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We study the Brown-York quasilocal energy for regular black holes. We also express the identity that
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1. Introduction

Bose and Dadhich in Ref. [1] used the notion of quasilocal en-
ergy (QLE) proposed by Brown and York [2] and the gravitational
charge defined by the Komar integral [3] to characterize hori-
zons of spherically symmetric static (SSS) black holes with metrics
where ggo = —(g17) '. They obtained an identity connecting the
field energy with the gravitational charge, both evaluated at the
horizon and where the field energy is the function resulting from
subtracting out the QLE at infinity from the total QLE contained
inside a sphere of radius r. These authors remark that the lapse
function ggg is only necessary to calculate the gravitational charge
and that the function gi1 is enough to determine the QLE. Inter-
preting such quantities, they indicate that the gravitational charge
“measures the strength of the gravitational pull exerted by a body”
and that the gravitational field energy is related to “the amount
of curvature of space”, both quantities are equals on the sphere
determined by the horizon. Finally, they also remark that it is a
nonvariational identity relating quantities at the horizon and at in-
finity, that is, in a different way to the conventional formulation
of the laws of black hole mechanics, where variations of certain
quantities at the horizon and at infinity are related.

On the other hand, several regular black hole solutions have
been found by coupling general relativity to nonlinear electro-
dynamics (see Refs. [4-10] and references cited therein). These
regular black holes have several features because of the nonlinear-
ities of the field equations. For example: photons propagate along
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null geodesics of an effective geometry depending on the nonlin-
ear electromagnetic field, which permits light rays to travel slower
that gravitational waves due to nonlinear effects [11]; the thermo-
dynamics quantities of these black holes do not satisfy the Smarr
formula nor the first law [12]. However, in a particular case of reg-
ular black hole, Born-Infeld theory, where the Smarr formula is not
held, the first law of black hole thermodynamics is satisfied [13].
An interesting question that can be considered here is whether the
identity of Bose-Dadhich is satisfied for regular black holes. Like-
wise, one can ask what happens when a regular black hole with
goo # —(g11) ! is considered.

Due to the reasons mentioned above, in this Letter we focus
our attention on regular black holes as a particular case of SSS
solutions where goo = —(g11) " and on more general SSS solu-
tions. We first accomplish the derivation of the QLE by considering
a regular black hole where the source is a nonlinear electrodynam-
ics field. More precisely, the black hole found by Ayén-Beato and
Garcia [6] as a purely electric solution and by Bronikov [10] as a
purely magnetic solution. As a first step, due to the special char-
acteristics of the nonlinear terms, one might determine whether
the gravitational charge and the gravitational field energy at the
horizon of the black hole are different. Afterwards one may study
the identity mentioned above by giving a proof in a more con-
venient way, which permits us to generalize the identity when
different types of SSS solutions are considered and eventually to
understand the difference between the field energy and the gravi-
tational charge at the horizon.

We can also use this procedure to obtain a similar relation at
the horizon of SSS solutions where ggg £ —(g17)” . Two examples
of this type of black hole solutions can be given, one regular and
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the other do not, and thus to study whether they satisfy a simi-
lar identity as before or not. The regular solution considered is the
black hole with Skyrme hair [14] resulting from gravity coupled
to the Skyrme model, which is an effective meson theory where
the baryons arise as topological stable fields called skyrmions. The
other example is a solution to low energy string theory represent-
ing a SSS charged black hole [15] which results from the coupling
between a dilaton field and the Einstein-Maxwell theory.

As a final case, we would like to consider SSS metrics where
the area function is general. A good example of such a case is
the charged spherically symmetric dilaton black hole [15]. Here,
in order to calculate the QLE, it is necessary to follow the same
procedure as in Ref. [16], which generalizes the prescription of
Brown-York [2] to include theories of dilaton gravity.

This Letter is organized as follows. In Section 2, we first review
the Brown-York formalism. In particular, we apply it to spherically
symmetric static black hole solutions, and also present the iden-
tity that relate the field energy with the gravitational charge at the
horizon. In Section 3 we use the Brown-York formalism to find the
QLE for regular black holes, and we derive an expression that relate
the field energy with the gravitational charge in this case. Similarly,
in Section 4 we evaluate the QLE for cases where gog %= —(g11) ',
822 = —r? and 833 = —r?sin#, and we also derive an expression
that relate the field energy with the gravitational charge. In Sec-
tion 5 we present the results of the QLE of dilaton black hole
solutions. Finally, Section 6 summarize our results. In Appendix A,
we give the proof of the relation obtained in Section 4, and in Ap-
pendix B a brief introduction about the solutions of Skyrme black
hole is included.

2. Brown-York quasilocal energy for spherically symmetric static
metrics

We consider the definition of QLE based on the covariant Ham-
ilton-Jacobi formulation of general relativity, proposed by Brown
and York [2]

E®) = / "0 /5 (k — ko), M)
B

where B is the two-dimensional spherical surface, k is the trace
of the extrinsic curvature of B, oj; is the metric of B and ko is
a reference term (for an asymptotically flat spacetime one choose
Minkowski spacetime as the reference spacetime).

Let ds? be the line element for the most general static and
spherically symmetric solution

ds’ = —g(rydt® + f(r)y ' dr’ + Rz(r) ds2?. (2)

where d$22 = d6? + sin’6#dep? and f(r ) and R(r) are arbi-
trary functions of the coordinate r. If we choose the metric func-
tions such that g(r) = f(r) and the area function R(r) =r with
f(ry=1-=2m(r)/r and the boundary condition m(r — oc0) =M to
satisfy asymptotic flatness, then the QLE inside a spherical surface
of arbitrary radius r = r, associated to this line element is given
by
I 2m(r)

E(m) :r—r\‘v‘] - » (3)
Note that if f(r1)=0, then E(rr)=ry, where r=r. and r =r_
define the surfaces called the outer and the inner horizons of the
black hole, respectively. The event horizon is at the radius ry =r...

In addition, to obtain the QLE inside the horizon and partic-
ularly at the singularity, one could consider Ref, [17] where a
prescription for finding such values was presented. Thus the QLE
inside the event horizon is

| 2mir)
i1 —

E(r):r—rv

ifr<r_, (4)

(r)

E(r)—r+r.—]+ ifro <r<rg. (5)

As an application of the QLE, Bose and Dadhich in Ref. [1] (see
also Ref. [18]) established an identity at the event horizon that re-
lates the QLE to the Komar charge for spherically symmetric static
black hole solutions by using the Gauss-Codazzi equations. These
authors considered asymptotically flat solutions and other two par-
ticular cases: an asymptotically FRW black hole and a black hole
with a global monopole charge. This identity is given by

E(ry) — E(00) = My, (6)

where My is the Komar charge evaluated at the horizon. Not-
ing that the metric that we are considering has a single time-like
Killing vector & = a/dt, the following relation holds

My =«A/(4m), (7)

where the surface gravity is « = f'(ry)/2 and the area of the
sphere is A =4mr}.

To illustrate the calculation of the QLE, we consider the known
case of the Reissner-Nordstrom metric mentioned in Ref. [17],

where the line element is described by Eq. (2) with R(r) =r and
the metric functions are given by

2M Q2
fn= g =1-—+—>. (8)

In this case, if M > |Q | is considered, the metric function f(r) has
two zeros, and therefore the black hole has two horizons which
are located at r.. =M £ ‘M2 — Q2, then we obtain E(ry) =1y, >
E{ooy =M and dE(r)/dr < 0 from r+ until r — oco. Similarly, as it
was derived in Ref. [17] applying Eq. (4), the evaluation of the QLE
at the singularity is E(0) = —|Q |. This negative value was justified
by the repulsive effect of the radial geodesics of massive neutral
particles.

Moreover, we can establish whether the identity (6) is satisfied.
Thus the gravitational field energy at the horizon is E(ry) — E(o0) =
\/M2 Q2, and when we use Eq. (7), the Komar charge at the
horizon becomes My = +/M? — Q2. Therefore, the relation (6) is
clearly satisfied. If M =|Q|, we have an extremal black hole and
E(rp) — E(c0) =0.

3. Brown-York QLE for regular black holes

We now compute the QLE and the Komar charge at the horizon
of a nonlinear electrodynamics black hole and establish an identity
of the type (6). To proceed, we write the identity (6) in terms of
the mass function and its derivative,

We start by considering the following action of general relativ-
ity coupled to nonlinear electrodynamics

s=— [ d'x y=g(R+L(F). (9)

167
where R is the scalar curvature, g =det|gy,| and the Lagrangian
L(F) is a nonlinear function of the Lorentz invariant F = F/""F,,,.
Likewise, the metric has the form of Eq. (2) with the mass function
given by

mr) = - /L(F)r dr+ C. (10)

where C is an integration constant.
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There are several regular black hole solutions that have been
proposed in recent years. In order to study the relation given
above, we consider the nonlinear electrodynamics coupled to grav-
ity of Ref. [6]. Thus, according to this reference the mass function
is defined as

M-M h‘/ Q 11
m@) =M — M tan \M)’ (11)

where M and Q are the mass and the charge of the black hole,
respectively. In this case, the condition |Q | < 1.0554M allows the
outer and inner horizons. When |Q| = 1.0554M we have the ex-
tremal case. Note that if we evaluate the QLE when |Q| < M, its
value approaches M asymptotically from above of this value, that
is, E(r — 00} — M™. On the other hand, if |Q| > M, its value ap-
proaches M from below, that is, E(r — o0} — M . In this case, the
type of behavior exhibited by the QLE can be understood by noting
that in the large r limit [2]

Er~M+ L(MZ—QZ) (12)
2r

because the metric function behaves asymptotically as f(ry=1—
2M/r 4+ Q2/r2 + 0 (1/r4).

If we return to Ref. [17] and carry out a similar calculation us-
ing Eq. (4), we find that the QLE converges to 0 as r approaches 0
for all |Q| < 1.0554M.

In this example of regular black hole, it is possible to show
numerically that the inequality

E(rp) — E(00) < My, (13)

is satisfied for any |Q| < 1.0554M. As an illustration of this, we
take the condition |Q | = 1.048M, finding E(ry) = E(c0) = M, while
My #£0.

The introduction of mass function helps us to clarify such an
inequality. An equivalent identity to (6) can be obtained by not-
ing that m(ry) =14/2, m(0c0) =M and that My = m(ry) — rpm’ ().
Thus, we can rewrite Eq. (6) as

d(rm(r))
dr

d(rm(r))

A(ry) = ar

=0. (14)

r=ry

r

In light of the last relation, it is now easy to see that any met-
ric obeys the identity (6) if the value of (rm(r))’ is a constant. In
a similar way, one may see that if (rm(r))’ depends on the co-
ordinate radius r, then such a metric clearly do not satisfy the
identity (6). To illustrate this, let us consider again the exam-
ple of Reissner-Nordstrom. It is easily seen that the derivative of
m(ryr =rM — Q?2/2 is in fact a constant. If we now consider the

regular black hole where m(ryr=rM —rM tanh(%), we find im-
mediately that A(ry) = 0. Similar conclusion is obtained when we
check the cases considered in Refs. [4,5,7,9].

We therefore can write the following identity for regular black
holes

E(rp) — E(00) =My — A(ry). (15)

Note that the above procedure to obtain relation (15) can
also be used for the thermodynamic quantities obtained from the
Hamiltonian formalism derived in Ref. [2], where: the energy E
given by Eq. (3) is identified as the internal energy; the tempera-
ture on r corresponds to the product of the surface gravity of the
black hole and the redshift factor 1/\/f(r) divided by 27 ; and the
surface pressure P is defined as minus the derivative of E with
respect to the area of the boundary B. Thus, using this definition
of P

» aE ) 1(d, ) 4 NITGER 16)
= —| — = — | =\ r) —_—— =
d(4mr?), 8m \dr'V’ ; r r

one can write the following identity for regular black holes for an
arbitrary spherical boundary of radius R > ry,

E(R) — E(00) = 2PA(R)YF(R) — A(R). (17)
where A(R) =4mR? is the surface area and, in this case,
e © fdirm(r))"
mm_/d(d—r)_ (18)
R

Note that if (rm(r))’ is constant such as in the case of a Reissner-
Nordstrom metric, then A(R) =0 in the relation (17). On the other
hand, if (rm(r))’ leads as result a function depending on the coor-
dinate radius r, then A(R) = 0.

One can also note as

2PAR)V f(R) — My whenR — ry. (19)

where My is the Komar charge at the horizon given in Eq. (7).
4. Caseswith g(r) # f(r)and R(r)=r

We can generalize the previous analysis to find a relation for
black hole solutions by considering f(r) # g(r) and R(r) =r in the
general form of the line element given by Eq. (2). For it, we pro-
ceed by writing g(r) = e f(ry with f(r) =1—2m(r)/r and the
boundary conditions 8(r — o0y =0 and m(r — c0) = M to sat-
isfy asymptotic flatness. Thus, in this type of metric, the following
identity is satisfied (details can be found in Appendix A)

E(rp) — E(00) = Mpe™°™ — A(ry). (20)

where A(ryp) is defined as in Eq. (14) and A(ry) =0 if we are
considering gravity coupled to lineal electrodynamics. The Komar
charge at the horizon becomes (see e.g. Ref. [19])

frn) _ rﬂe‘”rh)f/(rh), (21)

glrn) 2

,
E
My =-8'(ri)

and as in the previous examples, we find that My = 2TS, where
now the surface gravity and the area of the sphere are k =
eSUn) f/(r;)/2 and A =4}, respectively.

As an illustration of this relation, we consider the SSS black
hole with Skyrme and winding number B = 1 [14], where the
action of the Einstein-Skyrme has a similar form to the action
given in Eq. (9). But, in this case, L(F) is the Lagrangian for the
Skyrme model, which is a nonlinear function of the profile func-
tion F = F(r). Expanding the mass function around ry, one may
find that [20] (see Appendix B)

. fre . 2sin’ (F
m (rp) = nT smz(Fh)<l - %&)’?} (22)

where f; is the pion decay constant, a is a dimensionless param-
eter fixed experimentally, Fy = F(ry), and m(0) =0 and F(0) =
are the regularity conditions. Thus, one can show numerically that
A(rp) #£ 0, and that Eq. (20) is fulfilled.

An example of a black hole solution with A(rp) =0 is the GHS
dilaton black hole given by [15]

, (l— 2M€¢0\I 1 ,
———r  d¢?
ds” = Q2e3%0 dt” + = IMedn 020 dr
(1 = =g I — &=t )= |
Mr L r / Mr

+r2ds2?, (23)



L. Balart / Physics Letters B 687 (2010) 280-285 283

where ¢g is the asymptotic constant value of the dilaton field
and ry = 2Me® for Q2 < 2e ?*M?. Here m(r) = Me® + Q 2e3%0/
(2M) — Q2e*/r and therefore

0 T
E(ry) — E(00) = 2Me® — <Me¢0 + % ) (24)

which is the same as

Mpe ® = 2T Se M

2 3‘/»'“'
:2(;)(4711\/1%2‘1’0)(1— Qe™)
\ 87 Me# Mry, )
Q2€3¢0\
_metnf1- LY (25
e \ Mrh / \2 )}

Thus, the GHS black hole obeys the identity (20) with A(ry) =0.
5. Case with R(r) # r for dilaton gravity

In order to study a case of SSS metric for a more general radial
function R(r) it can be useful to consider a black hole solution to
dilaton theory of gravity. In particular, we are interested in black
hole solutions with g(r) = f(r), R(ry £ r, f(ry =1—=2m(r)/r in
the line element given by Eq. (2) and the boundary condition at
spatial infinity satisfies asymptotic flatness. Thus we can follow the
analysis given in Ref, [16] which studies the black holes in dilaton
gravity and where the QLE is given by

Vo d
2 dr

where Ej is a reference energy. Then, one may verify that the fol-
lowing identity is satisfied

E(ry= (r*P?(r)) — Eo. (26)

E(rp) — E(00) = My — A(ry), (27)

where now the gravitational charge is given by

2
My = 0 i, (28)
and

[ (d 2N
Alry) '_/d(E(P |r5:m[r1}|)‘ (29)

h

here we have introduced R(r) =rP(r). Note that A(ry) =0 if
we consider lineal electrodynamics and P(r) is constant. The
Garfinkle-Horne dilaton black hole [15] is an example for which
the relation (27) together with Eqs. (28) and (29) is applicable.

The formalism can also be used to calculate the QLE of the
Schwarzschild black hole with a global monopole [21], defined by
gry= f(r)=1—1n*>—2m/r and R(r) =r, where 7 is the charge of
global monopole and m is the mass parameter. In order to apply
these relations, it is necessary to introduce the following coordi-
nate transformation

t—J1-n2. = /1-pr, (30)

and defining a new mass parameter
. m
I = m (3])

we can rewrite the line element of the black hole with global
monopole as

P oy - ’ 1
dszr-—(i —%’E)dt%(i—?) dr? + (1 — ) d2”.

(32)
We now see that P(r) is a constant and that A(ry) = 0. Applying
Eq. (26) to such a metric leads

E(rp) — E(00) = P2 (rp)ry — P2(r — oo)ii(r — 00)
m

=(1-nom—m)= ——. (33)
v1—1?2
On the other hand, using Eq. (28), we obtain
1 d [ 2m
My = R’ —(1—— = (1- ). 34
L (rh)dr . 1 >rrh (=) .

The same result was obtained in Ref. [1] based in the Hawking-
Horowitz prescription [22].

6. Conclusion

Writing each quantity in terms of the mass function, we have
proved that the identity given in Ref. [1], i.e,,

E(rp) — E(00) = M. (35)

must not only require that the black hole be SSS, but also it
be coupled to usual Maxwell theory when we are considering a
charged black hole. The identity can also be generalized to cases
with ggo # —(g17)~ " where the factor e *#' appears with the Ko-
mar mass (8(rp) is nonzero in general). The term A(ry) appears
in cases with gop == —(g;7) ' in the same way as in cases with
goo =—(g11) . That is, the term A(ry,) is determined by terms of
the purely nonlinear part of the respective nonlinear model cou-
pled to the black hole and the difference of both My and E(ry)
may be offset by it. In both cases was considered R(r) =r or P(r)
constant such as in the black hole with global monopole, after the
coordinates transformation given by (30).

For the regular black hole [6] studied in Section 3 and for the
case given in Ref. [9] the energy inside of a sphere of radius r can
be less that the total energy E(co). If we recall the interpretation
of the QLE in the Newtonian approximation given in Ref. [2], then
the work necessary to assemble a spherical shell of such a radius r,
mass M and charge Q of particles brought from infinity would be
positive, which is different of the Reissner-Nordstrom black hole
where the required work is always negative (or zero in the ex-
tremal case). In turn, note that the field energy could be zero or
negative, however the gravitational charge, which is related to the
entropy and the temperature of the black hole, cannot be zero (un-
less the black hole is extremal) or negative. Nevertheless, there are
other black holes coupled to nonlinear electrodynamics (for exam-
ple the cases considered in Refs. [4,5,7]) where the field energy
never become zero or negative, but the relation (15) is still valid.
Note also that the solutions of Refs. [6,9] permit |Q| > M (where
E{r — 00) — M ) and that the cases in Refs. [4,5,7] do not present
black holes solutions when |Q | > M.

For SSS black hole with ggo # —(g11)~ ' we obtained the re-
lation (20) where the Komar integral depends explicitly not only
upon gpo but also upon gq1, precisely because they are distinct.

Finally, making again good use of the proof of the identity
where each quantity is written in terms of the mass function, we
have extended the procedure to SSS black holes with a general ra-
dial function R(r). In particular, we have considered SSS dilaton
black holes, and therefore our derivation of the relation (27) with
(28) and (29) is based on the quasilocal formalism developed in
Ref. [16], where the thermodynamics of such black hole solutions
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is analyzed. Note that the expression for A(ry) is nonzero still re-
quiring the usual Maxwell theory because of the nonconstant term
P(r) present in R(r).

As in Ref, [1] we have a nonvariational identity relating quanti-
ties at the horizon and at infinity, that is, in a different way to the
conventional formulation of the laws of black hole mechanics.
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Appendix A. Proof of the relation (20)
We show that

E(rp) — E(00) = Mye 2" — A(rp). (36)

We proceed by supposing that the metric satisfies
E(rp) — E(00) = My + @ (rp). (37)

This relation can be expressed in terms of m(r)

2
.
m—M= ghf/(rh)es(r") + & (rp)

_ 1y 2lm(ra) — )] s

. + (). (38)
2 ry

or equivalently,

2m(rp) — M = [m(ry) — ram’(rp) ]e* ™" + & (rp). (39)

The term d&(ry) is therefore given by the equation

&(rp)=2m@rp) — M — [m(rh) — rhm/(rh)]e*"*"ﬂ"
=m(ry) — m(00) + rym’ (rp)

+ [—m(rp) + ram/ (rp)] (2™ — 1)

= [—m(ry) +ram’ () ] (&2 — 1) — A(rp) (40)
which leads to
E(ry) — E(00) = [m(ry) — rm(ry) Je*"™’
+ [=m ) + ram’ () (€™ = 1) — A(ry)

={[m@s) — rhm/(rh)]e‘s”"’}e"s‘r"’ —A(rp). (41)
Appendix B. Skyrme black hole
The Lagrangian density of the Skyrme model is of the form

1
Ls = £ (U9, UU"3,U) + 2 3, UU". UL, (42)

where one can assume that the chiral field U is of the hedgehog
form, i.e.,

U=cosF(r)+in-TsinF(). (43)
The Einstein-Skyrme system is defined by the action
S= ’[d3x‘/_—g(LG+L5). (44)

The static energy density for the chiral field is

Es— / W= 0 (45)

The metric considered is
2m(r) 1
ds? = —e? 0 (1- 20 ) a? + ———dr* +17do’. (46)
r (1 — 2By
r
The Einstein equation takes the form

G =8 Ty, (47)
where the matter energy-momentum tensor is

s
T[LU = —g;st +2— g . (48)
The variation of the static energy Eg, given in Eq. (45), with
respect to F(r), and the first and second components of Eq. (47)
implies the fields equations for F(r) and for the gravitational fields
8(r) and m(r)

. y )F :
P = + —(eSCu) F'+ (4CF +1+45”:, )e*sinzri.
e"cu .
(49)
xS
8 uF? (50)
. 2] \
= ’” (c up? 1.2 (51)

where x =af,r, C =1—2m/r, u =x2+8sin’ F and v =x2sin’ F +
2sin* F.

This system of equations can be solved only numerically, how-
ever expanding the fields around ry

F(r)=Fp+ (r—rp)F1 + 0 ((r —rp)?). (52)
8(r)y =8+ (r —rp)d1 + O ((r —rp)?). (53)
m(r)zg'—+(r—rh)m1+O((r—rh)2) (54)

and inserting them into Eqs. (49), (50) and (51) we obtain expres-
sions for Fi, §; and m; depending of the parameters Fy, 8, and ry,
where Fy and &y are determined to obtain the boundary conditions
at infinite F(oo) =0 and §(oo) = 0. In particular, the expression for
my is given by Eq. (22). (More details can be found in Ref. [20].)
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