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Abstract. A new bilinear 4-noded quadrilateral element @hIQLRZ) for the analysis
of composite laminated and sandwich plates/sheltet on the refined zigzag theory
(RZT) proposed by Tessler et al. [1] is presenidie element has seven kinematic
variables per node. Shear locking is avoided bgothicing an assumed linear shear
strain field. The performance of the element iglitd in several examples where the
reference solution is the 3D finite element analysing 20-noded hexahedral elements.
Finally, the capability for capturing delaminatiefiects is analyzed.

1 INTRODUCTION

Classical plate thin theory, known Egchhoff theory[2], and the more advanced
Reissner-Mindlintheory (RMT) [3, 4], also calledFirst Order Shear Deformation
Theory (FSDT), were the first simplified theories capabbdeprecisely model a plate
structure of homogeneous material. However, whaliegp to highly heterogeneous
laminated composite plates it is known that botkoties give poor predictions. The
cause of this drawback is due to that these thegpm®pose a linear thickness
distribution of the axial displacement, which isabte to represent the complex real
kinematics of a composite laminate.

3D finite element analysis is the more appropriaté to accurately modeling plates
and shells of laminated composite material. Howela@rcomposites with hundred of
plies, 3D analysis becomes prohibitively expensive.

Improved FSDT models have been obtained by thealleddHigher Order Shear
Deformation TheorfHSDT) [5, 6]. In these models higher-order kiném#germs with
respect to the plate thickness are added to theegsipn for the axial displacement.
However, these models are not effective for compbeses with localized loads or high
transverse anisotropy.

More accurate models are given lbgyer-Wise Theoried . WT) [5, 7] in which the
thickness coordinate is divided into a number oflgsis layers (that may be not
coincident with the number of laminate layers) assig separate displacement field
expansions within each ply. LWT yields high qualitedictions. However, the number
of unknowns is proportional to the number of analyayers, which largely increases
the computational cost of the method.

An attractive alternative between the accuracy WTLand the computational
efficiency of FSDT and some HSDT are tB®Zag (ZZ) theories[5, 6, 8]. In ZZ
theories the in-plane displacement is a superposdf a piecewise linear displacement
function (the zigzag function) over a linear, quadr or cubic displacement field along
the thickness direction. It is important to notattthe number of kinematics variables in
ZZ theories is independent of the number of laylany of the ZZ formulations suffer
from their inability to model correctly a clampedumdary condition, which makes it
difficult to satisfy equilibrium of forces at a sugrt. In addition many ZZ theories
require C continuity for the deflection field, which is asdidvantage versus simple} C
continuity plate theories, such as RMT.



Tessler et al. [1, 9] have recently developeRedined ZigZag Theor{RZT) for
beams and plates that adopt Timoshenko and RMTadsment fields as the baselines
for beam and plate analysis, respectively. The &tybutes of the RZT are, first, a
linear piecewise zigzag function that vanishesoptdnd bottom surfaces of the beam
and plate section. Second, it does not require tfathsverse shear stress continuity
across the laminated plate depth. Third, ®®ntinuity is only required for thénite
element methodFEM) approximation of the kinematic variables afidally, all
boundary conditions can be effectively simulatedfL1].

Onate et al. [10] have taken the RZT as the basiddveloping a simple two-noded
C® beam element named LRZ. The accuracy of the LRirbelement for analyzing
composite laminated beams has been demonstratesinigle support and clamped
beams under different loads. The possibility of LiZ beam element for modeling
delamination effects has also been tested [10,M@te recently, anisoparametric two
and three-noded beam elements based in the RZT have been presepni@tierlone
et al. [11].

In this work we present the formulation of an is@paetric four-noded €
guadrilateral plate element named QLRZ with sevarrkatic variables per node based
on the RZT [1]. Shear locking is avoided by usimgaasumed linear shear strain field.
A deep study of this phenomenon is presented ixamnThe good performance of
QLRZ is shown in three different studieserification, convergenceand comparison.
The verification section aims at evaluating the performance of ¢hesnent when the
material is homogenous, i.e., when the zigzag fancvanishes. The influence of
composite material on the convergence and accuwfthe QLRZ element is analyzed
in theconvergenceection. Next, we present several examples ofjtloel performance
of the QLRZ element highly heterogeneous matennelee comparison section. Finally,
the possibility of the QLRZ element for predictidglamination effects in composite
laminated plate is demonstrated in a simple example

2 GENERAL CONCEPTSOF ZIGZAG PLATE THEORY

2.1ZIGZAG KINEMATICS
The kinematic field irzigzag plate theoris generally written as

u(x ¥, 2= y(x y- 28 ( x y+H( xy)

V(% Y, D= %(x Y= ZB,( X Y x y): (1a)
W (X% y)= w(x Y
where the axial displacement functions are
U=g@w(xy : k=L N (1b)

V=g (W, (%)
and superscripk indicates quantities within thieh layer with z < z< z,,, Z is

the vertical coordinate of thidh interface andN is the number of layers. Thaiform
axial displacementalong the coordinate directiorsandy are u, andyv,, respectively;

6, and 6, represent thaverage bending rotatioof the transverse normal about the
positivey andx directions; andw, is thetransverse deflectiong (i =X, y) denotes a

known piecewise lineatigzag functionand¢, is a primary kinematic variable defining

the amplitude of the zigzag functiam the plate. Summarizing, the kinematic variables
are
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The zigzag displacement field of Eq.(1a) is a sppsition between the standard
kinematics of the first order Reissner-Mindlin thedRMT) and the linear piecewise
zigzag functions (Eqg.(1b)). Note that the zigzagsptiicement vanishes for
homogeneous materials leading to the displacenaddtdf the RMT.

The in-plane (:E) and transverse sheag( strains are defined as
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whereeg , ¢, ande are the strain vectors duo to membrane, bendindrandverse

shear effects of the RMT, respectively. The in-pland transverse shear strains vectors
emanating from the RZT are denoteddyy, ande_,, andg, andg, are the generalized

in-plane and transverse shear strains vectorsatbén

A I R
Tl Ls«j (2b)
Sy=[S, S, S| : Si=[s, sY]

Where@) denotes the generalized strain vectors given by
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where y, (i =x,y) is the average transverse shear strain of RMTe Nwt ¢/ is
piecewise linear, hence, its derivati@%ﬁ :'Bikj is constant within each layer.
z

2.2CONSTITUTIVE RELATIONSHIPS

The relationship between the in-plane and the wense shear stresses and the
strains for thekth layer are expressed in matrix form as

k
JX
k Jy K K
Y D 0 €
c<=|=L| = I, :{ P } [E p} = D¥ek (3a)
o, - 0 Dt &
L Yz
with
E. U,E, 0
K _ 1
D, =1, |Ex E 0

(3b)

Xy~ yx Xy

k |:GXZ O }
Dt =
0 G,

The resultant stress vectors are defined as
Membrane forces
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Bending moments
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Transverse shear forces

6, =[8J = sJe'dz (3e)

6.=(] s/D'sdz)e +(] sID'S, e,
& =D& +DS$5$

D, =| s/Disdz
D,, = [ S/D'S',dz

Next, we define the additional pseudo-bending mdmemnd the pseudo-shear
forces emanating from the RZT, which are conjugatéhe new generalized strains

% (i,j :x,y) and the variabley, , respectively.

0j
Thepseudo-bending momerase defined by
MX@
~ M k T __k
S [y, |7 [ Stpa'dz (3)
XYB
M
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The overall constitutive expression for the resul&tresses can be written in matrix

form as
6=|%1=|Po Ot 3h)
C, 0 D, ||&

where ¢, and o, contain the in-plane and transverse shear resuimasses,
respectively.

~ Am ~ &5 .
¢,=| o, ; Gt:{ } (3i)

The in-plane and transverse shear generalizedittaive matrices,lf')p and D,
are given by

If\)m If\)mb If\)mmk;s' iy iy
- - - = Ds Dss;o

D, =| Dunm Dy, Domp ; D=4 N
. . . Dy, D,
Dmb(om Dmlwb Dm¢

2.3PRINCIPLE OF VIRTUAL WORK (PVW)
The virtual work principle for a distributed logdand point load$; can be stated as

j j VSSchde = j j 8a'q o|A+nzplesaﬂfi (4a)
i=1

where the lL.h.s. of Eq.(4a) expresses the intevivadal work performed by the
stresses and the r.h.s. is the external virtuakwbthe distributecand pointloads.V is
the volume of the platd is the area of application of the distributed loacldnpl is the
number of point loads. Substituting Eq.(2a) into(Ea) gives



(I Vag”ckdv =[], (38,'S, +88,'S, +82],,St, o kv +
[ (5752 52,5, Yoo

oot vt 'S v

Using Egs. (3c), (3d), (3e), (3f), (39g) yields

[[], 86" 6*aV = [[ (82,76 ,,+88,76 ,+ 5% ,, 6 ,,) Ak [[ (88 6 +2 6 ) oA
The virtual work can be therefore written as
npl
[[.(82,76,+o86,) = | jAesaqulA+zpesaﬁfi (4b)
i=1

The integrands in Eq.(4b) contain kinematic vaeabflerivatives up to first order
only, which allows us to use’@ontinuous elements.

3 DERIVATION OF THE ZIGZAG FUNCTION
The zigzag function is defined within each layer by

K, Tkl k_ k1
([f:%(l_f)@k—l_l_%(l_l_f)@k:(q+¢? I &

2 2 ()
=X,y
where ¢ and ¢ is the zigzag function valued & and k-1 interface,
H +1h 0 N k (Z_ 2<_l)
respectively withg" =¢~ =0 and ¢ :ZT—l.

Figure (1) shows theigzag functiony , thezigzag displacemenis*, and theaxial

displacementsu®, for the x direction. A similar distribution is found for theigzag
function ¢ .

b
Bl Axial

displacement

Zigzag
function

Y Zigzag

displacement

h
o_
u 71/04—;'9‘

#°=0 -+ 7’ =0

Figure 1 — Thickness distribution of the zigzag functiq;f a), zigzag displacemelﬁf( b), and axial

displacement® ¢) in the RZT.



The slope of the zigzag function (Eq.(5)) givesamstant value for each layer
defined as

. _og (4 -4
A= 0z H (62)

Because the zigzag function vanishes on the topbattdm surfaces, the through-
the-thickness integrals of the slope functigiisis equal to zero, i.e.

L Bidz=0 (6b)
It is convenient to define a new different functipnas
n=Y, -y (7)

which leads to the following expression for H#ilk layer transverse shear strains and
stresses as

ve=(1+ B ) v~ Bl (8a)
i =Gl (1+ BY) v, - GEB, (8b)
The average shear strains over the plate thickaes®btained by integrating the
transverse shear straip$§ (Eq.(8a)) over the thickness and using Eq.(6bjs ives
1
Ve =+ [ idz (©)

The interfacial continuity of the first term, asmded with the average shear strain
¥, , is enforced in the transverse shear stresshlisioh (Eq.(8b)), i.e.

Gi(1+4°) =G (1+ 8 (10a)
which leads to a constant shear modulus acrogddtethickness defined by
G, =Gl(L+5) (10b)
Then, from Eq. (10b)
B = g— -1 (11)
the explicit form ofG, is obtained by substituting in the integral of Eq.(6b), i.e.
N hK 1
G, = h{Z—k} (12)
a G,
Finally, the zigzag function is obtained by reptacEq.(6a) into Eq.(5), this gives
@ =4 +L,fk(ik +1) (13)

with B“defined by Eq.(11).



4 QUADRILATERAL LINEAR REFINED ZIGZAG PLATE ELEMENT

(QLRZ)
The QLRZ element (figure AlL2) is a Lagrangian iggpmetric 4-noded finite
element derived from thefined zigzag theorgiescribed above.

4.1DISCRETIZATION OF THE DISPLACEMENT FIELD

The middle surface of a plate is discretized intnode 2D isoparametric finite
elements of quadrilateral shape. The kinematicabdes (Eqg.(1c)) can be interpolated
within each element as

u0
Vo a®
Wol| a®
a=| 6, |=>Na®=[N, N, N, N e Na® (14)
P =1 2
y a(e)
¥, ‘
4y ]

where
.
N; =Nil; 81(E):[uo W W g 6 ¢, ‘/lyl
being N, (£,7) (Eq.(21)) the €continuous shape function of noidle and |, is the

7X7 unit matrix.

4.2 GENERALIZED STRAIN FIELD
The generalized in-plane strains are obtained rmgeof the nodal kinematic
variables by substituting Eq.(14) into the generaiin-plane shear strai|i§(Eq.(2b)),
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where B and B are the in-plane generalized strain matricesterelement and
theith node, respectively. The matri; can be splitted into membranm{, bending
(b) and zigzag ihby) contributions. This leads to

with
ON:
1)

oN
L oy

Bm
Bpi: Bb
Bmwi
1 T oN;
0 00O0ODO 00—
o0x
oN;
—OOOOOBbi=000
oy
oN, oN;
— 0 0 0O0O 0 00—
0x | L oy
_ N, _
00 0 0 — 0
o0x
oN;
000O0O 0 —
= oy
mbgl oN;
00000 — 0
oy
oN;
000O0O 0O —
ox |

ON
oy
N
0x

(15b)

(15c¢)

Replacing Eq.(14) into (Eq_.(2b)) the generalizeah$verse strains are obtained as
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where B, and B, are the transverse generalized strain matriceshioe element
and theith node, respectively. MatriB, can be split into shearsf and zigzag $p)
contributions as

BS
Bti = Bs¢- (16b)
where
00 % -N, O 0O
B = N
0 0 a—y‘ 0O -N 0O (16c)

000O0ON 0
Bsq)i=
000O0O0 ON
4. 3ELEMENT STIFFNESS MATRIX

The equilibrium equations relating nodal forces displacements are obtained by
substituting the discretized equations (15a) aga)into the virtual work principle

88 6 +6576.) = [[ saTqdA+S sat (17a)
IIA( p P t t) IIA ; il
Substituting Eq.(3h) into the |.h.s of Eq.(17a)egv

[[.(82,76,+o2 3 ) = [[ (88D £ ,+82 D dA) (17b)

Considering that
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8¢ = iaai(e)TBti T=5a®'B 7
and substituting Egs.(15a), (|1_(lsa), (17¢) into Etplyields
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= aa(e)TK (e)a(e)
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Finally Eqg.(17a) is reduced to
npl

(&) A(9) _ _ -
K- qudA ;fi 0 (18)
whereK © is the sought element stiffness matrix. This matén be expressed as
K® =K +K{9 (19a)

being K(pe) and K the in-plane and transverse stiffness matricespetively.

These are given by
(e) — TR
K =] B,’D,B dA

. (19b)
K =[] B'DBdA
To facilitate subsequent shear locking studiesrimat ® is split as follows
e) — €) T
KO =KE+KQ+K QO +[K ] (20a)

with
K@ =[] BJDB dA
K@ =[] B, DB ,dA (20b)
K =[] B/D,B dA

4.4BOUNDARY CONDITIONS

The boundary conditions are:
A. Clamped side:

W=

3)(

7

0
¥, =0
¥, =0
B. Simply supported side:

* Hard support: w=u,=6,=¢.=0

* Soft support: w=0

where “s” is the direction of the side.
C. Symmetry axis:

u,=6,=¢,=0
where “n” is the orthogonal direction to the symmeixis.

4.5SHEAR LOCKING

The original form of the QLRZ element suffesisear lockingfor slender composite
laminated plates. In order to remove this defed different alternatives are analyzed

in Annex |: 1) by using aeduced integratiorof the transverse stiffness matri®

(Eq.(20a), and 2) by using assumed transverse shear strain fi¢ld]. The study
showed that the assumed transverse shear strdimiqae is a more consistent
alternative for avoiding the shear locking problem.

MatricesB,;, By, B, from Eq.(15c) andB_, (Eq.(16c)) are computed using bi-

linear shape functions (Eq.(21)) while matix (Eqgs. (16b) and (Al.16.b)} replaced
by thesubstitute transverse shear strain matBx of Eq.(Al.18).

12



The bi-linear shape functions, are

i:%(1+55i)(1+/7,7i) (21)

Node & | i
1 1) -1
2 1] -1
3 1 1
4 101

Table 1 — Values of; andr; for each node.

%

Ni= 0.25(1-£)(1-7)

No= 0.25(1+£)(1-7))
Ns= 0.25(1+£)(1+7)
Nu= 0.25(1-6)(1+7)

Figure 2 — Bilinear shape functions.

The stiffness matricek ? andK ), of K (Eq.(20a)) are computed as
K =] B,/DB dA

K® = ”AESTE) B ;0A (2)

4.6“A POSTERIORI” COMPUTATION OF TRANSVERSE SHEAR STREBES
While in-plane stressego,, o, andrxy) are well predicted by equation (3a), the

transverse shear stress(er;;Z andryz) are not. The reason is that the constitutive Eq.

(3a) yields a constant value into each layer, legadio a discontinuous thickness
distribution of 7, andr ,. An useful alternative is to computg, andr, a posteriori
from the in-plane stresses using the equilibriunmagigns,

90, , 07y , 07, _

0
ox o0y 0z (23a)
dr,, do, O0r,
+ + =0
ox dy 0z

from which, the transverse shear stresses at at pBih across the thickness
coordinategz are computed by

: 00 2 0T
r, (2, =-| —% dz—| —2 dz
o )|P ,[% oX |p 2 ay p ‘ (23b)
1,2, =~ ol P LI
yz\|p % oy b D2 O P ‘
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The in-plane stresses at point “P” in the QLRZ edatrare approximated by
4 .
0,(2)], =2 N[, &,(2
i=1

0,(2), =3 N|, @2 (230

Ty(2], =2 NJ, 3,(2

where N, is the shape function (Eq.(21)) andienotes théth node. Finally, the
transverse shear stresses are obtained by repB&gi(@3c) into Eq(23b),

o 1 [£5 o] 55 )

i 0y |,
4 4 (24)
1.(2), = - ( 5 W)-IL[ZZ—T ot 3)

5 VERIFICATION STUDIES
The accuracy of th@LRZ elementor isotropic homogeneous material is studied in
this section. The aim is to evaluate the behavibthe QLRZ element wheng

(i =X, y) vanishes which leads , =0 and the kinematics of Eq.(1a) coincide with
that of RMT.
This study consists in analyzing a SS and a clangog@re plate of side length

L =2 and thicknes$h=0.05 (A = % =40) under a uniformly distributed load =1

and a point load® =4 acting at the center (Figure 3). Isotropic homagers material
properties are assumed with:=0.219, x#=0.25, andG = E/2(1+ u).

F a——

Figure 3 — Square plateA = 40) for verification and convergence analysis. S$eplander uniformly
distributed load a) and point load b). Clampedeplatder uniformly distributed load ¢) and pointdad).

14



Assuming symmetry along both axes, only one quaiténe plate is analyzed. Five
different meshes of QLRZ elements (figure 4) whpsw®perties are listed in table 2 are

employed.
a) b) c) d) e)

Figure 4 — Meshes of NxN QLRZ elements employed for veatfien and convergence analysis. a) N =
2;b)N=4;c)N=8;d) N=16;e) N =32.

Meshes Properties
Mesh | N | Elements | Nodes | DOFs
1 2 4 9 45
2 4 16 25 150
3 8 64 81 405
4 16 256 289 1445
5 32 1024 1089| 5445

Table 2 — QLRZ meshes properties.

In order to asses the element accuracy, the fallgwelative error is defined as

W~ W
=— 25
& (25)
where w is the vertical deflection at the center point pommed with theth mesh

(i=1,2,...,5 andw, is theanalytical Kirchhoff solutiordefined as
n 3
W :aﬂ with D:i (26)
D 120{1- 1?)
whereF denotes the load amds a coefficient dependent on the boundary
conditions and the load. The analytical solutiohthe problem are shown in Table 3.

Analytical Kirchhoff solutions

Boundary L oad A F | n | w(Kirchhoff)
ss Distributed | 0,00406f q 4 0.02671101
Point 0,01160, B 2 0.07627397
Distributed | 0,001220 q 4 0.00828493
Clamped -
Point 0,00560f P 2 0.03682192

Table 3 — Analytical Kirchhoff solutions.

The QLRZ solution of the problem and the relativeoeare presented in Table 4.
Figure 5 shows the behavior of the error. LabelsPSSS-qg, C-P, and C-q in Figure 5

15



refer to simply-supported-point-load, simply-sugpedrdistributed-load, clamped-point-
load, and clamped-distributed-load, respectively.

Relativeerror (&%) of w at center point
L oad Mesh SS Clamped
w er (%) w er (%)
3 2Xx2 0.026150| -2.100 0.0080239 -3.150
5 4x4 0.026638| -0.273 0.0082998 0.17p
= 8x8 0.026744| 0.123| 0.0083747 1.083
.g 16x16 0.026770, 0.220f 0.0083939 1.315
32x32 0.026776/ 0.243  0.0083988 1.3714
2Xx2 0.076049| -0.294 0.0322470 -12.4p4
= 4x4 0.076392| 0.154| 0.0360900 -1.947
'é__: 8x8 0.076767| 0.646] 0.0371910 1.00p
16x16 0.076966] 0.907] 0.0375650 2.0118
32x32 0.077097, 1.0790 0.0377400 2.493

Table 4 — Relative errore, of w at center point.

XK

e (%)
A

0O B O e
o
b

12 I

14
10" 10° 10° 10*
DOFs

Figure5 — Relative errore, of central deflectionv values.

Table 5 shows that the converged solution is obthfor the 8x8 mesh (N° 3). Good
accuracy is obtained already for the 4x4 meghegs than 2.5%). Results for the SS

case (error 1.0%) are better than for the clamper ®he worst result is obtained for
the clamped plate under central point load forzk2 mesh ¢ =-12.42%).

6 CONVERGENCE STUDIES

We study next the influence of the heterogeneityhef composite material on the
convergence and accuracy of the QLRZ element, ariSclamped square plates of

length sideL =2m and thicknessh =0.1m (/1 = 20) under uniformly distributed load
q :1N/m2 (Figures 3a and 3c). Three different compositeinated materials, whose
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properties are shown in Table 5, are consideredefmh example. The degree of
heterogeneity increases from composite C1 to C3.

Properties L(a_}y:{))l Layer 2 (I_B%){te(r)rﬁ)
h [m] h/3 h/3 h/3
CompositeC1 | E [MPa] 0.219 0.219 x10" 0.44
u 0.25 0.25 0.25
h [m] h/3 h/3 h/3
CompositeC2 | E [MPa] 0.219 0.219 x1¢° 0.219
u 0.25 0.25 0.25
h [m] h/10 h/1.25 h/10
CompositeC3 | E [MPa] 0.219 0.725x18 | 0.73E x10'
u 0.25 0.25 0.25

Table 5 — Composite material properties.

Taking advantage of symmetry only one quarter efteplis analyzed using the
QLRZ meshes described in section 5 (Figure 4).r€ference solution was obtained by
a 3D finite element analysis using a mesh of 1091(& elements per ply) 20-noded
hexahedral elements involving 4499 nodes and 189Fs (Figure 6).

a)

igure 6 — 10x10x9 HEXA20 meshes employed to compute tfezarce solution for composite C1 and

L

C2 a), and composite C3 b).

Convergence is quantified by the relative erroirdef as

_Mm-mg
q_—
my;
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where m and m,, are the magnitudes of interest obtained withith€LRZ mesh
(i =1,2,...,5) and the 3D reference solution, respectively. Tregmtudes studiedh
are: the vertical deflectiow at the center point C (Figure 3), the axial strgsson the
top surface of ply 1 at point E, agg, at point E. Sincey, does not appear in 3D finite
element analysisin and m,; are the values of this magnitude obtained usimgtth
QLRZ mesh(i =1,...,4 and the finest mesh (32x32), respectively. Thaltesbtained

are shown in Tables 6-7, and Figures 7-8.

It is clearly seen that convergence is always stoiwe the more heterogeneous
material and for the clamped plate.

For the clamped plate and the three materials €T@pkrrors are less than 10% for
the 16x16 mesh for all variables. For the SS f[aable 7) errors are less than 2.3% for
the 8x8 mesh in all cases.

For composite C1 (the more homogeneous one) ererkess than 2.9% for the 8x8

mesh in all cases and less than 6.3% for the 4x¢hnmeall cases except far, in the

clamped plate.

For the more heterogeneous material (composite t8)difference in the results
between the SS and the clamped plate is largethed8S plate (Table 7) errors are less
than 2.3% for the 8x8 mesh in all variables. Far ¢tamped plate (Table 6) errors are
less than 23% for the 8x8 mesh and less than 10%hddl6x16 mesh in all cases.

The quality of the results obtained for the comi@sC2 are between that of
composites C1 and C3.

Relativeerror e (%) in clamped plate

w at point C oy at point E i at point E
Cil Cc2 C3 Cil C2 C3 C1l C2 C3
2x2 | 11,71 50,28 60,99 99,99 100 100 26{13 80,09 48
4x4 4,65 30,16] 43,47 20,86 44,14 45p3 -6/28 43,54,80
8x8 1,60 12,32 22,44 2,9( 14,35 17p4 -1,47 13,68,58
16x16| 0,29 3,67 9,25 -1,21 -0,40 -1, -0,30 2,58 22
32x32| -0,14 0,69 2,85 -2,22 -4,70  -4,62 0,00 0,00 0,00
Table 6 — Clamped square platel (= 20) under uniformly distributed load. Relative er@i(%) forw,
og,,andy,.

Mesh

Q)

Relativeerror e (%) in SSplate

w at point C 6y at point E yx at point E

C1 C2 C3 C1 C2 C3 C1 C2 C3

2X2 2,69 | 19,36 2583 26,98 32,89 334 -901 4106 51,9

4x4 | 0,68 6,50 | 10,14 4,86 7,7( 90p -3,99 8,95 1367

8x8 | 0,25 1,54 2221 -030 -0,79 04 -0,71 -0,40 -1|84
16x16| 0,15 0,38 0,35 -155 -3,04 -192 0,07 -045 -1}44
32x32] 0,12 0,12 | -0,02] -1,86 -349 -207 0,00 0,00 0,p0
Table 7 — SS square plated(= 20) under uniformly distributed load. Relative ermi(%) forw, O, ,

andy/, .

Mesh
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Figure 7 — Clamped square platel (= 20) under uniformly distributed load. Relative ermi(%) forw
a), g, b), andy, c).
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Figure 8 — SS square plated(= 20) under uniformly distributed load. Relative er@r(%) forw a),
0, b), andy, c).

7 COMPARISON STUDIED FOR SS SQUARE AND CIRCULAR
COMPOSITE LAMINATED PLATES

In order to show the performance of the QLRZ eletnien highly heterogeneous
composite material, a square SS plate of lerigth2m and thicknessh=0.1m, and a

circular SS plate of diametet=2m and thicknes$ =0.1m are studied. The structures

are loaded under a uniformly distributed load; 10000N/m2 (Figure 9).

Each plate is studied for different composite laael materials with properties
shown in Tables 8 and 9. The square plate is aedlfar composites C4-7 and the
circular plate for composites C6-7.

Do to symmetry only one quarter of plate is analiyasing the QLRZ meshes

shown in Figure 10 whose properties are listedahld@ 10. The reference solution is the

3D finite element analysis using HEXA20 elementse Tifferent 3D meshes for each
case are shown in Figure 11. Details of each meshbigen in Table 11.

The RMT results for the square plate of compos#ea also shown in Figure 12.

The RMT solution was obtained by using a mesh ofl66four-noded QLLL plate
element [13, 14]
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Figure9 — Square SS plate a) and circular SS plate b)rundéormly distributed load.

b)

Layer material properties

A B C D
E. | 157.9x16 19.15
E> | 9.58x16 19.15 | 0.104 x16 | 104.1 x18
Es | 9.58 x16 191.5
12 0.32 6.58 x10
Mi3 0.32 6.43 x10 0.30 0.31
M23 0.49 6.43 x10
G | 5.93x16 | 42.3 x10 0.04x16 | 3073 x18
Gis | 5.93 x16 36.51
Gz | 3.23x16 124.8

Table 8 — Layer material properties. E and G are givekita.

Composite laminated materials
Composite Layer distribution hk/h
C4 (A/CIA) (0.1/0.8/0.1)
C5 (A/B) (0.5/0.5)
C6 (A/B/C/D) (0.1/0.3/0.5/0.1)
C7 (A/C/AIC/BICIAICIA) | (0.1/0.1/0.1/0.1/0.2/0.1/0.1/100.1)

Table 9 —Layer distribution of the composite materials.
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a) b)

Figure 10 — QLRZ meshes. Square plate: 8x8 a) and 16x16egleh). Circular plate: 40 ¢) and 168 d)
elements.
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Figure 11 — HEXA20 reference meshes. Square meshes for @tapd4 a), C5 b), C6 c), C7 d), and

circular meshes for composites C6 e) and C7 f).
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QLRZ meshesproperties
Meshes Number of
(Figure 10) NXN elements Nodes | DOFs
a 8x8 64 81 567
b 16x16 256 289 2023
c -- 40 53 371
d -- 168 193 1351
Table 10 — QLRZ mesh properties.
HEXAZ20 mesh properties
Mesh , Number
(Figure 11) Composite of dlements Nodes | DOFs
a C4 640 3285 9855
b C5 512 2673 8019
C C6 768 3897 11691
d Cc7 1728 8487 25461
e C6 602 3094 9282
f C7 1161 5824 17473

Table 11 — HEXA20 mesh properties.

Figures 12-17 show the computed vertical deflection(a), the thickness
distribution of the axial displacemeunt(b), the axial stres#, (c), the transverse shear

stressr,, (d) for each plate under study.

The vertical deflection is accurately captured.ti#¢ center of plate, the maximum
error (14%) is given by the circular plate of commp® C6 using the 40-element mesh
(Figure 16a). For the finest mesh (168 elementsttdmputed errors are less than 10%.

The thickness distribution of the axial displacemisnaccurately predicted in all
cases. The ability to capture the complex kinersaifdaminated composite materials is
a key feature of the QLRZ plate element. The swgfaksxial displacement prediction
leads to accurate axial stress values as showigumes c). Figures d) display the good
results for the thickness distribution of transeesfiear stresses computegosteriori
using Eq.(24).

Results demonstrate the good performance of theZ@l&ment.

Figure 12 shows the inaccurate results when maglalicomposite laminated plate
using QLLL elements based on RMT. The deflectiothatplate center is three times
stiffer than the reference solution (Figure 12d)e RMT solution also yields an
erroneous linear thickness distribution of the bdisplacement (Figure 12b), which
leads to a distorted distribution of the axial s¢réFigure 12c¢). Finally, the RMT is
unable to capture the correct transverse sheasdlistribution (Figure 12d).
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Figure 12 — SS squar e plate under uniformly distributed loacComposite C4. a) Vertical deflection
along central line BC. Thickness distribution of:axial displacement at point B, c) axial stresg, at

the center point C, and d) transverse shear strgss point E.
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Figure 13 — SS squar e plate under uniformly distributed loa€Composite C5. a) Vertical deflection
along central line BC. Thickness distribution of.axial displacement at point B, c) axial stresg, at

the center point C, and d) transverse shear strgss point E.
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Figure 14 — SS squar e plate under uniformly distributed loa€Composite C6. a) Vertical deflection
along central line BC. Thickness distribution of.axial displacement at point B, c) axial stresg, at

the center point C, and d) transverse shear strgss point E.
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Figure 15 — SS squar e plate under uniformly distributed loacComposite C7. a) Vertical deflection
along central line BC. Thickness distribution of.axial displacement at point B, c) axial stresg, at

the center point C, and d) transverse shear strgss point E.
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Figure 16 — SScircular plate under uniformly distributed loa€Composite C6. a) Vertical deflection
along line BC. Thickness distribution of: b) axii$placement at point D, c) axial stresg, at the

center point C, and d) transverse shear strgsat point D.
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Figure 17 — SScircular plate under uniformly distributed loa€Composite C7. a) Vertical deflection
along line BC. Thickness distribution of: b) axii$placement at point D, c) axial stresg, at the

center point C, and d) transverse shear strgsat point D.

8 MODELING OF DELAMINATION WITH THE QLRZ ELEMENT

Delamination, i.e. interlaminar cracks, is a commemd dangerous source of
damage in laminated composite materials [15], heheehigher interest of scientific
community in its modeling. The simulation of delaation in plate and shell structures
is still a challenger in computational solid medan Among the most popular
techniques to model the delamination phenomenontlaeVirtual Crack Closure
Technique(VCCT) [16], the Cohesive Finite Elementd7-19] and the @Gntinuous
Mechanicsusingdamage modelf20]. All of them need a "3D discretization" arak
mentioned above, this may lead to expensive cortipntd costs for laminated
composites of hundred of plies. Therefore, the afsplate models able to simulate
delamination is a motivating alternative.
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In this section, the capability of the QLRZ elemet®t model effectively
delamination effects in laminated composite plaseshown. The delamination model
chosen here simply implies introducing a very thiynbetween adjacent material layers
in the laminated composite section. Delaminatiocucg when the material properties of
the added ply are reduced due to interlaminar failby using a continuous damage
model. The QLRZ element with this simple delamioiatmodel can take into account
the reduction of the plate stiffness do to therlatainar failure. Moreover, the QLRZ
element can also accurately represent the jumipeimxial displacement field across the
layers.

Next we present an example where the SS square idtigure 9a L =2m and
h=0.1m) is analyzed under uniformly distributed Ioaq;lzloooa\l/nf. The C7
composite laminated material is employed (Tablea®) its material properties are
shown in Table 8. The objective is to simulate afeation between layers 3 and 4 by
introducing a very thin layeri(=0.001m) between these two layers (Figure 18), whose
initial properties coincide with those of the layerThe delamination is progressively
induced by reducing the shear modulus of the iaterflayer up to 5 orders of
magnitude fromG,, =0.04x16 MPa (model 1) to G, , =0.04x10”> MPa (model 6)

(Table 12). This reduction is applied over the vehplate surface. The QLRZ solution
is obtained by using the 16x16 mesh of Figure 1 feference solution employed is
obtained by a 3D finite element analysis using ahma 8x8x28 HEXA20 elements (3
elements per layers L1-9, and 1 element for thexfate layer).

L1
L2
L3
L4
L5

h1

Interface layer

h1

h1
h3

h1

D)

h1=0.01lm
h2=0.02m %
h3=0.001m

h1 L6

m Material A
1 @ Material B

L8 |:| Material C
L9

h1

hi

hi

Figure 18 — Laminated composite C7 to which a thin interflager between layers 3 and 4 is added.

Shear modulus valuesfor interface layer
Model | G. [MPa] | Model | G [MPa]
1 0,04x16 4 0,04 x18
2 0,04 x16 5 0,04 x10
3 0,04 x16 6 0,04 x1¢

Table 12 — Induced shear modulus values of the interfagerltor delamination study.
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Figure 19 shows the evolution of the vertical deften at the plate center in terms
of the shear modulu§,; (i =1,...,6 of the interface layer (Table 12). Note that the

deflection increases as the shear modulus decreAtsss it is interesting that the
deflection does not change after modelQ, { = 0.04x10" MPa). This may mean that

after this value ofG, ; the composite C7 is separated into two completsgonnected

parts (layers 1-3 and layers 4-9), and, therefiereinable to transmit the shear stress
across the section. The relative error for the re¢uleflection, between the QLRZ and
the HEXAZ20 solutions, is near to 25% for model 6.

Figure 20 shows the thickness distribution of thealadisplacement along
direction measured at point E (Figure 9a). As canobserved, the jump of axial
displacement between layers 3 and 4 during deladmmme well captured. Note that the
jump remains stationary after model 5 accordingh® no change in the deflection
value.

0.04

@ HEXA20 pQ— ¢
0+ QLRZ

0.035

0.03

w[m]

0.02

0.015

0.01
0.005; 2 3 4 5 6
Model number

Figure 19 — Vertical deflection at center of plate for th#atent shear modulus values of the interface
layer.
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9 CONCLUSIONS

A simple, robust, shear locking free and accurateded plate element (called
QLRZ) based on theefined zigzag theorlgas been presented. The shear locking defect
was overcome by introducing assumed linear shear strain fieldhe element has
only seven unknowns per node which are interpoldmgdstandard & linear shape
functions. The thickness distribution of the trasrse shear stresses is accurately
reproduced by posterioricomputational process. The verification analysis Shown
that the element is able to accurately model platesromogeneous material for
different loads and boundary conditions. The inficee of the heterogeneity of
composite laminated material on the convergenceaacdracy of QLRZ solution has
been studied. An important feature of the QLRZ @pins its ability to capture the
zigzag distribution of axial displacement and thbsequent complex strain and stress
distribution across the thickness with the simgdgraximation chosen. This property
makes possible to predict delamination effects tahas been shown in a simple
demonstrative example.
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ANNEX |

SHEAR LOCKING SOLUTION

It is known that the standard four node plate el@nbased on thReissner-Mindlin
theory (RMT) exhibits shear locking for thin platds8]. Taking into account that the
kinematic of RZT is a sum between the RMT and tigeag displacement, we assume
that the QLRZ element also suffers this defectsHssumption will be later evidenced
in this section.

In the next we present two alternatives to overctimsedrawback. The first is based

on areduced integratiorof the transverse stiffness matt (Eqg.(20a)). The second is
based on aassumed transverse shear strain figld].

Al.1 REDUCED INTEGRATION

It is well known that shear locking can be elimathby using reduced integration of
the transverse shear stiffness matrix. Let us remeenthat K, has second-order

polynomials for rectangular elements, this mearsiactintegration is obtained using
a 2x2 Gauss quadrature. Tieelucedintegration implies using a 1x1 Gauss quadrature.
Let us retake the previous matt from Eq.(20a)

K, =K +K K o +[K ] (AL1)
In order to assess the influence of the reduceepration of the matrix, , the
following integration combinations are selected.

33



INTEGRATION COMBINATIONS
Combinations Exact Reduced

C1 Ky i Kg K,

C2 Ke, Ko 5 Kg

C3 - K,

Table Al-1 — Integration combinations used to assess theendle of the reduced integrationof .

The two key attributes of the reduced integrati@ehhique are, first, easy
implementation in a finite element code, and secanéduced computational cost. As a
drawback, the reduced integration can originate nechanisms (in addition to the
rigid body motions) incompatible with the boundanditions, which can propagate
within the mesh. This problem is shown in the exia®pf section Al.3.

Al.2 ASSUMED TRANSVERSE SHEAR STRAIN FIELDS

A thin plate element must satisfy Kirchhoff condrti of zero transverse shear
strains, that is

£ =&+E,=0 (AlL2)

where g, and g, contain the average transverse shear strains df §h) and y,, )
and the primary kinematic variableg, and ¢, (Eq.(1b)), respectively. Although the
condition (Al.2) impliese, +&,, =0, we know that shear locking in a 4-noded Reissner-
Mindlin element is due tce, [13], therefore, we consider that this effect ihRZ
elements is also due to the RMT transverse shesinst,. Taking into account that
&, =&, the condition (Al.2) can be reduced to

A

£=0 (Al.3)

S

With the aim of demonstrate the origin of the loxkieffect in the QLRZ element,
&, is explicitly developed by using Egs.(16a) and)(Zbr simplicity, we considey,,
only.

From Eqg.(16a),

4

ow, oN
=— 949 = —1 W - N. [ Al.4.a
yXZ ax X Z ax I | X1 ( )
Substituting Eq.(16a) into Eq.(Al.4.a)

po=3 (Em-30.)o(Lw-e, Jm+( o, 7 (Lo, ]

(Al.4.b)
Factoring Eq.(Al.4.b)

Vie = 0, (W, 8,) + @, (W, 8,) B +a,(6,) E +,(0,) 0 (Al4.c)

The Kirchhoff condition (Al.3) implieso, =0(i=1,2,3,4. a,=0 anda, =0 are
physically possible and they impose a relationdiepveend, and w. However, the
element is unable to satisfy naturally the condgia, =0 anda, =0, unlessé, =0,
which leads tow, =0 (shear locking effect). Identical conclusion canfound for y,,
simply by replacing by 7 and 6, by 6,,.
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Hence, it is possible to avoid the shear lockinigcteby imposing a transverse shear
strain field (figure Al-1) like

é’: — yxz - al(Wi'Hxi)-'-aZ(\Ni’Hxi)m]
° yyz a3(Wi’Hyi)+a4(\Ni’Hyi)m7
where B, is thesubstitutive shear strain generalized matbhis matrix is used

=B @& (AlL5)

instead of the originaB, for computing the shear stiffness matridés and K, of
Eq.(20b), i.e.
K,=[[ B DB A
S (AL6)
K= BID,B ,HA
These matrices can now be integrated exactly wsix Gauss quadrature.
Summarizing, the idea of this technique is to ingpte priori" a transverse shear
strain field, which allowing the vanishing of, in the thin limit. The assumed

transverse shear strain interpolation is
m
=Y N, =N,0 (Al.7.a)
k=1

where y, are the average transverse shear strain values @dints within the
element andN , are the shear interpolating functions. By comhgntégs. (16a)and
(Al.7.a) is obtained

m [h—
£&=Y> N, B,E) =B (Al.7.b)
k=1
and the new interpolations are
a= NH? ; &=N0/ (Al.8)
7
4 3
s HiEF O
Y=ot oen ]
1 2
e o

Figure Al-1 — Imposed transverse shear strain field.

Al .2.1 Computation of substitutive shear strain generalimetrix B

S

The natural transverse shear strain fieldvergby [13, 14]

al
é"s: Ve = a+ad = 17 00 =A (AL.9)
A a,+a,é 0 0 1¢

a,
a,
a,
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The transverse shear straifisin the cartesian coordinate system are expressed a

£ = {y} =J'[£, (Al.10.a)
yz
whereJ is the 2D Jacobian matrix
ox oy
J= ¢ 0¢ (AL.10.b)
ox oy
on dn

The coefficientsa; are obtained by sampling the natural shear st{&q<gAl.9)) at
the four points shown in Figure Al-2, with
y; =(a,+ap)tosd +(a,+a f)sing 5 i=1+ (Al.11)
where & is the angle betwee§ direction and the naturaf axis. Combining Egs.
(Al.9) and (Al.11) gives

Ye| [1 -1 0 0][aq,
Ve, 0 01 1|]la,
yE: = =Pl
Vel |11 0 0f)a; (Al.12)
_ya_ 0 0 1 -1 a,
a=P'ly,
where the straing; are related tg/;, andy, by
_y{l_
Vi
Y| 1 00 00 00 (|
Yz 0001000 /7 .
yg: ‘2 = il 72 :Tg} (A|13)
Ve, 0 00O01O0O0 Ve,
Ve 0 00O0O0OOTG A
Ve,
_y'74_

Combining Egs. (Al.9), (Al.12) and (Al.13) gives
E=AP'TY (Al.14)
The cartesian transverse shear strgmat the sampling points are related to the
natural transverse shear strajnsby

J 0o o 0]y

. |0 F 0 0|l ~ |V
- 21=C ; = Al.15
Zlo 0 F o 3 % V; {yﬂi ( )
0 0 0 J||)

The relationship between the cartesian shearnstrgi at the four sampling
points (figure Al-2) and the nodal displacemeaf? is
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y=B_ @& (Al.16.a)

with
B.=[By B, By B (Al.16.h)
where B (i =1 2,3,1) is the original transverse generalized strain méiEq.(16c))

at theith sampling point.
Combining Egs. (Al.10.a), (Al.14), (Al.15) and (A6.a) gives

£ =J'[AP'TOCOB, Ca= Bk (Al.17)
where ES Is the sought substitute transverse shear strairixwgiven by
B, =J'[AP'OTCCOB, (Al.18)
QLRZ: Variables: Natural shear & directions:
@ ) O Teww) strains: 3 7,
+ [74 &3

n
O | Bx By 5 )
Lﬁ w A sl

@
Figure Al-2 — QLRZ plate element.

Al.3 STUDY OF ALTERNATIVES

In order to show the efficacy of the two selectddraative and to show the
mechanisms creation when the reduced integratidn§able Al-1 are used, are
analyzed tow case.

A simply supported square plate of length slde 2 under a uniformly distributed
load of unit value ¢ =1) is analyzed in the first example (Figure Al-38)e analysis is

performed for four span-to-thickness ratios= L/h=5,10,50,10(. A clamped square

plate of length sidd. =2 and thicknes$h=0.2 (A =10) under a center point load of
value P =4 is studied in the second example (Figure Al-3bjthBstructures have

using a composite laminated material whose prageedre listed in Table Al-2. Only

one quarter of the plate is studied due to symm(&ligure Al-3) using a mesh of 16x16
QLRZ elements (Figure Al-4a) whit 289 nodes and5LBOFs. The reference solution
is obtained by a 3D finite element analysis usingesh of 10x10x9 (3 elements per
ply) of 20-noded hexahedral elements (HEXAZ20) inuny 4499 nodes and 13497
DOFs (Figure Al-4b).

€Y (b)
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Figure Al-3 — Simply supported square plate under uniformjritiuted load a). Clamped square plate
under center point load b).

Composite material properties
: Layer 1 Layer 3
Properties (top) Layer 2 (bottom)
h 0,251/, | 0,501/, | 0,250/,
E 2,19E5 2,19E4 4,4E5
G 0,876E5 | 0,876E4 1,76E5

Table Al-2 — Material properties for shear locking study.

a)

L.
Figure Al-4 — Meshes used for the analysis of one quartdre8S plate. 16x16 QLRZ elements a) and
10x10x9 HEXA20 elements b)
Figure Al-4 shows the ratio defined as

W,
r=—2%2 (Al.19)
W3D
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where w, ., andw,, are the middle deflection at the plate centerinbtawith the

QLRZ element and the 3D finite element analysispeetively. The QLRZ element
results have been obtained usiegact integration of matrixK, (exact), areduced

integration of matriceX , K., andK, for the three combinations of table Al-1 (C1,

C2, and C3), and finally using thesssumed transverse shear strain figdddhnique
(QLRZ).

(a) (b)
11 11
1r ::E 2@ | 1r g o
0.9 0.9
0.8 g 0.8
. e, = .
0.7 0.7
06 06
@ exact v
0.5}| o~ C1 05
- 67 ‘ | @ exact ‘ !
o c3 ~a-QLRZ
0.4 v 0.4 v
0 20 40 60 80 100 0 20 40 60 80 100
L/h L/h

Figure Al-5—r ratio vs. span-to-thickneds Simply supported square plate under uniformlyridisted
load. Figure a):xactintegration (exact) and the three integration corations (C1, C2, and C3) of table
Al-1. Figure b): eactintegration andssumed transverse shear strain figl@dRZ2).

Figure Al-5 clearly shows the shear locking defedten exact integration df © is
used. However, this defect disappears by using teatimiques.

Figure Al-6 shows the distribution of the verticiflectionw along the plate central
line BC (Figure Al-3b) obtained witexactintegration of matrixK, , by usingreduced
integration (Table Al-1) andassumed transverse shear stragchnique, and 3D
analysis (HEXAZ20). Figure Al-6a reveals the exisemf mechanisms in mesh when

reduced integration is used. These mechanisms dappear if theassumed transverse
shear strairtechnique is used.
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Q) | (b)

3 3
7GR0 1, aE10 ‘
1.4 1.2 Ve
12 1
1 %
0.8
2 0.8 2 ',/'
el 0.6 v
- /-/ 3
: 0.4
0.4 Ve v
.‘w-'/ —exact /
o / ..... ct || o2 — HEXA20||
: / e / ----- exact
te< TN I E” o R SR P QLRZ
0 ; 0 ;
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure Al-6 — Vertical deflectiorw along BC. Clamped square plate£10) under a center point load.
Figure a): gactintegration (exact) and the three integration corations (C1, C2, and C3) of table Al-1.
Figure b): e&actintegrationassumed transverse shear strain figl@sRZ), and 3D analysis (HEXA20).

The results show that tressumed transverse shear stré@chnique is adequate to
develop a robust shear locking free plate element.
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