matrix of the problem. The kinematics of this type of elements capture the motion
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of rigid body of its parts splited by a discontinuity line; nevertheless, the traction
continuity conditions as result from a variational formulation are approximate.

e The implicit integration algorithm allows obtaining good results with great time step
in constitutive models equipped with softening strain. However, the stiffness ma-
trix of the problem can be ill-conditioned, endangering the convergence of the solu-
tion. Therefore, the presented formulation uses the implicit-explicit integration
scheme (IMPLEX) proposed by Oliver and collaborator (Oliver, Huespe et al.
2004a; Oliver, Huespe et al. 2005a), which guarantees the defined positive character
of the algorithmic stiffness matrix of the problem, increasing substantially to the ro-
bustness and stability of the solution. Appendix E describes this form to integrate
the constitutive model.

¢ From the material discontinuous bifurcation analysis, the direction of the disconti-
nuity into a finite element is obtained, but its position within the element is un-
known (Figure 2.19(a)). Then an algorithm establishing the geometric place of the
discontinuity line inside each element is required, which assures the continuity
among the segments that conform the discontinuity trajectory in the solid (Figure
2.19(b)). The global strategy of the discontinuity tracking described in some refer-
ences (Samaniego 2002; Oliver & Huespe 2004a) and used in this work, it fulfills
this objective (Appendix D). Other authors (Sancho, Planas et al. 2004; Sancho,
Planas et al. 2005; Sancho, Planas et al. 2006) have developed local algorithms
without needing establishing the interelemental continuity of the discontinuity line,
considering a cohesive central-force model and a direction of propagation normal to
maximum principal stress.

Remark 2.14. In a kinematically consistent symmetrical element, the stiffness ma-
trix loses its symmetry if the tangent constitutive operator is not symmetrical. This
ocurrs when the tensor A of the constitutive model of the concrete matrix is different
from zero (Equation (2.11)).
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Figure 2.18. Implementation of the formulation in the FEM. Linear triangular element with embed-
ded discontinuities: (a) Heaviside’s function. (b) function ¢.. (c) unit jump function, (d) Dirac’s delta
regularized function, (e) degrees of freedom (compatible displacements and jumps).

Figure 2.19. Implementation of the formulation in the FEM. Tracking of the discontinuity lines: (a)
random position of the discontinuity line inside two finite elements, (b) alignment between the disconti-
nuity trajectories of two finite elements.
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2.6.1. Kinematics of the strain in the composite material

For a linear triangular element (Figure 2.18(e)), the displacements rate of a point x in its
interior is obtained from the discretization of Equation (2.68), as:

3
1(x,0)= Y. N x)d, () + M B (1) (2.98)
i=1

where N“(x) is the shape function of the element at node i, vector d, corresponds to the
compatible displacement rate of node i, and vector B represents the jump displacement
rate. En two-dimensional space d, =[u,. ‘.)i]r and B =[8, B,

Since ¢ is the set of finite elements crossed by a discontinuity surface S, the unit jump
discrete function for a linear triangular element M;e) (x) (Figure 2.18) will be equal to:

M(E)( ) 0 Veﬁ g 2.99
X)= .
s HEO(x) -9 (x) Veeg (299)
where,
0 VxeQ
©(x) = “(x) =N (x 2.100
%s(){l Ve OF 97 X) =N (%) ( )

In this case N'”(x) is shape function of node i+ belonging to the part Q of a finite

element.
Differentiating Expression (2.98), the rate of the strain field in a point x within a finite
element and at a pseudo-time ¢ is obtained as:

3
£ (x, )=V = Z(VN,F“ ®d, ) ~(Vo®B) +5im@p“) (2.101)
i=1
By computational purposes, it is necessary to regularize the Dirac’s delta function & in
terms of parameter k as follows:

1 xeS¢

2.102
0 xeSF ( )

. 1
J5 (x) = Lgmo(ﬂs(x)kj s Mg (x) = {
where S$* is a band of thickness k around S. Figure 2.18(d) shows this function for a linear
triangular element.

Remark 2.15 The second-order tensors as the stress and the strain are represented
in two-dimensional notation of Voigt by means of a vector of the form
{o} = [(O)H,(O)),),,(O)Ay . However, the localization tensor of Equation (2.93) is
transformed into a square matrix.

In matrix form and in the context of the finite elements method (Hughes 2000), the two-
dimensional strain rate is expressed as:
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= [B<e)]{d(e)}+ [G(e)]{B<e)} o {&ef= [B(E)’G(e)]'{g::} , where

(2.103)
a9 =[d,.d,.a.] & =[] po=[.8] € =le..e,5)

Comparing Equation (2.101) that defines the strain of tensorial form, with Equation
(2.103), the elemental matrices B’ and G are obtained thus:

IN® 0
Bl=| o anN¢|; [B“]=[B,B,B.] (2.104)
a yNi(g) aXNi(f')
(5n,—0,9') 0
le]= 0 (8n, —0,0) (2.105)

(Oyn, —0,0") (S5n,—0,9"")

2.6.2. Equilibrium conditions of the composite material

The equilibrium equations can be expressed in weak form by means of a variational formula-
tion that assures symmetry of the stiffness matrix as indicated following (Samaniego 2002;
Oliver, Huespe et al. 2003). Let y be a strain field of admissible variations of the form:

Y= Zﬂ + Vn ;s meY, ; me, (2.106)
compatible part  enhanced part

where ]Z,]Z are the functional spaces for the admissible regular displacements i and the
discontinuous displacements 1 = A7 , respectively. It is fulfilled that:

[6 V'ndQ-G,, =0 vneV,

Qs
e . (2.107)
G,, () = [bqdQ+ [t ndr
Q T,
[6¥v'WdQ-G,,a)=0 vneY,
2 (2.108)

G, (M) =0

It can be demonstrated that the variational format expressed in the earlier equations is
equivalent to statically consistent variational formulation (Samaniego 2002). The gradient
of the admissible displacement rate is equal to:

vl B fm+ e )7 (2.109)
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Therefore, the incremental expression of residual forces in a finite element corresponds
to:

[Be] fe}aa—{£o ={r} 2.110)

Q°

I[G(”]T{G}dﬂ ={r} @2.111)

Q

The incremental vector of external forces in the element is {Feif)}, and the vector of the
two-dimensional stress rate of the composite material is:

l}=lo. o, o, 2.112)

2.6.3. Stiffness matrix of the finite element

The tangent constitutive equation of the composite material indicated in the Equation (2.66)
can be written in matrix notation as:

fo}=[c, ] &} 2.113)

where [C,] is the tangent constitutive matrix of the composite material in Voigt notation for
the two-dimensional case.

Replacing Equation (2.113) into Equations (2.110) and (2.111), the following matrix
equation can be obtained,

Ki Kip |Jd9] _JFED| R
Kg K 169 Lo ) |7 (2.114)

where the sub-matrices Kf,j),Kflj;,K;;,),K;j; indicated following make up the tangent stiff-
ness matrix of a finite element of composite material [K®'].

ki = [, Borlc,] B ]ae
kg =[BT, ] 6l
k=] le“flc,] B
k= lcllc,]lle ]

2.115)

Remark 2.16 Of Equation (2.115), it concludes that the tangent stiffness matrix of
the composite material [K®'] is a symmetrical matrix, whenever the tangent consti-
tutive matrix [Cy] be also it.
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The elemental enrichment allows including the degrees of freedom associated with the
displacement jump in the matrix equation of equilibrium of the element, as shown in Equa-
tion (2.114). Likewise, the size of the stiffness matrix can be reduced by means of a process
of condensation of additional degrees of freedom.

2.6.4. Stress rate vector of the composite material

The stress rate of the composite material written in tensorial notation in Equation (2.56) can
be rewritten in Voigt notation as:

{o}= k"o }+ k{6 b+ kP o b (k7 )6 (2.116)

For the earlier equation, the stress rate vectors of each component appear in Table 2.10.

{(;”’ }: [Gfx 0'}"; O_:Z ]T (stress rate of the matrix) 2.117)
{(;f’}= [rxz ryz rr, ]T o’ (stress rate of slipping fiber in r) (2.118)
{(;ﬁ}: [si s% 5.5, ]T o‘-sf (stress rate of slipping fiber in s) (2.119)

{(sf ’}: 2rs, 1S, ¢,S]Tz",’; (stress rate in fiber due to dowel action)  (2.120)

y

¢9.=0.5 (rxsy + rysx)

Table 2.10. Stress rate vector for each component material.

The stress rate of the matrix obtained from the damage model is the vector indicated in
Equation (2.117).  The tensor (r ®r)o”rf; which indicates the stress rate of the fiber in r is
represented by the vector 167" | of Equation (2.118).  Likewise, the tensors (s ®s)d”. and
2(r ®s)51"j; are represented with matrix format in Equations (2.119) and (2.120).

2.6.5. Tangent constitutive matrix of the composite material

The tangent constitutive matrix of the composite material indicated as a fourth-order tensor
in Equation (2.66), is represented in Voigt notation as:
_1m m fr dr fs ds fr fs fr
lc, )=kl el fe anfes |« e + el ] @2.121)
The tangent constitutive matrix of the concrete is determined directly by the damage

model, whereas the tangent constitutive matrices of the other components in an xy coordinate
system correspond to:
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i
[ce]= g 222 rrd | (slipping fiberiny)  (2.122)

sim rfry2

5257 5.5, sisy_
[ce]= g 525 s.s)|  (slipping fiberins)  (2.123)

sim sfsf

r\'zslz' ’j\'sxrysy r's\' |
[cre]=4c/ P25 ¢ (dowel action) (2.124)

Sim ¢rV

Table 2.11. Tangent constitutive matrix for each component.

2.6.6. Localization matrix of the composite material

Finally, the two-dimensional localization tensor of the composite material shown in Equation
(2.93) is represented by a square matrix of order two, as the following equation indicates it.
The minimum value of the determinant of this matrix in terms of n allows establishing the
bifurcation condition.

Q. 0,

The localization matrix of the composite material can be written as the weighted sum of
the contributions of the components, thus:

Q, = [Q,g B {Q’“ Q"’} (2.125)

@, ="l |+ k7 T+ Qi ]+ k7 + k@] (2.126)

where,
[Q ]— L-’ r;’} (2.127)
o= 49 { ssﬂ (2.128)

2
[ ]_ ,g |: (¢sn x S x (¢snrx+¢rnsx)(¢snry+ rnsy :| (2129)

(¢SVI ’C+¢VVIS’C)(¢SV! y ¢Vﬂsy) (¢SVI y ¢Vﬂsy)2
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¢m = (rxnx + ryny) 4 ¢xn = (anx + syny)

2.6.7. Calculation procedure

The calculation procedure in the constitutive model of the composite material consists of:

e Evaluating the strain components in rs coordinate system as indicated in Equations
(2.52) to (2.59).

e Calculating the stress and the tangent modulus of each constitutive model from the
strain component and the particular internal variables.

e Evaluating the stress tensor of the composite material with the Equation (2.56) and
the tangent constitutive tensor with the Equation (2.67).

e Through an discontinuous bifurcation analysis of the composite material, obtaining
the bifurcation time and the discontinuity direction (Equations (2.92) and (2.93)).

The flow chart presented in Figure 2.20 indicates that the input parameters are the strain
of the composite material and the internal variables of the components whereas the output
parameters correspond to the stress, the tangent constitutive operator, the bifurcation time
and the discontinuity direction.

The material failure model of the reinforced concrete presented in this work, it incorpo-
rates continuum strong discontinuity approach and mixing theory of composite materials,
mainly at level of finite element, as shown Figure 2.21. However, the tracking of the dis-
continuity lines detailed in Appendix D, it is defined at global level.
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Figure 2.20. Constitutive model of composite material. Flow chart of the calculation of the stress tensor, the
tangent constitutive tensor and the discontinuities bifurcation analysis.
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Figure 2.21. Flow chart of the finite element analysis.



A model of material failure for reinforced concrete via CSDA and mixing theory 71

2.7. Summary

Next the formulation of the model presented in the earlier sections is summarized and the
most important issues of this chapter are described.

e  The presented formulation represents the fracture process in reinforced concrete us-
ing two essencial ingredients: continuum strong discontinuity approach for describ-
ing the formation and propagation of discontinuity in the solid (Oliver 1996b;
Oliver 1996a; Samaniego 2002; Oliver, Huespe et al. 2005a) and mixing theory for
establishing the constitutive model of reinforced concrete treated as a composite
material (Truesdell & Toupin 1960).

e Each point of continuum medium obeys to the behavior of a composite material
make up by a concrete matrix and two long fiber packages of steel reinforcement,
perpendiculars to each other, oriented in directions r and s, respectively.

e The behavior of the concrete matrix and the steel fibers, as well as, the dowel action
and the adherence loss between concrete and steel, are described by means of par-
ticular constitutive models. The matrix is represented with a scalar damage model
with degradation in tension and compression (Oliver, Cervera et al. 1990), and the
other behaviors are described through one-dimensional elasto-plastic models (Simé
& Hughes 1998).

e The strain field is defined in the composite material as a common value for the ma-
trix and fibers, as shown in Equations (2.52) to (2.55). When obtaining the strain
field from the displacements field, it is established that this latter is also defined in
the scale of the composite material. Therefore, the enriched kinematics defined in
CSDA is applied to a composite material of the same form as is used in a homoge-
nous material (Equations (2.68) and (2.70)).

e  The stress of the composite material computed in Equation (2.56) is the result of the
weighted sum of the stresses of the components. Since the stress field of a material
point is defined in the scale of the composite material, the equilibrium equations and
the traction continuity conditions correspond to the expressions given for homoge-
nous material (Equations (2.76) to (2.79)).

e The earlier feature allows supposing that the used discontinuous bifurcation analysis
in homogenous materials is applicable to a composite material as the reinforced
concrete, evaluating the localization tensor of composite material presented in
Equation (2.93). In this way, the material instability and the discontinuity direction
depend on the mechanical behavior and volumetric participation of the components
of the composite material.
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In the discontinuous bifurcation analysis of the composite material, an algorithm
search of the bifurcation indicator for two-dimensional problems is given. This in-
dicator corresponds to the minimum value of the determinant of the localization ten-
sor in terms of the discontinuity direction.

In the implementation with the finite elements method, embeded discontinuities
elements are used (Simd, Oliver et al. 1993), which have elemental support of the
enrichment function, allowing the condensation to finite element level of the de-
grees of freedom related to the jump.



Chapter 3
Numerical examples

The proposed formulation is validated by means of the numerical simulation of different
tests. In this chapter, the results of the modeling of reinforced concrete members subjected
to tension, bending and shear are presented. Likewise, some results as the structural re-
sponse and the distribution of cracks are compared with the experimental results found in
specific references.

3.1. General considerations

The numerical simulation of reinforced concrete tests developed in this work presents the
following characteristics:

e Infinitesimal strain, plane stress and non-linear material are considered in the simu-
lation of the tests. Triangular finite elements with embedded discontinuities are
used in the numerical analysis.

e The simulation was executed up to values of displacement greater than the antici-
pated values in the reference experiments. This is due to the interest in the struc-
tural response of the tests over the adherence limits, or, in some cases, of the yield-
ing stress of the steel.

e The formation of a crack is due to the strain localization. The crack patterns have
been represented by the zones where the spacing between contour lines of dis-
placement is reduced.
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In some tests, the reinforcement steel is located in one or several thin strips and
therefore it is not distributed in all the volume of the member; in these cases the
mesh of finite elements has two types of materials. The reinforced zones use finite
elements of composite material constituted by a matrix of concrete and one or two
groups of steel fiber, in concordance with the formulation presented in Chapter 2.
The rest of the member uses finite elements of a homogeneous material as the sim-
ple concrete which is represented by the damage model with degradation in tension
and compression illustrated in the Section 2.2.1.

Unlike the mesoscopic models where the problem in the fiber scale is described, the
height of composite material zone can be greater than the diameter of the bars with-
out loss of approach to the structural response.

When the reinforcement steel is distributed uniformly by all the volume of the struc-
tural element, in other words, the amount and the disposition of the bars in the piece
are constant; all the finite elements of the mesh are associated to the same compos-
ite material.

The behavior of a composite material as the reinforced concrete is characterized of the

following way:

The concrete matrix is represented by an isotropic damage model defined by
Young’s modulus E™, the Poisson’s ratio V" , fracture energy G’ , uniaxial strength
to tension 0" and compression o, .
The steel fibers bundle in r direction responds to a one-dimensional plasticity model
described by: Young’s modulus E”, yielding stress O'f’ and hardening parame-
ter H” . The amount and orientation of the fibers on the composite material is de-
termined by means of the participation volumetric factor k’" and the angle between
axis x and the vector r, respectively.

In the same way previously indicated, the reinforcement bars orientated in s direc-
tion (orthogonal to r), are described by mechanical parameter E”*, ¢/ y H” and
participation volumetric factor k”* .

The slipping effect between the fiber in r and the matrix is characterized from the
force-displacement curve obtained in some pull-out tests; wherein a bar of diameter
d and length embedded on the concrete L', it is exacted. The stiffness (P'/d") and
the maximum load P! obtained in the test define the bond-slip modulus E” and

the stress of adherence loss o, of a perfect plasticity one-dimensional model (Sec-
tion 2.2.3). Alike, for fibers orientated in s the parameters E" and o.,, are used.

In the tests in which prevails mode I of fracture, the effects produced by shear ca-
pacity of the bars in the faces of a crack are disregarded.
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e In the simulation of shear panels, the dowel action is the result of direct shear in the
bars crossing the crack. This phenomenon is characterized by means of a uniaxial
elasto-plastic model which relates shear strain and equivalent shear stress in the fi-
ber (Section 2.2.5). The mechanical properties of this model are: a yielding shear
stress Tf = O'f / 3 according to von Mises’s criterion for pure shear and an elastic
modulus G'* = E/ /2(1+v') equal to shear modulus of steel. In this model, perfect
plasticity is generally considered, i.e. H/ =0.

e  The volumetric participation of the fibers is obtained as the ratio between volume of
the bars and total volume of the composite material.

3.2, Crack spacing and bond-slip length

3.2.1. Definition of the bond-slip zone

The length of bond-slip zone around of a crack or simply bond-slip length or slipping length
2L, is defined as the distance described by the relative displacement between concrete and
steel (Bazant & Cedolin 1980).

In reinforced concrete panels subjected to tension appears an important crack or primary
crack, which induces the formation of small cracks around it or secondary cracks (Goto &
Otsuka 1979). The region defined by the secondary cracks to each side of a primary crack is
considered the bond-slip or slipping zone (Figure 3.1(b)). Also, the distance between con-
secutive primary cracks is denominated crack spacing (Figure 3.1(a)).

Since the secondary cracks around two consecutive primary cracks propagate without
superposing themselves, the spacing among them d,. must be greater or equal than the length
of slipping zone to both sides of a crack 2L, i.e. d. 2 2L (Figure 3.1(a)).

The bond-slip phenomenon causes an additional shear stress in the interface surface, due
to the friction between the bar and the surrounding concrete which is called bond shear stress
7° (Figure 3.1(b)).
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: & dc S :
secondary  pritary primary secondary
crack crack chack crack
| |

Figure 3.1. Bond-slip effect at neighbor of the primary cracks: (a) descriptive sketch, (b) stress on the
bar, (c) shear stress on the concrete around of the bar, (d) axial stress in the steel, and (¢) normal stress
in the concrete.

By establishing the equilibrium of forces in an infinitesimal portion of reinforcement bar
in which there are a slipping concrete-steel (Figure 3.2),

LA [MJ _ d(dGJ A

p’\ dx 4\ dx
If the unique stress transferred to the bar is the friction due to slipping, in the earlier
equation 7=7° and 7 will correspond to shear stress in the surrounding concrete to the
reinforcement. In this case, the bond shear stress t°is proportional to the variation with
respect to x of the axial stress in the steel 0°. Figure 3.1(c) and (d) show the shear stress in
the concrete near to the bar and the axial stress in the reinforcement steel. Around of every

crack is observed that 7 acts on the length 2L;and 7° =0 while ¢’ remains constant in the
perfect adherence zone between both materials.
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Figure 3.2. Free body diagram of an infinitesimal element of reinforcement bar.
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Figure 3.3. Composite material under tensile stress: (a) general sketch, (b) representative volume,
(c)relationship between the bond-slip length, the crack spacing in the matrix and applied stress (Liao &
Reifsnider 2000).

When a uniform horizontal displacement is applied in the end of a reinforced concrete
panel (Figure 3.4(a)), the shear stress in the concrete is the result of the slipping effect of the

reinforcement.
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In some references (Hutchinson & Jensen 1990; Okabe, Komotori et al. 1999; Liao &
Reifsnider 2000; Ogasawara, Ishikawa et al. 2001), appears the computation of the ultimate
strength of a composite material reinforced with unidirectional fibers by means of a probabil-
istic model which represents the cracking in a representative volume (Figure 3.3(a) and (b)).
Theses works study the crack spacing in the matrix and the slipping length while the load
increases. Figure 3.3(c) shows that the load of total debonding is achieved when crack spac-
ing is equal to the bond-slip length. For greater loads both lengths remain constant and
equal to the saturated crack spacing (Liao & Reifsnider 2000), due to the impossibility of
transference of stress between matrix and fibers.

3.2.2 Heterogeneous panel with elastic reinforcement in the center

This section describes the results of the numerical simulation of a reinforced concrete panel
subjected to tension. The structural member has a length of L=500mm, a square cross sec-
tion with height ~=50mm and a steel bar located in his center with diameter d=10mm (Figure
3.4(a)). The displacement imposed in the free end Jis associated to the resultant forces F in
the same end. The notch located on the right end of the panel has like purpose to induce the
formation of the first crack, perturbing the initial homogeneous state of the strain field in a
specific place. The following table shows the mechanical properties of concrete and steel.

Concrete

Young’s modulus: E™ = 27.35 Gpa
Poisson’s ratio:  v” = 0.2
Fracture energy: G, = 100 N/m

Tensile strength: o' = 3.19 Mpa

Steel

Young’s modulus: E/ = 191.58 GPa

Table 3.1. Mechanical properties of the concrete and the steel.

The length of the panel and the level of applied load chosen for this example let observe
the crack spacing and the slipping length.

The bond-slip zone around each crack is determined by the distribution of the bond shear
stress in the interface concrete-steel. When a common displacement between the concrete
and the steel is applied at the ends of the panel, the bond shear stress corresponds to the shear
stress of the concrete surrounding the reinforcement bar.

In order to observe the major number of cracks that can be developed along panel, the
elastic behavior of the steel and the perfect adherence fiber-matrix (E,’; — o0 ) in composite
material has been taken into account. On the other hand, in tension tests like this one, the
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stress state does not produce cracks in mode II of fracture, and therefore the dowel action
disappears (¥, =0).

concrete composite material: concrete + steel notch
10 mm
F
d v L —
B —
>

composite material : concrete (k™ = 0.843) + steel (k" =0.157) B /L h/2 S

Figure 3.4. Numerical modeling of tension test with reinforcement in the center: (a) descriptive
sketch, (b) finite elements mesh.

A reinforced concrete panel of 10mm x 50mm x 500mm is simulated in the xy-plane by
means of a composite material model (Figure 3.4(a)); therefore, the stress field in the homo-
geneous material and the composite material are contained in the xy-plane, with which, a
plane stress condition with a thickness equal to 50mm is considered.

Taking advantage of the symmetry of the problem, half panel was modeled with a struc-
tured mesh of 1000 linear triangular finite elements of Smm side. In Figure 3.4(b), the
bright gray corresponds to the simple concrete elements represented by a isotropic scalar
damage model; on the other hand, the dark gray corresponds to the elements of composite
material (concrete matrix and steel fibers), modeled according to the presented formulation.

The volumetric participation of the steel k” in a band of composite material of
height 2, =d was obtained as the ratio between the volume of the reinforcement bar
V' =Lmd? / 4 and the total volume of the band of composite material V = L-h-h, . There-
fore, k”" = 7d/4h =0.157 .

The structural response of the panel (Figure 3.5(a)) is shown as the relationship between
the average equivalent mean stress 0 =F / h* divided by the tensile strength of the concrete
o' and the displacement in the free end J divided by the length of the panel L. In Figure
3.5(a), the next three stages are distinguished:

e Stage I. Elastic regime of both materials represented by the initial slope of the
curve.

e  Stage II. Degradation of the concrete without strain localization due to the presence
of the steel.
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e Stage Ill. Obvious strain localization in the zone of simple concrete of the panel;
this stage is developed between the load step 1 to 7.

In the results of the numerical model, the crack spacing d,_is computed as the distance
between two consecutive zones where the displacement contour lines have been concen-
trated, i.e., where strain localization has taken place. Figure 3.5(c) indicates the distances
d.,and d,,, as the spacing between cracks F1 and F2, and between the cracks F2 and F3,
respectively.  On the other hand, the slipping length can be measured by means of the dis-
tribution of the concrete shear stress in the interface (on the finite elements of composite
material), to left and right of each crack: 2L, and 2L ,, (Figure 3.5(d)). The average value
of this distance at a specific load step corresponds to summatory of slipping lengths 2L
divided by the amount of cracks.
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Figure 3.5. Numerical simulation of a tension test with reinforcement in center: (a) relationship be-
tween (equivalent stress / concrete strength) and (displacement in the end / panel length), (b) evolution
of the bond-slip length and crack spacing based on the equivalent stress, (c) displacement contour lines
and crack spacing for step 4, (d) shear stress along the panel in the composite material zone and bond-
slip zone for step 4.

Figure 3.5(b) shows in 7 steps the evolution of the length of the slipping zone to both
sides of a crack and the spacing among them, measured from the displacement contour lines
(Figure 3.6) and the shear stress diagram of the neighboring concrete to the reinforcement
(Figure 3.7). The distance d, shown in Figure 3.5(b), is equal to the maximum value of the
set of distances d;,, where (i+1) is the amount cracks. The solid line indicates the variation
of the average value of the slipping zone to both sides of a crack 2L, and the dash line de-
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scribes the evolution of the crack spacing d, according to the equivalent stress o =F / h* .
The distance d, decreasing down to an inferior asymptote in the steps 6 and 7, called satu-
rated crack spacing d_,, (Liao & Reifsnider 2000); this means in spite of the increase in the
load level that a maximum amount of cracks is formed.  On the other hand, the slipping
zone grows progressively up to reach the same value of the crack spacing in load step 5.
During steps 5 to 7, the two distances approximately remain equal until obtaining the condi-
tion of saturation of cracks; this corresponds with the behavior indicated in Figure 3.3(c).

Remark 3.1 During the failure process of a tension panel reinforced in center, the
amount of cracks and the slipping zone among them increase progressively. Never-
theless, after the total debonding between both materials has happened, the loss of
stresses transference prevents the formation of new discontinuities in the concrete,
maintaining constant spacing between the existing cracks. This stage denominates
saturated crack condition.

A single crack appears at steps 1 and 2, in which around a slipping zone is measured, al-
though the distance between cracks does not exist yet (Figure 3.6(a)-(d)). From step 3 and
during steps 4 and 5, more cracks are activated from the ends to center of panel (Figure
3.6(e)-(h) and Figure 3.7(a)-(b)). The distribution of the cracks remains constant from step
6, step in which the slipping zone of a crack limits with the slipping zone of neighboring
crack such as the periodic behavior of the shear stress in Figure 3.7(c)-(f) indicates it.

The distances studied in this section qualitatively evolve in similar form as much in the
numerical result shown in Figure 3.5(b) as in the model indicated in Figure 3.3 and presented
in some references (Hutchinson & Jensen 1990; Okabe, Komotori et al. 1999; Liao & Reifs-
nider 2000; Ogasawara, Ishikawa et al. 2001).

Remark 3.2 The localization process begins in the notched section as it is indicated
at step 1; nevertheless, in other places of the panel quickly appear new cracks, re-
lieving the concentration of the strain in the notch. This indicates that the spacing
between cracks does not depend on the position of the disturbance.

In the central strip of the panel the composite material does not show signs of strain lo-
calization, due to the presence of a part of reinforcement steel in elastic regime that delays
the bifurcation time of the composite (Section 2.5).

For steps 5, 6 or 7, where d_ = 2L_, the distribution of the concrete stress and steel stress
in the strip of composite material is shown in Figure 3.8.
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Figure 3.6. Numerical simulation of a tension test with reinforcement in center. Displacement contour
lines and shear stress along the panel in the composite material zone: (a) and (b) for step 1, (c) and (d)
for step 2, (e) and (f) for step 3, (g) and (h) for step 4.
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Figure 3.7. Numerical simulation of a tension test with reinforcement in center. Displacement contour
lines and shear stress along the panel in the composite material zone (continuation): (a) and (b) for step 5,

(c) and (d) for step 6, (e) and (f) for step 7.
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Figure 3.8. Numerical simulation of a tension test with reinforcement in center, for a load level in which
d. is equal to 2L;: (a) displacement contour lines, (b) shear concrete stress level, (c) axial concrete stress
level, (d) axial steel stress level, (d) close up of axial steel stress level.

Almost constant crack spacing produces periodic results of the stress. The normal stress
in the concrete o“ is smaller in the nearby zones to each crack showing a smooth variation
(Figure 3.8(c)). However, in the same zone the steel stress ¢ is bigger (Figure 3.8(d)), due
to the strong increase of the concrete strain in the discontinuity over the strip of composite
material.

To certain distance from a crack 0<x <L , the concrete normal stress grows up to a
maximum value, whereas the steel stress decrease down to a minimum value (Figure 3.8(e)).
In a saturated crack condition as this is observed that the bonded zone between both materi-
als disappears and consequently there is not a zone in which their stresses remain constant.

3.2.3. Comparison of results for meshes of different density

With the purpose of establishing the independence of the model with respect to the size of
the element, the piece described in the previous section was simulated with a mesh of 4000
finite elements of 2.5mm of side that corresponds to the half size of the elements of the pre-
vious mesh (Figure 3.9).
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The distribution of the cracks observed in the last load step, establishes an average spac-
ing among them almost equal for both meshes, with a difference of the 3.8%, as shown in
Figure 3.10(a) by means of the displacement contour lines.

Also, the relationship between the displacement imposed on the right end of the panel
and summatory of forces in the same place divided by the area of the section (or also de-
nominated average stress), is quite similar for the two meshes (Figure 3.10(b)).
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Figure 3.9. Numerical simulation of a tension test with reinforcement in center. General view and
detail for meshes of different density: (a) and (c) mesh of 1000 elements, (b) and (d) mesh of 4000
elements.
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Figure 3.10. Numerical simulation of a tension test with reinforcement in center. Results with meshes
of different density: (a) displacement contour lines and average crack spacing, (b) structural response.

3.24. Heterogeneous panel with elasto-plastic reinforcement in center

In this section, the results of a similar test to the earlier for loading states which produce steel
plastic strain are presented.

Additionally to the mechanical characteristics shown in Table 3.1, a yielding stress in the
steel o, =508 MPa and a softening modulus H’ =0 MPa (perfect plasticity) are assumed.

In Figure 3.11(a), the different stages of behavior of the panel are distinguished through
the relationship between the imposed displacement and the equivalent stress in the free end.
Subsequent to the elastic regime of both materials, the cracks in the concrete are developed
in sequential form, as it was indicated in the previous test. From step O to step 1, the crack
spacing remains constant (Figure 3.12). After step 1, the stiffness of the panel is lost be-
cause of the strain localization in the strip of composite material (Figure 3.11(b) and Figure
3.12).
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Figure 3.11. Numerical simulation of a tension test with reinforcement in center considering behavior
elasto-plastic: (a) relationship (equivalent stress / concrete strength) versus (displacement in the end /
panel length), (b) displacement contour lines at different steps in the zone F3 (Figure 3.12).
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At step 2, the strain localization in the zone of composite material underneath each crack
of the simple concrete is observed, maintaining approximately the same opening for the 7
consolidated cracks previously (Figure 3.13). At step 3 and in the zone of composite mate-
rial, two of the cracks are unloaded and a greater opening of the other five cracks is pro-
duced. For the load level 4, the third crack from the left end (F3) shows a greater opening
than the others and yet, the same five cracks of the previous step remain active. For greater
load states this behavior is conserved due to the perfect plasticity regime of the steel.

B - - .

Figure 3.12. Numerical simulation of a tension test with reinforcement in center considering behavior
elasto-plastic. Displacement contour lines at different load steps.
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Figure 3.13. Numerical simulation of a tension test with reinforcement in center considering behavior
elasto-plastic. Deformed shape of half panel at different load steps.

After obtaining the saturated crack spacing, new discontinuities are not formed, even in
the plastic regime of fibers, in which case, some cracks have greater opening than others.

3.3. Numerical simulation of a heterogeneous reinforced concrete
panel subjected to tension

The results of the numerical simulation with several meshes of a reinforced concrete panel
subjected to tension tested by some authors (Ouyang & Shah 1994; Ouyang, Wollrab et al.
1997), are presented next. The member has 686 mm of length, 127 mm x 50.8 mm of rec-
tangular cross section and a notch in center, as shown in Figure 3.14. The panel is rein-
forced with three steel bars of 9.5 mm in diameter, completely embedded in the concrete and
distributed of homogeneous form in the cross section.

concrete  steel: 3¢9.5mm

notch 50.8 mm

~ AN U | ”.
s
| / g
! 7 3

<’ v

L=686 mm S
F, 6

Figure 3.14. Numerical simulation of a tension panel. Descriptive sketch.

The mechanical properties of the component materials are as follows:
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Concrete

Young’s modulus: E™ = 27.35 GPa
Poisson’s ratio:  y™ = (.2
Fracture energy: G, = 100N/m

Tensile strength: ¢! = 3.19mpa

Steel

Young’s modulus: E = 191.6 GPa
Yielding stress: O'-;r = 508.0 MPa

Softening modulus: H¥ = 0 GPa

Table 3.2. Mechanical properties of the concrete and the steel.

The phenomenon adherence between the matrix and fibers is characterized by means of
the results obtained in a pull-out test of fiber of 0.5mm in diameter and 25.4mm in embedded
length (Naaman, Namur et al. 1991). For this test, the maximum force P! _=0.061kN and
the approximate slope of the force-displacement curve (P’ / S') is between 8.01kN/mm
(450001b/pul) and 9.26kN/mm (520001b/pul). According to the model of bond-slip effect
described in Section 2.2.3, the value of the bond-slip modulus E” will be between
1111.GPa and 1283.GPa, and the stress of adherence loss will be equal to o7, =311.1 MPa.
Therefore, the tangent modulus in elastic regime of the slipping fiber model E* will be
between 0.85E7 and 0.87E” (Section 2.2.4). 1In the following section the results obtained
for both adherence conditions are presented.

The dowel action can be neglected due to the axial character of the test where the mode I
of fracture prevails.

3.3.1. Non-homogeneous mesh of finite elements of medium density

The mesh has linear triangular finite elements of two types as shown in Figure 3.15(a). The
elements indicated in dark gray represent the composite material modeled with the proposed
formulation, which is conformed by 84.34% of concrete and 15.67% of steel fibers. The
elements in bright gray describe the simple concrete as a homogeneous material which obeys
to an isotropic scalar damage model.
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Figure 3.15. Numerical simulation of a tension panel. Non-homogeneous mesh of medium density: (a)
finite elements mesh, (b) detail of a strip of finite elements of composite material, (b) detail of the cross
section of a panel in the zone around a reinforcement bar.

With comparative aims this mesh has been denominated non-homogeneous mesh of me-
dium density, in which, the height of the finite elements of composite material is equal to the
diameter of the bar (Figure 3.15(b)-(c)), i.e.h, =1.0d .

Figure 3.16 shows displacement contour lines for different load levels indicated in the
force vs displacement curve (Figure 3.17). Step 1 marks the beginning of the strain localiza-
tion around the notch; however, after few increases of load, at step 2, new zones of localiza-
tion appear along the panel. At step 3 several cracks appear in the upper and bottom zone of
the panel, maintaining a characteristic spacing among them. Reaching this load step, the
strain localization in the concrete between the bands of composite material is not perceived,
which indicates a confinement effect given by the surrounding reinforcement. The loss of
structural stiffness observed from step 4 is associated with the adherence loss between the
steel bars and the concrete, modifying the cracks distribution in the panel. In fact, at step 4
new cracks appear where the concrete is surrounded by the composite material. In last step
three cracks appear; one of them is located under the notch crossing completely the panel.
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Figure 3.16. Numerical simulation of a tension panel. Displacement contour lines at different load
steps.

The structural response obtained of the numerical analysis is near to the experimental re-
sults as shown in Figure 3.17. The gray region represents the experimental values and the
two solid lines correspond to the numerical results for an elastic modulus of the slipping fiber
model between 85% and 87% of Young’s modulus of the steel.
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Figure 3.17. Numerical simulation of a tension panel. Relationship between force and displacement: (a) close-up,
(b) whole curve.

The simple concrete presents a stage of stable damage where several cracks maintain
constant spacing and opening, provided by the capacity of the reinforcement and the adher-
ence in the interface. When such adherence is lost (or in some cases when the plastic regime
of the steel begins), the structural capacity decays while the opening of a single crack pre-
vails.

The evolution of matrix and fibers stress in the composite material zone is described by
means of the stress-displacement curve displayed in Figure 3.18 (in the points P/ and P2
indicated in Figure 3.15). The point P/ located in the right end of the panel does not present
strain localization, however, the point P2 located in the reduced cross section is part of one
of the cracks formed at step 5 (Figure 3.16).

The matrix normal stress in x-direction (Figure 3.18(b)) is conserved almost constant
from the beginning of the damage at step 1 to the maximum load at step 4 approximately,
due to the elastic stiffness provided by the fibers that freezer the degradation of the matrix in
the composite material. For greater values of the displacement &, such stress is reduced of
very smooth form in the point P/ and of strong form in the point P2, until reaching zero
value; this difference occurs by the strain localization presented in P2 and the absence of her
in P1.

In the fiber (Figure 3.18(a)), the axial stress increases up to the condition of total loss of
adherence (or to the yielding condition in the case of perfect adherence), from which, the
stress remains almost constant. The difference between the stresses in the points P/ and P2
after step 4, obeys to the variation of the stress state in the panel induced by the notch and the
phenomenon of strain localization. This is reflected in the composite material stress shown
in Figure 3.18(c).
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Figure 3.18. Numerical simulation of a tension panel. Evolution of the stress in the concrete matrix and
steel fibers in the points P/ and P2 of the composite material zone: (a) fiber axial stress, (b) matrix
normal stress in x-direction, (c) composite material normal stress in x-direction.

3.3.2. Comparison between non-homogeneous meshes of different density

The tension panel shown in Figure 3.14(a) is modeled with four structural meshes of linear
triangular elements of average height A, equal to 2.8d, 2.0d, 1.0d y 0.5d.  The reinforced
zones of the panel are represented by strips of finite elements where the volumetric participa-
tion of the steel depends on the height of the strip %, , as showm in Figure 3.19.
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Figure 3.19. Numerical simulation of a tension panel: (a) detail of a strip of finite elements of compos-
ite material, (b) detail of the cross section of the panel in the surrounding zone to a reinforcement bar.

For different meshes, Figure 3.20 shows the central strip of finite elements of composite
material and Table 3.3 indicates their general features.

mesh elements nodes h,/d kT F_ (kN)
very coarse | 1026 622 2.8 0.0542 77.2
coarse 1430 826 2.0 0.0783 75.0
medium 2872 1558 1.0 0.1566 72.6
fine 4746 2508 0.5 0.1566° 70.7

Table 3.3. Numerical simulation of a tension panel. Characteristics of the meshes

7

h=2.8d h=20d  hz=1.0d h,=0.5d

Figure 3.20. Numerical simulation of a tension panel. Detail of the central strip of finite elements of
composite material for the different meshes.

In the very coarse mesh shown in Figure 3.21(a), the strip of finite elements of compos-
ite material includes all the bars of the panel, having almost homogeneous to the represented
material (Figure 3.21(a)).

3 The coefficient of volumetric participation is the same in the medium and fine mesh because the strip height
of the composite material is common, although the fine mesh contains two rows of elements and the medium mesh
contains only one.
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The displacement contour lines for the meshes with 5, equal to 2.8d, 2.0d y 0.5d, shown
in Figure 3.21(b), Figure 3.22(b) and Figure 3.23(b) respectively, allow distinguishing the
two following stages:

¢ In the former, several cracks in the simple concrete successively appear until reach-
ing a characteristic spacing among them. This stage finishes before reaching the
maximum load of the test (at step 4 shown in Figure 3.24).

e In the latter, the strain localization appears in different points of the composite ma-
terial until a single crack is formed through the cross section of the panel. This
phase begins with a strong loss of structural stiffness subsequent to the maximum
load (at step 5 shown in Figure 3.24). The same crack pattern is maintained when
structural stiffness tends to zero.
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Figure 3.21. Numerical simulation of a tension panel. Modeling with finite elements of h.=2.8d:
(a)finite elements mesh, (b) displacement contour lines in step 4 and 5.
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Figure 3.22. Numerical simulation of a tension panel. Modeling with finite elements of /,=2.0d:
(a)finite elements mesh, (b) displacement contour lines in step 4 and 5.

Figure 3.23. Numerical simulation of a tension panel. Modeling with finite elements of /,=0.5d:
(a)finite elements mesh, (b) displacement contour lines in step 4 and 5.

Figure 3.24 shows the response structural obtained of the numerical simulation of the
panel with the four meshes previously described. In the coarse meshes, the oscillations of
the force vs displacement curve (between steps 4 and 5), obey to the use of finite elements of
greater size than the characteristic length of the composite material (Huespe, Oliver et al.

2006). Nevertheless, the solutions given by the meshes of 4,=2.8d, h,=2.0d, converge to the
curves of the finer meshes.
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Figure 3.24. Numerical simulation of a tension panel. Comparison of the structural response for meshes of differ-
ent density: (a) meshes with /2,=2.84d, h,.=2.0d and h,=1.0d, (b) meshes with #,=1.0d and h.=0.5d.
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Figure 3.25. Numerical simulation of a tension panel with a mesh of /,=2.0d. Comparison of the struc-
tural response for different sizes of the pseudo-time step.

For the mesh with average size of element 4,=2.0d, Figure 3.25 indicates the slight re-
duction of the amplitude of these oscillations according to the size of the pseudo-time step.

On the other hand, the maximum load undergoes variations smaller than 9%, according
to the size element, as it is indicated in Table 3.3.

Finally, the comparison among meshes of different density shows the independence of
the results with respect to average size of the finite element.
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34. Lightly reinforced beams of three points

In this work a lightly reinforcement beam with two different steel ratios tested by some au-
thors (Ruiz, Elices et al. 1998), was numerically modeled. The adherence level of the inter-
face was characterized by a pull-out test presented in the earlier reference (Ruiz, Elices et al.
1998).

Two beams simply supported of 1200mm of length and 50mm x 300mm of cross section are
loaded with a force P in mid-span as it is shown in Figure 3.26. The Beam-I is reinforced
with four corrugated bars of 2.5mm of diameter that represents a 0.13% steel ratio (Figure
3.26(b)). However, the Beam-II has two bars of the same diameter and therefore, a 0.065%
steel ratio. The features of the concrete and steel are presented in Table 3.4.

Concrete

Young’s modulus: E™ = 29.0 GPa

Poisson’s ratio: y™ = 0.2

Compression strength: o' = 38.0MPa
Fracture energy: G, = 62.5 N/m

Tensile strength: o, = 3.80 MPa

Steel

Young’s modulus: E' = 162.0 GPa

Softening modulus: H = 0 GPa

Yielding stress: o) = 587.0 MPa

Table 3.4. Numerical simulation of lightly reinforced beams of
three points. Mechanical properties of the component materials.
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Figure 3.26. Numerical simulation of lightly reinforced beams of three points. Descriptive sketch:
(a)geometry and loads on the beam, (b)cross section of Beam-I (0.13% of reinforcement ratio), (c)cross
section of Beam-II (0.065% of reinforcement ratio).

The mechanical properties of the interface determine by the pull-out test (Ruiz, Elices et
al. 1998), in which a corrugated bar is extracted from a concrete block. The bar embedded
in the concrete has 2.5mm of diameter and 150mm of length. The experimental curve that
relates to the force and the slip in the fiber, is approximately straight line with slope (P’ / )
=20.0 kN/mm, until a maximum load P,,,= 2.8kN. According to the bond-slip model de-
scribed in the Section 2.2.3, the value of the bond-slip modulus E” will be equal to 611.1GPa
and the stress of adherence loss will be ¢, =570.4mpa. The tangent modulus in elastic
regime of the slipping fiber model will be E = 128.1GPa.

In the numerical simulation, a damage model with degradation in tension and compres-
sion is used for represent the elements of simple concrete (Section 2.2.1), however, the for-
mulation presented for composite materials is used in the zone of the reinforcement. The
beam is discretized into linear triangular finite elements of simple material in bright gray and
elements of composite material in a dark gray strip (Figure 3.27(a)).

With this formulation, elements of composite material greater than the real diameter of
fibers can be used without loss of approach in the structural response of the problem. In this
case the strip of finite elements of reinforced concrete is 4 times higher than the diameter of
the reinforcement (Figure 3.27(b)-(d)).

Remark 3.3 In spite of the symmetry of the problem, the complete beam was mod-
eled avoiding that the boundary conditions in the symmetry axis are located on of
the discontinuity path.
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Figure 3.27. Numerical simulation of lightly reinforced beams of three points: (a) finite elements mesh,
(b) detail of a finite element of composite material, (c) and (d) detail of the reinforced zone in the cross
section of the Beam-I and Beam-II, respectively.

34.1. Beam-I (reinforcement ratio equal to 0.13%)

Four reinforcement bars of the Beam-I represent 0.13% of the cross section and also deter-
mining a volumetric participation factor k" =0.0393 in each finite element of composite
material (Figure 3.27(c)).

Figure 3.28(a) shows the structural response and the relationship between the load ap-
plied and mid-span displacement. The gray region delimits the experimental results and the
solid line describes the numerical solution obtained.

The finite elements belonging to different crack pattern at the last load step are displayed
in Figure 3.28(b). The value of —1 corresponds to the elements that are crossed by the pri-
mary crack and the other negative integer numbers of —2 to —20 indicate the elements associ-
ated with small secondary cracks that appear around the reinforced zone.
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Figure 3.28. Numerical simulation of lightly reinforced beams of three points: (a) structural response, relation-
ship between the load applied and the mid-span displacement, (b) Material bifurcation in the finite elements
belonging to different crack pattern at the last load step (each negative integer between -1 and -20 indicates a
crack path).
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Figure 3.29. Numerical simulation of lightly reinforced beams of three points: (a) evolution of the concrete
damage variable at the step 1 to 6, (b) detail of the deformed shape in the mid-span.
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Next the evolution of the material failure of the beam is described at six load step ac-
cording to the structural response shown in Figure 3.28(a), the damage variable of the con-
crete indicated in Figure 3.29(a) and the displacement contour lines drawn in Figure 3.31.
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Figure 3.30. Numerical simulation of lightly reinforced beams of three points. Evolution of the stress
in the concrete matrix and steel fibers in the PI point of the zone of composite material: (a) matrix
normal stress in x-direction, (b) fiber axial stress, (¢) composite material normal stress in x-direction.

Figure 3.30 illustrates the evolution of the normal stress in x-direction, on the element of
composite material P/ (Figure 3.29(b)), discriminating between the behaviors of the concrete
matrix and the steel fibers.

From step 1 the strain localization begins on the notch to step 2, in which the crack is
propagated to the inferior face of the composite material zone and the maximum load of the
beam is reached. From this step, a negative slope in the force-displacement curve of the
panel is observed as a product of the degradation of the matrix in the composite material
elements being part of the crack (Figure 3.30(a)).

At step 3, the crack has already crossed the reinforcement; nevertheless, the strain local-
ization in the homogeneous material over the strip of composite material is far smaller than
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below it. Two zones of maximum damage in the concrete are distinguished as well: the end
of the crack and the neighborhood of the reinforcement bar.

At step 4, the strain localization and the highest levels of damage occuring in vertical di-
rection to the notch define the primary crack path; whereas, the reinforced concrete elements
where the damage variable is not equal to zero represent the secondary cracks. From this
step the beam acquires a positive stiffness as a result of the total degradation of the simple
concrete on the crack path (Figure 3.29(a)) and of the still elastic behavior of the reinforce-
ment steel (Figure 3.30(b)).

(a)

| 0,0
(b)

Figure 3.31. Numerical simulation of lightly reinforced beams of three points: (a) displacement contour
lines in whole beam for the last load step, (b) detail of displacement contour lines for step 1 to 6 indicated
in Figure 3.28(a).

In step 5, the stress of the slipping fiber model reaches a maximum value determined by
the adherence conditions, producing a strong localization in the zone of composite material
crossed by the primary crack (Figure 3.31(b)), as well as, the maximum levels of damage
propagate on the strip of reinforced concrete to the sides of the primary crack. This condi-
tion is conserved up to step 6.

34.2. Beam II (reinforcement ratio equal to 0.065 %)

In a second analysis, a beam with the same characteristics of the previous test with the ex-
ception of the reinforcement ratio was modeled. In this case, the beam has two bars of
2.5mm in diameter that represent a reinforcement ratio equal to 0.065% (Figure 3.26(b)) and
a volumetric participation factor k" =0.0196 (Figure 3.27(d)).
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The structural response of the beam appears in Figure 3.32(a), where the gray region in-
dicates the experimental result (Ruiz, Elices et al. 1998) and the solid line establishes the
numerical solution.

At the last load step, a primary crack path ascending vertically from the reinforced zone
is indicated with -/ in Figure 3.32(b); the other crack paths around the reinforcement propa-
gate very little in comparison with the previous test (reinforcement ratio equal to 0.13%).
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Figure 3.32. Numerical simulation of lightly reinforced beams of three points with reinforcement ratio equal to
0.065%: (a) structural response, relationship between the load applied and the mid-span displacement, (b) Material
bifurcation in the finite elements belonging to different crack pattern at the last load step (each negative integer
between -1 and -10 indicates a crack path).

The displacement contour lines in Figure 3.33 show how the primary crack crosses the
reinforced zone without important strain localization appears to the sides of the discontinuity,
unlike the observed thing in the earlier test (Figure 3.31(b)).
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Figure 3.33. Numerical simulation of lightly reinforced beams of three points with reinforcement ratio

equal to 0.065%. Displacement contour lines at the last load step in the whole beam and close-up view
in the notched zone for step 1 to 4 indicated in Figure 3.32(a).

The force vs displacement curve and the primary crack path corresponds approximately
with the experimental results in the beams with reinforcement ratio equal to 0.13% and
0.065%.

3.5. Strongly reinforced beams

A set of reinforced concrete beams similar to them tested by Leonhardt and Walther
(Leonhardt 1965) is modeled next, as well as, the experimental crack pattern is qualitatively
compared with the discontinuity lines resulting of the simulation.

A simply supported beam of span equal to 2.08m is subjected to two concentrated loads
as it is indicated in Figure 3.34(a). The beam is reinforced longitudinally by two steel bars
of 24mm of diameter located to a distance d,=0.28m of her superior face. The mechanical
properties of the concrete and the reinforcement steel are indicated in Table 3.5.
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Figure 3.34. Numerical simulation of strongly reinforced beams: (a) descriptive sketch, (b) finite elements
mesh of half beam, (c) close-up of the composite material zone.

Concrete

Young’s modulus: E™ = 20.0 GPa

Poisson’s ratio: y™ = 0.2

Compressive strength: ¢ = 20. 0 MPa

Q
[

Fracture energy: G, = 60.0 N/m

Tensile strength: ¢ = 2.00 MPa

Steel

Young’s modulus:  E/ = 200.0 GPa

Softening modulus: H¥ = (0 GPa
Yielding stress: O ;Cr = 456.0 MPa

Poisson’s ratio: y /" = 02

Table 3.5. Numerical simulation of strongly reinforced beams: Me-
chanical properties of the component materials.
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The parameters of the bond-slip model has been determined through specific results of a
pull-out test (Naaman, Namur et al. 1991), obtaining an elastic modulus E "=1111.GPa and
a stress of adherence loss o, =311.1mpa.

The numerical simulation includes the possible effects of the dowel action. This effect
is characterized for an equivalent elastic modulus G’ = E”/2(1+v*)=83.33GPa, an
equivalent yielding shear stress 7/ =o' / -3 =263.3mpa and a softening modulus equal to
zero (H" =0).

The finite elements mesh of the problem is in Figure 3.34(b), where the elements in
bright gray indicate simple concrete which is represented with a damage model with degra-
dation in tension and compression (Section 2.2.1), whereas the elements in dark gray corre-
spond to a reinforced concrete treated as the composite material described by this formula-
tion. Although the diameter of the bars is 24mm, the strip height of the composite material
elements has been considered equal to 30mm (Figure 3.34(c)), where the volumetric partici-

pation factor of the corresponding steel is k" = 0.151.
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Figure 3.35. Numerical simulation of strongly reinforced beams: (a) relationship between the load
applied and the mid-span vertical displacement, (b) deformed shape of the numerical model at step 4.
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Remark 3.4 In the strongly reinforced beams simulated here, the cracks propagate
in symmetrical form with respect to mid-span and the boundary conditions in the
symmetric axis are not located on a discontinuity path. According to the previously
mentioned half of the beam can be modeled.
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Figure 3.36. Numerical simulation of strongly reinforced beams. Evolution of the stress in the compo-
nents of the composite material in P/ (Figure 3.35(b)): (a) concrete normal stress in x-direction, (b) steel
axial stress.

Figure 3.35(a) shows the relationship between the load applied P and the mid-span verti-
cal displacement 0'; for the steps there indicated, Figure 3.37 displays the displacement con-
tour lines, whereas Figure 3.38 and Figure 3.39 present the elements in inelastic loading and
with damage index equals to 1, respectively.

Figure 3.36 describes the stress evolution in the concrete and the steel in point P/ of
composite material (Figure 3.35(b)). Here it is observed that the concrete normal stress in x-
direction increases up to step 2, from which the inelastic regime begins (Figure 3.38) and
load is reduced down to reach the total degradation at step 4, 5 and 6. In steel fibers an
elastic unloading appears from step 4, as a result of the total loss of stiffness of the beam
after the formation of the diagonal crack shown in Figure 3.37. The small pick near to step
5 in Figure 3.36(b) is possibly produced to instabilities caused by the strain localization in
the superior face of the beam.

With respect to the visualization of the results, as much the concentration of displace-
ment contour lines (Figure 3.37), as the inelastic loading regime in the elements (Figure
3.38), are reversible processes; for example, a zone with localization and inelastic loading
regime at step 5 is transformed into a zone with non-localization and unloading regime at
step 6. That is, these results indicate the active cracks at every load step.
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Figure 3.37. Numerical simulation of strongly reinforced beams. Displacement contour lines for steps
1to6.

The finite elements with damage index equals to 1 (Figure 3.39) provide an accumulated
image of the crack pattern that can be compared with the photographers of the experiment at
a specific step. Therefore in the last load step, the paths of active and inactive cracks during

the load history are obtained.
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Figure 3.38. Numerical simulation of strongly reinforced beams. Finite elements in inelastic loading
regime for steps 1 to 6.

At steps 1 and 2 appear the first cracks located between the applied load and the support,
extending up to 3% times the height of the beam. In load step 3, the number of cracks is
increased and the maximum load of the structural response is reached. From this step the
load decays while propagates a new crack more inclined than the others denominated diago-
nal crack, as shown at steps 4 and 5. Finally at step 6, when beam capacity is null, a single
band in strain localization and inelastic loading is observed, which describes the path of the
diagonal crack.



A model of material failure for reinforced concrete via CSDA and mixing theory 111

% “i'}' ; %{M LE‘%
; -...r *"’5’%‘4 e

ur-"‘

ST 4 Bobs DieT & MRS FAES § &

Figure 3.39. Numerical simulation of strongly reinforced beams. Finite elements with damage index equal
to 1.0 for steps 1 to 6.

With the same characteristics previously described, three beams of equal height and dif-
ferent span were modeled, in which the factor a,/d, is equal to 1, 2 and 5, respectively. Next
the numerical and experimental crack pattern is compared.

Figure 3.40 shows the concentration of displacement contour lines at load step of greater
presence of active cracks and the real crack pattern of the beam after the maximum load.
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(d)
Figure 3.40. Numerical simulation of strongly reinforced beams. Comparison between the experimental and
numerical crack pattern for beams of different span: (a) a,/d,=1.0, (b).a./d,=2.0, (¢) a,/d,=3.0, y (d) a,/d,=5.0.

Generally, the final cracking state corresponds qualitatively with the results taken from
the experimental tests. The model captures as much the group of parallel cracks as the di-
agonal crack related to the total collapse of the beam.

Remark 3.5 The modeling demonstrated that the amount of reinforcement steel of a
beam determines the appearance and propagation of cracks and consequently modi-
fies its structural capacity. In lightly reinforced beams, the maximum load happens
shortly after the beginning of the damage in the concrete, presenting a primary
crack in the mid-span. However, in strongly reinforced beams, the reinforcement
steel increases the structural capacity and initially induces the appearance several
perpendicular cracks to the axis of the bars. The general collapse appears with the
formation of a diagonal crack associated with the normal and shear stress produced
in the beam.
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3.6. Reinforced concrete panels subjected to shear

3.6.1. Panel with reinforcement in one-way subjected to pure shear

Next the results of the numerical simulation of a reinforced concrete panel subjected to pure
shear are presented. The panel corresponds to PB18 test displayed in the reference (Bhide &
Collins 1989).

The panel is 890mm square and 70mm thickness and is reinforced by 40 bars of 6mm
diameter oriented in x, which they represent the 2.2% of the total volume of the panel (Figure
3.41(a)). A pure shear in the xy-plane is applied by means of a set of 5 anchorages or shear
keys by each face adhered to the concrete and the steel.
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Figure 3.41. Panel with reinforcement in one-way subjected to pure shear: (a) descriptive sketch and
(b) finite elements mesh.

In accordance with the distribution of the reinforcement bars inside the panel, it is valid
to suppose that the reinforced concrete is a composite material conformed by steel fibers
distributed uniformly in a concrete matrix. The mechanical properties of both component
materials are presented in Table 3.6.
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Concrete

Young’s modulus: E" = 20.0 GPa
Poisson’s ratio: y" = 0.2
Compressive strength: o' = 20. 0 MPa

Fracture energy: G, = 100.0 N/m

Tensile strength: o." = 2.00 MPa

Steel

Young’s modulus: E/ = 200.0 GPa
Softening modulus: H " = 0 GPa

Yielding stress: O')f,r = 402.0 MPa

Poisson’s ratio: v/ = 0.2

Table 3.6. Reinforced concrete panels subjected to shear. Mechanical
properties of the component materials.

The numerical simulation assumes a high adherence between the concrete and the steel
bars, as well as, an important effect of the dowel action, characterized by an equivalent elas-
tic modulus G'* = E”/2(1+v") equal to 83.33GPa, an equivalent yielding shear stress
tl =ol /«6 =263.3mpa and a softening modulus null H/* =0 .

A mesh of 2736 linear triangular finite elements is used, in which the dark gray repre-
sents the shear keys and the bright gray represents the reinforced concrete (Figure 3.41(b)).
a plane stress state and rigid shear keys is assumed in this problem. Also all the finite ele-
ments of the panel are considered composite material constituted by 97.8% of matrix (con-
crete) and 2.2% of fibers (steel) in x-direction.

The numerical model imposes displacement in each shear key; as indicated in Figure
3.42, which they on the whole generate a pure shear state on the panel.

The structural response shown in Figure 3.43 is defined by means of the relationship be-
tween the average shear strain (¥ = J/1) and the applied shear stress in one of the faces of
the panel, obtained as summatory of the reactions in each shear key F, divided into the area
of the face (7 = ZE / (It)). In the graph, the experimental results are indicated with dots
and the numerical ones with a solid line. The proposed solution shows to certain difference
with the maximum load of the experimental response, nevertheless, the rest of the curve
indicates a satisfactory approach; these differences can be caused by some boundary condi-
tions unknown in the real problem and despised in the numerical model.
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Figure 3.42. Panel with reinforcement in one-way subjected to pure shear: (a) boundary conditions in
the numerical simulation and (b) stress and strain produced on the panel.
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Figure 3.43. Panel with reinforcement in one-way subjected to pure shear. Average shear strain versus
applied shear stress curve.

In Figure 3.44 the displacement contour lines represent the crack pattern at steps 1 to 7
indicated in Figure 3.43(a). If the material bifurcation appears the strain increases in a point
with inelastic loading regime and diminishes in a neighboring point with unloading regime,
maintaining the continuity of tractions. Therefore, the elements in inelastic loading regime
surrounded by zones in unloading regime are an indicator of the cracking zone, as shown in
Figure 3.45. The elements in dark gray are in inelastic loading regime and bright gray in
unloading regime.

In Figure 3.46 appears a photography of the panel tested in the reference (Bhide &
Collins 1989). This experimental result is compared with the elements in inelastic loading
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regime and the displacement contour lines obtained of the numerical simulation at step 3. In
Figure 3.47 this comparison of results for step 7 is presented.
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Figure 3.44. Panel with reinforcement in one-way subjected to pure shear. Displacement contour lines for steps 1
to 7.

Figure 3.45. Panel with reinforcement in one-way subjected to pure shear. Elements in inelastic loading regime for
steps 1 to 7.

Figure 3.48 shows to the experimental and numerical approximated values of the angle
formed between the crack path and a horizontal line.

Up to step 1, the strain localization in the panel is not observed, although immediately
afterwards decays the shear stress.
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At step 2, small concentrations of the displacement contour lines appear in the upper
face of the panel, while the rest of it presents an unloading regime. Shortly after, at step 3,
two trajectories of localization appear: one starting from the top left end and the other begin-
ing between two shear keys of the right face. According to experimental results observed in
this step (Figure 3.46(a) y Figure 3.48), the first trajectory of strain localization is approxi-
mately the same as one of the cracks inclined 45° with respect to x (normal to the greater
principal direction); nevertheless, the second trajectory has an incorrect direction with re-
spect to the experimental result.

At step 4, the displacement contour lines begin to concentrate in the bottom right of the
panel, while the finite elements belonging to previous cracks are in unloading regime.

At steps 5 and 6, obvious strain localization appears in the inferior part of the panel.
This behavior is conserved up to step 7 coinciding with the experimental results (Figure
3.47).

inelastic loading =53 As '/, " displacements

(b) N (c)

Figure 3.46. Panel with reinforcement in one-way subjected to pure shear. Comparison between the
crack pattern at step 3: (a) experimental result (Bhide & Collins 1989), (b) elements in inelastic loading
regime, (c) displacement contour lines.
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Figure 3.47. Panel with reinforcement in one-way subjected to pure shear. Comparison between the
crack pattern at step 7: (a) experimental result (Bhide & Collins 1989), (b) elements in inelastic loading
regime, (c) displacement contour lines.
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Figure 3.48. Panel with reinforcement in one-way subjected to pure shear. Comparison between the crack
directions at steps 3 and 7: (a) reproduction of the experimental result (Bhide & Collins 1989), (b) elements in
inelastic loading regime, (c) displacement contour lines.
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By the homogeneous nature of the test, the place of initiation of the crack assumes ran-
dom, therefore, in the simulation a parallel discontinuity to the experimental crack is consid-
ered correct in spite of its position in the panel, as observed at step 7.

3.6.2. Effect of the dowel action in panels subjected to pure shear

The shear capacity through the steel bars provides an important contribution to the response
of reinforced concrete structures subjected to shear stress. This section displays the simula-
tion results of the same panel neglecting the stiffness due to the dowel action.

If the panel subjected pure shear in the xy-plane and the dowel action is neglected,
the axial capacity of the bars in x-direction does not generate any contribution to the shear
capacity of the composite material, therefore, the crack pattern and the structural response
are similar to the expected behavior in a simple concrete panel. Figure 3.49 compares the
results including or not including the dowel action.
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Figure 3.49. Panel with reinforcement in one-way subjected to pure shear. Comparison the results
including or not the dowel action: (a) average shear strain versus applied shear stress curve, (b) elements
in inelastic loading regime and displacement contour lines at last step.

3.6.3. Panel with reinforcement in two-way subjected to pure shear

This section shows the results of the numerical simulation of the a panel with reinforcement
in two-way subjected to pure shear, tested in the reference (Collins, Vecchio et al. 1985).
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Figure 3.50. Panel with reinforcement in two-way subjected to pure shear: (a) descriptive sketch,
(b)mesh with 2736 elements, (c) mesh with 5370 elements.

In this panel the reinforcement bars are oriented in x and y of uniform way, with volu-
metric participation factor equal to k" =k” =0.01785. Table 3.6 displays the mechanical
characteristics of the materials and Figure 3.50(a) shows a descriptive sketch of the problem.

Two meshes of finite elements have been used: the former with 2736 finite elements of
0.026m average size (Figure 3.50(b)) and the latter with 5370 elements of 0.019m average
size (Figure 3.51(c)).
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Figure 3.51 shows the relationship between the average shear strain and the applied
shear stress for the two meshes. Figure 3.52 displays the finite elements in inelastic loading
regime, the displacement contour lines, and the deformed panel at last load step, as well.
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Figure 3.51. Panel with reinforcement in two-way subjected to pure shear. Relationship between the
average shear strain and the applied shear stress for the two different meshes.

From the comparison of results between both meshes two things are concluded: the
structural responses are similar and each crack path maintains the same direction and shape
although appears in different places of the panel. For a uniform stress condition is consid-
ered that the crack position is random, therefore, the difference in the result is acceptable.

Next, the results obtained with the mesh of 2736 elements and its comparison with the
experimental values is described. Figure 3.53 shows the relationship between the average
shear strain and the shear stress applied to the panel, where the fine line corresponds to the
numerical result and the coarse line to the experimental values.
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Figure 3.52. Panel with reinforcement in two-way subjected to pure shear. Elements in inelastic loading regime,
displacement contour lines and deformed shapes for two different meshes at last step: (a), (b) and (c) in the mesh of
2736 elements, (d), (¢) and (f) in the mesh of 5730 elements.
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Figure 3.53. Panel with reinforcement in two-way subjected to pure shear. Relationship between

average shear strain and applied shear stress for different load steps.
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Figure 3.54. Panel with reinforcement in two-way subjected to pure shear. Evolution of the stress in
the concrete and the steel on P1I: (a) concrete shear stress, (b) steel stress in r direction, (c¢) steel stress in
s direction.

Figure 3.54 displays the evolution of the stresses in the component materials on point P/
located in center of the panel (Figure 3.50).  The pure shear state (before step 1), in which
the shear stress is supported essentially by the matrix, it disappears when the process of
strain localization begins. From the beginning of the damage (step 1), the shear stress in the
concrete matrix is reduced, whereas the fibers in r direction maintain an elastic behavior with
an increasing axial tension. The compression stress in fibers oriented in s increases until a
value of -155mpa between steps 3 and 4, and later decreases until a value of -40mpa ap-
proximately; this reflected a difference important in the contribution of each fiber package in
the behavior of the composite material.

Figure 3.55 shows the elements in inelastic loading regime and the displacement contour
lines for some load step.
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During steps 1 and 2, an inelastic loading state in the whole panel without strain localiza-
tion is observed, this means that in spite of the damage produced in the matrix, the displace-
ment jump is not activated and therefore the determinant of the tangent localization tensor is
positive. It is important to remember that in the calculation of this stress participates the
stiffness of the matrix, fibers, and effects of interaction between both of them. At this stage
of the experiment many cracks of little opening in the principal direction are distributed by
the whole panel.

At step 3 the strain localization begins in three zones of the panel. In step 4 only two
cracks are formed and at the final step a single discontinuity remains in x-direction in the
inferior zone of the panel.

The experimental test indicates that the main crack is also parallel to x and appears in the
superior part of the panel. Give the homogeneous state of the panel and the applied actions,
it is considered that this crack can appear to any height of the panel.

06 e o e W

Figure 3.55. Panel with reinforcement in two-way subjected to pure shear. (a) displacement contour lines for steps
1 to 5, (b) elements in inelastic loading regime for steps 1 to 5.

The superposition of the zones of strain localization observed in the numerical model
throughout the load process adjusts to the real distribution of the cracks in the final state.

Figure 3.56(a) and (d) shows the crack pattern at final step of the experimental test
(Collins, Vecchio et al. 1985). The figures are rotated in such a way that it facilitates the
comparison with the results of the numerical simulation, as well as, the elements in inelastic
loading regime (Figure 3.56(b)) and the deformed shape (Figure 3.56(c)).

Remark 3.6. Distributed cracking state: when many parallel cracks are distributed
by the panel, in other words in a distributed cracking state, there is not an obvious
process of strain localization in the study scale. In this case, the numerical simula-




A model of material failure for reinforced concrete via CSDA and mixing theory 125

tion will show an inelastic loading regime on the whole panel and a constant spac-
ing between displacement contour lines, as steps 1 and 2 indicate it in Figure 3.55.

TEE W)
experimental

. ( poto_gmph )

inelastic

loading shape

experimental
(reproduction)

(d)

Figure 3.56. Panel with reinforcement in two-way subjected to pure shear for last load step: (a) photo-
graph of the experimental result (Collins, Vecchio et al. 1985), (b) elements in inelastic loading regime,
(c)deformed shape, (d) reproduction of the experimental result and cracking direction

3.64. Panel with reinforcement in one-way subjected to normal and tangent
stress

The results of the numerical simulation of a reinforced concrete panel with bars in x-
direction appear next. This panel is subjected to the combination of a normal stress in x-
direction of magnitude 3./7 and a shear stress 7in the xy-plane. This problem has been
taken from the experimental tests of the reference (Bhide & Collins 1989).

The panel has the same geometry and mechanical properties presented in the test de-
scribed in Section 3.6.1, only change the applied loads (Figure 3.57(a)). The finite elements
mesh is the same that it has been used to model the first test (Figure 3.57(b)).



126

Chapter 3. Numerical examples

shear keys shear keys
i —> %~ concrete \[E
- 1 T—» LR ;
7 o X ST
<_1 - 7 IR
) s
4—1 — [ : t LR
T S & | bt k'L LR
o LD
_> A Y
<l T i s
— 1 A T-; & _,\,‘ e
v
— < | v . Y composite material:
0.070 i 0.890 $—> X reinforced concrete
longitudinal reinforcement  (a) km=0.0220 k*=0.0000 )

Figure 3.57. Panel with reinforcement in one-way subjected to normal and tangent stress: (a) descriptive sketch,
(b) finite elements mesh.

The structural response defines by means of the relationship between the average shear
strain and the applied tangent stress 7 as shown in Figure 3.58. The dots indicate the ex-
perimental result and the solid line displays the numerical modeling. A good correlation
between the numerical and experimental results is observed except in the last load steps,
possibly due to differences among the actions of the shear keys on the panel.

At step 1, experimental test shows manifold cracks oriented to 71° with respect to x,
smeared in the whole panel (Figure 3.59(a)). This direction of the distributed cracking is
equal to the principal direction in the strain field. The presence of a fiber set in x-direction
induces an orthotropic behavior of the composite material and consequently the principal
directions of stress and the strain are not exactly the same (Figure 3.58(c) and (d)).

The numerical simulation describes a distributed cracking state when the elements of the

panel are in an inelastic loading regime without strain localization, as shown in Figure
3.59(b) and (c).
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Figure 3.58. Panel with reinforcement in one-way subjected to normal and tangent stress: (a) relationship between
average shear strain and applied shear stress for different load steps, (b) localization angle on the panel at step 1, (c)
Mohr’s circle in strain for step 1, (d) Mohr’s circle in stress for step 1.

At step 2, the strain localization begins (Figure 3.58(a)), accompanied by a small insta-
bility in the structural response (Figure 3.60). From now on, a single crack is formed while
the structural curve descends slightly of oscillating way.

At step 3 the structural response of the numerical simulation moves away a little from
the experimental test (Figure 3.58(a)); however, the discontinuity trajectory defined through
the displacement contour lines in Figure 3.61(c) is similar to the main crack observed in
Figure 3.61(a), with a difference of 2° between both crack directions.
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(a)

b) o N

Figure 3.59. Panel with reinforcement in one-way subjected to normal and tangent stress. Load step 1:
(a)crack pattern taken from reference (Bhide & Collins 1989), (b) elements in inelastic loading regime, (c)
displacement contour lines.

Figure 3.60. Panel with reinforcement in one-way subjected to normal and tangent stress. Load step 2:
(a)elements in inelastic loading regime, (b) displacement contour lines.



A model of material failure for reinforced concrete via CSDA and mixing theory 129

Figure 3.61. Panel with reinforcement in one-way subjected to normal and tangent stress. Load step 3:
(a)crack pattern taken from reference (Bhide & Collins 1989), (b) elements in inelastic loading regime, (c)
displacement contour lines.

3.7. Summary

In this section, the most important about the numerical simulation of reinforced concrete
members that has been presented in this chapter is summarized.

e  The general considerations of the problem assume plane stress, infinitesimal strain
and non-linear constitutive models of the component materials and the effects of in-
teraction among them. The modeling is made from linear triangular elements with
embedded discontinuities, which represent the behavior of the reinforced concrete
treated as a composite material or in some cases, the simple concrete treated as a
homogeneous material.

e The process of fracture in the reinforced concrete presents some characteristics ac-
cording to the kind of test. In the pieces submitted to tension, it is easily observed
the spacing between cracks (Figure 3.8 y Figure 3.16) and the contribution of the re-
inforcement to the stiffness and stability of the composite material (Figure 3.17).
In the shear panels (Figure 3.41(a)), a mixed mode or mode II of fracture prevails,
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in which, the shear capacity of the bars in the faces of the crack or dowel influences
in the structural response (Figure 3.49).

The propagation of several macro-cracks with different directions can be observed
in strongly reinforced beams subjected to bending (Figure 3.37), however, in lightly
reinforced beams a single crack in the central cross section appears (Figure 3.31).

In comparison with the simple concrete treated as a homogeneous material, the
presence of the reinforcement in the composite material delays the process of strain
localization and produces a stable distributed cracking state.

During the failure process of the tension panel reinforced in center being described
in Section 3.2, the spacing between cracks is reduced, while the bond-slip zone be-
tween of them increases progressively as indicated in Figure 3.5(b). Both distances
are equal and approximately constant from the step of load 5 to step 7, as indicated
by the contour lines of displacement (Figure 3.7). This means that after the total
loss of adherence between both materials, the transference of stress is zero and new
discontinuities in the concrete do not appear. Therefore a constant spacing between
the existing cracks denominated saturated crack spacing is observed. Until this
moment the same opening of each crack is conserved, nevertheless, if the fibers
reach the yielding stress and begin a stage of perfect plasticity or softening, some
cracks take greater opening than others, as shown in Figure 3.13.

In the Section 3.3, the simulation of the reinforced concrete panel tested to tension
by Ouyang and others (Ouyang & Shah 1994; Ouyang, Wollrab et al. 1997) is de-
scribed (Figure 3.14). In this example, the simple concrete shows a stable damage
stage, between the steps 1 and 4 (Figure 3.16 and Figure 3.17), where several cracks
maintain a spacing and constant opening given by the capacity of the reinforcement
and the adherence in the interface. From step 4 such adherence is lost and conse-
quently the structural capacity decays while it prevails the opening of a single crack
that completely crosses the transversal section of the panel, as shown in Figure 3.16
at step 5.

The amount of reinforcement determines the distribution of the cracks in the beams.
For low ratio or non-existence of steel, a single crack in mode I of fracture at half
beam is observed as a result of the high tension by bending. However, in strongly
reinforced beams, the pick load increases and the bars induce the propagation of
several symmetrical cracks from the center to the supports. The numerical simula-
tion presented in Sections 3.4 and 3.5 describes both behaviors.

The simulation of lightly reinforced beams (Ruiz, Elices et al. 1998) presented in
Section 3.4 (Figure 3.26), shows the development of a main crack (Figure 3.31) at
mid-span like the localization of displacement contour lines. The damage in the
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concrete around the reinforcement and to both sides of the main crack represents the
formation of secondary cracks (Figure 3.29).

e During the process of fracture of strongly reinforced beams (Figure 3.34(a)), ap-
proximately parallel cracks appear in a sequential way. Nevertheless, the general
collapse of the structure is determined by the development of a diagonal crack
propagating between the support and the applied load (Figure 3.37). Three beams
with different ratios length/height were simulated (Figure 3.40), obtaining crack pat-
terns comparable to those presented by experimental tests (Leonhardt 1965).

e The panels conformed by numerous bars distributed uniformly can be represented
as solids of a unique composite material, in which; the amount of reinforcement in
each direction is given by the respective volumetric participation. Some numerical
examples of shear panels (Collins, Vecchio et al. 1985; Bhide & Collins 1989) are
presented in Section 3.6.

e  When the dowel action is neglected in a panel subjected to pure shear (Figure 3.49),
the axial capacity of the bars in x-direction does not generate any contribution to the
shear capacity of the composite material. Therefore in this case, the crack pattern
and the structural response obtained in a reinforced concrete panel and in a simple
concrete panel are similar.

¢ In the shear tests two different cracking states are observed (Figure 3.50(a)). From
load steps 1 (Figure 3.53) to 3 (Figure 3.53), the panel exhibit a distributed cracking
state. 'This is represented as the increase of the damage in the matrix stabilized by
the behavior of the steel and without strain localization of the composite material.
However, in the localized cracking state observed after step 3, some macro-cracks
of greater opening appear which they are represented in the simulation by strain lo-
calization bands.

e In general, the numerical model reaches satisfactory results of the simulation of ex-
perimental tests and also preserves the objectivity of the finite elements mesh.






Chapter 4
Conclusions, contributions and
future developments

A formulation describing the fracture process of reinforced concrete represented as a com-
posite material by means of the continuum strong discontinuity approach (CSDA) and the
mixing theory, has been developed, implemented and validated in this work. Next the most
important aspects are summarized.

e  Formulation. By means of the mixing theory (Truesdell & Toupin 1960), a consti-
tutive model of composite material constituted by one or two groups of long fibers
(steel bars) embedded in a matrix of concrete was developed. Likewise, each com-
ponent is characterized by an especial constitutive model, being the concrete de-
scribed by a damage model with degradation in tension and compression (Oliver,
Cervera et al. 1990). A uniaxial plasticity model (Sim6 & Hughes 1998) was used
for the steel. As well as, the bond-slip effect and dowel action (Park & Paulay
1975) are included and represented by additional models. On the other hand, the
initiation and propagation of cracks understood as a strain localization process was
described by means of CSDA (Oliver 1996b; Oliver 1996a; Oliver 2000; Oliver,
Huespe et al. 2003; Oliver & Huespe 2004a; Huespe, Oliver et al. 2006; Oliver,
Huespe et al. 2006). A discontinuous bifurcation analysis of composite material is
proposed to establish the bifurcation time and direction of the crack.

e [Implementation. —The formulation has been implemented in a two-dimensional
analysis program by using the finite element method (FEM), where material non-
linearity and infinitesimal strains are assumed. Special finite elements with em-
bedded discontinuities were used, allowing the condensation at elemental level of
the degrees of freedom related to the displacement jump. The use of an implicit-
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4.1.

explicit integration scheme (IMPLEX) for the constitutive equation (Oliver, Huespe
et al. 2004a; Oliver, Huespe et al. 2006) ensures a positive defined stiffness matrix
of the problem and increases the robustness and stability of the solution. On the
other hand, a match of discontinuity paths among elements is achieved through a
tracking strategy of discontinuity paths (Samaniego 2002; Oliver & Huespe 2004a).

Validation. Reinforced concrete members submitted to tension, bending and shear
were simulated. The numerical results, mainly the structural response and cracks
pattern, were compared with experimental test of other authors. With the purpose
of establishing the evolution of the crack spacing and the bond-slip length, a piece
of great length reinforced in center with a steel bar and submitted to tension was
modeled. Likewise, tests carried out by Ouyang and Shah (1994), in which a con-
crete panel under tension is reinforced by three steel bars were modeled. Next, two
lightly reinforced beams with different ratio of steel reported by references (Ruiz,
Elices et al. 1998) and four strongly reinforced beams with diverse relations be-
tween length and height presented by Leonhardt (1965), were simulated. Finally,
three panels subjected to shear with uniformly distributed steel bars in one or two
directions presented by Collins and Vecchio (Collins, Vecchio et al. 1985) were
modeled. Each problem was discretized with linear triangular finite elements de-
scribing the behavior of the reinforced concrete treated as a composite material or in
some cases, the simple concrete treated as a homogeneous material. During the
fracture process, the structural response and crack pattern were represented in the
numerical model by means of the load-displacement curve and the concentration of
contour lines of displacement respectively.

Conclusions

The conclusions derived from the formulation, implementation and application of the model
presented in this work are as follows:

4.1.1.

General Conclusions

A numerical model based on the continuum strong discontinuity approach (CSDA)
and the mixing theory can simulate the structural response and cracks pattern during
the fracture process, in reinforced concrete members under different states of static
loads.

The correlation obtained between numerical results by using the propose formula-
tion and real results reported by some references (Leonhardt 1965; Collins, Vecchio
et al. 1985; Ouyang & Shah 1994; Ruiz, Elices et al. 1998), was quantitative and
qualitatively satisfactory.
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4.1.2.

The presence of reinforcement besides of increasing the stiffness and the strength of
the composite material modifies the instability material condition and the cracks
propagation. These changes are perceived in the discontinuous bifurcation analysis
of each material reinforced concrete point, which depends on the concrete and steel
properties, as well as, on the amount and direction of the reinforcement bars.

The model can represents two cracking states in the reinforced concrete. Initially, in
a stable distributed cracking state, several cracks maintain spacing and constant
opening, provided by the capacity of the reinforcement and the adherence in the
concrete-steel interface. Next, in localized cracking state, one or few cracks prevail
while the structural capacity decays.

Part of the practical application of model appears in the evaluation of preexisting re-
inforced concrete structures as walls and beams, where it is necessary to simulate
the fracture process from the formation of cracks to the global collapse. It is im-
portant to keep in the mind that in the analysis scale each material point consists of
a steel fraction and another of concrete, supposing a uniform distribution of the rein-
forcement and neglecting consequently the constructive details such as hooks, over-
lap, ties, etc.

Conclusions derived from the formulation and implementation of the
model

The formulation of a constitutive model that directly describes the strain and stress
fields in a point of composite material as the reinforced concrete offers two impor-
tant advantages. The former facilitates the implementation in the finite elements
method, since many of the ingredients of the conventional numerical procedure are
kept. The latter analyses the problem in a structural or macroscopic scale that
avoids the high computational cost because of mesh for each component material
and its effects of interaction.

The continuum strong discontinuity approach can be applied to materials reinforced
with long fibers with facility, considering a common strain field such as it is estab-
lished by mixing theory.

The presented formulation preserves the context of the continuous mechanics, al-
though each material point shows a discontinuous character due to the development
of cracks and the mechanical differences between concrete and steel.

The slipping fiber model incorporates the difference between the strain of matrix
and fiber as resulting from the adherence loss between both materials, without af-
fecting the basic hypotheses of the mixing theory. The parameters necessary to de-
scribe this model are obtained from some pull-out tests of bars embedded in a con-
crete block.
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4.1.3.

The dowel action is defined as the shear capacity of the reinforcement bars crossing
a crack. In the formulation is introduced a one-dimensional shear model in the
steel for simulating this behavior. This effect is characterized by the mechanical
properties of the material and the geometric properties of the cross section of the
bars.

Conclusions derived from numerical modeling

By means of the numerical simulation a good approach of the real structural re-
sponse of the tests of tension panels (Ouyang & Shah 1994) and lightly reinforced
beams (Ruiz, Elices et al. 1998) was obtained. In the same way, the concentration
of the displacement contour lines of the numerical analysis, matches with the pat-
tern of the cracks in the strongly reinforced beams (Leonhardt 1965). The numeri-
cal results of shear panels (Collins, Vecchio et al. 1985; Bhide & Collins 1989)
were satisfactory, as much in the structural response as in the propagation of the
cracks.

During the fracture process to tension of a panel reinforced in the center, the amount
of cracks and the slipping zone increases progressively. However, after the total
debonding between both materials, the loss of stress transference prevents the de-
velopment of new discontinuities in the concrete, maintaining a constant distance
between the existing cracks; this stage denominates saturated crack condition. Un-
til this moment the same opening in each of the cracks is conserved, but when the
fibers reach the yielding stress some cracks will have more opening than others.

In the simulation of a panel under tension load (Ouyang & Shah 1994; Ouyang,
Wollrab et al. 1997), the capacity of reinforcement and the interface adherence pro-
duce in the concrete a stable damage stage, where several cracks maintain a constant
spacing and opening. When the adherence is lost, the structural capacity decreases
while the opening of a single crack crossing the member prevails.

The amount of reinforcement of the beams determines the maximum load and the
distribution of the cracks. For low steel ratio or for simple concrete, in half of the
beam appears a single crack in mode I of fracture as a result of the high tension by
bending. However, for strongly reinforced beams the propagation of several sym-
metrical cracks from the center to the supports is induced by the steel bars.

The numerical result of lightly reinforced beams (Ruiz, Elices et al. 1998), can rep-
resent the main crack as the concentration of the displacement contour lines and the
secondary cracks as the evolution of the damage varible in the concrete around the
reinforcement.
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e During the fracture process of strongly reinforced beams (Leonhardt 1965), ap-
proximately parallel cracks appear in a sequential way. However, the general col-
lapse of the structure is determined by the development of a diagonal crack, which
is propagated between the support and the applied load.

e The reinforced concrete members with bars distributed uniformly can be repre-
sented as solids of a unique composite material, in which, the amount of reinforce-
ment in each direction is determined by the respective volumetric participation. In
the numerical modeling of the shear panels (Collins, Vecchio et al. 1985; Bhide &
Collins 1989), two cracking stages were observed. In the stable distributed crack-
ing stage appear many parallel cracks distributed by the entire panel, nevertheless,
the numerical simulation does not show a specific process of localization, in spite of
the inelastic regime present in the panel. Such situation can be understood as the
development of multiple cracks stabilized by the presence of the reinforcement
steel. In return, the localized cracking stage shows the development of some
macro-cracks of greater opening, represented in the simulation by the bands of lo-
calization of the strain.

e The shear capacity of the steel bars provides an important contribution structural re-
sponse of reinforced concrete panel submitted to shear. When the dowel action is
despised in a panel subjected to pure shear in plane xy, the axial capacity of the bars
in x-direction does not generate any contribution to the capacity to shear of the
composite material; therefore, the crack pattern and the structural response show a
behavior similar to the expected in a simple concrete panel.

4.2. Main contributions of the work

The main contributions given by this work are indicated next.

e  The formulation of a constitutive model of composite material conformed by matrix
and two long fiber packages able to represent the development and propagation of
cracks.

e The extension of the continuum strong discontinuity approach to composite materi-
als that maintain a common enhanced kinematics between their components.

e The discontinuous bifurcation analysis that establishes the bifurcation time and the
direction of the discontinuity surface in a point of composite material, based on the
properties of the matrix and fibers.
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¢ The implementation of the model for static two-dimensional problems using a ki-
nematically consistent symmetrical finite elements with embedded discontinuities
linear triangular.

e The application of the contributions before mentioned to the reinforced concrete,
considering the shear capacity of the bars between the faces of a crack and the ad-
herence loss between concrete and steel.

4.3. Future work

This work tries to provide a departure point for new developments and applications related to
the numerical simulation of the material failure on composite materials. The future lines of
this work are as follows:

e The application to materials reinforced with long fibers different to the reinforced
concrete; this requires appropriate constitutive models for the matrix, the fibers and
the effects of slipping between both of them.

e The two-dimensional simulation of materials reinforced with fibers oriented in three
or more different directions, adding to the presented formulation new component
materials defined by one-dimensional constitutive models.

¢ The extension of the formulation to three-dimensional problems where the material
is reinforced with three or more fiber packages oriented in the space. As well as
the respective implementation in solid finite elements, for example, elements linear
tetrahedrons.

e The addition of new analytical and numerical models of interaction fiber-matrix to
the formulation. For example, formulations in a smaller scale on a unitary cell by
means of homogenization methods.

e The elaboration of a model that allows the modeling of process of fracture in plates
and reinforced concrete shells.

e The development of a model describing the behavior of materials reinforced with
short fibers considering the character random of its direction.

e A formulation considering strain finite with the purpose of representing the ductile
behavior of the composite material given by fibers in advanced states of strain.

e The insertion into the model of other effects as the local buckling of fibers and the
reorientation of the same by great displacements.
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e The application of the model in the numerical simulation of reinforced concrete
structures of great size, under static load or mainly dynamic load.






Appendix A.
Damage and plasticity models

A.1. Scalar damage constitutive model

A.1.1. Mechanical representation of damage (Lemaitre 1992)

From the physical point of view, the amounts defined in a material point represent average
values on certain characteristic volume. This volume must be small enough to avoid the
incorrect smoothing of high gradients, but large enough to represent conveniently an average
of the mechanical processes of the micro-structure.

In an isotropic damage model the directional characteristics of the virgin material are
conserved during the degradation process. It is the case of the scalar damage models, where
a scalar internal variable affects equally to all the components of the material constitutive
tensor.

The damage represents the micro-cracking level of material in a defined volume. The
size of this volume must be small enough to allow describing the phenomenon as an average
value of the strain in his interior. In a representative volume, the damage variable in a spe-
cific direction n, is expressed as the relation between the area of the projection of the crack
on a plane normal to n, and the area of that same plane.

Given a volume differential in a solid material point M and a normal plane of n, which
cuts it, the surface dS will be the intersection between that plane and the differential volume
dV. The surface dS; will be the projection of all the micro-cracks on the surface dS as is
indicated in Figure A.1.
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Figure A.1. Description of the damage: (a) solid, (b) non-damaged differential volume, (c) damaged
differential volume.

The damage variable in material point M(x,f) in location X, at a time ¢ and the direction
n, is defined as:

ds
d (xtn,)=—2% , 0<d <1 Al
n ( d ) d S n ( )
where d,=0 indicates that there is no damage in the material; however, when d,=1, the mate-
rial completely is damaged (Kachanov 1986). The internal forces on the surface dS disap-
pear in the formation zones of the micro-cracks reducing the stress normal surface to the
effective area (dS — dS,).

The applied tension o normal to the plane n, in the differential volume dV is equal to ax-
ial force dF per unit area of the cross section dS. Likewise, the effective stress ¢ normal to
the plane ny is defined as force dF per unit of effective area (dS — dS,), of the form:

as ’ ds—ds, (A2)

The effective stress can be written in terms of the applied stress and the damage variable,

thus:

o
1-d

n

o=

(A3)

Assuming that the degradation of a material point M(x,f) at a time 7 is the same in any di-
rection as establishes an isotropic model, the damage variable will be:

d (x.z,n,)=d(x,r) Vn, (A4)

In a three-dimensional space considering a scalar damage variable, the tension of the ef-
fective stress tensor 6 is equal to:
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_ |1
6—(1_dn)6 (AS)

where o corresponds to the applied stress tensor.

In an anisotropic damage model where the directional character of the material degrada-
tion is considered, the damage is described by means of a vector, a second-order tensor or
even a fourth-order tensor. The most general way to define the effective stress tensor is
indicated in the following equation, where M is the fourth-order damage tensor.

6=M"6 (A.6)

The isotropic damage model is the special case in which the tensor M is isotropic.
Likewise, the scalar damage model is, particularly, an isotropic model in which
M=(1-d,)I (where Iis the fourth-order identity tensor).

A.1.2. Constitutive equation of the damage model

Strain equivalence principle defined by Lemaitre and Chaboche (Lemaitre 1992) establishes
that the strain associated to a damaged state under the action of the applied stress is equiva-
lent to the strain associated to a non-damaged state under the action of the effective stress.
Therefore, the one-dimensional law of the material behavior can be written as,

d, =0
1o (non-damage material) (A7)
E=——>o0=Ek¢
E
0<d, <1
£= % = ﬁ (damage material) (A.8)

o0=F¢ 0o=(1-d,)Ee
On the other hand, Helmholtz’s free energy density per unit volume in a scalar degrada-
tion process is given by the following expression (Simé & Ju 1987):

W(e.d) = (1-d,)¥, ()

WY (g) =%£:C:s (A.9)

where W, (¢) is elastic free energy density per unit volume and C is two-dimensional elastic
constitutive tensor expressed as:

C:

I—Ev2 [VA®D+(1-w)1] (plane stress) (A.10)



144 Appendix A. Damage and plasticity models

= WEl_ZV)[V A®D+(1-2v)1] (plane strain) (A.11)
In the earlier equations E and v are Young’s modulus and Poisson's ratio of the mate-
rial. Likewise, 1 and [ indicate the identity tensors of second-order and fourth-order, respec-
tively.
The energy dissipation per unit volume in mechanical problems with infinitesimal strain
is equal to:

=0:£-¥Y2>0 (A.12)

[x]

where 6 y € correspond to the stress and strain tensor.
Since W(e,d,)=(,¥):£€+(d,¥)d, and (d,¥)=-"Y,, the earlier equation can be
written as:

E=[6-(0,¥)]:¢+¥.d >0 (A.13)

By applying Coleman’s method (Maugin 1992) to the inequality expressed in the earlier
equation, the constitutive equation of the model and the energy dissipation per unit volume
are obtained of the form:

6=0¥=(1-d,)C:¢ (A.14)

E=Wd, >0->d, >0 (A.15)

The following expression of the effective stress is extracted from Equation (A.14).

6=C:¢ (A.16)

A.1.3. Ingredients of the damage model

The essential ingredients of the scalar damage model (Simé & Ju 1987) are summarized in
Table A.1.

Here the damage variable d, is indicated in terms of the stress-like internal variable g
and strain-like internal variable r , Helmholtz’s free energy density per unit volume y(e,r),
the relationship between stress ¢ and strain €, the evolution law of the internal variable and
the softening, the damage function f(g,r) and loading-unloading conditions of the model.
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d,= -4 (damage variable) (A.17)
r
q(1
we,r) == 58 :C:g| (free energy) (A.18)
r
d
= Wy(&.r) =9C.g=9% (constitutive equation) (A.19)
o€ r r
. o, .
F=A, r_,= NG (evolution law) (A.20)
g=Hni . H=%<0
dr (softening law) (A.21)
0<g=<rn, . qo=r
f(g,r)=7,—r (damage criteria) (A.22)
f<0, 420, A =0] (loading-unloading and
) (A.23)
A =0 (f=0) persistency conditions)

Table A.1. Ingredients of an isotropic scalar damage model.

In earlier equations, 0o, is the tensile strength of the material, H is the softening pa-
rameter, A is the damage multiplier and z, is the strain norm.

From the evolution law of r given in Equation (A.20) and of the loading and unloading
conditions in Equation (A.23), the increasing character of the strain-like internal variable is
obtained. Therefore r can be integrated of closed form as (Figure A.2):

r(t) = Ple[%pt(](rr ,T, (t')) (A24)

The norm 7, is a scalar function which indicates the strain state and determines the elas-
tic domain of the model. Simé and Ju (Simé & Ju 1987) propose a strain norm, applicable
to materials with the same strength to tension and compressionEO'u(C) =0, ), thus:

7,=16:(C)":o (A.25)
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T, A e
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(b)

Figure A.2. Scalar damage model: (a) evolution of the internal variable and the strain norm, (b) uniax-
ial stress vs strain curve.

A.1.4. Damage model with degradation in tension and compression

A modification to the earlier scheme considers the degradation of a material with different
strength to tension and compression. The model developed by Oliver and collaborators
(Oliver, Cervera et al. 1990) represents the degradation of a material whose compressive
strength o, is n, times the tensile strength o, ie. n, =0, / o, . The elements of
this model appear in Table A.1. In addition, the strain norm is defined as:

7, =¢/6:(O)":¢ (A.26)

where,

+— (A.27)

and ‘5,. ‘ is the absolute value of the stress &, .

) (A.28)

<6,.>=%(5,. r

Also, 0, ,0,,0, correspond to effective stresses in principal directions 1,2 and 3 re-
spectively.

For a two-dimensional tensional state where (0, <0, 0, <0), the elastic domain is
n, times greater than the elastic domain defined when (6, >0, 6, >0) as observed in
Figure A.3(a). If o, is positive and &, is negative or vice versa, a approximate transition
defined by the factor ¢ takes place (Equation (A.27)).
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n,0, = N "
a0 (1-d)E ¢

(a) (b) (c)

Figure A.3. Damage model with degradation in tension and compression: (a) Damage surface, (b)
uniaxial stress vs strain curve.

Remark A.1 Unlike the plasticity models, in the used damage model is not neces-
sary that the elastic domain is convex in order to conserve uniqueness of the solu-
tion; therefore, the non-convex damage surface shown in Figure A.3(a) is permissi-
ble for this constitutive model.

The strain norm rate is obtained by differentiation of Equation (A.26) on the time, thus:

A o ).
t,=|=C:(d.4)+—0|:¢ (A.29)
¢ 2
Likewise, the stress rate computed from Equation (A.19) and the softening law (Equa-
tion (A.21)), is equal to:
Hr—q . _
s=1C.¢4+" " 1is (A.30)
r r
Therefore, in elastic or unloading regime (A=7=0), the stress rate is equal to
6= (q/ r)C:&. In return, in inelastic loading regime (A =7>0) must be fulfilled that
Af =0for f =7, —r =0, consequently, the internal variable is equal to the strain norm
(r =7, ) indicated in Equation (A.26) and internal variable rate 7 =7, expressed in Equation
(A.29). Replacing the values of r and 7 into Equation (A.30),

cqu:eJrW[r(G@(C:am))ﬁ(0®6)J:é (A31)
r r 1) r

The tangent constitutive equation of the model is defined as:
6=C,:¢ (A.32)

in which, the tangent constitutive tensor C,, in elastic or unloading regime is equal to:
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C =1C (A.33)

and in inelastic loading regime corresponds to:

C, ="<C—["_fr]-[i;(c®A)+¢2(o®o)} (A.34)

r r

where,

A=C:d,9 (A35)

(A.36)

i=1

When both effective principal stresses are positive the parameter ¢ is equal to 1 and its
derivative with respect to the effective stress d5¢ is equal to a null tensor. In this case the
tangent constituent operator recovers the form obtained for an isotropic damage model of
symmetrical elastic domain to tension and compression, whose strain norm is indicated in the
Equation (A.25). For negative effective principal stresses ¢ =1/n, and dz¢ = 0 ; therefore,
the tangent constitutive tensor is equal to the corresponding tensor of the damage model with
symmetrical elastic domain limited by a stress n,0,. In other cases where the sign of the
effective principal stresses is different, the derivative d4¢ # 0 and the parameter ¢ is calcu-
lated as it is indicated in Equation (A.27). In two-dimensional problems the parameter ¢ is
obtained by replacing the principal stress expressions,

c,+0, _ _ c,+0, _
——=|+0, , 0,=|—=|-0,
2 2

o o 2

into Equation (A.27), yielding:

_[4 1 1 (0,.+0, 1
= 2w (A.38)

The derivatives of ¢ with respect to the effective stresses tension dz¢ are the result of
replacing Equation (A.37) into Equation (A.36), as follows:

o,

(A.37)
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3 oo 9¢/0c,, 9¢/d5,, |
of = d¢/0a,, 3¢/35,w_

(1_1]' 1 1 6,-0,|0,+0,
n) 4o, 20, 20,
-

o 1 o, o .+t0
99/05, = 1- 1| T [ ZuT%
ooy (07

When the effective stresses have different signs, the tensor A depends on the elastic con-
stitutive operator as shown in Equation (A.35). Therefore, in plane stress condition,

E
1-v?

00/0G

(A.39)

J ¢/ J 5»’

A= [vir@.0)1+(1-v)d,¢] (A.40)

and plane strain condition,

=m[‘/l7(aa¢)1+(1—2‘/)aa¢] (A.41)

In summary, for all tensional state, the tensor A and the derivative of ¢ with respect to
the effective stress dz¢ correspond to:

for (3, >0AG, >0): =1 , d;6=0 — A=0

for (0, <0AD, <0): ¢=1/n,, 9;6=0 — A=0
(A.42)
for (6, >0n0,<0) v (0, <0A0,>0) en 2D:

¢ —(A38), 0,0 %0 —>(A39), A =0 —(A40)0 (A4l).

In Equation (A.34), it is observed that the tangent constitutive tensor loses its symmetry
when A #0. As the earlier equation indicates it, this occurs for a tensional state in which
the effective principal stresses are of opposite sign.

A.2. One-dimensional plasticity constitutive model

In this section, the one-dimensional plasticity isotropic constitutive model with hardening or
softening strain is presented (Sim6 & Hughes 1998).
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The ingredients of the mathematical model are indicated in Table A.2, such as the consti-
tutive equation, the flow rule, the evolution law of the internal variable, the plasticity crite-
rion, the softening rule and the loading and unloading conditions of the model.

o=E(e-¢,) (constitutive equation) (A43)

&, =Asign(o) (flow rule) (A.44)

&= (evolution law) (A.45)

f(o.@)=|o|-(g+0,) (plasticity criterion) (A.46)

g=Ha (softening rule) (A47)
f<0;420;Af =0 (oading-unloading and

Af =0(f = 0)} persistegncy conditigons) (A.48)

Table A.2. Ingredients of a one-dimensional plasticity model.

In the earlier equations, E and o, correspond to Young’s modulus and yielding stress
of the material. &, is the plastic strain, A is the plastic multiplier, f(o,@) is the yielding
function, H <0 is the softening parameter, and & and g are strain-like and stress-like inter-
nal variable, respectively.

The tangent constitutive equation of the model is written as:

6=E ¢ (A.49)

g

where the tangent constitutive operator is equal to:

E si A=0
E =\ EH . . o (A.50)
E+H

Figure A.4 shows the relationship between stress and strain for the one-dimensional
plasticity model with softening strain.
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Figure A.4. One-dimensional plasticity model with softening strain.







Appendix B.
Mixing theory for composite materials

The mixing theory or rule of mixtures (Truesdell & Toupin 1960) allows representing the
behavior of a composite material from the constitutive law and of the volume of each com-
ponent, considering that all point of composite material consists of several components. In
this theory, the component materials maintain a common strain among them simultaneously,
that contribute to the composite material stress according to their volumetric participation.

Next, the basic hypotheses of mixing theory are indicated and the ingredients of the con-
stitutive model of the composite material are described, such as, the free energy, the stress
tensor and the tangent constitutive tensor (Oller, Ofiate et al. 1996; Car 2000; Luccioni &
Lopez 2002; Oller 2003).

B.1. Basic hypotheses

The description of a point of composite material in the context of continuum mechanics
presented by mixing theory is based on the following hypotheses (Truesdell & Toupin 1960):

e In each infinitesimal volume of composite material, all the participated component
materials.

e  Each component contributes to the behavior of the composite material in proportion
to its volumetric participation.



154 Appendix B. Mixing theory for composite materials

e The volume occupied by each component is less than the total volume of the com-
posite material.

e  All the component materials have the same strain (compatibility equation).

In accord with the two first hypotheses, there is a homogenous distribution of all the
components in each point of the composite material, which is determined by volumetric
participation factor:

k¢ = dL (B.1)

dv
where dV and dV ° correspond to the infinitesimal volume of the composite material and of
the component c, respectively. Likewise, the volumetric participation factor of the compo-
nents of a composite material must guarantee the conservation of the mass by means of the
following condition:

Sk =1 (B.2)
c=1
The last hypothesis establishes that the strain compatibility equation is of the form:
e=gV=gP = =g"=..=g" (B.3)

where € ,&° and & correspond to the strains in the composite material, in the component ¢
and in the component cn, respectively.

B.2. Free energy of the composite material

The free energy of a composite material is given by the sum of the free energies of each of
the component materials, weighted according to its volumetric participation in the composite
material, thus (Truesdell & Toupin 1960):

Y(g,0)= ik“‘l’”(s“,a“) (B.4)
c=1

where W(g,0) is the free energy per unit volume of composite material in terms of the strain
tensor € and the internal variables vector a. Similarly, ¥°(¢°,a“) corresponds to the free
energy per unit volume of the component c, in terms of the strain tensor &° and the internal
variables vector ‘.

The energy dissipation per unit volume in the composite material can be expressed of the
form:
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E=06:6-¥2>0 (B.5)
where ¢ is the stress tensor.
Since ¥(g,0) = (9,%):£+(3,'¥)- &, Equation (B.5) can be written as:
Z=[6-(0,¥)]:¢-(,¥)-a>0 (B.6)

Applying Coleman’s method to earlier inequality (Lubliner 1990), the stress tensor of
the composite material is equal to:

6=(,%)=Yk@,%)= k'c" (B.7)
c=1 c=1

where 6° is the stress tensor of the component c.

B.3. Tangent constitutive equation of the composite material

The compatibility of the strain field between the components given by classical mixing the-
ory facilitates the formulation of a constitutive model for the composite material.
A tangent constitutive equation of the composite material can be written of the form:
6=C,:¢ (B.8)
where C,, is the tangent constitutive tensor of the composite material.

The stress rate of the composite material 6 can be obtained by differentiating Equation
(B.7) with respect to time, thus:

6= k6 (B.9)
c=1

where 6° corresponds to the stress rate of the component c.
The compatibility condition or Equation (B.3) can be expressed in terms of the strain
rates of the form:

eV =g = =g = =g (B.10)

where, ¢, £ and ¢ represent the strain rate of the composite material, of the component ¢
and of the component cn, respectively.

The behavior of each component is described by means of a particular law, in such a
way that, the tangent constitutive equation of component ¢ can be expressed as:
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6 =Co g (B.11)

where £°and C, correspond to the strain rate and the tangent constitutive operator of the
component c. According to Equation (B.10), the strain rate of the component ¢ is equal to
strain rate of the composite material, i.e. € =¢.

If Equations (B.8) and (B.11) are replaced into Equation (B.9),

Cpit =2 kC, 18 (B.12)
c=1

Given Equation (B.10) of compatibility of the strain rates, the tangent constitutive tensor
of the composite material is equal to:

C, = kC, (B.13)

c=1



Appendix C.
Continuum strong discontinuity approach

In this appendix, the basic ingredients of continuum strong discontinuity approach (CSDA)
is summarized (Oliver 1996; Oliver 2000; Oliver, Huespe et al. 2002; Oliver, Huespe et al.
2003; Oliver & Huespe 2004a).

The main features of this approach are the following:

e It uses conventional non-linear continuous constitutive equations (stress vs strain),
equipped with softening strain.

e It considers strong discontinuity kinematics. In other words, the discontinuity is in-
duced by the appearance of a jump in the displacement field and consequently un-
bounded values of the strain field arise in the context of continuum mechanics.

¢ By means of a mathematical reasoning, called strong discontinuity analysis, the ap-
proach preserves the compatibility between the constitutive equations in the contin-
uum medium and the strong discontinuity kinematics.

The previous thing demonstrates that each continuous constitutive model induces, in a
consistent way, a discrete model (traction - jump). This provides a link between continuum
mechanics and the non-linear fracture mechanics (cohesive).
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C.1. Strong discontinuity kinematics

C.1.1. One-dimensional description

During the axial extension of a bar of length / and area of the cross section A, a discontinuity
strong or jump in the displacement field takes place on a surface S (Figure C.1(c)).

In the notation, Q/S indicates the set of material points of the domain Q that they are
not part of the surface S. Likewise, Q" and Q indicate the sub-domains of Q/§ around
of S. The discontinuous field of the displacement rate can be written as:

uCx,t) = w(x, )+ Hy () luflo) (C.1)

where u(x,t) and [[u]](t) are smooth functions and #(x)is Heaviside’s function on S de-
fined as #,(x) =0 for x < x, and H,(x) =1for x > x, .

The strains field compatible with the displacements indicated in the Equation (C.1) is
equal to:

£(x,1) =9 u(x,1) = &(x,1) + 8, (0)[[u]lr) , where

(C2)
£(x,1) =0 i1 (x,1) + Hy (x)-9 [Ju]kr)
and J;(x)is Dirac’s delta function on S.
The jump displacement field [[u]](t) is defined as:
[lulkty =], —u| (C3)

Differentiating the earlier expressions, the strong discontinuity kinematics is obtained as:

i =u(un+H ) [lalley 5 [alko =4
é(x,1) = €(x,0)+ 8 ([l

—u

.
XY

% (C.4)

where &(x,t) and & (x)[[u]](t) correspond to the regular part (bounded) and the singular
part (unbounded) of the rate strain, respectively (Figure C.1).

Dirac’s delta function J;(x) is treated of approximate form as a regularized func-
tion 55 (x) , when the discontinuity surface S is replaced by a discontinuity band Q, with
width k=0, as indicated in Figure C.1(d). Therefore, Dirac’s delta regularized function
can be expressed of the form:

1 VxeQ,

RN § ) _
J; (x)_lll)T(}kﬂS(x) > ;us(x)—{o Ve Q, (C5)

where f,(x) is a collocation function in Qk.
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Figure C.1. One-dimensional kinematics of the strong discontinuity: (a) displacement rate, (b) strain
rate, (c) discontinuity in the bar and (d) details of the discontinuity zone.

C.1.2. Two-dimensional or three-dimensional description

Next, the kinematics description indicated in the earlier section is extended to the two-
dimensional or three-dimensional space.

Let Q be a body exhibiting a strong discontinuity on surface S of normal n, which splits
the body in the domains Q" and Q as shown in Figure C.2(a). The strong discontinuity
kinematics indicated in Equation (C.4) can be extended to (Oliver, Cervera et al. 1999):

ux,n) =uxn+H,x)-[ullxn ; [alxn=u s TU o 6
&(x,1) = Vu(x, 1) = &(x,0)+ 5, m ® [[u])’ '
where Heaviside’s function is equal to:
0 VxeQ
(X)) = .
s {1 Vxe Q° €D

and ¢, is Dirac’s delta function obtained by the gradient (in a generalized sense) of H,
which corresponds to VH; =d,n.
According to Equation (C.6) the difference between the strain rate inside and outside the
discontinuity surface S is equal to:
[lel=¢ =5,meu])y (o8

-&

xeS*

xeS~

Figure C.2(c) describes the rates of displacement and strain in the discontinuity surface.
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Figure C.2. Discontinuity evolution of the: (a) solid exhibiting a discontinuity, (b) weak discontinuity
kinematics, (c) strong discontinuity kinematics.

In the following mathematical analysis, it is advisable to consider a regularized version
of the kinematics given in Equation (C.6), defining a discontinuity band S" with width
which contains the surface S (Figure C.2(b)). Dirac’s delta function is calculated by means
of a regularized function of the form:

1 vxeS"

C.9
0 VxeQ/Ss" €9

1
5 (x) = }ggﬁﬂ?(X) ;M) = {
where ) (x) is a collocation function on §" and Q/S" ', Likewise, regularized strain rate
can be written as:

&(x,1) = Vou(x,1) = §(x,1) + 8" n ® [[u])’* (C.10)

for which, the singular part & (n®[[1'1]])5 is unbounded when/s — 0. This kinematics
establishes the concept of strong discontinuity.

In general, the bandwidth is different from zero of such form that the strain field remains
bounded in terms of an apparent jump [[l'l]](x,t) =ua_. —l'l‘xE s » Which corresponds to the
difference between the displacements to both sides of the band, such situation defines to the
weak discontinuity.

Therefore, the strain rate of the weak and strong discontinuity can be presented as:

! Notation A/B indicates the set of all the material points of A that do not belong to B.
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1 VxeS

. TSy _ = l . s . _
8(x,t)—Vu(x,t)—s(x,t)+h,us(n®[[u]]) : ,us(x)—{o xe /S

(C.11)
{Weak discontinuity — (h#0)

strong discontinuity — (h — 0)

In this framework, the formation process of a strong discontinuity in a material point of
the body can be modeled as a weak discontinuity that degenerates in a strong discontinuity
during the strain localization (Figure C.2). At the material bifurcation time 7z where
[[u]] # 0, the strains in S and in Q/S are different according to the kinematics indicated in
Equation (C.11), showing a bandwidth of the strain localization 4z which indicates the onset
of the weak discontinuity (Figure C.2(b)). At the following load steps the bandwidth de-
creases according to a material evolution law until reaching a null value (due to computa-
tional purposes, k can be as small as the precision of the machine allows it), in a pseudo-time
tg, which indicates the onset of the strong discontinuity.

At a level of the solid, the evolution of the discontinuity in the material points can be ob-
served as follows (Figure C.3):

e Material points defined in the continuous zone Y-B, which have reached the behav-
ior non-linear (damage, plasticity, etc), but they do not fulfill the bifurcation crite-
rion yet.

e Material points defined in the zone B-SD, which fulfill the bifurcation criterion and
experience a kinematics of weak discontinuity, producing a jump in the displace-
ment and a bandwidth different to zero.

e  Material points defined in the zone SD-S, which have reached the regime of strong
discontinuity, i.e. h=k =0.

The fracture process zone considered commonly in fracture mechanics non-linear
(Bazant & Oh 1983; Bazant & Planas 1998), corresponds to zone Y-CL in which exists a
cohesive action in the crack. However, the total loss of cohesion between the faces of a
crack appears in zone CL-S.
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non-linear continuum (all=0)

weak discontinuiry  (h#0; [[a]]=0)

strong discontinuity  (h=0;[[u]]=#0)

Figure C.3. Fracture process zone for the strong discontinuities approach.

C.2. Boundary value problem in a strong discontinuity

The equations indicated in Table C.1 describe the boundary value problem (BVP) of a body
Q that experiences a strong discontinuity in a surface S of normal n (Figure C.2(a)).

Equations (C.12) to (C.15) are the classic conditions of a continuum medium with con-
tinuous displacement, where b is the body forces vector, t" is the prescribed tractions vector,
I', is the contour prescribed displacements and v, is the normal vector to the contour of
prescribed tractions I .

The equation (C.16) is a specific additional expression for the strong discontinuity prob-
lem, in which the continuity of the tractions field through the discontinuity surface S is estab-
lished.

V-6+b=0 (internal equilibrium in Q\S) (C.12)
6-v,=t" (external equilibrium on I'y) (C.13)

u=u" (prescribed displacements on I ) (C.14)

6, , MN—6, .-n=0 (outer traction continuity on S) (C.15)
6,-n—6,, . -n=0 (inner traction continuity on S) (C.16)

Table C.1. Equilibrium equations and continuity conditions in a body with strong discontinuity.

It is essential to obtain bounded values of the stress in S, in order that to the inner trac-
tion continuity expressed in the Equation (C.16) can be fulfilled. By this reason, the contin-
uum strong discontinuity approach allows computing a bounded stress field with the same
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constitutive model used in the continuum medium, as much in the discontinuity surface S, as
outside it, in spite of the unbounded character of the strains in S.

C.3. Material bifurcation analysis

In a material point of a solid €2, a stress uniform rate &(x,7) induces a strain rate £(x,?)
and a displacement rate u(x,#). This analysis seeks the existence condition of a discontinu-
ity surface S (with normal n), of the strain rate, as indicated in Figure C.2(a) (Rice 1976;
Rice & Rudnicki 1980).

The tangent constitutive equation of the material is:

6=C,:¢& (C.17)

where C,, corresponds to the tangent constitutive tensor.
In the context of continuum mechanics, the tractions vector is continuous through sur-
face S, i.e.,

[6-n]l=6, , n-6,,n=0 (C.18)
Replacing Equation (C.17) into Equation (C.18) is obtained:
[6-nll=[sl-n=[C, :&[l n (C.19)

Maxwell’s compatibility equation is used to describe the general form of the discontinu-
ity of a second-order gradient tensor. Therefore the jump in the strain rate can be written as:

lel=¢ . -4  =m®g) (C.20)

xeS*

xeS§~

where g is the displacement jump vector. For g=0 there is not discontinuity, whereas
g # 0 is a sufficient condition in order that the discontinuity exist.

Considering continuity in the tangent constitutive tensor through surface S, i.e.,
C,g =C =C , is obtained:

15(Q") 18(Q7)
[[C,g :s':]]-nz(f,g :[[é]]-nzC,g :(n®g) -n (C.21)
Since C,, has minor symmetry,
C,:(n®g) -n:(n-C,g -n)-g (C22)
Therefore, the discontinuity in the strain rate exists when:

(n~<C,g-n)-g=0 A g#0 (C.23)

and consequently (n-Ctg -n) represented of matrix form is singular and g is an eigenvector
of this matrix.
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The second-order tensor indicated in the earlier equation is called localization tensor
Q,(n)= (n~<C,g -n).

The classic bifurcation criterion presented by Hill (1962) establishes that the singularity
of the localization tensor Q,,(7,n) is a sufficient condition for the presence of the disconti-

nuity, i.e.,

det[Q,g(tB,n)] =det[n~C,g-n]:O para t=t, (C.24)

where f; and M correspond to the bifurcation time and the direction of localization band,
respectively.

In an isotropic damage model, the curve’ det(Q,,) / det(Q) versus 6, shown in Figure C.4
indicates two equal minimum values that they define two possible angles of bifurcation.
These angles measured between the principal direction 1 and vector n are of equal magnitude
and opposite sense, as it shows the analytical solution given by some authors (Runesson,
Ottosen et al. 1991; Rizzi, Carol et al. 1995) for the two-dimensional space and by other
authors (Chaves 2003; Oliver & Huespe 2004b) for the three-dimensional space.
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Figure C.4. Bifurcation analysis in an isotropic damage model. Relationship det[Q,]/ det[Q"] versus
discontinuity angle in a stress state of axial tension. Properties of the concrete: E"= 20.0 GPa, v =
0.2, G=100 N/m ¢,=2.00 MPa: (a) whole curve, (b) close-up in the minimum of det[Q], (c) stress
state.

C.4. Strong discontinuity analysis for continuous damage models

Next, the strong discontinuities approach is applied to the isotropic scale damage model
indicated in Appendix A.1 (Oliver 2000; Samaniego 2002).

% The elastic localization tensor or acoustic tensor is defined as Q =n - C-n.
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For a material point belonging to the discontinuity surface S and at a time ¢ >f,, the
strain rate is equal to:

i, =8, +0,(m®[ull)’ (C.25)
Defining Dirac’s delta regularized function &” as:

1 xe S"

C.26
0 xeQ/S" (€.26)

5§’=%,us(x) > ,US(X)Z{

such that lim,_, " =&,. The kinematics indicated in Equation (C.25) can be written of the
form:

-1 ST s
g5 =& o Hs (@Al ) (C.27)

where L, (x) corresponds to the collocation function and S" is the discontinuity band that
contains S, whose width is the regularization parameter /.

The strain field in strong discontinuity regime is obtained by integrating the earlier equa-
tion at the pseudo-time, thus:

. tml . s 1 . s
&, = [(&gdr+ |, Z(n@l[u]]s)‘dt—i-,us.[ @@l ) dr

t
S
Isp

] (C.28)
=g + M Z(n ® Allu]l ()*

where Af[u]] ;= [[u]l () —[[ull ()
The tractions vector tg =6 -n for t >t is computed from the constitutive equation
o, = (g /rS )C :g and Equation (C.28), as follows:

t, zlimqsn-C:[ss +1(n®A[Iu]]S)“}
=0 h

—lim- 25 n.C: [hﬁs + (N ® Al[u]] S)S]

h—0 hrS
| (C.29)
= [liquS (m-C-n)-Afu]] s

h—0 hrs
1

=| lim— |q,Q - Alull,
h—0 hrs |

bounded y #0

If Q=n-C-nis a positive definite tensor and [[u]];# Ofor ¢ >rg, is fulfilled that
qsQ-Allu]l; is bounded and different to zero. Therefore, the traction vector remains
bounded when lim,_, (1/Ar;) is bounded. This is possible defining a discrete internal vari-
able & in terms of r; , thus:
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1 . :
— =0 — ; I =0, (C.30)
194 Ty

using again Dirac’s delta function §, =lim,_, 5".

The internal variable r; is obtained by integrating the earlier equation at the pseudo-
time, as follows:

rg (;):L’:" Fodt =7 (tSD)+5SI; adt

(C.31)
re @) =rg (tsy) +0,AQ
where A =d/(t)— a(ty,). The unbounded character of rg and of its rate 7
Replacing Equation (C.30) into softening law ¢, = H ry , it is obtained:
s =Ha (C32)
where H is defined as discrete softening parameter of the form:
— 1 1
H =5SH 5 E=§S§ (C33)

The stress-like internal variable can be expressed from Equation (C.32) of incremental
way, thus:

q,(t)=gq, (ts)+HAQ (C.34)

The following discrete constitutive equation is obtained by replacing the internal vari-
able r; of Equation (C.31) into Equation (C.29) when lim,_,, (hr,) = Ar .

ty = A%Q -Allu]] (C.35)

On the other hand, the energy per unit area consumed in the formation of the discontinu-
ity surface S in strong discontinuity regime is equal to:

Gy, = j t, - [u]lsdr (C.36)

considering that G, is equal to the fracture energy per unit area of the material G .
Using the damage criteria given by Equations (A.22) and (A.26), it is possible to obtain
the following relationship:

t,-[u]ly = ¢,@ (C.37)

Replacing the earlier expression into Equation (C.36) and integrating the result, the frac-
ture energy per unit area to tension and compression are obtained as:
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2
=19 (tension) (C.38)
2EH
G}"‘) =n§Gf (compression) (C.39)

C.5. Strong discontinuity analysis for one-dimensional plasticity
models

In this section the application of the strong discontinuities approach to one-dimensional plas-
ticity constitutive models is summarized (Sim6, Oliver et al. 1993; Manzoli 1998; Oliver,
Cervera et al. 1999).

For a material point belonging to the discontinuity surface S at time ¢ > ¢, , the strain
rate is defined as &g =I|0 / Eﬁ+ ¢{ according to plasticity model or of the form
ég =84 + 0 [[u]]s according to strong discontinuity kinematics. From the earlier expres-
sions it is obtained:

i =0 /E)v il =+ 5, [lall (C40)
Replacing the flow rule &7 = Asign(o) into earlier equation,

(O-S /E)+ ﬂ'Sign(O-s) = 5s + 5s [[”]]s
N L NN

regular regular singular

(C41)

Since the strain rate &g and stress rate J are regular values, the problem maintains its p
physical meaning when:

Asign(o ) = 8, [li]]; (C.42)

The singular character of the continuous plastic multiplier is observed, therefore, a dis-
crete plastic multiplier A4 is defined as:

A=6 (C.43)
and consequently,
2 = [[u]lgsign(o) (C.44)
In accord with evolution law in continuum, it is established that
a=0d,04 (C.45)

where @ is discrete internal variable.
At the time ¢ > ¢, the internal variable is equal to:
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ag ()= [ " ay dt = o (1) + 5 jr' G dt

(C.46)
a,(t) = o (tg,) + 0,A
where Ad =a(t) - a(ty,).
Replacing Equation (C.45) into softening law ¢/ = H' ¢/ , it is obtained:

gy =Ha (C47)

where H is discrete softening parameter defined as:
H=6H : L=51 (C.48)

N ’ H N 17 .

The stress-like internal variable can be expressed from Equation (C.32) of the incre-
mental way, as follows:

q,(t)=q, (ts)+HAQ (C.49)

Differentiating yielding function f (o, ) at the time (Equation (A.46)) and applying the
plasticity criteria, the stress rate on discontinuity surface is obtained as:

O =g sign(oy) (C.50)

Replacing Equations (C.44) and (C.47) into earlier expression,
. |
liell; = = o (C.51)

The fracture energy per unit area in one-dimensional plasticity models can be evaluated
as:

G, =[ o [ulldr (C.52)
Replacing Equation (C.51) into the earlier equation and integrating at the time,

_ (o))’ (C.53)

4 2H




Appendix D.
Tracking of discontinuity paths

The material bifurcation analysis provides the information necessary to establish the appear-
ance and direction of a discontinuity in a material point based on the stress state and on the
internal variables of the constitutive model that governs it. However, in the numerical im-
plementation, the geometric location of the discontinuity inside a finite element is not de-
fined. Therefore, it is necessary an algorithm that establishes the location of the discontinu-
ity in each element in order that it conserves the continuity of the discontinuity line in the
solid.

Next, some tracking strategy of discontinuity paths in the context of finite elements
method (Samaniego 2002; Oliver & Huespe 2004a) are described.

D.1. Overview

The discontinuity surface S splits a body Q into the domain Q" and Q~ according to the
positive direction of normal vector n, as shown in Figure D.1(a). This body can be meshed
with linear triangular finite elements, whose domain Q, is divided by the domain Q! and
Q_, by means of a discontinuity line of location unknown inside the element (Figure
D.1(b)).

If node i is located in the domain Q" of the body and it belongs to the elements crossed
by the same discontinuity line e and e’, this node must be part of the domains Q) and Q..
A continuous trajectory of the discontinuity line through the elements assures is condition, as
shown in Figure D.1(c).
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Figure D.1. Tracking of discontinuity paths: (a) discontinuity line in the body, (b) random location of
the discontinuity line inside two finite elements, (c) alignment between the discontinuity paths of two
finite elements.

D.2. Local strategy

In the local strategy, the alignment is explicitly made between an element and its neighbour-
ing element which is also part of the same discontinuity. Next, this procedure is indicated:

e Initially, the location of the discontinuity is fixed in an arbitrary form inside the first
element fulfilling the bifurcation criterion, obtaining an output point of the disconti-
nuity in this element or an input point in the neighbouring element.

e For the following neighbouring element, the discontinuity line is traced from its di-
rection and its input point in the element (given by the earlier element).

When a single path is considered, this algorithm is simple and robust; however, when the
number of possible discontinuities increases, the local strategy loses robustness.

In reinforced concrete structures, commonly several crack paths appear, therefore, a
global strategy of tracking of discontinuities is more appropriate.
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D.3. Global strategy

D.3.1. Basic considerations

In the global strategy (Samaniego 2002; Oliver & Huespe 2004a; Oliver, Huespe et al.
2004a), all the possible discontinuity lines S; as members of the contours family of a scalar
field 6(x) coinciding with the envelopes of the vector field T(x,7), which is orthogonal to n
and defines the propagation direction of the discontinuity in the solid (Figure D.2(a)) There-
fore:

S, ={xe Q;0(x) =6, } (D.1)

where 6, is a constant acting as labels of the possible discontinuity line S, .
The tracking algorithm of a line S, at elemental level and at a time ¢ is the following:

® The label 6 is fixed as an arbitrary value of € inside the root element, for exam-
ple, the average between the values of € in the nodes, i.e., 6, = (1/3)(6, +6, +6;)

e Given the value of the envelopes of T(x,7) in the three nodes of the element
6,,6,,6; and the label 6, , the location of the possible discontinuity line calculates
by linear interpolation in the sides of the element, as shown in Figure D.2(b).

In order to determine a root element at a time ¢, it must be verified that this element has
not been crossed by the discontinuity line of another root element; this requires the concept
of active discontinuity line. A possible discontinuity line S, 1is active when it crosses at
least one element fulfilling the bifurcation criterion. Therefore, when the bifurcation in an
element occurs, two situations can appear:

e If the element is crossed by an active line S, its location inside the element calcu-
lated by linear interpolation of @ in the sides of the element, as it were previously
indicated.

e Otherwise, the element is taken as root element and the possible discontinuity line
passing through its centroid becomes activated.
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(b) /

6 o
Figure D.2. Global strategy of tracking of discontinuity lines: (a) envelopes of the propagation direc-
tion of the discontinuity in the solid, (b) location of a possible discontinuity line inside a finite element.

D.3.2. Envelopes of the propagation vector field

Next, it is described a procedure to calculate the envelopes of the vector field T(x,f) which
defines the propagation direction of the possible discontinuities, in a two-dimensional space
Q (Samaniego 2002; Oliver & Huespe 2004a; Oliver, Huespe et al. 2004a).

Let 8(x) be the envelop of the vector T(x,?), it is established that:

0,06=T-VO=VO-T=0 (D.2)
where 9.0 corresponds to directional derivate of € with respect to T.

D.3.2.1. Analogy with the heat conduction problem
The envelope curves of the propagation direction can be calculated as the temperatures ob-
tained in a heat conduction problem.
Multiplying by T the Equation (D.2) is obtained:
Td,0=(T®T)-VO=0 D.3)
In addition, it is defined to the heat conduction-like tensor:

K, =(T®T) (D.4)

in such a way that:
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q, =-K;-Vo (D.5)

This problem can be considered analogous to a heat conduction problem without internal
heat sources and null heat flow input(q7 -v, =0 on [I), expressed as a boundary value
problem of the form:

Find the scalar field 8(x) such that:

V-q; =0 en Q
=-K.-V8=-T-0,0 en Q
q, T T (D.6)
q;v,=(T-v,)0,0 en [
0=6" en [,

Therefore, € corresponds to the temperature-like field, q, is the heat flow-like vector
and K, is the thermal conductivity-like anisotropic tensor that varies from point to point
and whose represented matrix is:

&, 1-remi=| 0
1= “lrr (D.7)

Notice that K,(T)=K,(-T). Consequently, the solution of the problem is affected
by the direction of vector T, but it is independent of its sense.
D.3.3. Implementation in the method of the finite elements

The weak and discrete form of the continuous problem indicated in Equation (D.6) and ap-
plied to a mesh of e finite elements and » nodes representing the domain€ , can be ex-

pressed as:
Find:
mmziMa=mﬂﬂ
- D.8)
%m:wWMmf
81=16,,....6,1"
such that:
(D7 1(61=1(0]
6, r = o D.9)

[D,]= [ [VNI'[K,][VN]dQ

where N; are the standard shape functions and [D, ] is the stiffness matrix.
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Equation (D.9) defines an analogous problem to heat conduction problem, which has
been solved in the onset of each load step of the original mechanical problem. This analysis
provides the location of the discontinuity paths inside each finite element according to the
algorithm presented in Section D.3.



Appendix E.
Implicit-explicit integration scheme

In this appendix the implicit-explicit integration scheme (IMPLEX) for constitutive models
proposed by Oliver and collaborators (Oliver, Huespe et al. 2004b; Oliver, Huespe et al.
2000), is described.  Also, it is shown its application to a damage model with degradation in
tension and compression (Oliver, Cervera et al. 1990) and one-dimensional plasticity models
(Sim6 & Hughes 1998).

The implicit-explicit integration scheme of the constitutive model is a stable algorithm
numerically able to represent, of robust form, the unstable response due to the material sof-
tening.

E.1. Integration scheme for a damage model with degradation in
tension and compression

E.1.1. TImplicit integration scheme: consistent algorithmic operator

The implicit integration of the equations describing the damage model indicated in Table
A.1, allows obtaining, at the time?,,,, the stress tensor ¢, and strain-like internal variable

1, and stress-like internal variable g,,,,, in terms of the current strain tensor &, , thus:
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Given ¢ determinate:

n+l >

6, =C :g,, (effective stress tensor) (E.1)

Te (SVH'I) = ¢n+1 \ 6n+l ((C )71 :6n+1 (Strain norm) (EZ)

M

) <5'i>,,+1 1 1 (factor associated to degrada-
O = ’i‘[l - ] +— tion in tension and compres- (E.3)
z‘a-i " N5 ) Mo sion)
i=1 4
liw =T (&,0) = ax ](rz ’Ts(anrl)) (strain-like internal variable) (E4)
que =94(,.)=q,+H, (r,,,—r,) (stress-like internal variable) (E.5)
G, =6(,, )= Gns1 €,, (stress tensor) (E.6)

n+l

Table E.1. Implicit integration of the damage model with degradation in tension and compression.

The consistent algorithmic operator C%" defines as:

J6
(con) __ n+l
G = f (E.7)
£n+l
Therefore, if Equation (E.6) is derived with respect to the strain tensorg, , the follow-
ing operator C“’" is obtained for elastic and unloading regime,
C(con) — Qn+l C (E 8)
n+l n+l .
rn+l
and for inelastic loading regime,
Cleom — Gn+1 C 9nv1 — Hnrn+l rn2+1 (7 ) 2 (7 — )
n+l T n+l 3 0n+1 ® An+l + ¢n+1 GVH'I ® 0n+1 (Eg)
rn+l rn+l n+l

For two-dimensional problems, the scalar @,,, = ¢(0,,,) and the tensor A,,, = A(C,,,)
are defined by Equations (A.35) to (A.41).

The second term of Equation (E.9) shows the defined negative character of the consistent
algorithmic operator.
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E.1.2. Implicit-explicit integration scheme: effective algorithmic operator

Next, the implicit-explicit procedure in each step of pseudo-time ¢,,,is described.

With  an  implicit scheme the implicit variables of the problem
Ti1(€,41):G041(€,,1),6,,1(€,,,) are obtained in terms of the current straing,,, , as indicated
in Equations (E.4) to (E.6).

At the same time ¢,,,, the internal variable is extrapolated of linear explicit form in
terms of the implicit internal variables r, and r,_,, calculated at the times ¢, and ¢, , (Figure
E.1(a)), thus:

n+l

7

n+

Ar”l Atﬂ+l
At, (E.10)

Arn = rn - rnfl ; Atn = tn _tnfl ; Atﬂ+l = tn+l -t

\=r, +i At =1+

n

According to the earlier equation, 7,,, corresponds to a prediction of the internal vari-
able for n+1, which can be calculated at the end of step n, taking advantage of its independ-
ence in relation to the current strain €, .

The error produced by the extrapolation can be controlled by reducing the size of the
load step or increasing the order of the extrapolation function.

The stress-like explicit internal variable g ,, and the explicit stress tensor &,,, at the
time ¢,,, correspond to:

qul =Qn+Hn(;i'L+l_rn) ’ an ZO (Ell)
§,, =1 C g, (E.12)
r

n+l

In the earlier equation, it is observed that as much ¢, as 7, are independent of the
current strain €,,,, of such form that the explicit stress G,,, depends linearly on ¢, .
On the other hand, the effective algorithmic operator C'?? is defined as:

sy OG
C = Ot (E.13)
de

n+l

According to the earlier expression, differentiating Equation (E.12) in terms of current
strain ¢,,,, a tensor C'?*’ constant with respect to the implicit variables at ¢ ,, is obtained as:

n+l> n+l

Clefor — @ C (E.14)

n+l
r;wl

Given the positive character of 7 ,,,g,,, and C, it can be concluded that the effective al-
gorithmic operator is defined positive for any time ¢,,, (Figure E.1 (b)).
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r ()
N\ N
rn+1 c n q (con)
/ Cn+1 . @
’ efe
6n+1 I N\ Cn+1
Z,
Gy /
/.
K
'
4
4
'
t t t,t € ‘ 3
— &€
n-1 n n+l lmpllclt n n+l
(a) o explicit (b)

Figure E.1. Implicit-explicit integration scheme for damage models: (a) extrapolation of the strain-like
internal variable, (b) prediction-correction phases of the stress.

E.2. Integration scheme for one-dimensional plasticity models

E.2.1. Implicit integration scheme: consistent algorithmic operator

The implicit integration of the equations describing one-dimensional plasticity models is the
result of the application of a time discretization scheme type Euler-backward standard on
these equations. As it is indicated in Table A.2, for a time ¢,,,, the stress ©,,,, the strain-

like internal variable ¢,,, and stress-like internal variable g,,, are obtained in terms of the
strain £, .

Given € determinate:

n+l>

a=420 ; a‘,:o =0 (strain-like internal

. (E.15)
Aa,,, =a,,)-ak)=0a, -, variable)
_ _ (stress-like internal
qn+l - q(snﬂ) - 6],, + HnAan+l Variable) (E16)
o, ,=0,+E(,, —¢,)—EAa,,sign(o,,,) (stress) (E.17)

Table E.2. Implicit integration of one-dimensional plasticity models

The consistent algorithmic operator for the one-dimensional plasticity model E'7” is
defined as:
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E(m") — aO-rH—l
1
n+ ag

n+l

(E.18)

Replacing Equation (E.17) into the earlier expression, the operator Eflﬁ'j") is obtained for
elastic and unloading regime, thus:

E“" =E (E.19)
and inelastic loading regime,
gem =1 (E.20)
E+H

where E is Young’s modulus. Since the softening modulus H# <0, the consistent algo-
rithmic operator in inelastic loading regime is defined negative.

E.2.2. Implicit-explicit integration scheme: effective algorithmic operator

By means of a procedure similar to the presented for damage models, the implicit-explicit
integration scheme is applied to one-dimensional plasticity models.

At atime ¢,,,, the variables &, (¢,,,).9,.,(€,,1),0,.,(¢,,,) are obtained in implicit form,
from of Equations (E.15) to (E.17). From the explicit linear extrapolation of the internal
variable in terms of the implicit variables ¢, and ¢,_,, it is obtained:

A
a, =a +a A, =a, +—Aa” At (E.21)
t

n

where Aa, =a, —a,_, ; At, =t,—1,_ ; At

n n+l

The explicit stress-like internal variable ¢,,, and the explicit stress tensor &,,,at the

= tn+l - tn .
time ¢,,, correspond to:

’anrl = Qn + Hn (&nﬂ - an) 5 O < qrwl = Gy (E22)

6-n+l = Gn + E (gnJrl - gn) - E A&nJrlSign(a-nJrl)

Q

(E.23)

= _ = 1
O-n+l - O-n +E (8n+1 _gn)_ E Aanﬂ =

n+l

!

where A& ., =& a

n+l n+l — Y-

In inelastic loading regime, the yielding function in terms of the explicit variables can be
written of the form:

f(6n+l’qn+l) = ‘O-nJrl

~(0,+,,) =0 \@

=(0,+G,.) (E.24)

+1



180 Appendix E. Implicit-explicit integration scheme

Replacing Equation (E.24) into Equation (E.23), G,,,, is equal to:

_o,tE(, —€,)
" A&, E (E.25)

1+ n+l
(O-y + qn+l)

The effective algorithmic operator E'“? for one-dimensional plasticity models is defined

n+l

as:

a5
E(Eff') — —n+l
n+l

E.2
agn-*—l ( 6)

Differentiating Equation (E.25) as indicated in earlier equation, it is obtained that,

E(Eff’) — E
n+1 ~
14 A% E (E.27)
(O-y + qn+l)

where E'?” is constant with respect to implicit variables at the time ¢,,, and it is greater
than zero due to positive character of AZ,,,, G,,,, 0, and E.

Figure E.2 describes the extrapolation of internal variables and the prediction of the
stress in the implicit-explicit integration scheme, specifically applied to one-dimensional

plasticity constitutive models.

[ o
N A
a, +1 G, 1 (con)
..n /E/ ' E"+1 ’
a,
n+l| s b - P , E(efe)
At -~ Aan_H n+l n+l
a n i / ;
n o ;!
o Aan n+l ,,
n—1 //
/’ >
tn—l tn tn+1 ! g 8n+l €

—O— implicit
(a) o explicit (b)

Figure E.2. Implicit-explicit interpolation scheme for one-dimensional plasticity models: (a) extrapo-
lation of the strain-like internal variable, (b) prediction-correction phases of the stress.



Appendix F.
Notation

F.1. Two-dimensional Voigt notation

In the implementation of the constitutive models in the finite elements method, Voigt nota-
tion is frequently used, which allows writing the second-order symmetrical tensor as column
vectors and the fourth-order stresses as square matrices.

A second-order tensor representing the stress field in two-dimensional problems can be
characterized by a vector column of the form:

o T T
6= |: xx xy :| N {6}= o'yy
o,

T, ; (F.D
T y
tensor \ J
Voigt

Likewise, the strain tensor can be represented by a column vector; however, the shear
strain must be multiplied by two, in order that the strain energy calculated in tensorial form
and in matrix form be equals.

8)()(
. |:8xx 8)0} N {8} S
e, € »

xy y 2 £

Xy

(F.2)

tensor
Voigt

The constitutive operator is a fourth-order tensor relating to the strain and stress tensors,
of the form:
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c=C:¢ (F.3)
Such a constitutive relation can be written in Voigt notation as:
{o}=[Cle} (F.4)

ie.,

C C £

a

o

xx XXX xxyy Xxxy xx
wi(= nyxr nyyy Cym' €y (F.5)
Ty Cx,m Cx,Vyy Cmy 28)0’

Consequently, a constitutive operator represented by a square matrix is obtained as:

me Cx.xyy Cxx.xy
[(C] = Cy,m nyyy nyx,v (F.6)
me C»wy Cm}'

F.2. Special functions

In the following table the functions used in the formulation are indicated.
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(p) = {80 si >0 (p) = %(goﬂgo\) (Mac-Auley’s parenthesis) (F.7)

o
0 sip<0
. 0P ) L
o= o (material derivative) (F.8)
o] =px)| . —9x)| _;  (jump function) (F.9)
0 six<x,
H (x) = { ) ~ (Heaviside’s function) (F.10)
1 six2x,

0 si(x<x)v(x>x)
o,(x) = ) " (Dirac’s delta function) (F.11)

o §i X=X,

Table F.1. Special functions
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