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SUMMARY

In this paper we consider some particular aspects related to the semi-implicit version of a fractional step finite
element method for compressible flows that we have developed recently. The first is the imposition of boundary
conditions. We show that no boundary conditions at all need to be imposed in the first step where an intermediate
momentum is computed. This allows us to impose the real boundary conditions for the pressure, a point that turns
out to be very important for compressible flows.

The main difficulty of the semi-implicit form of the scheme arises in the solution of the continuity equation,
since it involves both the density and the pressure. These two variables can be related through the equation of
state, which in turn introduces the temperature as a variable in many cases. We discuss here the choice of
variables (pressure or density) and some strategies to solve the continuity equation.

The final point that we study is the behaviour of the scheme in the incompressible limit. It is shown that the
method has an inherent pressure dissipation that allows us to reach this limit without having to satisfy the
classical compatibility conditions for the interpolation of the velocity and the pressure. © 1998 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

Although the use of fractional step methods has been widespread for incompressible flow problems
since the original work of Chorin' and Temam,” less attention has been paid to the development of
schemes of this type for high-speed compressible flows. Recently we have developed one such
methods™* using the finite element method for the spatial discretization (see Reference 5 for another
algorithm using a non-conservation form of the flow equations). In this paper we address some
particular aspects related to the semi-implicit form of the scheme.
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The first point discussed is the imposition of boundary conditions, which is always controversial in
the application of fractional step methods. In the first step of our scheme we compute an intermediate
momentum for which no boundary conditions need to be imposed; that is to say, this intermediate
momentum is computed also on the boundary. For viscous flows this leads to the computation of a
boundary integral involving the viscous stresses. This allows us to impose the real boundary
conditions for the pressure. The rest of the boundary conditions can be specified in the usual manner.

The main difficulty in the implementation of the algorithm arises in the solution of the continuity
equation, since it involves both the density and the pressure. These two variables can be related
through the equation of state, and one of the most common cases for compressible flows being that
corresponding to perfect gases. However, this equation introduces a new variable, namely the
temperature, and therefore the final system of equations to be solved at each time step must be solved
iteratively. We describe several possibilities and discuss their performance. In particular, it is possible
to obtain the temperature explicitly from the energy equation written in non-conservation form and to
use it in the continuity equation. We have found in several numerical experiments that using this
version of the energy equation rather than the conservative one may yield shocks placed at a wrong
position and with a wrong strength, but the procedure works well if the flow has no shocks. Another
possibility is to use a guess for the temperature and to correct it at the end of the step using the total
energy as unknown and thus the energy equation in conservation form. We present a classical
benchmark problem using this approach.

Another aspect of the scheme that we study is its application in the incompressible limit. It is
shown that the method allows us to reach this limit without having to satisfy the classical
compatibility conditions for the interpolation of the velocity and the pressure. This is so owing to an
inherent pressure dissipation that is introduced as the difference between two discrete Laplacian
operators computed in a different way. We show that this difference is positive semidefinite, thus
explaining in part why the stability of the method is enhanced. The possibility of reaching the
incompressible limit with the same finite element scheme is in fact the main motivation for using it. It
has been employed for example in Reference 6 for laminar and turbulent incompressible flows. It is in
this sense that the scheme can be termed ‘general’. The stabilization properties of fractional step
methods have been used in Reference 7 to design a finite element method for steady incompressible
flows that allows the use of equal velocity—pressure interpolations. Other ways of achieving this are
extensions to the compressible case of methods designed for incompressible flows. A first possibility
is the use of mixed interpolations satisfying the classical inf-sup stability condition. The use of such
interpolations also for compressible flows has been advocated for example in References 8—10. The
need for interpolations satisfying also a certain inf-sup condition in a simple case of compressible
flows is analysed in Reference 11. Another possibility is to extend stabilization techniques known to
work well for incompressible flows with equal interpolation for all the variables to the compressible
case. This has been used for example in References 12 and 13, where the Galerkin/least squares
method is applied to compressible flows.

The paper is organized as follows. In Section 2 we describe briefly our basic split algorithm
introduced in Reference 3. The imposition of boundary conditions is addressed in Section 3, where
the weak form of the problem is established. In Section 4 we consider particular flows and solution
strategies for them using the present algorithm, all this at the discrete level; we start with
incompressible and slightly compressible flows, then continue with barotropic flows and finally with
the most complex case of perfect gases. In all cases the objective is to write the particular expression
of the continuity equation according to the type of flow, choosing either the pressure or the density as
variable. In Section 5 we present the numerical results obtained for classical benchmark problems in
three different types of flow regimes, namely fully incompressible, barotropic and supersonic perfect
gas. Finally, some conclusions are drawn.
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2. FRACTIONAL STEP METHOD FOR COMPRESSIBLE FLOWS

In this section we describe briefly the fractional step method presented in References 3 and 4. Let us
write the compressible Navier—Stokes equations in conservation form in a Cartesian co-ordinate
system (xi, x,, X3) as

oV dF, 0G;
At | =0, 1
Bt+8xi+8x[+Q )
where, in the 3D case,
P pu; 0 0
puy puyu; + 6y;p Ty Pg1
V=1 pu |, F, = | puyu; + 0,p |, G; = —Ty ) Q= P&
pus pusu; + d3;p — T3 P83
pe u(pe +p) —(koT/0x;) — Ty p(giu; +7)
(2
with
A, n ou; 2 9uy 5 3)
T.. = —_— —_— — —— 0.
i = H ax; oy, 3ax 7

Here p is the density, u; is the ith velocity component, £ = pe is the total energy per unit volume, p is
the pressure, T is the temperature, g; is the ith component of the gravity acceleration, » is a heat
source, k is the thermal conduction, u is the viscosity and 5,7 is the Kronecker delta. Equation (1) must
be supplied with an equation of state. Also, the total energy per unit mass, e (internal plus kinetic), is
related to 7 and u; through the equation e = C, T 4 u,u;/2, where C, is the specific heat at constant
volume. Here and below, indices run from one to three (space dimension) and repeated indices imply
summation.

Let us write the conservation equations for the momentum U; = pu; and the density p (continuity
equation) as

=M, ' R;, 4
o = Mimg =R )
ap ay;
o _ U s
ot ox; ®)

where R; is the ith component of the steady state residual and we have used the abbreviation

M; = _%(P”i“j - Tij) — P&;- (6)
J
The convective contribution u;d(pu;)/dx; appearing in M; could lead to numerical instabilities if the
standard Galerkin formulation is used to discretize the space. In order to stabilize this effect, we first
discretize equation (4) in time along the characteristics of the total derivative /07 + u;0/0x; as
explained in Reference 3. This leads to the equations

AUY "t At , OR!

— M _al , 7
Ar T T T T 2 My, ™
Ap" Ut

= 8
At ox; ®)

1
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where At is the time step size (assumed to be constant for simplicity), the superscripts denote the time
step level, 0, 0, € [0, 1] and we use the notation f"0 = 0f"*1 4 (1 — 0) /" and Af™ = f"*! — " for
any function f'and 6 € [0, 1]. Observe that in (7) all the terms except the pressure gradient are treated
explicitly. This simplifies the exposition for the following splitting method, even though the
continuous problem is not well posed if there are boundary conditions of Dirichlet type for the
velocity (or the momentum). The use of this scheme can be justified by assuming that the viscous
term is first treated implicitly, i.e. AM, := —(9/ axj)(rg-+1 — 1) is added to the RHS of (7), and then
the contribution of AM; is neglected in the discrete problem.
Let
- apn+92
AU} .= AU + At . ©)]

i

Having introduced this new variable, equations (7) and (8) can be written as

AU? At , OR!

P M — L 10
A =T (10)
Ap" P . . 8p"+02
AU A" gprths

A . Ay (12)
At At ox;

Hereafter we shall refer to f]{'“ =Ur —i—AfJ{’ as the fractional momentum. It can be computed

directly from (10). Once this is done, equation (11) may be used to compute either p"*! if 0, =0 or
p"Tlif 0, > 0. In this last case the equation of state is needed to express p"*! in terms of p"*!. This
point is treated in detail in Section 4. Since in this case the pressure is treated implicitly, we refer to
this scheme as semi-implicit. All the numerical examples presented in Section 5 correspond to this
case.

Finally, equation (12) can be used to compute the momentum U,-”“. The important point is the
substitution of AU/ in (11) using equation (9), all this at the continuous level. This will lead to a
stabilizing pressure dissipation term in the discrete finite element scheme that allows us to use this
scheme for incompressible flows with the same velocity—pressure finite element interpolation if the
semi-implicit version of the algorithm is employed.

3. BOUNDARY CONDITIONS AND WEAK FORM
3.1. Fractional momentum equation

Let us now obtain the weak form of (10)—(12). Considering first equation (10), let V~Vl be the ith
component of the test function for the fractional momentum. We shall compute it in the problem
domain Q and also on its boundary I' = dQ and therefore V~Vl is subject to no conditions. Multiplying
equation (10) by Wi, integrating over Q and integrating the viscous term and the term coming from
the discretization along the characteristics by parts, we get

- AU" - (d ’ aw,
72 o= — | (L uu)—g| aQ-— i 40
JQ iTA JQ '<8xj (,Du,u/) gl> JQ ax] Tij

At

+ L Win;ty; dI” + 7

9 .
Lgk(qui)R? 0, (13)
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where n is the unit outward normal to I and we have assumed that R} = 0 on I" for the last term in
(10) after integration by parts.

Boundary conditions expressed in terms of traction can be (weakly) prescribed in (13). Apart from
the prescription of the momentum itself (directly or by imposition of the velocity), we consider the
following possibilities of boundary conditions:

(a) the whole traction prescribed on I't: —pn; + n;t; = 1; (given)
(b) only the pressure component of the traction prescribed on I'p: —pn; = ¢ (given)
(c) the free part of the boundary, I'k.

Conditions (a) and (b) are standard, especially (a). However, condition (c) is not as clear as the
others. The idea is to leave 'k free, without any prescription either on the velocity or on the traction
or part of it. This approach has been commonly used in compressible flow problems at supersonic
outflows, but can be used as an outflow boundary condition for other types of flow.'*

The prescription of boundary conditions (a) in (13) yields

- AU - (8 ! o, Al -
L) LY JQ l(axj (puity) g,) JQ a; Ty B2 2 JQ X, e WR;

+ J Winytj dT + J Wit; +p'n;) dT. (14)
r-Iy; ’ I'r

It is observed that boundary integrals have to be evaluated if the fractional momentum is to be
computed also on the boundary.

3.2. Continuity equation

Let us now consider equation (11) and weight it by a test function ,. We have that

Ap" au” W, [ . apHe:
W, dAQ=—| w—=d0o+9 2 AU" — At do
JQ P At Lz P oy, +1L23xi( ' ai>
» 9 n+0,
~ 91J an,.(AUf A ) dr. (15)
r d;

As a boundary condition, we impose that the normal component of (12) be also verified on I', a
condition equivalent to imposing that the normal component of the momentum (equation (7)) be
verified on I'. This leads to

~ P n+0,
n; <AU,»” — At pa

29

) = n,AU; (16)
on the part of the boundary I'c where the test function for the continuity equation, W, does not
vanish. Observe that for the semi-implicit case that we consider here (6, > 0) both the pressure and
the density appear in (15). Either of these can be chosen as the variable for the continuity equation, as
will be discussed in the following section. Thus I'c is the part of I where either p or p is free,
depending on which variable is used. Suppose for example that the choice is p. According to the type
of boundary conditions above, we have that

(@ onT't: p=n;n —n,
() onTp: p=nt.

In both cases we have a Dirichlet type of boundary condition for the pressure, so that W, =0 on
that part of I and I'c =" — I't — I'p. On the other hand, AU is also known on the part of the

© 1998 John Wiley & Sons, Ltd. INT. J. NUMER. METH. FLUIDS, VOL. 27: 13-32 (1998)



18 R. CODINA, M. VAZQUEZ AND O. C. ZIENKIEWICZ

boundary where the momenum is given. The problem arises on I'E, i.e. for condition (c) stated above.
In this case neither #, =0 nor AU} is known. If equation (16) is used in the boundary integral of
(15), we obtain an equation that involves U,-"“, which is not yet known. Therefore this equation
becomes coupled with the weak form of (12) discussed next. In order to avoid this coupling, we take
n; AU} as zero. For transient calculations, if the normal component of the momentum varies on I'g,
this will be an approximation of order Az. In any case the steady state solution (if reached) will be
correct. Recall that this approximation is needed only when I'k is not empty, i.e. when the non-
standard boundary condition (c) is used.

Let I'p be the part of I" where the momentum is known. Using equation (16) and the approximation
just described, equation (15) can be written as

Ap" U W, [ . o
W—do=—| W —-dQ+0 L AU" — At Q-0 W nAU" dT.
JQ 7 At JQ P o * IJQ ox; ( l ox; lJrD P

17
This is the weak form of the continuity equation that we use if the unknown is either the pressure or
the density. In the second case the pressure may be considered known where the density is given by
using the equation of state and a guess for the temperature, if required.

3.3. Momentum equation
Finally, for (12) we have that

AU? A" opr+:
L 4O = —L dQ — : Q 1
JQWI At ¢ JQWZ At ¢ Lle a; . (19

1

where W; is the ith component of the test function. In this equation all the components of the
momentum can be prescribed. This is possible owing to the fact that the fractional momentum has
been computed precisely by imposing that equation (12) be also satisfied on the boundary (see also
the comment about this in Section 2).

In summary, the equations that we have now are equations (13), (15) and (18) and the boundary
conditions that have been introduced are the traction conditions and equation (16), which can be
considered as the normal component of the momentum equations. Moreover, since the fractional
momentum is also computed on the boundary, all the components of the momentum itself can be
prescribed on it. However, the momentum is usually not directly fixed for compressible flows, but
instead the velocity is given as boundary condition. We use the common approach of taking the
momentum as prescribed using the given velocity values and the density computed in the current time
step. This prescription is performed at the end of this step.

3.4. Energy equation

Once equations (13), (15) and (18) are solved, we have the momentum and either the pressure or
the density at the current time step. It remains to compute the total energy. For that we can solve
explicitly or implicitly the last scalar equation in the vector equation (1). Using the former option
with a discretization along the characteristics, we have that

AE" At , ORE

ey , 19
Ar T TET My (19)

where Rg is defined as

a oT
Ry = — P (ul-(E +p)— ka_xl - rijuj). (20)

1
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ALGORITHM FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS. III 19

Weighting this equation by a test function W, integrating the diffusion and heat production terms by
parts, setting Rg=0 on the boundary and prescribing the total heat flux (from production and
conduction) as H on a part of the boundary I'y, we get

AE" 3 N Wy [ oT "
J, e o= | wogpue o a- | (e e
At o
—J — (Ul Wp)RL dQ + J WiH dr. 1)
2 ank Ty

On I' — I'y we assume that Wi =0, i.e. the energy is known there. As for the momentum, the total
energy is not normally prescribed, but instead of this the temperature is given. In this case we
prescribe the total energy using the already known values of velocity and density and the prescribed
temperatures.

If the solution of the flow equations has no shocks, instead of the energy equation written in
conservation form one can solve the heat equation

T T 1 T\ 1 .
o _ o i) a(ka) du;

- el IR 2
ax,) T Cop "y, @2)

B T T TSy,

Usually, this equation is written with the heat capacity C,p multiplying the temporal derivative of the

temperature. However, this would prevent the possibility of using a constant diagonal approximation

to the mass matrix (via nodal numerical quadrature for example) in the case of variable densities.
If an explicit time approximation along the characteristics is used for (22), we get

AT" At , OR:
= ——Uu .
Ar T2 TRy,

(23)

Let us now weight this equation by a test function Wr, integrate the diffusion term by parts, set R =0
on the boundary and prescribe the conduction heat flux as H on a part of the boundary I'yy. The result

1S
AT" k oop\oT 1 ou| Wy [k AT\
et do= | wy| (—u, PV L 5, 2 qo— ) do
JQ TAs JQ T[( Wt p Bxi) ax, T CpC ij:| JQ o, <Cvp8xi>
At 9 1
S L w@rwpR do L
2 Jnaxk(uk 2 +Jr Cp"

H Vv

WiH dT. 24)

The temperature is assumed to be known on I' — I'y.

4. DISCRETE PROBLEM AND SOLUTION STRATEGIES

With the weak form of the differential equations already established, we can proceed to discretize the
space. We do this using the standard Galerkin method, since the term coming from the discretization
in time along the characteristics will stabilize the convective terms. This means that we take all the
test functions Wi, W,, W;, Wg and Wy equal to the shape functions. Also, some additional shock-
capturing viscosity will be needed in the presence of discontinuities or sharp gradients of the solution.
The method we use is based on the ideas presented in Reference 15 and explained in Part I of this
paper’ and thus we shall not describe it here.

© 1998 John Wiley & Sons, Ltd. INT. J. NUMER. METH. FLUIDS, VOL. 27: 13-32 (1998)



20 R. CODINA, M. VAZQUEZ AND O. C. ZIENKIEWICZ

Let us first consider the equations for the fractional momentum (14) and the end-of-step
momentum (18). Once the spatial discretization has been performed, the discrete version of these
equations can be written in matrix form, the structure of which is

AU" _
MA—Z‘ = Fl - KU”, (25)
AU AU,
07y = Moz, — Gob"™ +F. (26)

Vectors of nodal unknowns have been indicated by a boldface character and an overbar. Matrices M,
K and G are the standard mass matrix for vector fields, the matrix coming from the viscous and
convective terms in the equation for the fractional momentum and the matrix coming from the
gradient operator respectively. Subscript zero in the previous equations refers to not prescribed
degrees of freedom for the momentum (in the sense indicated above) and F, contains precisely the
contribution from AU" and AU" corresponding to the prescribed degrees of freedom for the latter.
Here and below we use F with subscripts to denote a vector which is known at the moment of solving
a particular equation.

The discrete version of the energy equation written in conservation form (21) or the heat equation
(24) can be solved at the beginning or the end of the time step. These equations have the structure

AT" AE"
Mo =Fr. Mo =Fe. (27)
where M is the mass matrix for scalar unknowns and M , is its modification to account for Dirichlet
boundary conditions.

It remains to write the discrete version of the continuity equation (17). We consider different cases
according to the type of flow being analysed. We will see that it is useful to introduce the matrices M,

and Ly with components

oN; N,
8xk 3xk

M"”ZJ *NiN; A2, Lﬁij:J B
i=] i=],

o, 28)

where N; is the shape function associated with the ith node of the finite element mesh with which we
assume that all the variables are interpolated and o and f§ are functions that depend on the type of
flow.

4.1. Incompressible and slightly compressible flows
These two types of flows can be defined by the relation
Ap" = aAp", (29)

with & =0 for fully incompressible flows and o= 1/¢” (a positive constant) for slightly compressible
flows. In this case, equation (17) can be written as

Ap" AW, gpr 0z aur w, . -
J OchidQ-i-QlAlJ il L. i dQ:_J Wp : dQ+01J —pAUin dQ
Q At Q Bxi X Q Bxi Q 8)6'1-
— 0, J W,nAU; dr. (30)
I'p

INT. J. NUMER. METH. FLUIDS, VOL. 27: 13-32 (1998) © 1998 John Wiley & Sons, Ltd.



ALGORITHM FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS. III 21
Once the finite element discretization of this equation has been done, the matrix form of the
discrete problem is

Ap”
* At

with o the parameter appearing in (29) and =1 in this case. In (31) we have introduced

M + 0,AfLyp"" = F, (31)

Fo = —DU" + 0,GTAU" + Fp, (32)

where Fp is the vector coming from the last term in (30), i.e. from the boundary values of the
momentum, and D is the matrix coming from the divergence operator. Dirichlet boundary conditions
for the pressure are assumed to be included in (31).

Of special interest is the case of fully incompressible flows, i.e. o« =0. It is well known that in this
case the velocity and pressure finite element interpolations must satisfy the Babuska—Brezzi
conditions when the classical u—p approach is used. This is not the case using the type of fractional
step methods that we are considering. We justify this in the following. To simplify the discussion, we
assume that U is prescribed as zero on the whole boundary I'.

Omitting the subscript § for a moment (it is one), the matrix form of (25), (26) and (31) can be
written as

AI:J" * AU
OTZOZ F] —KoU ) (33)
0, AILp™" = —D,U% + 0,GIAU, + F*, (34)
AU AU,
MOTtO:MOTtO—GOpn+92+F2- (35)

Now subscript zero refers to degrees of freedom of interior nodes. Matrices Dy and Gg are the

submatrices of D and G" corresponding to these nodes. They are related by D, = —Gg. Vectors F}

and F* have been introduced to take into account the boundary values of the fractional momentum.
From (35) we get that

AUp = AU + AMG ' Gop"> — At 'F,. (36)
Using this in (33) and (34), we obtain
M, % +KoUp + Gop"** = Ff + F,, (37)
D, U5 ™" + 0, Af(L — GiM;' Go)p™"> = FE. (38)
with
& i=F —0,AtG)M, 'F,. (39)

Clearly we must have 0; >0 and 0, >0 in order to have a solvable problem.

The important point in (38) is the presence of the matrix B:= L — GjM;'G,, which can be
understood as the difference between two discrete Laplacian operators. This matrix provides
additional stability and in particular allows us to use equal velocity—pressure finite element
interpolations in the incompressible case, as had been noticed for example in References 16 and 17.
This is so because this matrix is positive semidefinite. Let us prove this and for that let us denote by 7,
the finite element space to interpolate U with homogeneous boundary conditions on I" and by

© 1998 John Wiley & Sons, Ltd. INT. J. NUMER. METH. FLUIDS, VOL. 27: 13-32 (1998)



22 R. CODINA, M. VAZQUEZ AND O. C. ZIENKIEWICZ

0, C C%Q) the finite element space for p. We can consider the vector space E, := V}, + VQ,, where
VO, denotes the space of vector functions which are gradients of functions in Qj,. It can be split as

E,=V,® Vi =spanf{v,,...,v,} ®span{v],...,V,}. (40)
We must prove that
p'Bp = p'Lp — p'GoM; ' Gop (41)

is non-negative. If we consider the decomposition
Vp=g +g = égl,ka +k§§2,kV§w g eV, LeV, (42)
we have that
B'LE = | V0P a0 =g + | g6 00 @3)

and, on the other hand, if Mlj’ I are the components of My 1

Lj=

P'GM;'Gop = Y (j Vv, dﬂ)M;‘([ Vp v dQ)
i, j=1 \JQ ’ JO ’

= Z > gl,k(JQ Vi Vi dQ>Mlj_1§1J<JQ Vv dQ)
= g Mg, (44

From equations (43) and (44) we obtain
P'Bi = | gmaaso (45)

In general there are only a few components of Vp in ¥}, and the matrix B stabilizes all the pressure
components in Vj-. Let us consider for example the linear P1 element and let nyy be the number of
space dimensions. If Vp is continuous, it must be globally constant, i.e. Vp can only have ny
components in V.

4.2. Barotropic flows

Let us now consider the flow of compressible barotropic fluids; that is to say, fluids for which there
is an equation of state that involves only the density and the pressure but not the temperature. In
general we write this equation as p =p(p), but we will particularize it to the case

p=Ap, (46)

where 4 and y, the adiabatic exponent, are physical constants. This situation is found for example in
the case of isentropic flow of perfect gases.

In the case of incompressible or slightly compressible flows we have formulated the continuity
equation in terms of the pressure only. However, now we have the possibility of choosing either the
density or the pressure as the unknown of the problem. Let us start with the former option.

INT. J. NUMER. METH. FLUIDS, VOL. 27: 13-32 (1998) © 1998 John Wiley & Sons, Ltd.



ALGORITHM FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS. III 23

Density as variable

If we choose to write the continuity equation (17) using the density, we have to express the
pressure gradient in terms of the density. For this we use the approximation

apn+()2 dp n apn+02 7)pn apn+()2
o (%) Py

1

(47)

The approximation relies on the fact that we evaluate the derivative of p with respect to p (the square
of the speed of sound) at » instead of at n+ 6,. This may be thought of as a linearization of the
problem.

Using equation (47) in (17), it is found that the discrete continuity equation can be written in this
case as

Ap”
* At

now with =1 and § = yp"/p". Observe that this equation has the same structure as (31) but with the
density being the unknown instead of the pressure.

M + 0,AfLgp" " = F, (48)

Pressure as variable
If instead of using the density we use the pressure, the approximation that we employ is
d n
Ap" = (_”> Ap", (49)
dp

which is of order O((Ap")*). This approximation leads to

Ap"  (dp\"Ap"  p" Ap” (50)
At \dp) At ypr At
and the discrete continuity equation can now be written again as
Ap” _
M, =R 4 0, AL = R, (51)

* At

i.e. exactly as (31) but now with o = p"/(yp") and f=1.
Having written the discrete continuity equation, the algorithm within each time step for the case of
barotropic flows is as follows.

1. Solve for the fractional momentum (equation (25)).

2. Solve the continuity equation (51) for p™*! (or (48) for p"*1).

3. Obtain p"*! from the equation of state (46) (or p™*! if p"*! has been used in step 2).
4. Solve for the end-of-step momentum (equation (26)).

As mentioned before, the energy (or the heat) equation may be solved at the beginning or the end
of the time step. In this particular case this equation is uncoupled from the others.
4.3. Perfect gases

In this case the equation of state involves not only the pressure and the density but also the
temperature. This equation is

p = pRT, (52)
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where R is the universal gas constant. The appearance of the temperature in this equation complicates
a little the treatment of the continuity equation. As before, we may use either the density or the
pressure as variable.

Density as variable

In this case we need to relate the pressure gradient to the density if 6, > 0 in (17), the situation that
we consider throughout. We have that
apn+02 apn+92 8Tn+6‘2

- RTM0 4 prtp 53
ox; ax; e ox; (53)

If we use this expression directly in (17), the continuity equation will be coupled to the energy (or
heat) conservation equation. In order to avoid this, we use an iterative strategy based on assuming
that 77+% is known and then correcting it. There is also another aspect that is computationally
inconvenient. If we take p"*% as unknown in the second term of the RHS of (53), this will lead to a
non-symmetric matrix (see equation (17)). This can be circumvented if we also assume that p”“’2 is
known and then we correct it.

Let T, be a guess for T' "+0: within the time step under consideration and pe a guess for p
Equation (33) may be replaced by

apn+92 apn+02
ox;,

1

n+0,

o,
o RT +p R 5. (54)

1 1

The second term in this equation contributes to the RHS of the discrete continuity equation. If we
denote this contribution by F, this discrete equation is

Ap"
" At
with =1 and § = RT,. This equation is similar to (48). Apart from the coefficients « and f3, the only
difference is the term F,, which comes from the spatial derivative of the temperature.

P

M +0,AfLyp" " =F. +F,, (55)

Pressure as variable
As for the case of barotropic flows, we may also use the pressure as the unknown of the continuity
equation. For that we only need to use the equation of state (52), from which we have

n+1
n+1 p

= RTn+1 '

As in the previous case, we need to guess the value of 7"*! by T, ¢ in order to uncouple the resulting
continuity equation and the energy equation. We may then write

A n 1 n
Apr=L 4 (L L) (57)
RT, " \RT, RI"

p (56)

The term in parentheses contributes to the RHS of the discrete continuity equation with a vector F,,.
This equation can be written as

Ap”
" At
with o =1/RT, and = 1. Again this equation has the same structure as (51) but with a modification
of the RHS due to the variation (now in time) of the temperature.

M +0,AfLgp" % = F +F,, (58)

INT. J. NUMER. METH. FLUIDS, VOL. 27: 13-32 (1998) © 1998 John Wiley & Sons, Ltd.



ALGORITHM FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS. III 25

From numerical experiments we have found that this approach does not work well in the presence
of strong shocks, in the sense that we have not been able to obtain a converged steady state solution in
these cases. We attribute this to the appearance of the temperature as a denominator in the function .
This makes the coefficients of M,, difficult to evaluate numerically and with possibly high variations
from one time step to the next in the vicinity of shocks.

If we use either the pressure or the density as unknown, within each time step we need to use an
iterative scheme to correct the temperature that has been guessed. This iterative scheme is as follows.

Solve the energy equation or the heat equation (equation (27)).

Solve for the fractional momentum (equation (25)).

Guess a temperature 7.

Solve the continuity equation (58) for p"*! (or (55) for p"*!).

Obtain p"*! from the equation of state (56) (or p"T! if p"*! has been used in step 4).
Solve for the end-of-step momentum (equation (26)).

Correct T, using 7" and p, using p"!, if needed.

Check convergence. If not satisfactory, go to step 4.

NN LD =

Let us make some remarks about this algorithm.

(a) Use the heat equation in step 1. If this is done, we already have 7"*! and therefore there is no
need to iterate at all. However, we have found that this approach may yield wrong results in the
presence of shocks, with a wrong location for them and/or without satisfying the jump
conditions. It is well known that in this situation it is necessary to use the energy equation
written in conservation form. By doing this, after step 1 we have E"*'. A natural way to
compute T, is to use this and the density and velocity of the previous time step.

(b) Do not check convergence; that is to say, take T, computed as indicated before as T "+l in the
continuity equation and also p, as p"*1in the vector F, if the density is used as unknown. This
is an approximation of order O(Af) that works well if only the steady state is of interest.

(c) The steady state is reached slightly faster and time steps slightly larger can be used if a couple
of iterations of the previous scheme are performed. We have found almost no difference either
in the numerical results or in the convergence behaviour if more than two iterations are done.

Before closing this section, let us remark that for all the types of flows considered we have written
the continuity equation in a very similar way. Using the pressure as variable, the general form is

M, AT'_’: + 0,AfLgp"" = F, (59)
with f=1,
0 for incompressible flows,
. 1/c>  for slightly compressible flows, (60)

p"/yp"  for barotropic flows (isentropic perfect gases),
1/RT, for perfect gases

and Fi = F, except in the case of perfect gases for which Fo = F. + F -

The density can be used as variable only for barotropic fluids and perfect gases. In this case the
discrete continuity equation is
Ap

+ 0,AfLyp" " = F, (61)

M, At
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now with =1,

g = { yp"/p"  for barotropic flows (isentropic perfect gases), 62)

RT, for perfect gases,

and F = F¢ for barotropic fluids and Fe. = Fc + F,, for perfect gases.

In all cases the matrix of the algebraic system of equations to be solved is symmetric and positive
definite (for incompressible confined flows a pressure needs to be specified). We use the conjugate
gradient method to solve it. In general, very few iterations are needed for convergence, since the
unknown at the previous time step is a good initial guess for its value at the current one.

5. NUMERICAL EXAMPLES

In this section we present the numerical solution that we have obtained for a classical benchmark
problem for three very different types of flow, all using the formulation described in the previous
section for each case.

5.1. Incompressible flow in a cavity

This is a classical test problem to evaluate the behaviour of any algorithm devised to numerically
solve incompressible flows. A viscous fluid is confined in a square cavity while one of its edges slides
tangentially, where the horizontal component of the velocity is prescribed as 1-0 and the normal
component as 0-0. On the rest of the cavity edges the no-slip condition is used. The zero of the
pressure is fixed at one node of the bottom edge. The no-leak condition is used at the top right and left
corners, allowing the velocity to decrease linearly in the end elements in the tangential direction.

The domain is discretized in a structured mesh made of 2888 P1 elements, slightly refined from the
centre to the edges (Figure 1). There are 1521 nodal points. The results are shown in Figures 2
(Re=1000) and 3 (Re=5000).

These results are compared with those obtained by Ghia ef al.'® in Figure 4, showing the velocity
x-component along a vertical central cut.

Figure 1. Driven cavity flow: Mesh
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Figure 3. Driven cavity flow: streamlines (left) and pressure contours (right) at Re =5000
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Figure 4. Driven cavity flow: horizontal velocity component at Re = 1000 (left) and 5000 (right)
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5.2. Inviscid subsonic flow over a NACA 0012 profile

This example illustrates the behaviour of the algorithm in the case of inviscid subsonic flow with a
barotropic state law. The mesh is a rather coarse unstructured one made of 2556 nodes arranged in
4902 P1 elements. Partial views of it are shown in Figure 5.

The angle of attack is o =0°. The Mach number at the inflow is M, =0-5. The velocity is
prescribed at the inflow as 1-0 in the x-direction and 0-0 in the y-direction. The density at the outflow,
P 0o, 18 fixed as 1-0. Also, the normal component of the velocity is fixed as 0-0 on the profile. The
adiabatic exponent y is 1-4 and the constant 4 is 2-857136. Pressure isolines are shown in Figure 6.

In the example shown here, the continuity equation is solved with the pressure as unknown, which
gives a slightly better solution (particularly around the stagnation point) than when the density is
chosen. Both schemes, however, give acceptable results. Despite the subsonic character of the
problem, an additional shock-capturing diffusion is needed, probably owing to the strong gradients
present in the solution. As the flow is subsonic throughout the whole domain, we let this artificial
diffusion act only in the fractional momentum equation using an algorithmic constant lower than the
optimal one. According to reference 15, its optimal value is 0-7, but in this case 0-3 was a better
choice.

A good test for the correctness of the solution is the density at the stagnation point, which can be
easily calculated by inserting M, =0-5 and p ., =1-0 in

y—1 1/(-1)
po:poo(1+ ) Moo) >

giving 1-129726. The value obtained numerically is 1-1320, which differs by less than 2 per cent from
the analytical one.

5.3. Viscous supersonic flow over a flat plate

The supersonic flow over a plate (Carter’s flat plate problem) develops different features that can
appear when solving the complete Navier—Stokes equations, such as boundary layers and shocks and
the interaction between them. The state law is that of an ideal gas.
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Figure 5. Flow over NACA 0012 profile: left, detail of mesh; right, stagnation point close-up
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Figure 6. Flow over NACA 0012 profile: left, pressure isolines; right, stagnation point close-up

The Mach number at the inflow is M., =3-0. The viscosity u depends on the temperature
according to Sutherland’s law:

0.09067"
K= T 0:0001406°

The Prandtl number (Pr = pC,/k) is in this case 0-72, where C, = yC, is the specific heat at constant
pressure, C,=715 and y=1-4.

The domain is divided using a uniform mesh of 112 x 64 (7168) Q1 elements, corresponding to
7345 nodal points. If the co-ordinate origin is at the bottom left corner, the domain goes from 0-0 to
0-8 vertically and from 0-0 to 1-4 horizontally. The density, temperature and velocity are prescribed
at the inflow, because this inlet is supersonic. The values prescribed at the inflow are 1-0 and
2.8 x 107 for the first two and (1-0, 0-0) for the horizontal and vertical components of the velocity.
The no-slip condition is imposed on the floor of the plate, which starts at x =0-25.

The stagnation temperature is calculated according to

y—1
Tstag = Too(1 + D M§o>7

which is the prescription of this variable along the plate. No prescriptions are made at the outflow.
This point must be remarked, because most of the outlet is subsonic, eventually requiring a
prescription of the density. Nevertheless, the only prescribed node of the outflow is that of the bottom
right corner which is considered belonging to the plate, with its boundary conditions on temperature
and velocity.

Figures 7-9 show the results obtained for this example. Note the sharpness of the shock and the
gradual change of the variables along the boundary layer. In Figures 8 and 9 a comparison with the
original results of Carter (as appearing in Reference 20) is made, showing good agreement with them.
These figures correspond to the profiles of some variables along a cut at x=1.25. The density,
pressure and temperature are normalized using their inflow values.

For the velocity, density and temperature the only slight difference is in the very maximum value
at the shock. Carter’s pressure profile is not shown because it presents some oscillations. In this
problem a shock-capturing diffusion is artificially applied according to Reference 15 and Part I of this
work.? It is activated for all the equations. The algorithm works equally well for both the strong and
weak compression regions of the domain, the shock and the boundary layer respectively.

© 1998 John Wiley & Sons, Ltd. INT. J. NUMER. METH. FLUIDS, VOL. 27: 13-32 (1998)



30 R. CODINA, M. VAZQUEZ AND O. C. ZIENKIEWICZ

Figure 7. Flow over a plate: from top left, clockwise—density, pressure, temperature and Mach number level contours

6. CONCLUSIONS

In this paper we have discussed several aspects related to the semi-implicit version of the fractional
step method presented in Reference 3. Concerning the boundary conditions, it has been shown that
the fractional momentum can be computed also on the boundaries. This needs the evaluation of the
boundary integral of the viscous stresses for the Navier—Stokes equations. By doing this, the
boundary conditions for the pressure can be those resulting directly from the momentum equations,
thus avoiding numerical boundary layers present in other fractional step methods for incompressible
flow problems.

T Present work " Present work
Carter 1972 + Carter 1972 +

nomalized density
nommalized temperature
=

04 ' L L L 2 1 1 08 " 1 L L " ! s
0 01 02 03 05 06 07 08 0 0.1 02 03 05 08 07 08

04 04
y-oordinate y-coordinate

Figure 8. Flow over a plate: density and temperature (normalized using their inflow values) along a vertical cut at x =1-25
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Figure 9. Flow over a plate: vertical component of velocity and normalized pressure (normalized using their inflow values)
along a vertical cut at x=1-25

The semi-implicit form of the algorithm allows us to solve incompressible flow problems. We have
provided an explanation for the fact that it is possible to use equal velocity—pressure interpolation
with some fractional step methods. We have shown that they introduce a pressure stabilization term
that is basically the difference between two discrete Laplacian operators computed in a different
manner.

We have also discussed the solution of barotropic flows and flows of perfect gases. In this case one
has to choose either the density or the pressure as the unknown for the continuity equation. We have
shown that for all the flow types considered this equation has the same structure, even in the case of
perfect gases, for which the RHS needs to be modified owing to the temperature variation. It is
because of this that the algorithm proposed here may be considered general, especially using its semi-
implicit form.

Numerical examples for incompressible flow, barotropic flow and compressible flow of a perfect
gas have been presented (see Reference 18 for many more numerical examples), showing that the
algorithm behaves very well for these three types of flow regimes.
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