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identity belongs to J. We study geometric properties of the orbit

where L, is the left representation of U5 on the algebra B(J) of bounded operators acting
on J. The results include necessary and sufficient conditions for U; (P) to be a submanifold
of B(J). Special features arise in the case of the ideal & of compact operators. In general,
Ug(P) turns out to be a non complemented submanifold of B(&). We find a necessary
and sufficient condition for Ug(P) to have complemented tangent spaces in B(£). We also
show that U5 (P) is a covering space of another orbit of pinching operators.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let #¢ be an infinite dimensional separable Hilbert space and B(#) the space of bounded linear operators acting on
J¢. We denote by U the group of unitary operators on J#. Let @ be a symmetric norming function and 3 = &4 the
corresponding symmetrically-normed ideal of B8(#) equipped with the norm || - ||;. Let U5 denote the group of unitaries
which are perturbations of the identity by an operator in J, i.e.

Usy={ueU:u—1e7J}.
It is a real Banach-Lie group with the topology defined by the metric d(uq, uy) = |ju; — u3]|5, and its Lie algebra equals
T ={x€T:x" =—x},

which is the real Banach space of skew-hermitian operators in J (see [4]).
Let {p;}¥ (1 < w < oo) be a family of mutually orthogonal hermitian projections in B(#). We do not make any
assumption on the sum of all the projections of the family, so we could have that the projection py = 1 — Y_.”, p; is
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w

nonzero. The pinching operator associated with { p; }{ is defined by

w

P:3—3,  PX) =) pxpi
i=1

where in case w = oo the series is convergent in the uniform norm. Let 8(J) denote the Banach algebra of bounded
operators acting on J. Left multiplication defines the bounded linear operators Ly : 3 — 7, L,(y) = xy, for x € 8(#) and
y € 7. The left representation of U5 on B(J), namely Uy —> B(J), u — L, allows us to introduce the following orbit

U3 (P) .= {L,PLyx :u e Us}.

The aim of this paper is to study geometric properties of this orbit. Since every pinching operator is a continuous projection,
the present work might be regarded as a contribution to the vast literature on the differential geometry of unitary orbits
of projections in different settings (see e.g. [1,3,6,12,13,24]). Despite of some usual geometric properties that have already
been studied in the afore-mentioned papers and still hold in this special orbit, we will also show some new special features
of U5 (P), especially concerning with its submanifold structure (see Theorem 3.7, Theorem 4.7). We also go further into the
topological structure of this orbit by proving that U, (P) is a covering space of an orbit of pinching operators containing P
(see Theorem 5.5). This topological result is another motivation for the study of U5 (P), and it has its counterpart in von
Neumann algebras with unitary orbits of conditional expectations [3].

Pinching operators generalize the so-called notion of pinching of block matrices developed in matrix analysis (see e.g.
[14,15,7]). In the framework of symmetrically-normed ideals, these operators have been studied in [17,23]. If J is the
trace class ideal, pinching operators arise in quantum mechanics due to a well-known postulate of von Neumann on the
measurement of density operators [25]. More recently, they have been shown to be examples of the quantum reduction
maps introduced in [21].

2. Preliminaries

Symmetrically-normed ideals. We begin with some basic facts on symmetrically-normed ideals. For a deeper discussion of
this subject we refer the reader to [17] or [23].

Let # be a Hilbert space. No confusion will arise if || - || denotes the norm of vectors in # and the uniform norm in B (#).
For &, n € #,let £ ® n be the rank one operator defined by (¢ ® 1)(¢) = (¢, n) &, for ¢ € #. By a symmetrically-normed
ideal we mean a two-sided ideal J of B(#) endowed with a norm || - ||5 satisfying

e (7,1 - |l5) is a Banach space.
o lixyzlly < lIxIl lyllsllzll, forx,z € B(#) andy € 3.
o [EQ@nls =1l lInll, for&, n € .

A result that goes back to J. Calkin [10] states the inclusions § € J C &, where § is the set of all the finite rank operators, J
is a two-sided ideal of B(#¢) and R the ideal of compact operators on #.

Symmetrically-normed ideals are closely related to the following class of norms. Let ¢ be the real vector space consisting
of all sequences with a finite number of nonzero terms. A symmetric norming function is anorm @ : ¢ — R satisfying the
following properties:

e ©(1,0,0,...)=1.
e &(aj,ay,...,0,,0,0,...) = @(a;l, la,l, ..., 1q,],0,0,...), where jq, ..., j, is any permutation of the integers
1,2,...,nandn > 1.

Any symmetric norming function @ gives rise to two symmetrically-normed ideals. Indeed, for any compact operator x one
may consider the sequence (s,(x)), of its singular values arranged in non-increasing order, and thus define

%]l := sup @ (s1(x), s2(x), ..., sx(x),0,0,...) € [0, c0].

k>1
It turns out that
Gp ={x€R:|X]lo <00}

and the || - |¢-closure in G4 of the finite rank operators, that is

G51())) — §||'|\¢ i
are symmetrically-normed ideals. It is not difficult to show that 651?) = Gy if and only if &4 is separable. Moreover, any

separable symmetrically-normed ideal coincides with some GS,]) (see [17, p. 89]).

Submanifolds. In the paper we will use different notions of submanifold of a (Banach) manifold. Since the terminology is
not uniform in the literature, we need to mention that we follow Bourbaki [9]. To be precise, let M be a manifold and N a
topological space contained in M. Recall that a subspace F of a Banach space E is said to be complemented if F is closed and
there exists a closed subspace F; such that F @ F; = E. We will use the following definitions:
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e N is a submanifold of M if for each point x € N there exists a Banach space E and a chart (W, ¢) atx, ¢ : W C M — E,
such that ¢('W N N) is a neighborhood of 0 in a complemented subspace of E.

e N is a quasi submanifold of M if for each point x € N there exists a Banach space E and a chart (W, ¢) atx,¢ : W C
M — E, such that ¢('W N N) is a neighborhood of 0 in a closed subspace of E.

The following criterion will be useful (see [9]).
Proposition 2.1. Let M be a manifold, N be a topological space and N C M. Then N is a submanifold (resp. quasi submanifold)

of M if and only if the topology of N coincides with the topology inherited from M and the differential map of the inclusion map
N < M has complemented range (resp. closed range) at every x € N.

Pinching operators. Let @ a symmetric norming function, and 3 = &4. Recall that given a family {p; }} (1 < w < 00) of
mutually orthogonal hermitian projections, i.e.

pi=pi.  pipj =4
we define the pinching operator associated with the family by

»
P:3—73,  PX=) pxp:
i=1

Notice that we might have w = oo. Since x is compact, the series, which at first converges in the strong operator topology,
turns out to be convergent in the uniform norm (see [17, p. 52]). It is also noteworthy that P is well defined in the sense that
P(x) € Jwhenever x € J(see [17, p. 82]).

Below we need to consider the Banach algebra 8B(3J) of all bounded operators on J with the usual operator norm: for
X € B(9),

IXllgm = sup [IX¥) .
lyll=1

We will denote by R(X) the range of X. In the next proposition, we collect some basic properties of pinching operators.
Proposition 2.2. Let @ a symmetric norming function, and 3 = G¢. Let P be the pinching operator associated with a family
{pi }{. The following assertions hold:

(i) P2=P.

(ii) P(xyz) = xP(y)z, wherex,z € R(P) andy € 7.
(iii) P(x)* = P(x*).
(iv) P is continuous. In fact, ||P||gm) = 1.

Proof. The proofs of (i)-(iii) are trivial. For a proof of (iv) we refer the reader to [17, p. 82]. O

Now we show that U5 (P) has a smooth manifold structure endowed with the quotient topology.

Lemma 2.3. Let x € B(#). Then L,P = PL, ifand only if x = Z;‘;O DiXDi.
Proof. Suppose that LyP = PL,, which actually means that

> (pix — xp)ypi = 0, (1
i=1

forally € J.Leti > 0 and (e; ), be a sequence of finite rank projections such that e;, < p; and e;,, / p; in the strong
operator topology. We first assume that i > 1. Replacing y by e; ,, we get pixe; , = xe; , for all n > 1. This gives pixp; = xp;
foralli > 1. Thus pjxp; = Oforalli > 1,j > 0 and i # j. In the case in which i = 0 we replace y by eq ,x* and multiply on
the right Eq. (1) by p;, where j > 1. Then we see that pjxeq ,x*p; = 0, so that pjxpox*p; = 0, and this implies p;xp, = 0 for all
ji=1 0O
Proposition 2.4. Let @ a symmetric norming function, and 3 = S4. Then U5(P) is a real analytic homogeneous space of Us.
Proof. Note that the isotropy group at P of the natural underlying action of U is

G={ueUy:L,P=PL,}.
It is a closed subgroup of Us. Its Lie algebra can be identified with

6 ={ze€dg:L,P=PL}.
We will prove that G is a Banach-Lie subgroup of U;. Let u = €* € G, withz € Jg, and ||z||; < 7. By the condition on the

norm of z, we have z = log(u) = Y °° D%, — 1)1, Notice that L,P =PL,,orL, {P = PL,_1,clearly implies L,,_1\P =
n=0 (n+1) (u=1)
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PL,—1) for any polynomial r € R[X], and by continuity we have L,P = PL,. Denote by eXPy, * Tsn —> Uy, €XPyy, (2) = e
the exponential map of the Banach-Lie group U;. Hence we have proved that expy,, (§ N'V) = G N expy, (V), for any
sufficiently small neighborhood V of the origin in Jg,.

On the other hand, by Lemma 2.3 we can rewrite the Lie algebra as

y
QZ{Zpﬂpizzeﬁsh},

i=0

which is a real closed subspace of Jg,. Moreover, the following subspace

M ={z € TJg : pizp; = 0, VizO}:{Zp,-zpj:zejshI
i#j
is a closed supplement for 4 in Jg,. Then, G is a Banach-Lie subgroup of U5, and by [24, Theorem 8.19] we conclude that
U5 (P) is a real analytic homogeneous space of U;. O

3. Submanifold structure of U,(P). The case J # &

In this section, we discuss the submanifold structure of U5 (P) under the assumption that J # K. Recall that given the
pinching operator P associated with a family of mutually orthogonal projections { p; }{ (1 < w < 00), we may consider the
larger family {p; }&, where pp = 1 — }_\”, p;. However, the pinching operator P is always associated with the first family
{pi }{. The following estimate will be useful.

Lemma 3.1. Let @ a symmetric norming function, and 3 = S. Then
ILP — PLl 33 = lIpixp;ll,
forxeJ,i>1,j>0andi #j.

Proof. Consider the Schmidt expansion of the compact operator p;xp;, namely

o0
pxpj = ) _ sk ® M,
k=1

where s are the singular values of p;xp; arranged in non increasing order and (&), (1)« are orthonormal systems of vectors
(see[17, p.28]). Note that pixpjn; = s1&1, where s; = ||pixp;ll, 71 € R(p;) and &; € R(p;). Since i # j, we have P(1 ®§;) = 0.
Also note that PLy(n1 ® &1) = pix(n1 ® &1)p; = pix(n1 ® &) does not vanish because i > 1. It follows that

(LxP — PLy)(m ® &1) = —pix(m1 ® &1) = —pixp;j(m ® &1) = —s1(61 ® &1).

Hence we get

ILxP — PLyll g5 = I(LP — PL)(m1 ® §1)ll5 = s1ll&1 @ &1llz = s1ll&ll 1611l = llpixpsll. O

The first obstruction for U;(P) to be a submanifold of B(J) lies in the fact that its tangent spaces may not be closed. The
tangent space of U5(P) at Q (i.e. the derivatives at Q of smooth curves inside U5(P)) is apparently given by

(TU3(P))o ={L,Q —QL; : z € T }.

We denote tangent vectors briefly by [L,, Q]. In the next lemma we give a characterization of when tangent spaces of U5 (P)
are closed. Similar questions have been addressed and answered in [20] (in particular Chapter VII, Lemma VII.3) in a different
setting.

Lemma 3.2. Assume that J # . Then tangent spaces of U5 (P) are closed in 8(3) if and only if w < oo and there is only one
infinite rank projection in the family { p; }7 .

Proof. It suffices to prove the statement for the tangent space at P. Indeed, if Q = L,PL;x for some u € U,, then
[L;, Q] = Ly[Ly*z, PILy+. Thus (TU5(P))q is closed in B(J) if and only if (TU;(P))p is closed in B(3J).

Suppose that (TU5(P))p is closed in B(J). Let x ¢ J be a compact operator and (e,), be a sequence of finite rank
projections such that e, ' 1 in the strong operator topology. Since x is compact, the sequence of finite rank operators
z, = epXe, satisfies ||x — z,|| — 0. Taking into account that tangent vectors have the expression [L,, P], where z is a skew-
hermitian operator, we will need to consider in our next computation the real and imaginary parts of an operator. Given
y € B(H), recall that the real part of y is defined by fe(y) = %(y + y*) and the imaginary part by Im(y) = %(y -y
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Now note that for every n > 1, the operators [Liye(z,). P] and [Lixm(,). P] belong to the tangent space at P. Then we see
that

Il Liste(zn)» P] — [Listewys Pl 13y < 2l|Lipveczn) — Lisew) l 80
= 2||NRe(z,) — Rex)|| < 2|z, —x|| = 0.

Since we have made the assumption that (TU;(P))p is closed, there exists some zy € Jg such that [L,y, P] = [Liger), P]. We
can proceed analogously with the imaginary part to find another operator z; € Jg such that [L,,, P] = [Liym), P1. Hence
we obtain [Ly, P] = [L,, P] for z = —izg + z; € J. By Lemma 2.3 the latter can be rephrased as

w
x—2=3 - 2p
i=0

In particular, we see that

w
X— Zp,-xp,- eJ. @)
i=0

Recall that 7 = &4 for some symmetric norming function @. Since 7 is different from the compact operators, there exists a
sequence of positive numbers (a,), such that a, — 0 and @ ((a,),) = oc.

Suppose that the family {p; }; has two projections p;, pj,i # j, such that both have infinite rank. Let (§,), be an
orthonormal basis of R(p;) and (5,), be an orthonormal basis of R(p;). Consider the following compact operator:

o0
X = Zan & ® M.
n=1

From our choice of the sequence (a,), it follows that x ¢ 3. Thus we find that x = pixp; = x — Z?J:o pixp; € J, which
contradicts Eq. (2). Hence it is impossible to have two different projections with infinite rank in the family { p; }; .

It remains to prove that w < oo. Suppose that there is an infinite number of projections p1, p», . ... We can construct an
orthonormal system of vectors (§;); such that & € R(p;). Then we define the following compact operator:

X = Zan Enr1 ® &n.
n=1

It is easily seen that x = Zﬁ; Dnt1XPn = X — Zfzoo pixp; € J. We thus get again a contradiction with Eq. (2).

In order to prove the converse we assume that the family { p; }3’ satisfies w < oo and it has only one projection p;, with
infinite rank. Let (z) be a sequence in Js, such that || [L,,, P1 — X[ g3 — 0, where X € 8(J). It is worth noting that by
Lemma 2.3 the sequence (z)x can be chosen satisfying p;zxp; = O forallkandi = 0, ..., w. Since ([Ly,, P]) is a Cauchy
sequence in B(J), Lemma 3.1 implies that

pi(zk — z:)pill —> O
k,r—00

fori=1,...,w,j=0,...,wandi # j. Note that the rank of the operators p;(zx — z:)p; is uniformly bounded on the
subscripts k and r by C := max{rank(p;) :j =0, ..., w, j # ig }. Then we get

lpj(zk — z:)pills < Cllpj(zr — z)pill —> O.
k,r—00

Hence each (pjzyp;)i converges in the ideal norm to some z; € J. We can construct an operator z by defining its matricial
blocks with respect to the projections pg, p1, . . . , Pw as follows:

__fo ifi=j],
PP = 1z, ifi #].

Then z is a skew-hermitian operator in J satisfying

Iz = zills < > lipszpi — pizepilla = Y _ llz5 — pizupills — O.
ij i#]

Therefore
Il (Lzs P1 = [Lzs PT 8@y < 2|l — Lllgny = 2ll2k — 2|l < 2|1z — z]l5 — 0.

Hence we conclude X = [L,, P], and the lemma is proved. O
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We can endow U;(P) with two natural topologies. According to Proposition 2.4 we have that U;(P) >~ U;/G has a real
analytic manifold structure in the quotient topology in such way that the map 7 : Uy —> U5(P), 7 (u) = L,PL, is areal
analytic submersion. On the other hand, we can regard U;(P) as a subset of 8(J) with the inherited topology. In this case,
we denote the projection map by 7 : Uy —> U;(P), m(u) = LyPL,+. Note that 77 is also continuous, and the following
diagram commutes

Uy ——> U5 (P) ~ U5 /G
L
U5 (P) S B(J).

Here id stands for the identity map. Note that id is always continuous, but it may not be a homeomorphism. In fact, we will
show that the two topologies defined on U;(P) coincide if and only if tangent spaces are closed. As we will see, the proof of
this result depends on the existence of continuous local cross sections for the action.

Remark 3.3. Let P be the pinching operator associated with a family {p;}}’. We will consider the unitary orbit of each
projection p;, i.e.
O; = {upu* :ueUs}.

If 7 is the ideal of Hilbert-Schmidt operators and p; has infinite-dimensional range, the above defined orbits are usually
known as the connected component of p; in the restricted Grassmannian (see e.g. [22]). Note that ©; C p; 4+ 7, so we may
endow each orbit with the subspace topology defined by the metric (up;u*, vp;v*) — |lupiu™ — vp;v*|5.

Lemma 3.4. Assume that w < oo and there is only one infinite rank projection in the family { p;}y. Then the map
F; : U3(P) — O, Fi(LuPLu*) = upiu*
is continuous for i = 0, 1, ..., w, when U (P) is endowed with the topology inherited from 8B (3J).

Proof. We first show that the function F; is well defined fori = 0, 1, ..., w. From Lemma 2.3 we know that L,PL,+ = L,PL,+
implies v*u = Z:‘;O piv*up;. Then we get v*up; = p;v*up; = p;v*u, or equivalently, up;u* = vp;v*.

To prove the continuity of F; we will actually see that F; is Lipschitz. Since the underlying actions are isometric, it suffices
to estimate the distance from F;(L,PL,+) = upju* to F;(P) = p;. Foru € Uy, seta(u) := ||L,PLy+ — Pllg@) = || [Lu, P] | 8()-
From Lemma 3.1 it follows that

Ipiupjll = lpi(u — Dp;ll < a(w),
forj=0,1,...,w,i=1,...,wandi # j. The same estimate can be extended for all i # j. In fact, we have
Ipjupill = lpiu*pjll < a(®) = aw).
Let pj, be the unique infinite rank projection in the family { p; };. For u € Uj;, we note that
rank(p;up;) < min{ rank(p;), rank(p;) },
and then we get
max{rank(pjup;) :1,j=0,1,...,w, i #j} <max{rank(p;)) : j=0,1,...,w, j# i} :=C.
This implies that ||pjupj|l; < Cl|piup;|| for i # j. Thus we get

w w

> pjupi — Y piups
=0 k=0
Z pjupi — Z pilp

A ki

[IFi(LyPLy+) — Fi(P)ll5 = |lup; — piull; <

J

<Y lpupilla + ) Ipiupels

5 i kekoti

IA

c (Z Ipupill + ) ||pfupk||> < 2wC||LyPLy — Pl 50 (3)

Ji#i k:k#i

which shows that F is Lipschitz. O
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Remark 3.5. Let M be the supplement of the Lie algebra defined in Proposition 2.4. Suppose that w = oo or there exist two
different infinite rank projections in the family { p; }§’. Under the assumption that J # &, we will construct a sequence (z;)
in M satisfying ||zx|| — 0 and ||z,||; = 1. To this end, put

a =@, 1,...,1,0,0,...),
~————
k

where @ is a symmetric norming function such that 7 = &4. Since J # &, it follows that @ is not equivalent to the uniform
norm of £°°, so that @, — oo (see [17, p. 76]). In the case in which w = o0, let (&;); be an orthonormal system such that
& € R(p;) for alli > 1. It is not difficult to see that the sequence defined by

k
Z = ay; Z E2i1 ® &2 — &2 ® &3iq

i=1

satisfies the required properties. In the case in which there exist two different infinite rank projections p; and p;, let (§;); be
an orthonormal system such that &1 € R(p;) and &, € R(p;) for all k > 1. Then we can define the sequence (z;)y in the
same fashion as before.

Lemma 3.6. Assume that J # K. Then the following conditions are equivalent:

(i) The quotient topology of U5(P) coincides with the topology inherited from B (7).
(ii) w < oo and there is only one infinite rank projection in the family { p;} .

Proof. Suppose that the quotient topology of U;(P) >~ U;/G coincides with the topology inherited form 8B(J). Let M be
the supplement of the Lie algebra of G defined in Proposition 2.4. Recall that a real analytic atlas of U5(P) compatible with
the quotient topology can be constructed by translation of the homeomorphism

VW M— Y(W),  Y(z)= (T oexpy,)@) = LePle—,

where W is an open neighborhood of 0 € M and ¥ (W) an open neighborhood of P (see for instance [4, Theorem 4.19]).
Assume that the family { p; }’ does not satisfy the claimed properties. This leads us to consider two cases, namely w = oo or
there exist two different infinite rank projections in { p; }¢. In any case we can find a sequence (z;)x in M such that ||z|| — 0
and ||z¢||l; = 1 according to Remark 3.5. Then note that

ILePLe-z — Pllg) = Il [Lee—1, P18y < 2ll€* — 1] — 0,

and using that the quotient topology of U5(P) coincides with the subspace topology, we arrive at a contradiction: ||z||; =
1% " (L PLy—=) I3 — 0.

To prove the converse, assume that w < oo and there is only one infinite rank projection in the family { p;}5’. Clearly, our
assertion about the topology of U;(P) will follow if we show that the projection map

T Uy —> UJ(P), fr(u) = LuPLu*

have continuous local cross sections, when U;(P) is considered with the relative topology of B(J). To this end, for
i=0,1,..., w,we need to consider the orbits

O; = {upu* :ue Uy}
In [1, Proposition 2.2] the authors showed that the maps
mi: Uy — O, mi(u) = upu’,

have continuous local cross sections, when 7 is the ideal of Hilbert-Schmidt operators. Actually, the same proof works out
for any symmetrically-normed ideal J, so we have that there exist continuous maps

Yi:{qeO;i:llq—pills <1} CSpi+T— Uy

such that ; (up;u™)p;y; (up;u™)* = up;u* for any u € Uy such that |jup;u* — p;|l; < 1.
Now we can explicitly give the required section for 77, namely

o:{QeUP): |Q —Plise) < 1/2wC} —> Uy, 0 (LuPLyw) = Y Yi(upi)p;.
i=0

If Q = L,PL;+ lies in the domain of o, then by the estimate (3) in Lemma 3.4, the operators up;u* do lie in the domain of each
;. Our next task is to show that o = o (L,PLyx) € U5. In fact, we see that

oot = (Z; z/n(upfu*)pi) (; piwupfu*)*) = ; Yi(upu)pir (upiu*)* = Zoj upiu* = 1.
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Note that p;v; (up;ju™)*; (upiu™)p; = ¥ (upju™) *up;piu” ¥ (up;u*) = &, then

w w w
o*o = (Z Pil/fi(uPiU*)*> (Z 1/fi(UPiU*)Pi> = ZP:‘ =1
i=0 i=0 i=0
Also we see that

w

o—1=) (Yi(upu*) — 1)p; € 7.
i=0
On the other hand, the map o is actually a section for : forany y € 7,

w w
Lo (tuPrye)PLo (tuPryey* ) = Y 0 (LuPLy)pio (LuPLy=)'ypi = Y _ upiti*yp; = LuPLy+ ().
i=0 i=0

Finally, to show the continuity of o, it is enough to remark that

o (LPLe) = ) Yi(Fi(LuPL))p;

i=0
and use the continuity of each F;, which has already been proved in Lemma 3.4. O

Now our main result on the differential structure of U;(P) follows.

Theorem 3.7. Let @ a symmetric norming function, and 3 = G4. Assume that J # A. Let P be the pinching operator associated
with a family { pi}7 (1 < w < oo). Then the following assertions are equivalent:

(i) The quotient topology on U5 (P) coincides with topology inherited from B(3J).
(ii) Tangent spaces of U;(P) are closed in B(3J).
(iii) w < oo and there is only one infinite rank projection in the family { p; }§ .
(iv) U5(P) is a submanifold of B(3J).

Proof. Suppose that U;(P) is a submanifold of 8(J). By Proposition 2.1, tangent spaces of U; (P) has to be closed in B(J).
From Lemma 3.2 it follows that the family { p; }; satisfies the stated properties.

Now we assume that w < oo and there is only one infinite rank projection in the family { p; }y'. According to Lemmas 3.2
and 3.6, what is left to prove is that tangent spaces are complemented in B(J). Clearly, it suffices to show that (TU5 (P))p
is complemented in B (7).

We will divide the proof into two cases according to whether the rank of pg is infinite or finite. Let us first assume that
rank(pg) = oo, so that rank(p;) < oo foralli = 1, ..., w. Then X(p;) is well defined for any X € 8(3),i =1, ..., w, and
we can set

w o i—

1
2:B() — T, 2(X) = 2iIm (Z > ij(pi)> :

i=1 j=0
Clearly Z is a continuous linear operator. Then we define a bounded linear projection onto the tangent space by
E: 8() — (TU5(P))p, E(X) = [Lyx), P

In order to show that E actually defines a projection we pick X = [L,, P] for some z € Jg,. Notice that X (p;) = (1 — p;)zp;,
foralli=1,..., w, then we get that

i—1

w
Z(X) = 2iIm (Z ijzpl) =z- Zpizpi-
i=1 j i=0

i=1 j=

From Lemma 2.3 we deduce that E(X) = [L;(x), P] = X, which proves that E is a projection. Finally, the continuity of Z easily
implies that of E.

Now we consider the case in which the infinite rank projection is not py. Without loss of generality we may assume that
rank(p;) = oo. Let us point out that the above definition of the operator Z(X) does not work in this case for two different
reasons: on one hand, since p; ¢ J we cannot evaluate any X € 8B(J) at p;, and on the other hand, every tangent vector
[L,, P] vanishes at pg.

In order to solve this case we need to modify the definition of the operator Z. Recall that rank(py) < oo since rank(p;)

= o0. Let 1y, ..., ny be an orthonormal basis of R(pg). Let & € R(p;) be a unit vector. Then we define
w o i—1 m
2:8(3) — T, 2(X) = 2idm ( D opX(P) = ) X ®EE® m) :
im2 j= k=1
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and the projection onto the tangent space is
E:B0) — TU;(P)p,  EX) = I[Lyx), Pl

It is apparent that E is continuous, so we are left with the task of proving that E is a projection. To this end, let X = [L,, P]
for some z € Jg;,. Note that

X(ne®&) = Y _(zpi — piz) (e ® £)p; = (zp1 — P12) (e ® £)p1 = —prz (i ® £),

i=1

and then
m
D Xk ® ) ® i = —przpo.
k=1

Thus we get
w o i—1 w
2X) =2i5m (Y “pizpi+pizpo | =z — Y _ pizpi.
i=2 j=0 i=0

Hence we conclude that E([L,, P]) = [L,, P], and the proof is complete. O

4. Submanifold structure of U z(P)
In this section we turn to the case 7 = . The following estimate is a somewhat improved version of Lemma 3.1.

Lemma 4.1. Let x € & such that p;xp; = 0 for alli > 1. Then
ILxP — PLyll () = IX(1 = po)l,
wherepy =1—Y 1", pi.

Proof. To estimate the norm of L,P — PL, as an operator acting on & we need to consider the following projections: if
rank(p;) = oo, let (p; x) be a sequence of finite rank projections satisfying p; x < p; and p; x /' pi, and if rank(p;) < oo, we

w

set p;x = p; for all k > 1. Now assume that the pinching operator P is associated with a family { p; }{’ such that w < oo.
Then the projections given by e, = ZL Di.r have finite rank. We thus get

w w
Z(l — Di)XDik X Zpi,k
i=1 i=1
where in the last equality we use that p;xp; = 0. Using that x € & and p; x /' p;, we find that

ILxP — PLell 55y = [1X(1 = po)I-

In the case where w = oo, we set e, y = Zle Dik- In the same fashion as above we find that

ILxP — PLylls(s) = [[(LxP — PL)(e) || =

’

n
ILxP — PLy|l 32y = XZPi,k
i=1

Letting k — o0, we have

’

n
ILP — PLyll s = XD pi
i=1
for all n > 1. Now letting n — oo, we get the estimate in this case. O

Proposition 4.2. Tangent spaces of U (P) are closed in B(K).

Proof. By the remark at the beginning of the proof of Lemma 3.2, we may restrict, without loss of generality, to verify the
statement for the tangent space at P. Let (z;) be a sequence in &, such that p;zyp; = O foralli > 0and k > 1. Suppose that
Il [Lz,, P] — X |l g(wy — O for some X € B(R). According to Lemma 4.1,

lzk — z:)(1 = po)ll < Il Lgy—z» P1 |l 35y
Also note that

[z = z)poll = lIpo(zk — z) Il = llpo(zk — zr)(1 = po) | =< Il [Lzp—z» P1 | (-
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Therefore (z;), is a Cauchy sequence and thus has a limit zy € £;;,. Then we see that
I Lz, P1 — [Lzy, P11l < 2llzk — 2oll — O.
Thus we conclude that X = [L,,, P]. O
Now we turn to the study of the topology of U s (P). We will find that the quotient topology and the topology inherited from
B(R) coincide regardless of the number or the ranks of the projections in the family { p; }¢.
Remark 4.3. Let P be the pinching operator associated with a family {p; }{ (1 < i < w). In this subsection we need to
consider again the unitary orbit of the projections, which we denote by
O;={upu* :ue Uz}
fori =0, ..., w. We claim that the map
Fo : U3(P) —> Oy, Fo(LyPLy+) = upou*
is Lipschitz. In fact, according to Lemma 4.1 applied withx = u — 1 — > " pi(u — 1)p; = u — Y _;_, piup; we have that

Po (u - mem) (1= po) (u - Zpiupl) (1-po)

i=0 i=0

lpou(1 — po)ll = <

= “LuPLu* - P”ﬁ(ﬁ)-

Replacing u by u* we find that
(1 = po)upoll = lIpou™ (1 — po) |l < [ILuPLux — Pll 3(s)-
Thus we get
Fo(LuPLy+) — Fo(P) |l = llupou™ — poll
= (@ = po)upoll + lIpou(1 — po) || < 2||LyPLy+ — P,

which proves our claim.

Lemma 4.4. Let u, v € Ug. Then

w

> " upup; — vpiv*pi

i=0

= 3||LuPLu* - LUPLU* ||é8(§)7

where in the case in which w = oo the series on the left side is convergent in the uniform norm.

Proof. For each i > 1, let (p;x)« be a sequence of finite rank projections such that p;, < p; and p;x /* p;. In case

pi has finite rank, we set p;x = p; for all k. We will use the orthogonal projections defined by e, = Z?:l Dik. Put
a(u, v) = ||LyPLy — L,PLy || g(%)- Then

= |[(LuPLyx — LyPLy*)(e) || < a(u, v).

w
> (upiu* — vpiv*)pix
i=1

Note that for each i > 1, the operator up;u* — vp;v* is compact. Letting k — oo, we get that

w

> (upi* — vpiv*)pi|| < a(u, v).

i=1
Combining this with the Remark 4.3 it gives that

w

> (up* — vp*)p;|| < 3a(u, v). (4)
i=0

This finishes the proof for the case w < oo. If w = 00, we note that
o0 o0
D uputp; — vppi =y upi(u* — Dpi — vpi(v* — Dp; + (u — v)p;.
i=0 i=0

Since the operators u* — 1, v* — 1 and u — v are compact, this series converges in the uniform norm. Letting w — oo in (4),
the desired inequality follows. O

In the following proposition we extend the technique developed in [1] to construct continuous local cross sections.
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Proposition 4.5. The map
T Ug — Us(P) S B(R), 7 (u) = LyPLy~,
has continuous local cross sections, when U g(P) is considered with the topology inherited from B (R).

Proof. Let P be the pinching operator associated with a family {p; }7’ (1 < w < o0). Since the action of U is isometric
it will be enough to find a continuous section o in a neighborhood of P. Also we will restrict ourselves to prove the case
w = 0o. The case w < oo needs less care, and it can be handled in much the same fashion.

We consider the following neighborhood of P to define the cross section,

Vi={Q € UP): 1Q ~Pllgw < 1/3}.
Given Q = L,PL» € V,whereu € Uy, let q; = F;(Q) = up;u* fori > 0. According to the proof of Lemma 3.4 the function F;
is well defined. Then, we set
o0
s=5Q) =Y qpi
i=0
This series is convergent in the strong operator topology. In fact, we can rewrite the series as
(o] (o]
> api=) upi* — D)p; + (w — Dpi + pi,
i=0 i=0

where the first and second summand on the right are convergent in the uniform norm, while the third is convergent in the
strong operator topology. On the other hand, note that by Lemma 4.4, we get

Is—1 =3l1Q =Pllgw < 1.
Then we get that s is invertible. Moreover, it follows that
o0 (o]
s—l:u(Zpi(u*—l)pi+l> -1 :uZp,-(u*—l)pi+u—1 € R,
i=0 i=0
which is due to the fact that Z?jo pi(u* — 1)p; € A Now we will show that
o=0(Q) :=sls|™
is a continuous local cross section for 7. To this end, note that sp; = q;p; = g;s, so that p;|s|?> = s*qis = |s|?p;, which implies
opio™ = s|s| 7 'pils|'s* = spils| 5" =spisT! = qi.

This allows us to prove that ¢ is a section: for any y € &, we have
o0 o0
LePLy+(y) = Y _opio”ypi= Y qypi = Q).
i=1 i=1

On the other hand, we have |s|*> — 1 € &, and consequently, |s| — 1 = (|s|> — 1)(|s| + 1)~ € &. Therefore we can conclude
o—T=sls| ' —1=(s—IsDIs|”" = —Dls|™" + (1 —[sDIs| " € &.

Hence o € Ug. Let GI(J¢) denote the group of invertible operators on J. In order to prove the continuity of o we consider
the subgroup of GI(#) given by

Gla={geGl(#):g—1€ &}

It is a Banach-Lie group endowed with the topology defined by (g1, 22) — ||g1 — £2|| (see [4]). From Lemma 4.4 the map
s : 'V —> Glg is continuous. Also note that the map Glz —> Ug, s — s|s| ™, is real analytic by the regularity properties of
the Riesz functional calculus. Thus ¢ is continuous, being the composition of continuous maps. O

Our next task in the study of the submanifold structure of Ug(P) is to ask about the existence of a supplement for
(TU5(P))p in B(R). The existence of such supplement is closely related to the fact that for an infinite dimensional Hilbert
space J¢ the compact operators are not complemented in B (#). A proof of this result can be found, for instance, in [11]. It
is based on the following well known result: ¢, (sequences which converges to zero) is not complemented in £°° (bounded
sequences). The reader can find a proof of this latter fact in [26].
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Remark 4.6. We will need a slightly modified version of the afore-mentioned result. We first note that & is not
complemented in B (H),. Otherwise we would have a real bounded projection E : 8(#),, —> £sh, then we can define a
bounded projectionE‘ 1 B(H) — R, E‘(x) = —iE(ife(x)) + iE(i¥m(x)), a contradiction.

Let g1, g2 two infinite rank orthogonal projections on . We claim that q;f;,q; is not complemented in g B(#)¢,q>-
In fact, suppose that there exists a real bounded projection E : q;B(#)4,q2 —> q18nq2- Let v a partial isometry on #
such that v*v = q; and vv* = @;. Then we have that L,EL,+ : B(q2(#))sy —> q28s1q2 is a bounded projection, which is
impossible by the previous paragraph.

In the following result we collect the above proved properties of Uz(P) and we give a complete characterization of the
submanifold structure.

Theorem 4.7. Let P be the pinching operator associated with a family {p;}} (1 < w < 00). Then U(P) is a quasi submanifold
of B(K). Furthermore, U (P) is a submanifold of B(K) if and only if w < oo and there is only one infinite rank projection in
the family { p; }; .
Proof. The first statement about the quasi submanifold structure of Uz (P) has already been proved in Propositions 4.2 and
4.5. Assume that w < oo and there is only one infinite rank projection in the family { p; };’. The same proof of Theorem 3.7
can be carried out to show that (TUg(P))p is complemented in B(RK).

Suppose now that Ug(P) is a submanifold of $B(&). According to Proposition 2.1, there is a bounded linear projection
E : 8(R) —> (TUg(P))p. Two cases should be considered: first, that there are two infinite rank projections in the
family {p; }¢’, and second, that w = oo. In the first case, let g1 € {po, p1,...,Pw } be an infinite rank projection and
G2 € {p1,---,Pw}\{q1} be other infinite rank projection. In the second case, we set q; = Z,fio pakand g, = Z,fio Dok+1-
In any case we define the following bounded linear map

E: q1B(H)q2 — q18n02, E(q1%q2) = (Lg;E)([Lgyxgp+qpxar » P1)(q2)-

We claim that E is a projection onto q1£q2. In fact, notice that for each x € B(H), there is z € RKq, such that
E([Lg,xgy+qpxq1+ P1) = [Lz, P]. In the case in which there are two infinite rank projections, note that

w
E(qixa2) = @1 )_(2pi — Pi2)daPi = q1(24> — 422)42 = G120
i=1

On the other hand, when w = o0,

oo (o] o0
E(qixq2) = q1 Z(Zpi — PiZ)q2bi = q1 Z(ZP2k+l — P2k+12)P2k+1 = 12 ZP21<+1 = q12q>.
p =0 =0

This proves that the range of E is contained in p1Rshp2. Moreover, let x € Ry, then we have that E([Lg,xgy+gyxq;5 P1) =
[Lq,xg,-+qxq; » P1. We thus get that

E(qiXq2) = q1(q1Xq2 + §2Xq1)q2 = q1Xq>.

Hence E is a continuous linear projection onto g £s,q>. In other words, q185,q, is complemented in g1 B (#)g,q2, but this
contradicts Remark 4.6. O

As an application of the previous results on the topology of U5 (P), we include a study of the topology of U;-unitary
orbits of a compact normal operator. Let a be a compact normal operator. The U;-unitary orbit of a is given by

Us(a) = {uau™ :u € Uy ).

These type of unitary orbits may be endowed with the quotient topology, though there is another quite natural topology,
the one defined by the norm of the ideal 3. We show that both topologies coincide if and only if the compact operator has
finite rank. This result is related with several works [2,5,8,19], where for many different ideals 7, the finite rank condition
appears as sufficient to the statement on the topologies. On the other hand, it is worth pointing out that this problem was
completely solved in [16] for the usual unitary orbits.

Remark 4.8. The main idea to link unitary orbits of pinching operators with the U;-unitary orbit of a compact operator is
the following. By the spectral theorem we may rewrite the compact normal operator a as a uniform norm convergent series,
namely

a= Z)Lipi» (5)
=1

where 1 < w < 00, A; are the nonzero distinct eigenvalues of a and { p; }{’ is a family of mutually orthogonal finite rank
projections. Indeed, p; is the orthogonal projection onto ker(a — A;). Then we take P to be the pinching operator associated
with { p; }{.
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Let u € Uj such that ua = au. If we use the spectral decomposition of a, we see that u must be block diagonal with
respect to the family { p; };. This says that the isotropy group at a coincides with the isotropy group at P, i.e.

{fueUy:ua=au}={ueU;:L,P=PL} =0C.
Hence it turns out that the quotient topology on U5(a) >~ U5/G is equal to the quotient topology on U5 (P).

Corollary 4.9. Let ® asymmetric norming function,and 3 = S4. Let a be a compact normal operator. Then the quotient topology
on Us(a) coincides with the topology inherited from a 4+ J if and only if rank(a) < oo.

Proof. Suppose that rank(a) < oo. This is equivalent to state that w < oo in the spectral decomposition of a given by
Eq. (5). Under this assumption the family { p; }¥' has only one projection of infinite rank, namely po = 1 — Y ., p;. Indeed,
note that py is the orthogonal projection onto ker(a). According to Lemma 3.6 when J # &, or Proposition 4.5 when J = &,
the quotient topology coincides with the topology inherited from B(3J) on U5 (P).

Since the quotient topology on U;(a) is always stronger than the topology inherited from a 4 7, it remains to prove that
any sequence (up), in Uy satisfying |lu,auy, — all; — 0 has to be convergent to a in the quotient topology. To this end, note
that p;(upa — au,)p; = (A — Aj)piunpj, and then

-1
Ipiunpills < |2 — 2417 llupa — auyll; — 0,

foralli,j > 0andi # j(where we set Ao = 0). Now let x € J such that ||x||; = 1. Since

w

D (unpi — pittn)xp;

i=1

w
< Y llunpi — pitially < 2) lIpjunpills,

5 =1 i#]

we see that

Ly PLyz = Pllg = ILu,P — PLu, I8y <2 Ipjuapills — 0.
i
By the remarks in the first paragraph of this proof and Remark 4.8, the latter is equivalent to say that u,au} — ain the
quotient topology.

In order to prove the converse we assume that the quotient topology on U;(a) coincides with the topology inherited
from a + J. We need to consider two cases. In the first case we suppose that 7 # &. Let M be the supplement of the Lie
algebra of G defined in Proposition 2.4. If rank(a) = oo, we can construct a sequence (zi), in M such that ||z;|| — 0 and
llzxlly = 1 (see Remark 3.5).

Givene > 0,let M > 1 such that || Z;”:MH Aipi|l < €. Then it follows that

+ lle* — 1|l
3

le*ae™* —all; = [|(e* — 1)a —a(e* — )|,
+ee> .
3

M
2 ( e — 111 | > xips
i=1
M
2 Nl — 10| D xips
i=1
Letting k — oo, we find that e*ae* — a in the norm | - ||5, or equivalently, in the quotient topology. By the same
argument used at the beginning of Lemma 3.6 we can arrive at ||z;||; — 0, a contradiction with our previous choice of (z;)y.
Now we turn to the case where J = &. Under the assumption that both topologies coincide on Ug(a) we claim that the
map

IA

w
Zpi

i=M+1

IA

A Ug(a) — Ug(P), A(uau™®) = LyPL;x,

is continuous, when one endows Ug(a) with the topology inherited from & and Ug(P) with the topology inherited from
B(R). In fact, by Proposition 4.5 the quotient and the inherited topologies always coincide on U (P). Then the map A turns
out to be the identity map of Ug/G, and thus our claim follows.

Again we suppose that rank(a) = oo. We will find a contradiction with the fact that A is continuous. Note that there
must be an infinite number of finite rank projections in the family { p; }{ and the eigenvalues of a satisfy A; — 0. Let (§; ;)
be an orthonormal basis of #¢ such that (§; j))jqi)=1....,rank(p;) 1S @ basis of R(p;) for alli > 1. Then take the following sequence
of unitary operators:

Uy = &ny2.1 ® Eng1,1 + &1, ® Enga1 +eny

where e, is the orthogonal projection onto { &n41.1, &nt2.1 }1. Note that u, — 1 has finite rank, then u, € Ug. Thus we get

,,,,,

lunauy — all = lluna — auy||

”()‘n-&—l - )Ln+2) (Sn—kz,l &® é:n+l,1) - (An+2 - }\n+1)(2}_n+1,1 ® En+2,l )”
2|)\n+1 - )\n+2| — 0.

A
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On the other hand, note that
Ly, PLyz — Pllae) = Nl (Lu,PLuz — PY(5n+1.1 ® Env1,) |l
= ”UnPn+1uy,;(fn+1,1 ®&nt1,1) — €nt1,1 ® $n+1,1H = €nt1.1 ® Enrall = 1,

where we have used that u,p,41u (§p41,1 ® €141,1) = 0. This contradicts the continuity of A. Hence a must have finite rank,
and the theorem is proved. O

5. Covering map

For u € Uj, consider the inner automorphism given by Ad, : 3 — 7, Ad,(x) = uxu®*. Given a pinching operator P
associated with a family { p; }{, there is another orbit of P defined by

(93(P) = {AduPAdu* tu e Uy }

Note that all the operators in @;(P) are pinching operators while P is the only pinching operator in U5 (P). The isotropy
group of the coadjoint action is given by

H={ue Uy:AdPAdy =P}. (6)

In order to find a characterization of the operators in H we need the following lemma. We make the convention
{0, 1,...,OO}ZN0.

Lemma 5.1. Let P be the pinching operator associated with a family {p; }{’ and Q be the pinching operator associated with
another family {q;}}. Then P = Q if and only if w = v and p; = (s for some permutation o of {0, ..., w} such that
o(0)=0.

Proof. We first suppose that P = Q. This is equivalent to

w

> pixpi =Y g, (7)
i=1 =

for all x € 7. 1f rank(p;) < o00,i > 1, we set x = p; to get ZJ’;] q;piq; = pi. Then it follows that q;p; = q;piq; = p;q; for all
j = 1.Ifrank(p;) = oo, we use the same idea with a sequence of projections (e,), such that e, < p;, e, / p;, to find that
gjen = enq;, which implies that g;p; = p;q;. Since po = 1 — >, piand go = 1 — >_;_, g;, we can conclude that g;p; = piq;
foralli,j > 0.

Now we claim that for each i > 0, we can find a unique o (i) such that p; = ¢, ;. To thisend, let¢ € R(p;), £ # 0, and note
thatpé =& = Z}Jzo g;¢. This implies that there is some j := o (i) such that q;§ # 0. Then we see that q;§ = q;pi§ = piq;§.
Now let n € R(p;) and insert x = 1 ® ¢;&€ in Eq. (7). In case i > 0 we find that n ® q;§ = (qin) ® q;§.1f j = 0, then
n ® g;& = 0. In particular, if we take n = ¢;& # 0, we obtain a contradiction. Hence we must have j > 0, so the equation
n ® q; = (q;n) ® q;§ implies that qjn = 7. Since 7 is arbitrary, we have R(p;) < R(g;). In a similar way, we may choose
n € R(p;) to obtain that R(q;) < R(p;). Thus p; = g;.

In case i = 0, we need to show that py = qo. Suppose that there exists some j > 0 such that q;§ # 0. By the preceding
paragraph we know that g;& € R(po). Then we insert x = (g;§) ® ¢;§ in Eq. (7) to find that 0 = (q;§) ® ¢;&, and hence
g;¢ = 0, a contradiction. Thus we obtain that § = Z};O q;¢ = qo&, and consequently, R(po) € R(qo). Interchanging p, and
qo, we can conclude that py = qo. Since { g; }; is a mutually orthogonal family, o (i) is unique and our claim is proved.

In other words, we have proved the existence ofamapo : {0, ..., w} — {0, ..., v} satisfying p; = ¢, and o (0) = 0.
Repeating the previous argument with g; in place of p;, we can construct another map ¥ : {0, ..., v} — {0, ..., w} such
that g; = py¢) and ¥ (0) = 0. But p; = qo() = Pyo)i) and gj = Dy) = (o)), SO We have that oy = yo = 1. Hence, o
is a permutation and w = v.

In order to prove the converse, let o a permutation of { 0, ..., w }, P be the pinching operator associated with a family
{p;i}} and Q be the pinching operator associated with { p,; }{ . Since the case w < oo is trivial, we suppose w = oo. Set

ey = ZLO pi. For each x € 7, since x is compact, we find that ||(1 — ey)x|| — 0. Note that for k > 1,

=) k =)
Zprr(i)ekxprr(i) = ZPiXPi = Zpi€l<XPi~
i=1 i=1 i=1

Then we get

o0 o0
Z Do (i)XPo (i) — Z DiXpi
i=1 i=1

which provesthatP = Q. O

o0 o0
Zpa(i)(1 — €)XPs (i) — Zpi(] — ep)Xp;

i=1 i=1

<2](1 —epx| — 0,
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Let P be the pinching operator associated with a family { p; }{’ (1 < w < 00). Let F be the set of all the permutations ¢ of
{0, ..., w} such that o (i) = i for all but finitely many i > 0. Note that the definition of the set F becomes unnecessary if
w < o0o. We will need to consider permutations of a finite number of finite dimensional blocks with the same dimension
which fix zero, i.e.

F ={o € F:0(0) =0, rank(p;) = rank(p, ;) < ooifo (i) #1i}.

Let (&) be an orthonormal basis of #¢ such that (&;i))ji)=1,...,rank(p;) 1S @ basis of R(p;), where i = 0, ..., w. For each
o € ¥, we define the following permutation block operator matrix:

e &ija)) = &x()joiy, 1=0,...,w, jli) =1,...,rank(p;).
Note that rank(r, — 1) < o0, since o € ¥ . Hence, it follows that r, € U5 for any symmetrically-normed ideal J.
Example 5.2. A simple example takes place when # = C", rank(p;) = 1and Z?:1 pi = 1. Here the set of all the matrices of

the formr,, o € F, reduces to all the n x n permutation matrices. According to our next result, H has exactly n! connected
components in this example.

Recall that from the proof of Proposition 2.4 we know that the isotropy group G at P corresponding to the action given by
the left representation can be characterized as block diagonal unitary operators, i.e.

w
G= ue‘ng:Zpiup,-=u R

i=0

where P is the pinching operator associated with a family { p; }{.

Lemma 5.3. Let H be the isotropy group defined in (6). Then,

H= UrUG,

oeF

where each set in the union is a connected component of H.

Proof. Letu € Uy such that Ad,PAd,= = P. According to Lemma 5.1 it follows that up;u® = p,;, for some ¢ permutation of

{0, ..., w}suchthato(0) = 0.In particular, note that pjup; = 8; »( Po iU, Which actually says that u has only one nonzero
block in each row. Since u — 1 € J, we get that o € ¥. Hence we can write u = r,1,-1u, where r,—1u € G.
To prove the other inclusion it suffices to note that ryupiu*r,-1 = r,pir,—1 = ps forany u € G. Then we apply again

Lemma 5.1 to obtain that Ad,PAd,+~ = P.
In order to establish the last assertion about the connected components of H, we remark that

Irou =150y = llrou — rprvf| = 1,
whenever o # ¢’ and u, v € G. This implies that the distance between any pair of sets that appear in the union is greater

than one. On the other hand, it is a well known fact that U, is connected, then so does r,G. Hence the lemma is proved. O

Remark 5.4. As a consequence of Lemma 5.3, H is a Banach-Lie subgroup of U5. Indeed, the connected components of H are
diffeomorphic to the Banach-Lie subgroup G of U;. Hence it follows that @;(P) >~ U5/H has a manifold structure endowed
with the quotient topology.

Theorem 5.5. Let @ a symmetric norming function, and 3 = G¢. Let P be the pinching operator associated with a family {p;}}.
If 3 # R assume in addition that w < oo and there is only one infinite rank projection in the family { p; }y. Then the map

IT : U3(P) — O5(P), IT(L,PL,+) = Ad,PAd,,
is a covering map, when U5 (P) is considered with the topology inherited from 8B (J) and ©5(P) with the quotient topology.

Proof. In the case where J # &, under the above hypothesis on the family { p; }{’, it was proved in Lemma 3.6 that the
quotient topology coincides with the subspace topology on U (P).In case 7 = & both topologies coincide without additional
hypothesis by Proposition 4.5. On the other hand, by Lemma 5.3 the quotient H /G is discrete, then H /G is homomorphic to ¥ .
We define an action of # on U;(P) givenby o - L,PLyx = Ly, PLra_1 u+. Therefore we can make the following identifications:

Us(P)/F = Us(P)/(H/G) = (U3/C)/(H/G) = Us/H = O5(P).

Thus we may think of I7 as the quotient map U5(P) —> U5 (P)/¥ . Hence to prove that I7 is a covering mabp, it suffices
to show that F acts properly discontinuous on U5(P) (see [18]). This means that for any Q € U;(P), there is an open
neighborhood W of Q such that W N o - W = @ for all ¢ # 1. Clearly, there is no loss of generality if we prove this fact for
Q = P.To this end, define the open neighborhood by

W={Q € Us(P) : |IQ = Pllgez < 1/2}.
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Suppose that W N o - W # () for some o # 1. Then there are Q, Q € WsuchthatQ = o - Q.IfQ = L,PL,+, then we have

that Q =Ly, PL,f1 «+. The distance between Q and Q can be estimated as follows

IQ = Qlisa = IIP — L, PL, _ sy = | Y (i — Poy) & ®EPi| =€ ®E7 =1,

i=1 5

where & € R(p;) is such that ||£]| = 1 and o (i) # i. But since Q, Q € W, it follows that Q — Q||£(3) < 1, a contradiction.
Hence the action is properly discontinuous, and the proof is complete. O
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